
 

 

 University of Groningen

Proton-proton bremsstrahlung and elastic nucleon-nucleon scattering
Cozma, Mircea Dan

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2004

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
Cozma, M. D. (2004). Proton-proton bremsstrahlung and elastic nucleon-nucleon scattering: relativistic
formulations. s.n.

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 26-05-2023

https://research.rug.nl/en/publications/bfe52a4d-329b-436f-841f-d43bd303c4c0


Proton-proton bremsstrahlung and
elastic nucleon-nucleon scattering:

relativistic formulations



Druk: Stichting drukkerij C. Regenboog, Groningen, Augustus 2004.



Rijksuniversiteit Groningen

Proton-proton bremsstrahlung and
elastic nucleon-nucleon scattering:

relativistic formulations

Proefschrift

ter verkrijging van het doctoraat in de
Wiskunde en Natuurwetenschappen
aan de Rijksuniversiteit Groningen

op gezag van de
Rector Magnificus, dr. F. Zwarts,
in het openbaar te verdedigen op

maandag 20 september 2004
om 16.15 uur

door

Mircea Dan Cozma

geboren op 29 april 1976
te Sibiu, Roemenië
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1
Introduction

A thorough understanding of the basic forces that govern the interaction of nucleons and
nuclei has lain at the basis of the continuous research effort in nuclear physics over the
time. Early successes are represented by Yukawa’s realization in 1935 that the strong
interaction is mediated by finite range particles, later called pions. The effort has con-
tinued with the development of the effective range formalism [1] in the 40’s and of the
pion theories in the 50’s [2, 3, 4, 5, 6]. A common feature of these latter models was the
incapability to produce a spin-orbit term consistent with experiment [7]. Their failure is
now understood in view of the fact that pion dynamics constrained by chiral symmetry
was unknown back then. The discovery of the heavier mesons in the early 1960’s led
to the development of one-boson-exchange (OBE) models [8, 9, 10]. Besides the one-
pion-exchange diagram, the potential also collects contributions from heavier mesons,
most commonly the ρ, ω, η, δ and σ. The last is an idealization of a strong S wave ππ
correlation observed experimentally and described as a wide mass distribution of about
600±250 MeV, possibly resulting from a broad scalar meson [11]. This fact together with
the inclusion in the potential of only tree-level meson-exchange diagrams constitute the
two main deficiencies of the OBE models. One of the most sophisticated representative
of this class is the non-relativistic Nijmegen potential [12].

The importance of the two-pion-exchange contributions to the medium-range NN
potential (≈ 1.5 fm) was already known from the 50’s. Two approaches are possible for
the inclusion of such contributions: field theoretic (pursued by Partovi and Lomon [13]
and the Bonn group [14]) and dispersion theory (Stony Brook [15] and Paris [16, 17]
groups). For the short-range part, again, two approaches have been possible: meson
theory, pursued by the Bonn group who has considered πρ contributions to the potential
and a phenomenological approach, the short-range part of the potential being described
by a soft-core term (Paris group). A reasonable description of the NN scattering data
base is achieved by these models with values of the χ2/data-point close to 2.0 for both the
pp and np data. In the last decade, modern charge-dependent nucleon-nucleon potentials
such as CD Bonn [18], Argonne V18 [19] and the Nijmegen I,II and Reid93 [20] have
provided a even better description of the available elastic NN scattering data, close to
χ2/data-point=1.0.

In the last two decades an alternative approach for the study of strong interactions
has appeared. The discovery of quantum chromodynamics (QCD) has led to the hope of
setting the derivation of the nucleon-nucleon interaction on a firm basis. It has proved
impossible to do so, due to the nonperturbative character of QCD in the region of interest
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2 Chapter 1: Introduction

for nuclear physics. Nevertheless at energies close to 1 GeV a transition between funda-
mental and effective levels takes place via the spontaneous breaking of chiral symmetry
which generates a set of pseudoscalar Goldstone bosons. Therefore at energies of interest
for nuclear physics the appropriate degrees of freedom are mesons and hadrons, rather
than quarks and gluons. The correct low-energy limit of QCD is ensured by including all
possible interaction terms. The effective theory which describes the low energy regime of
strong interactions is known as chiral perturbation theory [21, 22]. The implementation
of such ideas for the nucleon-nucleon interaction knows a few variations: in the KSW
approach [23, 24, 25] the amplitude of interest is calculated perturbatively. In a second
approach, proposed by Weinberg [26, 27, 28], the effective expansion is applied at the
level of the potential. A first comprehensive implementation of Weinberg’s scheme was
accomplished by Ordónez et al . [29, 30] who constructed an energy-dependent NN poten-
tial allowing a qualitative description of the experimental data. An energy-independent
version of the NN potential at next-to-next-to-leading order (NNLO) in chiral pertur-
bation theory has been constructed by Epelbaum et al . [31, 32] using the method of
unitary transformations. In the last few years the NN potential has been determined up
to N3LO order in chiral perturbation theory [33, 34, 35, 36, 37] and using these results
a fit approaching the quality of modern phenomenological NN potentials was possible
[38, 39].

Inelastic nucleon-nucleon reactions have attracted a lot of interest over the years in the
context of studies of the strong interaction. In particular, proton-proton bremsstrahlung
has been much studied both theoretically and experimentally following the proposal of
Ashkin and Marshak [40] that this simple reaction could be used to discriminate among
the various competing potentials, due to its sensitivity to their off-shell structure which
could not be inferred from elastic scattering measurements. The agreement of early
proton-proton bremsstrahlung (ppγ) models [41, 42, 43, 44] with the existing experimental
data was rather good due to the relatively poor accuracy of the latter [45, 46, 47].

The advances in experimental techniques have made possible the relatively high pre-
cision experiment at TRIUMF [48] having as result a series of new theoretical investiga-
tions [49, 50, 51, 52]. The TRIUMF experimental data have been normalized by a factor
2/3 in order to facilitate comparison with theory [48] leading to controversies [53] and
making impossible a definitive comparison of the various existing models for ppγ with
experiment. Even so, a systematic disagreement between theory and experiment has
been observed for certain asymmetric proton angles. It was hoped that new experiments
[54, 55, 56, 57] would improve the situation, but the release of the very high accuracy data
of the KVI ppγ experiment [57, 58] has revealed a sizable discrepancy between theory
and experiment. This is in spite of the developments on the experimental side and of the
continuous increase in sophistication of the theoretical models developed for the descrip-
tion of the this reaction. The observed discrepancies are a characteristic of microscopical
models for bremsstrahlung, while soft-photon theorem based models [59, 60] allow for a
good description of the available data. At the same time, in the recent years, studies
with contradictory results [61, 62] about the sensitivity of bremsstrahlung observables
to off-shell effects have been performed. Most of the microscopic models developed in
the last decade include contributions of meson-exchange currents and of the ∆ isobar
[63, 64]. Proton-proton bremsstrahlung offers a unique testing ground for these rela-



3

tively little studied contributions. A good knowledge of the meson-exchange currents is
required for an accurate description of neutron-proton bremsstrahlung, where they are
extremely important. For this to be possible the mentioned discrepancy between theory
and experiment has to be cured.

In the above historical presentation we have limited ourselves to two reactions cur-
rently employed in the study of the strong interaction. The list is of course much longer,
but it is only these two that have been covered during the research presented in this
thesis. The order of discussion in the chapters to come is reversed and follows the order
in which these two topics have been investigated.

The first three chapters are dedicated to the study of proton-proton bremsstrahlung.
The starting point of the present investigation of ppγ has been the already mentioned
fact that at the time of the release of the high-accuracy KVI experimental data a large
discrepancy with the theoretical predicted values for the differential cross section had
been observed for an important fraction of the kinematical cases covered by this experi-
ment. Chapter 2 outlines the status ppγ calculations as of 1999. The ingredients of the
relativistic covariant model for bremsstrahlung of Martinus et al . [52, 63, 65, 66] are
presented together with a brief description of the model developed by Nakayama and
coworkers [67, 49, 64, 68]. The latter serves as a support for the later conclusion that
all microscopic calculations produce similar results. We have already mentioned that
soft-photon models for bremsstrahlung allow for a reasonable reproduction of the ppγ
differential cross-sections. As an example we present results of the model of Korchin and
Scholten [60, 69].

The ppγ model of Martinus et al . does not take into consideration corrections of the
Coulomb interaction. Within a relativistic covariant model, formulated in momentum
space, this would be a difficult task. We argue that Coulomb corrections to ppγ could be
important under special circumstances even at 190 MeV, the energy of the KVI brems-
strahlung experiment. We have constructed a non-relativistic toy model for proton-proton
bremsstrahlung which fully accounts for these effect in the 1S0 partial wave, whose in-
gredients are presented in Chapter 3. Two versions of this toy model are presented: the
first incorporates a separable approximation of the nucleon-nucleon interaction, while for
the second a modified version of the effective field theory model of strong interaction in
presence of the Coulomb interaction due to Kong and Ravndal [70] is used. Calculations
are performed in a mixed representation. To conclude the chapter a comparison with
results of ppγ model of Heller and Rich [71] is presented, which serves also as a check for
our calculation.

In Chapter 4 two possible sources for the observed discrepancy between theory and
KVI experimental data are discussed: Coulomb effects and sensitivity of the bremsstrah-
lung cross section to the on-shell NN interaction. To study the former the toy model
developed in Chapter 2 is used, while for the latter a detailed study of the contributions
of individual NN partial waves is performed. It is shown that for the problematic KVI
kinematics ppγ cross section is highly sensitive to the details of the low energy NN in-
teraction. It is discussed how, by carefully considering the details of the low energy NN
interaction, the discrepancy can be reduced, though not completely.

In the second part of the thesis, represented by Chapters 5 and 6, the elastic scattering
of two nucleons is studied. One of the ingredients of the Martinus model is the quasipoten-
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tial OBE developed by Hummel and Tjon [72, 73, 74] in the context of the study electron-
deuteron scattering, with origins in the OBE model of Fleischer and Tjon [10, 75, 76].
As in any OBE model the medium-range central attraction is described by the introduc-
tion of the fictitious σ meson. It has long been known that the dominant part of these
contributions are due to correlated two-pion exchanges (TPE). With the advent of effec-
tive field theories it has become possible to classify the two-pion exchange contributions
according to their importance in a specified energy region. It has thus become practi-
cal to extend OBE exchange models such that their kernels include two-pion exchange
contributions in a systematic way. Such an approach is possible only for non-relativistic
models, since the effective theory for the two-nucleon system is an expansion in terms
of the three-momentum of the participating nucleons. In the case of a relativistic model
terms at a certain order in the effective expansion combine with terms of higher order to
make up relativistic covariant amplitudes. Therefore, even though such an approach is
not manifestly systematic, it bears similar features to an effective expansion when care-
fully treated. In Chapter 5 the extension of the OBE model of Fleischer and Tjon along
these lines is presented. We start by a review of the original model and then present
some basic facts about chiral symmetry and its implications for the NN interaction. All
possible interaction terms with at most two derivatives, allowed by chiral symmetry, are
constructed and only those terms that according to Weinberg’s chiral power counting
contribute up to fourth order in the chiral expansion are kept (first order is the one
pion exchange and there are no contributions at second order). Besides the traditional
pseudovector pion-nucleon coupling, ππNN terms are now present in the interaction La-
grangian: the Weinberg-Tomozawa term and two-pion interactions corresponding to the
low-energy coupling constants (LECs) c1, c3 and c4, present in chiral perturbation the-
ory [77]. The heavy-meson interactions are kept. In the remaining part of the chapter the
explicit expressions of the TPE contributions is presented together with the algorithm
used for their numerical evaluation.

Chapter 6 is entirely dedicated to the presentation of the results of the modified OBE
model. We start with the phenomenological interpretations of the LECs [78] followed
by a comparison of the coordinate space TPE and OBE potentials. For the former the
coordinate space expressions derived by Kaiser [33, 35, 36, 37] up to N3LO in chiral
perturbation theory have been used. They are thought to provide a good approximation
to the full relativistic result. The main sections of this chapter are represented by the
results for the peripheral partial waves for elastic NN scattering followed by results for
lower partial waves. For the description of the former OPE and TPE contributions are
sufficient. For the latter the full model is used (heavy mesons+OPE +TPE). A few pre-
liminary fits of the full model to the elastic np scattering data, obtained by a readjustment
of the heavy-meson coupling constants and cut-off parameters, are presented.
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Relativistic model for bremsstrahlung

Bremsstrahlung is one of the simplest available tools for the investigation of the NN
interaction, besides elastic scattering. The proposal [40], made long time ago, that it can
be used to discriminate between competing models for the strong force has generated a
lot of interest over the years, both theoretically and experimentally. In the past years
the possibility of such a discrimination between the various existing models for the NN
interaction has been under investigation with contradictory results [61, 62]. The study
of meson-exchange currents (MEC) and of the ∆ isobar has been another motivational
source for the study of this reaction, especially in the last two decades since only recently
models have accounted for these contributions. They are expected to be important at
sufficiently high energies, close to the pion production threshold. Our main concern
will be with the relativistic covariant Martinus et al . model for bremsstrahlung [52, 63,
65, 66] whose main ingredients will be described in this chapter. Details of other two
recent models for ppγ, the microscopic model of Nakayama et al . [49, 64, 67, 68] and the
soft-photon theorem [79, 80] based model for virtual nucleon-nucleon bremsstrahlung of
Korchin and Scholten [60, 69], will also be presented. Theoretical predictions will be
compared with the experimental data for a few selected kinematics of the 190 MeV KVI
ppγ experiment [57, 58, 81, 82].

2.1 A relativistic covariant model for bremsstrahlung

An important ingredient of the Martinus et al . model for bremsstrahlung is the elastic
scattering T matrix. It has been obtained from the Fleischer-Tjon one-boson-exchange
(OBE) model for the NN interaction [10, 75, 76]. This model is based on a numerical
solution of the quasipotential approximation of the Bethe-Salpeter equation introduced
by Logunov and Tavkhelidze [83] and Blakenbecler and Sugar [84]. The BSLT equation
can be solved in a partial-wave basis [73]. The partial-wave decomposition yields a system
of coupled one-dimensional equations for the partial-wave amplitudes. The equation is
solved keeping also the contributions from negative-energy states both as intermediate
and/or initial (final) states. The latter case is relevant only when one considers the half
or the fully off-shell T matrix. The on-shell T matrix was fitted to the np phase shifts
of Arndt et al . [85] by varying the meson-nucleon coupling constants. The OBE model
presented here has been successfully applied to the case of electron-deuteron scattering
by Hummel and Tjon [73]. The electromagnetic matrix elements were determined using
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6 Chapter 2: Relativistic model for bremsstrahlung

c)

a) b)

T T

T T

Figure 2.1: Single scattering diagrams contributing to the impulse approximation, (a) and (b),

and the rescattering diagram contribution (c). Diagrams in which the photon couples to only

one of the protons are shown.

the equal-time approximation [86, 87, 88]. More details about the Fleischer-Tjon OBE
model are presented in Chapter 5.

2.1.1 The Martinus et al . ppγ model

The electromagnetic nuclear current can be split into two parts: the one-body and the
two-body current, the former giving the dominant contribution in the energy region we are
considering. The invariant amplitude of the bremsstrahlung process is Mfi = εµ〈f |Jµ|i〉
with εµ the polarization four-vector of the emitted photon, while Jµ is the nuclear current,
which has its matrix elements given by

〈f |Jµ|i〉 = 〈p′, P ′|T (p′, p̃;P ′)S(1)(p̃, P ′)Γ(1)
µ (q)|p, P 〉 (2.1)

+〈p′, P ′|Γ(1)
µ (q)S(1)(p̃′, P )T (p̃′, p;P )|p, P 〉+ (1↔ 2)

−i
∫

d4k

(2π)4
〈p′, P ′|T (p′, k′;P ′)S(1)(k′, P ′)Γ(1)

µ (q)S2(k, P )T (k, p;P )|p, P 〉 .

The first two terms correspond to what is commonly known as the impulse approxi-
mation (IA). They represent the sum of all single-scattering diagrams, when the photon
is emitted by one of the external legs. Consistency with the equal-time approximation
imposes that the dependence of the elastic T-matrix on the off-shell energy of the particle
from which the photon is emitted is neglected. This amounts to omitting the retarda-
tion effects. It was shown by Martinus et al . [52] that this introduces uncertainties of at
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γ
π,η

ρ,ω
γ

π,η

=

+ +

+

π,η

∆
γ

∆
γ

m
ec+

∆

Figure 2.2: The Born terms of the two-body current bremsstrahlung. The first one is a MEC

contribution, the other two are contributions of the ∆ isobar.

most 10% at 280 MeV. For the case of the KVI experiment at 190 MeV, the effects are
even smaller. In more detail, the expression for one of the IA contributions (final-state
emission from leg 1) is

〈f |J (IA)
µ |i〉 = 〈p′1, p′2|Γ(1)

µ (q) S(1)(p′1 + q) T (p̂′1 + q̂, p̂′2; p1, p2)|p1, p2〉 , (2.2)

where the hat over some momenta labeling the elastic T matrix means that in the center
of mass of the nucleons their zeroth component will be set equal to zero.

The last term in Eq. (2.1) is the rescattering contribution to bremsstrahlung (see
Fig. (2.1)). The four-dimensional integral appearing here is easily reduced to a three-
dimensional one [52, 65, 66] since, as a result of the equal-time approximation, the elastic
T matrix appearing in the integrand does not depend on the relative energy of the two
nucleons, k0. The k0 integral for the rescattering diagram (the photon being emitted by
the particle labeled i) is then of the form

I
(i)
0 =

∫
d k0

2π
S(i)(k0,~k − ~q;E′) Γ(i)

µ (q) S2(k0,~k;E) , (2.3)

with (ω, ~q) the photon four-momentum, and can easily be evaluated analytically. The
two-particle free propagator has been denoted by S2(k0,~k;E). This is consistent with
the equal-time framework used for treating the elastic NN problem.

In addition, contributions from the two-body currents, depicted in Fig. (2.2), have
been considered. They include contributions from the meson-exchange currents (MEC)
and the ∆ isobar. In the Martinus et al . model for bremsstrahlung the two-body currents
have been included in a perturbative way. Besides the Born term, single- and double-
scattering contributions have been considered. The current operator for contributions
from meson exchange currents (MEC) and the ∆ isobar has the following expression in
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a) b)

c) d)

m
ec+∆

m
ec+∆ T

m
ec+∆T T

m
ec+∆T

Figure 2.3: Two-body contributions to the bremsstrahlung amplitude. Diagram (a) represents

the Born contribution, diagrams (b) and (c) single scattering terms and (d) is the rescattering

contribution.

the center of mass of the incoming nucleons,

JMEC+∆
µ =

∫ ∫
d4k′

(2π)4
d4k

(2π)4
U(Λ)Ψ(p′, k′;P ′)U−1(Λ) (ΓMEC

µ + Γ∆
µ )Ψ(k, p;P ) , (2.4)

where Λ denotes the Lorentz transformation from the center of mass (c.m.) system of the
final nucleons to the c.m. of the initial nucleons, ΓMEC

µ and Γ∆
µ represent the coupling of

a photon to the NN system via MEC or a ∆ isobar, and Ψ is a two-nucleon scattering
state, given for the initial nucleons by

Ψ(p′, p;P ) = [(2π)4δ4(p′ − p)− iS2(p′, P )T (p′, p;P )]|p, P 〉 , (2.5)

where |P 〉 is an antisymmetrized two-particle plane wave. In evaluating the four-dimensional
integrals the BSLT approximation is again employed, and further, in performing the k0

integration, only contributions from the intermediate nucleonic poles are retained. In the
Martinus model the two-body contributions depicted in Fig. (2.3) are taken into account.

In the case of pp bremsstrahlung the leading-order meson-exchange contributions, the
seagull and the pion-in-flight terms, vanish because in this case the exchanged parti-
cles are neutral. Therefore, the leading contributions come from decay type diagrams
( Fig. (2.2)a). The coupling of mesons to nucleons is described identically as in the OBE
model. The vertex of the decay of either of the vector mesons into the pion and photon
is given by

Γµν
vπγ = −iegvπγ

2mv
εµσντqσk

v
τ , (2.6)
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with the values of the coupling constants gρπγ=0.76 and gωπγ=1.82 [66]. The uncertain-
ties in these two coupling constants are of the order of 10-15%.

The leading contributions involving the ∆ isobar are also decay type (Fig. (2.2)b,c).
The πN∆ and ρN∆ vertices are taken to be of the form

Γµ
πN∆(k) =

gπN∆

mπ
Θµν(Zπ)kν ,

Γµν
ρN∆(k) = i

gρN∆

mρ
[ /kΘµν(Zρ)− γµkσΘαν(Zρ)]γ5 , (2.7)

with

Θµν(Z) = gµν −
(1

2
+ Z

)
γµγν , (2.8)

with Z = 1/2 within the present model. The values of the coupling constants of the ∆-
nucleon-meson vertices are given respectively by: g2

πN∆/4π=0.35 and g2
ρN∆/4π=4.0 [66].

The γN∆ vertex is given by

Γµν
γN∆(p, q) = −ie

(
G1

M
Θνα(Z1)γβ +

G2

M2
Θνα(Z2)pβ

)
×(qαgν

β − qβgµ
α)γ5 , (2.9)

with G1 = 2.51 and G2 = 1.62 and the off-shell parameters Z1,2 were chosen equal to -1/2.
The on-shell (G1,2) and the off-shell (Z1,2) parameters are sources of large uncertainties.

For the case of pp bremsstrahlung the NNγ vertex is taken to be

Γ(i)
µ (q) = e(γ(i)

µ −
iκ

2M
σ(i)

µνq
ν) (2.10)

where e is the proton electric charge and κ=1.79 is the anomalous magnetic moment of
the proton.

2.2 Other models

In the next section numerical results of the Martinus ppγ model will be presented. For
comparison purposes we also present numerical results of two other models: the ppγ
model of Hermann, de Jong and Nakayama [49, 64, 67, 68] and a soft-photon model
developed by Korchin and Scholten [60, 69]. To make comparison more transparent the
relevant ingredients of these two models will be presented here.

2.2.1 Nakayama et al . model

The nucleonic current of the Nakayama et al .model for bremsstrahlung [49] consists of the
same ingredients as the already discussed model of Martinus. For the elastic interaction
the relativistic Bonn potential is used [14] and furthermore in the intermediate states
the fermion propagator is chosen consistently with the one used for the solution of the
elastic scattering problem [49]. The electromagnetic transition operator is split into four



10 Chapter 2: Relativistic model for bremsstrahlung

contributions: convection, magnetic, relativistic spin corrections (RSC) and remaining
relativistic corrections. The last one gives a negligible effect at intermediate nucleon
energies. The first two terms have been traditionally used as the sole contributions to the
electromagnetic current in early non-relativistic bremsstrahlung calculations. The RSC
contributions are shown to lead to a decrease of the cross-section of the order 20-30%
for proton angles larger than 15◦. For the same kinematics the rescattering contribution
leads to an increase of comparable magnitude leading to an almost perfect cancellation of
the RSC and rescattering contributions. At small proton angles, of interest in this thesis,
a similar cancellation does not take place, and a full relativistic calculation is therefore
required. The model has been compared with the unrenormalized TRIUMF data [48]
which are under predicted for most kinematics [49]. An inclusion of the much debated
2/3 normalization factor [48] would bring this model and the TRIUMF data in good
agreement.

In Ref. [68] contributions from meson-exchange currents have also been considered.
Only the ωπγ decay diagrams have been considered (they dominate over the ρ meson
decay diagrams). They have been included at Born and single scattering level, i.e. the
diagrams depicted in Fig. (2.3a,b,c). The value gωπγ=3.53 has been used for the coupling
constant. Contributions of the ∆ isobar have been considered above the pion production
threshold within a coupled-channel formalism which allows the ∆ degrees of freedom
[64, 68]. At 280 MeV the meson exchange diagrams contributions are about 1/3 from the
∆ isobar contributions [68]. For the kinematics of the TRIUMF experiment the latter
can give an increase of the cross-section up to 30% which brings the unrenormalized data
and theory closer.

2.2.2 Soft-photon models

The soft-photon theorem for bremsstrahlung has been derived long time ago by Low [79,
80]. It states that the first two terms in a series expansion of the bremsstrahlung am-
plitude in terms of the frequency of the emitted photon depend only on parameters
measurable in elastic nucleon-nucleon scattering and on static electromagnetic properties
of the nucleon. Following this results soft-photon models for NNγ have been devel-
oped [89, 90, 91] to name just a few of the elder ones. In the following the derivation of
the original Low soft-photon amplitude [80] will be sketched.

We consider the scattering of two spin-1/2 particles. The fermion lines will be labeled
1 and 2 and the initial and final momenta of fermion i will be labeled with pi and p′i
respectively. Both fermions have the same mass M and the momentum of the outgoing
photon will be denoted by q. It will suffice to consider bremsstrahlung emission only from
one of the nucleons, say nucleon 1, since the amplitude for the emission from nucleon 2
can be easily obtained by interchanging the variables referring to nucleon 1 with the ones
referring to nucleon 2. The amplitude for bremsstrahlung emission can be split into an
external and an internal part

Mµ = Mext
µ +M int

µ . (2.11)
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The expression for the first is derived in a straightforward manner

Mext
µ = ū(p′1)

[
e
(
γµ +

iκ

2M
σµνq

ν
) /p′1 + /q +M

2p′1 · q
T (p′1 + q, p′2; p1, p2)

−T (p′1, p
′
2; p1 − q, p2)

/p1 − /q +M

2p1 · q
e
(
γµ +

iκ

2M
σµνq

ν
) ]

u(p1) . (2.12)

The elastic T matrix appearing in the above expression is evaluated at an half off-shell
point. To arrive at the soft-photon expression for the amplitude an expansion in terms of
the photon four-momentum q has to be performed. Before doing that the parametrization
of the elastic T matrix has to be discussed. For the scattering of two spin-1/2 particles
it can be put in the form [92, 93]

T (p′1, p
′
2; p1, p2) =

5∑
α=1

FαGα , (2.13)

Gα = ū(p′1)λα u(p1) ū(p′2)λ
α u(p2) ,

λα = (1, γ5, γµ, γ5γµ, σµν) ,

with Fα invariant functions of a complete set of Lorentz invariants). To keep expres-
sions as clear as possible we will restrict the presentation to α=1, i.e. T (p′1, p

′
2; p1, p2) ≡

F1(s, t, u). The scalar functions Fα depend on Lorentz invariants formed out of the four
momenta (two incoming and two outgoing) that characterize an elastic scattering T ma-
trix of two particles. Taking into account the momentum conservation relation and the
on-shell condition only two independent invariants can be build out of the four external
momenta. We choose them to be the following [80]

ν = p1 · p2 + p′1 · p′2 , (2.14)
∆ = (p′1 − p1)2 + (p′2 − p2)2 .

This choice corresponds to choosing s and t as the independent set of variables; the elastic
scattering amplitudes dependent implicitly also on the masses of the external particles
which in the case of an off-shell T matrix become active degrees of freedom. This is the
case of the bremsstrahlung amplitude Eq. (2.12) for which we have

T (p′1 + q, p′2; p1, p2) = T (M2
f ,M

2; νf ,∆f ) , (2.15)

T (p′1, p
′
2; p1 − q, p2) = T (M2,M2

i ; νi,∆i) ,

where the following notations have been used

M2
f = (p′1 + q)2 = M2 + 2p′1 · q , (2.16)

M2
i = (p1 − q)2 = M2 − 2p1 · q ,
νf = ν + p′2 · q ,
νi = ν − p2 · q ,

∆f = ∆ + 2q · (p′1 − p1) ,
∆i = ∆ + 2q · (p′1 − p1) .
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Where possible the relation q2 = 0 has been used, since we are dealing with real photons.
Now, the elastic T matrices that enter the expression of external bremsstrahlung emission
are expanded in Taylor series in the neighborhood of the on-shell point (ν,∆). The
following expressions are obtained

T (M2
f ,M

2, νf ,∆f ) = T (ν,∆) + 2p′1 · q
∂T

∂M2
f

+ p′2 · q
∂T

∂ν
+ 2q · (p′1 − p1)

∂T

∂∆
,

T (M,M2
i , νi,∆i) = T (ν,∆) + 2p1 · q

∂T

∂M2
i

− p2 · q
∂T

∂ν
+ 2q · (p′1 − p1)

∂T

∂∆
,

T (ν,∆) ≡ T (M2,M2; ν,∆) . (2.17)

All the derivatives of the elastic T matrix are evaluated at the on-shell point, even tough
this is not explicitly shown. The requirement of gauge invariance of the whole amplitude

qµMext
µ + qµM int

µ ≡ 0 , (2.18)

allows the determination, up to individually gauge invariant terms, of the internal brems-
strahlung amplitude M int

µ . In the construction of the soft-photon amplitude only term
proportional with 1/k and k0 are kept, in accordance with the soft-photon theorem.
Employing such a procedure results in the following expression for the internal brems-
strahlung amplitude

M int
µ = ū(p′1) e

[
2p′1 µ

∂T

∂M2
f

− 2p1 µ
∂T

∂M2
i

+ (p2 + p′2)µ
∂T

∂ν

]
. (2.19)

In the process of derivation of this expression, Dirac’s equation and the anticommuta-
tion relation of the γ matrices were used. Adding to it the expression of the external
bremsstrahlung, Eq. (2.12), results in the final expression for bremsstrahlung emission

Mµ = eū(p′1)
[( p′1 µ

p′1 · q
T (ν,∆)− T (ν,∆)

p1 µ

p1 · q

)
(2.20)

+
( γµ/q

2p′1 · q
T (ν,∆) + T (ν,∆)

/qγµ

2p1 · q

)
+
iκ

2M
σµνq

ν /p
′
1 +M

2p′1 · q
T (ν,∆)− T (ν,∆)

/p1 +M

2p1 · q
iκ

2M
σµνq

ν

+
( p′2 · q
p′1 · q

p′1 µ +
p2 · q
p1 · q

p1 µ − p′2 µ − p2 µ

) ∂T
∂ν

+q · (p′1 − p1)
( p′1 µ

p′1 · q
− p1 µ

p1 · q

) ∂T

∂∆

]
u(p1) +O(k) .

In the final result the derivatives in the off-shell direction (with respect to M2
f or M2

i )
have disappeared, due to a cancellation of the respective terms from the external and
internal contribution expressions against each other. This is the content of the soft-
photon theorem. Eq. (2.20) is the form of the soft-photon amplitude, as derived by Low
in Ref. [80]. The soft-photon theorem has been extended and generalized later by many
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authors and many soft-photon amplitudes have been constructed using the standard Low
procedure.

The standard Low procedure has two obvious short-comings: it does not allow one
to obtain an internal contribution which is separately gauge invariant and it cannot be
applied in regions where the elastic amplitude varies rapidly as a function of energy
and/or scattering angle because in that case the Taylor expansion Eq. (2.17) would fail.
In order to solve these issues a generalized soft-photon amplitude, obtained via a modified
Low procedure, has been proposed [94, 95]. Its construction is obtained in two steps [95]:
first a tree-level amplitude M̄µ is derived, which is the sum of external tree-level emission
diagrams (M̄E

µ ), emission from dominant tree-level internal lines (M̄ I
µ) and a term derived

from imposing gauge invariance (M̄G
µ ). Then, the general amplitude Mµ is derived as the

sum of general external emission diagrams (the same procedure as the standard Low),
general internal lines emission which reduce to (M̄ I

µ) at tree-level approximation and
a third term obtained from gauge invariance. The first two terms of the expansion of
the general amplitude in terms of the photon four-momentum define the general soft-
photon amplitude. The expansion of Mµ is performed in such a way that the expanded
Mµ depends on the elastic T matrix evaluated at some on-shell point, but it is free of
derivatives with respect of the specified Mandelstam variables which alleviates the second
mentioned problem of the Low soft-photon amplitude. Together with the generalization
of the original st Low amplitude, a new class of soft-photon amplitudes (ut) has been
developed [95]. In Ref. [59] it has been shown that an amplitude from the ut class, the
special two-u-two-t (TsTts), can be used to describe ppγ experimental data for kinematics
for which the original Low amplitude fails. In Ref. [93] the incorporation of the Pauli
principle was realized for the TuTts amplitude while for the st class of amplitudes it was
shown that a similar result was not possible leading to a serious violation.

In Refs. [60, 69] Korchin and Scholten have developed two soft photon amplitudes
for virtual nucleon-nucleon bremsstrahlung by using the standard Low approach and the
modified Low approach of Ref. [59, 95] respectively. The Pauli principle was incorporated
as well as crossing symmetry. In the limiting case when the mass of the virtual photon
goes to zero, their models can be applied to real nucleon-nucleon bremsstrahlung.

2.3 Comparison with the experimental KVI data

A comparison of the Martinus ppγ model with the TRIUMF data has been presented
elsewhere [52, 63]. The predicted cross-sections lie systematically below the TRIUMF
data [48], the difference being of the order of 10-15%. The discrepancy can be alleviated
once the normalization factor of 2/3 is taken into account. At Tlab=280 MeV sizable
contributions of the ∆ isobar are predicted (the θ1=12◦, θ2=27.8◦ and θ1=28◦, θ2=27.8◦

kinematics), up to 50-60%, while the contributions of the meson-exchange currents are
generally small. These features are in good agreement with the results of the Nakayama
et al . model.

More recently, a ppγ experiment has been performed at KVI [57, 58, 81] at an incoming
proton energy of 190 MeV. Cross sections and analyzing powers have been measured
with an unprecedented accuracy. A later reanalysis of the experimental data has yielded
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improved results for the analyzing powers [82] while the original reported [57] values of
the cross-sections have remained unchanged. We present here a comparison of the ppγ
models described in this chapter with a small, but representative, selection of the KVI
proton-proton bremsstrahlung experimental data. It has already noted some time ago [58]
that microscopic models fail to reproduce an important fraction of the KVI experimental
data, while for others the agreement is fairly good. We have selected 6 kinematics for
which results are presented. In Fig. (2.4) kinematics for which the azimuthal angle of
the photon, θγ , is varied are displayed. In a second plot, Fig. (2.5), kinematics for which
one of the angles of the outgoing protons (θ1 or θ2) is varied are shown. All the cases
presented here correspond to coplanar kinematics, with the emitted photon being on the
same side of the incoming beam as the outgoing proton labeled 1. Besides the predictions
of the Martinus ppγ model, results of the microscopic model of Nakayama [96] and of the
soft-photon calculation of Korchin and Scholten [97] are presented. Experimental data
taken during the KVI experiment with two setup configurations, BLOCK (triangles) and
SUPERCLUSTER (squares) [58], are shown.

From the two shown figures one observes that the microscopical calculations of Mar-
tinus and Nakayama yield close results to each other for all of the kinematical situations
presented. The calculation of Nakayama et al . (dotted line) below the pion production
threshold does not incorporate the contributions of the ∆ isobar. A direct comparison
with the full Martinus model (full line) is therefore not completely justified. The similar-
ities between the two have to do with the fact that for ppγ at 190 MeV meson-exchange
and the ∆ isobar contributions only give rise to almost negligible effects (compare the
full and dashed curves), visible in Fig. (2.4) and Fig. (2.5) as an approximately uniform
background over the phase-space. The contributions of the two-body currents become
relatively more important towards the regions of minimum for the cross-section, where
their contributions are important for a proper description of the experimental data (see
for example the θ1=8◦, θ2=16◦ kinematics in Fig. (2.4) in the region θγ=90◦).

A second easily observable feature is a large discrepancy between the Martinus and
Nakayama models on one side and the experimental KVI data on the other side for
specific kinematics. The discrepancy occurs at the peaks of the cross-section of four of
the kinematical cases presented here: θ1=8◦ - θ2=16◦, θ1=8◦ - θ2=19◦, θ2=16◦ - θγ=145◦

and θ1=8◦ - θγ=145◦. The same holds true for other microscopical ppγ models, when
compared with the KVI experimental data, too [58]: the model of Gari and Eden [51, 98]
overshoots the mentioned experimental data at the peaks by even larger amounts. The
predictions for the analyzing power Ay of both microscopical models are reasonably close
to the experiment, but for this observable the experimental results are not as accurate
as for the differential cross-section.

A different situation exists in the case of the soft-photon calculation. Their predic-
tions are in a satisfactory agreement with the experimental data for all the presented
kinematics. Both the ut and st class models predict similar results for both the cross-
sections and analyzing powers. A well known feature of soft-photon models, the inability
to properly reproduce the experimental analyzing powers, is observed here as well.

The sources for the observed discrepancy between the microscopical model of Martinus
and KVI experimental data are the object of study in the next two chapters. Two
possible sources of the discrepancy have been studied: Coulomb effects due to the well-
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known repulsion between two equally electrically charged particles and sensitivity of the
bremsstrahlung cross-section to the on-shell nucleon-nucleon interaction.



3
Non-relativistic toy-model for pp
bremsstrahlung

In the construction of the ppγ models presented in the previous chapter the electromag-
netic interaction between the two protons has been neglected. In this chapter the correc-
tions due to Coulomb interaction to the proton-proton bremsstrahlung cross-section will
be studied. Previous studies [71, 99] have revealed the importance of Coulomb corrections
to proton-proton bremsstrahlung cross section under certain kinematical conditions. Our
model will be built with the intent of applying it to the study of Coulomb effects for the
kinematics probed by the KVI ppγ experiment. This allows important simplifications
to be made, since an important fraction of the probed phase-space was dominated by
nucleons interacting at low energy. It will therefore suffice to approximate the strong
NN interaction as being non-relativistic and acting in the 1S0 channel only.

3.1 The two-potential formalism

3.1.1 Notations

Let us consider the non-relativistic scattering of two protons for which we assume that
the total Hamiltonian is given by

H = H0 + VC + VS , (3.1)

with H0 being the free-particle Hamiltonian, while VC and VS are the Coulomb and the
strong potential respectively. Situations when physical processes are influenced by two
interactions (potentials) and one of them needs to be treated nonperturbatively, while for
the other one a perturbative expansion suffices can be described using the two-potential
formalism [100, 101]. Such a case is met in practice when the strong interaction is
studied in regions of the phase space where the Coulomb interaction is known to be of
some relevance.

In our non-relativistic model the bremsstrahlung amplitude is computed by evaluat-
ing the matrix elements of the electromagnetic current between incoming and outgoing
Coulomb waves. For clarity, we will start by summarizing some of the conventions used.
The eigenvalue problems, in a concise notation, for the free particle, a particle in Coulomb

17
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potential and a particle in Coulomb + strong potential are given respectively by

H0 | ~p 〉 = E0 | ~p 〉 , (3.2)
(H0 + VC) | ψ~p 〉 = EC | ψ~p 〉 ,

(H0 + VC + VS) | φ~p 〉 = ESC | φ~p 〉.

Starting from the Schrödinger equation one can also introduce the Green’s functions
(propagators) with appropriate boundary conditions. We will make use of the retarded
and advanced propagators, denoted by G(+) and G(−) with appropriate subscripts: 0

for the free propagator, C for the Coulomb modified propagator and SC for the total
propagator,

G(±)(E) =
1

E −H ± iε
. (3.3)

The relations between the energy eigenstates introduced in Eq. (3.2) are

| ψ(±)
~p 〉 = [1 +G

(±)
C VC ] | ~p 〉 , (3.4)

| φ(±)
~p 〉 = [1 +G

(±)
SC (VC + VS)] | ~p 〉 , (3.5)

| φ(±)
~p 〉 = [1 +

∞∑
n=1

(G(±)
C VS)n] | ψ(±)

~p 〉 . (3.6)

3.1.2 The bremsstrahlung amplitude

First the expression for the elastic scattering amplitude is derived. Starting from the
definition of the S matrix

Sfi = 〈 φ(−)
~p′
| φ(+)

~p 〉 (3.7)

and using the Lippmann-Schwinger equation for the the full wave function

φ
(±)
~p = ψ

(±)
~p +G

(±)
C VS φ

(±)
~p , (3.8)

or its formal solution

φ
(±)
~p = ψ

(±)
~p +G(±) VS ψ

(±)
~p , (3.9)

it is straightforward to arrive at

Sfi = 〈 ψ(−)
~p ′ | ψ

(+)
~p 〉+ 〈 ψ(−)

~p ′ |G
(+)
C (Ep) VS | φ(+)

~p 〉+ 〈 ψ(−)
~p ′ |VS G

(+)(Ep′) | φ(+)
~p 〉 .(3.10)

One then makes use of the fact that the Coulomb waves and the full waves are eigenvectors
of respectively the Coulomb and the full propagator,

Sfi = 〈 ψ(−)
~p ′ | ψ

(+)
~p 〉+ 1

Ep − Ep′ + iε
〈 ψ(−)

~p ′ |VS | φ(+)
~p 〉

+
1

Ep′ − Ep + iε
〈 ψ(−)

~p ′ |VS | φ(+)
~p 〉 (3.11)

= 〈 ψ(−)
~p ′ | ψ

(+)
~p 〉 − 2iπ δ(Ep′ − Ep) 〈 ψ(−)

~p ′ |VS | φ(+)
~p 〉

= 〈 ψ(−)
~p ′ | ψ

(+)
~p 〉 − 2iπ δ(Ep′ − Ep) 〈 φ(−)

~p ′ |VS | ψ(+)
~p 〉 .
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The equivalent expression for the T-matrix reads

Tfi = 〈 ~p ′ |VC | ψ(+)
~p 〉+ 〈 ψ(−)

~p ′ |VS | φ(+)
~p 〉 (3.12)

= 〈 ~p ′ |VC | ψ(+)
~p 〉+ 〈 φ(−)

~p ′ |VS | ψ(+)
~p 〉

= TC
~p ′,~p + TSC

~p ′,~p .

We will apply this formalism to the ppγ process. The derivation in this section
is general and it is assumed that each particle has a mass m, electric charge q and a
magnetic moment µ. In order to keep the derivations as transparent as possible frame
transformations will not be written explicitly. The bremsstrahlung amplitude will be
decomposed in a few terms which will be easier to understand from a diagrammatic point
of view. We will consider the following Hamiltonian for the emission (or absorption) of
photons,

Hem =
q

m
( ~A · ~P +

i

2
µ~σ · ~P × ~A ) . (3.13)

The starting point is the expression for the T-matrix element for bremsstrahlung [42, 100]

T ( ~p ′, ~p ) = 〈 φ(−)
~p ′ |Hem(1) +Hem(2) | φ(+)

~p 〉 , (3.14)

since both protons can radiate. One can make use of Eq. (3.6) to express the total wave
function in terms of the Coulomb wave function. The bremsstrahlung amplitude is then
seen to split into three pieces. These are respectively:

1) Pure Coulomb bremsstrahlung. This would give the full amplitude if the strong
interaction would be turned off,

TCoul = 〈 ψ(−)
~p ′ |Hem | ψ(+)

~p 〉 (3.15)

=
∫
d ~p ′′〈 ψ(−)

~p ′ | ψ
(+)
~p ′′ 〉 〈 ψ

(+)
~p ′′ |Hem | ψ(+)

~p 〉 .

where S(~p ′, ~p)C = 〈 ψ(−)
~p ′ | ψ

(+)
~p 〉 is the pure Coulomb elastic S matrix. The contribution

in Eq. (3.15) is found to be rather small, as already shown by Heller and Rich [71].
2) External-legs bremsstrahlung. There are two contributions of this type: initial-

state bremsstrahlung, i.e. the photon is first emitted and then the strong interaction
between the two protons takes place, and final-state bremsstrahlung. The expressions for
these processes are given by

T
(ini)
SC = 〈 φ(−)

~p ′ |VS G
(+)
C (Ef )Hem | ψ(+)

~p 〉 (3.16)

=
∫
d ~p ′′ 〈 φ(−)

~p ′ |VS | ψ(+)
~p ′′ 〉 〈 ψ

(+)
~p ′′ |G

(+)
C (Ef )Hem | ψ(+)

~p 〉 ,

and

T
(fin)
SC = 〈 ψ(−)

~p ′ |Hem G
(+)
C (Ei) VS | φ(+)

~p 〉 (3.17)

=
∫
d ~p ′′ 〈 ψ(−)

~p ′ |Hem G
(+)
C (Ei) | ψ(−)

~p ′′ 〉 〈 ψ
(−)
~p ′′ |VS | φ(+)

~p 〉 ,
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T (~p ′, ~p)SC = 〈 ψ(−)
~p ′ |VS | φ(+)

~p 〉 being the elastic Coulomb-corrected strong T-matrix, as
given by the two potential formalism.

3) Rescattering contribution,

T
(resc)
SC = 〈 φ(−)

~p ′ |VS G
(+)
C (Ef )Hem G

(+)
C (Ei) VS | φ(+)

~p 〉 (3.18)

=
∫
d ~p ′′d ~p ′′′ 〈 φ(−)

~p ′ |VS | ψ(+)
~p ′′ 〉 〈 ψ

(+)
~p ′′ |G

(+)
C (Ef )Hem G

(+)
C (Ei) | ψ(−)

~p ′′′ 〉

× 〈 ψ(−)
~p ′′′ |VS | φ(+)

~p 〉 .

This term is not considered any further in the present calculation, since its contribution
is expected to be very small due to the fact that the NN potential only acts in the 1S0

channel. This fact has been checked to hold for the case of the separable NN potential
discussed in Section (3.3).

The determination of the ppγ scattering amplitude requires the knowledge of the
elastic proton-proton scattering amplitude

TSC
~p ′,~p = 〈 ψ(−)

~p ′ |VS | φ(+)
~p 〉. (3.19)

For its evaluation two non-relativistic models have been built. The first one is an effective
field-theory model of the strong force in the 1S0 channel in the presence of the Coulomb
interaction. It is an half off-shell extension of the model of Kong and Ravndal [70]. In the
construction of the second the strong force is approximated with a separable potential,
approximation which remains valid also in the presence of the Coulomb repulsion [102].

3.2 Proton-proton scattering in effective field theory

3.2.1 Effective field theories for nucleon-nucleon scattering

Effective field theories (EFT) have been developed to describe processes involving external
momenta p less than a certain scale Λ. Only degrees of freedom corresponding to particles
with mass m < Λ have to be included in such a theory. Short range physics is described
by non-renormalizable operators, their contributions being suppressed by higher powers
of the mass scale Λ and thus making the theory predictive by allowing a systematic
expansion in p/Λ. For an effective theory to be useful, a power counting scheme must be
developed in order to tell which diagrams to be considered at each order in the momentum
expansion.

In the original proposal due to Weinberg [26, 27] each diagram in the two-nucleon
sector was shown to scale like pν(pm)L, with L the number of loops and ν =

∑i=L−1
i=1 µi;

µi is the scaling power of the operator present at the ith vertex. Together with an
appropriate regularization scheme (dimensional regularization) the series expansion in
p/Λ corresponds to a perturbative sum of Feynman diagrams for systems which have a
scattering length of natural size ( | a |∼ 1/Λ,| rn |∼ 1/Λ ) [24]. The momentum series
expansion of the scattering amplitude in the effective range approximation,

A = −4πa
m

[ 1− iap+ (ar0/2− a2) +O(p3/Λ3) ] , (3.20)
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has to be matched by the expression obtained by summing all the loop diagrams

A = −
∑
C2n p

2n

1 + i(mp/4π)
∑
C2n p2n

, (3.21)

which has as consequence

C0 =
4πa
m

C2 = C0
ar0
2

C2n ∼
4π
mΛ

1
Λ2n

. (3.22)

This scheme will not work for systems with a large scattering length ( |a |� 1/Λ,| rn |∼
1/Λ ), like the np and pp systems, since in these cases the momentum cutoff Λ will have
a small value, Λ < 35 MeV [23] and the effective theory will fail at a laboratory kinetic
energy Tlab=2.6 MeV.

The way out of this problem was the introduction of a new regularization scheme by
Kaplan et al . [25] called power divergence subtraction (PDS). It is a modified version
of the minimal subtraction (MS) scheme based upon dimensional regularization. In
the standard MS scheme the 1/(d − 4) pole corresponding to a logarithmic divergence
is subtracted, while in the PDS schemes poles in lower dimensions (e.g. 1/(d − 3)) are
subtracted as well. A new expansion for the scattering amplitude, obtained by expanding
the effective range approximation in power of p/Λ while keeping ap to all orders, is
employed

A = −4π
m

1
1/a+ ip)

[
1 +

r0/2
1/a+ ip

p2 +
(r0/2)2

(1/a+ ip)2
p4 +

r1/2Λ2

1/a+ ip
p4 + . . .

]
. (3.23)

Comparing with the expression obtained by summing all the bubble diagrams computed
in the PDS scheme,

A = −
∑
C2n p

2n

1 + i(m(µ+ p)/4π)
∑
C2n p2n

, (3.24)

and requiring that it is independent of the subtraction point µ, one concludes that

C2n ∼
4π

mΛnµn+1
. (3.25)

Assuming that µ ∼ p, the leading order contribution to the scattering amplitude A scales
like p−1 and consists of the sum of all the bubble diagrams with C0 vertexes (Fig. (3.1a)).
Contributions scaling like higher powers of p are produced by perturbative insertions
of the derivative interactions (C2n, n ≥1) dressed to all orders by the C0 interaction
(Fig. (3.1b) for n=1).

3.2.2 Leading order amplitude in presence of the Coulomb
interaction

The leading order contribution to the elastic nucleon-nucleon scattering amplitude is
given by a contact four-nucleon interaction with no derivatives,

VS = C0(NT ~ΠN) · (NT ~ΠN)† (3.26)
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C0 C0 C0 C2

b)

C0 C0 C0

c)

a)

+ ...+

+= +

Figure 3.1: Diagrammatic representation of the leading order (upper left) and next-to-leading

order (upper right) amplitude of the effective theory with nucleons only. The shaded blob stands

for the nonperturbative sum of all the C0 interactions (lower figure).

where Π is the projection operator which enforces the appropriate values for the spin
and isospin in the channel of interest. For spin singlet it is given by ~Π = 1√

8
σ2τ2~τ . In

this particular channel the matrix elements of the strong potential in the momentum
representation are given by

〈 ~p ′ |VS | ~p 〉 = C0 (3.27)

Using the formal solution of the Lippmann-Schwinger equation for the retarded total
wave, Eq. (3.6), the Coulomb corrected strong elastic T matrix, Eq. (3.19), can be put
in the form of an infinite series expansion

TSC
~p ′,~p =

∞∑
n=0

〈 ψ~p ′ | VS (G(+)
C VS)n | ψ~p 〉 . (3.28)

This series can be evaluated term by term, since the Coulomb wave functions are well
known [103]. The contact nature of the strong interaction ensures that the series can be
summed, since for these type of interaction it is of a geometric series type. This will be
evident after the evaluation of the first two terms in the expansion. We begin with the
n=0 term.

T
(0)
~p ′,~p = 〈 ψ(−)

~p ′ |VS | ψ(+)
~p 〉 (3.29)

=
∫
d3~k1d

3~k2〈 ψ(−)
~p ′ |~k1〉 〈~k1 |VS |~k2 〉 〈~k2| ψ(+)

~p 〉

= C0

∫
d3~k1d

3~k2 ψ
(−)
~p ′

∗
(~k1) ψ

(+)
~p (~k2)
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= ++ +...

Figure 3.2: Diagrammatic representation of the loop integral J0. Full lines represent nucleons,

wavy lines photons, while the crosses stand for the strong vertex C0.

= C0 ψ
(−)
~p ′

∗
(0) ψ(+)

~p (0)

The two integrals in the third line above are the Fourier integrals for each of the two
Coulomb waves in coordinate space at the origin. This explains the final result in the
last line where the Coulomb wave functions are to be evaluated in coordinate space at
the origin.

A similar procedure allows the evaluation of the n=1 term,

T
(1)
~p ′,~p = 〈 ψ(−)

~p ′ |VS G
(+)
C VS | ψ(+)

~p 〉 (3.30)

= C2
0

∫
d3~k1...d

3~k4 ψ
(−)
~p ′

∗
(~k1) 〈~k2 |G(+)

C (E) |~k3 〉 ψ(+)
~p (~k4)

= C2
0 ψ

(−)
~p ′

∗
(0) ψ(+)

~p (0)
∫

d3~k1 d
3~k2 〈~k1 |G(+)

C |~k2 〉 .

The last integral, depicted in Fig. (3.2), can be put in a simpler from by introducing
a complete set of Coulomb waves on both sides of the Coulomb propagator,

J0(~p ′, ~p;E) =
∫

d3~k1 d
3~k2 〈~k1 |G(+)

C |~k2 〉 (3.31)

=
∫

d3~k
ψ

(+)
~k

∗
(0) ψ(+)

~k
(0)

E − ~k2/m+ iε
.

In the last line the Coulomb wave functions are to be evaluated at the origin of the coor-
dinate space; m is the nucleon mass and E is the total energy of the two-nucleon system.
For an on-shell or half off-shell T matrix it is given by E = ~q 2/m, with ~q being either ~p
or ~p ′, whichever is on-shell. From the series expansion of the T matrix, Eq. (3.28), and
from the expressions for the n=0 and n=1 terms it is easy to realize that the expression
of the nth term can be put in the form

T
(n)
~p ′,~p = Cn+1

0 ψ
(−)
~p ′

∗
(0) ψ~p (0) Jn

0 (~p ′, ~p) . (3.32)

This expression allows to sum up the series in Eq. (3.28) arriving at the final result

TSC
~p ′,~p =

C0 ψ
(−)
~p ′

∗
(0) ψ(+)

~p (0)

1− C0 J0(~p ′, ~p;E)
. (3.33)
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The expression of the retarded and advanced Coulomb wave functions in coordinate space
and in the center of mass frame of the scattering particles are given respectively given by

ψ
(+)
~p (~r ) = e−

1
2 πη Γ(1 + iη)M(−iη, 1; ipr − i~p · ~r) ei~p·~r , (3.34)

ψ
(−)
~p (~r ) = e−

1
2 πη Γ(1− iη)M(iη, 1;−ipr − i~p · ~r) ei~p·~r , (3.35)

with η = αm/2p and M(a, b;x) the confluent hypergeometric function (or Kummer func-
tion). With the help of these expressions the value of the retarded and advanced Coulomb
wave functions at the origin can be evaluated. Taking into account the expression for the
l = 0 Coulomb phase shift, σ0 = Arg[Γ(1 + iη)], one obtains

ψ
(+)
~p (~0) = e−

1
2 πη Γ(1 + iη) (3.36)

= Cη(p) e
i σ0(p) ,

ψ
(−)
~p (~0) = e−

1
2 πη Γ(1− iη) (3.37)

= Cη(p) e
−i σ0(p) .

This allows us to rewrite the expression of the Coulomb corrected elastic T matrix as
follows

TSC
~p ′,~p =

C0 Cη(p′) Cη(p) e
i[σ0(p

′)+σ0(p)]

1− C0 J0(~p ′, ~p;E)
. (3.38)

This formula can be specialized for the on-shell case by enforcing |~p′| = |~p | =
√
mE. In

the above relations Cη is the Sommerfeld factor given by

C2
η = | ψ(±)

~p
(0)|2 = e−πη Γ(1 + iη) Γ(1− iη) =

2πη
e2πη − 1

. (3.39)

The loop integral in Eq. (3.31) has been computed in the paper of Kong and Ravndal [70].
Making use of the expressions of the Coulomb wave functions at zero range it can be put
in the following form

J0(p) = m

∫
d3~k

2πη(p)
e2πη(p) − 1

1
p2 − k2 + iε

. (3.40)

The integral is ultravioletly divergent and has to be regularized. For that purpose it is
split in two parts, one finite and one divergent, given respectively by

J
(fin)
0 = m

∫
d3~k

2πη(p)
e2πη(p) − 1

1
k2

p2

p2 − k2 + iε
,

J
(div)
0 = m

∫
d3~k

2πη(p)
e2πη(p) − 1

1
k2
. (3.41)

The divergent integral has a pole in d=2 which will be subtracted in the PDS regular-
ization scheme. The final results for the two integrals in d=3, as obtained by Kong and
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Ravndal (there is a normalization difference with respect to their paper) are

J
(fin)
0 = −2π2αm2H(η) ; H(η) = Ψ(iη) +

1
2 i η

− ln(i η) , (3.42)

J
(div)
0 = 2π2αm2[

1
ε

+ ln
µ
√
π

αm
+ 1− 3

2
γE ]− 2π2µm .

In the above equations Ψ(z) is the logarithmic derivative of the Gamma function Γ(z)
and γE = 0.577 is the Euler number. The unitarity constraint on the S matrix and the
well known expression for the partial wave pure Coulomb scattering amplitudes [103] can
be used to obtain the following relation between the Coulomb corrected T matrix TSC ,
the strong phase shift δ and a few other quantities

p( cot δ − i) = − 1
2π2m

e2iσ0

TSC(p)
. (3.43)

The value of the phase shift δ changes if the Coulomb interaction is absent, since a
full separation of the Coulomb and strong interactions contributions to the scattering
amplitude is not possible. The presence of Coulomb also modifies the effective-range
expansion [1]

p( cot δ − i) = − 1
aS

+
1
2
r0 p

2, (3.44)

to [104, 105]

C2
ηp( cot δ − i) + αmH(η) = − 1

aC
+

1
2
r0p

2 . (3.45)

Using the effective-range expansion, Eq. (3.45), the scattering length aC and the
effective range r0 can be extracted from the experimental data. In turn, from Eq. (3.43)
and Eq. (3.45), the value of the coupling constant(s) can be fixed by setting aC and r0
to their experimental values. In the effective range formula J (fin)

0 cancels out and it is
only J (div)

0 which contributes to the scattering length expression

1
aC

=
1

2π2m

[ 1
C0
− J (div)

0

]
(3.46)

For the leading order amplitude the value of the effective range is r0=0 fm. This is to be
compared with the experimental value r0=2.83 fm for pp scattering. The experimental
values of the nn and np effective ranges are close to the pp one, suggesting that the
effective range is almost not affected by the Coulomb corrections. For the pp system the
experimental value of the scattering length is aC=-7.83 fm, which is a factor 2.5 different
from the value measured for np or nn scattering. A scattering length in absence of the
Coulomb interaction, aS , can be introduced. Its value is extracted from a model for both
the strong and the Coulomb interactions, since it cannot be measured experimentally.
The model presented here is just that and by switching off the Coulomb interaction an
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expression for the strong scattering length, depending on the renormalization scale µ, is
obtained

1
aS(µ)

=
1

2π2mC0
+ µ , (3.47)

The definition of the strong scattering length allows to rewrite the expression for the
Coulomb corrected scattering length in the form

1
aC

=
1
aS
− αm

[
ln
µ
√
π

αm
+ 1− 3

2
γE

]
, (3.48)

which reminds of a similar formula obtained by Jackson and Blatt [1] in the context of
potential theory of the strong interaction

1
aC

=
1
aS
− αm

[
ln

1
αmr0

− 0.33
]

(3.49)

In the Jackson-Blatt formula, by using the values already quoted for aC and r0 the value
aS=-17.03 fm is obtained, which is very close to the value of the nn scattering length.
The expression in Eq. (3.48) is µ dependent and it diverges as µ is increased towards
the pion mass mπ. To obtain a value comparable with the nn scattering length the
renormalization scale has to be set to a value well below mπ, µ=40 MeV. This feature,
together with the value for the effective range r0=0 fm, restricts the applicability range
of this effective model. The model will have to be improved by considering higher order
contributions to the scattering amplitude.

The final expression for the leading order scattering amplitude is given by

TSC
~p ′,~p =

Cη(p′) Cη(p) e
i(σ0(p

′)+σ0(p))

1/C0 − J0(~p ′, ~p;E)
(3.50)

with

1/C0 − J0(~p ′, ~p;E) = 2π2m[
1
aS
− αm(ln

µ
√
π

αm
+ 1− 3

2
γE) + αmH(η)]

3.2.3 Next-to-leading order contributions

Effective range terms can be included into the elastic T matrix by considering the next-
to-leading order terms in the effective Lagrangian. For non-relativistic scattering in the
1S0 channel there is only one such term,

L2 =
C2

8
[NT (←−∇ −−→∇)2 ~ΠN ] · [NT ~ΠN ]† + h.c. , (3.51)

which corresponds to a potential V2 with the following matrix elements

〈~q | V2| ~k〉 =
C2

2
(~q 2 + ~k 2) . (3.52)
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Figure 3.3: The next-to-leading order contributions to the elastic scattering amplitude. The

filled bubble represents the Coulomb corrections to free nucleon propagation, as depicted

in Fig. (3.2).

As already pointed out, the next-to-leading order contributions to the scattering am-
plitude are given by perturbative insertions of the V2 potential, dressed to all order by
the V0 interaction. There are four distinct such terms, given respectively by

δTSC
a = 〈 ψ(−)

~p ′ | V2 | ψ(+)
~p 〉 , (3.53)

δTSC
b =

∞∑
n=1

〈 ψ(−)
~p ′ | V1 (G(+)

C V1)n−1 V2 | ψ(+)
~p 〉 ,

δTSC
c =

∞∑
n=1

〈 ψ(−)
~p ′ | V2 (G(+)

C V1)n | ψ(+)
~p 〉 ,

δTSC
d =

∞∑
n,m=1

〈 ψ(−)
~p ′ | V1 (G(+)

C V1)n−1 G
(+)
C V2 (G(+)

C V1)m | ψ(+)
~p 〉 ,
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with the corresponding diagrammatic representations depicted in Fig. (3.3). We will
repeat the derivation of Kong and Ravndal, except that we will consider an half off-shell
T matrix. This will modify somewhat the expression of some of the terms. We will
merely list the results. For that we will introduce some notations

F
(±)
0 (~p) =

∫
d3~k ψ~p

(±)(~k) = Cηp e
±i σ0(p) , (3.54)

F
(±)
2 (~p) =

∫
d3~k ~k 2 ψ~~p

(±)(~k) = [p2 − µαm− 1
2
(αm)2] F0(~p) ,

J0(~p) =
∫

d3~k

∫
d3~q 〈 ~k |G(+)

C (p2/m) | ~q 〉 ,

J2(~p) =
∫

d3~k

∫
d3~q 〈 ~k |G(+)

C (p2/m) | ~q 〉 ~q 2 = [p2 − µαm− 1
2
(αm)2] J0(~p) .

The loop integral J0 has been computed before. The relations between F2 and F0

and J2 and J0 respectively are approximate and only hold with the additional constraint
that µ� αm. This will be the case since µ will be of the order of the pion mass. With
these notations one arrives at the following expressions for the various corrections to the
leading order T matrix (the vector character of the arguments of some of the expressions
has has not been displayed for readability)

δTSC
a =

C2

2
[F (−)∗

2 (p′) F (+)
0 (p) + F

(−)∗
0 (p′) F (+)

2 (p)] ,

δTSC
b =

C0 C2

2
F

(−)∗
0 (p′)

1− C0 J0(p)
[ J2(p) F

(+)
0 (p) + J0(p) F

(+)
2 (p)] ,

δTSC
c =

C0 C2

2
F

(+)
0 (p)

1− C0 J0(p)
[ J2(p) F

(−)∗
0 (p′) + J0(p) F

(−)∗
2 (p′)] ,

δTSC
d = C2

0C2
F

(−)∗
0 (p′) F (+)

0 (p)
[1− C0 J0(p)]2

J0(p) J2(p) ,

δTSC = δTSC
a + δTSC

b + δTSC
c + δTSC

d .

These expressions reduce to the ones in Ref. [70] for on-shell kinematics. Adding up
all contributions, one arrives at the final expression for the Coulomb corrected T matrix
(~p is the on-shell momentum while ~p ′ is the off-shell one)

T
SC(NLO)
~p ′,~p = T

SC (LO)
~p ′,~p + δTSC

~p ′,~p (3.55)

=
F

(−)∗
0 (p′) F (+)

0 (p)
1/C0 − J0(~p)

· [1 +
C2

C2
0

~p 2 − µαm
1/C0 − J0(~p)

− C2

2C0
(~p 2 − ~p ′ 2)]

= T
SC (LO)
~p ′,~p · [1 +

C2

C2
0

~p 2 − µαm
1/C0 − J0(~p)

− C2

2C0
(~p 2 − ~p ′ 2)]

' T
SC (LO)
~p ′,~p / [ 1− C2

C2
0

~p 2 − µαm
1/C0 − J0(~p)

+
C2

2C0
(~p 2 − ~p ′ 2)] ,
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with TSC (LO)
~p ′,~p the leading order term derived in the previous section. The approximation

in the last line has the advantage that, besides facilitating the extraction of the low energy
parameters aC and r0, renders the S matrix unitary. Taking into account the α = 0 result
for the coupling constants C0 (from Eq. (3.47)) and C2 [24]

C2 =
1

2π2m

( 1
−µ+ 1/aS

)2 r0
2
, (3.56)

the Jackson-Blatt type relation between the aC and aS scattering lengths, Eq. (3.48),
becomes

1
aC

=
1
aS
− αm

[
ln
µ
√
π

αm
+ 1− 3

2
γE −

1
2
µr0

]
. (3.57)

while the effective range r0 remains unaffected by the Coulomb corrections to this order.
This is in good agreement with the experimental result that the effective ranges for the
pp, np and nn systems have values very close to each other. A further improvement is the
relative insensitivity to µ of the strong scattering length as long as the renormalization
scale is above 90 MeV.

3.3 A separable potential model

To show that a separable approximation to the nucleon-nucleon potential is reasonable in
the 1S0 channel [106] we consider two nucleons interacting only via the strong interaction.
We denote the total Hamiltonian by HS = H0+VS and the corresponding Green function
by G(±)S (E). With the help of the spectral representation of the propagator

G
(±)
S (E) =

1
E −H ± iε

(3.58)

=
∑

n

|Φn 〉 〈Φn |
E − En

+
∫
d3~k

| Φ(±)
~q 〉 〈 Φ(±)

~q |
E − k2/m± iε

,

the formal solution of the Lippman-Schwinger equation for the elastic T matrix

T (±)(E) = VS + VS
1

E −HS ± iε
VS , (3.59)

can be written in a plane wave basis as

〈 ~p ′ |T (±)(E) | ~p 〉 = 〈 ~p ′ |VS | ~p 〉+
∑

n

〈 ~p ′ |VS |Φn 〉 〈Φn |VS | ~p 〉
E − En

(3.60)

+
∫
d3~k

〈 ~p ′ |VS |Φ(±)
~k
〉 〈Φ(±)

~k
|VS | ~p 〉

E − ~k2/m
.

In the above, Φ(±)
~p is the scattering wave function, while Φn and En are nth bound state

wave function and minus the binding energy of that bound state respectively. This shows
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that at the position of the bound state the elastic T matrix has a pole and its residue
is separable. It is thus allowed to approximate the T matrix as being separable in the
vicinity of such a pole. For the nucleon-nucleon interaction this condition is met for
the 1S0 and 3S1 channels, only the former being of interest here. For the other partial
waves separable approximations to the nucleon-nucleon interaction must be regarded
with caution. Nevertheless, the interaction in any channel can be approximated with
a separable potential of higher rank [107, 108, 109, 110], that is a sum of individual
separable terms.

The potential is taken to be of the form

V (p′, p) = λ g(p′) g(p) . (3.61)

Depending on the explicit expression of g(p), there can be additional parameters be-
sides the coupling constant λ. They can be determined by fitting the scattering amplitude
to the effective range expansion, i.e. the scattering length a and the effective range re,
Eq. (3.44) for the np system and Eq. (3.45) in the case of the pp system.

In the absence of Coulomb (α = 0), the elastic T-matrix is obtained by summing the
perturbative series expansion, which is of the form of a geometric series,

T~p ′,~p =
∞∑

n=0

〈 ~p′ | VS (G(+)
0 (E) VS)n | ~p 〉 (3.62)

=
λ g(p′) g(p)
1− λ I0(p)

,

with the loop integral given by

I0(p) =
∫

d3~k g(k)2
m

p2 − k2 + iε
. (3.63)

The form factor g(p) is chosen such that the loop integral is convergent.
When the Coulomb interaction is added the potential remains separable [102]. One

can treat the problem as if only one potential was present, separable, with the matrix
elements between plane waves given by V (p′, p) = λ gc(p′) gc(p). In order to derive an
expression for gc(p) one starts from the expression of the Coulomb-corrected T-matrix,

TSC
~p ′,~p =

∞∑
n=0

〈 ψ(−)
~p ′ | VS (G(+)

C (p2/m) VS)n | ψ(+)
~p 〉 . (3.64)

By inserting a complete set of states at various places one can easily prove that the
Coulomb-corrected T-matrix can be written in the form

T
(SC)
~p ′,~p =

λ gc(p′) gc(p) e iσ0(p
′)+iσ0(p)

1− λ I(p)
, (3.65)

I(p) =
∫

d3~k gc(k)2
m

p2 − k2 + iε
,
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with gc(p) given by

gc(p) =
∫

d3~k g(k) 〈 ψ~p | ~k 〉 , (3.66)

where 〈ψ~p |~k 〉 is the Coulomb wave function in the momentum representation. For α = 0
it reduces to δ3(~p− ~k) and thus gc(p) = g(p), as it should be. For the particular case of
an S wave potential the expression of gc can be shown to be

gc(p) =
2
πp

∫ ∞

0

dr r F0(pr)
∫ ∞

0

dq q2 g(q) j0(qr) . (3.67)

Here F0(pr) is the regular Coulomb wave function for l = 0, while j0(qr) is the spherical
Bessel function. Using this relation one can in principle determine gc and then use it to
determine the Coulomb-corrected elastic T-matrix.

In the following calculations a specific choice for the g(p) form factor has been made,

g(p) =
1

p2 + β2
, (3.68)

which will reproduce the effective-range formula expression, plus a term proportional
with p4. In this particular case an analytical expression for the couplings, in terms of the
strong scattering length and effective range, can be obtained,

λ =
2β3

π2m(1− reβ)
, (3.69)

β =
3

2re
(1 +

√
1− 16re

9a
) .

Also the Coulomb-corrected form factor gc can be obtained analytically [102],

gc(p) =
1

p2 + β2
Cη(p) e

2η atan(p/β) , (3.70)

but the loop integral which appears in the expression of the elastic T-matrix cannot be
evaluated analytically. In Ref. [102] an approximate expression for the real part of the
loop integral was presented. It has been obtained by expanding the full result in powers
of α and keeping the leading term, which is of course a reasonable approximation due to
the small numerical value of this constant. Our results have been obtained by evaluating
the exact loop integral numerically.

3.4 Results for elastic scattering

The T-matrix has been fitted to reproduce the experimental 1S0 phase shifts of both a np
and a pp potential. The results are plotted in Fig. (3.4), where plots of a np+Coulomb
and a pp without Coulomb system are also plotted to show the effect of the Coulomb
interaction on the phase shifts. Here, the term ”np system” means a system of two
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Figure 3.4: Phase shifts for the separable potential (upper panel) and for the effective field

theory (lower panels) models for the following systems: a np (full line), a np + Coulomb (dotted

line), a pp (dash-dotted line) and a pp - Coulomb (dashed line) system respectively. PWA93

analysis np (triangles) and pp (full circles) elastic phase shifts have been plotted for comparison.
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Figure 3.5: The half off shell elastic T matrix as a function of the off-shell momentum k at

a laboratory energy of 10 MeV. Both the effective field theory (left panel) and the separable

potential (right panel) have been considered. The on-shell point corresponds to k=0.36 fm−1.

electrically uncharged nucleons with the value of the strong scattering length equal to
that of the real np system. The process of fitting the models to the experimental phase
shifts is equivalent, in our case, with the aim of reproducing the scattering length and
the effective range for each system.

In the case of the EFT model, before the tuning to the experimental phase shifts,
a value for the renormalization scale µ has to be chosen. A value close to pion mass
would be desired as already mentioned. Due to this extra freedom different values for
the low energy parameters aS and r0, depending on µ will be obtained in the case of pp
scattering. This is because when fitting to the pp phase shifts the correct value of the
Coulomb corrected scattering length aC will be reproduced, and aS depends on it, and on
µ and r0, through Eq. (3.57). The dependence of aS on µ and r0 is depicted in Fig. (3.6).
For low values of µ the value of aS is practically independent of r0, but when µ reaches
values close to the pion mass a rather strong sensitivity is observed. For a sufficiently
large value for µ (> 90 MeV) the sensitivity of aS on this parameter is rather weak, a
desirable feature for an effective theory. A similar story happens in the case of the np
system but in reverse order since here it is aS which is fitted to the experimental data and
because the elastic amplitude for α=0 is independent of µ. To illustrate these facts two
values for µ were chosen and in each case a fit was performed (see Fig. (3.4)). The first
value, µ=0.70 fm−1, was chosen close to the pion-mass value. A value a(pp)

S =-31.2 fm is
found for the strong scattering length of the pp system. The second choice, µ=0.18 fm−1,
was made in order to obtain a(pp)

S =-18.2 fm, close the value of the nn scattering length.
In both cases the value r0 = 2.67 fm for the effective range was obtained, which supports
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Figure 3.6: The dependence of the strong scattering length on the renormalization scale µ is

shown. The dark band shows the sensitivity of aS , for a given µ, on the effective range which

was varied from 2.50-2.90 fm. The solid line was obtained by taking for r0 = 2.67 fm, the actual

value used in the ppγ calculations.

the already stated result that at NLO the effective range is not modified by the Coulomb
interaction. For the np system the following values for the low energy parameters were
obtained: aS=-23.89 fm and r0= 2.65 fm.

For the case of the separable potential model the values of the strong low energy
parameters were: a(pp)

S =-18.1 fm, r(pp)
0 =2.60 fm for the pp system and a

(np)
S =-23.7 fm,

r
(np)
0 =2.62 fm for the np system. They are in reasonable agreement with the experi-

mental ones. When the Coulomb interaction is switched on the values of the low energy
parameters for the pp system become: a(pp)

C =-7.79 fm and r0=2.48 fm. The experimental
value of the Coulomb corrected strong pp scattering length is a(pp)exp

C =-7.83 fm. The
effective range shows a small change due to the Coulomb interaction, in contrast with
the effective field theory model.

In Fig. (3.5) the effects of the Coulomb corrections to the real and the imaginary part
of the half off-shell elastic T matrix are shown. Similar effects in case of both models for
the nucleon-nucleon interaction studied here are seen. They agree with the expectation
that Coulomb effects grow in importance when the off-shell momentum is decreased.
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3.5 Toy model for ppγ

To compute the bremsstrahlung amplitude only the contributions from the external legs
are kept, i.e. Eq. (3.16) and Eq. (3.17), which after the insertion of a complete set of
Coulomb waves and the evaluation of the Coulomb propagator matrix elements, become

T
(ini)
SC = m

∫
d ~p ′′ TSC

~p ′,~p ′′
1

~p ′2 − ~p ′′2 + iε
〈 ψ(+)

~p ′′ |Hem | ψ(+)
~p 〉 (3.71)

and

T
(fin)
SC = m

∫
d ~p ′′ 〈 ψ(−)

~p ′ |Hem | ψ(−)
~p ′′ 〉

1
~p 2 − ~p ′′2 + iε

TSC
~p ′′,~p . (3.72)

Because the strong potential in our model only acts in the 1S0 channel, rescattering
contributions to bremsstrahlung are highly suppressed, since the emission of a photon
leaves the two nucleons in P state. In our model P states only enter via boost effects on
an S wave two-nucleon state and given the non-relativistic energies employed here their
effect must be negligible.

3.5.1 Computational details

To compute the bremsstrahlung amplitude the matrix elements of the electromagnetic
vertex 〈ψ(±)

~p ′ |Hem |ψ(±)
~p ′′ 〉 have to be evaluated first. Using the plane wave expansion of

the electromagnetic vector potential

~A(~x) =
1

(2π)3/2

∫
d3~q

1√
2ωq

∑
λ

~ε(~q, λ)
[
a(~q, λ)e−iωt+i~q·~x + a†(~q, λ)eiωt−i~q·~x ]

, (3.73)

and the separation of the center of mass motion from the Coulomb interaction for two
particles

Ψ(~x1, ~x2; ~p1, ~p2) = Ψ(~r, ~R; ~p, ~P ) (3.74)

=
1

(2π)3/2
e−iEt+i ~P ·~R ψ~p (~r ) ,

the part of the Hamiltonian contributing to the emission of a photon of momentum ~q
and polarization λ can be written as

H(ppγ)(~q, λ) = A
|e|
m
~p · ~ε (~q, λ) eiωt−i~q·~R

[
e−

i
2 ~q·~r − e i

2 ~q·~r
]

+Aµ
i|e|
2m

eiωt−i~q·~R

×
[ [
~σ(1) · ~q × ~ε (~q, λ)

]
e

i
2 ~q·~r +

[
~σ(2) · ~q × ~ε (~q, λ)

]
e−

i
2 ~q·~r

]
. (3.75)

The symmetry properties of the spin part of the two-nucleon wave function under particle
interchange implies

〈S′M ′ |~σ(2) · ~Q |SM 〉 = (−1)S′+S 〈S′M ′ |~σ(1) · ~Q |SM 〉 , (3.76)
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and taking into account that non-zero contributions to external legs bremsstrahlung have
S + S′ = 1, Eq. (3.75) simplifies to

H(ppγ)(~q, λ) = A
|e|
m
eiωt−i~q·~R

[
~p · ~ε (~q, λ) +

i

2
µ
[
~σ(1) · ~q × ~ε (~q, λ)

]]
·

[
e−

i
2 ~q·~r − e i

2 ~q·~r
]
.(3.77)

All the above expressions hold in the center of mass of the two nucleons. Terms pro-
portional with ~P ·ε(~q, λ) are numerically equal to zero in this frame and their expressions
have not been displayed. To avoid the necessity of evaluating such terms, the initial and
final bremsstrahlung amplitude are evaluated in the center of mass frame of the initial
and final protons respectively. To evaluate the electric and magnetic contributions to the
total amplitude the following integrals in coordinate space are needed

I
(ini)
E = I

(+)
E (~p ′′, ~p) , I

(fin)
E = I

(−)
E (~p ′, ~p ′′) , (3.78)

I
(ini)
M = I

(+)
M (~p ′′, ~p) , I

(fin)
M = I

(−)
E (~p ′, ~p ′′) ,

with

I
(±)
E (~pf , ~pi) =

∫
d3~r ψ

(±)∗

~pf

[
e−

i
2 ~q·~r − e i

2 ~q·~r
](
− i~ε · ∂

∂~r

)
ψ

(±)
~pi

, (3.79)

I
(±)
M (~pf , ~pi) =

∫
d3~r ψ

(±)∗

~pf

[
e−

i
2 ~q·~r − e i

2 ~q·~r
]( i

2
µ~σ(1) × ~q · ~ε

)
ψ

(±)
~pi

.

To evaluate the last two integrals the expansions of the Coulomb and plane waves
into spherical waves are used

ψ
(±)
~p (~r) = 4π

∑
l,m

il e±iσl(p)Rl(pr)Ylm(p̂)Y ∗lm(r̂) (3.80)

e i~p·~r = 4π
∑
l,m

il jl(pr)Ylm(p̂)Y ∗lm(r̂)

where Rl(ρ) = Fl(ρ)/ρ is the radial Coulomb wave function for a specified l and expressed
here in terms of the regular Coulomb wave function Fl(ρ); jl(ρ) is the spherical Bessel
function. These two expansions allow the integration over the orientation of ~r to be
performed analytically. At the same time, from the expression of the photon vertex it is
seen that only photons with odd angular momentum l contribute to the bremsstrahlung
amplitude. Since the Coulomb corrected T matrix is angular independent the evaluation
of the the dΩ ~p′′ integral in Eq. (3.71) and Eq. (3.72) is trivial and equivalent with the
replacement

ψ
(±) ∗
~p ′′ (p′′r) −→

√
2
π
e∓iσ0(p

′′)R0(p′′r) (3.81)

Consequently, the angular integration dΩ~r is greatly simplified, only a few number of
terms being left for explicit evaluation. The action of the momentum operator on the
Coulomb wave function is evaluated using the gradient formula [111] and recursion for-
mulas for the radial Coulomb wave function [112]. After this step the angular integral
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is performed analytically. A simplification of the final result is obtained by choosing the
orientation of the center of mass frame such that the relative momentum of the on-shell
nucleons is along the z axis. The radial part of the integral is a linear combination of
terms of the form

Il(i; p′′, p, q) =
∫ ∞

0

dr r2 R0(p′′r) jl(
qr

2
)Rl+i(pr) . (3.82)

To keep the final expression as simple as possible a few more notations are introduced

Jl(p′′, p, q) = −pη
[1
l
Il(−1; p′′, p, q) eiσl−1(p) − 1

l + 1
Il(1; p′′, p, q) eiσl+1(p)

]
e−iσ0(p

′′)

+p
[ √

1 +
η2

l2
eiσl−1(p) −

√
1 +

η2

(l + 1)2
eiσl+1(p)

]
e−iσ0(p

′′)Il(0; p′′, p, q) ,

Kl(p′′, p, q) = −pη
[
Il(−1; p′′, p, q) eiσl−1(p) + Il(1; p′′, p, q) eiσl+1(p)

]
e−iσ0(p

′′) (3.83)

+p
[ √

l2 + η2 eiσl−1(p) +
√

(l + 1)2 + η2 eiσl+1(p)
]
e−iσ0(p

′′)Il(0; p′′, p, q) .

In the limit case α = 0 it is only the term Kl which gives a nonzero contribution:
Kl(α = 0) = p (2l + 1) Il(0;α = 0). The initial and final bremsstrahlung amplitudes can
then be written as

T
(ini)
SC (0, 0;S,M) = m

∑
l

∫
dp′′ TSC

~p′, ~p′′

1
~p ′2 − ~p ′′2 + iε

[
I
(ini)
elec (p′′, p, q; l) (3.84)

× 〈0 0 |OE |SM 〉+ I(ini)
mag (p′′, p, q; l) 〈0 0 |OM |SM 〉

]
,

T
(fin)
SC (S′,M ′; 0, 0) = m

∑
l

∫
dp′′ TSC

~p ′′,~p

1
~p 2 − ~p ′′2 + iε

[
I
(fin)
elec (p′, p′′, q; l) (3.85)

× 〈S′M ′ |OE |0 0 〉+ I(fin)
mag (p′, p′′, q; l) 〈S′M ′ |OM |0 0 〉

]
,

with the electric and magnetic spin operators given respectively by: OE = 1 and OM =
i
2µ~σ

(1) · ~q × ~ε . The terms I(ini),(fin)
elec and I(ini),(fin)

mag read

I
(ini)
elec (p′′, p, q; l) = Cl

√
2 [Jl(p′′, p, q) (−ε−1(~q, λ) + ε1(~q, λ))Pl,1(cos θ~q)

+
√

2Kl(p′′, p, q) ε0(~q, λ)Pl,0(cos θ~q)] ,

I(ini)
mag (p′′, p, q; l) = 2Cl Il(0; p′′, p, q)Pl,0(cos θ~q) , (3.86)

I
(fin)
elec (p′, p′′, q; l) = Cl

√
2 [Jl(p′′, p′, q) (−ε∗−1(~q, λ) + ε∗1(~q, λ))Pl,1(cos θ~q)

+
√

2Kl(p′′, p′, q) ε∗0(~q, λ)Pl,0(cos θ~q)] ,

I(fin)
mag (p′, p′′, q; l) = 2Cl Il(0; p′′, p′, q)Pl,0(cos θ~q) ,

with Cl a normalization factor given by

Cl =
1√
2ω

1
(2π)3/2

· 8|e|
m
· 2l + 1

4π
· 1− (−1)l

2
.
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The radial integral in Eq. (3.82) is computed numerically using the following pro-
cedure: depending on the momenta involved, a range R is determined such that when
r ≥ R the asymptotic form of the integrand can be used. From 0 to R the integral is
computed using Gauss’s quadratures method and taking into account the highly oscil-
latory nature of the integrand. From R to ∞ the integral is evaluated analytically by
further approximating the integrand between two consecutive roots with an analytically
integrable function. Only the leading contribution and the contribution proportional
with η are kept. Employing the recurrence relations between the regular Coulomb wave
functions a recursion relation for Il(i) and

I ′l(i; p
′′, p, q) =

∫ ∞

0

dr r R0(p′′r) jl(
qr

2
)Rl+i(pr) . (3.87)

can be obtained. I ′l(i) can be evaluated using the same procedure as for Il(i). This
recurrence relation has been used to check the numerical accuracy of our routines with
the result that as long as at least two of the momentum argument are larger than 0.1
fm−1 an accuracy of the order of 0.4-0.5% can be achieved. A further check has been the
comparison of the α = 0 bremsstrahlung cross-section with the result obtained from the
corresponding analytical formula.

3.5.2 Numerical results

The number of ppγ models for which also the Coulomb corrections have been considered
is relatively small. In the work of Heller and Rich [71] and Katsogianis and Amos [99]
the treatment of the Coulomb interaction has been exact, while some other authors have
made various simplifying approximations (see e.g . Marker and Signell [113, 114, 115] and
Workman and Fearing [116, 117]). In Ref. [118] the evaluation of Coulomb corrections
to bremsstrahlung cross section have been performed in a manner similar to ours.

In the paper of Heller and Rich (HR) the ppγ amplitude was computed by sandwich-
ing the electromagnetic interaction Hamiltonian between full waves (strong+Coulomb)
obtained by solving the Schrödinger equation in a partial wave basis in coordinate space
with the potential given by the sum of the Hamada-Johnston nuclear and the Coulomb
potentials,

φ = ψ + (φ− ψ) , (3.88)
φ = ψ +GC T

c ψ ,

T c = 〈ψ(−) |VS |φ(+) 〉 .

Terms contributing to pure Coulomb bremsstrahlung have been estimated for a wide
range of energies and angles and were found to be small, of the order of a few nanobarns.
Marker and Signell’s approach has been to first replace the Coulomb waves in the above
equations with plane waves, the elastic scattering matrix being now evaluated in a plane
wave basis,

φ = ϕ+ (φ− ϕ) (3.89)
φ = ϕ+G0 T ϕ

T = = 〈ϕ |VS + VC |φ(+) 〉 .
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Figure 3.7: Bremsstrahlung cross sections at Tlab=5 MeV. The results of the calculations

made using the EFT model are displayed by the full (no Coulomb) and dotted (with Coulomb)

line. Separable potential model predictions are represented by the dashed (no Coulomb) and

dash-dotted (with Coulomb) line.

In the evaluation of the elastic T matrix two approximations were made: in the term
〈ϕ |VS |φ(+) 〉 the full wave φ(+) is approximated with a strong wave in absence of
the Coulomb potential and the term 〈ϕ |VC |φ(+) 〉 is approximated with the on-shell
pure Coulomb scattering amplitude at an energy intermediate between the initial and
final states. While the first approximation should be good as long as the energy is not
too small, the second is certainly not valid in the low angular momentum states where
the nuclear potential should give important contributions to φ(+). In spite of these
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Figure 3.8: Bremsstrahlung calculations at Tlab=20 MeV. Curves have the same meaning as

in Fig. (3.7).

approximations, the effect of the Coulomb potential on the ppγ cross-section is similar
for the two models as long as the proton angles are above 25◦.

Katsogianis and Amos (KA) have calculated the effect of the Coulomb interaction on
bremsstrahlung within the two-potential formalism we have used. The strong interaction
is represented by the Paris nuclear potential. Formally, their treatment of the problem
differs in two ways from ours: first and most important, they only consider the Coulomb
effects in the strong elastic T matrix, such corrections in the two-body propagator are
totally ignored, i .e. the momentum integration in Eq. (3.71) and Eq. (3.72) is replaced
by an evaluation of the integrand at an off-shell momentum dictated by momentum con-
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servation at the electromagnetic vertex. It will be shown in the next chapter that this
is not a justified procedure. The second formal difference resides in the fact that pure
Coulomb bremsstrahlung contributions are also considered. On-shell approximations of
the Coulomb effects to the elastic scattering matrix, as proposed in [117], are shown not
to be valid due to the singularity in the on-shell Coulomb scattering amplitude. Such
on-shell approximations have the effect that besides a substantial growth of the brems-
strahlung cross section at lower proton angles, the quadrupole shape is deformed into a
dipole one [99]. A comparison between the HR and KA models at 5 MeV reveals that
while the no Coulomb calculations are very close, the Coulomb effects are significantly
smaller at forward proton angles in the KA model.

The toy model we have presented in this chapter does not incorporate higher nu-
clear partial waves, needed for a realistic description of the ppγ at high energies, nor is
the rescattering contribution considered. Nevertheless it should give results similar to
those obtained with more sophisticated models, like the ones in [71, 99], for low energy
kinematics, where the strong interaction takes place mainly in the 1S0 channel. For the
purpose of such a comparison, the bremsstrahlung cross sections at 5 and 20 MeV and
equal outgoing proton angles have been produced and are shown respectively in Fig. (3.7)
and Fig. (3.8). Calculations for both the effective theory model and separable potential
model are displayed. The EFT model with µ=0.18 fm−1 (see Section (3.4)) has been used
to obtain the results plotted in this section. For Tlab=5 MeV the results from the two
models are practically indistinguishable, with one exception. The situation is different
for the Tlab = 20 MeV case where, even though the relative magnitude of the Coulomb
effects is similar, the absolute values of the predicted cross section differ, mainly at lower
outgoing proton angles. A comparison with the results of Heller and Rich for the same
kinematics shows a good agreement in absolute magnitude for the separable potential
model cross sections, even though the relative size of the Coulomb effects is, especially
towards the elastic limit, smaller.
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4
Bremsstrahlung and the low energy
NN interaction

In Chapter 2 the main ingredients of the microscopic model for ppγ have been presented
and, together with the microscopic model of Nakayama et al . and the soft-photon model
of Korchin and Scholten, its predictions have been compared with a representative sample
of the high accuracy KVI ppγ experimental data. For certain asymmetric proton angles a
large discrepancy between the microscopical calculations and the experimental data has
been observed. Two possible sources for the observed discrepancy have been mentioned:
the sensitivity to the on-shell nucleon-nucleon interaction and Coulomb corrections.

The detailed investigation of these two possible sources for discrepancy is the sub-
ject of this chapter. The focus will be on the Martinus model and to try to improve its
predictions. The sensitivity on the on-shell nucleon-nucleon interaction is studied at the
level of individual NN partial waves. Coulomb corrections are expected to be relevant
only when the low-energy nucleon-nucleon interaction enters the calculations. As a con-
sequence, in Chapter 3 a non-relativistic toy model for bremsstrahlung that accounts for
the Coulomb interaction only in the 1S0 channel has been built. It will be used here
to decide to what extent Coulomb corrections are relevant for the kinematical situations
covered by the KVI ppγ experiment.

4.1 Analysis of the discrepancy

In Fig. (2.4) and Fig. (2.5) the cross-section predictions of the relativistic model of Mar-
tinus for a few kinematical regions, as a function of the angle of the emitted photon (θγ)
or of one the outgoing protons (θ1,2) have been plotted. For comparison, the experimen-
tal results of the KVI experiment [58], performed at a proton energy of 190 MeV, are
shown. For four of the presented kinematics (namely θ1=8◦ - θ2=16◦, θ1=8◦ - θ2=19◦,
θ2=16◦ - θγ=145◦ and θ1=8◦ - θγ=145◦) a large discrepancy between theory and ex-
periment is observed. In each case the discrepancy appears at angles where the cross
section has a peak. The same type of discrepancy is present also for other kinematics
of the KVI experiment, which are not presented here. Still, for a number of kinemati-
cal regions theory and experimental data are in reasonable agreement: two such cases
have been presented in Chapter 2: θ1=16◦ - θγ=145◦ and θ1=16◦ - θ2=19◦). The size
of the discrepancy is disturbing, since the ingredients that go into the computation of
the bremsstrahlung amplitude (NN interaction, NNγ vertex) are thought to be well

43
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Figure 4.1: The effect of the negative-energy states on the bremsstrahlung cross section is il-

lustrated for two kinematics at Tlab=190 MeV for θ1 = 8◦, θ2 = 16◦ and θ1 = 16◦, θ2 = 19◦.

Calculations including both the negative- and positive-energy states (+/−) or only the posi-

tive-energy states (+) are shown. Only calculations including the impulse approximation (IA)

or the nucleonic (IA+rescattering) contributions have been considered. It is seen that the full

calculation with only positive-energy states included is close to the full calculation with both

positive- and negative-energy states included, in agreement with the soft-photon theorem for

bremsstrahlung.

θ1, θ2, θγ

8◦, 16◦, 139.5◦ 16◦, 19◦, 159.3◦

initial final total initial final total
1S0 1.802 0.001 1.805 0.441 0.001 0.444
3P0 0.012 0.000 0.013 0.006 0.000 0.006
3P1 0.049 0.093 0.125 0.061 0.122 0.186
3P2 0.159 0.254 0.427 0.192 0.374 0.567
1D2 0.000 0.002 0.003 0.001 0.000 0.002

initial 2.165 0.889
final 0.456 0.730

ext. legs 2.507 1.556
ext. legs+resc. 2.372 1.721

Table 4.1: Cross sections, in µb/sr2rad, for different kinematics θ1, θ2, θγ , split up in partial

waves, radiation from initial and final proton legs, and the total; only contributions from the

positive-energy states have been considered. The results of the last four rows of the table are

obtained by considering all the partial waves up to J = 2 together. The kinematics correspond

to the backward peak in the cross section. Similar results are found for different values of θγ ,

while keeping θ1 and θ2 fixed.
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Figure 4.2: Kinetic energy of the incoming proton at which the elastic NN T-matrix is eval-

uated in the case of initial state bremsstrahlung, for the kinematics discussed in the text. For

the case of final state bremsstrahlung the T-matrix is evaluated at 190 MeV.

understood and described.
As already mentioned, various contributions have been considered in the Martinus

et al . model for bremsstrahlung: nucleonic (impulse approximation and rescattering dia-
grams), meson-exchange currents (MEC) and ∆-isobar contributions. We note that it is
unlikely that the discrepancy is due to a poor description of the MEC and ∆-isobar terms,
since their contributions for the kinematics studied here is small, especially at the position
of the cross-section peaks (see Fig. (2.4) and Fig. (2.5)). We will thus concentrate on the
nucleonic terms. The contribution of the rescattering diagram is important (Fig. (4.1))
giving a sizable decrease of the cross section, with respect to the IA result, when both the
positive- and negative-energy states are considered. The main part of its contribution
comes from coupling to the negative-energy states, the positive-energy state contribution
is modest (compare the dashed and the dash-dotted curves). Negative-energy states con-
tributions from the IA diagrams and from the rescattering diagram cancel each other to
a large extent as can be seen from Fig. (4.1). This has been shown to hold up to photon
energies of about 100 MeV [52]. The cancellation becomes exact in the limit of photon
energy going to zero, as required by the soft-photon theorem for bremsstrahlung [80].
Keeping only the positive-energy states is thus a good approximation to the full nucle-
onic result. We conclude that the mentioned discrepancy already resides at the level
of IA diagrams. For the IA diagrams we have determined contributions of the different
partial waves separately. This allows us to understand the difference between kinematical
regions like θ1=8◦, θ2=16◦ and θ1=16◦, θ2=19◦ in order to discover the possible source
of these discrepancies. The results for the first few NN partial waves contributing to
ppγ, at the region of the cross section peaks, are shown in Table (4.1). From this table
it is clear that for the specific kinematics we have chosen, only a few partial waves are
important for bremsstrahlung: 1S 0, 3P1 and 3P2.

A further insight is obtained once the kinematics of the six cases are analyzed. There
are two distinct energy values at which the elastic T-matrix is evaluated: one is the kinetic
energy of the projectile proton (in the case of the final-state bremsstrahlung), and the
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Figure 4.3: The difference between the theoretical predictions of the covariant bremsstrahlung

model and the experimental results of the KVI experiment, shown as a function of the kinetic

energy of the outgoing protons (in a frame in which one of the protons is at rest).

other one is the kinetic energy of the outgoing proton (initial-state bremsstrahlung).
The latter can be very low, since the emitted photons are energetic. For the rescattering
diagram, both cases occur, since the elastic T-matrix is evaluated at high energy before
emission and at low energy after emission. In Fig. (4.2), the energy (Tlab = [(E′1 +E′2)

2−
(~p ′1 + ~p ′2)

2]/2M − 2M) at which the elastic NN T-matrix is evaluated is plotted as a
function of the unspecified proton angle (θ1 or θ2) (left panel), and as a function of the
photon angle (right panel). The two panels correspond to the kinematics presented in
Fig. (1.4-5). It is seen that the kinematical points in disagreement with the experiment
correspond to those for which the elastic T-matrix is evaluated at low energies (of the
order of 10 MeV). The lowest energies correspond to the cross-section peaks. For the
θ1=16◦, θγ=145◦ and θ1=16◦, θ2=19◦ cases the elastic T-matrix is evaluated at energies
above 25 MeV at the points where experimental data exist.

In Fig. (4.3) we have plotted the difference between the theoretical and experimental
values of the differential cross section as a function of the kinetic energy of the outgoing
protons Tlab for the six kinematical cases presented here. It supports the previous con-
clusion that there is a systematic large discrepancy between the theory and experiment
for the cases for which the energy of the outgoing proton system is less then 15 MeV. A
similar figure, with data points for other kinematical regions, has been presented in [81].
An increase of the discrepancy with the decrease of the kinetic energy Trel is seen. There
are a few data points which do not follow the general trend: first, a few BLOCK data
(depicted by triangles) at low outgoing energy (≈ 16 MeV) which belong to the θ1=8◦

- θ2=19◦ for θγ close to 90◦ and a SUPERCLUSTER point (squares) that even though
at relatively high outgoing energy (38 MeV) deviates significantly from theory. This last
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point belongs to the θ1=8◦ - θγ=145◦ kinematics (see Fig. (2.5)) for which which the
discrepancy extends outside the peak.

The above considerations lead us to the conclusion that a significant discrepancy is
present for the kinematics for which the final pp system has a low kinetic energy. We note
that in both the single-scattering diagrams and the rescattering diagram the elastic T-
matrix enters, evaluated at this low energy. It is thus plausible that part of the problem
resides in a poor description of the elastic T-matrix at low energies, and since at low
energies most of the interaction goes via the 1S 0 channel, we conclude that this partial
wave is at the origin of most of the observed discrepancy. For both cases presented in
Table (4.1) 3P waves are important: for the θ1=8◦, θ2=16◦ case they are somewhat
less important then the 1S0 partial wave, while for the θ1=16◦, θ2=19◦ kinematics their
contribution is dominant. Important contributions of the 3P waves arise in diagrams
in which the elastic T-matrix is evaluated at high energies. For an accurate description
of bremsstrahlung, it is thus necessary that the 3P waves are accurately reproduced
by the OBE model we use at an energy equal to that of the incoming proton. But,
since kinematics dominated by 3P waves are in good agreement with the experiment
(suggesting a reasonable description of these partial waves), we will concentrate on the
1S0 partial wave contributions to the NN potential.

Having concluded that problems occur once the elastic T matrix is evaluated at low
energies a natural question rises. It is well known that in this region the Coulomb interac-
tion has to be taken into account. The cross section for pure Coulomb bremsstrahlung has
been shown to be small (of the order of nanobarns) [71], and thus it will be of no practical
importance to consider it. Still, the Coulomb corrections to the strong bremsstrahlung
amplitude might be important. Including them in a relativistic model is difficult due to
the long-range nature of the Coulomb interaction. We will rely on the non-relativistic
toy model developed in Chapter 3 to pass an opinion about the importance of these
corrections.

4.2 Coulomb correction to ppγ at 190 MeV

The influence of the Coulomb interaction on the ppγ cross section has been studied
before [71, 99, 119]. Large effects have been reported for the case of small symmetric
outgoing proton angles (θ1 = θ2) and low energy of the incoming protons [71]. This
is due to the fact that for this particular case the elastic T-matrix is probed at low
energy, case for which the Coulomb corrections are large (see Fig. (3.5)). Our result
in Chapter 3, Fig. (3.7) and Fig. (3.8), which served as a check for the toy model, agrees
with these results. For energies of the projectile proton higher than 100 MeV the effect of
including the Coulomb interaction was shown to be small (of the order of a few percent),
for certain kinematics with symmetric outgoing protons.

Our findings are consistent with the above mentioned results, as can be seen from
Fig. (4.4). There we present the effect of the Coulomb interaction on the differential
cross-section for the two kinematics already discussed in the previous sections. It is seen
that the effect of Coulomb is indeed small and it amounts to at most 1% of the total
cross section for the separable-potential model. In this case the result with and without
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Figure 4.4: Coulomb corrections to the ppγ at Tlab=190 MeV for the six KVI kinematics

discussed in the text. Separable potential calculations are denoted by the dotted (no Coulomb)

and full (Coulomb included) curves. The corresponding calculations that make use of the EFT

model for the NN interaction are plotted by the dashed and dashed-dotted curves respectively.

Coulomb are practically indistinguishable on the scale shown in Fig. (4.4). For a few
angles a small increase of the cross-section is observed once the Coulomb interaction is
included. Nevertheless, this result is consistent with zero increase or decrease if one take
into account the numerical error, which amounts to about 0.5%. In the case of the ppγ
model with the NN interaction based on the EFT model with µ=0.7 fm−1 (see Fig. (3.4))
the effect of the Coulomb interaction is clearly visible at the peaks of the cross section,
but the observed decrease never amounts to more than 2-3% of the total result.

Coulomb corrections to the bremsstrahlung cross section can be important even for
the case of a projectile proton with kinetic energy Tlab = 190 MeV if the energy of the
outgoing protons is very small. Two such situation are presented in Fig. (4.5). The
amount of the Coulomb correction varies rapidly as a function of the varied angle (θγ or
θ1 in this case) from about 25% at the peak to less than 1% a few degrees away. This
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Figure 4.5: The same as in Fig. (4.4) but the two kinematics shown here illustrate that Coulomb

effects become very important once the outgoing proton angle become very small. Such kine-

matical regions have not been probed during the KVI experiment.

is due to a rapid variation of the kinetic energy of the outgoing protons from 0.76 MeV,
1.39 MeV and 1.32 MeV for the three peaks respectively (from left to right) to about 20
MeV over a range of a few degrees. This type of kinematical regions has not been probed
by the KVI experiment, where the lowest value of the energy of the outgoing protons
was around 10 MeV. Such a kinematics has been probed by the IUCF experiment [120]
at 294 MeV with θ1=θ2=8.4◦. It has been shown in Ref. [118] that the inclusion of the
Coulomb corrections is essential for a close reproduction of the experimental result.

Coulomb effects in the higher partial waves are thought to be negligible. This is
due to the fact that higher partial waves contributions enter via terms evaluated at
high energies. In the presented kinematical situations, a full calculation of the Coulomb
effects (including the higher partial waves) will not reveal a bigger effect than the one
already observed for the 1S0 wave, which was at most 1%. We conclude that in the
kinematical regions probed by the KVI experiment the Coulomb corrections are not
important, excluding them as a possible source for the observed discrepancy between the

Table 4.2: The origin of the Coulomb corrections can be revealed by setting α = 0 in the

Coulomb-corrected elastic T-matrix (T SC) and in the two-body operator (J) in Eq. (3.71)

and Eq. (3.72) alternatively. Results for no Coulomb corrections at all (α = 0) and the full

result (α = 1/137) are also presented.

θ1 θ2 θγ α=0 α=1/137 TSC(α = 0) J(α = 0)
1◦ 7◦ 150◦ 8.3665 6.5480 7.9101 6.9462
8◦ 16◦ 130◦ 0.8958 0.8870 0.8525 0.9323
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Figure 4.6: Bremsstrahlung cross sections at Tlab=190 MeV incoming proton kinetic energy

for two different kinematics: θ1=8◦, θ2=16◦ and θ1 = 16◦, θ2 = 19◦ as a function of θγ . In the

OBE model the 1S0 partial wave has been replaced with the one obtained from the separable

potential, resulting in the dotted curve, to be compared with the original OBE result (the full

line).

model and the data.
From the expressions of the external-legs contributions to bremsstrahlung, it can be

seen that the Coulomb corrections can appear in two places: the half off-shell elastic
T-matrix (TSC) and the two-body operator (propagator plus the electromagnetic vertex
〈Ψ(±)|Hem|Ψ(±)〉) as can be seen from Eq. (3.71) and Eq. (3.72). One can study in
which of the two terms the Coulomb corrections are bigger. For that one can switch
off, alternatively, the Coulomb corrections in the elastic T-matrix and in the two-body
operator. The results are presented in the Table (4.2) for the following two kinematics:
θ1 = 1◦, θ2 = 7◦, θγ = 150◦ and θ1 = 8◦, θ2 = 16◦, θγ = 130◦. The effects of the Coulomb
corrections in the elastic T-matrix (the column denoted by J(α = 0)) and in the two-
body operator (the Tel(α = 0) column) seem to have opposite effects: Coulomb effects in
the elastic T-matrix alone seem to lower the cross section for the first kinematics while
it seems to increase it for the second. Coulomb effects in the two-body operator alone
decrease the cross section in both cases, but much more than in the full result. One
concludes that both ingredients are necessary if the Coulomb effect on bremsstrahlung is
to be described accurately.

4.3 On-shell sensitivity of ppγ

In order to study the effect of the separable 1S0 potentials on the ppγ cross section in
a realistic model we have modified the OBE model of Fleischer and Tjon. We have dis-
carded any contributions from the negative-energy states, since when properly treated
their effect on the bremsstrahlung cross section at 190 MeV is small [52, 65]. Furthermore
we have only kept partial waves up to a total angular momentum J = 2. Contributions
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Figure 4.7: A comparison between the Nijmegen PWA93 strong pp phase shifts (dotted line)

and two ”predictions” of the Fleischer-Tjon model: the old one used to obtain the result

of Fig. (2.4) and Fig. (2.5) (dashed line) and the one which resulted from the refit (full line).

The phase shifts (in degrees) are presented as a function of the kinetic energy in MeV in the

laboratory frame of the incident proton.

of higher partial waves, although not explicitly shown here, are small. We have, however,
replaced the 1S0 partial wave amplitude with the one given by the separable pp potential
derived in Chapter 3. The consequences of considering such a potential, for pp brems-
strahlung, are shown in Fig. (4.6). Calculations were performed using the Martinus et al .
model for bremsstrahlung. This calculation adds to the results from Fig. (4.4), since
contributions from partial waves are included here as well. For the kinematics for which
we have shown that the 1S0 partial wave is dominant, some differences with respect to
the original OBE model are observed. We conclude that an accurate description of the
1S0 wave is important for an accurate description of bremsstrahlung.

The observed discrepancy was shown to appear in kinematical regions were the ppγ
amplitude is dominated by contributions from the 1S0 partial wave. Two possible sources
for this inaccuracy were identified: the difference between a pp and a np potential in this
region and Coulomb corrections to the elastic T-matrix. Regarding the interference of
the strong and Coulomb interaction, we have shown in the previous section that the
difference between the pure strong bremsstrahlung and the Coulomb-modified strong
bremsstrahlung is of the order of 1% at the peaks of the cross section for kinematics
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g2
π/4π g2

ε /4π g2
δ/4π g2

η/4π gV 2
ρ /4π gT 2

ρ /4π g2
ω/4π Λ

old 14.20 7.60 0.75 3.09 0.43 19.88 11.0 1.5
new 12.38 5.24 0.33 10.82 0.72 18.51 6.03 1.3

Table 4.3: Coupling constants of the Fleischer-Tjon OBE model of NN interaction before (old)

and after (new) the refit.

specific to the KVI experiment. One concludes that at least part of the discrepancy
has its origin in the fact that originally the strong interaction was fitted to a potential
with a scattering length a = −23.7 fm, which corresponds to a np system. Given the
fact that for the KVI kinematics the Coulomb corrections are small a fit of the strong
interaction which would give a = −17.1 fm should be performed, since the OBE model
does not incorporate the Coulomb interaction explicitly. Such a fit is performed by
fitting the phase shifts of the model in question to the experimentally available ones.
Extracting such phase shifts from the pp ones is model dependent. Lacking a model which
incorporates both the Coulomb interaction and the relativistic OBE NN interaction, we
have performed a fit of the relativistic OBE model of Fleischer and Tjon to the pp phase
shifts of the PWA93 [20, 121, 122] analysis. The range of the fit was from 5 to 215 MeV,
the lower limit has been chosen having in mind that below this energy Coulomb effects
will grow in magnitude and a fit of the OBE model to reproduce Coulomb effects will be
less trustworthy as the energy decreases.

In Fig. (4.7) we compare the pp strong phase shifts of the Nijmegen PWA93 and those
given by the Fleischer-Tjon OBE model before and after refitting. The new coupling
constants for the OBE model are presented in the Table (4.3). For comparison also
the coupling constants before the refit are shown. Most of the partial waves have been
improved by the process of refitting. One observes a substantial improvement of the
1S0 phase shift, which now lies very close to the experimental strong pp phase shift in
the 5-215 MeV range (shown only up to 50 MeV in the figure). The 3P0 and 3P2 also
show a noticeable improvement, being now close to the experimental data also in the
high-energy region. An exception to the general trend of improvement is the 3P1 wave
which is still off in the high-energy region. In one of the previous sections, this partial
wave was seen to give an important contribution (25-30 %) to the cross section even for
kinematics dominated by the 1S0 wave.

A possible residual on-shell dependence has been investigated by modifying the elastic
T-matrix as to reproduce the PWA results exactly and investigating how this modifies the
bremsstrahlung cross section for various kinematics. Using the results of the PWA93 [121]
analysis for the pp phase shifts the Coulomb-corrected matrix elements in the partial-
wave basis for each value of the total angular momentum J have been computed [123].
The partial-wave amplitudes of the OBE model have then been normalized on-shell to
these experimental values (in the expression below, momenta with a hat are on-shell,
while the others can also be off-shell),

T (p̂, k) = T (PWA)(p̂, p̂) · T
(OBE)(p̂, k)

T (OBE)(p̂, p̂)
. (4.1)
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Figure 4.8: Bremsstrahlung cross sections at Tlab=190 MeV incoming proton kinetic energy

for two different kinematics: θ1=8◦, θ2=16◦ and θ1 = 16◦, θ2 = 19◦ as a function of θγ .

Calculations have been performed by using the OBE model (full line) with contributions only

from the positive energy states and the OBE model normalized on-shell to the PWA data (dotted

and dashed lines). The full and the dotted lines fall almost on top of each other.

θ1, θ2, θγ

8◦, 16◦, 139.5◦ 16◦, 19◦, 159.3◦

new fit normalized new fit normalized
1S0 1.513 1.507 0.379 0.384
3P0 0.024 0.022 0.024 0.021
3P1 0.114 0.129 0.167 0.189
3P2 0.378 0.423 0.513 0.575
1D2 0.003 0.003 0.001 0.002
IA 2.207 2.242 1.514 1.584

Table 4.4: Comparison of the partial-wave contributions to the IA graphs as computed with

the refitted or the on-shell normalized potential.

This ensures that on-shell the elastic experimental data are reproduced, while keeping
the off-shell structure of the elastic T-matrix as dictated by the OBE model. Again, we
have produced two such modifications to the initial OBE model: in the first only the
1S0 partial wave has been modified in the described way, while for the second case all
partial waves were subject to this modification. Bremsstrahlung has been computed by
considering only the IA graphs. Partial waves with an total angular momentum higher
then 2 have also been omitted.

The results are shown in Fig. (4.8). The case when only the 1S0 wave is modified
(dotted line) hardly differs from the refitted OBE calculation, suggesting that now the
low-energy behavior of the pp potential is properly reproduced. When all partial waves
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Figure 4.9: Cross sections and analyzing powers for bremsstrahlung at Tlab=190 MeV for the

four kinematics discussed in the text. Full line represents the old calculation while the dashed

one represents the calculation using the new potential. Both calculation were done considering

the full model of Martinus et al. for bremsstrahlung. As usual, the experimental data are from

the KVI experiment.
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are normalized (dashed line) a slight increase in the cross section is observed for both
cases presented, with a stronger increase for the P wave dominated kinematics. This is
due to the fact, that after the refit the P waves phase shifts still deviate at high energies
from the experimental ones, the on-shell normalization causing the elastic T-matrix in
these channels to increase towards the experimental data. In Table (4.4) we have listed
the various partial-wave contributions to the IA graphs both before and after the on-shell
normalization has been performed. Each of the 3P1 and 3P2 partial wave contributions
suffer changes of the order of 10-15%, but when all partial waves are considered together
the change is at most 5%. We conclude that after the new fit has been performed there is
still a sensitivity to the on-shell NN interaction, which might trigger a change of at most
5% in the bremsstrahlung cross section once a perfect fit to the elastic NN scattering
data would be obtained.

To conclude we present the cross section and analyzing-power predictions for the new
fit. The full ppγ model is used, contributions from the negative-energy states and two-
body currents being thus included. From Fig. (4.9) and Fig. (4.10) it is seen that the
cross-section predictions for the θ2=16◦ - θγ=145◦, θ1=8◦ - θγ=145◦, θ1=8◦ - θ2=16◦

and θ1=8◦ - θ2=19◦ are improved by the new fit. A decrease of the discrepancy has
been achieved by improving the low-energy part of the strong interaction, but a sizable
discrepancy remains. Turning our attention to the analyzing powers, we notice that the
new fit somewhat improves the predicted values with respect to the experimental data,
especially for the θ2=16◦, θγ=145◦ and θ1=16◦, θγ=145◦. The overall agreement with
the experimental data remains satisfactory, also due to the fact the experimental values
of this observable carry rather large error bars.

4.4 Summary

We have demonstrated the sensitivity of the bremsstrahlung observables to the low-
energy NN interaction. The ppγ cross section at 190 MeV varies strongly throughout
the allowed phase space, the maxima corresponding to situations when the elastic NN T-
matrix is evaluated at very low energies. In the cases dominated by the 1S0 partial wave
a significant discrepancy between theory and experiment has been observed previously.
It was shown here that an important part of it originates in a poor description of the
NN interaction at low energies (the 1S0 channel). For the kinematics discussed here the
corrections due to the Coulomb interaction were shown to be minor. The NN potential
was improved by a refit of the Fleischer-Tjon potential to the pp phase shifts in the
5-215 MeV region. This resulted in an improved 1S0 phase shift (especially in the low-
energy region), along with other phase shifts. The analyzing powers have been improved
somewhat due to the refit of the NN interaction, their rather good agreement with
the experimental data still holding. Using the refitted potential an improvement in the
description of the bremsstrahlung cross sections is observed. This improvement is mainly
due to the change of the scattering length from the value of an np system towards the
value of the pp system. Still a sizable discrepancy, of unclear origin, persists even after
the refit.
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5
Two-pion-exchange contributions:
the formalism

5.1 Introduction

The phenomenological description of the NN interaction based on the one-boson ex-
change (OBE) approximation has been of great success in the past [8, 9, 124]. The OBE
model of Fleischer and Tjon [10, 75, 76] is based on a quasipotential approximation of
the Bethe-Salpeter equation with the kernel consisting of a sum of one-boson exchanges.
Higher order corrections would have to mimic the intermediate-range central attraction
of the strong force which phenomenologically is thought to be given by correlated two-
pion exchanges. This corrections to the potential will enter at one loop level and higher.
There is a large number of interactions which would lead to an attractive medium range
central potential. It has been suggested by Weinberg [26, 27] that chiral symmetry sup-
plemented with a power counting scheme provides the means for separating the dominant
contributions in strong interaction reactions.

In this chapter the formalism for supplementing the OBE potential with one-loop two-
pion corrections will be developed. The quasipotential approach to relativistic scattering
will firstly be reviewed and the OBE approximation briefly presented. Then some aspects
of chiral symmetry with their implications on low energy nucleon-nucleon interaction are
described. The basis of chiral perturbation theory is introduced and the leading-order
chiral Lagrangian for NN scattering derived [125]. The calculation of two-pion chiral
loops follows the procedure developed by Passarino and Veltman [126] and used for the
study of the strong force by Zuilhof [127]. For the numerical evaluation of one-loop
integrals the ff package of Oldenborgh [128] has been employed. Some further details
of the formalism for two-nucleon scattering are also presented.

5.2 The quasipotential approach to NN scattering

In relativistic field theories the T-matrix for scattering of two nucleons is a solution of
the inhomogeneous Bethe-Salpeter (BS) equation

T (p, p ′;P ) = V (p, p ′)− i
∫

d4k

(2π)4
V (p, k)G2(k, P )T (k, p ′;P ) , (5.1)

57
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where G2(p, P ) is the two-body propagator which is given by the direct product of two
one-particle free-fermion propagators with the relative momentum p and total momentum
P . In principle, the kernel V has to be taken as the sum of all irreducible diagrams. To
solve such an equation is an impossible task and therefore a quasipotential approximation
is usually employed. The full BS equation, written now in symbolical form,

T = V + V G T (5.2)

is replaced by a set of two coupled equations

T = W +W g T, (5.3)
W = V + V (G− g)W, (5.4)

equivalent with the original one. The new propagator g is chosen by restricting the
relative energy in some way, but preserving properties like two-particle unitarity and
relativistic covariance. Out of several possibilities (e.g. [129, 130, 131]), we will be us-
ing the one due to Blankenbecler-Sugar-Logunov-Tavkhelidze [83] commonly known as
the BSLT approximation. The BSLT equation has been applied succesfully in the de-
scription of electron-deuteron scattering [72, 73, 74] and relativistic one-boson exchange
calculations for the coupled NN −N∆ scattering [132, 133, 134]. It consists of replacing
the scalar part of the two-nucleon propagator

G0 =
1

( 1
2P + p)2 −M2 + iε

1
( 1
2P − p)2 −M2 + iε

(5.5)

by

GBSLT
2 = iπ

1
Ep − E

1
(Ep + E)2

δ(p0) . (5.6)

The two-particle propagator becomes

GBSLT
2 (p, P ) =

1
2
(Ep − E)δ(p0)S(1)(p, P )S(2)(p, P ) , (5.7)

where E = 1
2P0 and Ep =

√
p2 +M2. Using the above form of the propagator the

integration over the relative energy can be performed in the BS equation. One is left
with the BSLT equation, which can be handled more easily from a practical point of
view

T (p̂, p̂ ′;P ) = W (p̂, p̂ ′)− i
∫

d4k

(2π)4
W (p̂, k̂)GBSLT

2 (k̂, P )T (k̂, p̂ ′;P ) , (5.8)

where the four-momentum k̂ is restricted by the δ-function in S2 such that in the center-
of-mass frame of the two nucleons its time component is zero, i.e. k̂0=0.

The kernel W of the BSLT equation, known as a quasipotential, can be determined
from Eq. (5.4), represented graphically on the third line of Fig. (5.1). It is well estab-
lished that the long range part of the NN force is dominated by one pion exchange
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Figure 5.1: Graphical representation of the BS equation (first line), of the BSLT equation

(second line) and of the integral equation satisfied by the quasipotential. The quasipotential

propagator g is denoted by a crossed line.

(OPE) contributions, and the medium range by heavier one-meson exchanges. There-
fore, historically the OBE approximation to the kernel V of the full BS has been used.
Within this approximation the kernel V is taken as the sum of the tree level exchange
diagrams of the lower mesons. Contributions of the π, ρ, δ, ω, η and ε mesons have been
considered. As an example, in Appendix A we list the contributions of these mesons to
the potential V as considered in the OBE model of Fleischer and Tjon [75]. In this case,
for the quasipotential W we have W = V .

It has been shown conclusively that in the medium-range part of the NN interaction
two-pion exchange contributions play an important role [122]. Theoretically, the relevance
of the two-pion exchange potential has already been studied a long time ago within various
frameworks [13, 15]. To consider them within the presented framework the potential V
has to be extended to include also the one-loop irreducible diagrams.

5.3 Chiral symmetry and the NN interaction

Quantum chromodynamics (QCD) is the fundamental theory of strong interactions, with
the Lagrangian given by (the gluon field terms have been omitted)

L = iq̄γµ∂µq − q̄mq (5.9)
= L0 + LχSB
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where q and m are given, in the three flavor case, respectively by

q =

 qu
qd
qs

 m =

 mu 0 0
0 md 0
0 0 ms

 .

The QCD Lagrangian Eq. (5.10) exhibits a global UV (1) symmetry and when the values
of quark masses are set equal an additional SUV (3) symmetry is observed

U(1)V : q −→ q
′
= exp[−iωV ]q (5.10)

SU(3)V : q −→ q
′
= exp[−iθV

a T a]q .

The former corresponds to conservation of the baryon number, while the latter is a
generalization of the SU(2) isospin symmetry to three-flavored systems. In the realistic
case, isospin breaking terms are proportional with the difference of the quark masses.
For example, in the case of two-flavored systems one can write

−q̄mq = −muūu−mdd̄d (5.11)
= −1/2(mu +md)(ūu+ d̄d)− 1/2(mu −md)(ūu− d̄d) ,

only the second term being responsible for the breaking of isospin symmetry. One could
expect that the value of the parameter

ηSU(2) =
|mu −md|
mu +md

= 0.0÷ 0.8 (5.12)

represents a criterion for how good the realization of the isospin symmetry in nature
really is. A similar parameter for the three flavor case can be defined

ηSU(3) =
ms − mu+md

2

ms + mu+md

2

= 0.8÷ 1.0. (5.13)

The estimates for the two η parameters were obtained by using the following values of the
current quark masses [135] : mu=1÷5 MeV,md=3÷9 MeV and mu=75÷170 MeV. The
value of the ηSU(2) parameter is consistent with small values, while ηSU(3), due to the
large value of the strange quark mass as compared with the up and down quark masses,
necessarily takes values close to unity. This implies that the isospin symmetry should
be badly broken for particles with strange quark content, which is contrary to what is
observed in nature. One is forced to conclude that these terms in the Lagrangian are
strongly suppressed by a mass scale ΛχSB [136], whose precise meaning will be specified
later, for which the following holds

mu,md,ms � ΛχSB . (5.14)

A consequence of this constraint is that the quark mass terms in the QCD Lagrangian
can be viewed as a small correction to the kinetic term L0. Neglecting the quark mass
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term for the moment, the remaining Lagrangian possesses a further axial U(1)A×SU(3)A

symmetry

U(1)A : q −→ q
′
= exp[−iωAγ5]q (5.15)

SU(3)A : q −→ q
′
= exp[−iθA

a γ5 T
a]q .

The U(1)A does not lead to additional conserved quantities due to the fact that it is
broken by quantum corrections, this phenomenon being known as the U(1) anomaly [137,
138]. The algebra of the SU(3)A is not closed due to the appearance of the γ5 matrix.
By projecting the left- and right-hand components of the spinors,

qR,L =
1
2
(1± γ5) q , (5.16)

the SU(3)V × SU(3)A algebra can be brought into a block-diagonal form, denoted
SU(3)L × SU(3)R. The SU(3)L and SU(3)V multiplets are connected by parity trans-
formations

P qL,R(t, ~x)P−1 = γ0 qR,L(t,−~x) . (5.17)

If the axial (chiral) symmetry were realized in nature one would expect partners, of
opposite parity and all the other quantum numbers the same (most importantly mass),
to each already known particle found experimentally. Such chiral partners have not been
found. This is not due to a heavily broken chiral symmetry, but merely to the different
way it is realized. Isospin, as well as other global symmetries, is realized in a Wigner-
Weyl way [139, 140], i.e. the multiplets belong to linear representations of the symmetry
group. Chiral symmetry is realized in the Goldstone-Nambu way [140]. In this case even
though the Lagrangian is invariant under the respective symmetry transformation, the
state of lowest energy (vacuum) is not, leading to a phenomenon known as spontaneous
symmetry breaking [141, 142, 143]. In this scenario the symmetry is realized non-linearly
with important consequences: the vacuum is degenerate with the generators belonging
to the broken part acting in this subspace, each of them corresponding in the particle
spectrum to a massless spin-0 boson.

5.4 Effective theory of strong interactions

To solve QCD with conventional techniques at low energies has proved impossible, due to
its non-perturbative character in this region. At energies of interest for nuclear physics,
quarks are strongly bound into hadrons. A transition from the fundamental theory to
an effective one, with the degrees of freedom represented by the mesons and baryons is
of interest. This can be achieved through the hadronization of QCD [144], a technically
very difficult process. One is left with a theory with both light and heavy particles. In
the case of low-energy nuclear physics the latter are of no interest and one has to get rid
of them somehow. The resolution of this problem lies in the “decoupling theorem” [145,
146, 147] which states that if the low theory is renormalizable, all heavy particle effects
appear either as renormalization of the coupling constants in the theory or else they are
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suppressed by powers of heavy particles masses. Integrating the heavy particles out, the
resulting effective action is a highly non-local object in both the light fields and the heavy
particles propagators. The latter ones peak at short distances and by expanding them
around these points one obtains a series expansion in inverse powers of heavy particles
masses for the action which is now also made up of local operators. A similar procedure
can be applied in a region close to the on-shell point of a heavy particle [148]. In the
case of non-renormalizable theories one has to make sure that in the local version of the
effective Lagrangian a complete set of operators is used in order for the renormalization
procedure to be carried out systematically order by order in the effective expansion.

The mass M of the lightest integrated out particle serves as a scale for the “new”
physics, not included in the effective Lagrangian. The amplitudes computed within such
a framework have the form of a Taylor series with the expansion parameter Q/M , where
Q denotes the typical momentum exchanged in the reaction. In an effective theory de-
scribing the low energy QCD physics the parameter M should be replaced with the QCD
chiral symmetry breaking scale ΛχSB . Its value can be estimated as follows: due to
explicit chiral symmetry breaking the Goldstone bosons of low energy QCD are massive
(mπ=140 MeV, mK=497 MeV, mη=548 MeV) and the lowest non-Goldstone boson par-
ticle in the spectrum is the ρ vector meson. In the chiral limit the masses of the Goldstone
bosons vanish while the ρ remains massive. This behavior is a sign of nonperturbative
effects in the effective theory. From this one concludes that ΛχSB ≈ mρ ≈ 770 MeV.

In principle the number of terms in the effective Lagrangian that satisfy certain sym-
metry constraints is infinite. In order for an effective theory to be useful a procedure
should be defined in order to specify which of these terms are to be kept for a predefined
accuracy to be reached. Such means are provided by a power counting scheme [26, 27, 30]
together with the assumption of naturalness for the coupling constants [29, 30]. The lat-
ter states that on basis of naive dimensional analysis each coupling constant can be put
in the form gi = g̃i/Λδi

χSB with the modified coupling constants adimensional and close
to unity. Each Feynman diagram contributes an amplitude proportional to a certain
power ν of the small parameter Q/ΛχSB , the proportionality factor given by coupling
constants. In the following we will concentrate on an effective theory of nucleons and
pions. In order to derive the power counting scheme one has to decide what are the
scaling properties of internal nucleon and pion lines and of the vertices of the effective
theory. The pion propagator DF = 1/(k2 −m2

π) contributes two negative powers of the
characteristic momentum Q. For the nucleon propagator, a close to on-shell form is used,
which facilitates its reduction to the non-relativistic form [27]

SF =
/P + /Q+mN

(P +Q)2 −m2
N + iε

(5.18)

' /P +mN

2P ·Q+ iε
=

Λ
Q0 + iε

with P = (mN , 0, 0, 0) and Λ = (/P +mN )/2mN is the projection operator onto positive-
energy zero-momentum Dirac wave function. It is seen that the nucleon propagator
contributes -1 powers of Q to the amplitude. In the interaction Lagrangian, time deriva-
tives of the nucleon wave function can appear leading to factors proportional to the
nucleon energy, which are large compared to Q. Such terms can easily be eliminated
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by using the equations of motion for nucleons [27] or equivalently by using a decoupling
procedure of the eigenstates of the four-velocity operator [149] often used in heavy-quark
calculations. After the elimination of the nucleon time derivatives each vertex gives rise
to terms proportional to some power of Q. Putting all pieces together one can write the
following expression for the scaling parameter ν [27]

ν = 4L− In − 2Ip +
∑

i

Vidi . (5.19)

The various parameters present in the above relation have the following meaning:

L - number of loops,

In - number of internal nucleon lines,

Ip - number of internal pion lines,

Vi - number of vertices of type i,

di - number of derivatives appearing at a vertex of type i,

En - number of external nucleon lines,

ni - number of nucleon fields in an interaction of type i.

The last two parameters will appear in later. Using the topological relations

L = In + Ip −
∑

i

Vidi ,

2In + En =
∑

i

Vini , (5.20)

the expression in Eq. (5.19) can be put in a more useful form

ν = 2− 1
2
En + 2L+

∑
i

Vi∆i ,

∆i = di +
1
2
ni − 2 . (5.21)

For the case of two-nucleon scattering, which is of interest in this chapter, the above
relation reduces to ν = 2L +

∑
i Vi∆i. For the terms that are chiral invariant or break

chiral symmetry proportional to the quark mass is can be shown [30] that ∆i ≥ 0,
meaning that ∆i provides a useful ordering scheme for the chiral Lagrangian

L =
∑

n

L(n), n ≡ ∆i . (5.22)
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5.5 Construction of the effective Lagrangian

In this work we would like to consider the leading and next-to-leading order contributions
due to two-pion-exchange (TPE) graphs to the nucleon-nucleon potential. As can be seen
from Eq. (5.21) the lowest value possible for the scaling parameter is ν=0 and corresponds
to the tree-level one-pion exchange diagram. We will not consider contact four-fermion
contributions to the Lagrangian and therefore ni=2. The case ν=1 cannot be realized
for nucleon-nucleon scattering. Two-pion contributions can first appear at ν =2 order
through terms with ∆i=0 and thus containing one derivative of the pion fields and one
loop integral. One-loop two-pion terms also appear at order ν=3 through terms with di=2
(∆i=1). We will sketch in the following the constructions of these terms following [125],
to which we refer for more details.

The construction of chiral invariant terms proceeds most easily once the chiral covari-
ant derivatives for both the pion and nucleon are introduced [30]

~Dµ =
1

1 + ~π2/F 2
π

∂µ~π/Fπ = D−1∂µ~π/Fπ , (5.23)

Dµψ = (∂µ +
i

Fπ
c0~τ · ~π × ~Dµ) ψ = (∂µ + ~τ · ~Eµ)ψ . (5.24)

Chiral symmetry requires that c0=1; Fπ=185 MeV is the pion decay constant, gA=1.2573
is the Gamow-Teller coupling and τ are the isospin Pauli matrices. Next-to-leading order
two-pion diagrams can also originate from Lagrangians involving two derivatives which
are of the form

Dν
~Dµ, DνDµψ . (5.25)

Out of these building blocks a large number of terms consistent with chiral symmetry
and Lorentz invariance can be constructed. Their number is greatly reduced by imposing
that parity and charge conjugation invariance also hold. The following terms survive for
∆i=0 [125]

~Dµ · ~Dµ , iψ̄γµDµψ , (5.26)

ψ̄γµγ5~τ · ~Dµψ , m2
πD

−1~π2 . (5.27)

The first two terms give rise to the kinetic energy pieces for the pions and nucleon respec-
tively and to the Weinberg-Tomozawa two-pion interaction term. The third represents
the well known pseudovector coupling of pions to nucleons while the last one is a chiral
symmetry breaking term giving rise to the pion mass. Contributions for the ∆i=1 case
are a bit more numerous [125]

ψ̄ ~Dµ · ~Dµψ , ψ̄~τ · ~Dµ × ~Dν σ
µνψ , (5.28)

iψ̄γ5~τ · Dµ ~Dµψ , ψ̄
−→Dµ
−→D

µ
ψ , (5.29)

iψ̄σµν [~τ · (∂µ
~Eν − ∂µ

~Eν) + ~τ · ( ~Eµ × ~Eν) ]ψ , (5.30)

iψ̄~τ · ~Dµγ5
−→D

µ
ψ + iψ̄

←−D
µ
~τ · ~Dµγ5ψ , (5.31)
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e) f) g) h)

Figure 5.2: Tree level and loop diagrams contributing to the OPE and TPE potentials. The

NN2π WT vertex is represented by a full circle.

iψ̄~τ · ~Dµ
−→D ν σρηψ ε

µνρη − iψ̄←−D ν ~τ · ~Dµσρηψ ε
µνρη , (5.32)

m2
πD

−1 π
2

F 2
π

ψ̄ ψ , im2
π

1
Fπ

D−1ψ̄γ5~τ · ~πψ . (5.33)

The arrow on D shows in which direction the derivative operator present in the nucleon
chiral derivative should act. The last two terms break chiral symmetry explicitly. Not all
the of these interaction terms will be kept in our calculation. Only those that will give
the leading contributions when a non-relativistic reduction is performed will be kept and
terms contributing to the three or higher pion interactions will be omitted, i.e. the factor
D−1 will be developed in powers of the pion field and only the leading term kept. Whether
a term will survive or not after the non-relativistic reduction is performed depends to
which of the two following categories of Dirac space operators it belongs to:

Γ1 = {I, γ0, γkγ5, σ
ik} ≈ O(1) , (5.34)

Γ2 = {γk, γ5, γ
0γ5, σ

0µ} ≈ O
( Q

mN

)
≈ O

( Q2

Λ2
χSB

)
.

The second group of matrices Γ2 mix the small and big components of Dirac spinors
and terms made out of them will be suppressed with respect to those from the set Γ1 .
Using this argument the interaction terms in Eq. (5.29a),(5.31) and (5.33b) can safely be
ignored. The term in Eq. (5.32) can be shown [125] to give rise to interactions with at
least three pions and will also be neglected. The term in Eq. (5.30) gives rise to three-pion
interactions as well as to a term which resembles the one given by Eq. (5.29a) [125]. We
will neglect it in our calculation. The expression in Eq. (5.29b) is the term associated in
chiral perturbation with the coupling constant c2. Due to the appearance of the nucleonic
energy it will only contribute to higher orders in the effective expansion [122, 125]. Finally,
we have been left with three interactions, the ones in Eq. (5.28) and (5.33a). We want to
stress that we have only used results from chiral perturbation theory to decide which of
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a) b)

d) e)c)

Figure 5.3: One-loop diagrams with ν=3 contributing to the TPE potential. The WT inter-

action is represented by a full circle while the sub-leading order NN2π vertices with coupling

constants c1, c3 or c4 by a full square.

the possible two-pion-interactions would give the dominant contribution in the low energy
nucleon-nucleon interaction but in the actual calculations the full relativistic version of
the selected ones will be used. Referring back to Eq. (5.22) the corresponding Lagrangians
for n=0 and n=1 take respectively the form

L(0) = ψ̄(iγµ∂
µ −mN −

c0
F 2

π

γµ~τ · ~π × ∂µ~π +
gA

Fπ
γµγ5 ~τ · ∂µ~π)ψ , (5.35)

L(1) = −ψ̄(
8 c1
F 2

π

m2
π~π

2 − 4 c3
F 2

π

∂µ~π · ∂µ~π +
2 c4
F 2

π

σµν ~τ · ∂µ~π × ∂ν~π)ψ. (5.36)

The coupling constants of the n=1 Lagrangian have been assigned in agreement with
conventions used πN [150, 151] as well as NN [32, 33, 122] scattering. In an equivalent
approach [151, 152] but with a different choice for the fundamental building blocks a
similar Lagrangian has been obtained, with three extra couplings, labeled c5,6,7, due
isospin symmetry breaking and external electromagnetic field respectively [153, 154].
Instead of the c1,3,4 coupling constants other authors [30] use B1=4c3,B2=-4c4-1/mN

and B3=8c1.
The L(0) Lagrangian gives rise to contributions that scale with the powers ν=0 and

ν = 2 of the expansion parameter Q/ΛχSB . The only diagram with ν = 0 is the tree-
level one-pion exchange depicted in Fig. (5.2a). The other ones, (Fig. 5.2b-i), are next-
to-leading order (NLO) contributions with ν=2. Some of them don’t have have to be
fully included in the kernel V: the direct box diagram(Fig. 5.2b) is reducible and part
of it is generated by iterating the BSLT equation once; the ones in Fig. (5.2d) and
Fig. (5.2i) represent vertex corrections to the OPE potential [155]. Terms with ν=3 arise
from diagrams involving terms from both L(0) and L(1), corresponding to the next to
next-to-leading order (NNLO) contributions to the NN potential Fig. (5.3). They are
triangular graphs with one of the vertex a NN2π interaction with the coupling c1, c3
or c4 and football graphs with one of the vertex the WT interaction and the other one
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a sub-leading order NN2π interaction. The diagram in Fig. (5.3e) represents a vertex
correction to OPE. In chiral perturbation theory up to NNLO the vertex corrections to
OPE and self-energies only contribute to mass and coupling constant renormalization [33].
In a fully relativistic calculation, using the pseudoscalar πN coupling, it was found by
Wortman [156] that such contributions are of the order of 10% of the direct and crossed-
box contributions, with similar expectations for the pseudovector case. In view of these
results we have considered safe to neglect all vertex and propagator renormalization
graphs in the present calculation.

5.6 Explicit expressions for the two-pion diagrams

To solve the BSLT equation, the quasipotential W will have to be determined once V is
known. For that, besides the irreducible one-loop diagrams contributing to the TPE po-
tential, the expressions of the full direct-box and the quasi-potential direct-box diagrams
will also have to be considered (see Eq. (5.4) or Fig. (5.1)). For sake of completeness
the expressions of the former are presented in this section. The labeling convention used
in this section for the momenta associated to a generic one-loop diagram is exemplified
in Fig. (5.4) for the direct-box diagram.

The direct and crossed box diagrams are given respectively by

I(DB) = α(DB)

∫
d4k

[ ū(q1) (/k + /p1 − /q1) γ5 (/k + /p1 +mN ) /k γ5 u(p1) ]
(k + p1)2 −m2

N

(1)

×

[ ū(q2) (/k + /q2 − /p2) γ5 (/p2 − /k +mN ) /k γ5 u(p2) ]
(k − p2)2 −m2

N

(2)

·Dπ1π2 , (5.37)

and

I(CB) = α(CB)

∫
d4k

[ ū(q1) (/k + /p1 − /q1) γ5 (/k + /p1 +mN ) /k γ5 u(p1) ]
(k + p1)2 −m2

N

(1)

×

[ ū(q2) /k γ5 (/k + /q2 +mN ) (/k + /p1 − /q1) γ5 u(p2) ]
(k + q2)2 −m2

N

(2)

·Dπ1π2 , (5.38)

The coefficients α(DB) and α(CB) contain coupling constants, normalization and isospin
factors. For the two diagrams above they are given by

α(DB) =
1

4π4

(g2
PV

4π

)2

[ 9− 4 · I (I + 1) ] , (5.39)

α(CB) =
1

4π4

(g2
PV

4π

)2

[ 4 · I (I + 1)− 3 ] ,

with gPV the pseudovector NNπ coupling constant, which can be determined from the
Goldberger-Treiman relation gPV = gA/Fπ in terms of the pion decay constant and
the Gamow-Teller coupling; I is the total isospin of the two-nucleon system. The pion
propagators are included in the factor Dπ1π2

Dπ1π2 =
1

k2 −m2
π

· 1
(k + p1 − q1)2 −m2

π

. (5.40)
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Figure 5.4: Labeling of the momenta for the direct-box diagram. For any diagram consider

here, the integration momentum k is always assigned to the meson line attached to the incoming

nucleon 1.

Next, the expression of the other diagrams stemming from the minimal chiral model
(L(0)) will be presented. The expression of the c0 triangle diagram in Fig. (5.2e) is given
by

I(TRc0) = α(TRc0)

∫
d4k

[ ū(q1) (/k + /p1 − /q1) γ5 (/k + /p1 +mN ) /k γ5 u(p1) ]
(k + p1)2 −m2

N

(1)

×

[ ū(q2) (2/k + /p1 − /q1)u(p2) ](2) ·Dπ1π2 , (5.41)

It suffices to only list the expression of one of the triangle diagrams. The other one
can easily be obtain by replacing p1 and q1 with p2 and q2 respectively and changing the
sign of the integration variable k. The expression for the c0 football diagram is

I(FTc0) = α(FTc0)

∫
d4k [ ū(q1) (2/k + /p1 − /q1)u(p1) ](1) × (5.42)

[ ū(q2) (2/k − /p2 + /q2)u(p2) ](2) ·Dπ1π2 ,

For these two diagrams the normalization coefficients α are given respectively by

α(TRc0) = − 1
16π5

c0
F 2

π

g2
PV

4π
[ 4I(I + 1)− 6 ] , (5.43)

α(FTc0) =
1
2

1
(2π)6

( c0
F 2

π

)2

[ 4I(I + 1)− 6 ] .

Some of the next-to-leading order contributions to the TPE potential are given by
the triangle diagrams in Fig. (5.3a). Their expressions are given by

I(TRci) = α(TRci)

∫
d4k

[ ū(q1) (/k + /p1 − /q1) γ5 (/k + /p1 +mN ) /k γ5 u(p1) ]
(k + p1)2 −m2

N

(1)

×

[ ū(q2)Oi u(p2) ](2) ·Dπ1π2 , (5.44)

with i=1, 3, 4. The operators Oi are respectively given by

O1 = 1 , (5.45)
O3 = k · (k − p2 + q2) ,
O4 = (/p2 − /q2) /k − /k (/p2 − /q2) ,
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and with α coefficients given by

α(TRc1) =
3
π5

g2
PV

4π
c1m

2
π

F 2
π

, (5.46)

α(TRc3) = − 3
2π5

g2
PV

4π
c3
F 2

π

,

α(TRc4) = − 1
8π5

g2
PV

4π
c4
F 2

π

[ 4I(I + 1)− 6 ] .

As before, the expression of the triangle diagrams of Fig. (5.3b) can be obtained from
the ones already presented by a permutation of the variables referring to nucleon 1 and
2 with each other.

We are left with the evaluation of the c0 − ci football diagrams (i=1,3,4). Out of
these three only the c0−c4 football diagram will give a finite answer, the other two being
identically zero due to their particular analytic structure. The relevant expression is

I(FTc0c4) = α(FTc0c4)

∫
d4k [ ū(q1) (2/k + /p1 − /q1)u(p1) ](1) × (5.47)

[ ū(q2) ( (/p2 − /q2) /k − /k (/p2 − /q2) )u(p2) ](2) ·Dπ1π2 ,

with

α(FTc0c4) = − 1
(2π)6

c0 c4
F 4

π

[ 4I(I + 1)− 6 ] . (5.48)

In this section all the meson-nucleon vertices were considered to be pointlike. In the
actual calculations, a dipole form-factor which depends only on the momentum of the
exchanged meson has been considered at each vertex. To arrive at the corresponding
expressions for the loop integrals one has to make the following substitution for the pion
propagator

1
k2 − µ2

−→ 1
k2 − µ2

·
( Λ2

k2 − Λ2

)2

. (5.49)

5.7 The quasipotential direct box

The quasipotential direct box can be obtained by substituting in the expression of the
full direct box, Eq. (5.37), the scalar part of the intermediate two-fermion propagator
with its BSLT version in Eq. (5.6). The k0 integral can then be trivially performed. In
principle at this stage a simple three-dimensional numerical integration will provide the
final answer (taking care properly of the principle value singularities) but a decomposition
of the remaining integral in smaller pieces will allow the implementation of a numerical
dimensional regularization besides the cut-off one. In this section a different labeling
convention, more appropriate for this particular calculation, for the integration four-
momentum k has been made Fig. (5.5). The first step is the decomposition of the
operators belonging to each of the two fermion lines into monomials of the length of
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Figure 5.5: The labeling convention used for the computation of the quasipotential direct box.

P=(2E,~0) is the total momentum in the CM frame and p, q, k are relative momenta. Due to the

quasipotential approximation k0=0 while for the other two momenta similar relations only hold

on-shell.

the integration three momentum ~k. We will limit ourselves to the on-shell case here. A
generalization to the half-off-shell case needed for the iteration of the BSLT equation is
straightforward. For the fermion line 1 (see Fig. (5.5)) one has

O1 =
∑

i=0,3

Oi
1 k

i , (5.50)

O0
1 = (E3 + 3mNE)γ0 − (m3

N + 3mNE
2) ,

O1
1 = −(E2 + 3m2

N )~γ · k̂ ,
O2

1 = −Eγ0 + 3mN ,

O3
1 = ~γ · k̂ .

The fermion line 2 is identical to fermion line 1 with the exception of a minus sign in
front of each appearance of ~k

O2 =
∑

i=0,3

Oi
2k

i , (5.51)

Oi
2 = (−1)iOi

1 .

The expression of the quasipotential direct box can then be written

I(QDB) = α(QDB)
3∑

i,j=0

∫
dΩ~k [ ū(

1
2
P + q)Oi

1 u(
1
2
P + p) ]× (5.52)

[ ū(
1
2
P − q)Oj

2 u(
1
2
P − p) ] · I(d, i+ j) ,

I(d, l) = −1
2

∫ ∞

0

dk
kd+l−1

(E + E~k)2(E − E~k)
1

(~k − ~q)2 +m2
π

1

(~k − ~p)2 +m2
π

.(5.53)

The symbol d represents the number of spatial dimensions and α(QDB) = α(DB). Diver-
gences can only occur from the 1 dimensional integral I(d, l). It can be regulated with
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a form-factor, i.e. of dipole form, or via dimensional regularization. In the latter case
the divergent integrals have to be decomposed further in order to isolate the ultraviolet
divergence from the principal value pole and then with specific techniques the integrals
can be evaluated and the infinities removed analytically. A simpler method is to sub-
tract from the divergent integrands their asymptotic form (with sufficient terms in the
asymptotic expansion) to render finite integrals that can be evaluated numerically. The
asymptotic integrands are of a Laurent series type and the respective integrals can easily
be evaluated and dimensionally regularized. This second method has been employed in
the actual calculations.

5.8 Method of evaluation of one-loop integrals

The evaluation of the two-pion exchange diagrams in this thesis is based on the general
method for evaluating one-loop integrals devised by Passarino and Veltman [126, 157].
It has already been applied to the case of relativistic NN scattering by Zuilhof and
Tjon [127] in the process of evaluation of the direct-box and crossed-box diagrams with
both pseudoscalar and pseudovector coupling. We follow closely the procedure described
in [127]; for completeness its relevant steps are reproduced in this section. Similar tech-
niques have been applied by Celenza et al . [158] in a study of nucleon-nucleon interaction
and chiral symmetry.

Following the work of Passarino and Veltman [126] we define the scalar and tensor
two-point, three-point and four-point functions

B0;Bµ;Bµν =
∫
d4k

1; kµ; kµν

[ k2 −m2
1 ] [ (k + p)2 −m2

2 ]
, (5.54)

C0;Cµ;Cµν ;Cµνρ =
∫
d4k

1; kµ; kµν ; kµνρ

[ k2 −m2
1 ] [ (k + p)2 −m2

2 ] [ (k + p+ q)2 −m2
3 ]
,

D0;Dµ;Dµν ;Dµνρ =
∫
d4k

1; kµ; kµν ; kµνρ

[ k2 −m2
1 ] [ (k + p)2 −m2

2 ]

× 1
[ (k + p+ q)2 −m2

3 ] [ (k + p+ q + r)2 −m2
4 ]
.

The scalar point functions B0, C0 and D0 have to be evaluated explicitly, either numeri-
cally or, where possible, using their analytic expressions. The tensor point functions can
be written in terms of scalar moments, which in turn can be evaluated in terms of lower
moments and/or scalar point functions. Some details about this reduction, nomencla-
ture and a simple but illustrative example for the whole machinery are given in Appendix
B. For the complete set of formulas the reader is referred to [126]. The convention for
labeling of the external momenta and internal masses is given in Fig. (5.6) and agrees
with the convention used in [126] and [128]. In the present study scalar moments up to
D2 and C3 were needed. They were computed using the ff package developed by van
Oldenborgh et al . [128].

Any of the one-loop diagram with at most four external legs can be brought in the
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Figure 5.6: Convention used for the labeling of four momenta for the four-point, three-point

and respectively two-point scalar functions.

following form

L =
NB∑
r=0

Oµ1···µr

B [r]Bµ1···µr
+

NC∑
r=0

Oµ1···µr

C [r]Cµ1···µr
+

ND∑
r=0

Oµ1···µr

D [r]Dµ1···µr
,(5.55)

by separating the kµ1···µr
from the spinor part of the numerator and then together with

the scalar parts of the internal propagators identifying them with the scalar and tensor
loop integrals in Eq. (5.55). Here NB , NC and ND are the highest rank appearing for the
given diagram for the tensor two-point, three-point and four-point functions respectively.
By making use of the expression of tensor loop integrals in terms of scalar moments (see
Appendix B), the expression of the one-loop diagram can be written

L =
NB∑
r=0

nB
r∑

i=1

OB [r, i]Bri +
NC∑
r=0

nC
r∑

i=1

OC [r, i]Cri +
ND∑
r=0

nD
r∑

i=1

OD[r, i]Dri . (5.56)

The coefficients nB
r ,nC

r and nC
r represent for a given r the number of moments Br, Cr

and Dr. For example nC
1 =2 and nC

2 =4 as can be seen from Eq. (B-5.2). The operators
OB , OC and OD contain the whole spin structure of the diagram in questions, and for
the case of two-fermion scattering can be of put the form

OM [r, i] = O
(1)
M [r, i]×O(2)

M [r, i] , M = B,C,D (5.57)

with the superscripts denoting the fermion line number. Their matrix elements between
the two-particle helicity states defined in Appendix C are then evaluated in the center-
of-mass frame of the two-nucleons. The two-particle states are the direct product of
one-particle helicity spinors which satisfy the Dirac equation

/p u±Λ (~p) = [mN + γ0 (p0 ∓ Ep) ]u±Λ (~p) (5.58)

p = ( p0, ~p ) Ep =
√
m2

N + ~p2

where the upper index ± label the positive or the negative energy solutions.
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In the two-fermion spin space the following sixteen operators form a basis [127]

O1 = 1(1) 1(2) O2 = γ
(1)
0 1(2) O3 = 1(1) γ

(2)
0 O4 = γ

(1)
0 γ

(2)
0

O5 = γ
(1)
µ γµ (2) O6 = γ

(1)
0 O5 O7 = O5 γ

(2)
0 O8 = γ

(1)
0 O5 γ

(2)
0

O9 = γ
(1)
5 γ

(2)
5 O10 = γ

(1)
0 O9 O11 = O9 γ

(2)
0 O12 = γ

(1)
0 O9 γ

(2)
0

O13 = γ
(1)
5 O5 γ

(2)
5 O14 = σ

(1)
µν σµν (2) O15 = γ

(1)
0 O14 O16 = O14 γ

(2)

By applying the off-shell Dirac’s equation Eq. (5.58) the spin structure can be easily
reduced to a linear combination of the above operators. One can write

OM [r, i] =
16∑

j=1

bMj [r, j]Oj , M = B,C,D (5.59)

leading to the final expression for the considered diagram

L =
16∑

j=1

cj Oj (5.60)

cj =
NB∑
r=0

nB
r∑

i=1

bBj [r, i]Bri +
NC∑
r=0

nC
r∑

i=1

bCj [r, i]Cri +
ND∑
r=0

nD
r∑

i=1

bDj [r, i]Dri .

Evaluating of the cj coefficients involves cumbersome algebraic operations. Also due
the great number of terms, an automated evaluation of these coefficients was desirable.
For these purpose the computer algebra program FORM [159] has been used to write
a code that determines the analytical expression for each of the cj ’s for a particular
diagram in terms of the scalar moments and of the kinematical variables of the process.
Next, the values of the scalar moments are computed using the ff package, which in turn
allows the numerical evaluation of the coefficients cj . Then the matrix elements of the
sixteen Oj operators in the two-particle helicity basis are computed and using Eq. (5.60)
the numerical value of the one-loop diagram is obtained. For the chosen interaction
Lagrangian only the c1 · · · c8 coefficients take nonzero values.

5.9 An example: the c0 triangle diagram

In this section an explicit example for the decomposition of a Feynman diagram into
scalar moments will be presented. The c0 triangle diagram Eq. (5.41) has been chosen
since its decomposition requires all the elements presented in the previous section. The
decomposition of the football diagrams is simple, with a short final result, while the
evaluation of the box, crossed-box and subleading triangle diagrams is quite involved
resulting to up to a thousand terms in the final result for each. A similar example, for
the pseudoscalar crossed-box, has been presented by Zuilhof [127].

The first step is to bring the expression of the loop integral in the form shown
in Eq. (5.55). In this particular case due to the fact that each nucleon lines contains
an even number of γ5 matrices we can eliminate them by using the anticommutation
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relations with γµ matrices. The numerator contains four powers of the integration mo-
mentum k which means that the final result would contain C4 scalar moments. Since
the ff package only provides numerical values of moments up to C3 the powers of k are
reduced by the use of the following identity

k2 = [ (k + p1)2 −m2
N ]− 2k · p1 − p2

1 +m2
N . (5.61)

This has the effect of cancellation of the nucleon propagator from some of the terms
leading to the appearance of the scalar two-point function moments (B) in the final
result. Only nucleon propagators should be canceled in this way. Pion propagators are
complemented with form factors in the end and a cancellation of such a propagator would
lead to inconsistencies. This procedure has also been applied to the other loop diagrams
to reduce the powers of k in the denominator according to the needs. The following
expressions for the Oµ1···µr

B [r] are obtained

Oµν
B [2] = 2 [ γµ ](1) × [ γν ](2) , (5.62)

Oµ
B [1] = −[ γµ ](1) × [ /p2 − /q2 ](2) − 2 [ /q1 +mN ](1) × [ γµ ](2) ,

OB [0] = [ /q1 +mN ](1) × [ /p2 − /q2 ](2) .

The expressions for the Oµ1···µr

C [r] are somewhat more involved

Oµν
C [2] = 2 [(mNγ

µ − γµ/q1 + 2qµ
1 )( /p1 +mN )](1) × [ γν ](2) , (5.63)

Oµ
C [1] = [(mNγ

µ − γµ/q1 + 2qµ
1 )( /p1 +mN )](1) × [ /q2 − /p2 ](2)

+2 (p2
1 −m2

N ) [ /q1 +mn ](1) × [ γµ ](2) ,
OC [0] = (p2

1 −m2
N ) [ /q1 +mN ](1) × [ /q2 − /p2 ](2) .

The expressions for the integrals in Eq. (5.54) presented in Appendix B are then used.
After the use of the off-shell Dirac equation Eq. (5.58) and some rearrangements one
arrives at the final result for the c1 . . . c8 coefficients

c1 = 4m2
N (m2

N − p2
1)(C11 − C12)− 2m2

N (E1E1′ + 2m2
N + 2p2

1)C21 (5.64)
−2m2

N (E1E1′ + 2m2
N + 2q21)C22 + 4m2

N (E1E1′ + 2m2
N + p2

1 + q21)C23 ,

c2 = 2mNE1′ (m
2
N − p2

1)(C11 − C12)− 2mN (2m2
NE1 +m2

NE1′ + p2
1E1′ )C21

−2mN (m2
NE1 + 2m2

NE1′ + q21E1)C22

+2mN (3m2
NE1 + 3m2

NE1′ + p2
1E1′ + q21E1)C23 ,

c3 = 2mN (E2 − E2′ )B0 + 4mN (E2 − E2′ )B11 (5.65)
+2mN (m2

N − p2
1)(E2 − E2′ )C0 + 2mN (m2

NE2′ − p
2
1E2)C11

+2mN (2
√
s− E2)(p2

1 −m2
N )C11 −mN (E1E1′ + 2p2

1)(E2 − E2′ )C11

+mN (E1E1′ + 2m2
N + 2q21)(E2 − E2′ )C12 − 4mN (

√
s− E2′ )(p

2
1 −m2

N )C12

+2mN (E1E1′ + 2m2
N + 2p2

1)(
√
s− E2)(C21 − C23)

+2mN (E1E1′ + 2m2
N + 2q21)(

√
s− E2′ )(C22 − C23) + 8mNE1C24 ,

c4 = E1′ (E2 − E2′ )B0 + (3E1′ − E1)(E2 − E2′ )B11 + 2(E1′ − E1)(E2 − E2′ )B21
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−E1′ (E2 − E2′ )(p
2
1 −m2

N )C0 + E1′ (m
2
NE2′ − p

2
1E2)C11 (5.66)

−(2m2
NE1 + p2

1E1′ )(E2 − E2′ )C11 + (2
√
sE1′ − E2E1′ )(p

2
1 −m2

N )C11

+(2m2
NE1′ +m2

NE1 + q21E1)(E2 − E2′ )C12 − 2E1′ (
√
s− E2′ )C12

+(4m2
NE1 + 2m2

NE1′ + 2p2
1E1′ )(

√
s− E2)(C21 − C23)

+(4m2
NE1′ + 2m2

NE1 + 2q21E1)(
√
s− E2′ )(C21 − C23) + 4E1E1′C24 ,

c5 = 2B22 + (8m2
N − 2E1E1′ )C24 , (5.67)

c6 = −4mN (E1 − E1′ )C24 , (5.68)
c7 = 0 , (5.69)
c8 = 0 . (5.70)

In the above relations s = (p1 + p2)2 = (q1 + q2)2 is the total energy; the labeling of
momenta corresponds to the case depicted in Fig. (5.4) and one has E1 = Ep1 , E1′ = Eq1 ,
etc. This is the full off-shell result for the amplitude. On-shell a lot of terms cancel, since
all the energy factors are equal, leading to a much simpler final answer.

5.10 Partial-wave decomposition of the amplitude

After the new one-loop contributions to the potential V are determined, adding the
irreducible part of the direct box to it the quasipotential W is obtained. The BSLT
equation can then be solved in a partial waves basis, in which it reduces to a set of one- and
two-dimensional integral equations once the contributions of the negative energy states
are neglected. For completeness, in this section the partial-wave projection formalism as
presented by Kubis [160] is outlined.

For the elastic scattering of two spin-1/2 particle 16 helicity amplitudes can be formed.
Not all are independent due to symmetries. For example, parity conservation

〈λ1′ , λ2′ |φ(p, θ, ϕ) |λ1, λ2 〉 = η〈−λ1′ ,−λ2′ |φ(p, θ, π − ϕ) | − λ1,−λ2 〉 , (5.71)

reduces the number of independent amplitudes to eight. Time reversal invariance reduces
this number to six and in the case when particles are identical only five independent
amplitudes remain. In the following only the constraints set by parity invariance will be
used; the set of eight independent amplitudes is chosen to be

φ1 = 〈+ + |φ | + + 〉 , φ5 = 〈+ + |φ | +−〉 ,
φ2 = 〈+ + |φ | − − 〉 , φ6 = 〈+ + |φ | −+ 〉 , (5.72)
φ3 = 〈+− |φ | +−〉 , φ7 = 〈+− |φ | + + 〉 ,
φ4 = 〈+− |φ | −+ 〉 , φ5 = 〈−+ |φ | + + 〉 .

The full amplitudes can be expanded in partial waves of definite total angular momentum
J

φi =
∑

J

(2J + 1)φJ
i d

J
λλ′

(θ) , (5.73)
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where λ = λ1− λ2 , λ
′
= λ1′ − λ2′ and dJ(θ) are the Jacobi polynomials. To extract the

partial wave amplitudes Eq. (5.73) has to be inverted. One can avoid the complexity of the
Jacobi polynomials by introducing a new set of amplitudes which are linear combinations
of the original ones and at the same time are free from kinematical singularities originating
in the momentum-transfer variable [92, 160]

f1 = φ1 − φ2 ,

f2 = φ1 + φ2 ,

f3 =
1
2
[φ3/cos2(θ/2)− φ4/sin2(θ/2) ] ,

f4 =
1
2
[φ3/cos2(θ/2) + φ4/sin2(θ/2) ] ,

f5 = (φ5 − φ6)/sinθ , (5.74)
f6 = (φ5 + φ6)/sinθ ,
f7 = −(φ7 − φ8)/sinθ ,
f8 = −(φ7 + φ8)/sinθ .

These amplitudes posses simple partial wave expansions in terms of the Legendre poly-
nomials:

φJ
1 − φJ

2 =
1
2

∫ 1

−1

dzPJ(z)f1 ,

φJ
1 + φJ

2 =
1
2

∫ 1

−1

dzPJ(z)f2 , (5.75)

φJ
3 − φJ

4 =
1
2

∫ 1

−1

dz{ [ c2JPJ+1(z) + c2J+1PJ−1(z) ] f3 + PJ(z)f4 } ,

φJ
3 + φJ

4 =
1
2

∫ 1

−1

dz{ [ c2JPJ+1(z) + c2J+1PJ−1(z) ] f4 + PJ(z)f3 } ,

φJ
5 + φJ

6 =
1
2
cJcJ+1

∫ 1

−1

dz [PJ+1(z)− PJ−1(z) ] f5 ,

φJ
5 − φJ

6 =
1
2
cJcJ+1

∫ 1

−1

dz [PJ+1(z)− PJ−1(z) ] f6 ,

φJ
7 + φJ

8 =
1
2
cJcJ+1

∫ 1

−1

dz [PJ+1(z)− PJ−1(z) ] f7 ,

φJ
7 − φJ

8 =
1
2
cJcJ+1

∫ 1

−1

dz [PJ+1(z)− PJ−1(z) ] f8 ,

with z = cos θ and cJ = [J/(2J + 1)]1/2, cJ+1 = [(J + 1)/(2J + 1)]1/2. For the case
J = 0 the only nonzero amplitude are φJ

1 ±φJ
2 . The amplitudes in the previous relations

represent transitions between states of definite total angular momentum and parity. They
are defined as

| J, r, λ1, λ2 〉 = (1/
√

2) [ | J, λ1, λ2 〉+ r | J, λ1, λ2 〉 ] (5.76)
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with r = ±1. For the definition of the states of definite total angular momentum (and
helicity, since helicity is invariant under rotations) | J, λ1, λ2 〉 we refer to Section (8.4.2)
of Ref. [161]. For the case when spatial parity is conserved the following transitions
between states of definite parity are possible

T J
1 = 〈+ + |T J

− | + + 〉 = φJ
1 − φJ

2 (singlet, L = J) (5.77)

T J
3 = 〈+− |T J

− | +−〉 = φJ
3 − φJ

4 (triplet, L = J)

T J
6 = 〈+ + |T J

− | +−〉 = φJ
5 − φJ

6 (singlet− triplet, L = J)

T J
8 = 〈+− |T J

− | + + 〉 = φJ
7 − φJ

8 (triplet− singlet, L = J)

and

T J
2 = 〈+ + |T J

+ | + + 〉 = φJ
1 + φJ

2 (triplet, L = J ± 1) (5.78)

T J
4 = 〈+− |T J

+ | +−〉 = φJ
3 + φJ

4 (triplet, L = J ± 1)

T J
5 = 〈+ + |T J

+ | +−〉 = φJ
5 + φJ

6 (triplet, L = J ± 1)

T J
7 = 〈+− |T J

+ | + + 〉 = φJ
7 + φJ

8 (triplet, L = J ± 1)

The transition from the | J,M ;λ1, λ2 〉 basis to the | J,M ;L, S 〉 one can be performed
with the help of the relation [162]

〈 J,M ;L, S | J,M ;λ1, λ2 〉 =
(

2L+ 1
2J + 1

)1/2

C(LSJ ; 0, λ1 − λ2)C(S1, S2, S;λ1,−λ2) .

The following expressions for the partial wave amplitudes are obtained [160]

Singlet, L = J :
T J

s = T J
1 ,

Singlet− triplet, L = J :
T J

st = −T J
6 , T J

ts = −T J
8

Triplet, L = J :
T J

t,J = T J
3 ,

Triplet, L = J ± 1 :
T J

t,J−1 = c2J T
J
2 + c2J+1 T

J
4 + cJcJ+1(T J

5 + T J
7 ) ,

T J
t,J+1 = c2J+1 T

J
2 + c2J T

J
4 − cJcJ+1(T J

5 + T J
7 ) ,

T J
t,J−1,J+1 = cJcJ+1(−T J

2 + T J
4 ) + c2JT

J
5 − c2J+1T

J
7 ,

T J
t,J+1,J−1 = cJcJ+1(−T J

2 + T J
4 )− c2J+1T

J
5 + c2JT

J
7 .
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Appendix A: Tree-level potentials in the OBE
model

In the OBE model of Fleischer and Tjon contribution of the following mesons have been
included: π, ρ, δ, η, ω and ε. The tree-level potentials of the isovector mesons π, ρ and δ
are given respectively by

Vπ(k, p) = −i g
2
π

4M2
(γ5(/k − /p))(1)∆π(k − p)(γ5(/k − /p))(2) ~τ1 · ~τ2 ,

Vρ(k, p) = −igV
ρ (γ(1)

α −
igT

ρ

2M
σ(1)

αµ(k − p)µ)∆αβ
ρ (k − p) · (γ(2)

β −
igT

ρ

2M
σ

(2)
βν (k − p)ν) ~τ1 · ~τ2 ,

Vδ(k, p) = −ig2
δ∆δ(k − p)~τ1 · ~τ2 , (A-5.1)

and for the isoscalar meson η, ω and ε by

Vη(k, p) = −i
g2

η

4M2
(γ5(/k − /p))(1)∆η(k − p)(γ5(/k − /p))(2) ,

Vω(k, p) = −igv2
ω γ(1)

α ∆αβ
ω (k − p)γ(2)

β ,

Vε(k, p) = −ig2
ε ∆ε(k − p) , (A-5.2)

where the bracketed upper indices denote the nucleon on which operators act, ∆(p) is
the propagator of scalar (δ, ε) and isoscalar (π, η) mesons, while ∆µν(p) is the propagator
of vector mesons (ρ, ω); k and p are the four momenta of respectively the final and the
initial nucleons. To ensure the correct behavior at high momenta, a cutoff of the dipole
form,

F (p2) =
(

Λ2

Λ2 − p2

)2

, (A-5.3)

is introduced at each nucleon-meson vertex, with Λ being the cutoff mass. In the present
OBE model the same cutoff mass is taken for each meson.

Appendix B: Scalar moments

In this appendix we will present the conventions used in expressing the tensor integrals
in Eq. (5.54) in terms of scalar moments. The procedure is very simple: one has to
meet in the final answer all Minkowski space tensorial quantities of the same rank as the
starting tensor integral. We start with the two point functions, for which one has

Bµ(p,m1,m2) = pµB11 , (B-5.1)
Bµν(p,m1,m2) = pµpν B21 + gµν B22 .

For the two-point functions analytical expressions can be obtained [126, 157]. For the
calculations in this thesis C moments up to the third rank were used

Cµ = pµ C11 + qµ C12 , (B-5.2)
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Cµν = pµpν C21 + qµqν C22 + {p, q}µν C23 + gµν C24 ,

Cµνρ = pµpνpρ C31 + qµqνqρ C32 + {ppq}µνρ C33

+{pqq}µνρC34 + {pg}µνρ C35 + {qg}µνρ C36 ,

{pq}µν = pµqν + pνqµ ,

{ppq}µνρ = pµpνqρ + pµpρqν + pρpνqµ ,

{pg}µνρ = pµgνρ + pνgµρ + pρgµν .

Finally, for the D tensor integrals one writes the following decomposition (again only up
to the third rank)

Dµ = pµD11 + qµD12 + rµD13 (B-5.3)
Dµν = pµpν D21 + qµqν D22 + rµrν D23

+{pq}µν D24 + {pr}µν D25 + {qr}µν D26 + gµν D27

Dµνρ = pµpνpρD31 + qµqνqρD32 + rµrνrρD33

+{ppq}µνρD34 + {ppr}µνρD35 + {pqq}µνρD36

+{prr}µνρD37 + {qqr}µνρD38 + {qrr}µνρD39

+{pqr}µνρD310 + {pg}µνρD311 + {qg}µνρD312

+{rg}µνρD313

{pqr}µνρ = pµ{qr}νρ + pν{qr}µρ + pρ{qr}µν

The kinematical conventions for the two-point, three-point and four-point functions are
the ones displayed in Fig. (5.6). The three-point and four-point scalar moments cannot
be expressed in a closed form. For the C0 and D0 moments, formulas in terms of Spence
functions can be derived for certain kinematical situations [157]. The value of the higher
scalar moments can be found once the values of the zero order moments are known. A
simple method to achieve this is presented in [126]. We will only present the very simple
case of C1 moments. One begins by contracting the first line of Eq. (B-5.2) with the
available tensors of rank 1 (pµ and qµ in this case). The same is done for the corresponding
expression for Cµ in Eq. (5.54) and by reducing terms like k2, k · p and k · q against the
propagators in the denominator, pµCµ and qµCµ can be expressed in terms of the C0

and B moments. A linear systems of equations results

C11 p
2 + C12 p · q =

1
2
[ f1 C0 +B0(1, 3)−B0(2, 3) ] , (B-5.4)

C11 p · q + C12 q
2 =

1
2
[ f2 C0 +B0(1, 2)−B0(1, 3) ] ,

f1 = m2
1 −m2

2 − p2 ,

f2 = m2
2 −m2

3 − (p+ q)2 + p2 .

The moment B0(1, 3) was obtained from the C moments by a cancellation of the propa-
gator with mass m2. It is therefore a two-point function with internal particles of mass
m1 and m3 and external momentum p+ q. Similar reasonings apply to the other B0(i, j)
moments. This linear system allows the extraction of the C11 and C12 moments. Then
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one can determine the C2 moments in a similar fashion and so on. This method cannot
be applied when the determinant of the system is zero or very close to zero. To avoid
such problems the evaluation of the scalar moments in the package ff is implemented
using different, more refined algorithms [128, 163].

Appendix C: Spinors

In this work spinors in the convention due to Kubis [160] have been used. The difference
from the more popular convention of Bjorken and Drell lies in a different normalization
and in the description of the negative energy states. The positive and negative spinors
are respectively given by

u(p)(+)
λ = Np

[
1

~σ·~p
Ep+mN

]
χλ(θ, ϕ) , (C-5.1)

u(p)(−)
λ = Np

[
−~σ·~p

Ep+mN

1

]
χλ(θ, ϕ) ,

with Np = [2Ep(Ep +mN ]−1/2 ensuring the proper normalization

u
(ρ)†

λ (~p)u(ρ
′
)

λ′
(~p) = δρρ′ δλλ

′
. (C-5.2)

The two-component Pauli spinors have the following expressions

χ 1
2
(θ, ϕ) =

(
cos θ/2
eiϕsin θ/2

)
, (C-5.3)

χ− 1
2
(θ, ϕ) =

(
−e−iϕsin θ/2

cos θ/2

)
.

For the two-particle states the convention of Jacob and Wick [162] is used. The
spatial momentum ~p of particle 1 (see Fig. (5.4)) defines the polar direction. The final
momentum of particle 1, ~q, is chosen to lie in the xz plane at an angle θ from the polar
direction. For the particle 2 the sign of the helicity in the Pauli spinor is reversed for
both the initial and the final state. Using the Kubis spinors the two-particle state can
be written [160]

ψ̄(q1, q2) ≡ ψ̄(p1, λ1′ , ρ1′ ; p2, λ2′ , ρ2′ ) (C-5.4)

= ū(q, θ)
(ρ

1′ )

λ
1′

ū(−q, θ)(ρ2′ )

−λ
2′
,

ψ̄(p1, p2) ≡ ψ(p1, λ1, ρ1; p2, λ2, ρ2)

= u(p)(ρ1)
λ1

u(−q)(ρ2)
−λ2

.

Primed quantities refer to final states. For the kinematic variables in the center of mass
we have used the notation: p1 = (Ep, ~p), p2 = (Ep,−~p) and the corresponding ones for
the final state with ~p replace by ~q.



6
Two-pion exchange contributions:
results

Numerical results of the model for the NN strong interaction described in the previous
chapter will be presented here. Models describing the same physics based upon chiral
perturbation theory, such as the works of Entem et al . [38, 39], Kaiser et al . [33] and
Epelbaum [164, 165] will be used for comparison. The higher partial waves are only
sensitive to medium and long range physics. The latter is given by the one-pion-exchange
(OPE) contribution as is long known. The medium range nucleon-nucleon interaction is
dominated by correlated two-pion-exchanges (TPE). It thus makes sense to consider first
the results for the high partial waves. This also provides a qualitative test for the chiral
dynamics in the two nucleon interaction. For the reproduction of the lower partial waves
a proper description of the short range part of the NN interaction is required. In our
model this is achieved by the inclusion of the ω meson, responsible for the short range
repulsion, the ρ meson which ensures the proper splitting of the coupled waves and a few
other heavy mesons. Within the one-boson-exchange model (OBE) the introduction of a
scalar isoscalar boson was necessary in order to reproduce the attractive medium range
NN central potential. An important part of the TPE contributions mimics the exact
same physics which should lead to a sizable decrease of the σ-nucleon coupling constant
(gε). In the following the direct and crossed boxes supplemented by the c0 football and
triangle diagrams will be called NLO diagrams or terms, while the c1, c3 and c4 triangles
plus the c0c4 football will be called NNLO diagrams or terms. However, our diagrams
contain, besides the corresponding chiral perturbation theory terms, higher order recoil
and relativistic corrections.

6.1 Phenomenological interpretation of the LECs

The values of the low energy coupling constants ci (LECs) are not constrained by chiral
symmetry and they have to be determined from a fit to the experimental πN or alterna-
tively NN elastic data. In chiral perturbation theory based models for the pion-nucleon
elastic scattering the c1, c3 and c4 coupling constants enter already at order Q2 and
from an analysis based on such a model the following values have been obtained [166]:
c1=-0.64 GeV−1, c3=-3.90 GeV−1, c4=2.25 GeV−1. At order Q3 the analysis of the πN
data is performed by considering observables that receive contributions only from tree

81
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LEC πN NN this work
c1 -0.87 . . . -1.53 -0.76 -0.81
c3 -5.25 . . . -6.20 -4.78 . . . -5.08 -4.70
c4 3.47 . . . 3.61 3.92 . . . 4.70 3.40

Table 6.1: The ranges of the LECs (in GeV−1) extracted from πN and NN scattering data

compared with the values used in this thesis.

graphs containing the ci couplings and finite one-loop corrections but no contributions
from the a priori unknown terms in L(3)

πN . The range of the LECs as determined from
such Q3 analysis [78, 150, 166, 167] is shown in Table (6.1).

The extraction of the LECs from elastic NN scattering data has been performed
by the Nijmegen group and collaborators [122, 77]. In their approach, the chiral two-
pion-exchange component of the long-range nucleon-nucleon interaction derived from the
chiral Lagrangian together with the full electromagnetic interaction and the one-pion-
exchange potential are used to solve the relativistic Schrödinger equation with boundary
conditions. The model is fitted to the pp Nijmegen data base and in the process the ci
coupling constants are extracted. The value of the c1 coupling is determined from its
relation to the pion-nucleon sigma term σ(0) for which a low value is chosen, σ(0)=35±5
MeV. Extracting it via a fitting procedure is unreliable, even though consistent with
values obtained from the πN analysis: c1=-4.4±3.4 GeV−1. Results from this analysis
are shown Table (6.1), along with the values we have adopted for the LECs in this thesis,
namely the ones used in Ref. [164]. The statistical errors on the extracted values are of
the order of 0.2. . .0.3 GeV−1 and are not included in the presented ranges.

The phenomenological interpretation of the values of the LECs has been presented
by Bernard et al . in [78]. An effective Lagrangian with resonances chirally coupled to
nucleons and pions has been employed. Local pion-nucleon operators can be generated by
letting the resonance masses become very large while keeping the ratio of coupling con-
stants to masses fixed. In this way the resonance degrees of freedom are decoupled from
the effective theory keeping however the information about these particles in the numer-
ical values of the LECs. By considering both baryonic (B) and mesonic (M) excitations,
one can write

ci =
∑

B=∆,N∗,...

c
(N)
i +

∑
M=σ,ρ,...

c
(M)
i . (6.1)

The contribution of a isoscalar-scalar meson to the c1,3 coupling constants can be
deduced from a chiral model for ππ scattering, which contains two two-pion scalar-meson
interactions: one chiral symmetric and one breaking the chiral symmetry spontaneously.
Their coupling constants are denoted by c̄d and c̄m respectively. The contribution to the
c1 LEC has the form

cσ1 = −gσ c̄m
m2

σ

= −0.81 GeV−1, (6.2)
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where gσ is the coupling constant of the isoscalar-scalar meson to nucleons with the
numerical value g2

σ/4π= 7.6 (Fleischer-Tjon OBE model value); here c̄m=30 MeV. As-
suming that the value of c1 is entirely due to the scalar meson exchange (i.e. cσ1 = c1) the
mass of that meson, mσ, can be determined from the above relation: mσ=602 MeV. This
value is reasonably close to the value used in the Fleischer-Tjon OBE model: mσ=570
MeV. The scalar meson contribution to c3 is given by

cσ3 = −2gσ c̄d
m2

σ

= 2
c̄d
c̄m

cσ1 = −1.22 GeV−1, (6.3)

using c̄d=23 MeV. The ρ vector-meson contribution to c4 amounts to

cρ4 =
κ

4M
= 1.81 GeV−1 , (6.4)

where M is the nucleon mass and for the vector meson magnetic moment the value κ=6.8
has been used. The contributions of the ∆ isobar to the LECs has been determined by
using the isobar model and the SU(4) coupling constant relation. It is summarized by
the expression

c∆3 = −2 c∆4 = − g2
A (m∆ −M)

2[(m∆ −M)2 −m2
π]

= −3.83 GeV−1. (6.5)

This value bares sizable uncertainties, since by using the Rarita-Schwinger formalism
and varying the value of the off-shell parameter Z changes up to 20% are found. In the
mentioned reference [78] contributions of the N∗ (Roper) baryon resonance have also
been evaluated but found to be numerically small. We summarize by listing the values
of the LECs obtained by adding up the various contributions to each of them

c1 = cσ1 = −0.81 GeV−1 ,

c3 = cσ3 + c∆3 = −5.05 GeV−1 , (6.6)
c4 = cρ4 + c∆4 = 3.73 GeV−1 .

6.2 Potential in coordinate space

The relativistic matrix elements of the elastic scattering matrix T or of the quasipotential
W can be reduced to a non-relativistic form (matrix elements in a two component spinor
space) by making use of the expression of the Dirac spinors in terms of Pauli spinors.
One can then pass from momentum space to coordinate space representation and obtain
the expression of the NN interaction in the form of non-relativistic potentials. This is
achieved by Fourier transforming momentum space amplitudes that are well behaved.
Otherwise the finite range part of the interaction in the coordinate space can be obtained
as a superposition of Yukawa potentials via a spectral function representation of the
momentum space amplitudes [15, 33]. The general expression of the on-shell scattering
amplitude in the center of mass frame of two nucleons has the general form

T (~r, s, t) = VC(r) + ~τ1 · ~τ2WC(r) + [VS(r) + ~τ1 · ~τ2WS(r)]~σ1 · ~σ2 (6.7)
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+[VT (r) + ~τ1 · ~τ2WT (r)]S12 + [VSO(r) + ~τ1~τ2WSO(r)]~L · ~S
+[VQ(r) + ~τ1 · ~τ2WQ(r)]Q12

S12 = 3(~σ1 · r̂)(~σ2 · r̂)− (~σ1 · ~σ2) (6.8)

Q12 =
1
2
[(~σ1 · ~L)(~σ2 · ~L) + (~σ2 · ~L)(~σ1 · ~L)] (6.9)

with s and t denoting the spin and respectively isospin variables. Contributions to the
two-pion exchange potential have been determined starting with the 50’s [168, 169, 170,
171] and the 70’s [13]. Terms originating in the direct or crossed box and sometimes the
c0 loop diagrams have been considered in these older studies while in [15] the starting
point has been the elastic πN scattering amplitude. In the last decade the form of two-
pion-exchange potential has been studied taking into account the constraints set by chiral
symmetry on the allowed form of the interaction [30, 155, 172, 173]. The most compre-
hensive work in this direction has been done by Kaiser and collaborators [33, 36, 37] who
have determined the nucleon-nucleon potential up to order N3LO in chiral perturbation
theory. Among other contributions, the one-loop two-pion exchange potential has been
determined up to 1/M2 corrections for the NLO diagrams and 1/M corrections for the
NNLO ones. Dimensional regularization has been used to extract the finite part of the di-
vergent loop integrals. Polynomial terms in the momentum transfer have been neglected
since they only give rise to zero range potentials. Their result for the two-pion-exchange
potential will be used in this section for a comparison with the one-boson-exchange po-
tential generated by the mesons that have been considered in the model of Fleischer and
Tjon. This comparison will also serve as a quantitative illustration of the phenomenolog-
ical interpretation of the LECs. The coordinate space form of the one-boson-exchange
potential can be obtained, for example, from the work of Partovi and Lomon [13]. In that
reference a local expression for the OBE potential is derived by making an expansion in
terms of ~q 2/M2 of the relativistic amplitudes, where ~q is the relative three-momentum
of the two nucleons in their center of mass system. The first two terms of this expansion
are kept (static term plus 1/M2 corrections) and all terms proportional with the total
energy (non-local terms) are ignored. The values of the coupling constants of mesons to
nucleons are the ones listed in the line labeled OBE in Table (6.4). In the calculations of
the phase shifts, in the later sections, the fully relativistic amplitudes are employed. The
difference between them and those of Kaiser is given by higher order terms in the 1/M
expansion as well as non-local terms, their magnitude being assumed to be reasonably
small.

We start with the isoscalar central potential, which is given by [33]

VC(r) =
g2

A

32π2f4
π

{
3e−2x

r6

[
2c1x2(1 + x)2 + c3(6 + 12x+ 10x2 + 4x3 + x4)

]
− 1
πMr

[12mπc3
r5

[(30x+ 12x3)K0(2x) + (30 + 27x2 + 4x4)K1(2x)]

+6(2c1 + c3)m6
πK0(2x)

]}
, (6.10)

with x = mπr, mπ the pion mass while M is the nucleon mass and Kn(x) is the modified
Bessel function. In order to avoid lengthy expressions not all the terms are shown here,
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Figure 6.1: The isoscalar central potential VC(r) (left panel) and the isovector tensor potential

WT (r) (right panel) generated by the one-loop two-pion exchange graph compared with the

respective one-boson exchange potentials.

just the ones that are most important quantitatively. For example among the omitted
terms are 1/M and 1/M2 contributions from the direct and crossed boxes and some 1/M
corrections to the c1 and c3 triangles. The shown terms account for a strong short range
attraction (first line) and strong short range repulsion (second line) and a long range
repulsion (third line). This results in a net short range attraction which mimics very
well the σ phenomenological short range attraction, while at long ranges the potential is
repulsive, with a repulsion that amounts to 1 MeV at r=2.1 fm (see Fig. (6.1)). This last
feature is opposite to the OBE model, which displays an attraction over the whole range
of r. At N2LO in chiral perturbation theory the dimensional regularized isoscalar central
potential is far more attractive than the one presented here, at r=1 fm the attraction
amounts to about 300 MeV. Epelbaum et al . [164] has shown that by using a sharp
cut-off procedure to regularize divergent integrals, the resulting coordinate space central
potential is in good agreement with the OBE one (σ + ω) provided that the value of the
cut-off is chosen in the range Λ=500. . .800 MeV.

The main contribution to the isovector-tensor potential comes from the c4 triangle
diagram and is attractive. Small corrections originating from the direct and crossed boxes
and the c0 diagrams are of the order of a few MeV. Compared with its phenomenological
counterpart from the ρ meson the net attraction displayed by the TPE diagrams is about
a factor 2 too small (Fig. (6.1)); 1/M corrections to the c4 triangle are repulsive and
quite large, of the order of 15 MeV at r = 1 fm. Comparing again with the finite cutoff
result of [164] the attraction decreases even further when the value of the cutoff is chosen
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Figure 6.2: The isovector spin-spin potential WC(r) (left panel) and the spin-orbit potentials

VSO(r) and WSO(r).

as before. The dominant part of the two-pion isovector-tensor potential is given by

WT (r) = − c4g
2
A

48π2f4
πr

6

{
e−2x(1 + x)(3 + 3x+ x2) (6.11)

− 7mπ

3πM

[
3x(8 + x+ 2x2)K0(2x) + (24 + 21x2 + 2x4)K1(2x)

]}
.

Turning to the isovector spin-spin potential, the c4 triangle gives here the dominant
contribution and as in the case of the isovector tensor potential the 1/M correction is
important too. Smaller corrections, of the order of 1-2 MeV at r=1 fm, coming from
the direct and crossed boxes and from the c0 triangle and football graphs are included
in Fig. (6.2). There is a large difference with respect to the OBE potential for which the
ρ meson gives a strong repulsive spin-spin potential at short ranges. Nevertheless both
potentials are repulsive and the difference between them reduces at bigger r given the
shorter range of the ρ potential. Including a sharp cut-off [164] decreases the repulsion
of the TPE potential at NLO in chiral perturbation theory. The c4 triangle graphs
contribution to the spin-spin potential has the following expression

WS(r) =
c4g

2
A

48π2f4
πr

6

{
e−2x(1 + x)(3 + 3x+ x2) (6.12)

− 7mπ

3πM

[
6x(5 + 2x2)K0(2x) + (30 + 27x2 + 4x4)K1(2x)

]}
.

The isoscalar spin-orbit TPE potential receives contributions only from the direct
and crossed box diagram. Besides these, in chiral perturbation theory at N3LO, there is
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Figure 6.3: The isoscalar tensor (VT (r)) and spin-spin (VS(r)) potentials (left panel) and the

isovector central potential WC(r).

an 1/M correction to the c2 diagram which gives an important repulsive contribution to
the isoscalar spin-orbit potential [36]. It has not been taken into account here (together
with a repulsive 1/M term contributing to the isoscalar scalar potential) since the c2
interaction it not a part of our interaction Lagrangian. The considered terms give rise
to a net attractive spin-orbit potential with a magnitude close to that of the σ meson
(Fig. (6.2)). At short ranges (r < 1.5 fm) the ω leads to further attraction. The expression
of the spin-orbit potential reads

VSO(r) = − g4
A

128π2f4
πr

6

{
6e−2x(1 + x)(2 + 2x+ x2) (6.13)

−mπ

πM

[
x(165 + 52x2)K0(2x) + (165 + 132x2 + 16x4)K1(2x)

]}
.

The main contributions to the isovector spin-orbit potential comes from 1/M correc-
tions to the c0c4 football and the c4 triangle. The latter dominates and is numerically
close the ρ contribution (the contribution of the δ meson is negligible in this channel)
to WSO (Fig. (6.2)). The 1/M and 1/M2 corrections to the direct and crossed boxes
and c0 diagrams lead to a net attraction of about 2 MeV at r=1 fm [33]. The following
expression is found for the dominating terms:

WSO(r) =
3c4mπ

4π3Mf4
πr

6

{[
xK0(2x) + (3 + 2x)K1(2x)

]
(6.14)

+g2
A

[
x(15 + 4x2)K0(2x) + (15 + 12x2)K1(2x)

]}
.
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These are the only TPE exchange potentials that in coordinate space show a clear
connection with the corresponding one-boson potentials (σ, ω, ρ). For completeness we
will present the expressions for the remaining two-pion-exchange potentials together with
plots where the corresponding one-boson exchange potentials are also shown.

The one-boson-exchange isoscalar tensor potential comprises an attractive ω meson
contribution and a repulsive η term which cancel each other to a large extent. The
attractive net result is plotted in Fig. (6.3). At the two-pion exchange level there are
only contributions from the direct and crossed boxes which are also attractive. Their
expression is given by

VT (r) =
g4

Amπ

128π3f4
πr

4

{
− 12xK0(2x)− (15 + 4x2)K1(2x) (6.15)

+
3πe−2x

8Mr
(
12
x

+ 24 + 20x+ 9x2 + 2x3)

+
1

6M2r2

[
x(510 + 162x2 + 8x4)K0(2x) + (510 + 417x2 + 44x4)K1(2x)

]}
The situation is somewhat similar in the case of the isoscalar spin-spin potential with

both the ω and η mesons giving repulsive contributions. The TPE potential is again
given by the contributions from the direct and crossed boxes which are repulsive this
time. Their expression reads

VS(r) =
g4

Amπ

32π3fπr4

{
3xK0(2x) + (3 + 2x2)K1(2x) (6.16)

−2πe−2x

16Mr

[ 6
x

+ 12 + 11x+ 6x2 + 2x3
]

+
1

6M2r2

[
x(90 + 36x2 + 4x4)K0(2x) + (90 + 81x2 + 14x4)K1(2x)

]}
The isovector central potential is numerically small Fig. (6.3) due to a strong cancella-

tion of attractive contributions originating in the direct and crossed boxes and a repulsive
one due to the c4 coupling. Both of these terms have an absolute magnitude of about 20
MeV. On the phenomenological side the repulsive ρ vector meson terms is dominating
the small attractive contribution from the δ meson. The TPE isovector central potential
has the form

WC(r) =
g2

Amπ

128π3f4
πr

4

{
− g2

A(23 + 12x2)K1(2x)− g2
Ax(23 + 4x2)K0(2x) (6.17)

+
πe−2x

4Mr

[
2(3g2

A − 2)(
1
x

+ 12 + 10x+ 4x2 + x3) + g2
Ax(2 + 4x+ 2x2 + 3x3)

]
− g2

A

3M2r2

[
6x(135 + 43x2 + x4)K0(2x) + (810 + 663x2 + 70x4 + 4x6)K1(2x)

]
+

c4
Mr2

[
12x(25 + 8x2)K0(2x) + 4(50 + 41x2 + 4x4)K1(2x)

]}
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To conclude this section we summarize the main similarities observed between the one-
boson-exchange and the two-pion exchange. The σ meson potential is well reproduced
in the isoscalar central channel by the c1 and c3 terms. The direct and crossed boxes
contributions mimic to some extent the form of the ω potential in the isoscalar spin-orbit,
tensor and spin-spin channels. Turning to the isovector potentials the c4 terms give rise
to a potential which has the right sign, but often the magnitude is a few times off (with
the exception of the spin-orbit potential). It agrees with the presented results of the
last section according to which only half of the value of c4 has origin in the ρ meson
physics . The quadratic spin-orbit terms have not been considered in this section. We
have considered local one-boson-exchange potentials for which only the leading and next
to leading local terms have been kept. To this order the one-boson-exchange potential
has no quadratic spin-orbit terms. The TPE potential to N3LO has only an isoscalar
quadratic spin-orbit term coming from a 1/M2 correction to the direct+crossed boxes
with a magnitude of about 1 MeV at r=1 fm [37]. The long range behavior of the TPE
potential can be easily found by making use of the asymptotic behavior of the modified
Bessel functions: Kn(2x) ∝

√
π
2

e−2x
√

2x

[
1 +O(1/2x)

]
.

6.3 Peripheral waves

Kaiser et al . [33] have shown that at NNLO in chiral perturbation theory, using dimen-
sional regularization to extract the finite part of one-loop integrals, the peripheral waves
for elastic scattering are reasonably reproduced up to 50 MeV for the D waves and up to
150 MeV for the higher partial waves. This poor convergence of the chiral expansion has
been identified with the improper short range behavior of the NNLO diagrams, due es-
pecially to a strong central attraction caused by the c3 triangle diagrams. This is mainly
visible in the D and F waves, while the G waves and higher are dominated by one-pion-
exchange. Epelbaum et al . [164] has shown that by using a sharp cut-off procedure with
Λ = 500 . . . 800 MeV the spurious short-range strong attraction of the NN potential at
NNLO can be removed leaving a central potential which is of the same order of magni-
tude as the one obtained from the one-boson-exchange models. In the previous section,
by putting together the NNLO [33] and N3LO [36, 37] contributions to the one-loop two-
pion-exchange potential is has been seen that at that order the strong attraction of the
central potential has been reduced to values close to the σ meson contributions in the
OBE model. This is however twice the size of the combined σ+ω attraction at r=1 fm.
It is expected that by considering the full relativistic amplitudes the short-range central
attraction to be milder.

We present the results for the peripheral waves for NN scattering for the model
described in the previous chapter. The finite part of the loop integrals has been extracted
via both dimensional and cut-off regularization. For the latter case a dipole form-factor
has been chosen and the value of the cut-off Λ has been varied in the 632. . .782 MeV (the
squares of these values expressed in nucleon masses ”look simpler”) range. With such
values for the cut-off, contributions of ranges shorter than 0.5 fm are effectively left out.
A disadvantage of a dipole form-factor with respect to a sharp one is that if a low value for
the cut-off Λ is chosen the long range pieces of the potential are distorted to some extent.



90 Chapter 6: Two-pion exchange contributions: results

0 100 200 300
Tlab[MeV]

-5

0

5

10

15

20

25

Ph
as

e
Sh

if
t[

de
g] 1

D2

0 100 200 300
Tlab[MeV]

-5

0

5

10

15

20

25

30

Ph
as

e
Sh

if
t[

de
g]

3
D2

0 100 200 300
Tlab[MeV]

-30

-20

-10

0

10

20

30

40

Ph
as

e
Sh

if
t[

de
g] 3

D1

0 100 200 300
Tlab[MeV]

-10

-5

0

5

10

15

20

Ph
as

e
Sh

if
t[

de
g]

3
D3

0 100 200 300
Tlab[MeV]

-7

-6

-5

-4

-3

-2

-1

0

1

M
ix

in
g

A
ng

le
[d

eg
]

2

Figure 6.4: D-wave phase shifts and the mixing angle ε2 as a function of the nucleon kinetic

energy in the laboratory frame. The dotted, dashed and full curves are the dimensional regular-

ization results for pure OPE (pointlike), NLO and NNLO respectively. The light-grey, grey and

dark-grey bands correspond to a cutoff regularization calculation for the OPE, NLO and NNLO

respectively. The PWA93 [121] experimental np phase shifts are shown for comparison.
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Our choice here for a dipole cut-off is a necessity due to the particular way in which the
diagrams are evaluated and due to a necessary compatibility with the one-boson-model
to which the TPE potential will be added to determine the lower partial waves phase
shifts. We remind here that the values used here for the LECs are the ones presented
in Table (6.1). The value of the pion decay constant fπ=90.24 MeV has been determined
from the Goldberger-Treiman relation using gA=1.2573 and gπ/4π2=13.6. To determine
the phase shifts the matrix elements of the pseudo-potential W have been used, rather
then the iterated T matrix. This is commonly accepted to be a good approximation
for the higher partial waves as long as the value of the phase shift is small enough. At
the Born level the scattering amplitude is real and extracting phase shifts (imposing a
unitarity condition) introduces further approximations. We have extracted the phase
shifts from the unitary representation of the partial wave amplitudes in Eq. (5.79)

T J
J =

1
2ik

[ exp(2iδJ)− 1 ] (6.18)

T J
J±1 =

1
2ik

[ cos(2εJ) exp(2iδJ±1)− 1 ]

T J
J,J±1 =

1
2k

sin(2εJ) exp(iδJ−1 + iδJ+1)

by first computing tan δ in order to avoid problems with inverse trigonometric functions.
Our prescription is close to the one used by Kaiser [33], T J

J = δJ/k, when the value of
the extracted phase shift is small enough. The difference between the two amounts to at
most 0.5◦ for the cases presented in this section.

We will start with the D waves, plotted in Fig. (6.4). The OPE result is a reasonable
approximation only to the 3D1 wave and to some extent to the 3D2 wave. For the
other waves the agreement is only qualitative: 1D2 and ε2 for which the sign is correctly
reproduced but it is too weak and respectively too strong. In the case of the 3D3 partial
wave even the sign is different. These discrepancies are due to the sensitivity to TPE
contributions and to iterations of the potential. The NLO contributions change the
leading-order result with at most few degrees at Tlab=300 MeV for both the cut-off (CO)
and dimensional regularization (DR) procedures. Main contributors at NLO are the
direct (3D2,3D1 and 3D3) and crossed (1D2 and ε2) boxes. The c0 diagrams are generally
small, the only exception to that is in the 3D1 where their repulsion increases the phase
shifts with about 2◦ at 300 MeV. For the 3D2 and 3D3 partial waves these contributions
are even in the wrong direction, most notably for the latter wave. A notable improvement
is the values of ε2 at higher energies while for the remaining waves the improvement is
only marginal.

At NNLO a clear distinction has to be made between the CO and DR results. The
former brings a notable improvement in all the partial waves with the exception of 3D1

and perhaps 3D2 which even though goes in the right direction the change is too small.
The experimental values for 2D1 and ε2 fall now within the Λ =632. . .782 MeV bands
and the results for the 3D3 phase shifts have greatly improved. It is noteworthy that
an improvement of the 3D2 and 3D3 would require a higher cut-off. The c1 gives a
isoscalar central attraction (see previous section) which has only a marginal impact on
the D waves phase shifts. Important contributions to these waves at NNLO come from
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Figure 6.5: The same as in Fig. (6.4) but for the F waves and the ε3 mixing angle.
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OPE +DB +CB +c0 +c1 +c3 +c4 +c0c4
3D1 -16.03 -18.45 -18.37 -17.38 -17.23 -14.68 -9.63 -8.80
1D2 1.40 1.37 2.54 2.42 2.69 6.83 7.70 7.74
3D2 17.95 17.22 16.88 17.34 17.51 20.02 19.44 19.55
3F2 1.92 1.84 1.80 1.71 1.77 2.44 2.09 2.05
ε2 -4.06 -3.96 -3.62 -3.56 -3.57 -3.98 -3.21 -3.16

1F3 -3.94 -3.43 -3.59 -3.52 -3.46 -2.67 -3.20 -3.22
3F3 -3.25 -3.28 -3.11 -3.15 -3.09 -2.34 -2.30 -2.31
3D3 -4.10 -5.64 -5.94 -5.65 -5.37 -0.62 0.38 0.29
3G3 -2.24 -2.41 -2.40 -2.35 -2.34 -2.19 -2.01 -1.99
ε3 6.44 6.63 6.59 6.56 6.56 6.51 6.18 6.16

1G4 0.70 0.70 0.76 0.76 0.77 0.94 0.97 0.97
3G4 4.77 4.71 4.68 4.71 4.73 4.88 4.86 4.87
3F4 0.58 0.54 0.67 0.65 0.72 1.61 1.55 1.55
3H4 0.33 0.32 0.32 0.32 0.32 0.35 0.34 0.34
ε4 -1.14 -1.14 -1.12 -1.12 -1.12 -1.12 -1.10 -1.10

3G5 -0.80 -0.89 -0.91 -0.90 -0.88 -0.70 -0.66 -0.67

Table 6.2: Contributions of the individual TPE diagrams at Tlab=200 MeV with the cut-off

Λ2=616 MeV2. The result of each column is obtained by adding the mentioned contribution to

the one in the neighboring left column. These manipulations were done at the level of scattering

amplitudes and only then phase shifts were extracted. DB stands for the irreducible part of the

direct box, c0c4 for the corresponding football diagram, etc.(see Section (5.6)).

the c3 and c4 diagrams which contribute most notably to central and respectively tensor
potentials. It is the c4 tensor attraction which is responsible for most of the discrepancy
in the 3D1 channel while for ε2 the same attraction leads to agreement. The notable
improvements in the 1D2 and 3D3 partial waves are due to the attraction generated by
the c3 term. A quantitative comparison of the contributions of each individual diagrams
we have considered here is presented in Table (6.2). Phase shifts were extracted from
the amplitude containing contributions from the diagram labeling the respective column
plus all the diagrams labeling the columns to the left. By comparing the values in two
neighboring columns the relative importance of each of the considered contributions at
Tlab=200 MeV can be deduced. Turning to the DR results the first observation to be
made is that they are far more attractive at higher energies than their CO counterpart.
This statement holds for each D wave with the mention that in the case of 3D2 and ε2 this
supplementary attraction leads to an agreement with the experimental phase shifts at
high energies. Our DR results are qualitatively similar (i.e. show similar strong attraction
at high energies) to earlier results of Kaiser [33] and Epelbaum [164] but quantitatively
the differences are important. Both authors find the attraction to be so strong that the
phase shifts reach 40◦ already at 200 MeV for most of the D waves. Our CO result is
similar to the one of Epelbaum, the differences originating in the extra terms we include
(relativistic and recoil corrections) and to the different cut-off scheme.
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Turning to the F-waves (Fig. (6.5)) the first observation to be made is that the DR
result does not show the strong attraction at high energies we have noticed in the case
of the D-waves. The same feature has been observed by Kaiser [33] and Epelbaum [164]
with the mention that their results show a high energy attraction for the 3F3,3F2 and 3F4

that overshoots our own by 2◦-3◦. The DR for the 1F3 partial wave is close to the OPE
result due to an almost perfect cancellation between the NLO and NNLO diagrams.

The OPE is a good approximation for all of these waves up to an energy of 100
MeV and for some of them even higher. NLO diagrams are unimportant up to 200 MeV
and they only contribute at most half a degree at 300 MeV. An important attraction is
generated in each of the F partial waves by the c3 term which is compensated to some
extent in the 1F3 and 3F4 channels by an isovector tensor repulsion originating in the c4
diagrams. Out of the NNLO terms only these two show a noteworthy contribution. The
mixing angle ε3 suffers a decrease with respect to its NLO value of about 1◦ at 300 MeV
due to the c4 repulsion. Furthermore the cut-off dependence at high energies is far more
reduced than for the D waves, in some case to almost no sensitivity as is the case of the
3F2 and 3F3 waves. With the exception of the latter all the F-waves (+ε2) are in good
agreement with the experimental np phase shifts.

The G-wave phase shifts and the mixing angle ε4 are plotted in Fig. (6.6). The
difference between the DR and CO calculations has reduced even further. As expected
the OPE is the major contributor, while the effect of the NLO diagrams is negligible,
about 0.2◦ at 300 MeV. NNLO diagrams that have a visible impact on these waves are, as
expected, the ones proportional with the c3 and c4 couplings constants. The value of the
ε4 mixing angle is determined reliably by the one-pion-exchange term. When comparing
with the experimental values differences are found in the 3G3 and 3G5 channels. The
differences, as relative values, are important and are due to the nonperturbative character
of these waves. We will come back to this issue in a later section.

We have checked the results for even higher partial waves, namely H and I. At such
a high value for the angular momentum contributions from short- or intermediate-range
parts of the potential are expected to be marginal. This is what has been actually been
observed: all of the partial waves and mixing-angles are determined with a high degree of
accuracy by the long range part of the OPE potential. There is only one exception, the
3H6 partial wave which receives an attractive contribution from the c3 triangle diagram
that increases the value of the corresponding phase shift by 60%. The resulting values of
the phase shift are in excellent agreement with the experimental ones.

In the presented plots we have compared calculations obtained via dimensional- and
cut-off regularization. To study the effect of a low cut-off on the short range part of the
potential, strictly speaking, one should compare such a calculation with the one obtained
by letting Λ grow to infinity, or at least to a large value. We have performed such a
calculation too and present the cut-off sensitivity of the peripheral waves in Table (6.3).
To demonstrate the sensitivity, results for phase shifts at Tlab=200 MeV for three values
for the cut-off, Λ2=1.67, 1.01 and 0.62 GeV2, are shown. The last value corresponds to
one of the limits of the low cut-off variation bands in the previous plots, while the first
is high enough such that it corresponds to an almost pointlike (Λ → ∞) pion-nucleon
interaction. Two feature are readily observable: a higher sensitivity towards lower values
of the cut-off (according to expectations) and that the main part of the cut-off sensitivity
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Figure 6.6: The G waves and the ε4 mixing angle. The curves have the same meaning as

in Fig. (6.4).
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OPE NLO NNLO
Λ2(GeV2) 1.67 1.01 0.62 1.67 1.01 0.62 1.67 1.01 0.62

3D1 -16.96 -16.67 -16.03 -18.63 -18.24 -17.38 -3.44 -6.43 -8.80
1D2 1.98 1.77 1.40 3.26 2.96 2.42 10.93 9.63 7.74
3D2 19.52 19.81 17.53 18.78 18.32 17.34 21.61 20.94 19.56
3F2 1.91 1.92 1.92 1.67 1.69 1.71 1.92 2.00 2.05
ε2 -4.73 -4.50 -4.06 -4.11 -3.93 -3.56 -3.74 -3.55 -3.17

1F3 -3.56 -3.53 -3.39 -3.69 -3.66 -3.52 -3.39 -3.35 -3.22
3F3 -3.26 -3.28 -3.25 -3.18 -3.19 -3.15 -2.27 -2.29 -2.31
3D3 -4.06 -4.09 -4.10 -6.17 -5.97 -5.65 3.38 1.89 0.29
3G3 -2.17 -2.20 -2.24 -2.27 -2.31 -2.35 -1.91 -1.94 -1.99
ε3 6.55 6.55 6.44 6.68 6.68 6.56 6.23 6.24 6.16

1G4 0.69 0.69 0.70 0.74 0.75 0.76 0.95 0.96 0.98
3G4 4.64 4.70 4.77 4.58 4.64 4.71 4.74 4.80 4.87
3F4 0.56 0.57 0.58 0.64 0.64 0.65 1.69 1.65 1.56
3H4 0.31 0.32 0.33 0.30 0.31 0.32 0.33 0.33 0.34
ε4 -1.12 -1.13 -1.14 -1.09 -1.11 -1.12 -1.07 -1.08 -1.10

3G5 -0.77 -0.78 -0.80 -0.87 -0.88 -0.90 -0.64 -0.65 -0.67

Table 6.3: Cut-off dependence of the peripheral-waves phase-shifts at Tlab=200 MeV. Results

at the OPE, NLO and NNLO are shown.

originates in the NNLO diagrams. The Λ→∞ and the DR calculations are not identical.
As explained in [164] one has

WDR = W
(non−pol.)
DR +W

(pol.)
DR ,

WCO = W
(non−pol.)
CO +W

(pol.)
CO , (6.19)

W
(non−pol.)
CO

Λ→∞−→ W
(non−pol.)
DR .

The two polynomial terms have a similar structure, with the cut-off mass Λ and the
renormalization scale µ interchanged and different coefficients for the monomials. The
difference between the two is given by short range contact potentials. The difference
between the Λ2=1.672 GeV2 and DR calculations is sizeble for the D waves, which are
sensitive to contact potentials with four derivatives or more, amounting up to half of the
observed difference between the DR and low-cut-off calculations (3D1 and 3D3). The
situation is totally different for the F waves and higher for which this difference is small
(with the exception of the 3F2 wave).
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Figure 6.7: Selected waves for which the effect of the iteration of the quasipotential is shown

(dark-grey band). The Born term result is represented by the light-grey band. The effect of

adding the once iterated one-pion exchange term to W is also shown (grey band).

6.4 Effect of the iteration of the potential on the
phase shifts

In the previous section the phase shifts have been computed by approximating the scat-
tering matrix by the Born term. As already mentioned this is expected to be a reasonable
approximation when the value of the phase shift is small and for the higher partial waves.
Nevertheless, for certain waves (3D2,3D1, 3F2 and 3G5) differences with respect to the
experimental np phase shifts were observed, some of the phase shifts being numerically
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small. In this section we address the question whether this difference can be explained
by a nonperturbative character of those channels. We have therefore iterated the BSLT
equation and extracted the resulting phase shifts, some of them being plotted in Fig. (6.7).

Besides the effect of iteration, the effect of adding only the once iterated one-pion
exchange term to the quasipotential has also been plotted. It can have an important
impact on the value of the phase shifts of certain waves, contrary to what is stated
elsewhere [164]. Adding it results in a improvement of all phase shifts for which the Born
approximation showed a difference when compared with the experimental values. Three
such examples are plotted in Fig. (6.7): compare the light-grey and grey bands. Not
shown here is the case of the 3D1 partial wave for which the inclusion of the iterated one-
pion exchange leads to a dramatic change in the value of the phase shift which decreases
by 20◦ at 300 MeV.

Iterating the potential increases somewhat its value to reach the value δ3D1=-20 ◦ at
300 MeV, a much better situation than the one presented in Fig. (6.4). Other waves that
show a closer resemblance to the experimental data after the quasipotential equation is
solved are: 3D3,3F3,3G3 and 3G5. For 3F2, another problematic partial wave, although
the change is in the good direction it is only marginal, while for the 3D2 the situation
has worsened (see Fig. (6.7)). This is the only partial wave that at this stage still shows
a sizable difference with the experimental data.

6.5 Numerical accuracy of the results

In our calculation numerical inaccuracies can originate from two sources: first the finite
accuracy to which the scalar loop integrals are computed using the ff libraries and
second our method for treating the cut-off integrals. Of course, in the case of DR only
the former source appears.

The ff [128] libraries have been developed for the evaluation of scalar loop integrals
one encounters in particle-physics calculations. It is based on more refined numerical
algorithms than its predecessor FORMF [126] written by M. Veltman to perform the
same task. The ff package is delivered with built in error evaluation routines. Unfortu-
nately these routines have proved unreliable in our case and to determine the numerical
accuracy we have resorted to an explicit comparison between the outputs of ff and
FORMF . This has been done for a few relevant kinematical cases characteristic for our
particular model. In all cases the outputs of the two programs have been identical up to
8 digits or more.

The second source of inaccuracies has proved to be the most severe one. We remind
that in our model each meson propagator is multiplied with a dipole form factor. Since
the ff program can only handle four-point functions or lower the following reduction has
to be applied to each of the them:

1
k2 −m2

π

[
Λ2

k2 − Λ2

]2

≈ 1
k2 −m2

π

Λ2

k2 − (Λ2 − ε)
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Figure 6.8: The sensitivity of the phase shifts to the variation of the ε parameter. NLO and

NNLO results are shown separately.
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− 1
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π

)]
.

The approximation in the first line becomes an identity when ε approaches zero. As
can easily be seen from the second line this limit leads to strong cancellations which can
lead to a severe loss of accuracy. Very small values for ε are thus counterproductive,
but so are ”large” values since in that case the approximation in the first line becomes
poor. Varying ε from very small to ”large” for a specific range of values, a plateau can
be reached where the accuracy is maximal. In the actual calculations the value ε=0.044
GeV2 has been used. This value is towards the right edge of the maximum accuracy
plateau and has been proved that this can be used with reasonable accuracy for all the
cases of interest here. To show the sensitivity of our results with respect to the variation
of this parameter we have varied it in the range 0.022. . .0.066 GeV2. In Fig. (6.8) the
differences between these to extreme cases and the ε=0.044 GeV2 one has been plotted
for two representative phase shifts for the NLO and the full result. The difference grows
with energy (similar to the cut-off sensitivity) and is biggest for the the D waves (up
to 0.1◦). It is much smaller for F waves and for the higher waves is practically zero.
Modifying the range of variation for ε to 0.009. . .0.088 GeV2 the difference shows an
important increase indicating that the maximum accuracy plateau has been left.

6.6 The lower partial waves

For the description of the lower partial waves a proper consideration of the short-range
nucleon-nucleon interaction is required. In effective field theories for the NN interaction,
like chiral perturbation theory, short range effects are introduced via contact terms. They
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Fit g2
π/4π g2

η/4π g2
ε/4π gV 2

ρ /4π gT
ρ /g

V
ρ g2

ω/4π g2
δ/4π Λ2

OPE Λ2
TPE

OBE 14.20 3.09 7.34 0.43 6.80 11.00 0.33 1.32 −
Fit1 13.60 3.09 1.90 0.43 5.20 9.00 0.33 2.11 0.53
Fit2 13.60 3.09 3.16 0.60 4.57 8.62 0.33 1.67 0.44
Fit3 13.60 3.09 4.40 0.61 4.64 9.16 0.33 1.67 0.35

Table 6.4: Coupling constants of the original one-boson-exchange model of Fleischer and Tjon

(OBE) and for the three fits presented in this section. The values of the cut-offs Λ2
OPE and

Λ2
TPE are given in GeV2. For the three fits the values of the LECs given in Table (6.1) have

been used.

consist of four-fermion interactions with an even number of derivatives acting upon the
nucleon fields. Due to power-counting, at each order in the effective field expansion the
number and the form of the contact terms is unambiguously determined. There are two
such terms at leading order (LO), corresponding to spin singlet and triplet scattering,
seven at NLO and 24 at N3LO. Their matrix elements in momentum space are polyno-
mials of degree 0, 2 respectively 4 in the momentum transfer between nucleons. They
will therefore only contribute to the lower partial waves (S,P and respectively D) leaving
the peripheral waves unaffected. Because of these terms, a good description of the low
partial waves of the NN potential in the chiral models for the strong force is possible.
Due to their large number, the values of the contact term coupling constants can be
determined from a fit of each partial wave separately or from the effective range expan-
sion (for the 1S0 and 3S1 channels) [32]. Using the NNLO TPE derived by Kaiser [33],
Entem et al . [174, 175] have shown that for a good reproduction of the NN phase shifts
below 300 MeV short range contact interactions are required in the D waves. Once the
N3LO contact terms were used (which contradicts the philosophy of chiral perturbation
theory) a reproduction of all partial waves was possible. Later [38, 39], the consideration
of all the N3LO contributions to the potential, derived by Kaiser [34, 35, 36, 37, 176]
(which besides one loop TPE contributions also contains two-loops terms), has allowed
the construction of a charge-dependent chiral potential of similar quality [39] as the more
conventional ones [19]. In [165] Epelbaum has shown that using a sharp cut-off proce-
dure, which removes the unnatural short range part of the chiral NN potential at NLO,
a qualitatively good description can be achieved for all the partial waves, provided the
values of both the cut-off used to regularize the two-pion exchange loops and the one used
to regularize the Lippmann-Schwinger equation are chosen in the 500. . .800 MeV range.
It is stated [165] that partial waves with deficiencies at NNLO are improved if within the
same formalism also the N3LO terms of the potential are included. A pioneering work in
this direction has been performed by Ordónez and coworkers [30] who have included at
NNLO both TPE and ∆ isobar contributions and then solved the Schrödinger equation
in coordinate space.

A second possibility for representing the short range physics lies in the OBE represen-
tation of the nucleon-nucleon potential. The short range repulsion of the nucleon-nucleon
is mimicked by the exchange of the ω meson. In Section (6.2) similarities of the TPE po-
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Figure 6.9: The S waves obtained from solving the BSLT equation are plotted for a comparison

with the experimental phase shifts of the PWA93 analysis (full circles) and the OBE model of

Fleischer and Tjon (dotted line). The three parameter sets presented in Table (6.4) (Fit1,Fit2

and Fit3) give rise to results plotted here by the full, dashed-dotted and short dashed-dotted

lines respectively.

tential and that of the σ and ω mesons have been presented. It is expected that the TPE
potential will be a substitute for the medium range contributions of these two mesons to
some extent. In an attempt to describe the low partial waves of NN scattering it is thus
natural to consider the nucleon-nucleon potential as the sum of the OBE and TPE terms.
In order to achieve agreement with the experimental phase shifts the meson-nucleon cou-
pling constants and cut-off values have been varied, with the expectation that coupling
constants like the one of the σ meson will substantially decrease, given the fact that the
medium range attraction is now included via TPE terms. Approaches similar to ours
have been used before. We have already mentioned the work of Partovi and Lomon [13]
who have considered the direct and crossed box contributions to the potential. More
recently, Zuilhof [127, 177] has considered besides the two-pion direct and the crossed
box the corresponding π-ω boxes. These latter contributions were included in order to
weaken the short range effects of the two-pion diagrams. In particular, they play an
important role in obtaining the correct S waves splitting. Kaiser et al. [178] has added
tree-level contributions from the ω, ρ and η mesons along with two-pion exchange loops
with intermediate ∆ isobar states to the two-pion-exchange diagrams and studied the
peripheral waves. Unfortunately a significant improvement of the D waves with respect
to [33] has not been achieved.

Returning back to our model, we should first mention that the BSLT equation has
been iterated by keeping only the positive intermediate states, i.e. the matrix elements
of the potential between negative and mixed negative-positive energy states has been
set to zero. Nevertheless in evaluating the one-loop terms representing the TPE po-
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Figure 6.10: The same as in Fig. (6.9) but for the P waves and the mixing-angle ε1.
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tential, propagation of the intermediate negative-energy states has been allowed. The
corresponding terms are expected to contribute little, due to the pseudovector nature
of the pion-nucleon coupling (negative energy states are suppressed at πN vertices). At
the level of quasipotential there are now three cut-off parameters: ΛOPE for the OPE
potential, ΛTPE used to regularize the TPE one-loop contributions and ΛH used in the
construction of the heavy-meson potential. The last one has been kept fixed, Λ2

H=1.32
GeV2, while the other two have been varied (see Table (6.4)). Due to the wrong short-
range behavior of the potential the BSLT equation is regularized by a second form-factor,
of dipole form, with the value of the cut-off kept fixed at Λ̃2=1.32 GeV2. In line with
the observed sensitivity for the peripheral waves (especially D waves) the value of the
cut-off needed to regularize the one-loop contributions has been varied. Varying any of
the cut-off parameters necessitates a refit of the whole model, since the values of the low
energy NN scattering parameters (scattering lengths and effective ranges) are modified
by this operation. We have not varied ΛTPE continuously but rather picked three distinct
values Λ2=0.35, 0.44 and 0.53 GeV2 for which we show results.

The results we present in this section are preliminary, i.e. we have not performed a full
scale fit of the model to the experimental data but rather used the following procedure.
The value of the S waves phase shifts has been first brought in close agreement with
the experiment at an arbitrary chosen lab energy, usually Tlab=200 MeV, by varying the
gε, gV

ρ and gT
ρ and if necessary gω ”by hand”. The first three couplings are important

for the determination of the overall strength and splitting of the S waves. Then an
automatic search, similar to the χ2 fitting method, for the meson coupling constants was
performed. Because of the appreciable CPU time required only the above mentioned
couplings have been varied in the process. The remaining (gπ, gη and gδ) as well as the
LECs have been kept fixed. The values in [127] (fit A) for g2

η/4π and g2
δ/4π have been

used while for the pion-nucleon coupling constant the more recent value g2
π/4π=13.60

has been chosen (see Table (6.4)). Only the S and P waves have been fitted to the
corresponding experimental data at three values for Tlab: 20, 100 and 200 MeV. The
values of the coupling constants for these three fits (labeled Fit1, Fit2 and Fit3) are
shown in Table (6.4). Each of these fits corresponds to a different value of the pion-loop
cut-off ΛTPE , chosen in line with the observed cut-off dependence of the peripheral waves
(especially D waves).

The first thing to remark from Table (6.4) is the considerable decrease of the gε

coupling constant with respect to the OBE model value, especially for higher values of
ΛTPE . When it ΛTPE is decreased too much of the attractive central piece of the TPE
potential is cut off leading to the need for an increase of gε. The maximum value for the
pion-loop cut-off is correlated with the σN coupling constant. Choosing a too high value
for the former results in g2

ε/4π=0.0 in the early stages of the fit and in the impossibility of
reproducing the experimental values of the phase shifts. Values for Λ2

TPE starting at 0.7
GeV2 have been found to be problematic. The changes of the ρ meson coupling constants
are not of the same relative magnitude, due to the fact the the isovector tensor and spin-
spin potentials produced by the TPE contributions are relatively not as important as the
isoscalar central with respect to their OBE counterparts. We also note the reduction of
the gω coupling constant with 20%.

The resulting phase shifts for the three different fits are shown in Fig. (6.9), Fig. (6.10)
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Figure 6.11: D waves and the mixing-angle ε2. The meaning of the curves is the same as

in Fig. (6.9).
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Figure 6.12: Selected higher partial waves.

and Fig. (6.11) for the S, P and D waves respectively. For comparison the OBE phase
shifts are also plotted. The S waves are reproduced rather well especially for the Fit1 and
Fit2 set of parameters. The Fit3 set shows deviations of the order of 5◦ for both waves.
The deviations of the OBE model from the data is of similar magnitude. We remind that
the low energy parameters of the NN force have not been fitted here and deviations even
at low energy are normal under these circumstances, given the nonperturbative character
of these two channels.

In spite of the fact that the P waves have been among those fitted, their reproduction is
only qualitatively. All of them (with the exception of 3P0) deviate with 5-10◦ at 300 MeV.
The quality of the TPE+OBE potential is similar to that of the OBE model. Moreover,
the ε1 mixing parameter as described by Fit1 is in remarkable agreement for such a simple
fit. Taking any of the set of parameters in Table (6.4) and modifying ΛTPE within the
range used for the peripheral waves, while keeping all the other coupling constants fixed,
shows a great sensitivity for all P waves with the experimental points within or close
proximity of these bands. S waves are extremely sensitive to this procedure too. It
suggests that a careful fit might lead to an important improvement of their description.
The OBE description of the 1P1, 3P2 and ε1 is equally modest.The NNLO chiral model
of Epelbaum et al . shows a similar strong cut-off dependence of the P waves, with some
of them (1P1,3P0 and ε1) reproduced only qualitatively. The N3LO version of the chiral
model [38, 39] manages to easily reproduce all these waves accurately partly due to the
abundance of contact terms that correct the short range potential and their associated
free parameters (LECs) being determined in the process of fitting.

D waves have not been among the fitted ones, since the effects of the heavy mesons
is supposed to be less important. This is not completely true since by looking at the
curves produced by Fit1 and important improvement of 15◦ is noted for the 3D2 partial
wave as compared with the pure TPE results. For this particular fit also 3D3 is in
excellent agreement with the experimental values. Out of the D waves 3D1 shows the
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Fit1 Fit2 Fit3
OPE+TPE FULL OPE+TPE FULL OPE+TPE FULL

3D1 −17.79 -15.25 −16.58 -13.33 −17.25 -13.42
1D2 8.20 7.27 7.10 7.90 5.94 7.93
3D2 34.25 24.83 32.49 26.67 31.70 27.26
3F2 1.70 0.78 1.66 0.91 1.64 1.00
ε2 -1.58 -2.06 -2.61 -1.92 -3.38 -1.99

1F3 -3.38 -3.92 -3.39 -3.77 -3.41 -3.67
3F3 -2.43 -2.77 -2.50 -2.65 -2.57 2.60
3D3 5.23 3.55 4.32 4.56 3.52 5.05
3G3 -2.61 -2.47 -2.62 -2.44 -2.60 -2.40
ε3 5.97 5.69 6.00 5.60 6.04 5.71

1G4 0.94 0.97 0.93 1.00 0.92 1.02
3G4 4.95 4.90 4.97 4.97 4.95 4.99
3F4 1.56 1.38 1.49 1.55 1.37 1.64
3H4 0.31 0.30 0.31 0.30 0.31 0.35
ε4 -1.08 -1.06 -1.09 -1.07 -1.09 -1.07

3G5 -0.39 -0.36 -0.40 -0.33 -0.42 -0.31

Table 6.5: The importance of the heavy-meson-exchange contributions to the peripheral waves

can be determined from a comparison between the full model (OPE+TPE+OBE) and the model

restricted pions exchanges only (OPE+TPE). Phase shifts for each of the three new parameter

sets in Table (6.4) at Tlab=200 MeV are shown.

poorest description. It has been possible to bring it close to the experimental value at
the expense of worsening the description of the 1P1 (which is already poorly described)
and of the ε1 parameter. In the case of Ref. [165] all the D waves with the exception of
3D3 are reasonably described. Out of the higher partial waves we have selected only two
of them, presented in Fig. (6.12). 3F2 was one of the partial waves that has not been
properly described by the pure TPE potential Fig. (6.5), the experimental value being
overshot by theory. Including the OBE provides too much attraction in this channel,
the experiment being now underestimated by a similar amount. The new theoretical
values resemble the old OBE model, meaning that the TPE potential is canceled by the
change in the OBE model (mainly σ attraction reduction). The other high partial waves
shown here, 3G5, differs very little from the TPE result of the previous section. Similar
conclusions hold for the other high partial waves as can be seen from Table (6.5) in which
the importance of the heavy-meason exchanges at Tlab=200 MeV is shown. We present
phase shifts extracted from the full model (for each of the three fits) and the model with
contributions only from the pion (OPE and TPE). Heavy-meson contributions are still
sizeble for the D waves and for the 3F2 partial wave. The behavior of the latter can be
understood from the fact that it belongs to a coupled channel, together with 3P2.
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6.7 Summary

Results for the elastic NN scattering phase shifts below 300 MeV have been presented
in this chapter. The peripheral waves (D and higher) are described reasonably well by
the chiral symmetry constrained TPE interaction as soon as a low value for the one-loop
cut-off is adopted. This is necessary in order to reduce to appreciable isoscalar central
attraction generated by the irreducible two-pion exchange graphs. A few of the peripheral
waves show a nonperturbative character, contrary to common belief, and all of them, with
the exception of 3D3, are being improved upon the iteration of the potential. The TPE
potential mimics the isoscalar central potential generated by the fictitious σ meson and
to a lesser extent the isovector tensor and spin-spin potential. This is supported by the
conclusion resulting from a resonance saturation model that the values of the low energy
parameters c1, c3 and c4 are determined by mesons (σ and ρ) and baryons (∆), degrees of
freedom which are integrated out. In support of that the OBE potential is added to the
TPE one and the resulted model is ”fitted” using a simple parameter search procedure
to the experimental low partial waves (S and P). This proves difficult and while the S
waves are reproduced with reasonable accuracy, most of the P waves are reproduced
only qualitatively (difference of up to 10◦ at 300 MeV). An important decrease of the
gε coupling constant is observed, in support of the conclusion that the medium range
attraction is properly generated by the chiral two-pion exchange loops with a low cut-off.
Similarly the TPE graphs give about half of the needed medium range isovector tensor
and spin-spin potential judging from the change in the ρ meson coupling constants during
the process of fitting. The resulting model is of similar quality as the OBE model of
Fleischer and Tjon. For an accurate description important improvements are required,
unlikely to come just from an improvement of the preliminary fit presented here.
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7
Concluding remarks

Proton-proton bremsstrahlung is one of the simplest processes in which various competing
models for the NN interaction, that reproduce elastic scattering, can be tested. In spite
of this simplicity microscopic models fail to reproduce the high accuracy data of the KVI
ppγ experiment [57, 58], as shown in Chapter 2 for the case of the Martinus et al . [66]
and Nakayama et al . [49] models. In the first half of this thesis two possible sources of
this discrepancy have been studied in connection with the Martinus model: Coulomb
corrections to the ppγ cross-section and sensitivity of observables to the on-shell nucleon-
nucleon interaction.

The study of Coulomb effects was carried out with the help of a toy model for brems-
strahlung, described in detail in Chapter 3. It was shown that for the particular case
of the KVI experiment Coulomb corrections to the ppγ cross-section are for all purposes
negligible, amounting to at most few percent at the peaks. This can be understood from
the fact that, in order for these effects to be appreciable, the elastic NN matrix elements
evaluated at extremely low energies enter the calculation of the bremsstrahlung ampli-
tude. Such condition is met at Tlab=190 MeV when the polar angles of the outgoing
protons are very small. Two such cases were presented in Chapter 4, where Coulomb
corrections led to a decrease of the differential cross-section of about 25%.

It was shown in Chapter 4 that a clear connection exists between the observed dis-
crepancy and the kinetic energy of the outgoing protons. By studying the kinematical
conditions for each case presented, we have concluded that a sizable discrepancy between
theory and experiment was observed as soon as the kinetic energy of the final protons
amounted to less than 15 MeV. The discrepancy was observed to grow with the decrease
of the energy of the final protons. By analyzing the individual partial waves contributing
to the bremsstrahlung cross-section it was shown that the problematic cases were those
dominated by contributions from the 1S0 nucleon-nucleon partial wave. It is known that
the nucleon-nucleon interaction in the 1S0 channel is strongest at low energies, peaking
around 10 MeV. Also, at this value for the energy the difference between the np and
pp potentials is largest. The OBE for elastic NN scattering of Fleischer and Tjon, an
ingredient of the Martinus models, has been originally fitted to the np data. A refit of
this model to the pp scattering data between 5 and 215 MeV has been performed which
gives a close reproduction of the pp 1S0 phase shift together with the improvement in
the description of the other partial waves. A calculation of the ppγ observables with the
new potential leads to a reduction of the discrepancy with about 30-40% of its origi-
nal size. An additional 5-10% can be explained from the residual on-shell sensitivity of
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the bremsstrahlung cross-section. An important discrepancy of unclear origin therefore
remains.

The second half of the thesis was devoted to the study of the elastic nucleon-nucleon
interaction, namely to the extension of the OBE model of Fleischer and Tjon [10, 75, 76]
and Zuilhof and Tjon [127, 177]. Two-pion exchange contributions (TPE) were added to
the quasipotential W. These were generated by the pseudovector πN interaction (direct
and crossed boxes), Weinberg-Tomozawa (c0 triangle and football diagrams) and ππNN
c1, c3, c4 terms contributing at NNLO in chiral perturbation theory (giving rise to triangle
diagrams). It was shown, using the coordinate space TPE potential derived by Kaiser [33,
35, 36, 37] at N3LO in chiral perturbation theory, that the central part of the TPE
potential mimics very well the potential of the σ meson, while the isovector part describes
the ρ vector meson to a lesser extent. The central part of the TPE potential is stronger
at r=1 fm than the combined σ + ω potential and as a result, for a proper description
of the peripheral NN partial waves a surprisingly low value (≈600 MeV) for the cut-
off parameter regulating the TPE loop integrals has to be chosen. Such a low value is
necessary for a cut off of the strong medium-range central attraction generated by the c3
interaction term.

For the description of the lower partial waves the heavy-mesons contributions were
added to the one-pion and two-pion exchange ones. The value of the cut-off parameter
regulating the TPE one-loop integrals had again to be chosen on the low side. The full
model was then fitted to the np elastic scattering phase shifts. As expected smaller values
for the gε coupling constant were favored by the fitting procedure. The description of the
lower partial waves does not have the quality obtained for the peripheral waves. The 1S0

and 3S1 partial waves are reproduced with reasonable accuracy, but the P waves (with
the exception of 3P0) and the 3D1 partial wave are reproduced only qualitatively. For
these partial waves the differences with respect to their experimental values amount up
to 10◦ at T=300 MeV. This might indicate that an important ingredient is still missing in
our model. The phenomenological interpretation for the c3 and c4 coupling constants [78]
states that their values are determined to a great extent by contributions from the ∆
isobar. It suggests that an explicit inclusion of this degree of freedom might be necessary
for the alleviation of the problems with the present model.



Samenvatting

De studie van de sterke wisselwerking tussen kerndeeltjes (nucleonen, dat wil zeggen
protonen en neutronen) is binnen de kernfysica een actief onderzoeksveld geweest vanaf
de vroege jaren dertig van de vorige eeuw. Sinds ongeveer 30 jaar weten we dat de
fundamentele theorie van de sterke wisselwerking de quantumkleurdynamica, “quantum
chromodynamics” of QCD, is. Volgens deze theorie wordt de sterke kracht overgebracht
door zogenaamde gluonen en de wisselwerkende deeltjes heten quarks. Quarks zitten
opgesloten in kerndeeltjes die op hun beurt weer de bouwstenen van de atoomkernen
zijn. De kernkracht tussen kerndeeltjes en kernen is een overblijfsel van de wisselwerking
tussen de quarks en gluonen, analoog aan de Vanderwaalskrachten tussen atomen en
molekulen.

De sterke wisselwerking tussen nucleonen heeft een dracht van enkele femtometers,
is aantrekkend op lange afstand maar sterk afstotend op korte afstand (minder dan
1 femtometer). Daarnaast hangt de kracht af van de spins van de nucleonen en van
het type nucleon (proton of neutron). In 1935 stelde Yukawa voor dat de kernkracht
overgebracht wordt door een massief deeltje, het in 1947 ontdekte pion, in analogie met de
elektromagnetische wisselwerking die overgebracht wordt door het foton, een massaloos
lichtdeeltje. In de jaren vijftig werd hard geprobeerd een quantumveldentheorie op te
zetten voor de wisselwerking tussen nucleonen en pionen, maar al deze pogingen waren
niet succesvol. In het bijzonder bleek het onmogelijk de uitwisseling van twee pionen
goed te behandelen. Bovendien ontbrak in de theorie een sterke spinbaankoppeling, die
nodig was om de experimentele gegevens te verklaren. In de jaren zestig werd een model
ontwikkeld waarin de kracht tussen nucleonen wordt beschreven door de uitwisseling
van mesonen, het zogenaamde één-bosonuitwisselingsmodel. Dit model heeft wel een
sterke spinbaankoppeling en is redelijk succesvol in het beschrijven van de experimentele
gegevens.

De formulering, in 1972, van een echte quantumveldentheorie voor de sterke wisselw-
erking tussen quarks en gluonen, QCD, veranderde het beeld van de sterke kernkracht.
De aandacht verschoof langzaam naar het proberen begrijpen van het verband tussen de
effectieve kracht tussen nucleonen enerzijds en QCD anderzijds. Sinds de jaren negentig
is het mogelijk gebleken een zogenaamde effektieve quantumveldentheorie te formuleren,
waarin de vrijheidsgraden de nucleonen en het pion zijn, maar waarin wel alle symme-
trieën van QCD worden gerespecteerd. De theorie, die momenteel hard wordt bestudeerd
en verder ontwikkeld, maakt het in principe mogelijk kernkrachten te berekenen in een
goed gedefinieerde storingsreeks. De majeure vooruitgang vergeleken met de pogingen in
de jaren vijftig is de ontdekking van een verborgen symmetrie van de sterke wisselwerking,
de zogenaamde chirale symmetrie. Het is gebleken dat dit een symmetrie is die de theorie
zelf wel heeft, maar de grondtoestand van de theorie, het vacuum, niet. Op algemene
gronden volgt dan het bestaan van massaloze (of bij een kleine breking, lichte) bosonen,
die gëıdentificeerd worden met de pionen. De wisselwerking van de pionen onderling en
met de nucleonen wordt sterk bepaald door de verborgen chirale symmetrie.

In dit proefschrift wordt de sterke wisselwerking tussen twee protonen bestudeerd
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in verschillende omstandigheden. Er worden botsingen tussen twee protonen bekeken
waarbij wel en niet ook een foton wordt uitgezonden door de protonen. Deze processen
heten respectievelijk bremsstrahlung en elastische verstrooiing. Het verschil met eerder
werk is dat geprobeerd wordt effekten te behandelen die volgen uit de speciale relativis-
teitstheorie. Dit is geen sinecure, maar het onderzoek wijst uit dat deze relativistische
effekten al bij vrij lage energie van de protonen belangrijk worden. In het eerste gedeelte
van het proefschrift wordt een model voor bremsstrahlung verder ontwikkeld. De vergeli-
jking van dit relativistische model met experimentele gegevens is redelijk succesvol. In
het algemeen worden de experimenten goed gereproduceerd, echter bij zeer specifieke
kinematische omstandigheden zijn er nog wel duidelijke verschillen tussen theorie en
experiment. Het model is gebaseerd op de éénbosonuitwisseling voor de wisselwerking
tussen de protonen.

In het tweede gedeelte van het proefschrift wordt een start gemaakt met het verbeteren
van het model door moderne inzichten over chirale symmetrie in te passen. In het bijzon-
der wordt gekeken naar de processen waarbij twee pionen uitgewisseld worden tussen de
protonen. Het zijn met name deze processen waarbij chirale symmetrie een cruciale rol
speelt. Ook hier worden effekten van de relativiteitstheorie bestudeerd. De berekeningen
zijn zeer complex, en geavanceerde symbolische computerprogramma’s bleken nodig. Een
voorlopige vergelijking met experimentele gegevens voor elastische verstrooiing van twee
nucleonen is succesvol, en de ingeslagen weg van de chirale symmetrie ziet er daarmee
veelbelovend uit.
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Stellingen
behorende bij het proefschrift

Proton-proton bremsstrahlung and
elastic nucleon-nucleon scattering:

relativistic formulations

1. Coulomb contributions to proton-proton bremsstrahlung
cross sections for the kinematics probed by the KVI ppγ exper-
iment are minor (Chapter 4 of this thesis).

2. Chiral symmetry is crucial for the proper description of the
low energy nucleon-nucleon interaction (Chapter 6 of this thesis).

3. In general, computations in the framework of quantum field
theory lead to divergences which can be avoided via the use of
form-factors parametrized by cut-off parameters. When the repro-
duction of experimental data leads to ”low” values of the latter,
this is a sign that the dynamics is not properly described.

4. String theory is often regarded as a philosophy by physicists
working in more ”traditional” fields of research, due to a lack of
experimental predictions of this theory. An important counterex-
ample of the above is the fact that string theory manages to explain
why we live in a world with one temporal dimension.

5. Superstring theories that incorporate the κ symmetry allow
for a proper description of fermionic and bosonic degrees of free-
dom.

6. Symbolic computation software, like Mathematica, prevents
students from developing the necessary computational skills.

7. The concern expressed by most countries regarding the rapid
and catastrophic climate changes is not properly reflected in the
relatively cheap price of oil and derived products.

i



8. The universal voting right in poorly educated societies often
leads to failures on a short to medium time scale. Granting of the
right to vote based on a test passing procedure, similar to the way
in which a driving licence is obtained, could improve the situation.

9. Open source software, developed mostly by computer en-
thusiasts, is unlikely to win the battle with proprietary software,
whose developers benefit from impressive financial and human re-
sources.

10. The negotiations for the admission of new members in the
European Union are carried out with disregard to one of the fun-
damental principles of capitalist economy: free competition.

Mircea Dan Cozma
July 2004
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