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Chapter 5

Gauged Maximal Supergravities

5.1 Introduction

In this chapter we will consider a number of deformations of the massless supergravities with
maximal supersymmetry, as discussed in chapter 3. These deformations are proportional to
a parameterm of mass dimension one. Indeed, some fields will acquire masses proportional
to the deformation parameterm. Often, another consequence of the parameter will be the
gauging of a global symmetry of the massless theory. For this reason, such theories will be
called gauged supergravities, which comprise the larger part of this chapter. In cases where
the mass parameter does not induce a gauging, the theory is called a massive supergravity.
The only known example of such a deformation of maximal supergravity is the massive IIA
supergravity [74]. Examples with sixteen supercharges are the massive iia supergravities in
six dimensions [138].

An important property of the massive deformations that we consider is that they do not
break any supersymmetry. The gauged or massive supergravities therefore have the same
number (i.e. 32) of supercharges as the corresponding ungauged or massless supergravity.
This preservation of supersymmetry under the massive deformation is in many cases guar-
anteed due to a higher-dimensional origin: if a gauged supergravity can be obtained by any
of the techniques of chapter 4, it necessarily has the same amount of supercharges as the
higher-dimensional theory. Equivalently stated, reduction with a twist or over a group or
coset manifold does not break supersymmetry1. Starting from a maximal higher-dimensional
supergravity, one can apply the different reductions of chapter 4 to generate many gauged
maximal supergravities. We will perform such reductions to construct gauged maximal su-
pergravities in ten, nine and eight dimensions. In addition, we will include massive IIA su-

1This can be contrasted with e.g. Calabi-Yau compactifications, which break a fraction of the supersymmetry.
Reduction of IIA supergravity over the four-dimensional Calabi-Yau manifold K3 with fluxes yields the massive iia
supergravities withN = 2 in D = 6 [138], see also [139,140].
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pergravity, which is the only massive deformation of maximal supergravity without a known
higher-dimensional origin.

Throughout this chapter we will reduce supersymmetry variations and field equations
rather than Lagrangians, since some of the rigid symmetries we employ for reduction scale
the Lagrangian. As was explained in detail in section 4.6, reduction with a symmetry that
scales the Lagrangian can only be performed on the field equations and the supersymmetry
variations, but not on the Lagrangian.

As a consequence of the non-trivial dimensional reduction, the supersymmetry varia-
tions and field equations receive two types of massive deformations. There are implicit mass
terms that appear via the covariant field strengths, which generally acquire terms that are
proportional to the mass parameter. In addition, the supersymmetry transformations and field
equations have explicit mass terms. The explicit deformations of the massless supersymme-
try variationsδ0 are denoted byδm, which are linear in the mass parameterm. The fermionic
field equations, symbolically denoted byX = 0, also consist of a massless partX0 plus
linear deformationsXm. In contrast, the bosonic field equations receive quadratic massive
deformations.

In the cases where it is possible to construct a Lagrangian, the quadratic deformations of
the bosonic field equations can be derived from the explicit mass terms in the Lagrangian.
These are also quadratic inm, only depend on the scalars and are therefore called the scalar
potentialV . In many cases, the scalar potential can be written in terms of a superpotential
W , which is linear in the mass parameter:

V =
1
4

(
gAB δW

δΦA

δW

δΦB
− D − 1

D − 2
W 2

)
. (5.1)

HeregAB is the inverse of the scalar metricgAB which occurs as−gAB∂ΦA∂ΦB in the
kinetic scalar terms, whereΦA represents the different scalars of the theory (both dilatons
and axions). This expression follows from the requirement of positive energy [141], as we
will show in section 6.2. In supergravities with a scalar potential of this form, the explicit
deformationδm of the gravitinoψµ and the dilatiniλ are proportional to the superpotential
W and its derivativesδW/δΦA, respectively. We will encounter such deformations in all
maximal supergravities except 11D and IIB.

A useful truncation of the full field content of the gauged or massive supergravities con-
sists of the metric and the scalars only, for which we will derive the bosonic field equations.
This subsector is interesting to us for two reasons. Firstly, it allows for an investigation of the
feasibility of combinations of mass parameters. Suppose one has a massless theory with two
different, separate deformations. One can wonder whether it is possible to combine these two
while preserving all supersymmetry. As we will show, an investigation of the bosonic field
equations for the metric and scalars suffices to answer this question. Secondly, the vacua of
gauged or massive theories are often carried by the metric and scalars only, as we will see in
chapter 6.

In the next section we will review the possible deformations in IIA supergravity. In the
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following two sections we will construct different gauged maximal supergravities in nine and
eight dimensions, respectively. In the last section of this chapter we will consider a general
structure of gauged maximal supergravities in various dimensions, which are obtainable via
coset manifold and other reductions. Furthermore, we will discuss the relation to the gauged
supergravities in ten, nine and eight dimensions of the preceding three chapters.

5.2 Massive and Gauged IIA Supergravity

In this section we will consider two deformations of IIA supergravity, one of which leads to
a massive version of IIA while the other gives rise to the gauged IIA theory.

IIA Supergravity

As discussed in section 3.2, toroidal reduction of the eleven-dimensional theory over a circle
yields the massless and ungauged IIA theory in ten dimensions. The appropriate reduction
Ansätze given in (B.4) withm11 = 0. The field content of theD = 10 IIA supergravity
theory is given by

D=10 IIA: {eµ
a, Bµν , φ, C(1)

µ , C(3)
µνρ;ψµ, λ} , (5.2)

with corresponding Lagrangian (3.16) and supersymmetry transformations rules (B.5). As
discussed in section 3.2 and indicated in table 5.1, the IIA theory has two scaling symme-
tries2. One is calledα, which scales the Lagrangian and is the reduction of the 11D trombone
symmetry. The other isβ, which leaves the Lagrangian invariant and stems from the internal
coordinate transformations of 11D supergravity.

R+ eµ
a B eφ C(1) C(3) ψµ λ ε L Origin

α 9
8 3 3

2 0 3 9
16 − 9

16
9
16 9 11D

β 0 1
2 1 − 3

4 − 1
4 0 0 0 0

Table 5.1: The scaling weights of theD = 10 IIA supergravity fields and action under the
scaling symmetriesα andβ and their origin as higher-dimensional scaling symmetries.

Note that the Ramond-Ramond vectorA is invariant underα while it scales underβ. This
has important consequences when considering the possible gaugings of IIA supergravity.
Since gauge vectors transform in the adjoint of the gauge group and the adjoint ofR+ is
trivial, only the symmetryα can be gauged while this is impossible for the symmetryβ [75].
Indeed, we will encounter the gauging ofα below. In addition, the IIA theory allows for
another deformation, which we will first discuss.

2We use a different basis of these symmetries in this section than in section 3.2.
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Massive IIA Supergravity

The first massive deformation, with mass parametermR, was already encountered in sec-
tion 3.2 and was constructed by Romans [74]. The explicit deformations of the supersymme-
try transformations are denoted byδmR and are given in terms of a superpotentialW and its
derivative with respect to the dilaton:

δmRψµ = − 1
32WΓµε , δmRλ = δφWε , W = e5φ/4mR , (5.3)

whereδφW = δW/δφ. Furthermore, there are implicit massive deformations to the original
supersymmetry rulesδ0, given in (B.5), due to the fact that one must replace all massless field
strengths by the following massive counterparts:

G(2) = dC(1) + mRB , H = dB , G(4) = dC(3) + C(1)∧H + 1
2mRB∧B . (5.4)

The Lagrangian contains terms linear and quadratic inmR. Again there are implicit
deformations, via the massive field strengths, and explicit deformations. The explicit de-
formations of the bosonic sector are quadratic in the mass parameter and define the scalar
potential, which can be written in terms of the superpotentialW and its derivative via the
general expression (5.1):

VmR = 1
2 (δφW )2 − 9

32W 2 = 1
2e5φ/2m2

R . (5.5)

Note that this scalar potential can be naturally included in the massless IIA Lagrangian (3.16)
by including the case ofd = −1 in the summation (and identifyingG(0) = mR).

In the fermionic sector, one finds the following linear deformations of the gravitino and
dilatino field equations in the massive IIA theory:

XmR(ψ
µ) = mRe5φ/4Γµν( 1

4ψν + 5
288Γνλ) ,

XmR(λ) = mRe5φ/4Γν(− 5
4ψν − 21

160Γνλ) . (5.6)

The undeformed equations,X0(ψµ) = 0 andX0(λ) = 0, are given in (B.7).
Supersymmetry transforms the fermionic field equations,X0+XmR = 0, into the bosonic

equations of motion. For later purposes it is convenient to truncate away all bosonic fields ex-
cept the metric and the dilaton. After this truncation we find that the fermionic field equations
transform into

(δ0 + δmR)(X0 + XmR)(ψ
µ) = 1

2Γνε [Rµ
ν − 1

2Rgµ
ν − 1

2 (∂µφ)(∂νφ) + 1
4 (∂φ)2gµ

ν+

+ 1
4m2

Re5φ/2gµ
ν ] = 0 ,

(δ0 + δmR)(X0 + XmR)(λ) = ε [¤φ− 5
4m2

Re5φ/2] = 0 . (5.7)

At the right hand side, we thus find the massive IIA bosonic field equations for the metric and
the dilaton. Indeed, these field equations can be derived from the massless Lagrangian plus
the scalar potential (5.5).
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The parametermR breaks both symmetriesα andβ of the IIA theory. This can easily be
seen from the scalar potential (5.5): the former symmetry is broken since the dilaton scales
while the Lagrangian is invariant, while the trombone symmetry is broken since the scalar
potential is not a two-derivative term like the other bosonic terms. However, there is a linear
combination that is not broken by the massive terms: it is given by the linear combination
12β − 5α.

As argued in section 3.2, the mass parametermR should be seen as a zero-form Ramond-
Ramond field strength: it appears naturally in the democratic formulation, including all
Ramond-Ramond potentials and field strengths. The scalar potential (5.5) then appears as
the kinetic term for the zero-form field strength. The corresponding D-brane is the D8-brane
of section 6.1, which is magnetically charged with respect tomR [24].

The massive IIA theory is different from the other massive deformations that we will
consider in this chapter. Firstly, it is not known to have a higher-dimensional supergravity
origin3. Secondly, it is not a gauged supergravity: no global symmetry of the massless theory
has been promoted to a local one. Therefore, this deformation of IIA gives rise to a massive
rather than gauged supergravity.

Gauged IIA Supergravity

The second massive deformation, with mass parameterm11, does give rise to a gauged IIA
supergravity, where the symmetryα has been gauged. It was first obtained in [132], on whose
procedure we will comment below. Afterwards, it was shown in [133] that the same theory
can also be obtained by a twisted reduction ofD = 11 supergravity using the trombone
symmetry (3.7). The corresponding twisted reduction Ansätze are given in (B.4) withm11 6=
0.

This leads to the following explicit massive deformations of theD = 10 IIA supersym-
metry rules:

δm11ψµ = 9
16m11e

−3φ/4ΓµΓ11ε , δm11λ = 3
2m11e

−3φ/4Γ11ε . (5.8)

The implicit massive deformations of the original supersymmetry rulesδ0 arise from the
massive bosonic field strengths

Dφ = dφ + 3
2m11C

(1) , G(2) = dC(1) ,

H = dB + 3m11C
(3) , G(4) = dC(3) + C(1)∧H , (5.9)

while the covariant derivative of the supersymmetry parameter is given by

Dµε = (∂µ + ωµ + 9
16m11Γµ /C

(1))ε . (5.10)

3For different approaches to the M-theory origin of massive IIA supergravity, see [142–144].



84 Gauged Maximal Supergravities

There is no Lagrangian for the IIA gauged supergravity, but there are field equations. The
linear deformations of the fermionic field equations read in this case

Xm11(ψ
µ) = m11e

−3φ/4Γ11Γµν(− 9
2ψν + 17

48Γνλ) ,

Xm11(λ) = m11e
−3φ/4Γ11Γν( 3

2ψν − 9
16Γνλ) . (5.11)

We first consider the truncation with all bosonic fields equal to zero except the metric and the
dilaton. Under supersymmetry the fermionic field equations transform into

(δ0 + δm11)(X0 + Xm11)(ψ
µ) = 1

2Γνε
[
Rµ

ν − 1
2Rgµ

ν − 1
2 (∂µφ)(∂νφ) + 1

4 (∂φ)2gµ
ν+

+ 36m2
11e

−3φ/2gµ
ν

]
+

+ Γ11ε[3m11e
−3φ/4∂µφ] = 0 ,

(δ0 + δm11)(X0 + Xm11)(λ) = ε [¤φ] + ΓνΓ11ε[9m11e
−3φ/4∂νφ] = 0 . (5.12)

The terms involvingΓ11 are part of the vector field equation. Therefore, to obtain a consistent
truncation, we must further truncate the dilaton to zero. One is then left with only the metric
satisfying the Einstein equation with a positive cosmological constant.

The reduced theory is a gauged supergravity, where the scaling symmetryα of table 5.1
has been gauged. In particular, the gauge parameter and transformation of the Ramond-
Ramond potentials read as follows4:

Λ = ewαm11λ , C(1) → C(1) − dλ , C(3) → e3m11λ(C(3) − dλB) , (5.13)

wherewα are the weights underα. One can take two different limits of theα gauge trans-
formations. Firstly, the limitm11 → 0 leads to the massless gauge transformations of the
Ramond-Ramond potential. Secondly, one can take the limit whereα is constant. This leads
to the ungauged scaling symmetryα of table 5.1.

A noteworthy feature of theD = 10 gauged supergravity is that no Lagrangian can be
defined for it, since the symmetry that is gauged is not a symmetry of the Lagrangian but
only of the equations of motion. This is clear from its higher-dimensional origin, which
involves a twisting with a symmetry of the field equations only. As discussed in section
4.6, this generally gives rise to field equations that can not be interpreted as Euler-Lagrange
equations.

As mentioned above, there exists an alternative way to construct this theory. In [132] it
was constructed by allowing for a more general solution of the Bianchi identities ofD = 11
superspace involving a conformal spin connection. This generalised connection is equivalent
to standardD = 11 supergravity for a topologically trivial space-time but leads to a new
possibility for a non-trivial space-time of the formM10 × S1. The reduction over the circle
leads to theD = 10 gauged supergravity theory. It is not properly understood why these two
procedures give rise to the same lower-dimensional description.

4It is understood that each field withwα 6= 0 is multiplied byΛ. Also, the gauge parameter should not be
confused with the dilatino, which is also denoted byλ.
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Combinations of Mass Parameters andα′ Corrections

In the previous subsections we have considered two deformations of IIA supergravity. We
would like to examine the possibility to combine these massive deformations [145]. If pos-
sible, the resulting theory will have two mass parameters characterising the different defor-
mations. However, not all combinations are necessary consistent with supersymmetry. This
complication only appears when investigating the bosonic field equations: the supersymme-
try algebra with a combination of massive deformations always closes, as can be seen from
the following argument.

Suppose one has a supergravity with one massive deformationm and supersymmetry
transformationsδ0 + δm. In all cases discussed in this chapter, only the supersymmetry
variations of the fermions receive explicit massive corrections:δm(boson) = 0. This implies
that the issue of the closure of the supersymmetry algebra is a calculation withm-independent
parts and parts linear inm, but no parts of higher order5 in m. On the one hand[δ(ε1), δ(ε2)]
has no terms quadratic inm, since one of the twoδ’s acts on a boson. On the other hand the
supersymmetry algebra closes modulo fermionic field equations, which also only have terms
independent of and linear inm. Therefore, given the closure of the massless algebra, the
closure of the massive supersymmetry algebra only requires the cancellation of terms linear
in m.

The closure of the supersymmetry algebras with a single massive deformation is guaran-
teed by their higher-dimensional origin. The argument of linearity then allows one to com-
bine different massive deformations. Suppose one has two massive supersymmetry algebras
with transformationsδ0 + δma andδ0 + δmb

. Both supersymmetry algebras close modulo
fermionic field equations with (different) massive deformations. Then the combined massive
algebra with transformationδ0 + δma + δmb

also closes modulo fermionic field equations
whose massive deformations are given by the sum of the separate massive deformations lin-
ear inma andmb. The closure of the combined algebra is guaranteed by the closure of the
two massive algebras, since it requires a cancellation at the linear level.

Under supersymmetry variation of the fermionic field equations, one in general finds
linear and quadratic deformations of the bosonic equations of motion. In addition to these
corrections, we find that there are also algebraic equations posing constraints on the mass pa-
rameters. Solving these equations generically excludes the possibility of combining massive
deformations by requiring mass parameters to vanish. At first sight, it might seem surprising
that the supersymmetry variation of the fermionic equations of motion leads to constraints
other than the bosonic field equations. However, one should keep in mind that the multiplets
involved cannot be linearised around a Minkowski vacuum solution. Therefore, the usual
rules for linearised Minkowski multiplets do not apply here.

As a first application of this rationale, let us try to combine the two massive deformations
mR andm11 of IIA supergravity theory. Based on the linearity argument presented Above,

5That is, up to cubic order in fermions. We have not checked the higher-order fermionic terms, but we do not
expect these to affect any of our findings.
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one would expect a closed supersymmetry algebra. The bosonic field equations (with up to
quadratic deformations) can be derived by applying the supersymmetry transformations (with
only linear deformations) to the fermionic field equations (containing only linear deforma-
tions). For simplicity, we truncate all bosonic fields to zero except the metric and the dilaton,
since inclusion of the full field content will not change the conclusions. We thus find

(δ0 + δmR + δm11)(X0 + XmR + Xm11)(ψ
µ) =

= 1
2Γνε [Rµ

ν − 1
2Rgµ

ν − 1
2 (∂µφ)(∂νφ) + ( 1

4 (∂φ)2 + 1
4m2

Re5φ/2 + 36m2
11e

−3φ/2)gµ
ν ]

+ Γ11ε[3m11e
−3φ/4∂µφ] + Γ11Γµε [ 154 mRm11e

φ/2] = 0 ,

(δ0 + δmR + δm11)(X0 + XmR + Xm11)(λ) =

= ε [¤φ− 5
4m2

Re5φ/2] + ΓνΓ11ε[9m11e
−3φ/4∂νφ] + Γ11ε [ 332 mRm11e

φ/2] = 0 . (5.14)

At the right hand sides we find four different structures. Three of them correspond to the
field equations of the metric, dilaton and Ramond-Ramond vector. The vector field equation
corresponds to the term containingm11∂µφ, which implies that truncating away the Ramond-
Ramond vector forces one to setφ = c, providedm11 6= 0. More interesting is the fourth
structure which is bilinear in the mass parameters, leading to the requirementmRm11 = 0.
This constraint cannot be a remnant of a higher-rank form field equation due to its lack of
Lorentz indices. It could only fit in the scalar field equation, but theΓ11 factor prevents this.
It is an extra constraint which does not restrict degrees of freedom but rather restricts mass
parameters.

Independent of this constraint from supersymmetry, one can question whether the mass
parametersmR and m11 are consistent with higher-order corrections of IIA string theory
to supergravity. Starting with the former, it is believed that the massive IIA deformation
is allowed at all orders inα′, due to the connection with the D8-brane. As for the second
mass parameter, it arises from the trombone symmetry of 11D supergravity. However, the
higher-order derivative terms which arise as corrections in M-theory break this symmetry.
The twisted reduction of [133] will therefore be prohibited by M-theory corrections to 11D
supergravity. Presumably this also means that the method of [132] involving the generalised
spin connection does not work in the presence of higher-order corrections.

Concluding, IIA supergravity allows for two massive deformations with parametersmR

andm11. While the closure of the algebra is a linear calculation and therefore always works
for combinations, the bosonic field equations rule out the possibility of including both mass
parameters [145]. Moreover, string theory corrections to IIA supergravity exclude them11

massive deformations. We therefore conclude that only Romans’ massive IIA supergravity is
consistent with supersymmetry and string theory.
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5.3 Gauged Maximal Supergravities inD = 9

In this section we will consider a number of massive deformations of maximal supergravity
in D = 9, which all give rise to gauged supergravities and have a higher-dimensional origin.
In addition, we will find relations between these parameters and investigate to which extent
one can combine the different deformations. To end with, we will discuss the quantisation
of a certain class of mass parameters. Many of the results of this section were first obtained
in [145].

Maximal Supergravity in D = 9

Toroidal reduction of both massless IIA and IIB supergravity over a circle yields the unique
D = 9, N = 2 massless supergravity theory, as explained in section 3.2. Its field content is
given by

D=9: {eµ
a, φ, ϕ, χ,Aµ, Ai

µ, Bi
µν , Cµνρ; ψµ, λ, λ̃} , (5.15)

with SL(2,R) indicesi = 1, 2. These indices are raised and lowered withεij = −εij with
ε12 = −ε21 = 1.

The supersymmetry rulesδ0 of the massless or ungauged 9D supergravity are given
in (B.16). The theory inherits several global symmetries from its higher-dimensional par-
ents. Among these is theSL(2,R) symmetry6 from IIB supergravity. The latter comprises
an ellipticSO(2) symmetryθ, a hyperbolicSO(1, 1)+ ∼ R+ symmetryγ and a parabolicR
symmetryζ. With a fixed gauge of the localSO(2) symmetry (see section 3.3), theSL(2,R)
transformations in 9D read

τ → aτ + b

cτ + d
, Ai → Ωi

jAj , Bi → Ωi
jBj , Ωi

j =
(

a b
c d

)
∈ SL(2,R) .

ψµ →
(

c τ∗ + d

c τ + d

)1/4

ψµ , λ →
(

c τ∗ + d

c τ + d

)3/4

λ ,

λ̃ →
(

c τ∗ + d

c τ + d

)−1/4

λ̃ , ε →
(

c τ∗ + d

c τ + d

)1/4

ε , (5.16)

while ϕ andC are invariant.
In addition toSL(2,R), including the scaling symmetryγ, the 9D theory inherits two

other scaling symmetriesα andβ from IIA and one trombone symmetryδ from IIB. The
weights of the different scaling symmetries are given in table 5.2. It turns out that only three
of the four scaling symmetries are linearly independent:

8α− 48β = 18γ + 9δ . (5.17)

6As can be seen in (5.16), the symmetry transformations of both the scalars and the fermions do not change if we
replaceΩ by−Ω; therefore these fields transform underPSL(2,R). In this section, we will usually only consider
group elementsΩ that are continuously connected to the identity.
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eµ
a eφ eϕ χ A A1 A2 B1 B2 C ψµ, ε λ, λ̃ L Orig.

α 9
7 0 6√

7
0 3 0 0 3 3 3 9

14 − 9
14 9 11D

β 0 3
4

√
7

4 - 3
4

1
2 − 3

4 0 − 1
4

1
2 − 1

4 0 0 0 IIA

γ 0 −2 0 2 0 1 −1 1 −1 0 0 0 0 IIB

δ 8
7 0 − 4√

7
0 0 2 2 2 2 4 4

7 − 4
7 8 IIB

Table 5.2: The scaling weights of the 9D supergravity fields and action under the scal-
ing symmetriesα, β, γ and δ, subject to the relation(5.17), and their origin as higher-
dimensional scaling symmetries.

This relation gives rise to the following pattern. Using (5.17) to eliminate one of the scaling
symmetries, we are left with three independent scaling symmetries. Each of the three gauge
fieldsAµ, A1

µ, A2
µ has weight zero under two linear combinations of these three symmetries:

one is a symmetry of the action, the other is a symmetry of the equations of motion only. As
we found in 10D, the symmetries that leave a vector invariant can be gauged. We will now
construct the corresponding massive deformations by performing twisted reductions of IIA
and IIB supergravity.

Twisted Reduction of IIB using SL(2,R)

We will start with the case that has received most attention in the literature: twisted reductions
of D = 10 IIB supergravity using theSL(2,R) symmetry. It has been treated in increasing
generality by [133,146,147].

The reduction Ansätze are given in (B.14) withmIIB = 0. This yields three mass param-
eters~m = (m1,m2,m3) in 9D, parameterising the algebra element

Ci
j = 1

2

(
m1 m2 + m3

m2 −m3 −m1

)
. (5.18)

The massive deformations will always occur via the superpotential, containing the scalars via
theSL(2,R)/SO(2) cosetM :

W = e2ϕ/
√

7 Tr(MQ) , Qij = εikCk
j = 1

2

( −m2 + m3 m1

m1 m2 + m3

)
, (5.19)

whereε12 = −ε21 = −1, giving rise to the symmetric matrixQ.
The twisted reduction results in explicit deformations of the supersymmetry transforma-

tions, given in [148]

δ~mψµ = 1
28γµWε , δ~mλ = i(δφW + ie−φδχW )ε∗ , δ~mλ̃ = iδϕWε∗ , (5.20)
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while the implicit massive deformations read

Dτ = dτ + e−2ϕ/
√

7−φ(δφW + ie−φδχW )A ,

F = dA , Fi = dAi − Ci
jBj , Hi = dBi −AF j ,

G = dC + BiF
i + 1

2Ci
jBiBj , (5.21)

for the bosons and

Dµε = (∂µ + ωµ + i
4eφ∂µχ− 1

4 ie−2ϕ/
√

7WAµ)ε (5.22)

for the supersymmetry parameter.
The bosonic sector of the field equations is deformed via a scalar potential, that has the

generic form for twisted reductions (4.38):

V~m = 1
2e4ϕ/

√
7Tr[C2 + CT M−1CM ]

= 1
2e4ϕ/

√
7 [2Tr(MQMQ)− (Tr(MQ))2]

= 1
2 (δφW )2 + 1

2 e−2φ(δχW )2 + 1
2 (δϕW )2 − 2

7W 2 , (5.23)

which we have also written in terms of the mass matrixQ and the form (5.1) with the super-
potentialW and its derivatives. The field equations of the 9D fermions receive the following
explicit massive corrections:

X~m(ψµ) = − 1
4γµν [Wψν − 1

16 i(δφW + ie−φδχW )γνλ∗ − 1
16 iδϕWγν λ̃∗] ,

X~m(λ) = −iγµ[(δφW + ie−φδχW )ψ∗µ − 1
12 iWγµλ− 2

9
√

7
i(δφW + ie−φδχW )γµλ̃] ,

X~m(λ̃) = −iγν [δϕWψ∗ν − 2
9
√

7
i(δφW − ie−φδχW )γνλ− 1

28 iWγν λ̃] . (5.24)

The inclusion of the three mass parameters breaks theSL(2,R) invariance. Rather than
being a symmetry, the transformations now relate theories with different mass parameters:

C → Ω−1CΩ . (5.25)

This can always be used to setm1 = 0, yielding an off-diagonal matrixC and a diagonal
matrix Q. Due to (5.25), one says that the massive theories are covariant underSL(2,R)
transformations rather than invariant. Note that the combinationdet(C) = det(Q) =
1
4 (−m1

2−m2
2 +m3

2) is always invariant under these transformations, which can therefore
be used to label the different massive deformations.

As discussed in section 4.3, the mass matrix is only invariant under (5.25) if

Ω = exp(Cλ) , (5.26)
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The transformations of this one-dimensional subgroup have special properties; for example,
the superpotentialW is invariant under it. In fact, this subgroup of the globalSL(2,R)
symmetry has been gauged by the massive deformations~m:

Ω = eCλ , A → A− dλ , Bi → Ωi
j(Bj −Aj dλ) , (5.27)

with gauge vectorA and parameterλ. We distinguish three distinct cases depending on the
value ofdet(Q) [143,149,150]:

• det(Q) = 0: we gauge theR subgroup ofSL(2,R) with parameterζ,

• det(Q) < 0: we gauge theSO(1, 1)+ subgroup ofSL(2,R) with parameterγ,

• det(Q) > 0: we gauge theSO(2) subgroup ofSL(2,R) with parameterθ.

All these three cases are one-parameter massive deformations. At the end of this section we
will discuss the quantisation of the mass parametersm1, m2 andm3 in the context of string
theory.

Toroidal Reduction of Massive IIA

In addition to the twisted reductions, one can also generate mass terms in nine dimensions
by reducing higher-dimensional deformations, i.e. the massive and gauged IIA supergravity
theories of section 5.3. We will start with reducing the first possibility.

Toroidal reduction of the massive IIA supergravity, with reduction Ansätze (B.9) with
m4 = mIIA = 0, leads to a gauged nine-dimensional supergravity. Its deformations coincide
with those parameterised by the mass parameters~m with the identifications [146]

~m = (0,mR,mR) . (5.28)

Thus the reduction of massive IIA supergravity corresponds to a twisted reduction of IIB
supergravity, employing theR subgroup ofSL(2,R). This nine-dimensional equivalence is
called massive T-duality and can be seen as a deformation of the massless T-duality.

An interesting feature of massive T-duality is that massive IIA becomes a gauged the-
ory upon reduction. The emergence of this gauging can be seen as a generalisation of the
enhanced gaugings discussed in section 4.3, in which the extra gauge vector comes from a
higher-dimensional vector. In the massive IIA case, however, the gauge vector isA, which
comes from the Neveu-Schwarz two-formB in IIA.

Overview of Massive Deformations in 9D

In addition to theSL(2,R) twisted reduction of IIB, we can also perform twisted reductions
of both IIA and IIB using the scaling symmetriesα, β andδ; the corresponding mass param-
eters are denoted bymIIA , m4 andmIIB , respectively. The reduction Ansätze are given in
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Gauge Group

Gauge Vector

Gauged Symmetry

IIA m

11D

10D

9D

11D

IIBIIARIIA m

mR m11 mIIA

R

A

m4 m=0 mIIB mi

A2 A1 A1 A A
R RR R R, SO(1,1), SO(2)+ + + + +

ζ α α δβ ζ,γ,θ

ζ,γ,θδβ
α

α

KK−reduction

SS−reduction

No action

11

Figure 5.1: Overview of all twisted reductions performed in this section with the employed
symmetries and resulting mass parameters. Mass parameters in the same box form a multiplet
underSL(2,R) (see table 5.3). We also give the gauged symmetry and gauge vector in 9D.

(B.9) and (B.14). Also, like the massive IIA theory, the gauged version of IIA supergravity
can be toroidally reduced to nine dimensions. The different possibilities are illustrated in
figure 5.1, while the resulting implicit and explicit deformations of the 9D theory are given in
appendix B.4. In total, this amounts to seven deformations of the uniqueD = 9 supergravity,
with parametersm1,m2,m3,m4,mIIA , mIIB andm11. As noted before, the parametermR is
not independent but yields a subset of the parameters~m.

However, various massive deformations are related. Symmetries of the massless theory
become field redefinitions in the gauged theory, that only act on the massive deformations
(exactly like in (5.25)). This means that the mass parameters transform under such trans-
formations: they have a scaling weight under the different scaling symmetries and fall in
multiplets ofSL(2,R). In table 5.3, the multiplet structure of the massive deformations un-
derSL(2,R) is given. The mass parameterm̃4 is defined as the S-dual partner ofm4 and
can not be obtained by a twisted reduction of IIA supergravity.

As an example, consider the two mass parameters(m11 andmIIA), which form a doublet
underSL(2,R) field redefinitions. This can be understood from their higher-dimensional
origin. FormIIA one first performs an ordinary toroidal reduction and next a twisted reduc-
tion with α, while for m11 the order of these reductions is reversed: one first performs a
twisted reduction withα and next a toroidal reduction. SinceSL(2,R) in 9D comes from the
reparameterisations of the two-torus, it also relates the two mass parametersm11 andmIIA .
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Mass parameters SL(2,R)

(m1,m2, m3) adjoint
(m4, m̃4) doublet

(m11,mIIA) doublet
mIIB singlet

Table 5.3: TheD = 9 mass parameters of the different reduction schemes (see figure 5.1)
form different multiplets underSL(2,R).

All the 9D deformations correspond to a gauging of a global symmetry. As shown in
section 4.3, it is always the symmetry that is employed in the twisted reduction Ansatz that
becomes gauged upon reduction. The corresponding gauge vector is provided by the metric,
i.e. it is the Kaluza-Klein vector of the dimensional reduction (beingA1 for IIA and A for
IIB). In all cases but one, this is the complete story and one finds an Abelian gauged super-
gravity. The exception is the mass parameterm4, which leads to a non-Abelian symmetry.
Indeed, the 10D vector of IIA has a non-trivial scaling under
beta; as discussed in section 4.3, this leads to symmetry enhancement. In the other cases
such enhancement is impossible, due to the absence of gauge vectors with a non-trivial scal-
ing weight.

Combining Massive Deformations in 9D andα′ Corrections

We would like to consider the feasibility of combinations of massive deformations in nine
dimensions. One might hope that, due to the large amount of mass parameters, the bosonic
field equations do not exclude all possible combinations, as we found inD = 10.

For the present purposes, we will focus on specific terms in the supersymmetry variations
of the fermionic field equations. In the following,δm andXm are understood to mean the
supersymmetry variation and fermionic field equation at linear order containing the sum of
all seven possible massive deformations derived in the previous subsections. Variation of the
fermionic field equations gives, amongst otherγ-structures, the terms

(δ0 + δm)(X0 + Xm)(ψµ) ∼ i γµε[. . .] + γµε∗[. . .] + i γµε∗[. . .] ,
(δ0 + δm)(X0 + Xm)(λ) ∼ ε[. . .] + i ε[. . .] ,

(δ0 + δm)(X0 + Xm)(λ̃) ∼ ε[. . .] + i ε[. . .] + ε∗[. . .] , (5.29)

where the[. . .] denote different bosonic real expressions of bilinear mass terms and scalar
factors. These are the analogue of the ten-dimensional expression[mRm11e

φ/2] (see (5.14))
and give rise to constraints on the mass parameters. Requiring all expressions[. . .] to vanish,
one is led to the following possible combinations (with the other mass parameters vanishing):
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• Case 1with {mIIA, m4}: this combination can also be obtained by twisted reduction
of IIA employing a linear combination of the symmetriesα andβ, which guarantees its
consistency. It is also a gauging of both this symmetry and (form4 6= 0) the parabolic
subgroup ofSL(2,R) in 9D, giving a non-Abelian gauge group.

• Case 2,3,4with {~m,mIIB}: as in the case withmIIB = 0 and only~m this combination
contains three different, inequivalent cases depending ondet(Q) (depending crucially
on the fact thatmIIB is a singlet underSL(2,R)):

– Case 2with {~m,mIIB} anddet(Q) = 0.

– Case 3with {~m,mIIB} anddet(Q) > 0.

– Case 4with {~m,mIIB} anddet(Q) < 0.

All these combinations can also be obtained by twisted reduction of IIB employing a
linear combination of the symmetriesδ and (one of the subgroups of)SL(2,R), imply-
ing consistency of the combinations. All cases (assuming thatmIIB 6= 0) correspond
to the gauging of an Abelian scaling symmetry in 9D.

• Case 5with {5m4 = −12mIIA,m2 = m3}: this case can be understood as the twisted
reduction of Romans’ massive IIA theory, employing the scaling symmetry that is not
broken by themR deformations: it is given by the combination12β − 5α of table 5.1.
This deformation gauges both the linear combination of scaling symmetries and the
parabolic subgroup ofSL(2,R) in 9D, which form a non-Abelian gauge group.

Another solution to the quadratic constraints has parameters{mIIA,m11}, but this combina-
tion does not represent a new case: it can be obtained from onlymIIA (and thus a truncation
of case 1) via anSL(2,R) field redefinition (since they form a doublet). Thus the most gen-
eral deformations are the five cases given above, all containing two mass parameters. All of
these are gauged theories and have a higher-dimensional origin. Both case 1 and case 5 have
a non-Abelian gauge group providedm4 6= 0.

We will now consider the viability of the different mass parameters in string theory rather
than supergravity. The massive deformations that are based on a symmetry that is broken by
α′ corrections do not correspond to a sector of compactified string theory. Only the sym-
metries that are preserved by the higher-order string corrections to supergravity give rise to
gauged supergravities that are embeddable in string theory. We have two such symmetries:

• The SL(2,R) (or rather itsSL(2,Z) subgroup) symmetry of IIB. Thus the~m =
(m1,m2,m3) deformations correspond to the low-energy limits of three different sec-
tors of compactified IIB string theory (depending ondet(Q) = 1

4 (−m1
2 − m2

2 +
m3

2)).

• The linear combinationα + 12β of scaling symmetries of IIA. Thus one can define
a massive deformationms within case 1 with{mIIA = ms,m4 = 12ms} which
corresponds to the low-energy limit of a sector of compactified IIA string theory.
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One gains a better understanding of thems massive deformation and theα+12β symme-
try of IIA from the following point of view. This combination of scaling symmetries of IIA
can be understood from its 11D origin as the general coordinate transformationx11 → λx11.
This explains why allα′ corrections transform covariantly under this specific scaling sym-
metry: the higher-order corrections in 11D are invariant under general coordinate transfor-
mations and upon reduction they must transform covariantly under the reduced coordinate
transformations, among which is theα + 12β scaling symmetry.

In fact, the twisted reduction from IIA to 9D using the transformationx11 → λx11 is
equivalent to the unique group manifold reduction from 11D to 9D: upon relating the compo-
nents offab

c (of which only one is independent for 2D groups) toms, the deformations from
the twisted and group reductions coincide. Indeed, this explains why thems deformations
correspond to a gauging of the 2D non-Abelian group rather than only the scaling symmetry
α + 12β. This is an example of the relation between the different methods of dimensional
reduction, as indicated in section 4.4.

Quantisation Conditions onSL(2,R) Mass Parameters

The classicalSL(2,R) symmetry of IIB supergravity is broken toSL(2,Z) by string theory,
as discussed in section 2.3. We would like to consider the effect of this on the twisted re-
ductions of IIB with theSL(2,R) symmetry of section 5.3. In particular, it implies that the
monodromy matrix must be an element ofSL(2,Z), the arithmetic subgroup ofSL(2,R):

M(x + 2πR) = Λ M(x)ΛT with Λ = e2πR C ∈ SL(2,Z) , (5.30)

whereC is given by (5.18). This will imply a quantisation of the mass parameters~m.
We will apply the following procedure. The mass parameters will be parameterised by

~m = m̃ (p, q, r). Then, given the radius of compactificationR and the relative coefficients
(p, q, r) of the mass parameters, one should choose the overall coefficientm̃ such that the
monodromy lies inSL(2,Z). This is not always possible; a necessary requirement in all
cases but one will be that(p, q, r) are integers and satisfy a so-called diophantic equation,
i.e. an equation for integer numbers. Furthermore we must requireq andr to be either both
even or both odd. Thus we get allSL(2,Z) monodromies that can be expressed as products
of the elements

S =
(

0 1
−1 0

)
, T =

(
0 1
0 0

)
, (5.31)

and their inverses. The conjugacy classes ofSL(2,Z) have been classified in [151,152]. We
will discuss the results for the different possibilities ofdet(Q) [149,150].

The casedet(Q) < 0 gives rise to a monodromyΛ ∈ SL(2,Z) provided we have

m̃ =
arccosh(n/2)
πR
√

n2 − 4
and p2 + q2 − r2 = n2 − 4 , (5.32)
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for some integern ≥ 3. One set of solutions to this diophantic equation is(p, q, r) =
(±n, 0,±2) with monodromyΛ = (S T−n)±1. There are other conjugacy classes, however:
not all other solutions are related to it bySL(2,Z).

Fordet(Q) = 0, we find thatΛ is an element ofSL(2,Z) provided we have

m̃ =
1

2πR
and p2 + q2 − r2 = 0 . (5.33)

All the solutions of the diophantic equation are related viaSL(2,Z) to the solution(p, q, r) =
(0, n, n) with n an arbitrary integer. This gives rise to the monodromyΛ = Tn. The quanti-
sation onm̃ is the same charge quantisation condition as found in [146].

For the remaining case,det(Q) > 0, we find that there are three distinct possibilities for
Λ to be an element ofSL(2,Z). For the first possibility we must have

m̃ =
1

4R
and p2 + q2 − r2 = −4 . (5.34)

One solution to this diophantic equation is(p, q, r) = (0, 0,±2), yielding Λ = S±1. All
other solutions to the diophantic equation are related bySL(2,Z). For the second possibility
one must require

m̃ =
1

3
√

3R
and p2 + q2 − r2 = −3 ., (5.35)

which is solved by(p, q, r) = (±1, 0,±2) with monodromyΛ = (T−1 S)±1. Again all other
solutions are related bySL(2,Z). The third possibility is of a different sort: it requires

m̃ =
1
R

and p2 + q2 − r2 = −4 , (5.36)

but (p, q, r) are not necessarily integer-valued. This gives rise to trivial monodromyΛ = I
and thus corresponds to a truncation of the untwisted Kaluza-Klein tower to a set of massive
rather than massless modes, see section 4.3 and [121].

5.4 Gauged Maximal Supergravities inD = 8

In this section we will perform all possible 3D group manifold reductions of 11D supergrav-
ity, resulting in different 8D gauged maximal supergravities. These results were first obtained
in [136,153].
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The Bianchi Classification of 3D Groups

We will first review the Bianchi classification7 [159] of three-dimensional Lie groups. The
generators of the group satisfy the commutation relations (m, n, p = (1, 2, 3))

[Tm, Tn] = fmn
pTp , (5.37)

with constant structure coefficientsfmn
p subject to the Jacobi identityf[mn

qfp]q
r = 0. For

three-dimensional Lie groups, the structure constants have nine components, which can be
conveniently parameterised by

fmn
p = εmnqQ

pq + 2δ[m
pan] , Qpqaq = 0 . (5.38)

HereQpq is a symmetric matrix with six components, andam is a vector with three com-
ponents. The constraint on their product follows from the Jacobi identity. Havingaq = 0
corresponds to an algebra with traceless structure constants:fmn

n = 0. The Bianchi classifi-
cation distinguishes between class A and B algebras which have vanishing and non-vanishing
trace, respectively.

Of course Lie algebras are only defined up to changes of basis:Tm → Rm
n Tn with

Rm
n ∈ GL(3,R). The corresponding transformation of the structure constants and its com-

ponents reads

fmn
p → f ′mn

p = Rm
qRn

r(R−1)s
pfqr

s :

{
Qmn → det(R)((R−1)T QR−1))mn ,

am → Rm
nan .

(5.39)

These transformations are naturally divided into two complementary sets. First there is the
group of automorphism transformations withfmn

p = f ′mn
p, whose dimension is given in

table 5.4 for the different algebras [160]. Then there are the transformations that change the
structure constants, and these can always be used [160,161] to transformQpq into a diagonal
form andaq to have only one component. We will explicitly go through the argument.

Consider an arbitrary symmetric matrixQmn with eigenvaluesλm and orthogonal eigen-
vectors~um. Taking

RT = (
√

d2d3 ~u1,
√

d1d3 ~u2,
√

d1d2 ~u3) , (5.40)

with dm 6= 0 andsgn(d1) = sgn(d2) = sgn(d3) we find that

Qmn → diag(d1λ1, d2λ2, d3λ3) . (5.41)

We now distinguish between four cases, depending on the rank ofQmn:
7Actually, the classification method used nowadays and presented here is not Bianchi’s original one, but it is due

to Schücking and Behr (see Kundt’s paper based on the notes taken in a seminar given by Schücking [154] and the
editorial notes [155]), and the earliest publications in which this method is followed are [156, 157]. The history of
the classification of three- and four-dimensional real Lie algebras is also reviewed in [158]. We will adhere to the
common use of Bianchi classification, however.
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• Rank(Qmn) = 3: in this case all components ofam necessarily vanish (due to the
Jacobi identity), and we can takedm = ±1/|λm| to obtain

Qmn = ±diag(sgn(λ1), sgn(λ2), sgn(λ3)) , am = (0, 0, 0) . (5.42)

• Rank(Qmn) = 2: in this case one eigenvalue vanishes which we take to beλ1. Then
we setdi = ±1/|λi|, with i = 2, 3, to obtainQmn = ±diag(0, sgn(λ2), sgn(λ3)).
From the Jacobi identity, it then follows thatam = (a, 0, 0). We distinguish between
vanishing and non-vanishing vector. In the casea 6= 0, one might think that one can
used1 to seta = 1, but from the transformation rule ofam (5.39) and the form ofR
(5.40) it can be seen thata ∼ √

d2d3, and thereforea can not be fixed byd1. In this
case we thus have a one-parameter family of Lie algebras:

Qmn = ±diag(0, sgn(λ2), sgn(λ3)) ,

{
am = (0, 0, 0) ,

am = (a, 0, 0) .
(5.43)

• Rank(Qmn) = 1: in this case two eigenvalues vanish, e.g.λ1 = λ2 = 0. We setd3 =
±1/|λ3| to obtainQmn = ±diag(0, 0, sgn(λ3)). Again one distinguishes between
am = 0 andam 6= 0. In the latter case one is left with a vectoram = (a1, a2, 0),
of which a1 ∼

√
d2d3 anda2 ∼

√
d1d3. Thus, one can used1 andd2 to adjust the

length of~a to 1, after which anO(3) transformation in the(1, 2)-subspace gives the
final result:

Qmn = ±diag(0, 0, sgn(λ3)) ,

{
am = (0, 0, 0) ,

am = (1, 0, 0) .
(5.44)

• Rank(Qmn) = 0: in this case all three eigenvalues vanish and thereforeQmn = 0.
Thus, the transformation with matrix (5.40) is irrelevant. Foram 6= 0, it follows
from (5.39) that one can first do a scaling to get|~a| = 1 and then anO(3) transforma-
tion to obtain:

Qmn = diag(0, 0, 0) ,

{
am = (0, 0, 0) ,

am = (1, 0, 0) .
(5.45)

Thus, we find that the most general three-dimensional Lie algebra can be described by

Qmn = diag(q1, q2, q3) , am = (a, 0, 0) . (5.46)

In this basis the commutation relations take the form

[T1, T2] = q3T3 − aT2 , [T2, T3] = q1T1 , [T3, T1] = q2T2 + aT3 . (5.47)
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The different three-dimensional Lie algebras are obtained by taking different signatures of
Qmn and are given in table 5.4. Naïvely one might conclude that the classification as given
above leads to ten different algebras. However, it turns out that one has to treat the sub-
casea = 1/2 of (5.43) as a separate case8. Thus, the total number of inequivalent three-
dimensional Lie algebras is eleven, two of which are one-parameter families.

Bianchi a (q1, q2, q3) Class Algebra Dim(Aut)

I 0 (0, 0, 0) A u(1)3 9

II 0 (0, 0, 1) A heis3 6

III 1 (0,−1, 1) B 4

IV 1 (0, 0, 1) B 4

V 1 (0, 0, 0) B 6

VI0 0 (0,−1, 1) A iso(1, 1) 4

VIa a (0,−1, 1) B 4

VII 0 0 (0, 1, 1) A iso(2) 4

VII a a (0, 1, 1) B 4

VIII 0 (1,−1, 1) A so(2, 1) 3

IX 0 (1, 1, 1) A so(3) 3

Table 5.4: The Bianchi classification of three-dimensional Lie algebras in terms of the com-
ponentsa andq1, q2, q3 of their structure constants. Note that there are two one-parameter
families VIa and VIIa with special cases VI0, VII0 and VIa=1/2=III. The algebraheis3 de-
notes the three-dimensional Heisenberg algebra. The table also gives the dimensions of the
automorphism groups.

Of the eleven Lie algebras, onlySO(3) andSO(2, 1) are simple while the rest are all
non-semi-simple [160,162]. In the non-semi-simple cases, we can always chooseq1 = 0. In

8The distinction betweena = 1/2 anda 6= 1/2 arises when considering the isometries on the group manifold,
see also [153].
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this case, the Abelian invariant subgroup consists ofT2 andT3, sinceT1 does not appear on
the right-hand side in (5.47). The algebras of class B with non-vanishing tracefmn

n always
give rise to non-compact groups [163]. In contrast, the algebras of class A correspond to both
compact and non-compact groups; an example is the algebra of type IX, which always gives
rise to the compactSO(3) group. All algebras of class A can be seen as group contractions
and analytic continuations ofso(3), see section 5.5.

Reduction over a 3D Group Manifold

In this subsection we perform the reduction ofD = 11 supergravity over a three-dimensional
group manifold toD = 8 dimensions. The prime example is the reduction over the three-
sphereS3, which gives rise to theSO(3) gauged supergravity of Salam and Sezgin [164].
By choosing other structure constants, corresponding to other three-dimensional Lie alge-
bras, one employs other group manifolds, some of which give rise to non-compact gaugings.
Since these algebras are ordered via the Bianchi classification, the different group manifold
reductions give rise to a Bianchi classification of 8D gauged maximal supergravities [153].

To perform the dimensional reduction, it is convenient to make an8 + 3 split of the
eleven-dimensional space-time:xµ̂ = (xµ, zm) with µ = (0, 1, . . . 7) andm = (1, 2, 3).
Eleven-dimensional fields will be hatted while unhatted quantities are 8D. Using a particular
Lorentz frame the reduction Ansatz for the eleven-dimensional fields is

êµ̂
â =

(
e−ϕ/6eµ

a eϕ/3Lm
iAm

µ

0 eϕ/3Ln
i Un

m

)
, (5.48)

and

Ĉabc = eϕ/2 Cabc , Ĉabi = Li
mBm ab ,

Ĉaij = e−ϕ/2 εmnpLi
mLj

n Va
p , Ĉijk = e−ϕεijk` , (5.49)

for the bosonic fields and

ψ̂a = eϕ/12(ψa − 1
6ΓaΓiλi) , ψ̂i = eϕ/12λi , ε̂ = e−ϕ/12ε , (5.50)

for the fermions. Thus the full eight-dimensional field content consists of the following
128 + 128 field components (omitting space-time indices on the potentials):

8D : {eµ
a, Lm

i, ϕ, `, Am, V m, Bm, C; ψµ, λi} . (5.51)

We will now describe the quantities appearing in this reduction Ansatz.
The matrixLm

i describes the five-dimensionalSL(3,R)/SO(3) scalar coset of the in-
ternal space. It transforms under a globalSL(3,R) acting from the left and a localSO(3)
symmetry acting from the right. We take the following explicit representative (3.25), thus
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fixing the gauge of the localSO(3) symmetry:

Lm
i =




e−σ/
√

3 e−φ/2+σ/2
√

3χ1 eφ/2+σ/2
√

3χ2

0 e−φ/2+σ/2
√

3 eφ/2+σ/2
√

3χ3

0 0 eφ/2+σ/2
√

3


 , (5.52)

which contains two dilatonsφ, σ and three axionsχ1, χ2, χ3. It is useful to define theSO(3)
invariant scalar matrix

Mmn = Lm
iLn

jηij , (5.53)

whereηij = I3 is the internal flat metric. Similarly, the two-dimensionalSL(2,R)/SO(2)
scalar coset is parameterised by the dilatonϕ and the axioǹ via theSO(2) invariant scalar
matrix

WIJ = eϕ

(
`2 + e−2ϕ `

` 1

)
. (5.54)

The only dependence on the internal coordinateszm comes in via theGL(3,R) matrices
Um

n. These can be interpreted as the components of the three Maurer-Cartan one-forms
σm = Um

ndzn of some three-dimensional Lie group. By definition they satisfy the Maurer-
Cartan equations (4.46), giving rise to the structure constantsfmn

p of the group, which are
independent ofzm. Using a particular frame in the internal directions, the explicit coordinate
dependence of the Maurer-Cartan one-forms is given by

Um
n =




1 0 −s1,3,2

0 eaz1
c2,3,1 eaz1

c1,3,2 s2,3,1

0 −eaz1
s3,2,1 eaz1

c1,3,2 c2,3,1


 , (5.55)

where we have used the following abbreviations

cm,n,p = cos(
√

qm
√

qn zp) , sm,n,p =
√

qm sin(
√

qm
√

qn zp)/
√

qn , (5.56)

This gives rise to structure constants (5.38) with (5.46). It is understood that the structure
constants satisfy the Jacobi identity, amounting toq1a = 0.

A subtlety which is not obvious from the analysis by Scherk and Schwarz [39] is that
one only can reduce the action for traceless structure constants (fmn

n = 0). These cases
lead to the class A gauged supergravities. For structure constants with non-vanishing trace
(fmn

m 6= 0), one has to resort to a reduction of the field equations, see section 4.6. These
cases lead to the class B gauged supergravities. Note that the adjoint of the gauge groupG in
embedded in the fundamental ofGL(3,R):

gn
m = eλkfkn

m

, (5.57)

whereλk are the parameters of the gauge transformations. Therefore, in the case of a non-
vanishing trace, the gauge groupG is a subgroup ofGL(3,R) and not ofSL(3,R).
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The relation between the Maurer-Cartan one-formsσm and the three-dimensional isom-
etry groups is as follows. The metric on the group manifold reads

ds2
G = e2ϕ/3Mmnσmσn , (5.58)

where the scalarsϕ andM are constants from the three-dimensional point of view. A vector
field L defines an isometry if it leaves the metric invariant

LLgmn = 0 . (5.59)

For all values of the scalars, the group manifold has three isometries generated by the left
invariant Killing vector fields, as explained in section 4.4. These fulfill the stronger require-
ment

LLmσn = 0 (5.60)

for all three Maurer-Cartan forms on the group manifold and generate the algebra as given
in (4.46). In the class A case, i.e.a = 0, the left-invariant Killing vectors generating the three
isometries are given by

L1 =
c1,2,3

c1,3,2

∂

∂z1
− s2,1,3

∂

∂z2
+

c1,2,3 s3,1,2

c1,3,2

∂

∂z3
,

L2 =
s1,2,3

c1,3,2

∂

∂z1
+ c1,2,3

∂

∂z2
− s1,2,3 s1,3,2

c1,3,2

∂

∂z3
, (5.61)

L3 =
∂

∂z3
,

whereas in the class B case, i.e.q1 = 0 anda 6= 0, they are given by

L1 =
∂

∂z1
− (az2 + q2z

3)
∂

∂z2
+ (q3z

2 − az3)
∂

∂z3
,

L2 =
∂

∂z2
, L3 =

∂

∂z3
. (5.62)

Here,∂/∂z2 and∂/∂z3 are manifest isometries. This follows from the fact that the matrix
Un

m is independent ofz2 andz3.
In this section, we have not heeded any global issues concerning the group manifold

reductions. This amounts to taking the universal cover of the group manifold. For this reason,
the manifolds of types I-VIII are non-compact and have the topology ofR3, while the type
IX manifold has the topology ofS3. The latter case therefore does not raise any issues when
compactifying. In the case of non-compact groups, there are two approaches:

• One reduces over a non-compact group manifold. Supersymmetry is preserved, but the
non-compact internal manifold leads to a continuous spectrum in the lower-dimensional
theory; this spectrum can be consistently truncated to an 8D gauged maximal super-
gravity, however. This is the so-called non-compactification scheme.
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• The group manifold is compactified by dividing out by discrete symmetries [165]. For
all Bianchi types except types IV and VIa, it is possible to construct compact manifolds
in this way [166]. Sometimes, supersymmetry is preserved under this operation, like
for the three-torus. In other cases, in particular for class B group manifolds, we do not
know whether any supersymmetry is preserved under such an identification.

In this thesis, we will concentrate on local aspects, and therefore not take sides regarding this
issue.

Supersymmetry Transformations and Global Symmetries

With the Ansatz above, all class A and B gauged supergravities can be obtained. We will
first consider the supersymmetry transformations of these theories. Reduction of the 11D
supersymmetry rules (B.1) yields

δeµ
a =− i

2
εΓaψµ

δψµ =2∂µε− 1
2

/ωµε +
1
2
L[i|mDµLm|j]Γijε +

1
24

e−ϕ/2fijkΓijkΓµε− 1
6

e−ϕ/2fij
jΓµΓiε

+
1
24

eϕ/2ΓiL m
i (Γ νρ

µ − 10δ ν
µ Γρ)Fmνρε− i

12
e−ϕΓijkLi

mLj
nLk

pG(1)
µmnpε

+
i

96
eϕ/2(Γ νρδε

µ − 4δ ν
µ Γρδε)Gνρδεε +

i

36
ΓiL m

i (Γ νρδ
µ − 6δ ν

µ Γρδ)Hνρδmε

+
i

48
e−ϕ/2ΓiΓjL m

i L n
j (Γ νρ

µ − 10δ ν
µ Γρ)Fνρmnε ,

δλi =
1
2
L m

i Ljn /DMmnΓjε− 1
3

/∂ϕΓiε− 1
4
e−ϕ/2(2fijk − fjki)Γjkε

+
1
4
eϕ/2L m

i Mmn /F
n
ε +

i

144
eϕ/2Γi /Gε +

i

36
(2δ j

i − Γ j
i )L m

j /Hmε

+
i

24
e−ϕ/2ΓjL m

j L n
k (3δ k

i − Γ k
i )/Fmnε +

i

6
e−ϕΓjkLi

mLj
nLk

p /G
(1)
mnpε ,

δAm
µ =− i

2
e−ϕ/2L m

i ε(Γiψµ − Γµ(ηij − 1
6
ΓiΓj)λj) ,

δVµ mn =εmnp[− i

2
eϕ/2L p

i ε̄(Γiψµ + Γµ(ηij − 5
6
ΓiΓj)λj)− ` δAp

µ] ,

δBµν m =L i
m ε̄(Γi[µψν] +

1
6
Γµν(3δ j

i − ΓiΓj)λj)− 2 δAn
[µVν] mn ,

δCµνρ =
3
2
e−ϕ/2ε̄Γ[µν(ψρ] −

1
6
Γρ]Γiλi)− 3δAm

[µBνρ] m ,

L n
i δLnj =

i

4
eϕ/2ε(Γiδ

k
j + Γjδ

k
i − 2

3
ηijΓk)λk ,
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δϕ =− i

2
εΓiλi ,

δ` =− i

2
eϕε̄Γiλi . (5.63)

where reduction of the 11D field strengtĥG gives rise to the 8D field strengths

G = dC + Fm∧Bm , Fmn = DVmn − fmn
pBp + `εmnpF

p ,

Hm = DBm + Fn∧Vmn , G(1)
mnp = εmnpd` + 3

(
Vr[m + `Aqεqr[m

)
fnp]

r , (5.64)

and where the field strengths of the Kaluza-Klein vectors are given by

Fm = dAm − 1
2fnp

mAn∧Ap , (5.65)

which are the non-Abelian gauge field strengths.
The ungauged theory has a global symmetry group (see table 3.4)

SL(3,R)× SL(2,R) . (5.66)

The first group acts on the indicesm,n, p of the bosonic sector in the obvious way. For
SL(2,R) covariance, one needs to construct theSL(2,R)/SO(2) scalar cosetWIJ given in
(5.54) and the doublet of vector field strengthsF I m = (εmnpFnp, F

m), with I = 1, 2. The
SO(1, 1)+ ∼ R+ subgroup ofSL(2,R) can be combined with theSL(3,R) group to yield
the full GL(3,R), that one would expect from the 11D origin.

In the gauged theory, thisGL(3,R) is in general no longer a symmetry, since it does not
preserve the structure constants. The unbroken part is exactly given by the automorphism
group of the structure constants as given in table 5.4. Of course, this always includes the
gauge group, which is embedded inGL(3,R) via (5.57). However, the full automorphism
group can be bigger. For instance, it is nine-dimensional in theU(1)3 case; this amounts
to the fact that the ungaugedD = 8 theory has aGL(3,R) symmetry. Note that all other
cases have Dim(Aut)< 9 and thus break theGL(3,R) symmetry to some extent. The scaling
symmetry that corresponds to the determinant of theGL(3,R) element (or, equivalently, to
the SO(1, 1)+ subgroup ofSL(2,R)), is broken by all non-vanishing structure constants.
To understand the fate of the other subgroups ofSL(2,R), one needs to define the doublet
f I

mn
p = (fmn

p, 0). Under a globalSL(2,R) transformation the full theory is invariant up to
a transformation of the structure constants:

f I
mn

p → ΩI
Jf I

mn
p , ΩI

J ∈ SL(2,R) . (5.67)

From this transformation, one can see that theSO(2) andR+ subgroups ofSL(2,R) are
broken by any non-zero structure constants and thus in all theories except the Bianchi type I.
In contrast, the doublet of structure constants (5.67) is invariant under anR subgroup of the
SL(2,R) symmetry.
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Lagrangian for Class A Theories

The bosonic part of the eight-dimensional action for class A theories reads

L =
√−g

[
R + 1

4Tr(DMDM−1) + 1
4Tr(∂W∂W−1)− 1

4F I mMmnWIJF J n+

− 1
2·3!HmMmnHn − 1

2·4!e
ϕG2 − V − 1

6 ? (CS)
]

, (5.68)

with Chern-Simons term

CS =`G∧G + 2εmnpG∧Hm∧Vnp − 2G∧(F̃m + `Fm)∧Bm + 2G∧∂`∧C+

+ εmnpHm∧Hn∧Bp + 2Hm∧(F̃m + `Fm)∧C , (5.69)

where we have defined̃Fm = εmnpGnp. The scalar potentialV reads

V = 1
4e−ϕ [2Mnqfmn

pfpq
m + MmqMnrMpsfmn

pfqr
s]

= − 1
2 e−ϕ [(Tr(MQ))2 − 2Tr(MQMQ)] , (5.70)

where we have used the relation (5.38) between the structure constants and the mass matrix.
The massive deformations of class A can be written in terms of a superpotentialW , which

is given by

W = e−ϕ/2Tr(MQ) . (5.71)

The deformations of the supersymmetry transformation of the gravitino can be written in
terms ofW , while the dilatino variations contain terms withδΦW , whereΦ denotes a generic
scalar. The scalar potential (5.70) can also be written in terms of the superpotential and its
derivatives via the general formula (5.1). We will come back to this in section 5.5.

Lagrangians for Truncations of Class B Theories

The class B gaugings and group manifolds are parameterised by three parametersa 6= 0
and (q2, q3) while q1 = 0. The full set of field equations for class B gaugings cannot be
derived from an action. However, for specific truncations this is possible, as discussed in
section 4.6. We know of three such cases, leading to a Lagrangian with a single exponential
potential [167]:

• Type III with the truncation9

M =




e−σ/
√

3 0 0
0 eσ/2

√
3cosh( 1

2

√
3σ) −eσ/2

√
3sinh(1

2

√
3σ)

0 −eσ/2
√

3sinh( 1
2

√
3σ) eσ/2

√
3cosh( 1

2

√
3σ)


 (5.72)

9The off-diagonal components ofM (corresponding to non-zero axions) are consequences of our basis choice
for the structure constants. AnSO(2) rotation rendersM diagonal but introduces off-diagonal components inQ.
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which corresponds to the manifoldS1 ×H2. It leads to the Lagrangian

L =
√−g[R− 1

2 (∂ϕ)2 − 1
2 (∂σ)2 − 3

2e−ϕ−σ/
√

3] , (5.73)

which has∆ = −1.

• Type V withM = I3, corresponding to the manifoldH3:

L =
√−g[R− 1

2 (∂ϕ)2 − 3
2e−ϕ] , (5.74)

with a dilaton coupling giving rise to∆ = −4/3.

• Type VIIa with M = I3, also corresponding to the manifoldH3 and leading to the
same Lagrangian (5.74).

Note that in all three cases the group manifold (partly) reduces to a hyperbolic manifold,
i.e. the maximally symmetric space of constant negative curvature with enhanced isometry
and isotropy groups.

Nine-dimensional Origin

In this subsection, we will discuss how allD = 8 gauged supergravities, except those whose
gauge group is simple (i.e.SO(3) or SO(2, 1)), can be obtained by a twisted reduction of
maximalD = 9 ungauged supergravity using its global symmetry groupR+ × SL(2,R).
This is possible since all these theories follow from the reduction over a non-semi-simple
group manifold, which has two commuting isometries. These can always be arranged to be
manifest, as in (5.55) withq1 = 0. In these cases, one first can perform a toroidal reduction
overT 2 to nine dimensions, followed by a twisted reduction to eight dimensions.

Restricting ourselves to symmetries that are not broken byα′-corrections, theD = 9
global symmetry group is given by

SL(2,R)× R+ . (5.75)

Here the duality groupSL(2,R) is a symmetry of the action and is not broken byα′-
corrections, since it descends from the duality groupSL(2,R) of type IIB string theory.
We denote its elements byΩ. The explicitR+ symmetry with elementsΛ is given by10 the
combination4α − 3δ of table 5.2 and is valid on the equations of motion only. Since it has
an M-theory origin as the scaling symmetryxµ → Λxµ for µ = 10, 11, this symmetry is not
broken byα′-corrections either. This scaling symmetry is precisely the transformation with
parameterΛ = exp(az1), generated by the matrixUm

n, see (5.55), forq1 = q2 = q3 = 0.
Note that this scaling symmetry scales the volume-element of the two-torus, which explains
why it is only a symmetry of theD = 9 equations of motion.

10The symmetryα + 12β considered in section 5.3 is a linear combination of the explicitR+ and the
SO(1, 1)+ ∼ R+ symmetry ofSL(2,R).
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D = 9 ⇒ D = 8 Λ = 1 Λ 6= 1
Reduction Ansatz (⇒ class A) (⇒ class B)

Ω = I2 I = U(1)3 V

Ω ∈ R II = Heis3 VI

Ω ∈ R+ VI0 = ISO(1, 1) III = VI a=1/2, VIa

Ω ∈ SO(2) VII 0 = ISO(2) VII a

Table 5.5: TheD = 8 non-semi-simple gauged maximal supergravities, resulting from re-
duction ofD = 9 ungauged maximal supergravity by using the different global symmetries
in D = 9. HereΩ andΛ denote elements ofSL(2,R) andR+, respectively.

When performing theD = 9 to D = 8 twisted reduction [38], we distinguish between the
cases whereΛ = 1 (a = 0) and whereΛ 6= 1 (a 6= 0). Furthermore, we allowΩ to be either
the identity or an element of the three subgroups ofSL(2,R). Reduction toD = 8 thus gives
rise to eight different possibilities, one of which has to be split in two. These correspond to
the nineD = 8 gauged maximal supergravities with non-semi-simple gauge groups, i.e. all
Bianchi types except type VIII with gauge groupSO(2, 1) and type IX with gauge group
SO(3). The result is given in table 5.5.

It can be seen that class A gauged supergravities are obtained by using only a subgroup of
SL(2,R), which is a reduction that can be performed on theD = 9 ungauged action. Class B
gauged supergravities, however, require the use of the extra scaling symmetry which indeed
can only be performed at the level of the field equations.

An alternative to the twisted reduction of 9D ungauged theories is the trivial reduction of
the gauged theories of section 5.3. When restricting to gauge groups that are embeddable in
string theory, we have four possibilities in nine dimensions: the three subgroupsζ, γ andθ of
SL(2,R) and the scaling symmetryα + 12β. Upon reduction, we find that these theories are
related to Bianchi types up toSO(2) ⊂ SL(2,R) rotation of90 degrees. The specific types
are II, VI0 and VII0 (of class A) and III (of class B), respectively.

5.5 CSO Gaugings of Maximal Supergravities

In this section we will discussCSO gauged maximal supergravities, appearing in diverse
dimensions, and describe the relation to the previously constructed theories. We will conclude
by mentioning some other possibilities of gauged maximal supergravities.
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CSO Algebras and Groups

An important role in gauged maximal supergravity is played by the so-calledCSO groups,
see e.g. [168–170]. These groups can be seen as analytic continuations and group contractions
of SO groups, as is demonstrated below.

We start with the algebraso(n) with generators in the fundamental representation (with
i, j, . . . = 1, . . . , n)

(gij)k
l = δk

[iQj]l , (5.76)

with Q equal to the identity matrix forso(n). The generators are labelled by an anti-
symmetric pair of indices, giving rise to12n(n − 1) different generators. These satisfy the
commutation relations

[gij , gkl] = fij,kl
mngmn , fij,kl

mn = 2δ
[m
[i Qj][kδ

n]
l] . (5.77)

The corresponding group elements leave the matrixQ invariant:

exp(λijgij)Qexp(λijgT
ij) = Q , (5.78)

whereλij are the (real) parameters of the group elements. The above properties hold for an
arbitrary matrixQ, which equalsIn for theSO(n) group.

Consider the following scaling of theso(n) algebra, wherei, j = 1, . . . , n− 1:

gij → gij , gin → λgin (5.79)

A straightforward calculation shows that the only effect on the above algebra is a scaling of
the matrixQ:

Q = In →
(
In−1 0

0 λ−2

)
. (5.80)

Therefore, different choices forλ result in different algebras:

• λ → 1 is the trivial case, retaining theso(n) algebra,

• λ → i is an analytic continuation, yielding theso(n− 1, 1) algebra and

• λ →∞ corresponds to a group contraction, giving theiso(n− 1) algebra,

as can be seen from the defining equation (5.78). Thus, the (imaginary or infinite) rescaling
of the generators (5.79) takes one from theso(n) algebra withQ = In to the algebrasso(n−
1, 1) or iso(n− 1).
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One can perform the operation (5.79) a number of times with different generators, leading
to the algebra (5.76) with the matrix

Q =



Ip 0 0
0 −Iq 0
0 0 0r


 , (5.81)

with p+q+r = n. The corresponding algebra is called thecso(p, q, r) algebra, satisfying the
equations (5.76)-(5.78). Therefore, thecso(p, q, r) algebras withp + q + r = n are analytic
continuations and group contractions of the prime exampleso(n). This generalises theso(n)
algebra to[n2/4 + n] different possible algebras.

Note that a generatorgij vanishes if and only ifQii = Qjj = 0. For this reason, the ma-
trix (5.81) gives rise to12r(r− 1) vanishing generators. The number of non-trivial generators
of a cso(p, q, r) algebra therefore equals

1
2 (p + q + r)(p + q + r − 1)− 1

2r(r − 1) = 1
2 (p + q)(p + q + 2r − 1) . (5.82)

Also note thatcso(p, q, r) andcso(q, p, r) are isomorphic, whilecso(p, q, 0) = so(p, q) and
cso(p, q, 1) = iso(p, q).

          SO(3)

ISO(2)

    (1,1,1)
SO(2,1)

Heisenberg

C

A

C

C

ISO(1,1)

(1,−1,1)

(0,−1,1)

(0,0,1)

(0,1,1)

1

2

2A

1

C2 2

Figure 5.2: Relations between the differentCSO groups withn = 3 under analytic continu-
ationsA and group contractionsC. The boxes give the groups and the diagonal components
of Q.

The correspondingCSO group elements satisfy (5.78). The simplest examples are

• n = 2: SO(2), SO(1, 1), ISO(1) ∼ R,

• n = 3: SO(3), SO(2, 1), ISO(2), ISO(1, 1), CSO(1, 0, 2) ∼ Heis3.

Then = 2 case are the one-dimensional subgroups ofSL(2,R), while then = 3 case exactly
comprises the class A groups of the Bianchi classification (see table 5.4). The relations under
analytic continuations and group contractions are illustrated in figure 5.2 forn = 3.
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Gauged Maximal Supergravity

One might have noticed a certain familiarity with theCSO(p, q, r) groups withp+q+r = n
for n = 2 andn = 3. Indeed, these are exactly the gauge groups for a subset of the gaugings
considered in sections 5.3 and 5.4. SuchCSO groups also emerge in lower-dimensional
gauged maximal supergravities11, as we will now discuss.

It has been known for long that certain gauged maximal supergravities with global sym-
metry groupsSL(n,R) allow for the gauging of theSO(n) subgroup of the global symmetry.
An example is theSO(8) gauging in four dimensions [173]. Subsequently, it was realised
that such gauged supergravities could be obtained by the reduction of a higher-dimensional
supergravity over a sphere, with a flux of some field strength through the sphere. An exam-
ple is the reduction of 11D supergravity overS7, with magnetic flux of the four-form field
strength through the seven-sphere, yielding theSO(8) theory [127]. Other examples are
given in table12,13 5.6.

D n φ Origin

10 1
√

Massive IIA [74]

9 2
√

IIB with SO(2) twist [147]

8 3
√

IIA on S2 [164]

7 5 − 11D onS4 [125,126]

6 5
√

IIA on S4 [175]

5 6 − IIB on S5 [128,174]

4 8 − 11D onS7 [127]

Table 5.6: The different gauged maximal supergravities inD dimensions withn mass pa-
rameters. The relevant scalar subsector consists of the cosetSL(n,R)/SO(n) plus, for the
cases with a

√
in the third column, an extra dilatonφ. We also give the higher-dimensional

origin of theSO(n) prime examples.

In addition toSO(n), the global symmetry groupSL(n,R) has more subgroups that can
be gauged. It was found that many more gaugings could be obtained from theSO(n) prime

11For the purposes of uniformity, we will restrict ourselves toD ≥ 4. Gauged maximal supergravities inD = 3
have a number of remarkable properties, see e.g. [171,172].

12We have included massive IIA supergravity in table 5.6, even though it is not a gauged theory and its higher-
dimensional origin is unknown, for reasons that will be discussed in the next subsection.

13TheS5 reduction of IIB has not (yet) been proven in full generality. The linearised result was obtained by [174]
while the full reduction of theSL(2,R) invariant part of IIB supergravity was performed by [128].
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examples by analytic continuation or group contraction of the gauge group [176, 177]. This
leads one fromSO(n) to the groupCSO(p, q, r) with p + q + r = n, as we have seen in the
previous subsection.

At first the generalisation ofSO(p, q) to CSO(p, q, r) was thought to be possible only
for even-dimensional gauged supergravities, due to problems with the number of degrees of
freedom of gauge potentials in odd dimensions. The resolution lies in the role played by
the massive self-dual gauge potentials in odd dimensions [178]. For example, the resulting
field content inD = 5 contains15 + r gauge vectors and12 − r massive self-dual two-
form potentials [169]. InD = 7 one would expectr massless two-forms and5 − r massive
self-dual three-forms, of which the caser = 1 is confirmed in [175]. Surprisingly, this
phenomenon does not occur inD = 9, where one has one massless three-form potential for
all values ofr [147]. This is related to the fact that the 9D potential is a singlet, while the
lower-dimensional potentials transform non-trivially under the gauge group, see table 3.4. In
this section, we will be concerned with the scalar subsector of these theories and therefore
not mind the subtleties associated with the gauge potentials.

The question of the higher-dimensional origin14 of theCSO(p, q, r) gaugings was clar-
ified in [131], where the same operations of analytic continuations and group contractions
were applied to the internal manifold. The resulting manifolds are hypersurfaces defined by

n∑

i=1

qiµi
2 = 1 , (5.83)

with n parameters15 qi of which p are positive,q are negative andr are vanishing; hence
p + q + r = n. The manifold corresponding to (5.83) is denoted byHp,q × T r [131]. The
hyperbolic manifoldHp,q can be endowed with a positive-definite metric, which generically
is inhomogeneous [181]; the exceptions are the (maximally symmetric) coset spaces

Sn = Hn+1,0 ' SO(n + 1)
SO(n)

, Hn = H1,n ' SO(1, n)
SO(n)

, (5.84)

i.e. the sphere and the hyperboloid. Generically the spacesHp,q are non-compact; the only
exception is the sphere withq = 0.

Thus non-compact gauge groupsCSO(p, q, r) with q 6= 0 are obtained from reduction
over non-compact manifolds, as first suggested in [182]. It can be argued that the correspond-
ing reduction is consistent provided the compact case, with reduction overSn−1, has been
proven consistent [131].

A special case of this reduction is provided byp + q = 1 or 2. In such cases,Hp,q

corresponds to a one-dimensional manifold, over which one performs a twisted reduction
(see section 4.3). The difference between(p, q, r) = (2, 0, 0), (1, 1, 0) and(1, 0, 1) is the

14For discussions of the higher-dimensional origin of self-duality relations, see [125,137,178].
15Another approach to the introduction of these parameters in the lower dimension is the inclusion ofn Killing

vectors in 11D supergravity [142,147,179,180].



5.5CSO Gaugings of Maximal Supergravities 111

flux of the scalars: the different values correspond to twisting with the subgroupsSO(2),
SO(1, 1) andR of a global symmetry groupSL(2,R), respectively.

Examples of these cases are provided by the reduction of IIB with anSL(2,R) twist,
giving rise toCSO gauged supergravity in 9D withn = 2 (see section 5.3). This requires
the identification

Q = 1
2

( −m2 + m3 m1

m1 m2 + m3

)
=

(
q1 0
0 q2

)
, (5.85)

between the parameters~m = (m1,m2,m3) of theSL(2,R) twisted reduction (B.14) and the
parameters(q1, q2) of the reduction over the hypersurface (5.83). The choice of diagonalQ
corresponds to vanishingm1, which can always be obtained bySL(2,R) field redefinitions
(as explained in section 5.3). Note that generic twisted reductions (4.36) give rise to a trace-
less matrixC, which only forn = 2 can be related to a symmetric matrixQ, see (5.19). The
explicit relation between the twisted reduction coordinatey and the Cartesian coordinatesµi

reads

µ1 = sin(
√

q1q2y)/
√

q1 , µ2 = cos(
√

q1q2y)/
√

q2 . (5.86)

This explains the relation between twisted reduction and the casep + q ≤ 2 of (5.83).
Another noteworthy remark concerns the next case,p + q = 3. This defines two-

dimensional spaces, e.g.S2 andH2, over which one can perform coset reductions. Alterna-
tively, these cases can be viewed as group manifold reductions over three-dimensional group
manifolds, e.g.SO(3) andSO(2, 1). For example, one can either perform a two-dimensional
coset reduction of IIA or a three-dimensional group manifold reduction of 11D to obtain the
class A gauged supergravities in 8D [136]. The structure constants of these class A group
manifolds are given by

fmn
p = εmnqQ

pq , Qmn = diag(q1, q2, q3) , (5.87)

which relates the parameters of the group manifold reduction and the reduction over the
hypersurface. Note that the structure constants only contain a symmetric matrixQ for the
casen = 3, confirming the relation between 3D group manifolds and (5.83) withn = 3.
Explicitly, the relations between the three-dimensional group manifold reductions and the
reductions over the two-dimensional hypersurface (5.83) are

µ1 = sin(
√

q2q3 y2)/
√

q1 ,

µ2 = sin(
√

q1q3 y1) cos(
√

q2q3 y2)/
√

q2 , (5.88)

µ3 = cos(
√

q1q3 y1) cos(
√

q2q3 y2)/
√

q3 ,

wherey1,2 are the two coordinates of the 3D group manifold that remain after reduction over
the manifest isometry directiony3.
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We expect the following relations between the different maximal supergravities with
CSO gauge groups upon toroidal reduction. Consider the mass parameters in dimensions
D andd < D, denoted bynD andnd ≥ nD, respectively. Then thenD mass parameters
in D dimensions reduce to thend mass parameters ind dimensions withnd − nD vanishing
entries:

QD

TD−d

=⇒ Qd =
(

QD 0
0 0nd−nD

)
. (5.89)

Therefore, the set of allCSO gaugings inD dimensions reduces to (generically) a subset
of all CSO gaugings ind dimensions. In the reduction Ansatz from 11D or 10D tod di-
mensions, thend − nD vanishing mass parameters correspond to a torusTD−d over which
one can reduce first, as can be seen from (5.83). This conjecture relating the differentCSO
gauged supergravities will be proven below for the scalar subsector of the theories.

Scalar Potential

In addition to the gauging of the groupCSO(p, q, r), the non-trivial reduction over the spaces
Hp,q × T r gives rise to a scalar potential. To this end, we consider the scalar subsector of
these theories.

In all cases, it contains a scalar cosetSL(n,R)/SO(n), which is parameterised by a
symmetric matrixM . We will restrict ourselves to a diagonal matrix, for reasons that will be
explained in section 6.2. The diagonal part of the scalar is given by

M = diag(e~α1·~φ, . . . , e~αn·~φ) , (5.90)

where then vectors~αi = {αiI} are weights ofSL(n,R) fulfilling the following relations

∑

i

αiI = 0 ,
∑

i

αiI αiJ = 2 δIJ , ~αi · ~αj = 2 δij − 2
n

. (5.91)

In addition, the scalar coset can contain an extra scalarφ, as indicated in table 5.6. Note
thatM andφ generically do not correspond to the full scalar coset, as can be inferred from
table 3.4; however, they do constitute the part that is relevant to theCSO gauging and scalar
potential. Similarly, the full global symmetry will often be larger thanSL(n,R); it is for
example given bySO(5, 5) in 6D. Its SL(n,R) subgroup will generically be the largest
symmetry of the Lagrangian, however, and is the only part of the symmetry group that is
relevant for the present discussion.

The scalar potential of allCSO gaugings has the universal form

V = − 1
2eaφ((Tr[QM ])2 − 2Tr[QMQM ]) , Q = diag(q1, . . . , qn) , (5.92)
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in terms of the mass parametersqi of the hypersurface (5.83). The dilaton couplinga is given
by

a2 =
8
n
− 2

D − 3
D − 2

, (5.93)

for the different cases. This scalar potential can be written in terms of the superpotential

W = eaφ/2Tr[QM ] , (5.94)

via the general formula (5.1) for the scalar potential:

V = 1
2 (δφW )2 + 1

2 (δ~φW )2 − D − 1
4(D − 2)

W 2 . (5.95)

This superpotential also parameterises the explicit deformations of the supersymmetry trans-
formations: the gravitino variation will be proportional toW while the dilatini variations will
be proportional toδW/δ~φ andδW/δφ.

In accordance with table 5.6,a vanishes for(D, n) = (7, 5), (5, 6) and(4, 8), for which
the extra dilatonφ is absent. TheSL(2,R) twisted reduction of IIB and class A group
manifold reduction of 11D yield scalar potentials (5.23) and (5.70) that coincide with (5.92)
for (D,n) = (9, 2) and(8, 3), respectively. In addition, the scalar potential (5.5) of massive
IIA also is of exactly this form with(D, n) = (10, 1) and is therefore included in table 5.6.

For theSO(n) cases, i.e. allqi = 1, the scalar subsector can be truncated by setting
M = I. In this truncation, the scalar potential reduces to a single exponential potential

V = − 1
2n(n− 2)eaφ , (5.96)

Note the dependence of the sign of the potential onn: it is positive forn = 1, vanishing for
n = 2 and negative forn ≥ 3. If a = 0 (which necessarily impliesn ≥ 3 in D ≥ 4), the
scalar potential becomes a cosmological constant and allows for a fully supersymmetric AdS
solution; for this reason, such theories are called AdS supergravities. Theories witha 6= 0 are
called DW supergravities since the natural vacuum is a domain wall solution, see section 6.2.

Group Contraction and Dimensional Reduction

We would like to consider two operations on the scalar sector of theCSO gauged supergrav-
ity. The first operation corresponds to a contraction of theCSO gauge group and corresponds
to setting one mass parameter equal to zero, as explained above. For concreteness, it is taken
to be the last one:qi = (qp, 0), where we have split upi = (p, n) andp = 1, . . . , n− 1. The
superpotential now reads

W = eaφ/2
∑

p

qpe
~αp·~φ = eaφ/2+~β·~φ ∑

p

qpe
~βp·~φ , (5.97)



114 Gauged Maximal Supergravities

where we have chosen to extract an overall part~β · ~φ according to~αp = ~β + ~βp. A convenient
choice for~β is

~β = − 1
n− 1

~αn = (0, . . . , 0,
1√

n(n− 1)/2
) . (5.98)

This corresponds to the scalar coset split

M =

(
e

~β·~φM̃ 0
0 e−(n−1)~β·~φ

)
, M̃ = diag(e~β1·~φ, . . . , e

~βn−1·~φ) , (5.99)

where the weight vectors~βp are subject to the reduction of (5.91):

∑
p

βpI = 0 ,
∑

p

βpI βpJ = 2 δIJ , ~βp · ~βq = 2 δpq − 2
n− 1

, (5.100)

while the last component of all vectors~βp vanishes:βpn = 0. . Therefore, the contracted
superpotential (5.97) only depends on the smaller cosetSL(n− 1,R)/SO(n−1). Also note
that the overall dilaton coupling has changed due to the contraction. For the scalar potential,
this will amount toaφ + 2~β · ~φ instead ofaφ. After a change of basis, corresponding to an
SO(n + 1) rotation in(φ, ~φ)-space, this takes the form̃aφ̃ with

ã2 = a2 + 4~β · ~β =
8

n− 1
− 2

D − 3
D − 2

> a , (5.101)

which is exactly the original relation (5.93) withn decreased by one. It should be clear that
this contraction can be employed several times, each time reducingn by one.

The second operation we wish to perform corresponds to dimensionally reducing the
scalar sector. We take trivial Ansätze for the scalars,M̂ = M and φ̂ = φ, and the usual
Ansatz (4.4) for the metric (obtaining Einstein frame with a canonically normalised Kaluza-
Klein scalarϕ in the lower dimension):

d̂sD
2 = e2γϕdsD−1

2 + e−2(D−3)γϕdz2 , γ2 =
1

2(D − 2)(D − 3)
, (5.102)

where we have truncated the Kaluza-Klein vector away. The resulting scalar potential is of
the same form (5.92), but again the dilaton coupling has changed: the factoraφ is replaced
by aφ + 2γϕ. After a field redefinition, this corresponds toãφ̃ with

ã2 = a2 + 4γ2 =
8
n
− 2

D − 4
D − 3

> a , (5.103)

which is exactly the original relation (5.93) withD decreased by one. Again, dimensional
reduction can be performed any number of times, reducingD by one at each step.
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Concluding, after any number of group contractions or dimensional reductions, the scalar
subsector will always have a scalar potential (5.92) with dilaton coupling (5.93). The only
effect of these operations is to decreaseD or n by one, respectively: the resulting system still
satisfies all equations with the new values of the parametersD andn. This proves that the
scalar subsectors of different gauged supergravities reduce onto each other upon matchingD
andn by dimensional reductions and/or group contractions. We expect this to hold for the
full theories as well.

Other Gauged Maximal Supergravities

TheCSO gaugings generalise the gaugings of subgroups ofSL(2,R) andSL(3,R) in nine
and eight dimensions, respectively. These are not the only possibilities in lower dimensions,
however. Other examples were constructed in e.g. [170,183].

An interesting approach was taken in [171,184], where possible gaugings were classified
by a purely group-theoretical analysis. For example, different gaugings were found in 4D,
depending on the global symmetry group of the Lagrangian16 [184]. The Lagrangian with
SL(8,R) invariance allows for theCSO(p, q, r) gauging withp + q + r = n, as found
above, but other gaugings inD = 4 andD = 5 were also found. For example, after a
number of Hodge duality transformations can bring one to an equivalent Lagrangian with
SL(6,R)×SL(2,R)×SO(1, 1) invariance, which allows for other gaugings. These gauged
theories are obtainable from dimensional reduction of IIB supergravity [185]. Indeed, the
global symmetry group has a natural origin from the IIB point of view: theSL(6,R) stems
from the six internal coordinates, while theSL(2,R) is already present in ten dimensions.

In addition to theories with a Lagrangian, it was found in sections 5.3 and 5.4 that M-
theory allows for other gauged supergravities, that do not have an action but only field equa-
tions. In nine dimensions, there was one such theory with parameterms. In eight dimensions,
there were five theories, with parametersq2, q3 anda. Clearly, one can expect such theories
also in the lower dimensions. It is not clear to us what the general pattern will be, however.

16Hodge duality relates electric and magnetic vectors in 4D. While this does not affect the symmetry group of the
field equations, the different choices give rise to different global symmetries of the Lagrangian.



116 Gauged Maximal Supergravities




