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Appendix A

Supersymmetry technicalities

The first part of this appendix is devoted to a discussion of the technical apparatus
needed in supersymmetric field theories. The second part is a self-contained (but
highly condensed) review of four-dimensional supersymmetry.

A.1 Spinors and Dirac matrices

In this section we discuss the properties of spinors in an arbitrary even number of di-
mensions, d = 2n. Though we mostly need the properties of spinors in ten-dimensional
Minkowski space in the main text, we present an analysis for arbitrary signature. It is
the author’s opinion that a general discussion is helpful in keeping a clear distinction
between intrinsic properties and mere conventions.
There are many different approaches to the theory of Clifford algebras and spinors
and the literature on the subject is vast. The present discussion aims to stay close
to the presentation that is usually encountered in the supergravity and string the-
ory literature. Classic references are [154–158]. For applications to the theory of
extended super-Poincaré algebras see e.g. [159, 160]. Useful reviews can be found in
e.g. [15, 34, 47, 161–164]. For a more mathematical approach see [165, 166] and refer-
ences therein. The topic of invariant actions is somewhat controversial. For a more
extensive discussion than the one presented here, we refer to [167] and references
therein.

A.1.1 The Poincaré group

The Poincaré group P is the isometry group of Minkowski space M = (Rd, η). It
consists of those transformations (Λ, t) : xa → x′a = Λa

bx
b + ta that leave the line
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element ds2 = ηabdx
adxb invariant. We use the mostly-plus convention. Represen-

tations U of P↑
+ (i.e. those elements of P for which Λ0

0 ≥ 1 and det Λ = +1) are
obtained from the Lie algebra

[Pa, Pb] = 0, (A.1.1a)

[Mab, Pc] = −ηacPb + ηbcPa, (A.1.1b)

[Mab,Mcd] = −ηacMbd + ηadMbc + ηbcMad − ηbdMac, (A.1.1c)

by exponentiation:

U = exp
1

2
ωabMab exp τ cPc. (A.1.2)

Infinitesimal Poincaré transformations are thus given by δxa = ωa
bx

b+τa with ωab :=
ωa

cη
cb = −ωba. Moreover, when we represent the Poincaré group by unitary operators

on the Hilbert space of physical states, the Lie algebra is represented by antihermitian
matrices. The generators Pa of translations are related to the conventional momentum
operators by Pa = −iP conv

a , where P conv
a = (−E, ~p). The Mab generate the Lorentz

transformations of Λ↑
+.

In physics one actually needs to consider the covering group of Λ↑
+. In addition to the

bosonic representations of Λ↑
+ (which can all be obtained by taking tensor products

of the vector representation), the cover Λ̄↑
+ also allows for fermionic representations.

These can be obtained as follows. First one constructs a representation of the Clifford
algebra, which is generated by Γa:

{Γa,Γb} = 2ηab. (A.1.3)

The elements of the Clifford algebra are thus given by Γ(k):

Γa1···ak
= Γ[a1

· · ·Γak] =
1

k!

∑

π

(−)πΓπa1
· · ·Γπak

. (A.1.4)

The spinor representation of the Lorentz group is then given by:

Mab =
1

2
Γab. (A.1.5)

A.1.2 Dirac matrices

In the following we will keep the signature of the metric arbitrary:

ηab = diag(−1, . . . ,−1︸ ︷︷ ︸
×t

,+1, . . . ,+1︸ ︷︷ ︸
×s

). (A.1.6)
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t and s = 2n−t stand for the number of time- and spacelike dimensions, respectively1.
First we construct an explicit representation for the Clifford algebra of SO(2n) in
terms of the complex Dirac matrices:

{Γa,Γb} = 2δab. (A.1.7)

We restrict ourselves to unitary representations, hence the Γ-matrices are hermitian,
Γ†

a = Γa. We define:

ai =
1

2
(Γ2i−1 + iΓ2i), (A.1.8a)

a†i =
1

2
(Γ2i−1 − iΓ2i). (A.1.8b)

These are fermionic creation and annihilation operators:

{ai, aj} = {a†i , a†j} = 0, (A.1.9a)

{ai, a
†
j} = δij . (A.1.9b)

In particular, the 2-dimensional Clifford algebra is given by

{a, a†} = 1, a2 = (a†)2 = 0. (A.1.10)

We define the “vacuum” |−〉 by a|−〉 ≡ 0 and get a single excited state |+〉 = a†|−〉,
hence the Clifford algebra has a two-dimensional irreducible representation (up to
equivalence) that acts on C

2. If we represent a vector |v〉 = v−|−〉 + v+|+〉 by the
column matrix (v−, v+)T , we have

a =

(
0 1
0 0

)
, a† =

(
0 0
1 0

)
. (A.1.11)

There is only one irreducible representation of the SO(2n) Clifford algebra. Its carrier
space is obtained by taking tensor products of the states discussed above. Elements
of this carrier space are called Dirac spinors. We define the vacuum |Ω〉 by

|Ω〉 = |−〉 ⊗ . . .⊗ |−〉, n times, (A.1.12)

on which we act with the raising operators a†i to obtain 2n = 2d/2 states |±〉⊗. . .⊗|±〉.
We obtain

ai = σ3 ⊗ . . .⊗ σ3 ⊗
(

0 1
0 0

)
⊗ 1⊗ . . .⊗ 1, (A.1.13a)

a†i = σ3 ⊗ . . .⊗ σ3 ⊗
(

0 0
1 0

)
⊗ 1⊗ . . .⊗ 1, (A.1.13b)

1In this appendix, we number the dimensions from 1 to 2n. For Minkowski space, t = 1, it is
conventional to denote the timelike dimension by 0 and the spacelike dimensions by 1, . . . , 2n − 1.
This is the convention followed in the main text.



136 Supersymmetry technicalities

with 2× 2 matrix in the ith place. Hence

Γ1 = σ1 ⊗ 1⊗ 1⊗ 1 . . . , Γ3 = σ3 ⊗ σ1 ⊗ 1⊗ 1 . . . ,

Γ2 = σ2 ⊗ 1⊗ 1⊗ 1 . . . , Γ4 = σ3 ⊗ σ2 ⊗ 1⊗ 1 . . . , etc.
(A.1.14)

Here {σi}, i = 1, 2, 3, are the standard Pauli matrices. It can be shown that this
2n-(complex)dimensional “standard” representation is unique up to an equivalence
transformation:

Γ′
a = UΓaU

−1, (A.1.15)

where U an arbitrary unitary matrix − unitary, since we want to preserve the her-
miticity properties of the Γ-matrices. Γ-matrices for SO(t, 2n − t) are obtained by
simply multiplying the first t matrices by i. We have

Γ†
a =

{
−Γa, if a = 1, . . . , t

Γa, if a = t+ 1, . . . , 2n,
(A.1.16)

which can be written as

Γ†
a = (−)tAΓaA

−1, A ≡ Γ1 . . .Γt. (A.1.17)

The chirality matrix Γ∗ is defined by

Γ∗ ≡ (−i)n+tΓ1 · · ·Γ2n. (A.1.18)

It anticommutes with the Γa, {Γ∗,Γa} = 0, is hermitian, Γ†
∗ = Γ∗, and squares to

one, (Γ∗)
2 = 1. In the standard representation Γ∗ = σ3 ⊗ σ3 ⊗ σ3 ⊗ σ3 ⊗ . . .. Note

that

Γa1···ak
=

1

(d− k)! i
d/2+t εa1···ad

Γ∗Γ
ad···ak+1 . (A.1.19)

C-matrices The matrices {ΓT
a } and {−ΓT

a } also represent the Clifford algebra and
must thus be equivalent to the Γa, since there is only one inequivalent representation.
Hence there are charge conjugation matrices2 C+ and C− that satisfy

ΓT
a = ±C±ΓaC

−1
± . (A.1.20)

In the standard representation they are given by the following unitary matrices:

C+ = σ1 ⊗ σ2 ⊗ σ1 ⊗ σ2 ⊗ . . . , (A.1.21a)

C− = σ2 ⊗ σ1 ⊗ σ2 ⊗ σ1 ⊗ . . . , (A.1.21b)

2This is an unfortunate misnomer. Changing the sign of the electric charge is related to complex
conjugation of fields. So it are actually the B-matrices that give rise to charge conjugation. Indeed,
given the Dirac equation (/∂ − m + e /A)ψ = 0, one can show that the charge conjugated spinor
ψC = B−1

+ ψ∗ satisfies (/∂ −m− e /A)ψC = 0.



A.1 Spinors and Dirac matrices 137

Γ(k)C−1
+ :

n\k 0 1 2 3

0 + + − −
1 + + − −
2 − − + +
3 − − + +

Γ(k)C−1
− :

n\k 0 1 2 3

0 + − − +
1 − + + −
2 − + + −
3 + − − +

Table A.1.1. Behavior of Γ(k)C−1
± under transposition. A + denotes symmetry, a −

antisymmetry. The tables are (mod 4) in n and k.

regardless of the signature of the metric. We fixed an arbitrary phase. From

CT
+ = σ1 ⊗−σ2 ⊗ σ1 ⊗−σ2 ⊗ . . . ,

CT
− = −σ2 ⊗ σ1 ⊗−σ2 ⊗ σ1 ⊗ . . . ,

we obtain the symmetry properties of the C-matrices:

CT
± = ǫ±C±, with ǫ± = (−)n(n∓1)/2. (A.1.22)

We define the C matrices in other representations (A.1.15) by C → C ′ = U−1TCU−1.
It follows that their unitarity and symmetry properties are independent of the basis
we choose in spinor space.
One can straightforwardly derive the following important relation for the matrices
Γ(k)C−1:

(Γa1···ak
C−1

± )T = (−)[n(n∓1)+k(k∓1)]/2Γa1···ak
C−1

± , (A.1.23)

again regardless of the signature of the metric. The matrices CΓ(k) also satisfy this
relation. The C-matrices are related to each other via the chirality matrix:

C± = (−i)n(−)n(n±1)/2 C∓Γ∗. (A.1.24)

The matrices Γ∗Γ
(k)C−1

± therefore have the same symmetry properties as Γ(k)C−1
∓ .

B-matrices The behavior of the Γ-matrices under complex conjugation does depend
on the signature. Since {±Γ∗

a} represent the Clifford algebra, there are matrices B±

such that:
Γ∗

a = ±B±ΓaB
−1
± . (A.1.25)

They can be related to the C± by means of A. Since

Γ∗
a = (Γ†

a)T = (−)t(AΓaA
−1)T = ±(−)t(C±A

−1)T Γa(C±A
−1)−1T ,

we have (fixing an arbitrary phase)

BT
± =

{
C±A

−1, if t is even,
C∓A

−1, if t is odd.
(A.1.26)
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B+B
∗
+:

n\t 0 1 2 3

0 ⊕ − ⊖ +
1 + ⊕ − ⊖
2 ⊖ + ⊕ −
3 − ⊖ + ⊕

B−B
∗
−:

n\t 0 1 2 3

0 ⊕ + ⊖ −
1 − ⊕ + ⊖
2 ⊖ − ⊕ +
3 + ⊖ − ⊕

Table A.1.2. The sign of BB∗. A + or − sign indicates the existence of (pseudo)-
Majorana and symplectic-(pseudo)-Majorana spinors, respectively. An encircled ⊕ or ⊖
indicates Majorana-Weyl and symplectic-Majorana-Weyl spinors, respectively. In the latter
case, one can choose which B one wants to use. The tables are (mod 4) in n and t.

The B’s are unitary since A and the C’s are unitary. These relations make sense
in any representation if we let the B’s transform as B → B′ = U∗BU−1. Also the
B-matrices are related to each other:

B± =

{
in(−)n(n±1)/2B∓Γ∗, if t is even,

in(−)n(n∓1)/2B∓Γ∗, if t is odd.
(A.1.27)

The following equation will be used below:

B±B
∗
± =

{
ǫ±(−)t(t+1)/2, if t is even,

±ǫ∓(−)t(t+1)/2, if t is odd.
(A.1.28)

Finally we give relations for the complex conjugates of the C-matrices. These are
needed e.g. when discussing the reality properties of spinor bilinears:

C∗
± =

{
B−1T

± C±B
−1
± = (−)nB−1T

∓ C±B
−1
∓ , if t is even,

∓B−1T
∓ C±B

−1
∓ = ∓(−)nB−1T

± C±B
−1
± , if t is odd.

(A.1.29)

Tables for all the above properties can be readily obtained. The following relations
come in handy: (−)n(n−1)/2 = (−)[n/2] and (−)n(n+1)/2 = (−)[(n+1)/2]. Here [n/2]
denotes the largest integer ≤ n/2.

A.1.3 Irreducible spinors

When we defined the raising/lowering operators from which we constructed the Dirac
matrices in the previous section, we took linear combinations of the Γ-matrices with
complex coefficients. This means that up to now we have actually considered the
complex extension of the Clifford algebra. Even though the Γ-matrices are irreducible
representations of the complex extension of the Clifford algebra, they are in general
not irreps of its real form. In addition, they are certainly not irreducible under the
Lorentz group, which is only a subalgebra of the Clifford algebra. To arrive at irreps
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of the Lorentz group, we need to find subspaces in the 2n-dimensional complex spinor
space that are invariant under the action of 1

2Γab. This boils down to imposing certain
constraints on the spinors. These constraints come in two kinds: there are reality
conditions, which yield irreps of the real Clifford algebra, and chirality conditions,
which yield irreps of the Lorentz group only. Before we proceed let us first mention
that we denote spinors by a column matrix ψα, which are the components of the
spinor w.r.t. some fixed basis in spinor space. We usually do not write the indices
explicitly so we drop the α and simply write ψ. We also mention here that we use
the convention that complex conjugation of Grassmann variables interchanges their
order, e.g. (ψχ)∗ = χ∗ψ∗.

Chiral spinors Using the chirality matrix Γ∗, we define projection operators P±:

P± ≡
1

2
(1± Γ∗), (A.1.30)

that satisfy P±P± = P±, P±P∓ = 0, P †
± = P± and P+ + P− = 1. We can decompose

any Dirac spinor ψ into positive and negative chirality parts:

ψ = P+ψ + P−ψ, where Γ∗P±ψ = ±P±ψ. (A.1.31)

This decomposition is invariant with respect to Lorentz transformations. Indeed,
P±Γa = ΓaP∓, which implies that [Γab, P±] = 0. However, physical spinor fields
satisfy the Dirac equation

(Γa∂a −m)ψ = 0. (A.1.32)

If we impose a chirality constraint on ψ, i.e. ψ ≡ P±ψ, we can act on (A.1.32) with
P± to get

0 = P±(Γa∂a −m)ψ = (Γa∂aP∓ −mP±)ψ = −mψ,
so ψ = 0, unless m = 0. Hence chiral spinor fields are necessarily massless. Chiral
spinors are also called Weyl spinors.

Majorana spinors Given a Dirac spinor ψ, we can try to impose a reality condition on
it by restricting ourselves to a subspace of spinor space in which ψ∗ = B̃ψ, for some
matrix B̃. This subspace is invariant under Lorentz transformations if Γ∗

abB̃ = B̃Γab,

i.e. if [Γab, B
−1
± B̃] = 0. Therefore we try the following Majorana conditions:

ψ∗ ≡ αB±ψ, (A.1.33)

where α ∈ C. There is an important additional constraint. We demand that (ψ∗)∗ =
ψ, which is equivalent to |α|2B±B

∗
± = 1. Thus the reality condition (A.1.33) is

consistent only when |α|2 = 1 and

B±B
∗
± = +1. (A.1.34)
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For spinor fields we once again investigate the Dirac equation. Assuming ψ satisfies
(A.1.33), we take the complex conjugate of (A.1.32) and act on it with B−1

± :

0 = B−1
± (Γa∗∂a −m)ψ∗

= B−1
± (±B±ΓaB−1

± ∂a −m)B±ψ = (±)(Γa∂a ∓m)ψ,

If we use B+ in (A.1.33) there is no problem. However, if we use B−, we conclude
that ψ vanishes, unless m = 0. So we have two kinds of real spinors3. Those for which

ψ∗ ≡ αB+ψ (A.1.35)

are called Majorana spinors. Spinors that satisfy

ψ∗ ≡ αB−ψ (A.1.36)

are called pseudo-Majorana spinors. They are necessarily massless. The arbitrary
phase α can be fixed on physical grounds. One can demand e.g. that there exists
a hermitian action or that the supersymmetry algebra implies a positive definite
Hamiltonian.

Majorana-Weyl spinors Sometimes it is possible to impose both a chirality and a reality
condition on a spinor, i.e. ψ satisfies ψ = P±ψ and ψ∗ = αB±ψ. Now

P ∗
± =

{
B±P±B

−1
± , if n+ t = even,

B±P∓B
−1
± , if n+ t = odd.

(A.1.37)

Since ψ∗ = (P±ψ)∗ = αB±P∓ψ = 0 if n+ t = odd, we conclude that Majorana-Weyl
spinors (pseudo, symplectic) exist only if n+ t = even.
The above observation allows us to solve a small riddle. Sometimes B+B

∗
+ = B−B

∗
− =

±1, so that we can use both B+ and B− to impose a (symplectic) reality condition.
The question is then which one to use. Remarkably, the cases in which this happens
are also given by n + t = even! Now B± ∝ B∓Γ∗ by (A.1.27), so on chiral spinors
a reality condition with B± can be traded for one with B∓ by simply redefining the
phase α. We conclude that in the case of (symplectic)-Majorana-Weyl spinors there
is a choice of B-matrix.

Dirac and Majorana conjugates Using (A.1.26) we can write (A.1.33) as

ψ†Aα−1 =

{
ψTC±, if t is even,

ψTC∓, if t is odd.
(A.1.38)

3Actually, when BB∗ = −1 it is still possible to impose a reality condition. However, we need
a pair of spinors, ψ and χ. We then demand ψ∗ = Bχ, χ∗ = −Bψ. This is called a symplectic
(pseudo)-Majorana condition.
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We define the Dirac conjugate of a spinor by ψ̄D = ψ†Aα−1. “The” Majorana con-
jugate is defined by ψ̄M = ψTC; note that there are actually two of these and that
one always needs to specify which particular C is being used. With these definitions,
(A.1.33) simply reads:

ψ̄D ≡ ψ̄M . (A.1.39)

Invariant actions A complex (i.e. Dirac) spinor field satisfies (A.1.32). The hermitian
conjugate of (A.1.32) reads

ψ̄D(Γa←−∂ a − (−)tm) = 0. (A.1.40)

This depends explicitly on t, hence we have to be careful when we try to write down an
action for the Dirac fermion. Since the variational principle works with real functions,
we treat ψ and ψ̄ as independent fields in the action S[ψ, ψ̄]. Varying the action
w.r.t. ψ̄ will give us (A.1.32) whereas varying w.r.t. ψ will give us (A.1.40). Hence
for t = odd we obtain the well-known Lagrangian density (dropping the D on ψ̄)

L = ψ̄(Γ · ∂ −m)ψ, (A.1.41)

whereas for t = even the following expression does the trick:

L = ψ̄Γ∗(Γ · ∂ −m)ψ. (A.1.42)

By making a suitable choice for the phase α, both these actions can be seen to be
hermitian. We have α = ±1 for t = 0, 3 (mod 4) and α = ±i for t = 1, 2 (mod 4).
The sign of α can be fixed by requiring that the Hamiltonian is bounded from below.
In Minkowski spacetimes we get α = +i (see e.g. section A.2.1).

Unfortunately, the actions derived from these Lagrangians sometimes vanish when
considering Majorana spinors. By taking the transpose of these actions and using
(A.1.23) and (A.1.28), one can show that (A.1.41) is a total derivative when t =
3 (mod 4) and (A.1.42) when t = 0 (mod 4), if ψ is Majorana. Hence the actions
for Majorana spinors exist only when t = 1, 2 (mod 4). Fortunately this includes the
all-important case t = 1. Crucial in the above discussion is that one treats the fermion
fields ψ as anticommuting Grassmann numbers, by means of which one incorporates
the spin-statistics theorem already at the classical level.

Note that, when considering Majorana spinors, ψ and ψ̄ are no longer independent.
Finally a small remark on normalization conventions: for Dirac spinors we always
take the actions (A.1.41) and (A.1.42) as they stand, but for Majorana spinors we
normalize them with a factor of 1

2 .

Spinor indices When explicitly using indices on spinors, they get a lower index, e.g.
ψα. The Dirac matrices read (Γa)α

β . Though it makes sense to talk about the
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symmetry properties of the Γ-matrices in a particular representation, one does not
expect these properties to be valid in general. Now the C-matrices do not actually
transform as matrices under a change of basis in spinor space, but rather as bilinear
forms. In particular C−1 → C ′−1 = UC−1UT . It is therefore natural to assign lower
indices to C−1, i.e. we write (C−1)αβ . Thus we get (Γ(k)C−1)αβ , hence the symmetry
properties of these matrices are independent of the particular representation used, as
discussed above. Similarly, we assign upper indices to C, i.e. Cαβ . We get for example
λα = (λ̄M )α = (λTC)α = λβC

βα.

A.1.4 Clebsch, Gordan & Fierz

In this section we present several identities involving Γ-matrices that are indispensable
in practical calculations.

One often needs to work out products of the form Γ(i)Γ(j). The following examples
serve to illustrate the general pattern:

ΓaΓb = Γab + ηab,

ΓabΓc = Γabc + ηbcΓa − ηacΓb,

ΓabΓcd = Γabcd + ηbcΓad − ηbdΓac − ηacΓbd + ηadΓbc + ηbcηad − ηbdηac.

Hence the product Γ(i)Γ(j) gives rise to terms of the form ηkΓ(i+j−2k). There are
k!
(

i
k

)(
j
k

)
of such terms, i.e. the number of ways in which one can form k distinct

pairs, each consisting of one i- and one j-index. These factors appear explicitly in the
decomposition when one introduces antisymmetrization brackets on the right-hand
side of these relations, e.g.:

ΓabΓ
cd = Γab

cd + 4δ
[c
[bΓa]

d]
+ 2δ

[c
[bδ

d]
a].

Hence the Clebsch-Gordan decomposition of two Γ-matrices is given by:

Γa1···ai
Γb1···bj =

min(i,j)∑

k=0

k!

(
i

k

)(
j

k

)
δ
[b1
[ai
· · · δ bk

ai−k+1
Γa1···ai−k]

bk+1···bj ]. (A.1.43)

Another important relation is the following contraction identity:

Γa1···ak
Γb1···bl

Γa1···ak = ck,lΓb1···bl
,

ck,l = k!(−)[k/2](−)kl

min(k,l)∑

p=max
(0,k+l−d)

(−)p

(
d− l
k − p

)(
l

p

)
.

(A.1.44)

This can be proved as follows. First note that

Γa1···ak
Γb1···bl

Γa1···ak = k!(−)k(k−1)/2Γ|a1···ak|Γb1···bl
Γ|ak···a1|,
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where a1 < . . . < ak. We split the sum into separate cases, according to the number
of indices (which we call p) that Γ(k) has in common with Γ(l). Then:

Γâ1···âk
Γb1···bl

Γâk···â1 = (−)kl(−)pΓb1···bl
;

the hats indicate that the indices are not summed over. What remains is a combi-
natorial problem: we need to determine the number of terms in each case p. First,
there are

(
l
p

)
ways in which we can select p of the b-indices. These are put equal to

p of the a-indices. The remaining k − p a-indices have to be chosen from the d − l
numbers that are not a b-index. This can be done in

(
d−l
k−p

)
ways.

Finally, we discuss a Fierz relation. The matrices

{1,Γa,Γa1a2
, . . . ,Γ1···2n}, with a1 < a2 < . . ., (A.1.45)

form a complete set in the space of 2n × 2n complex matrices. This means that we
can expand any matrix Mα

β in spinor space as follows:

Mα
β =

1

2n

2n∑

k=0

(−)[k/2] 1

k!
tr (Γa1···akM) (Γa1···ak

)α
β . (A.1.46)

This can be derived by means of the following trace identity:

tr Γa1···ai
Γb1···bj = δij(−)[i/2] δb1···bi

a1···ai
tr 1, (A.1.47)

which in turn follows from (A.1.43), after using that tr Γ(j) = 0 unless j = 0. Indeed,
for j even we have (with the ai all different):

tr Γa1
· · ·Γaj

= −tr Γaj
Γa1
· · ·Γaj−1

= −tr Γa1
· · ·Γaj

≡ 0.

We used the commutation relations and the cyclicity of the trace. For j odd:

tr Γa1
· · ·Γaj

= tr Γa1
· · ·Γaj

Γ∗Γ∗ = −tr Γ∗Γa1
· · ·Γaj

Γ∗

= −tr Γa1
· · ·Γaj

Γ∗Γ∗ = −tr Γa1
· · ·Γaj

≡ 0,

which holds even when the ai are not all different.

A.2 Supersymmetry

This section serves as an introduction to some of the basic properties of globally and
locally supersymmetric field theories and sets the stage for the more complicated cases
that are discussed in the main text. We will treat the classic example of a globally
supersymmetric field theory, the Wess-Zumino model. In this relatively simple setting,
we will see the spinor machinery of section A.1 at work.
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A.2.1 The Wess-Zumino model

The simplest four-dimensional supersymmetric field theory on Minkowski spacetime
is the Wess-Zumino model [168]. It is a free field theory consisting of a single massless
fermion field χ and massless (pseudo)scalars4. According to section A.1, the mini-
mal spinor in four dimensions has two real on-shell degrees of freedom and is either
Majorana or Weyl. We will choose a Majorana spinor, i.e. χ∗ = iB+χ or χ̄ = χTC,
dropping the suffix on C−. Hence we need two real scalar fields A and B to get a
matching number of bosonic and fermionic degrees of freedom. The Lagrangian for
the Wess-Zumino model reads:

LWZ = −1

2
∂aA∂

aA− 1

2
∂aB∂

aB − 1

2
χ̄Γa∂aχ (A.2.1)

It is not difficult to show that this Lagrangian is invariant (up to a total derivative)
under the following supersymmetry transformations:

δQ(ǫ)A = ǭχ, (A.2.2a)

δQ(ǫ)B = i ǭΓ∗χ, (A.2.2b)

δQ(ǫ)χ = ∂aAΓaǫ+ i ∂aB ΓaΓ∗ǫ (A.2.2c)

Here ǫ is a constant anticommuting Majorana spinor, hence this is a global or rigid
supersymmetry. The factors i are needed to preserve the reality of B and χ. We see
from (A.2.2b) that B is indeed a pseudoscalar.
We are interested in whether these symmetry transformations form a closed algebra.
The commutator of two of these transformations on the scalars is easily calculated
using the flip properties for the Majorana spinors:

[δQ(ǫ1), δQ(ǫ2)]A = −2 ǭ1Γ
aǫ2 ∂aA, (A.2.3a)

[δQ(ǫ1), δQ(ǫ2)]B = −2 ǭ1Γ
aǫ2 ∂aB (A.2.3b)

This is an interesting result: the commutator of two supersymmetry transformations
is proportional to the action of a spacetime translation τa = ǭ1Γ

aǫ2 on the fields5.
We are thus led to suspect that the supersymmetry transformations form a closed
algebra that contains the Poincaré algebra as an ideal. We will see in a minute that
this is indeed the case, but that the algebraic structure is not that of an ordinary Lie
algebra.
For the fermion χ, the calculation is a bit more involved. We obtain

[δQ(ǫ1), δQ(ǫ2)]χ = Γa(ǫ2ǭ1 − ǫ1ǭ2)∂aχ− ΓaΓ∗(ǫ2ǭ1 − ǫ1ǭ2)Γ∗∂aχ

4We limit ourselves to the massless case for simplicity, though we could have certainly considered
massive fields. However, as we will see below, supersymmetry then demands that the fields all have
the same mass.

5Under a translation xa 7→ xa + ta, fields Φ transform as Φ(x) 7→ Φ′(x) ≡ Φ(x − t). For an
infinitesimal translation τ we get δT(τ)Φ = Φ′(x)−Φ(x) = −τa∂aΦ ≡ τaPa. Thus a translation Pa

is realized on fields by −∂a.
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We would like an expression similar to that for the bosons, i.e. one containing ǭ1Γ
aǫ2.

We use the following Fierz relation to achieve this:

ψχ̄ = − 1
4

[
(χ̄ψ)1+ (χ̄Γ∗ψ)Γ∗ +(χ̄Γaψ)Γa− (χ̄Γ∗Γ

aψ)Γ∗Γa− 1
2 (χ̄Γabψ)Γab

]
. (A.2.4)

Several cancellations occur and in the end we obtain:

[δQ(ǫ1), δQ(ǫ2)]χ = −2 ǭ1Γ
aǫ2 ∂aχ+ (ǭ1Γ

aǫ2)Γa/∂χ (A.2.5)

The first term is again a translation, but the second term does not correspond to
any known symmetry transformation. Luckily, it vanishes when the field equation
for χ is satisfied. This is a general feature of supersymmetric field theories: the
supersymmetry algebra only closes on-shell. This is an obvious consequence of the
fact that the Dirac equation acts as a projection operator, thereby eliminating one-
half of the fermionic degrees of freedom. So although the number of bosonic and
fermionic degrees of freedom match on-shell, there is a mismatch off-shell6.
We write a supersymmetry transformation on a generic field Φ as δQ(ǫ)Φ = (ǭQ)Φ =
ǫαQαΦ, where Qα is the generator of supersymmetries or supercharge (see appendix
A for our conventions on spinor indices). Since δQ(ǫ) preserves the reality of the fields
and ǫ is a Majorana spinor, the supercharge Q is also Majorana. Moreover, since
δQ(ǫ) is an ordinary bosonic (Grassmann-even) operator, and ǫ is Grassmann-odd,
the supercharges need to be Grassmann-odd as well. Hence:

[δQ(ǫ1), δQ(ǫ2)] = (ǫα1Qα)(ǫβ2Qβ)− (ǫβ2Qβ)(ǫα1Qα)

= −ǫα1 ǫβ2 (QαQβ +QβQα) = −ǫα1 ǫβ2{Qα, Qβ}

On the other hand ǭ1Γ
aǫ2 = ǫT1 CΓaǫ2 = −ǫT1 CΓaC−1(ǫT2 C)T = −ǫα1 ǫβ2 (ΓaC−1)αβ and

thus:

{Qα, Qβ} = 2(ΓaC−1)αβPa. (A.2.6)

The supersymmetry transformations δǫ of (A.2.2) commute with translations δτ and
Lorentz transformations δω. Now

[δL(ω), δQ(ǫ)] =
1

2
[ωabMab, ǭQ] = −1

4
ωab ǭΓabQ+

1

2
ωab ǫα[Mab, Qα],

[δT(τ), δQ(ǫ)] = [τaPa, ǭQ] = τaǫα[Pa, Qα].

6Sometimes it is possible to extend the field content with so-called auxiliary fields in such a way
that the algebra does close off-shell. These fields then need to have an algebraic equation of motion,
so that they can be eliminated on-shell. This is for example possible for the Wess-Zumino model
and the N = 1 supergravity theory in four dimensions. However, for the theories with extended
supersymmetry and in particular the ten-dimensional theories in which we are interested, it is not
known how to obtain a suitable set of auxiliary fields. We will just have to make do without.
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Thus the supercharge Qα is invariant under translations and a spinor under Lorentz
transformations:

[Pa, Qα] = 0, (A.2.7a)

[Mab, Qα] =
1

2
(ΓabQ)α. (A.2.7b)

The equations (A.2.6) and (A.2.7), together with (A.1.1), constitute a so-called su-
peralgebra7. The particular algebra under consideration is known as the N = 1, d = 4
super-Poincaré algebra, where N stands for the number of supercharges.
We end our discussion of the Wess-Zumino model with a few observations. First of all,
P 2 = PaP

a is a Casimir operator of the entire super-Poincaré algebra. This implies
that all fields in a single supermultiplet have the same mass. More interesting is the
following. From (A.2.6) we obtain (dropping the spinor indices):

{Q,Q∗} = α{Q,Q}BT = 2αΓaA−1Pa, (A.2.8)

where we used (A.1.26) and reinstated the constant α of (A.1.35). We have taken α
to be +i and now we see why. The LHS of (A.2.8) is a positive semi-definite operator.
Taking a trace over the spinor indices, we obtain:

tr {Q,Q∗} = 2αPa tr ΓaΓ0 = −2αP0 tr 1 = −8iαH ≥ 0.

This implies that (with α = +i!), the Hamiltonian H is not only bounded from below
but even nonnegative:

H ≥ 0. (A.2.9)

This inequality is saturated by those states |·〉 that are invariant under all the super-
symmetries: Q|·〉 = 0. From (A.2.6) we see that the only state in the theory that
satisfies this condition is invariant under the translations Pa, i.e. the vacuum.

7A superalgebra is basically a Lie algebra that is extended by adding anticommuting generators
to it and a suitable redefinition of the bracket operation and the Jacobi identity. It can be shown
on quite general physical grounds that the only way in which one can nontrivially combine an
internal symmetry algebra and the Poincaré transformations in a single algebraic structure, is by
embedding these algebras in a superalgebra [169,170]. We could have used this as the starting point
of our discussion, i.e. first construct the super-Poincaré algebra, then find its representations à la
Wigner and finally construct supersymmetric field theories. This is indeed the approach that is
adopted in many treatments, but it would have taken us too far afield. For more information see
e.g. [34,163,165,171–173].



Appendix B

Miscellanea

In this appendix we present additional background material for some points in the
main text. We also discuss our conventions.

B.1 Conventions and basic results

No work in string theory is complete without a discussion of the conventions. We
already discussed fermions in appendix A, so this section will be entirely about bosons.

B.1.1 Indices & differential forms

First, a warning about indices. We do not use a consistent nor an unambiguous set
of conventions for our indices throughout this thesis. In particular, the notation in
chapters 1 and 2 differs from that in chapters 3 and 4. We explain in the text what
conventions we are using at a given time.

Here we summarize our conventions for the differential form notation which we
use throughout chapters 1 and 2. For a p-form C(p) we write

C(p) =
1

p!
Cµ1···µp

dxµ1 ∧ . . . ∧ dxµp , (B.1.1)

where Cµ1···µp
denotes the components of the p-form w.r.t. a coordinate basis. We

define antisymmetrization with ‘weight one’, i.e. Cµ1···µp
= C[µ1···µp]. The wedge

product of the p basis 1-forms dxµ is defined by

dxµ1 ∧ . . . ∧ dxµp ≡
∑

π

ς(π) dxµπ(1) ⊗ . . .⊗ dxµπ(p) , (B.1.2)
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where ς(π) = +1,−1 if the permutation π is even or odd, respectively. The wedge
product A(p) ∧B(q) of a p-form A(p) and a q-form B(q) is defined by

A(p) ∧B(q) =
1

p!q!
Aµ1···µp

Bν1···νq
dxµ1 ∧ . . . ∧ dxµp ∧ dxν1 ∧ . . . ∧ dxνq , (B.1.3)

hence (A ∧ B)µ1···µp+q
= (p+q)!

p!q! A[µ1···µp
Bµp+1···µp+q ]. The exterior derivative dC(p) is

defined by

dC ≡ 1

p!
∂νCµ1···µp

dxν ∧ dxµ1 ∧ . . . ∧ dxµp , (B.1.4)

hence (dC)µ1···µp+1
= (p+ 1)∂[µ1

Cµ2···µp+1]. Note that d2 = 0.
We denote the space of p-forms on a manifoldM by Ωp(M). In particular Ω1(M) =

T ∗(M), i.e. 1-forms live in the cotangent bundle of M . Consider a submanifold Σ of
M . The embedding of Σ in M is given by the inclusion map ı : Σ → M and can be
described in local coordinated by the functions xµ(σα), where xµ are local coordinates
on M and σα on Σ. We can use ı to ‘pull-back’ p-form fields C(p) that live on M to
p-form fields that live on Σ. We have the map ı∗ : Ωp(M) → Ωp(Σ) which acts on
p-forms ı∗ : C(p) 7→ ı∗C(p) as

(ı∗C)α1···αp
= Cµ1···µp

∂α1
xµ1 · · · ∂αp

xµp . (B.1.5)

We always use the ‘mostly-plus’ metric:

ds2 = gµν dxµ ⊗ dxν = ηab e
a ⊗ eb, (B.1.6)

with ηab = diag(−1, . . . ,−1,+1, . . . ,+1) as in (A.1.6) and where ea = ea
µdxµ is an

orthonormal frame of 1-forms. ea
µ is known as the vielbein, we denote its inverse by

Eµ
a . It is customary to denote the µ-indices by ‘curved’ and the a-indices by ‘flat’, even

though the µ-coordinates could in principle be Cartesian coordinates in Minkowksi
space, say. We can use the vielbein to switch from curved to flat indices and vice
versa, e.g. Aµ

ν = Eµ
a e

b
νA

a
b.

The Levi-Civita tensor ε is defined by:

εµ1···µd
=
√
|g| ε̃µ1···µd

, εµ1···µd =
1√
|g|

ε̃µ1···µd , (B.1.7)

where the Levi-Civita symbol ε̃ is defined by

ε̃12···d = +1, ε̃12···d = (−)t. (B.1.8)

The Hodge duality operation maps p-forms to q-forms with q = d − p, ∗ : Ωp(M) →
Ωd−p(M). It is defined by

∗(dxµ1 ∧ . . . ∧ dxµp) ≡ 1

q!
εν1···νq

µ1···µp dxν1 ∧ . . . ∧ dxνq . (B.1.9)
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Hence (∗)2 = (−)pq+t and

(∗A)µ1···µq
= εµ1···µq

|ν1···νp|A|ν1···νp|. (B.1.10)

In particular
∗1 =

√
|g|dx1 ∧ . . . ∧ dxd ≡ ddx

√
|g|. (B.1.11)

Finally we note that

∗A ∧B =
1

p!
Aµ1···µp

Bµ1···µp ∗1. (B.1.12)

B.1.2 Einstein-Cartan, Weyl and Kaluza-Klein

We use the Einstein-Cartan formulation of gravity (see e.g. [9, 46, 48,174]). We start
from

dǫa =
1

2
Ωa

bce
b ∧ ec, (B.1.13)

with the Ricci coefficients Ωa
bc = Eµ

b E
ν
c (∂µe

a
ν − ∂νe

a
µ). We then have for the compo-

nents of dA w.r.t. an orthonormal frame (A is a 1-form):

(dA)ab = ∂aAb − ∂bAa + Ωc
abAc, (B.1.14)

where we define ∂a = Eµ
a ∂µ. We convert all tensors to flat indices by using (inverse)

vielbeins and define spacetime covariant derivatives:

∇µV
a = ∂µV

a + ωa
µbV

b, ∇µAa = ∂µAa − ωb
µaAb. (B.1.15)

The connection ωa
µb is metric compatible: ∇µηab = 0. This implies that ωµab = −ωµba,

where ωµab = ηbcω
c
µa. We define connection 1-forms by ωa

b = ωa
µbdx

µ. The torsion
1-form T a and curvature 2-form Ra

b are defined by the Maurer-Cartan equations:

T a = dea + ωa
b ∧ eb, (B.1.16a)

Ra
b = dωa

b + ωa
c ∧ ωc

b. (B.1.16b)

There is a unique metric-compatible and torsion-free (i.e. T a = 0) connection known
as the Levi-Civita connection. It is given by:

ωabc = −1

2
(Ωabc − Ωbca − Ωcab), (B.1.17)

where we defined ωabc = Eµ
aωµab. The Riemann tensor Ra

bcd can be read off from
Ra

b = 1
2!R

a
bcde

a ∧ eb. The Ricci tensor is defined as Rab = Rc
acb and the curvature

scalar – from which we build the Einstein-Hilbert action – by R = ηabRab. The
following identity is very useful:

R = −2∂aω
a + ωabcω

cab − ωaω
a, (B.1.18)
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where ωa = ηbcωbca. Indeed, the components of the curvature 2-form are Rab
cd =

(dωab)cd + (ωae ∧ ωe
b)cd. The desired result follows after using:

(dωab)cd = ∂cωd
ab − ∂dωc

ab + Ωe
cdωe

ab = ∂cωd
ab − ∂dωc

ab + (ωcde + ωdec)ω
eab,

and contracting indices, R = Rab
ab.

Weyl rescalings

The expression (B.1.18) provides an efficient shortcut for the calculation of the cur-
vature scalar. We now show how this works for the Weyl rescaling of the metric –
something we have used several times in chapters 1 and 2.

We are given the metric ḡµν and define a new metric gµν by

ḡµν = e2αφgµν , (B.1.19)

where α is a number. We will show that

R̄[ḡ] = e−2αφ
[
R[g]− α2(d− 1)(d− 2)∂µφ∂

µφ− 2α(d− 1)∇µ∂
µφ
]
. (B.1.20)

First we construct the vielbein 1-forms. We have ēa = eαφea. Now

dēa = deαφ ∧ ea + eαφdea = αeαφδa
c ∂bφ e

b ∧ ec + 1
2eαφΩa

bc e
b ∧ ec,

from which we read off Ω̄a
bc = e−αφ

[
Ωa

bc − α(δa
b ∂cφ− δa

c ∂bφ)
]
. The spin connection

follows straightforwardly:

ω̄abc = e−αφ
[
ωabc + α(ηab∂cφ− ηac∂bφ)

]
, ω̄a = e−αφ

[
ωa + α(d− 1)∂aφ

]
.

We have to be a bit careful with the derivatives ∂a since they contain vielbeins. We
have ∂̄a = e−αφ∂a and obtain

∂̄aω̄
a = e−2αφ

[
∂aω

a − α2(d− 1)∂aφ∂
aφ− αωa∂aφ+ α(d− 1)∂a∂

aφ
]
,

ω̄abcω̄
cab = e−2αφ

[
ωabcω

cab − 2αωa∂a − α2(d− 1)∂aφ∂
aφ
]
,

ω̄aω̄
a = e−2αφ

[
ωaω

a + 2α(d− 1)ωa∂aφ+ α2(d− 1)2∂aφ∂
aφ
]
.

The desired result follows upon recognizing that ∇aV
a = (∂a + ωa)V a.

Kaluza-Klein reduction

We now consider the Kaluza-Klein reduction of the curvature scalar from (d+1) to d
dimensions. We denote x̂µ̂ = (xµ, z) and write higher dimensional fields and indices
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with a hat. The metric ĝµ̂ν̂ decomposes into the lower-dimensional metric gµν , a
gauge field Aµ and a modulus φ as follows

d̂s2 = e2αφgµνdxµdxν + e2βφ(dz −Aµdxµ)2, (B.1.21)

with α and β are real parameters. This parametrization guarantees that the d-
dimensional fields have the correct transformation properties under the d-dimensional
general coordinate transformations. The reduction is achieved by taking the unhatted
fields to be independent of the z coordinate, i.e. ∂zgµν = ∂zAµ = ∂zφ = 0.

The reduction of the Einstein-Hilbert action starts with picking a basis of vielbein
1-forms:

êa = eαφea, êz = eβφ(dz +A). (B.1.22)

We underline the z-index to emphasize that it is a flat index. We have used local
Lorentz transformations to gauge away êa

z . A calculation similar the one we presented
above then yields:

√
|ĝ|R̂ =

√
|g| e[(d−2)α+β]φ

[
R− 1

4
e−2(α−β)φFµνF

µν − 2
[
α(d− 1) + β

]
∇µ∂

µφ

−
[
α2(d− 1)(d− 2) + 2αβ(d− 2) + 2β2

]
∂µφ∂

µφ
]
, (B.1.23)

with F = dA. We consider now the reduction of pure gravity in the Einstein frame
over a circle. We take the following coordinate interval z ∈ [0, 2πρ), where ρ is a
parameter with the dimension of length. It is convenient to take α = 0 and β = 1

2
and we obtain:

S[ĝ] =
1

2κ̂2

∫
dd+1x̂

√
|ĝ|R̂ =

2πρ

2κ̂2

∫
ddx

√
|g| eφ

[
R− 1

4
e2φFµνF

µν − 2 e−φ
�eφ

]
.

We can drop the last term since it is a total derivative,
√
|g|∇µV

µ = ∂µ(
√
|g|V µ). We

now expand the modulus φ around its vacuum expectation value and write ϕ = φ−〈φ〉
and perform a Weyl rescaling that gets rid of the eϕ in front of R. We obtain

S[g,A, ϕ] =
1

2κ2

∫
ddx

√
|g|
[
R− 1

4
e2ϕFµνF

µν − d− 1

d− 2
∂µϕ∂

µϕ
]
, (B.1.24)

where we again dropped a total derivative. We defined the d-dimensional gravitational
coupling constant by

1

2κ2
≡ 2πρ e〈φ〉

1

2κ̂2
. (B.1.25)

This is the relation we used in equation (1.3.18), with R ≡ ρ e〈φ〉 the physical radius
of the circle.



152 Miscellanea

B.1.3 Yang-Mills theory

Here we review the standard construction of Yang-Mills theories in order to fix our
conventions. Consider fields Φi that carry a matrix representation (Tα)i

j of a Lie
algebra g:

[Tα,Tβ ] = fγ
αβTγ , (B.1.26)

i.e. δΦi = ǫα(Tα)i
jΦ

j , where the parameters ǫα are real and are allowed to vary over
spacetime. The structure constants fγ

αβ are also real and satisfy fγ
αβ = −fγ

βα. We
define the gauge covariant derivative on Φ as

(DµΦ)i ≡ ∂µΦi + gAα
µ(Tα)i

jΦ
j . (B.1.27)

We will drop the parentheses and simply write DµΦi in the following. g is the
Yang-Mills coupling constant. The covariant derivative transforms as δDµΦi =
ǫα(Tα)i

jDµΦj under gauge transformations if we suppose that the gauge fields Aα
µ

transform as

δAα
µ = −1

g
∂µǫ

α + fα
βγǫ

βAγ
µ. (B.1.28)

The field strength Fα
µν is defined as the commutator of two covariant derivatives:

[Dµ,Dν ]Φi ≡ gFα
µν(Tα)i

jΦ
j , (B.1.29)

from which

Fα
µν = ∂µA

α
ν − ∂νA

α
ν + gfα

βγA
β
µA

γ
ν . (B.1.30)

A straightforward calculation yields δFα
µν = fα

βγǫ
βF γ

µν after using the Jacobi identity

fδ
ǫαf

ǫ
βγ + fδ

ǫβf
ǫ
γα + fδ

ǫγf
ǫ
αβ = 0. (B.1.31)

The adjoint representation is defined by the action of the algebra on itself:

AdTα|Tβ〉 ≡ |[Tα,Tβ ]〉 = fγ
αβ |Tγ〉. (B.1.32)

The matrix elements of the adjoint representation are thus given by (Tadj
α )β

γ = fβ
αγ .

We see that the field strength transforms in the adjoint, whereas the gauge field has an
inhomogeneous term. The coadjoint representation is given by (Tcoadj

α )β
γ = −fγ

αβ .
The contraction of a field Aα in the adjoint with a field Bα in the coadjoint is invariant
under gauge transformations: δ(AαBα) = ǫγfα

γβA
βBα −Aαǫγfβ

γαBβ = 0.
Since Fα

µν transforms covariantly under gauge transformations, the expression
DµF

α
νρ is well defined. It is straightforward to show that Fα

µν satisfies the Bianchi
identity

DµF
α
νρ +DνF

α
ρµ +DρF

α
µν ≡ 0, (B.1.33)
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using either the definition (B.1.29) or the Jacobi identity (B.1.31). Note that we can
write (B.1.28) as δAα

µ = − 1
gDµǫ

α.

It follows from the Jacobi identity that δfα
βγ = ǫκ(fα

κδf
δ
βγ − fδ

κβf
α

δγ −
fδ

κγf
α

βδ) = 0, i.e the structure constants are invariant tensors of the gauge alge-
bra. The tensor

Kαβ ≡ Tr T
adj
α T

adj
β = fγ

αδf
δ
βγ (B.1.34)

is thus also invariant. This symmetric tensor is known as the Cartan-Killing metric of
the Lie algebra (B.1.26). Contract the Jacobi identity with fγ

κδ and rename indices
to obtain

Kαδf
δ
βγ = −fκ

λαf
λ

µβf
µ

κγ + fκ
λβf

λ
µαf

µ
κγ .

Hence

Kαδf
δ
βγ = −Kβδf

δ
αγ . (B.1.35)

So the structure constants with only lower indices, fαβγ ≡ Kαδf
δ
βγ , are completely

antisymmetric in all three indices.

We can use the Cartan-Killing metric to construct an invariant Lagrangian for the
gauge field:

L[Aα
µ ] =

1

4
KαβF

α
µνF

βµν . (B.1.36)

Since Kαβ is real and symmetric, it has real eigenvalues and can be diagonalized.
An important physical requirement is the absence of ghosts, i.e. the absence of fields
which have the wrong sign in front of their kinetic terms in the Lagrangian. Fur-
thermore, we would like to have a nondegenerate Lagrangian. These requirements
are fulfilled if the eigenvalues of Kαβ are negative definite. This is the case if g is
the Lie algebra of a compact, semisimple Lie group G (see e.g. [175, 176]), which is
what we will suppose from now on. By rescaling the generators, we can always make
Kαβ = TrT

adj
α T

adj
β = −δαβ . It can be shown that TrTαTβ = −c δαβ for the other rep-

resentations of g, where c is a positive real number that depends on the representation
in question.

The finite dimensional representations U of a compact group G are all unitary and
hence (Tα)† = −Tα (we write U = exp ǫαTα). Invariant terms for the fields Φi are
now easily constructed. We write Φi as a column vector Φ. We have δΦ = ǫαTαΦ
and thus δΦ† = −Φ†

Tαǫ
α, δ(DµΦ)† = −(DµΦ)†Tαǫ

α, etc. Possible invariants are
thus for instance Φ†Φ and (DµΦ)†DµΦ.

We can also introduce a matrix notation for the gauge field and other fields that
are valued in the adjoint. Take any finite dimensional representation (Tα)i

j and define
matrix-valued fields:

(Aµ)i
j ≡ Aα

µ(Tα)i
j , (Fµν)i

j ≡ Fα
µν(Tα)i

j , (DµΦ)i
j ≡ DµΦα(Tα)i

j (B.1.37)
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and so on. We drop the indices i, j from now on. In terms of these fields we have for
instance

DµΦ = ∂µΦ + g[Aµ,Φ], (B.1.38)

and

[Dµ,Dν ]Φ = g[Fµν ,Φ], with Fµν = ∂µAν − ∂νAµ + g[Aµ,Aν ]. (B.1.39)

The finite versions of the infinitesimal gauge transformations δΦ = [ǫ,Φ] now read
Φ → UΦU

†, where U is in the same representation as Tα. Gauge invariant objects
can be formed by taking traces, e.g. TrFµνD

µ
ΦD

ν
Φ. We have in particular

L[Aµ] =
1

4c
Tr FµνF

µν . (B.1.40)

Now we redefine the generators as T̃α = Tα/
√
c, so that Tr T̃αT̃β = −δαβ (this of

course changes the normalization of the trace in the other representations as well),

the coupling constant as g̃ = g
√
c, and the gauge field as Ãα

µ = g̃Aα
µ . The Lagrangian

becomes

L[Ãµ] =
1

4g̃2
Tr F̃µν F̃

µν , (B.1.41)

with Ãµ = Ãα
µT̃α and

F̃µν = ∂µÃν − ∂νÃµ + [Ãµ, Ãν ]. (B.1.42)

This is the convention that we used in the main text. Note also that in the main text
we often write not only the adjoint indices as upper indices, but also the coadjoint
indices. In chapters 3 and 4 we indicate these indices with A,B, . . ., and the generators
with λA. For instance, the terms Fα

µνTα and fαβγtrFαF βF γ would read FA
µνλ

A and

fABCtrFAFBFC , respectively, in the main text.

B.2 Amplitudes & the 4-point function

Here we list our conventions for the amplitude calculations in chapter 3. As explained
in chapter 1, the quantum effective action for the massless modes and the Wilsonian
effective action actually coincide at tree-level. We will calculate the amplitudes in the
formalism of the QEA, since this is more convenient.

The QEA is by definition the generator of 1PI diagrams:

Seff [Aa] ≡
∑

n

1

n!

∫
d10x1 · · · d10xn Γ

(n)
a1···an

(x1, . . . , xn)Aa1(x1) · · ·Aan(xn), (B.2.1)

hence

Γ
(n)
a1···an

(x1, . . . , xn) =
δnSeff [Aa]

δAa1(x1) . . . δAan(xn)

∣∣∣∣
Aa=0

. (B.2.2)



B.2 Amplitudes & the 4-point function 155

We define the momentum space amplitudes as follows:

(2π)10δ(10)(k1 + . . .+ kn)Γ
(n)
a1···an

(k1, . . . , kn)

≡
∫ n∏

i=1

d10xi eiki·xi Γ
(n)
a1···an

(x1, . . . , xn). (B.2.3)

An n-photon interaction gives the following contribution to the S-matrix:

A(1, . . . , n) = i(2π)10δ(10)(k1 + . . .+ kn) ζ1
a1
· · · ζn

an
Γ

(n)
a1···an

(k1, . . . , kn). (B.2.4)

B.2.1 Proof of equation (3.3.1)

In order to reproduce (3.3.1), we have to obtain the following 1PI four-point function
from (3.3.9):

Γ
(4)
klmn(k1, k2, k3, k4) = −16(gα′)2 takblcmdnk

a
1k

b
2k

c
3k

d
4 G(k1, k2, k3, k4). (B.2.5)

First we calculate the four-point function in position space:

Γ
(4)
klmn(y1, . . . , y4) =

δ4Seff [Aa]

δAk(y1)Al(y2)Am(y3)An(y4)

∣∣∣∣
Aa=0

= −4!24 1

24
(gα′)2

∫
d10x

{
∏

i

d10xi δ(x− xi)

}
D(∂x1

, . . . , ∂x4
)takblcmdn

× ∂a
x1
δ(x1 − y1)∂b

x2
δ(x2 − y2)∂c

x3
δ(x3 − y3)∂d

x4
δ(x4 − y4). (B.2.6)

The factor of 24 arises from substituting Fab = ∂aAb − ∂bAa, the factor 4! from the
distributive property of the functional derivative. To arrive at the result we renamed
dummy variables and made use of the fact that D is symmetric in its arguments. In
momentum space this becomes:

− 1

16(gα′)2
(2π)10δ(k1 + k2 + k3 + k4)Γ

(4)
klmn(k1, k2, k3, k4)

= takblcmdn

∫
d10x

{∏

i

d10xid
10yi δ(xi − x)eiki·yi

}
D(∂x1

, . . . , ∂x4
)

× ∂a
x1
δ(x1 − y1)∂b

x2
δ(x2 − y2)∂c

x3
δ(x3 − y3)∂d

x4
δ(x4 − y4)

= takblcmdn

∫
d10x

{∏

i

d10xi δ(xi − x)
}

×D(∂x1
, . . . , ∂x4

) ∂a
x1
∂b

x2
∂c

x3
∂d

x4

{∏

j

∫
d10yj eikj ·yjδ(xj − yj)

}
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= takblcmdn

∫
d10x

{∏

i

d10xi δ(xi − x)
}

× G(−i∂x1
, . . . ,−i∂x4

)∂a
x1
∂b

x2
∂c

x3
∂d

x4

{∏

j

eikj ·xj

}

= takblcmdn

∫
d10x

{∏

i

d10xi δ(xi − x) eiki·xi

}
G(k1, . . . , k4) k

a
1k

b
2k

c
3k

d
4

= takblcmdn G(k1, . . . , k4) k
a
1k

b
2k

c
3k

d
4 × (2π)10δ(k1 + k2 + k3 + k4).

This completes the proof.




