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Afterword

The main topic of this thesis was the study of D-brane effective actions. The first
two chapters provided an introduction to this subject. We explained that D-branes
can be described in two complementary ways. On one side, they arise as hyperplanes
that support open strings in perturbative string theory. On the other side, they
are higher dimensional generalizations of extremal Reissner-Nordström black holes in
supergravity theories. We reviewed the role of D-branes in the dualities that relate
the various string theories to each other.

One important aspects of D-branes is the fact that they carry gauge fields on
their world-volumes. We have argued in chapter 1 that many interesting aspects of
the physics of D-branes can be investigated by studying the low-energy effective field
theories of these gauge fields and the string-theoretical α′-corrections to these theories.
As an example, we discussed the behavior of open strings under T-duality in the
presence of electric and magnetic background fields and showed how this information
is encoded in the Dirac-Born-Infeld and Wess-Zumino contributions to the effective
action of a single Dp-brane.

Another important property of D-branes that we discussed in chapter 1 is the
appearance of extra massless degrees of freedom when two or more Dp-branes coincide.
Not only do we get non-abelian gauge fields, but also the scalar fields that describe the
embedding of the stack of D-branes in spacetime become matrix-valued. A thorough
understanding of these matrix-valued coordinates and the associated noncommutative
geometry will very likely bring us a lot further on the road toward a formulation of
M-theory.

With these things in mind, we studied derivative corrections to the effective actions
of single and multiple D-branes in chapter 3 and 4, respectively. The approach we
followed was to consider only flat closed string backgrounds, since in this case one does
not have to deal with the conceptual difficulties involving the nonabelian coordinates.
We limited ourselves to D9-branes, since – as argued in chapter 1 – the actions for the
lower-dimensional branes follow by T-duality. We then used the Noether procedure
and information from the string theory 4-point function to construct α′-corrections
to the super-Yang-Mills action.
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Because of our approach to the α′-corrections, we did not discuss the behavior
of D-branes in nontrivial closed string backgrounds. It turns out however that this
behavior is quite interesting, for single D-branes and especially for multiple D-branes.
In order to make up for our disregard of these issues in the preceding chapters, we will
now briefly mention some of the phenomena associated with nontrivial backgrounds
and provide entry points into the literature. As we will see, these phenomena involve
noncommutative geometry in one way or the other.

The first case that we will consider applies to both single and multiple D-branes,
and is that of a nonzero background F-field, where F = B + 2πα′F , something we
encountered already before in our discussions on T-duality. What we did not mention
there, was that the quantization of the open strings yields something remarkable.
Consider for instance our earlier example of a D2-brane with a flux F12 ≡ F . It can
be shown using Dirac’s method of quantization that the coordinates which describe the
position of the endpoints of the open string on the D2-brane do not commute [137,138]

[X1(τ, σ),X2(τ, σ′)] =

{
±2πiα′F/(1 + F2), for σ = σ′ = 0 and σ = σ′ = π,
0, otherwise,

with the + and − signs for the σ = 0 and σ = π endpoints, respectively. According to
the open strings, the geometry on the D2-brane’s world-volume is noncommutative.
A heuristic explanation of this is the following. We explained that when F 6= 0
we actually have a bound state of a D2-brane with D0-branes. The open string
endpoints are thus not just confined to the D2-brane but also to the D0-branes which
are immersed in the world-volume of the D2-brane. But the D0-branes are completely
delocalized and this is reflected in the non-zero commutation relations of the open
string endpoints.

The above suggests that there exists an effective description for the low-energy
degrees of freedom on a D-brane with nonvanishing F in terms of a noncommutative
gauge theory in which the ordinary commutative product of functions is replaced by
a noncommutative ⋆-product, i.e. fg → f ⋆ g, known as the Moyal product [139,140].
But we know that we can describe the low-energy degrees of freedom that live on the
D-brane as an ordinary gauge theory. The description in terms of a noncommutative
gauge theory should thus be related to the ordinary one by a change of variables. That
this is indeed the case was shown in [141] and the change of variables has become
known as the Seiberg-Witten map. The Seiberg-Witten map puts restrictions on
the form of the D-brane effective action. It was shown in [141] that the Born-Infeld
action satisfies these restrictions. The constraints of the Seiberg-Witten map on the
nonabelian case were studied in [142].

The second case we want to discuss is that of nonzero RR-backgrounds. In [143]
an attempt was made to construct the nonabelian Dp-brane effective action in the
presence of background fields by taking the D9-brane as a starting point and using
T-duality as discussed in chapter 1. It is not our goal here to review Myers’ re-
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sult in detail, but we do want to make a few remarks. Myers only considered the
symmetrized trace action (4.1.1). His result is therefore only valid up to α′3, but
nevertheless has some interesting properties. For instance, the bulk fields depend on
the nonabelian scalars Φa and the pull-back of the bulk fields to the D-brane world-
volume is done with covariant instead of ordinary derivatives. So there are additional
couplings between the world-volume and bulk fields that were not there in the abelian
case.

Probably the most important aspect of Myers’ result is the Wess-Zumino term.
Recall that a single Dp-brane couples not only to the RR (p+1)-form, but also to the
RR-forms of lower rank. Myers showed that the nonabelian WZ-term also involves the
RR-forms of higher rank. A consequence of this is the Myers dielectric effect : when
multiple Dp-branes are put together in an RR-background they become polarized. A
concrete example is given by N D0-branes in a background of the RR 3-form C(3).
One can show that the energetically most favorable configuration is one in which
the D0-branes expand into a noncommutative or “fuzzy” two-sphere, which can be
interpreted as a D0/D2-brane bound state. See [18, 59] for further information and
references.

The third and final case we want to point out is that of a curved gravitational
background. A major issue here is generalization of general coordinate invariance
to U(N) the matrix-valued coordinates, i.e. ‘D-geometry’ [144]. Significant progress
was made in [145] (see [146–150] for earlier interesting work), where a formalism was
developed that allows one to write actions for multiple D-branes with general covari-
ance. A generic feature of these actions is that they necessarily involve derivatives of
the metric in order for general covariance to be realized7. So we see that the break-
down of the notion of slowly varying fields in the nonabelian case is not limited to
the world-volume fields, but also involves the bulk fields.

In [145] only the bosonic sector was investigated. A natural question to ask is
what the consequences of the nonabelian coordinates are for the local supersymmetry
of the bulk fields and κ-symmetry. κ-symmetry seems particularly important, since
it played a crucial role in the understanding of the supersymmetry of the Born-Infeld
action in the abelian case. A nonabelian generalization of κ-symmetry will perhaps
provide similar insights. In [152] a κ-symmetric action was found for a system of
coincident D0-branes. It would be interesting to see how this action relates to the
results of [145, 149]. Hopefully the results of [145] will also shed some light on the
failed attempt of [153] to construct κ-symmetric α′-corrections to N = 1, d = 10
super-Yang-Mills theory.

Finally, it is interesting to think about possible application of the α′-corrections
that we considered in this thesis. For example, it still remains to bee seen how the
α′-corrections modify the behavior of classical solutions of the Yang-Mills equations
of motion that are more complicated than the flat backgrounds that we considered in

7These additional couplings result in a gravitational version of the Myers effect [151].
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chapter 4. One may expect for instance, that the instanton solutions of N = 4, d = 4
Yang-Mills theory receive α′-corrections. In this context the fermionic contributions
to the effective action are relevant for a study of the fermionic collective coordinates
of the instanton solution.

Nevertheless, in the end one would definitely like to have a closed expression for
the nonabelian D-brane effective action. In chapter 1 we saw an explicit example
where the upper limit for the electric field on a D-brane could only be obtained by
using the complete infinite collection of α′-corrections of the Born-Infeld action. In
addition, it turns out that the Born-Infeld action also provides a finite self-energy for
the electric point particle solution. In the nonabelian case, answers to these and other
questions that are related to the resolution of classical singularities by α′-corrections,
will have to wait until we have an all-order result.




