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Chapter 3

The D9-brane

We have seen in the previous chapters that D-branes have many interesting properties
that can be deduced from their tree-level effective actions instead of deriving them
directly in string perturbation theory. Some of these properties are already visible if
we include only the leading order contribution to the effective action, e.g. T-duality
in the Yang-Mills action. There are however other properties that are only visible
when we include terms that are of higher order in α′. For example, to deduce the
existence of a maximum value of the electric field we needed the Born-Infeld action.
This involves arbitrarily high powers of α′. Another example is the Wess-Zumino
action: the terms that describe the coupling of a Dp-brane to R-R charges of lower
rank are of higher order in α′.

The above examples involve a single Dp-brane. It would be very interesting to
extend these (and other cases) to a stack of Dp-branes. Unfortunately, there is no
complete all-order result for the effective action for a stack of Dp-branes. As explained
in chapter 1, this is partly due to the fact that covariant derivatives do not commute.
As a result, there is no useful notion of slowly varying fields and one is forced to
incorporate terms with derivatives when investigating α′-corrections to Yang-Mills
theory.

In the following we will investigate derivative corrections to D-brane effective ac-
tions in a flat background. According to the discussion of section (1.3.3), it is suf-
ficient to consider only the space-time filling D9-brane1. The actions for the lower-
dimensional branes follow by dimensional reduction and the T-duality rules. The
non-abelian case will be the topic of chapter 4. In this chapter we will discuss the
abelian case, i.e. derivative corrections to the Born-Infeld action.

There are several reasons why it is useful to investigate the abelian case. First of

1Since we restrict ourselves to the tree-level effective action we do not have to worry about the
fact that a single D9-brane is an inconsistent object in string theory.
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all, the non-abelian case is very complicated and one can hope to gain some insight in
the general structure of the derivative corrections in the simpler – but still nontrivial
– abelian case. Second, as was argued in [93], the restriction to slowly varying fields
actually implies that gravitational effects are large, invalidating the restriction to flat
backgrounds. The argument of [93] goes roughly as follows. Negligible derivatives
imply that the fields stay large over a vast region of spacetime. An estimate of the
total energy and the corresponding volume indicates that under gravitational forces
such a system would collapse to a black hole. To avoid this, fields have to fall off over
a short distance, making derivatives large. Derivative corrections in the abelian case
are thus important in their own right.

This chapter reviews results that were published in [c] and [d].

3.1 Corrections to the Born-Infeld action

Before turning to the derivative corrections, it is instructive to consider the α′-
expansion of the Born-Infeld action itself. For a square matrix M we have log detM =
tr logM , from which

det (1 +X) = exp

[
∞∑

n=1

(−)n+1

n
trXn

]
.

Now if trX2n+1 = 0:
√

det (1 +X) = 1− 1

4
trX2 − 1

8

(
trX4 − 1

4
(trX2)2

)
+ . . . ,

and thus2:

SD9 = −τD9

∫
d10x

√
−det (ηab + 2πα′Fab)

= −τD9

∫
d10x

[
1 +

(2πα′)2

4
FabFab −

(2πα′)4

8

(
trF 4 − 1

4
(trF 2)2

)
+O(α′6)

]
.

From (2.3.3) we have τD9 = 1/gs(2π)9ℓ10s . The coupling constant g of the gauge
theory living on the D9-brane is thus

g2 = gs(2π)7ℓ6s. (3.1.1)

For a generic Dp-brane we have g2 = gs(2π)p−2ℓp−3
s . We drop the constant term to

get

S =
1

g2

∫
d10x

[
− 1

4
FabFab +

(2πα′)2

8

(
trF 4 − 1

4
(trF 2)2

)
+ . . .

]
. (3.1.2)

2We use Latin indices for spacetime coordinates in chapter 3 and 4 and always write these as
lower indices. This does not imply that we are working with a Euclidean signature.
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The field strength has dimension [F ] = +2 in units of mass and [g] = −(d− 4)/2. In
discussing the derivative corrections to the above action it is useful to introduce some
notation. We write a generic term in the effective action schematically as

Leff =
1

g2

∑

m,n

L(m,n), with L(m,n) = α′m
(
∂nF p + ∂n+1F p−2χ̄Γχ

)
, (3.1.3)

where we omit terms that are of quartic or higher order in the fermions. The powers
in (3.1.3) are related by 2p− 2m+ n− 4 = 0. We will denote the terms at order α′m

and with n derivatives by (m,n).
The form of equation (3.1.3) already takes two of the symmetries of the underlying

string theory into account: Poincaré invariance – from which follows that n is even –
and the U(1) gauge invariance of the massless fields. The following section is devoted
to an investigation of the consequences of supersymmetry. Here we want to point
out the consequences of the invariance of string theory under the world-sheet twist
operation Ω. Since Ω changes the orientation of the world-sheet, it reverses the order
of the vertex operators on the boundary of the disk amplitude. In addition, Ω acts
on the vertex operators, giving an extra factor of (−)N , where N counts the number
of oscillators involved. For a primitive amplitude A with p external massless (N = 1)
open string fields we thus have

A(1, 2, . . . , p− 1, p) = (−)pA(p, p− 1, . . . , 2, 1). (3.1.4)

The complete amplitude A is obtained by adding all noncyclic permutations:

A(1, 2, . . . , p) ≡
∑

π

A(1, π(2), . . . , π(p)) = (−)pA(1, 2, . . . , p), (3.1.5)

where the latter equality follows from (3.1.4) and cyclic invariance. We conclude that
the S-matrix elements involving an odd number of massless fields vanish and that
terms with p odd in (3.1.3) are therefore absent in the open string effective action3.

Most of the information on the abelian open string effective action concerns
bosonic terms only. The terms (m, 0) – i.e. the Born-Infeld action – was obtained by
calculating the disk partition function [94]. In [95] (see also [96]) the contributions
to L(2,0) of quadratic order in the fermions were obtained in the context of the non-
abelian theory, the quartic terms have been discussed in [97]. The supersymmetric
completion of the entire Born-Infeld action was obtained by using κ-symmetry in an
impressive paper [98] (see also [99–101]) and reads (in units where 2πα′ = 1):

L = −τD9

√
−det

(
ηab + Fab − χ̄Γa∂bχ+

1

2
χ̄Γc∂aχ χ̄Γc∂bχ

)
. (3.1.6)

3With the exception of terms that can be removed by a field redefinition, see below.
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We will show in a minute that there are no (m, 2m) and (m, 2m−2) terms, i.e. terms
with p = 2 and p = 3. In [52] it was shown that the bosonic terms (m, 2) vanish for
all m. Our calculation of (4, 2) – which we will present below – confirms this and
extends it to the corresponding fermionic terms. In [52] the bosonic part of (4, 4)
was constructed explicitly. More recently, Wyllard [102] obtained the bosonic (m, 4)
terms using the boundary state formalism. Further work has been done in [103, 104]
with the Seiberg-Witten map and noncommmutativity.

In the following we will derive the terms (m, 2m − 4) including all the fermionic
contributions, i.e. the terms with p = 4. We will use the matching procedure based
on the calculation of S-matrix elements that we discussed in chapter 1 (see also [49,
50, 93, 105, 106]). We are able to write down a closed form for the effective action
because the open string four-point function factorizes in a product of two terms: the
first term (K) depending on polarization vectors and wave functions, the second term
(G), proportional to the Veneziano amplitude, depending only on the momenta. The
first term determines how the fields should appear in the effective action. The second
term expands into an infinite series4 in α′, and determines how derivatives should be
distributed over the fields. This structure applies to both the bosonic terms and the
terms involving fermions.

Due to the factorization of the amplitude, supersymmetry of the effective action
can be easily established. We mentioned already that the supersymmetry of the term
L(2,0) which reproduces the term K was demonstrated in [95]. The term G, with
momenta replaced by derivatives, acts on K in the full effective action, but we will
show that the proof of supersymmetry still works “under the derivatives”. Before we
discuss these results, we will first review the Noether method and in particular the
calculation of L(2,0).

3.2 The Noether procedure

Our starting point is L(0,0) ≡ L0, i.e. the d = 10, N = 1 supersymmetric Maxwell
Lagrangian. χ is a Majorana-Weyl spinor and is inert under gauge transformations.

L0 = −1

4
FabFab +

1

2
χ̄/∂χ. (3.2.1)

The equations of motion are simply

∂aFab = /∂χ = 0 , (3.2.2)

4In the absence of 3-point vertices, unitarity guarantees that the 4-point functions are analytic in
the external momenta at k1 = k2 = k3 = k4 = 0.
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supersymmetry is realized linearly on the fields:

δ0Aa = ǭΓaχ, (3.2.3a)

δ0χ =
1

2
FabΓabǫ. (3.2.3b)

Closure of the supersymmetry algebra requires the fields to be on-shell and involves
a field dependent gauge transformation of the gauge field:

[δ0 ǫ1 , δ0 ǫ2 ]Aa = 2ǭ1/∂ǫ2Aa − ∂a(2ǭ1 /Aǫ2), (3.2.4a)

[δ0 ǫ1 , δ0 ǫ2 ]χ = 2ǭ1/∂ǫ2χ−
(

7

8
ǭ1Γaǫ2Γa −

1

5!16
ǭ1Γabcdeǫ2Γabcde

)
/∂χ. (3.2.4b)

This lowest order action also has a nonlinear supersymmetry:

δ0Aa = 0, (3.2.5a)

δ0χ = η. (3.2.5b)

Supersymmetric deformations of the super-Maxwell theory can be obtained by the
Noether method, which is an iterative procedure in α′. Every stage of the iteration
consists of two steps. Let the Lk for k < m be known5. The first step in obtaining
the term Lm is to write down all possible terms of order α′m, i.e., terms that have
the correct dimension and are Lorentz and gauge invariant. We limit ourselves to
terms that are at most of quadratic order in the fermions. Lagrangians are defined up
to total derivatives and field redefinitions. The possibility for the latter arises when
a term is proportional to the lowest order equation of motion (3.2.2) for one of the
fields. If such a term is present in Lm it can be removed by a field redefinition of
order m. The price one pays is that the contributions Ln with n > m are modified.
We deal with this ambiguity, at each order in α′, by not allowing in the Lagrangian
any terms that are proportional to the order α′0 field equations, or terms that can be
rewritten as such by means of a partial integration. Furthermore, we determine how
the remaining terms are related by partial integrations and keep only an independent
subset. This leaves us with a minimal Ansatz for L0 in which each term has an
arbitrary coefficient that will be determined in the second step.

The second step is to vary the fields in this Ansatz with the supersymmetry
transformation rules δ0. In addition we need to vary the lower order terms in the
Lagrangian, say Lk, k < m, with the appropriate transformation rules δm−k; both
were already obtained in a previous stage of the iterative procedure. Having done
this, we are left with two types of variations. On the one hand there are terms which

5Lm is the contribution of order α′m to the effective action. Similarly, δm indicate supersymmetry
transformations of order α′m. If we want to indicate the part of Lm with n derivatives we write
L(m,n), similarly for δ(m,n).
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are proportional to the lowest order field equation or that can be rewritten as such
using a partial integration. On the other hand there are variations that cannot be
rewritten in this way. The first set can be eliminated by new transformation rules δm
of L0, the second set must be set to zero by solving the resulting equations for the
unknown coefficients in the Ansatz.

In calculating the new transformation rules at order α′m one will find that some
variations may be quadratic in the lowest order equations of motion. In that case
there is an ambiguity in the choice of the new transformations δm. Regardless of
this choice, such variations always give rise to transformation rules that contain a
lowest order equation of motion. Therefore these terms do not play a role in checking
the closure of the supersymmetry algebra at order α′m. If such transformations are
applied to some Lk when constructing an invariant at order m+k, they give variations
that can automatically be supersymmetrized. Their contribution to the order m+ k
transformation rules need not contain a lower order equation of motion and therefore
these terms are important when pursuing the Noether procedure to higher orders.
This last issue does not yet play a role at the level of the 4-point function and will
not bother us in the following.

In addition to terms that arise as higher order contributions to invariants that
were already encountered at lower orders in α′, the Noether procedure can at any
given order in α′ yield new leading order contributions to apparently independent
superinvariants, all determined up to a multiplicative constant. However, some of
these coefficients might be determined by pursuing the Noether procedure to even
higher orders. We will come back to this issue at the end of this chapter, when we
discuss the Noether procedure at order α′4.

3.2.1 No corrections with p = 2 and p = 3

In this section we show that there are no terms in the effective action with p = 2
(with the exception of L(0,0)) or p = 3 that can not be removed by a field redefinition.
This is not a deep result – at the level of amplitude calculations it is just kinematics
– and we present it here to illustrate the kind of reasoning that we use to parametrize
candidate terms in the effective action in general.

Consider first the bosonic terms. At p = 2 we have two F ’s with an arbitrary
number of derivatives. By partial integration, we can bring any of these terms to the
form Fab(∂

nF )ab. By using the Bianchi identity in the form ∂aFbc = −2∂[bFc]a we

write these terms as Fab�
n/2Fab. These can be removed by field redefinitions, unless

n = 0.

For p = 3 we have three F ’s, and we can bring any term to the form Fab(∂
kF∂lF )ab.

Next we distribute a and b. If we put them both on the same factor ∂kF we get some-
thing of the form Fab∂

kFab∂
lF by using the Bianchi identity. Now terms of this form

that contain contractions within a single factor can be removed by field redefinitions.
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We thus require k = l+2 and get terms that read Fab∂c∂d∂
lFab∂

lFcd. But these vanish
identically. So we have to put a and b on different factors to get something nontrivial.
By using the Bianchi identity such terms can be reduced to Fab∂

kF·a∂
lF·b, with k = l

by the same argument as before. These are of the form Fab∂
k−1∂cFda∂

k−1∂cFdb and
Fab∂

k−1∂cFda∂
k−1∂dFcb. Both cases vanish identically. This concludes the proof for

the bosonic terms.
Now for the fermionic terms. There are only terms with two fermions for p = 2, 3.

By partial integration we can always remove any derivative on χ̄. At p = 2 we thus
only have terms of the form χ̄Γa∂

n∂aχ = χ̄/∂�
n/2χ and these can be removed by a

field redefinition. The terms with a Γ(n) with n > 1 vanish identically. We note here
that terms with a Γ(n) for n even never appear anywhere in the effective action, since
we are dealing with chiral fermions.

The argument for p = 3 is a bit more complicated. Terms with Γ(1) are necessarily
of the form ∂kFab χ̄Γa∂

k∂bχ, otherwise they vanish or contain contractions within
the same factor. By using the antisymmetry in ab and the Γ-matrix identity Γabc =
ΓabΓc − Γaδbc + Γbδac we can rewrite these terms as a sum of two expressions. The
first is of the form ∂kFab χ̄Γab/∂χ and can be removed by a field redefinition. The
second has the form ∂kFab χ̄Γabc∂

k∂cχ, which happens to be the only term that
we can write down with a Γ(3) according to our rules. We deal with this term by
partially integrating all derivatives on F , which results in terms with contractions
on the same factor and terms of the form Fab ∂

kχ̄Γabc∂
k∂cχ. Now we use the that

ψ̄Γ(3)χ = +χ̄Γ(3)ψ to partially integrate ∂c and obtain ∂cFab ∂
kχ̄Γabc∂

kχ, which
vanishes by the Bianchi identity. Terms with a Γ(5) or higher vanish identically.

3.2.2 The Noether procedure at α′2

We will now perform the Noether procedure at order α′2. The first step is to write
down a minimal set of Lorentz and gauge invariant terms at this order. With minimal
we mean terms that are not related – via partial integrations or the Bianchi identity
– to each other or to terms that can be removed by a field redefinition. We already
showed in the previous section that there are no such terms with n > 0, so we focus
our attention on L(2,0).

After some thought along the lines of the previous section6 we arrive at the fol-
lowing Ansatz:

α′−2L(2,0) = a1 FabFbcFcdFda + a2 FabFabFcdFcd

+ a3 FacFbc χ̄Γa∂bχ+ a4 Fad∂dFbc χ̄Γabcχ.
(3.2.6)

6In this case we are dealing with only a few fields and at most one explicit derivative, so the
number of ways in which we can perform a partial integration or use the Bianchi identity is limited.
In more complicated cases, it is best to proceed systematically and write down not only all possible
terms but all possible total derivatives as well. One then works out the total derivatives to obtain
relations between the terms.
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We have given the terms undetermined coefficients ai. The second step consist of
varying these terms with the δ0 of (3.2.3). We obtain

a1 : δ
[
FabFbcFcdFda

]
= −8

�

�

�

�
id ,

a2 : δ
[
FabFabFcdFcd

]
= −8

�

�

�

�
ic ,

a3 : δ
[
FacFbc χ̄Γa∂bχ

]
= −

�

�

�

�
ia −

�

�

�

�
id − 1

2

�

�

�

�
iiia − 1

2

�

�

�

�
iiid ,

a4 : δ
[
Fad∂dFbc χ̄Γabcχ

]
= 4

�

�

�

�
ia + 2

�

�

�

�
ib − 2

�

�

�

�
iiia + 2

�

�

�

�
iiic −

�

�

�

�
va ,

(3.2.7)

where we have used the Bianchi and Γ-matrix identities to write the result in terms
of a set of “independent variations”, i.e. terms that can not be related to each other
by means of these identities. We choose the following set:

�

�

�

�
ia = FbdFcd∂bFca ǭΓaχ,

�

�

�

�
iiia = FadFde∂eFbc ǭΓabcχ,

�

�

�

�
ib = FabFcd∂bFcd ǭΓaχ,

�

�

�

�
iiib = FabFde∂cFde ǭΓabcχ,

�

�

�

�
ic = FabFcdFcd ǭΓa∂bχ,

�

�

�

�
iiic = FadFbe∂cFde ǭΓabcχ,

�

�

�

�
id = FacFbdFcd ǭΓa∂bχ,

�

�

�

�
iiid = FabFceFde ǭΓabc∂dχ,

�

�

�

�
va = FabFcf∂fFde ǭΓabcdeχ,

�

�

�

�
vb = FabFcdFef ǭΓabcde∂fχ.

The reader should be able to retrace the logic behind the construction of these terms
by reading the indices in alphabetical order. None of these “variations” contains an
order α′0 equation of motion – ∂aFab or /∂χ. Fortunately, certain linear combinations
of the variations can be related to such terms by partial integrations.

We proceed by first constructing total derivatives which lead to contributions that
have the same structure as the variations. We obtain the following list7:

c1 : ∂a

[
FabFcdFcd ǭΓbχ

]
= ∂aFabFcdFcd ǭΓbχ− 2

�

�

�

�
ib −

�

�

�

�
ic ,

c2 : ∂a

[
FacFbdFcd ǭΓbχ

]
= ∂aFabFbdFcd ǭΓcχ+

�

�

�

�
ia − 1

2

�

�

�

�
ib −

�

�

�

�
id ,

c3 : ∂a

[
FbcFdeFde ǭΓabcχ

]
= FabFdeFde ǭΓab/∂χ− 2

�

�

�

�
ic + 2

�

�

�

�
iiib ,

c4 : ∂a

[
FbdFcdFde ǭΓabcχ

]
= FadFbeFde ǭΓab/∂χ− 2

�

�

�

�
id +

�

�

�

�
iiia +

�

�

�

�
iiic ,

c5 : ∂a

[
FaeFbeFcd ǭΓbcdχ

]
= −∂aFabFbcFde ǭΓcdeχ+ 1

2

�

�

�

�
iiib −

�

�

�

�
iiia +

�

�

�

�
iiid ,

c6 : ∂a

[
FabFcdFef ǭΓbcdefχ

]
= ∂aFabFcdFef ǭΓbcdefχ− 2

�

�

�

�
va −

�

�

�

�
vb ,

c7 : ∂a

[
FbcFdeFfg ǭΓabcdefgχ

]
= FabFcdFef ǭΓabcdef /∂χ− 6

�

�

�

�
vb .

Next we add these total derivatives with undetermined coefficients cj to the variation
(3.2.7) of our Ansatz and demand that the coefficients that multiply the independent

7These are not all total derivatives. Not included are those which can be related to the ones we
listed by means of the Bianchi or Γ-matrix identities since these do not contain any new information.
In the general case we would also not include total derivatives that already contain an order α′0

equation of motion under the derivative ∂a since these do not help in reducing the set of variations.
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variations
�

�

�

�
ia ,

�

�

�

�
ib , . . . vanish. This results in a set of linear equations:

�

�

�

�
ia : −a3 + 4a4 + c2 = 0,

�

�

�

�
iiia : 1

2a3 + 2a4 − c4 + c5 = 0,
�

�

�

�
ib : 2a4 − 2c1 − 1

2c2 = 0,
�

�

�

�
iiib : 2c3 + 1

2c5 = 0,
�

�

�

�
ic : 8a2 + c1 + 2c3 = 0,

�

�

�

�
iiic : 2a4 + c4 = 0,

�

�

�

�
id : 8a1 + a3 + c2 + 2c4 = 0,

�

�

�

�
iiid : − 1

2a3 + c5 = 0,
�

�

�

�
va : a4 + 2c6 = 0,

�

�

�

�
vb : c6 + 6c7 = 0.

Every independent solution of these equations corresponds to an independent super-
symmetry invariant. The ai determine the form of the Lagrangian, whereas the ci
give the modified supersymmetry transformation rules.

The above equations have a one-parameter family of solutions:

a1 = a, a2 = − 1
4a, a3 = −2a, a4 = 1

2a, c1 = 3
2a, c2 = −4a,

c3 = 1
4a, c4 = −a, c5 = −a, c6 = − 1

4a, c7 = 1
24a.

There is thus a unique supersymmetric deformation at order α′2 which is given by
(writing a = a(2,0)/8):

L(2,0) =
a(2,0)α

′2

8

[
FabFbcFcdFda −

1

4
FabFabFcdFcd

− 2FacFbc χ̄Γa∂bχ+
1

2
Fad∂dFbc χ̄Γabcχ

]
. (3.2.8)

The undetermined coefficient a(2,0) has to be fixed by other methods. We will see in
the next section that the string theory 4-point function yields a(2,0) = (2π)2, which
agrees with the expansion of the Born-Infeld action as in (3.1.2). It can be shown
that the fermionic terms agree with the expansion of (3.1.6), but for this one needs
to perform a field redefinition.

The modified supersymmetry transformation rules are for the boson:

δAa = ǭΓaχ−
a(2,0)

8

[
3

2
FbcFbc ǭΓaχ+ 4FacFbc ǭΓbχ

+ FabFcd ǭΓbcdχ−
1

4
FbcFde ǭΓabcdeχ

]
+ . . . , (3.2.9a)

and for the fermion

δχ =
1

2
Fab Γabǫ−

a(2,0)

8

[
FabFcdFcd Γabǫ− FacFbdFcd Γabǫ

+
1

24
FabFcdFef Γabcdef ǫ

]
+ . . . . (3.2.9b)
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An important check of the above calculation is to verify that the modified transforma-
tion rules still agree with the supersymmetry algebra. In particular, only the gauge
transformation on the RHS of (3.2.4) can in principle receive corrections. Because of
our quadratic fermion approximation we can only perform this check for the boson.
In the present case even the gauge transformations should not receive any corrections
because of the absence of derivatives in the transformation rules (3.2.9).

We could also have used the nonlinear supersymmetry (3.2.5) as the starting point
of the Noether procedure. It turns out however that this does not provide any new
information: in general nonlinear supersymmetry constrains the form of the effective
action less than linear supersymmetry. The modified nonlinear transformations turn
out to be

δAa =
a(2,0)α

′2

8

(
2Fab η̄Γbχ− Fbc η̄Γabcχ

)
, (3.2.10a)

δχ = η +
a(2,0)α

′2

32

(
2FabFab η + FabFcd Γabcdη

)
. (3.2.10b)

These do modify the order α′0 algebra [97]:

[δη1
, δη2

]Aa =
a(2,0)α

′2

2

[
η̄1/∂η2Aa − ∂a(η̄1 /Aη2)

]
. (3.2.11)

This is just the usual supersymmetry algebra, occurring at a higher order in α′. This
proves that the nonlinear supersymmetry is indeed a supersymmetry. The mixed
commutator is not modified at this order:

[∂ǫ, ∂η]Aa = 0. (3.2.12)

We note here for future reference that the nonlinear supersymmetry persists to all
orders in m for the terms L(m,0), i.e. the action (3.1.6) is invariant under both
linear and nonlinear supersymmetry transformations. This was shown in [98]. The
linear and nonlinear supersymmetry are what remains of the underlying κ-symmetric
formulation8 after gauge fixing.

8κ-symmetry is a property of the effective action of D-branes formulated in an N = 2 supergravity
background (for slowly varying fields). We have seen that the presence of the D-brane breaks half of
the target-space supersymmetries. In the effective action this is achieved by fixing the κ-symmetry:
this removes half of the fermionic degrees of freedom and breaks the supersymmetry to N = 1. The
results of [98] were obtained starting from a flat background, whereas in [99–101] general supergravity
backgrounds were considered.
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3.3 The 4-point function

The open string tree-level 4-point function is given by [105]:

A(1, 2, 3, 4) = −16i g−2α′2(2π)10δ(10)(k1 + k2 + k3 + k4)×
× G(k1, k2, k3, k4)K(1, 2, 3, 4) (3.3.1)

G contains the α′ dependence and is given by:

G(k1, k2, k3, k4) = G(s, t) +G(t, u) +G(u, s)

=
Γ(−α′s)Γ(−α′t)

Γ(1− α′s− α′t)
+

Γ(−α′t)Γ(−α′u)

Γ(1− α′t− α′u)
+

Γ(−α′u)Γ(−α′s)

Γ(1− α′u− α′s)
.

(3.3.2)

Here s, t, and u are the Mandelstam variables, satisfying s + t + u = 0. They are
defined in terms of the ki only up to momentum conservation and the mass-shell
condition. We choose to write them in such a way that G is manifestly symmetric in
the ki:

s = − k1 · k2 − k3 · k4,

t = − k1 · k3 − k2 · k4,

u = − k1 · k4 − k2 · k3.

(3.3.3)

As discussed in the above, G is regular as ki → 0, which one can verify by expanding
(3.3.2) in α′. For now we just mention that

G(k1, k2, k3, k4) = −π
2

2
+O(α′2), (3.3.4)

and postpone a detailed discussion of the expansion to a later section. K involves not
only the momenta of the external particles, but also their wave functions. For the
4-boson amplitude we have:

K(1, 2, 3, 4) = tabcdefghk1
aζ

1
b k

2
cζ

2
dk

3
eζ

3
fk

4
gζ

4
h, (3.3.5)

where ζi is the polarization vector of the ith incoming photon. An explicit expression
for the tensor t8 is given for example in [105]. tabcdefgh is antisymmetric in the pairs
(ab), (cd), etc., and is symmetric under the exchange of such pairs. It satisfies the
following identity:

tabcdefghM
ab
1 M cd

2 Mef
3 Mgh

4 =

= −2
(
trM1M2 trM3M4 + trM1M3 trM2M4 + trM1M4 trM2M3

)

+ 8
(
trM1M2M3M4 + trM1M3M2M4 + trM1M3M4M2

)
, (3.3.6)

where the Mi are antisymmetric tensors.
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The leading order contribution to the amplitude is just (3.3.5) times a constant
and is reproduced by the following contribution to the effective action:

S(2,0) =
1

8
(2πα′)2

∫
d10x

1

24
tabcdefghFabFcdFefFgh

=
1

8
(2πα′)2

∫
d10x

(
trF 4 − 1

4
(trF 2)2

)
.

(3.3.7)

This result agrees with the expansion of the Born-Infeld action in (3.1.2) and shows
that we indeed need to take a(2,0) = (2π)2 in (3.2.8). We observe that every factor of
momentum ki in (3.3.5) is reproduced by a derivative acting on the appropriate field
in (3.3.7).

The complete amplitude (3.3.1) differs from the leading order contribution by
multiplication with G, i.e. by extra factors of momentum. In order to reproduce
these factors, we simply need to act with derivatives on the appropriate fields. This is
implemented by first allowing the four fields to be “defined at different points in space-
time”, resulting in a non-local action. That is, we consider the fields Aa(xi), where
i = 1, . . . , 4, and then replace the momenta ki in the amplitude by differentiations
with respect to the appropriate coordinate in the effective action, i.e. ki,a → −i∂/∂xa

i .
We need to multiply the resulting expression by delta functions and then integrate
over the xi to make the action local.

Hence we define the following differential operator

D(∂x1
, ∂x2

, ∂x3
, ∂x4

) ≡ G(k1, k2, k3, k4)|ki→−i∂xi
, (3.3.8)

which we use to write down the effective action for the complete four-photon ampli-
tude:

Seff [Aa] = − 1

24
g−2α′2

∫
d10x

{
∏

i

d10xi δ
(10)(x− xi)

}
D(∂x1

, ∂x2
, ∂x3

, ∂x4
)

× tabcdefghFab(x1)Fcd(x2)Fef (x3)Fgh(x4). (3.3.9)

D is understood as a Taylor expansion in α′. Then the multiple integral over the
xi factorizes into a product of integrals, each involving only one of the xi and none
of the others, which is necessary in order that the above expression is well defined.
The actual proof that this action reproduces the amplitude (3.3.1) can be found in
Appendix B.2.1.

As mentioned above, we choose to express s, t, u in terms of the ki in such a way
that G is manifestly symmetric in the momenta. This will turn out to be convenient
in the following section. It is not difficult to see that a different prescription than
(3.3.3) would result in modifications of the effective action (3.3.9) by total derivatives
and/or the effects of field redefinitions. This follows from momentum conservation
ka
1 + ka

2 + ka
3 + ka

4 = 0 and the mass-shell conditions k2
i = 0, respectively.
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3.3.1 The fermionic contributions and supersymmetry

Equation (3.2.8) reproduces the four-point string amplitudes involving two fermions9

to lowest order in α′ [106]. It is then easy to guess what the effective action should
be when fermionic interactions as well as higher derivative corrections are included:

Seff [Aa, χ] = −g−2α′2

∫
d10x

{
∏

i

d10xi δ
(10)(x− xi)

}
D(∂x1

, ∂x2
, ∂x3

, ∂x4
)

×
[
Fab(x1)Fbc(x2)Fcd(x3)Fda(x4)−

1

4
Fab(x1)Fab(x2)Fcd(x3)Fcd(x4)

− 2Fab(x1)Fac(x2)χ̄(x3)Γb∂cχ(x4) + Fab(x1)Fcd(x2)χ̄(x3)Γabc∂dχ(x4)
]
. (3.3.10)

It is not difficult to prove that this action is supersymmetric. As explained in the
previous section, the operator D is symmetric in the ∂xi

. This implies that, when
we apply the Noether method, we can perform the same manipulations as the ones
necessary to demonstrate the supersymmetry of (3.2.8).
Consider for example the variation of the first term in (3.2.8). It is given by

δ
(
trF 4

)
= δFabFbcFcdFda + FabδFbcFcdFda + FabFbcδFcdFda + FabFbcFcdδFda

=4FabFbcFcdδFda.

The last step is of course completely trivial in the local case, but essential for proving
the supersymmetry. In the non-local case (3.3.10), this last step is not automatic.
We see that it is the symmetry of D that allows us to perform it.

In addition to algebraic manipulations of the kind described above, it is also
necessary to perform partial integrations to prove the supersymmetry. In the local
case one encounters for example the following total derivative at an intermediate stage
of the calculation: ∂a

(
Fab trF 2 ǭΓbχ

)
. In the non-local case this term will manifest

itself as

(
∂

∂xa
1

+
∂

∂xa
2

+
∂

∂xa
3

+
∂

∂xa
4

)
Fab(x1)Fcd(x2)Fcd(x3) ǭΓbχ(x4).

This still gives rise to a total derivative, since we can pull the
∑

i ∂/∂x
a
i out of the

9In [106] and [d] the terms with four fermions were also taken into account.
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integration over the xi:

∫
d10x

{
∏

i

d10xi δ
(10)(x− xi)

}
D(∂x1

, ∂x2
, ∂x3

, ∂x4
)

×



∑

j

∂

∂xa
j


Fab(x1)Fcd(x2)Fcd(x3) ǭΓbχ(x4)

=

∫
d10x

∂

∂x

∫ {∏

i

d10xi δ
(10)(x− xi)

}
D(∂x1

, ∂x2
, ∂x3

, ∂x4
)

× Fab(x1)Fcd(x2)Fcd(x3) ǭΓbχ(x4).

Here the symmetry properties of D are not required. We conclude, that the fact that
(3.3.10) is supersymmetric follows immediately from the supersymmetry of (3.2.8).

The above actually shows that when we replace D in (3.3.10) by any symmetric
differential operator ∆(∂x1

, . . . , ∂x4
), we obtain a supersymmetric action.

3.3.2 Derivative expansion

In this section we will consider the derivative expansion of the effective action (3.3.9).
This will allow us to make contact with previously obtained results at order α′4 as well
as to present new results at order α′5. But first let us discuss the form of the generic
Lorentz invariant symmetric differential operator ∆(∂x1

, . . . , ∂x4
) and determine the

number of independent supersymmetric invariants that are possible at any given order
in α′.

To find the form of ∆(∂x1
, . . . , ∂x4

) we need the most general Lorentz invariant
expression that is symmetric and regular in the momenta ki, after which we substitute
ki → −i∂i. In such an expression only combinations ki · kj and their products can
enter10. Using momentum conservation and the mass-shell condition all such terms
can be written as combinations of s, t, u. Any completely symmetric polynomial in
s, t, u can be written as:

∑

k≤l≤m

α′k+l+m ck,l,m P(k, l,m), (3.3.11)

where the ck,l,m are constants and

P(k, l,m) = sktlum + sktmul + smtkul + smtluk + sltmuk + sltkum. (3.3.12)

Define
P (n) = sn + tn + un , Q = stu . (3.3.13)

10We do not have to consider contractions with the ε-tensor, since all scalars that one can form
by contracting it with the momenta ki vanish.
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P(k, l,m) can be expressed in terms of P (n) and Q:

P(k, l,m) = Qk
[
P (l − k)P (m− k)− P (l +m− 2k)

]
. (3.3.14)

Furthermore, it follows from P (1)P (n− 1) = 0 that

P (n) = 1
2P (2)P (n− 2) +QP (n− 3). (3.3.15)

We conclude that we can express (3.3.11) in powers of P ≡ P (2) and Q:

∑

a,b

α′2a+3b da,b P
aQb, (3.3.16)

where the da,b are constants. The number NP,Q(m) of possible independent combi-
nations of P and Q, at order α′m in the above expansion, is given by

NP,Q(m) =

{
[m/6] + 1, if m 6= 6× [m/6] + 1
[m/6] , if m = 6× [m/6] + 1,

(3.3.17)

where [x] denotes the largest integer smaller than x.

This implies that, for a given m, there are NP,Q(m) independent supersymmetric
contributions to the open string tree-level effective action that contain terms of the
form ∂2mF 4.

We now turn to the derivative expansion of (3.3.10). We use the Taylor expansion
for log Γ(1 + z),

log Γ(1 + z) = −γz +

∞∑

m=2

(−1)mζ(m)
zm

m
, (3.3.18)

where ζ(n) is the Riemann zeta-function, γ the Euler-Mascheroni constant, to obtain
the following expression for G(s, t):

α′2G(s, t) =
1

st
exp

[
∞∑

m=2

α′m ζ(m)

m
(sm + tm − (s+ t)m)

]
. (3.3.19)

This expression can be used to calculate the α′ expansion of G(k1, . . . , k4). We give
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here the first terms in this expansion, expressed in P and Q:

G(k1, . . . , k4) =

− 1
2π

2 − 1
48α

′2π4 P − 1
2α

′3π2ζ(3)Q

− 1
960α

′4π6 P 2 − 1
48α

′5π2
[
π2ζ(3) + 12 ζ(5)

]
PQ

− 1
967680α

′6
[
51π8 P 3 + 8π2

[
31π6 + 30240 ζ(3)2

]
Q2
]

− 1
960α

′7π2
[
π4ζ(3) + 10π2ζ(5) + 120 ζ(7)

]
P 2Q

− 1
58060800α

′8
[
155π10 P 4

+ 32π2
[
67π8 + 18900π2ζ(3)2 + 453600 ζ(3)ζ(5)

]
PQ2

]

− 1
967680α

′9
[
π2
[
51π6ζ(3) + 504π4ζ(5) + 5040π2ζ(7) + 60480 ζ(9)

]
P 3Q

+ 8π2
[
31π6ζ(3) + 10080 (ζ(3)3 + 2 ζ(9))

]
Q3
]

+ . . . (3.3.20)

We see that, at least to this order, all possible combinations of P and Q indeed appear.
String theory thus seems to make use of all available superinvariants. By substituting
derivatives for momenta in the above expansion and inserting the resulting expression
in (3.3.10), one can straightforwardly construct the contribution to the effective action
at any desired order in α′. We demonstrate this for the bosonic terms at order α′4

and α′5. At order α′4 we obtain:

L(4,4) = 1
288π

4α′4 tabcdefgh ∂kFab∂kFcd∂lFef∂lFgh (3.3.21)

= 1
36π

4α′4
[(
∂kFab∂lFbc∂kFcd∂lFda + 2 ∂kFab∂kFbc∂lFcd∂lFda

)

− 1
4

(
∂kFab∂kFab∂lFcd∂lFcd + 2 ∂kFab∂lFab∂kFcd∂lFcd

)]
.

This expression is consistent with results obtained previously by different meth-
ods [52, 107]. The terms bilinear in the fermions agree with those obtained from a
direct application of supersymmetry methods – see below and also [108]. We disagree
however with [93].

At order α′5 we obtain the following result:

L(5,6) = − 1
6π

2ζ(3)α′5 tabcdefgh ∂k∂l∂mFab∂kFcd∂lFef∂mFgh (3.3.22)

= −4π2ζ(3)α′5
[
∂k∂l∂mFab∂kFbc∂lFcd∂mFda

− 1
4 ∂k∂l∂mFab∂kFab∂lFcd∂mFcd

]
.

The bosonic part of this expression can be compared with a conjecture in [103].
Wyllard conjectured that all derivative corrections to the Born-Infeld action follow
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from the corrections to the Wess-Zumino term. He applied this conjecture in [103]
using the results for the Wess-Zumino term of [102] as input. We have taken the
six-derivative corrections given in formula (4.16) of [103], and extracted the terms of
fourth order in F . We find:

L(5,6) Wyllard = −4π2ζ(3) g2α′5
[
∂k∂lFab∂k∂mFbc∂l∂mFcdFda

− 1
4 ∂k∂lFab∂k∂mFab∂l∂mFcdFcd

]
. (3.3.23)

This agrees, up to field redefinitions, with our result (3.3.22). However, this agree-
ment should be interpreted with care. First of all the procedure of [103] involves an
infinite series involving functional derivatives of the Born-Infeld action with respect
to the field strength F . The conjecture requires an ordering prescription for these
functional derivatives. For our comparison we have taken the simplest solution to
this ordering ambiguity. Secondly, the corrections to the Wess-Zumino term in [102]
are not complete. Other corrections, such as those evaluated in [104, 109, 110], will
contribute as well. On applying Wyllard’s proposal to these extra terms, further six-
derivative corrections to the Born-Infeld term might be generated. Our agreement
with [103] indicates that these extra terms do not give rise to new six-derivative F 4

terms in the Born-Infeld action.

3.4 The Noether procedure at α′4 and higher

From the point of view of the Noether procedure, the terms L(m,2m−4) that we con-
structed in the previous section constitute – together with the super-Maxwell action
– the leading order contributions to genuine superinvariants that extend to all orders
in the number of fields. We established that the number of these terms grow linearly
with n. Two questions now come to mind.

The first question is whether the terms constructed using the symmetric non-local
operator ∆(∂x1

, . . . , ∂x4
) indeed give all possible superinvariants. We do not have a

definite answer to this question; clearly methods beyond the Noether procedure are
required. What we can say however is that even if there are any such invariants, string
theory does not seem to make use of them. Moreover, we will pursue the Noether
procedure to order α′4 [c] and see that at least at this order there is only the term
L(4,4) that we already found in (3.3.21).

The second question is one that we already posed in the introduction of section
3.2: do the terms L(m,2m−4) constitute the leading-order contributions to separate
superinvariants, or does the Noether procedure relate these terms to each other at
higher orders? Again, we have no definite answers, but is still interesting to speculate
how this might come about.
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3.4.1 Technical complications

Before turning our attention to the results of the Noether procedure at α′4 and the
general structure of the procedure at even higher orders, we pause to discuss the
technical obstacles that one encounters when pursuing the method to higher orders.

First of all, the number of terms grows rapidly with the order of α′. For example,
the problem of counting the number of bosonic terms in L(m,0) – those terms with
(m + 2) F ’s and no ∂’s – is equivalent to finding all integer partitions of (m + 2)/2.
There is a famous formula by Hardy and Ramanujan which provides an asymptotic
formula for the number of partitions p(n) of the integer n:

p(n) ∼ expπ
√

2n/3

4n
√

3
, as n→∞. (3.4.1)

The possible number of terms with derivatives and/or fermions is even larger.
Another issue is that up to this point we have not used the fact that we are

working in d = 10 (with the exception of the properties of the fermions of course).
For example, when we wrote down the Ansatz (3.2.6) we assumed that trF 4 and
(trF 2)2 are independent. This is true in d = 10, but consider d = 2. We have:

trF 2 = FabFab = F01F10 + F10F01 = −2(F01)
2,

trF 4 = FabFbcFcdFda = F01F10F01F10 + F10F01F10F01 = 2(F01)
4,

and thus trF 4 = 1
2 (trF 2)2 in d = 2. Similar identities exist in higher dimensions,

but for higher values of m. Obtaining them by writing out the summations is quite
tedious, but fortunately there is a nice trick. Consider again d = 2. Instead of working
out the traces we consider expressions that are antisymmetrized over 3 indices and
hence identically zero. For m = 2 there is only one expression that contains nontrivial
information:

0 ≡ 2F[abFc]dFabFcd

= FabFcdFabFcd + FbcFadFabFcd + FcaFbdFabFcd = (trF 2)2 − 2 trF 4.

In order to construct such Schouten identities for general d we need terms with at
least 2(d+1) indices. One can show that this implies for the bosonic terms m ≥ d−1,
whereas for the terms bilinear in the fermions Schouten identities already exist for
m ≥ (d + 1)/2 for d odd and m ≥ (d + 2)/2 for d even. For d = 10 this means that
we would have to include additional identities when pursuing the Noether procedure
at α′6 and higher. In this thesis we will only go as high as α′4, though.

The ABRA program

Clearly at some point the use of a computer becomes unavoidable. For example,
where the number of terms at intermediate stages of the calculation is in the order of
102 for the α′2 case, we need to manipulate 104 terms in the α′4 case.
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We used the computer program ABRA developed by M. de Roo for the calculations
at order α′3 (nonabelian) and α′4 (abelian). ABRA is a computer algebra system
which was designed for calculations in component supersymmetry and was originally
written for the work of [111, 112]. Basically, the program provides an environment
in which the user can perform calculations in much the same way as on a piece of
paper. There is a list of terms which are manipulated by the program. Some of these
manipulations are performed automatically. For instance, a very time-consuming
part of calculations with tensors is the relabeling of dummy indices at each step of the
calculation. ABRA contains an algorithm which takes care of this, taking into account
the symmetry properties of the tensors. Other manipulations are performed only at
the express command of the user, for instance partial integrations, the ‘flipping’ of
Majorana fermions, the use of the Γ-matrix identities (A.1.43), (A.1.44), (A.1.46),
and the use of the Bianchi identity ∂aFbc = −2∂[bFc]a. ABRA provides a crude but
effective sorting mechanism which allows the user to reorganize the terms in the list
and to perform manipulations on groups of terms of the same structure.

The construction of lists of terms and identities as in section 3.2.2 is still done by
hand.

3.4.2 Order α′3

At order α′3 there are no supersymmetric contributions. This might be inferred by
taking the abelian limit of the result of chapter 4 or [113]. However, since it is not
obvious that every supersymmetric abelian action allows a nonabelian supersymmetric
extension, it is important to check this directly in the abelian context. This has
been done in [114] by superspace methods, and we have verified this result by an
independent calculation using the Noether procedure.

3.4.3 Order α′4

There are three nontrivial sectors in the Ansatz at order α′4: L(4,0), L(4,2) and L(4,4),
since – according to section 3.2.1 – the structures with more derivatives are removable
by field redefinitions. It turns out that this is also the case for the bosonic terms in
L(4,2) (the terms ∂2F 5) but not for the terms with fermions, which are of the form
∂3F 3χ̄Γχ.

In applying the Noether method to the case (4, 0) we need the variations δ0L(4,0)

as well as δ2L(2,0). In the cases (4, 2) and (4, 4) only the variation δ0 is needed.

The results of the Noether procedure are the following: in the sector L(4,0) with
F 6 and ∂F 4χ̄Γχ the only terms allowed by supersymmetry are those needed for the
‘continuation’ of the invariant of order α′2, i.e. the Born-Infeld invariant [115]. There
does not appear a new, independent invariant. Furthermore, the fermionic terms in
L(4,2) are not supersymmetrizable and thus L(4,2) = 0. Finally, in the sector L(4,4)
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we find indeed a single unique superinvariant as promised. The action at order α′4 is
given by:

L4 = L(4,0) + L(4,4), (3.4.2a)

with

L(4,0) =
(a(2,0))

2α′4

384

[
− 32FabFbcFcdFdeFefFaf − 12FabFbcFcdFadFefFef

− FabFabFcdFcdFefFef − 12 ∂aFbcFdeFafFbe χ̄Γcdfχ (3.4.2b)

+ 72FabFcdFbeFde χ̄Γa∂cχ+ 18 ∂aFbcFdeFefFaf χ̄Γbcdχ

+ 12 ∂aFbcFdeFbfFae χ̄Γcdfχ
]
,

and

L(4,4) = a(4,4)α
′4
[
− 8FabFbc∂d∂eFaf∂d∂eFcf − 8Fab∂cFad∂eFbf∂c∂eFdf

+ 32Fab∂cFad∂eFbf∂d∂eFcf + 16Fab∂cFde∂aFef∂d∂fFbc (3.4.2c)

+ 4 ∂a∂bFcd∂a∂bFce χ̄Γd∂eχ− 4 ∂aFbc∂a∂dFef χ̄Γbef∂c∂dχ

+ 4Fab∂c∂dFef χ̄Γabe∂c∂d∂fχ+ 8Fab∂c∂dFae χ̄Γb∂c∂d∂eχ

+ 2 ∂aFbc∂a∂d∂eFbc χ̄Γd∂eχ
]
.

We have also determined the modified transformation rules for both linear at nonlinear
supersymmetry at this order and verified the closure of the supersymmetry algebra.
See [c] for details.

3.4.4 Higher orders

Our present knowledge of the bosonic contributions to the open string effective action
is summarized in figure 3.4.1. The sectors (m,n) for which the bosonic terms are
known are indicated with a black dot. The sectors indicated by white dots are known
not to contain any bosonic terms. The gray dots correspond to sectors which are
known to be nonempty but of which the explicit form is unknown. They contain the
higher-derivative contributions of the string 2k-point functions with k ≥ 3.

For the sectors (m, 0) and (m, 2m−4), which correspond to the Born-Infeld action
(3.1.6) and the 4-point effective action (3.3.9) respectively, the fermionic terms are
also known and supersymmetry has been established. For the sectors (m, 4) with
m ≥ 6 and even, the fermionic contributions have yet to be constructed.

The absence of fermionic terms for the diagonal lines (m, 2m − 2p + 4) with p
odd, follows from the invariance of the effective action under Ω whereas for the line
(m, 2m) with m > 0 we showed this in section 3.2.1. Note however that the absence
of contributions to (3, 0) and (4, 2) is also required by the Noether procedure. It
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Figure 3.4.1. The structure of the abelian open superstring tree-level effective action.
Depicted are the bosonic contributions. See the main text for an explanation of this figure.

would be interesting to see whether supersymmetry excludes also the other terms
with p = 3 (or even the terms with p odd in general), or that the invariance under Ω
is a necessary ingredient.

Though the absence of bosonic terms for the points (m, 2) with m was established
in [52], it is not known whether these sectors are also devoid of fermionic contributions
– this with the exception of (3, 2) for which we showed this using the 4-point function.
It is in this light an interesting question whether the absence of bosonic terms implies
in general the absence of fermionic contributions, either by pursuing the Noether
procedure to higher orders or by some direct string theory calculation.

We now focus our attention on the supersymmetry transformations that connect
the dots in figure 3.4.1. We have drawn arrows to indicate some of the known super-
symmetry transformations. As a first example we consider the terms (m, 0), m even,
i.e., the Born-Infeld invariant. These terms are invariant under the transformations
δ0, δ(2,0), δ(4,0), . . ., depending only on the single parameter a(2,0). Note that we in-
dicate these transformations by a repeated addition of the same arrow, and not by
drawing new arrows from (0, 0) to (m, 0) for each m. In this way we denote that all
these terms contribute to the same invariant. Similarly, the point (4, 4) is the lead-
ing term in a new sequence of supersymmetry transformations that continues to the
points (4k, 4k), involving the parameter a(4,4). Similarly, all points on the diagonal
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(m, 2m−4) will lead to new arrows, involving new parameters a(m,2m−4)
11 The ques-

tion is now, whether these ‘independent’ invariants will remain independent when the
Noether procedure is pursued to higher orders. Consider for example the point (8, 8).
This point can be reached from (0, 0) by applying the arrow (4, 4) twice, but also by
applying the arrow (2, 0) and then (6, 8) (or vice versa). These contributions need to
be canceled by the δ0 variation of L(8,8). In principle, there are now two possibilities:
they can either be canceled separately, or not. In the latter case we need both contri-
butions at the same time, and then there must be relations between the coefficients
a(4,4)a(4,4) and a(2,0)a(6,8). So it is indeed possible that a priori independent invari-
ants are related to each other at higher orders in the iteration. Note however that at
least a(2,0) and a(4,4) will remain independent to all orders. The reason is that a(2,0)

and a(4,4) can be changed independently by rescaling α′ and the extra derivatives,
respectively12.

Now we invoke our knowledge of the string tree-level 4-point function. The invari-
ants corresponding to Pm with m even in (3.3.20) have coefficients a(m,2m−4) which
contain factors πm. The relations between these coefficients alluded to in the previous
paragraph are therefore in principle possible.

For the invariants involving powers of Q the situation is different, since the co-
efficients of these invariants involve ζ(n) for n odd. Consider for example the point
(9, 10). We can reach it for instance with supersymmetry transformations through
the Q-invariant at (5, 6) by applying δ(4,4) and from the P -invariant at (4, 4) by ap-
plying δ(5,6). This gives rise to terms proportional to a(4,4)a(5,6) ∼ π6ζ(3). But (9, 10)
can also be reached from the PQ-invariant at (7, 10) by applying δ(2,0) or vice versa,
yielding terms proportional to a(2,0)a(7,10) ∼ π4(π2ζ(3) + ζ(5)). Since there are no
(known) relations between the values of the Riemann ζ-function for odd values of its
argument, this implies that the Noether procedure can never determine the coefficient
a(7,10) in terms of a(2,0), a(4,4) and a(5,6).

We thus conclude the following: although it might be that certain terms, which
appear to be independent superinvariants at a given order in the iteration, are related
to each other at higher orders in the Noether procedure, there will always remain
an infinite number of all-order invariants, corresponding to contributions which have
factors of ζ(2n+ 1) for different n in the 4-point function. Such terms appear at any
odd order in α′.

11The number of these parameters is given in (3.3.17).
12This is no longer true in the nonabelian case, since [D,D]F = [F, F ]. In this case one would

expect that the coefficients a(2,0) and a(4,4) are related to each other, as is indeed the case [107].

We will see another example of this at order α′3 in the next chapter .
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3.5 Outlook

The results of the previous section hardly look promising. Not only is it not feasible to
continue the Noether procedure much further due to the rapidly increasing number of
terms in the Lagrangian at higher orders in α′, but the observation that there appear
new independent all-order superinvariants at any odd order in α′ also seems to exclude
the possibility of using clever recursive arguments based on results obtained at low
orders in α′.

In order to make further progress other methods are clearly required. One thing
that immediately comes to mind is a further investigation of the string theory tree-
amplitudes. For example, a detailed study of the six-point function should provide
answers to many of the questions we raised in the previous section. Another possibility
is to reorganize the Noether procedure by setting it up in d = 10 N = 1 on-shell
superspace. A clear advantage of this setting is that field redefinition ambiguities
do not arise, since all fields are constrained to satisfy their lowest order equations of
motion.

Finally, the persistence of the non-linear supersymmetry in the higher-derivative
terms is a strong indication that a κ-symmetric formulation of the all-order effective
action exists. Given the success of κ-symmetry in clarifying the structure of the
supersymmetric Born-Infeld action [98–101], it is conceivable, if not likely, that it will
yield similar striking results when applied to this problem.

We end this chapter with some wishful thinking. We have shown that the effective
action for the 4-point function is given by a differential operator acting on the F 4 term
and that supersymmetry followed “under the derivatives”. The best-case scenario
would be that this structure generalizes to the full effective action, i.e. that we would
obtain the complete effective action as some non-local derivative operator acting on
an expression derived from the Born-Infeld action and that supersymmetry (and κ-
symmetry) would follow from the supersymmetry of the Born-Infeld action.






