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Chapter 2

Superstrings

In the previous chapter we saw that the bosonic string theory has a few obvious
drawbacks. First of all the theory is unstable because of the presence of a tachyon
in the spectrum. Second, the theory does not contain fermionic states, which rules
out the bosonic string as a theory of nature. Third, the theory necessarily lives in a
26-dimensional spacetime.

The first two problems are solved by the superstring theories. We have seen in
the previous chapter that, although it is not difficult to formulate a classical theory
of bosonic strings, the laws of quantum mechanics act as a mathematical straitjacket.
The requirement of unitarity not only led to the existence of a critical dimension,
but also severely constrained the dynamics. Now it turns out that any attempt to
introduce fermions in bosonic string theory requires supersymmetry1. Furthermore,
there are only five distinct ways in which a superstring theory can be constructed on
a flat background. All require a critical dimension d = 10.

There are two different, but physically equivalent, approaches to superstring the-
ory: the Ramond-Neveu-Schwarz (RNS) and the Green-Schwarz (GS) superstrings.
In both cases one starts from the bosonic string’s Polyakov action S[Xµ, γαβ ] (1.1.3).
One then adds additional fields to the theory in order to obtain a supersymmetric
system.

In the RNS approach supersymmetry is first achieved “on the world-sheet” by in-
troducing fermionic partners to the bosonic fields. We add a spinor ψµ for each scalar
Xµ and a gravitino χα for the metric γαβ . The result is a complicated interacting
theory with a number of local symmetries: diffeomorphisms, local supersymmetry
and super-Weyl invariance. As in the previous chapter, these symmetries can be fixed
by going to the so-called superconformal gauge, in which the metric and gravitino
are absent. The main advantage of the RNS approach lies in the fact that the su-

1See appendix A.2 for a condensed review of four-dimensional supersymmetry.
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perconformal gauge gives rise to a free theory on the world-sheet without breaking
the target space Lorentz invariance. In addition, the resulting theory possesses a
large group of residual symmetries that preserve the conformal gauge. One can fix
these symmetries by imposing the light-cone gauge condition at the price of breaking
target space Lorentz invariance. This approach suffices if one wants to derive basic
results like the spectrum of the superstring and the tree-level amplitudes – we will
therefore proceed in this fashion in the next section. For calculations beyond the
tree-level approximation however, it is much more convenient to quantize covariantly
and deal with the symmetries later. There are also some disadvantages to the RNS
approach. First of all, as we will see below, spacetime supersymmetry is not manifest
and actually requires a truncation – the GSO projection – of the spectrum that one
obtains from a straightforward quantization of the theory. Moreover, it turns out to
be extremely complicated to describe strings on backgrounds of the Ramond-Ramond
fields (more on these below). This is because of technical complications involving their
vertex operators.

The Green-Schwarz (GS) formulation starts from an already spacetime globally
supersymmetric action. The main disadvantage of this approach is that covariant
quantization is more subtle in this case. Until recently, it was not known how to
obtain a free field theory on the world-sheet without resorting to the light-cone gauge.
This problem has however now been solved (see [60,61] for reviews) and progress has
been made in extending these methods beyond tree-level [62,63], reproducing in part
the results reviewed in [32] which were based on the RNS formalism.

We will use the RNS formalism in the following, since this is the method that we
used in our paper [b].

A few remarks on spacetime supersymmetry are in order. It turns out that the
maximum number of supercharges that a theory can possess is 32 (in any dimension).
In ten dimensions we call this N = 2 supersymmetry, since the charges can be rep-
resented by two Majorana-Weyl fermions. The minimum amount of supersymmetry
is N = 1 in ten dimensions, i.e. 16 supercharges. Both the N = 2 and N = 1 case
arise in superstring theory. This works roughly as follows. Remember from chapter 1
that the degrees of freedom in the two-dimensional world-sheet theory for the closed
string split into independent left- and right-movers XL(τ + σ) and XR(τ − σ). In the
RNS formulation we can add both left- and right-moving fermions to the theory. This
yields N = 2 supersymmetry. It turns out that we can perform the GSO projection
in two ways, one giving rise to two spacetime supercharges of opposite chirality (the
type IIA superstring), the other giving two charges of the same chirality (the type IIB
string). The presence of open strings breaks the supersymmetry to N = 1, since the
Neumann or Dirichlet boundary conditions relate the left- and right-moving sectors.
The result is the type I superstring. Alternatively, we can decide to add fermions
only to the left-moving sector, but then it turns out that we need to modify the right-
moving bosons in a particular way to guarantee the consistency of the procedure. The
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result are the N = 1 supersymmetric heterotic string theories.

In the following we will develop the type I and II string theories in the RNS
approach. Details on the heterotic string are left to the literature. We then give the
effective supergravity theories that describe these theories at low energies. After this,
we move on to supersymmetric branes in general and D-branes in particular. Finally,
we come to the famous dualities that relate all these different string theories to each
other and briefly discuss the role that branes play in this story.

2.1 The RNS superstring

The action for the RNS superstring in the superconformal gauge is:

SRNS = − 1

4πα′

∫
d2σ

[
∂αX

µ∂αXµ + ψ̄µρ
α∂αψ

µ
]
. (2.1.1)

We denote the two-dimensional Dirac matrices by ρα. The spinors ψµ are Majorana,
ψ̄µ = ψµTC where we use C− ≡ C. See appendix A for an extensive review of the
properties of Dirac matrices and spinors. The action (2.1.1) is invariant under the
following rigid supersymmetry transformations:

δ(ǫ)Xµ = ǭψµ, (2.1.2a)

δ(ǫ)ψµ = ραǫ ∂αX
µ, (2.1.2b)

with ǫ a constant Majorana spinor. We verify that these are indeed supersymmetries
by calculating the commutator of two of such transformations:

[δ(ǫ1), δ(ǫ2)]X
µ = −2 ǭ1ρ

αǫ2 ∂αX
µ, (2.1.3a)

[δ(ǫ1), δ(ǫ2)]ψ
µ = −2 ǭ1ρ

αǫ2 ∂αψ
µ + ǭ1ρ

αǫ2 ρα/∂ψ
µ. (2.1.3b)

As in our review of the Wess-Zumino model in appendix A.2, we obtain a closed
algebra if the fermions satisfy their equations of motion /∂ψµ = 0.

In two dimensions, a Majorana spinor can be decomposed into two Majorana-Weyl
spinors, ψµ = P+ψ

µ + P−ψ
µ. It is convenient to work with an explicit basis for the

ρ-matrices. We use:

ρ0 =

(
0 1
−1 0

)
, ρ1 =

(
0 1
1 0

)
, ψµ =

(
ψµ
−

ψµ
+

)
. (2.1.4)

The spinors ψ− and ψ+ are real Grassmann numbers. Note that ρ∗ψ± = ∓ψ±.

For the bosonic string, the conformal gauge did not fix all the local diffeomorphisms
and Weyl rescalings. In the present case there are also residual symmetries. To
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analyze these, it is convenient to work with light-cone coordinates on the world-sheet
σ± ≡ τ ± σ. The action becomes2:

S =
1

2πα′

∫
dσ+dσ−

[
∂+X

µ∂−Xµ +
i

2
ψ−∂+ψ− +

i

2
ψ+∂−ψ+

]
. (2.1.5)

It is not difficult to check that (2.1.5) is invariant under

δXµ = ξ+∂+X
µ + ξ−∂−X

µ, (2.1.6a)

δψµ
± = ξ+∂+ψ

µ
± + ξ−∂−ψ

µ
± +

1

2
∂±ξ

±ψµ
±, (2.1.6b)

with ∂+ξ
− = ∂−ξ

+ = 0. These are the residual diffeomorphisms that we also en-
countered in (1.1.14). The extra terms in the variation of the fermions have their
origin in the local Weyl and local Lorentz transformations of the underlying two-
dimensional supergravity theory. In addition, there are now also residual ‘quasi-local’
supersymmetry transformations:

δXµ = iǫ+ψ
µ
− − iǫ−ψµ

+, (2.1.7a)

δψµ
± = ±2∂±X

µ ǫ∓, (2.1.7b)

with ∂+ǫ
+ = ∂−ǫ

− = 0.
As before, we use the residual translational symmetries to impose the light-cone

gauge condition (1.1.17) on X+. We fix the residual supersymmetries by imposing3

ψ+(τ, σ) = 0. (2.1.8)

In this gauge, the ψ− drop out of the action entirely and we are left with the following
Lagrangian:

L = −p+∂τx
−− 1

4πα′

∫ ℓ

0

dσ ∂αX
i∂αXi+

i

2πα′

∫ ℓ

0

dσ
[
ψi
−∂+ψ

i
−+ψi

+∂−ψ
i
+

]
. (2.1.9)

Boundary conditions

From (2.1.5) we derive the following equations of motion for the fermions:

∂+ψ
i
− = 0, ∂−ψ

i
+ = 0, (2.1.10)

i.e. ψi
− and ψi

+ contain only right- and left-moving degrees, respectively. These
equations need to be supplemented with suitable boundary conditions in order that

(
ψi
−δψ−i − ψi

+δψ+i

)∣∣ℓ
σ=0

= 0. (2.1.11)

2We define ∂± ≡ 1
2
(∂τ ± ∂σ) such that ∂±σ± = 1 and ∂±σ∓ = 0. We have for the metric

η+− = η−+ = − 1
2

and η+− = η−+ = −2 and for the integration measure dσ+dσ− = 2dτdσ.
3We define ψ± = (ψ0 ± ψd−1)/

√
2 as in (1.1.15).
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This is equivalent to δ(ψi
+)2|ℓσ=0 = δ(ψi

−)2|ℓσ=0. We want to obtain a Lorentz invari-
ant spectrum. We therefore choose our boundary conditions such that they do not
break the SO(d− 2) symmetry which is what remains from the target-space Lorentz
symmetries in the light-cone gauge.

For open strings the boundary conditions relate the right- and left-movers at the
endpoints. There are two possibilities that are known as the Neveu-Schwarz (NS) and
Ramond (R) boundary conditions:

• Neveu-Schwarz: ψi
+(τ, 0) = ςψi

−(τ, 0), ψi
+(τ, ℓ) = −ςψi

−(τ, ℓ), (2.1.12a)

• Ramond: ψi
+(τ, 0) = ςψi

−(τ, 0), ψi
+(τ, ℓ) = +ςψi

−(τ, ℓ). (2.1.12b)

The overall sign ς = ±1 depends on whether we consider Neumann or Dirichlet
boundary conditions on the bosonic side. Since the boundary conditions relate left-
and right-moving degrees of freedom, the presence of a boundary breaks some of
the world-sheet supersymmetry. The σ = 0 boundary condition transforms under
supersymmetry as

δ[ψi
+(τ, 0)− ςψi

−(τ, 0)] = (ǫ− + ςǫ+)∂τX
i + (ǫ− − ςǫ+)∂σX

i. (2.1.13)

For the Neumann b.c. there is a preserved supersymmetry with ǫ+ = −ςǫ−, whereas
the Dirichlet b.c. preserves ǫ+ = ςǫ−. We take ς = +1 for the Neumann b.c. and
ς = −1 for the Dirichlet b.c. in order that the σ = 0 boundary preserves the world-
sheet supersymmetry with ǫ+ = −ǫ−.

The σ = ℓ boundary preserves supersymmetries with ǫ+ = +ǫ− in the NS case
and ǫ+ = −ǫ− in the R case. Open superstrings with NS boundary conditions will
therefore not have a world-sheet supersymmetric spectrum, whereas the Ramond su-
perstrings do. We will see that a spacetime supersymmetric spectrum can be achieved
only if we include both NS and R strings and mod out the spectrum by a certain dis-
crete symmetry.

For closed strings we can impose NS or R boundary conditions on the left- and
right-movers independently:

• Neveu-Schwarz: ψi
±(τ, σ) = −ψi

±(τ, σ + ℓ), (2.1.14a)

• Ramond: ψi
±(τ, σ) = +ψi

±(τ, σ + ℓ). (2.1.14b)

There are therefore four kinds of closed strings: NS-NS, NS-R, R-NS and R-R. The
R-R b.c.’s preserve all world-sheet supersymmetries, the NS-R and R-NS b.c.’s only
half of them and the NS-NS break all. A spacetime supersymmetric spectrum can be
achieved only if we include states from all the four types of closed strings.

Dirac quantization

The quantization of the fermions ψi
± is somewhat subtle, since these are constrained

fields – they are Majorana. We will use Dirac’s method of quantization. We will not
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discuss the why of this method in any detail, but rather focus on the how. We refer
to [34,64–66] for reviews of this method and to [16] for an application to the problem
at hand.

We derive the following canonical momentum densities4:

πi
±(τ, σ) ≡ ∂L

∂ ∂τψi
±

= − i

4πα′
ψi
±(τ, σ). (2.1.15)

There is thus a primary constraint

Φi
± ≡ πi

± +
i

4πα′
ψi
± ≈ 0. (2.1.16)

The above equation defines a surface in phase space. We will now show that this
constraint does not lead to any secondary constraints. First we calculate the Hamil-
tonian5 (A = +,−):

Hcan ≡
∫ ℓ

0

dσ
(
ψ̇i

Aπ
i
A

)
− L ≈ − i

4πα′

∫ ℓ

0

dσ
[
ψi
−∂σψ

i
− − ψi

+∂σψ
i
+

]
. (2.1.17)

The ≈ means “equal on the constraint surface”. Following Dirac, we extend the
definition of the Hamiltonian off the primary constraint surface as follows:

H∗ ≡ Hcan +

∫ ℓ

0

dσ ui
A(τ, σ)Φi

A(τ, σ), (2.1.18)

4We always take derivatives w.r.t. Grassmann variables from the left, i.e. δf(θ) = δθ ∂f
∂θ

for a
function f of a Grassmann variable θ.

5For a system with Grassman Lagrangian L(θα, θ̇α) we define the canonical momenta by πα =
∂L/∂θ̇α and the Hamiltonian by H(θα, πα) ≡ θ̇απα −L. Hamilton’s equations read θ̇α = −∂H/∂πα

and π̇α = −∂H/∂θα. The Poisson bracket is defined such that dF/dt = {F,H}PB + ∂F/∂t for any
function F [65, 66]. For functions of the phase-space variables θα and πα we have

{F,G}PB ≡ (−)εF

“ ∂F

∂θα

∂G

∂πα
+

∂F

∂πα

∂G

∂θα

”

,

where εF is 0 if F is bosonic and 1 if F is Grassmann. The ‘fundamental’ Poisson brackets thus
read:

{θα, θβ}PB = {πα, πβ}PB = 0, {θα, πβ}PB = −δαβ .

In Dirac’s approach, expressions involving the Poisson bracket of functions that do not depend on the
phase space variables are manipulated by appealing to the algebraic properties of the bracket [64–66]:

{F,G}PB = −(−)εF εG{G,F}PB,

{F,GH}PB = {F,G}PBH + (−)εF εGG{F,H}PB,

{{F,G}, H}PB + (−)εF (εG+εH ){{G,H}, F}PB + (−)εH(εF +εG){{H,F}, G}PB = 0.
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where the ui
A(τ, σ) are as of yet arbitrary functions. Clearly H∗ ≈ Hcan.

Using the fundamental Poisson brackets

{ψi
A(τ, σ), ψj

B(τ, σ′)}PB = {πi
A(τ, σ), πj

B(τ, σ′)}PB = 0, (2.1.19a)

{ψi
A(τ, σ), πj

B(τ, σ′)}PB = −δijδABδ(σ − σ′), (2.1.19b)

we get {Φi
A(τ, σ),Hcan}PB = 0 and thus

{Φi
A(τ, σ),H∗}PB ≈ −

i

2πα′
ui

A(τ, σ).

This must vanish, since we demand that the constraints are constant in time. We
achieve this by solving for the functions ui

A, i.e. ui
A = 0 and thus H∗ = Hcan. There

are therefore no secondary constraints. Note that putting Φi
A ≈ 0 is inconsistent with

the Poisson brackets: we can only impose the constraints after we have worked out
all the Poisson brackets.

Our constraints are second class since they do not generate a closed algebra under
the Poisson bracket:

{Φi
A(τ, σ),Φj

B(τ, σ′)}PB = − i

2πα′
δijδABδ(σ − σ′) /≈ 0, (2.1.20)

with A,B = ±.
In our cookbook treatment of Dirac’s method, the next step in the recipe is the

following: in the presence of second class constraints, one needs to replace the Poisson
bracket with a new Dirac bracket. It turns out that putting Φi

A = 0 is consistent
with the Dirac bracket.

In our case, the Dirac bracket is

{f, g}DB ≡ {f, g}PB − 2πiα′

∫ ℓ

0

dσ {f,Φi
A(τ, σ)}PB{Φi

A(τ, σ), g}PB, (2.1.21)

and we obtain

{ψi
A(τ, σ), ψj

B(τ, σ′)}DB = −2πiα′ δijδABδ(σ − σ′). (2.1.22)

We finally quantize by replacing the Dirac bracket by (anti)commutators {·, ·}DB →
[·, ·]±/i and impose

{ψi
A(τ, σ), ψj

B(τ, σ′)} = 2πα′ δijδABδ(σ − σ′). (2.1.23)

This differs an all-important factor 2 from the anticommutation relation for a Dirac
spinor.
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2.1.1 The open superstring

After having obtained the anticommutation relations (2.1.23), the rest of the quanti-
zation procedure is a straightforward exercise along the lines of chapter 1.

In the case of the open string with Neumann boundary conditions in all directions,
the fermions have the following mode expansions:

Neveu-Schwarz: ψi
±(τ, σ) =

√
πα′

ℓ

∑

r∈Z+
1
2

bir e−iπr(τ±σ)/ℓ, (2.1.24a)

Ramond: ψi
±(τ, σ) =

√
πα′

ℓ

∑

n∈Z

di
n e−iπn(τ±σ)/ℓ. (2.1.24b)

Here (bir)
∗ = bi−r and (di

n)∗ = di
−n. As in the previous chapter, we obtain the classical

mass formulas:

Neveu-Schwarz: M2 =
1

2α′

∑

n∈Z\{0}

αi
−nα

i
n +

1

2α′

∑

r∈Z+
1
2

rbi−rb
i
r, (2.1.25a)

Ramond: M2 =
1

2α′

∑

n∈Z\{0}

αi
−nα

i
n +

1

2α′

∑

n∈Z

ndi
−nd

i
n. (2.1.25b)

Note that in the Ramond case the n = 0 mode drops out.
We impose (2.1.23) and find the following anticommutation relations for the

Neveu-Schwarz oscillators:
{bir, bjs} = δijδr+s, (2.1.26)

where (bir)
† = bi−r, and for the Ramond oscillators:

{di
m, d

j
n} = δijδm+n, (2.1.27)

where now (di
n)† = di

−n. These relations of course need to be supplemented with the
commutators (1.1.34).

The quantum mechanical mass formulas are obtained after normal ordering:

• Neveu-Schwarz:

M2 =
1

α′
(NNS − aNS), with NNS =

∞∑

n=1

αi
−nα

i
n +

∞∑

r=1/2

rbi−rb
i
r, (2.1.28a)

• Ramond:

M2 =
1

α′
(NR − aR), with NR =

∞∑

n=1

αi
−nα

i
n +

∞∑

n=1

ndi
−nb

i
n. (2.1.28b)
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We calculate the normal ordering constants as follows:

aNS = −1

2

∞∑

n=1

[αi
n, α

i
−n] +

1

2

∞∑

r=1/2

r{bir, bi−r} = −d− 2

2

[
∞∑

n=1

n−
∞∑

r=1/2

r

]
. (2.1.29)

We need a slight generalization of the ζ-function procedure to regularize the second
sum. The Hurwitz zeta function ζ(s, c) has the following representation for Re s > 0

ζ(s, c) =

∞∑

n=0

1

(n+ c)s
. (2.1.30)

It has a unique analytic continuation to negative values of s. In particular

ζ(−1, c) = − 1

12
(6c2 − 6c+ 1). (2.1.31)

We thus replace 1/2 + 3/2 + 5/2 + . . .→ ζ(−1, 1/2) = 1/24 and obtain:

aNS =
d− 2

16
, and similarly aR = 0. (2.1.32)

Spectrum: Neveu-Schwarz sector

The ground state |0, k〉NS has light-cone momentum k = (k+, ki) and is annihilated
by all the lowering operators, i.e. αi

n|0, k〉NS = bir|0, k〉NS = 0 for all positive n and r.
It has NNS = 0 and M2 = −aNS/α

′ and is tachyonic if d > 2. The ground state is
unique, since all raising and lowering operators change the value of M2. It is thus a
spacetime scalar and therefore a boson.

Acting on |0, k〉NS with a raising operator αi
−n raises NNS by n, whereas acting

with bi−r raises NNS by r. We thus have states with NNS = 0, 1
2 , 1, 1

1
2 , 2, 2

1
2 , . . .. Since

the raising operators carry spacetime vector indices and the ground state is bosonic,
all excited states in the NS sector are spacetime bosons.

The lowest excited states are thus at level NNS = 1/2. They are given by
bi−1/2|0, k〉NS and comprise a vector of SO(d− 2). As for the bosonic string, Lorentz

invariance requires that these states are massless, hence aNS = 1/2. The open RNS
superstring thus requires d = 10.

Spectrum: Ramond sector

The Ramond sector differs from the previous cases in that the zero mode operators
di
0 commute with the mass operator M2. As a consequence, the Ramond ground

state is already degenerate. To account for this degeneracy we introduce an extra
label α and denote the ground states by |α; 0, k〉R. These states are massless and
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α′M2 NS states # d.o.f. ΓNS R states # d.o.f. ΓR

−1/2 |0〉 1 −1

0
bi−1/2|0〉 8 +1 |+〉 8 +1

|−〉 8 −1

+1/2
αi
−1|0〉 8 −1

bi−1/2b
j
−1/2|0〉 28 −1

+1

bi−3/2|0〉 8 +1 di
−1|+〉 64 −1

αi
−1b

j
−1/2|0〉 64 +1 αi

−1|+〉 64 +1

bi−1/2b
j
−1/2b

k
−1/2|0〉 56 +1 di

−1|−〉 64 +1

αi
−1|−〉 64 −1

Table 2.1.1. The lowest lying states of the oriented open superstring in the Neveu-Schwarz
and Ramond sectors. We list the number of degrees of the various states and their Γ eigen-
values. States with Γ = +1 survive the GSO projection. We used a simplified notation in
which |0〉 ≡ |0, k〉NS and |±〉 ≡ |α,±; 0, k〉R.

satisfy αi
n|α; 0, k〉R = di

n|α; 0, k〉R = 0 for all positive n. In addition, they carry a
representation of the zero mode algebra

{di
0, d

j
0} = δij . (2.1.33)

Up to a factor 2, this is just the SO(d− 2) real Clifford algebra. Thus

di
0|α; 0, k〉R =

1√
2
(Γi)β

α |β; 0, k〉R, (2.1.34)

where the Γi are the Dirac matrices. The Ramond ground state is thus a spacetime
spinor and therefore a fermion. Taking d = 10, we need to consider the irreps of the
SO(8) Clifford algebra, which are carried by Majorana spinors. The Ramond ground
state thus has 16 on-shell degrees of freedom.

Acting on this state with αi
−n and di

−n raises NR by n. We thus have states with
NR = 0, 1, 2, 3, 4, . . .. Since the raising operators carry only vector indices, all the
states in the Ramond sector are spacetime fermions.

The GSO projection

It turns out that an interacting theory of open superstrings is only consistent at the
one-loop level if we include states from both the NS and the R sector. Moreover, we
cannot include all the states in the spectrum, but have to restrict ourselves to those
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states that are invariant under the action of a certain multiplicatively conserved Z2

quantum number Γ. This projection of the spectrum to Γ-invariant states is known
as the Gliozzi-Scherk-Olive (GSO) projection.

For the NS sector Γ is defined as:

ΓNS = −(−)FNS , with FNS =

∞∑

r=1/2

bi−rb
i
r. (2.1.35)

The operator FNS counts the number of fermionic generators that were used to
construct the state on which the operator acts. States with an even number of b-
excitations therefore have ΓNS = −1 and those with an odd number have ΓNS = +1.

In the Ramond sector we can define a conserved Γ in two ways, differing up to a
sign:

ΓR = ±Γ∗(−)FR , with FR =

∞∑

n=1

di
−nd

i
n. (2.1.36)

Here Γ∗ = Γ1Γ2 · · ·Γ8 = 24 d1
0d

2
0 · · · d8

0 is the SO(8) chirality matrix. Since Γ∗

commutes with all the di
n of nonzero n, its eigenvalue on any state is determined by

the chirality of the Ramond ground state. Indeed, from appendix A we know that
Majorana-Weyl spinors exist for the SO(8) Clifford algebra. We thus decompose the
Ramond ground state in a direct sum of its positive and negative chirality parts:

|α; 0, k〉R = |α,+; 0, k〉R ⊕ |α,−; 0, k〉R. (2.1.37)

If we take the + sign in (2.1.36), states with an even number of d-excitations have
ΓR = ±1 if Γ∗ = ±1, whereas states with an odd number of d-excitations have
ΓR = ±1 if Γ∗ = ∓1.

The GSO projection comes down to restricting the spectrum to states with Γ =
+1. We promised in chapter 1 that the tachyon would be absent in the case of the
superstring and now we see it is. Moreover, the spectrum is actually N = 1 spacetime
supersymmetric. We leave a proof of this statement to the references. At the massless
level we have a vector Aµ and a chiral spinor χ. Together these fields make up the
d = 10, N = 1 vector multiplet.

One last remark: the spectrum after the GSO projection is physically the same
regardless of the sign we take in (2.1.36) – it differs only in the overall chirality of the
fermions. This will be different in the case of the closed superstrings, to which we
turn now.
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2.1.2 The closed superstring

The mode expansion for the right-moving fermions ψi
−(τ − σ) is:

Neveu-Schwarz: ψi
−(τ, σ) =

√
2πα′

ℓ

∑

r∈Z+
1
2

bir e−2πir(τ−σ)/ℓ, (2.1.38a)

Ramond: ψi
−(τ, σ) =

√
2πα′

ℓ

∑

n∈Z

di
n e−2πin(τ−σ)/ℓ. (2.1.38b)

For the left-moving fermions ψi
+(τ + σ) there are similar relations, with bir → b̃ir and

di
n → d̃i

n.
The level matching condition is obtained in the same way as in chapter 1. The

shifts σ → σ + b are generated by

S = −
∫ ℓ

0

dσ

[
Πi∂σX

i +
i

4πα′

(
ψi
−∂σψ

i
− + ψi

+∂σψ
i
+

)]
. (2.1.39)

In checking this, Dirac brackets need to be used when appropriate. Quantum me-
chanically, this operator depends on the particular sector of the closed string under
consideration, since the normal ordering constants differ.

The condition that d = 10 follows from an investigation of the massless modes of
the NS-NS sector in the same way as the condition for the closed bosonic string. In
the end we obtain the following mass formulas and level-matching conditions:

NS⊗NS : M2 =
2

α′

(
NNS + ÑNS − 1

)
, NNS − ÑNS = 0, (2.1.40a)

NS⊗ R : M2 =
2

α′

(
NNS + ÑR −

1

2

)
, NNS − ÑR −

1

2
= 0, (2.1.40b)

R⊗NS : M2 =
2

α′

(
NR + ÑNS −

1

2

)
, NR − ÑNS +

1

2
= 0, (2.1.40c)

R⊗ R : M2 =
2

α′

(
NR + ÑR

)
, NR − ÑR = 0. (2.1.40d)

The number operators NNS and NR are as in (2.1.28). We thus have NNS, ÑNS =
0, 1

2 , 1,
3
2 , 2, . . . and NR, ÑR = 0, 1, 2, 3, 4, . . ..

The GSO projection: type IIA and IIB

As for the open superstring, a theory of closed superstrings requires the presence of
states from the spectra of all the four different sectors. And also in this case we need
a GSO projection: we keep only states that have (Γ, Γ̃) = (+1,+1).



2.1 The RNS superstring 69

α′M2 sector states # d.o.f. (Γ, Γ̃)IIA (Γ, Γ̃)IIB

−2 NS-NS |0〉⊗ |0̃〉 1 (−,−) (−,−)

0 NS-NS bi−1/2|0〉⊗ b̃
j
−1/2|0̃〉 64 (+,+) (+,+)

0 NS-R
bi−1/2|0〉⊗ |+̃〉 64 (+,+) (+,+)

bi−1/2|0〉⊗ |−̃〉 64 (+,−) (+,−)

0 R-NS
|+〉⊗ b̃i−1/2|0̃〉 64 (−,+) (+,+)

|−〉⊗ b̃i−1/2|0̃〉 64 (+,+) (−,+)

0 R-R

|+〉⊗ |+̃〉 64 (−,+) (+,+)

|+〉⊗ |−̃〉 64 (−,−) (+,−)

|−〉⊗ |+̃〉 64 (+,+) (−,+)

|−〉⊗ |−̃〉 64 (+,−) (−,−)

Table 2.1.2. The lowest lying states in the spectrum of the oriented closed superstring. We
list the number of degrees of freedom of the various states and their Γ and Γ̃ eigenvalues, for
the type IIA and IIB projectors. States with (Γ, Γ̃) = (+, +) survive the GSO projection.

The main difference with the open string lies in the fact that there are now two
physically inequivalent choices of the signs of ΓR and Γ̃R in (2.1.36)6 – two, because

only the relative sign matters. We fix Γ̃R ≡ Γ̃∗(−)F̃R by convention and thus still
have to choose the sign in

ΓR = ±Γ∗(−)FR , (2.1.41)

The two choices give rise to two different consistent closed superstring theories with
N = 2 spacetime supersymmetry. If we take a − sign in (2.1.41) we obtain the type
IIA superstring, whereas for the + sign we have the type IIB superstring. Clearly,
the fermionic spectrum of the type IIA theory is non-chiral, whereas that of the type
IIB string is chiral.

Massless spectrum

The states in the NS-NS and R-R sectors are bosons, whereas those in the NS-R and
R-NS sector are fermions.

The NS-NS sector is the same in the type IIA and type IIB theories. We are
particularly interested in the massless fields: the metric gµν , a 2-form Bµν and the
dilaton Φ, with 35, 28 and 1 degrees of freedom, respectively. These are the same

6Γ̃R is of course obtained by simply replacing di
n with d̃i

n everywhere in (2.1.36).



70 Superstrings

massless fields as for the closed bosonic string. It can be shown that these fields also
behave in the same way, either by a calculation of their scattering amplitudes or by
the background field methods of section 1.2.4. In particular, the expectation value of
the dilaton again determines the string coupling constant and the strings are charged
w.r.t. the 2-form Bµν .

The NS-R sector is also the same in both type II theories. These states form a
reducible vector-spinor representation ϕi

α of SO(8), where Γ∗ϕ
i = +ϕi. Indeed, the

states Γiφi transform irreducibly under SO(8). These 8 degrees of freedom can be
represented by a right-handed (negative chirality) Majorana spinor field λ− which is
often referred to as a dilatino. The remaining 56 degrees of freedom ϕ̄i

α with Γiϕ̄i = 0
can be represented by a left-handed (positive chirality) Majorana gravitino field7 ψ+

µ .
The R-NS sector for the IIB string is a copy of its NS-R sector: we have a dilatino

λ− and a gravitino ψ+
µ . For the IIA string we have the same fields, but with a different

chirality: a spinor λ+ and a gravitino ψ−
µ .

The massless modes in the R-R sector are obtained from the tensor product ψαχβ

of two SO(8) Majorana spinors, where ψ and χ correspond to the right- and left-
moving Ramond ground state, respectively. We need to decompose this tensor product
into irreps of SO(8). To achieve this we first raise the spinor index8 on χ and then
use the Fierz decomposition of (A.1.45):

ψαχ
β = − 1

24

8∑

k=0

1

k!
χ̄Γi1···ikψ (Γi1···ik

)α
β . (2.1.42)

Now we apply the GSO projection, after which χ becomes a Weyl spinor of positive
chirality, and thus

χ̄Γi1···ikψ = χ̄Γ∗Γ
i1···ikψ = (−)k χ̄Γi1···ikΓ∗ψ = ±(−)k χ̄Γi1···ikψ,

where we have a − sign for type IIA and a + for IIB. So for IIA only the terms with
k even are nonvanishing, whereas for IIB we have k odd. Moreover, from (A.1.19) we
have

Γi1···ik =
1

(8− k)!ε
i1···i8 Γ∗Γ

i8···ik+1 . (2.1.43)

We can thus relate the terms in (2.1.42) with a high value of k to those with a low
value 8− k.

The massless degrees of freedom in the R-R sector are thus antisymmetric tensors
of SO(8). We write χ̄Γi1···ik

ψ = ci1···ik
. The type IIA theory has ci and cijk, with

8 and 56 degrees of freedom, respectively. The type IIB theory has c, cij and c+ijkl,

7Remember that the graviton contains d(d − 3)/2 degrees of freedom, a massless n-form
`d−2

n

´

and a gravitino (d− 3)δ, where δ is the dimension of a minimal spinor in d dimensions.
8As explained in appendix A.1 it makes no physical difference which C matrix we use for this in

the case of SO(8). For definiteness we will use C+. We have C+Γ∗ = Γ∗C+.
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with cijkl = εijklmnrsc
mnrs/4!. These contain respectively 1, 28 and 35 degrees of

freedom. The c(k) can be represented by antisymmetric tensor fields C
(k)
µ1···µk

of the
same rank. It turns out that the self-duality condition on C+

µνρσ has to be imposed
on its field-strength.

Ramond-Ramond charges

We have seen in the previous chapter that the bosonic string is electrically charged
w.r.t. the 2-form Kalb-Ramond field Bµν . Since the massless NS-NS fields behave in
the same way as the massless fields of the closed bosonic string, we conclude that the
IIA and IIB string are electrically charged w.r.t. the NS-NS 2-form B(2).

In contrast, in turns out that there are no states in the perturbative string spec-
trum that carry a charge w.r.t. the R-R forms C(p). This is not so easy to show in
our light-cone gauge quantization, but if we had employed a covariant quantization
procedure we would have seen that the states we constructed above actually describe
the field strengths G(p+1) instead of the R-R fields C(p) themselves. The same holds
for the vertex operators, hence string amplitudes involving an R-R field always vanish
at zero momentum9, indicating that the strings are not charged.

The absence of R-R charges in the perturbative string spectrum is somewhat of a
riddle, since their presence is required by the S-duality of the type IIB string theory
as we will see in section 2.4. This riddle was solved by Polchinski in 1995 [67]; he
showed that D-branes are in fact the carriers of R-R charges.

IIA and IIB are T-dual

Consider for instance a compactified 9-direction. As for the bosonic degrees of free-
dom, T-duality acts as a parity operation on the right-moving fermions,

Tψ9
−T

−1 = −ψ9
−, Tψ9

+T
−1 = ψ9

+. (2.1.44)

We have in particular Td9
0T

−1 = −d9
0 and T d̃9T−1 = d̃9

0. Hence T-duality inter-
changes the chirality Γ∗ of the right-moving Ramond ground state, but leaves the
chirality Γ̃∗ of the left-movers invariant. It follows that a T-duality transformation
brings us from type IIA to IIB theory and vice versa.

2.1.3 Type I theory

As we know, a theory with interacting open strings necessarily includes closed strings
as well. This coupling is not as straightforward in the case of the superstring as it

9Amplitudes involving a field strength G always have a factor of momentum – simply look at the
Fourier transform G̃µ1...µp+1 = (p+ 1)k[µ1

C̃µ2...µp+1]. The construction of R-R vertex operators is

quite nontrivial. We refer to [15] for details.



72 Superstrings

was for the bosonic string, since one can not couple an N = 1 supersymmetric theory
to one with N = 2 supersymmetry. We therefore need to bring down the number
of supersymmetries in the closed string sector without ruining the consistency of the
theory.

There is only one way in which this can be achieved and that is by modding out
the spectrum with the world-sheet parity operator Ω. Ω acts on the closed string
oscillators as

Ωbi−rΩ
−1 = b̃i−r, Ωb̃i−rΩ

−1 = −bi−r, (2.1.45a)

Ωdi
−nΩ−1 = d̃i

−n, Ωd̃i
−nΩ−1 = −di

−n, (2.1.45b)

where the − signs where introduced so that the product of a left- and right-moving
fermionic oscillator is Ω-invariant. We see that Ω is not a symmetry of the IIA string,
since it acts on the GSO projectors as ΩΓRΩ−1 = −Γ̃R and ΩΓ̃RΩ−1 = −ΓR.

The type IIB string on the other hand is left-right invariant. Keeping only Ω-
invariant states, we have the following remaining massless fields. In the NS-NS sector
there are the graviton gµν and the dilaton Φ whereas in the R-R sector the 2-form
Cµν survives10. Since Ω relates the NS-R to the R-NS sector, only a single gravitino
ψ+

µ and dilatino λ− remain. So we obtain an unoriented closed string theory that
indeed has only N = 1 supersymmetry.

The type I string theory is obtained by coupling the Ω-truncated type IIB string
to unoriented open strings with SO(32) Chan-Paton factors, since it turns out that
SO(32) is the only gauge group for which the theory is free of anomalies. We will
briefly come back to this point below.

2.1.4 Superstring effective actions

We now present the low-energy effective actions of the type II and type I superstring
theories that we discussed above. In addition, we give the effective actions for the
heterotic strings and the 11-dimensional supergravity theory. The connection of these
theories to the type I and II strings will be briefly pointed out later in this chapter.

10The Ramond ground state is fermionic, so we get an additional minus sign when interchanging
the left- and right-movers: Ω(|+〉 ⊗ |+̃〉) = −|+̃〉 ⊗ |+〉. Of the matrices Γ(k)C−1 with k = 0, 2, 4
only the one with k = 2 is antisymmetric. Thus only Cµν survives the Ω-projection.
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Type IIA theory

The leading order contribution to the effective action is determined by the (1, 1)
supersymmetry11. The bosonic contributions are in string frame [71,72]:

2κ2
0 LIIA = e−2Φ

(
R ∗1 + 4 ∗dΦ ∧ dΦ− 1

2
∗H(3) ∧H(3)

)

− 1

2
∗G(2) ∧G(2) − 1

2
∗G(4) ∧G(4) − 1

2
B(2) ∧ dC(3) ∧ dC(3),

(2.1.46)

where used the following field strengths:

H(3) = dB(2), G(2) = dC(1), G(4) = dC(3) −H(3) ∧ C(1). (2.1.47)

The type IIA theory is parity symmetric and hence anomaly-free.

Type IIB theory

The effective action is uniquely determined by (2, 0) supersymmetry. The bosonic
contributions are in string frame [73,74]:

2κ2
0 LIIB = e−2Φ

(
R ∗1 + 4 ∗dΦ ∧ dΦ− 1

2
∗H(3) ∧H(3)

)
− 1

2
∗G(1) ∧G(1)

− 1

2
∗G(3) ∧G(3) − 1

4
∗G(5) ∧G(5) +

1

2
C(4) ∧ dC(2) ∧H(3).

(2.1.48)

We used the following field strengths:

H(3) = dB(2), G(1) = dC(0), G(3) = dC(2) −H(3) ∧ C(0). (2.1.49)

The field strength of the 4-form

G(5) = dC(4) − 1

2
C(2) ∧H(3) +

1

2
B(2) ∧ dC(2), (2.1.50)

satisfies the following self-duality condition:

G(5) ≡ ∗G(5), (2.1.51)

which has to be imposed as a constraint12 at the level of the equations of motion [76].

11(1, 1) supersymmetry allows for a more general massive IIA supergravity [68], which plays an
important role in the theory of D8-branes [67, 69, 70]. This theory does not possess a Minkowski
vacuum however.

12A Lorentz covariant action for self-dual p-forms which does not require the additional constraint
(2.1.51) can only be constructed at the expense of introducing auxiliary fields. See e.g. [75].
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The terms involving the R-R field strengths G(n) in (2.1.46) and (2.1.48) do not
have a factor of e−2Φ, even though they follow from closed string tree-level amplitudes.
This convention was chosen in order to have the Bianchi identities for the R-R field
strengths as simple as possible.

The chiral fields of the type IIB theory – the ψ+
µ ’s, λ−’s and C+

µνρσ – give rise
to gravitational, chiral and mixed anomalies. Remarkably, these anomalies exactly
cancel against each other.

Type I theory

Since the Ω-projection of the type IIB string removes C, C+
µνρσ and one pair of the

(ψ+
µ , λ

−), the careful balance between the anomalies is upset and the consistency of
the theory ruined. It turns out that in order to regain a consistent theory we have to
add unoriented open strings with SO(32) Chan-Paton factors to the theory.

At the massless level, the addition of open strings comes down to coupling the
sugra to a d = 10, N = 1 non-abelian vector multiplet (Aµ, χ

+) [77,78]. The fermion
χ+ is Weyl and gives rise to an additional chiral anomaly.

At this stage we seem to be in a lot of trouble, but it turns out that all the
anomalies cancel exactly for the gauge groups SO(32) and E8 × E8. Of these, only
SO(32) can be obtained by means of Chan-Paton factors.

The low-energy effective Lagrangian of the type I string theory is:

2κ2
0 LI = e−2Φ

(
R ∗1 + 4 ∗dΦ ∧ dΦ

)
− 1

2
∗G(3) ∧G(3) +

κ2
0

g2
0

e−Φ Tr ∗F ∧ F. (2.1.52)

Supersymmetry demands that the field strength of the two-form be modified as fol-
lows13:

G(3) = dC(2) − κ2
0

g2
0

ω(3), (2.1.53)

where ω(3) is the Chern-Simons 3-form

ω(3) = Tr
(
A ∧ dA+

2

3
A ∧A ∧A

)
. (2.1.54)

The heterotic theories

We mentioned already that the heterotic theories contain only closed strings. It turns
out that the modification to the right-moving sector that we alluded to above gives
rise to non-abelian gauge fields. In this case, both SO(32) and E8×E8 can be realized.

13We omit the gravitational Chern-Simons term, which is of higher order in α′.
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The massless fields are similar to those of the type I theory, but the couplings are
different. The action reads:

2κ2
0 Lhet = e−2Φ

(
R ∗1 + 4 ∗dΦ ∧ dΦ− 1

2
∗H(3) ∧H(3) +

κ2
0

g2
0

Tr ∗F ∧ F
)
. (2.1.55)

Note the overall power of the dilaton: this action is a closed string tree-level result.

A few remarks about our conventions in equations (2.1.52) and (2.1.55) are in
order. The Yang-Mills 1-forms A = Aµdxµ are matrix-valued fields Aµ = Aα

µTα,
where the antihermitian matrices Tα represent the Lie algebra so(32) or e8⊕ e8. They
are normalized by TrTαTβ = −δαβ . The Yang-Mills field strength is defined by
F = dA+A ∧A.

On dimensional grounds κ2
0/g

2
0 ∼ α′. We will not need the precise value of this

ratio. It depends on whether we are considering the type I, heterotic SO(32) or
E8×E8 string and on the conventions – the normalization of the Aµ vertex operator
and the representation Tα. See [15] for details.

Eleven-dimensional supergravity

The maximum number of dimensions in which one can construct a supergravity the-
ory14 turns out to be d = 11. This theory is unique. The fields are the metric gµν , a
3-form Cµνρ and a Majorana gravitino ψµ. The bosonic part of the Lagrangian is [80]:

2κ2
11L = R ∗1− 1

2
∗H(4) ∧H(4) − 1

6
C(3) ∧H(4) ∧H(4), (2.1.56)

where H(4) = dC(3).

2.2 Extended objects in supergravity

We will now consider some aspects of a specific class of supersymmetric solitons in
supergravity theories: the p-branes. They are higher-dimensional versions of the
well-known 4-dimensional Reissner-Nordström black holes. The p-branes have several
properties in common: they carry charges w.r.t. a p-form gauge field and they preserve
a certain fraction of the supersymmetries of the underlying supergravity theory. We
will first review the RN black holes in some detail, since they already show most of
these properties.

14This is for Minkowski signature spacetimes. If we allow for more than one timelike direction,
the maximum number of dimensions turns out to be 12. See e.g. [79].
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2.2.1 Reissner-Nordström black holes and BPS states

The RN black holes are electrically charged solutions of the Einstein-Maxwell theory:

2κ2 L = R ∗1− 1

2
∗F ∧ F. (2.2.1)

The solution reads in spherical coordinates (t, r, θ, φ):

ds2 = −
(

1− 2M

r
+
Q2

r2

)
dt2 +

(
1− 2M

r
+
Q2

r2

)−1

dr2 + r2dΩ2, (2.2.2a)

A = −2Q

r
dt, i.e. F = −2Q

r2
dt ∧ dr. (2.2.2b)

Here dΩ2 = dθ2 + sin2 θ dφ2 is the metric on the round 2-sphere. The parameters
Q and M are related to the electric charge q and the mass m of the black hole,
respectively. Indeed, the charge q is proportional to the integrated flux of the electric
field at spatial infinity:

q =
1

2κ2

∫

S2

∗F =
4πQ

κ2
. (2.2.3)

The mass m of the black hole can be read off from the behavior of the metric as
r →∞:

gtt ≈ −1− 2Φ(r) = −1 +
2κ2

(d− 2) volSd−2

m

rd−3
⇒ m =

8πM

κ2
. (2.2.4)

Consider two such black holes. They attract each other due to the gravitational
interaction and repel or attract each other due to the electric force. The force is given
by15:

~F = (Q1Q2 −M1M2)
1

r2
r̂. (2.2.5)

If both black holes satisfy M = ±|Q|, the net force is zero and we have a stable
configuration.

15To obtain this result, consider the equation of motion for a point particle of mass m1 and charge
q1 in the background field (2.2.2) of the second black hole:

d2xµ

dτ2
+ Γµ

νρ

dxν

dτ

dxρ

dτ
= − q1

m1
Fµ

ν
dxν

dτ
,

and take the weak-field and low-velocity approximation. One obtains:

M1
d2xi

dt2
= (Q1Q2 −M1M2)

xi

r3
.
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The case M = ±|Q| is known as an extremal RN black hole and is interesting for
a number of reasons. First of all, if M > |Q| the solution (2.2.2) has two horizons at

r± = M ±
√
M2 −Q2. (2.2.6)

If M < |Q| there are no horizons. This occurrence of a naked singularity is believed
to be unphysical16. We thus have the bound M ≥ |Q|, which is saturated in the
extremal case. Furthermore, when M = |Q| the two horizons coincide. Shifting the
radial coordinate as r → r −M we rewrite (2.2.2) in isotropic coordinates:

ds2 = −
(

1 +
M

r

)−2

dt2 +

(
1 +

M

r

)2

(dr2 + r2dΩ2)

= −H−2(r) dt2 +H2(r) dxadxa,

F = 2dt ∧ dH−1, H(r) = 1 +
M

r
.

(2.2.7)

H(r) is a harmonic function in the three-dimensional space transverse to the black
hole. In this form the R× SO(3) isometry of the solution is manifest. Note that the
isotropic coordinates cover only the region outside the horizon17.

Instead of a black hole with an electric charge Qe, we could also have considered a
black hole with a magnetic charge Qm, or with both. The solution (2.2.2) still holds,
but with Q = (Q2

e +Q2
m)1/2 and (2.2.2b) replaced by

F = −2Qe

r2
dt ∧ dr + 2Qm sin θ dθ ∧ dφ. (2.2.8)

The extremal case is still given byM = |Q|. We remark that the charges are quantized
according to the usual Dirac or Wu-Yang argument, i.e. QeQm ∼ n, n integer.

The extremal case becomes even more interesting when one realizes that the
Einstein-Maxwell Lagrangian (2.2.1) is in fact the bosonic part of the pure N = 2,
d = 4 supergravity theory [81]. In addition to the vielbein ea

µ and the gauge field
Aµ – which in this context is often called the graviphoton – the N = 2 supergravity
contains two Majorana gravitinos ψi

µ, i = 1, 2.
The supersymmetry transformations of the gravitinos read up to terms cubic in

the fermions:

δQ(ǫ)P±ψ
i
µ = Dµ(ω)P±ǫ

i − 1

4
F−

ab ΓabΓµε
ijP∓ǫ

j , (2.2.9)

16This is called the cosmic censorship conjecture.
17The near-horizon limit r → 0 is interesting. We get

ds2 = − r2

M2
dt2 +

M2

r2
dr2 +M2dΩ2,

which is the product space AdS2 × S2.
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where ε12 = +1 and F± = 1
2 (F±i∗F ). The RN black hole is a purely bosonic solution

of the N = 2 supergravity field equations. For generic values of M and Q it preserves
no supersymmetries. However, in the extremal case 1/2 of the supersymmetries are
preserved [82]. To prove this, we need to show that the supersymmetry variations
δQ(ǫ) of the fields are zero for suitably chosen ǫ. This is guaranteed for ea

µ and Aµ,
since their variations always involve at least one power of ψµ. We therefore only need
to check that δQ(ǫ)ψI

µ = 0. The solutions of this equation are called Killing spinors.

For the extremal RN black hole the Killing spinors turn out to be ǫi = H−1/2ǫi0,
where ǫi0 are constant spinors that satisfy

P±ǫ
i
0 = −εijΓ0 P∓ǫ

j
0. (2.2.10)

This condition determines exactly one half of the components of the ǫi0 in terms of
the other half, demonstrating that the extremal RN solution indeed breaks 1/2 of the
supersymmetries.

Configurations that preserve some fraction of the supersymmetry are called BPS
configurations. There is another way of looking at these configurations that is very
useful. In the previous chapter we mentioned the semiclassical approximation to a
quantum theory in which one expands the fields around a classical solution of the
equations of motion and obtains a field theory for the fluctuations. It turns out
that the symmetries of the classical solution around which we expand become global
symmetries of this resulting field theory. At large distances from the horizon (r →∞)
the solution (2.2.2) reduces to Minkowski spacetime, which is actually a maximally
supersymmetric solution of the N = 2 supergravity theory. Physics very far from the
black hole should thus be described by a field theory with global N = 2 Poincaré
supersymmetry. The RN black hole has an alternative interpretation as a state in the
spectrum of this theory.

The interesting part of the N = 2 superalgebra18 reads

{Qi
α, Q

j
β} = 2δij(ΓaC−1)αβPa + 2εij(C−1)αβZe + 2iεij(Γ∗C

−1)αβZm. (2.2.11)

We have included on the right-hand side the central charges Ze and Zm. They
commute with all the other generators in the N = 2 Poincaré superalgebra. It can be
shown that these charges are just the electric and magnetic charges Qe and Qm that
are carried by massive point particles.

We are interested in massive particle representations of this algebra. In the rest
frame Pa = (iM, 0, . . . , 0). For the charges we have Ze = iQe, Zm = iQm. The tools
of appendix A allow us to rewrite (2.2.11) as

{Q,Q†} = 2

(
M −QeΓ

0 − iQmΓ∗Γ
0

QeΓ
0 + iQmΓ∗Γ

0 M

)
(2.2.12)

18Our conventions are such that the bosonic generators are antihermitian, i.e. P †
a = −Pa and

Z† = −Z.
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The matrix on the RHS has eigenvalues λ = 2(M ± Q) ≥ 0. They are nonnegative
since the operator on the LHS is positive semidefinite. This leads to the Bogomolnyi-
Prasad-Sommerfield (BPS) bound :

M ≥ |Q|, with Z =
√
Q2

e +Q2
m. (2.2.13)

Naked singularities are thus excluded by N = 2 supersymmetry. When the bound
is saturated, i.e. if M = |Q|, exactly half of the eigenvalues λ are zero (which ones
depends on the sign of the charge). This means that this state is annihilated by 1/2
of the supersymmetry generators, in accordance with our earlier discussion on the
Killing spinors of the extremal RN solution.

An important property of the BPS configurations is that they are stable: the
charge Q is conserved and there are no states of lower mass with this charge. In ad-
dition, the BPS states fall into smaller multiplets than the states for which M > |Q|,
because 1/2 of the supersymmetry generators are represented trivially. Since the
number of states in a quantum theory can not change abruptly as we vary the pa-
rameters of the theory, the BPS relation M = |Q| is not renormalized by quantum
corrections [83]. It is hard to overemphasize the importance of this result. As men-
tioned in chapter 1, it allows one to extrapolate results from perturbation theory to
the strong coupling regime of a theory and to test S-duality conjectures.

2.2.2 Supergravity p-branes

Let us reformulate the results of the previous section in the language of branes. We
obtained a 0-brane solution of the field equations of N = 2, d = 4 supergravity that
was electrically or magnetically charged w.r.t. the 1-form A. The presence of these
charges was crucial in obtaining a supersymmetric solution. Note that a magnetic
charge corresponds to an electric charge w.r.t. to the dual Ã.

We can generalize this to arbitrary dimension d and rank q of the gauge field as
follows. Consider the following Lagrangian for gravity coupled to a scalar φ and a
q-form C(q):

2κ2 L = R ∗1− 1

2
∗dφ ∧ dφ− 1

2
eaφ ∗G(q+1) ∧G(q+1), (2.2.14)

where a is a real constant and G(q+1) = dC(q). This action can be obtained as a
consistent truncation from the full supergravity Lagrangians of the previous section
for suitable choices of d, a and q after going to the Einstein frame using (1.2.32) and
a suitable rescaling of φ – see e.g. [84,85] for details. With a consistent truncation we
mean that any solution of the truncated theory is also a solution of the full theory.

We expect p-brane solutions that carry an electric charge Qe for p = q − 1 and a
magnetic charge Qm for p = q̃ − 1:

Qe ∼
∫

Sq̃+1

eaφ ∗G(q+1), Qm ∼
∫

Sq+1

G(q+1), (2.2.15)
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where we defined q̃ = d−q−2 and the integrals are taken over spheres surrounding the
branes in the directions transverse to their world-volumes. The charges are conserved
due to the field equation and the Bianchi identity of C(q), respectively, and they are
quantized, QeQm ∼ n.

We now give the p-brane solutions in isotropic coordinates. We denote the coor-
dinates of the world-volume by xi with i = 0, . . . , p and those of the space transverse
to the brane by xa with a = p+ 1, . . . , d− 1. The metric is given by

ds2E = H−4q̃/(d−2)∆ ηijdx
idxj +H−4q/(d−2)∆ δabdx

adxb. (2.2.16)

In this form the ISO(1, p) × SO(d − p − 1) isometry is manifest. We defined the
parameter ∆ by

∆ = a2 +
2qq̃

d− 2
. (2.2.17)

For the electric solution we have in addition

eφ = H2a/∆, G(q+1)
e =

2√
∆

dx0 ∧ . . . ∧ dxp ∧ dH−1, (2.2.18a)

whereas for the magnetic solution

eφ = H−2a/∆, G(q+1)
m =

2√
∆
∗dx0 ∧ . . . ∧ dxp ∧ dH. (2.2.18b)

The function H = H(r), with r2 = xaxa, is harmonic on the transverse space, i.e.
∇a∂

aH = 0. For p < d− 3 we have

H = c+
Q

rd−p−3
, (2.2.19)

where if a 6= 0 the constant c is related to the asymptotic value of φ via eφ∞ = c±2a/∆.
(d− 3)-branes have a logarithmic harmonic and (d− 2)-branes a linear harmonic.

In maximally supersymmetric theories it can be shown that solutions with ∆ =
4/n preserve 32/2n supersymmetries. All 1/2 BPS solutions in type IIA and IIB thus
have ∆ = 419.

The charges again manifest themselves in the supersymmetry algebra20, which

19Other values of ∆ often give configurations that can be thought of as intersecting branes. The
harmonic function (2.2.19) then needs to be modified.

20There are two ways of deriving this result. The first [86] makes use of the world-volume theory
of the branes. In this approach the central terms in the algebra are a consequence of the fact that a
Green-Schwarz type Lagrangian for branes is not supersymmetric but varies into a total derivative.
This leads to additional terms in the definition of the supercharges that in turn give rise to the central
charges. See [87] for a condensed review. In the second approach [88] one constructs the supercharges
directly from the supergravity Lagrangian. One then calculates the commutator: the result involves
the bosonic fields. Inserting the (asymptotic) solution finally yields the central charges.
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reads schematically:

{Qα, Qβ} = 2(ΓµC−1)αβPµ + 2
∑

p

1

p!
(Γµ1···µpC−1)αβZµ1···µp

. (2.2.20)

Which p’s are included in the sum depends on the particular theory under considera-
tion. The ‘central’ charges Z are no longer central since they transform under Lorentz
transformations.

2.2.3 BPS branes in string theory

We now focus our attention on the BPS p-brane solutions of the supergravity theories
of section 2.1.4.

Type IIA and IIB

The type IIA and IIB theories both have the NS-NS 2-form B(2). We therefore the
fundamental string or F1-brane solution and its magnetic dual, the Neveu-Schwarz
five-brane or NS5-brane. The appearance of the F1-solution is not surprising, since
we are considering the low-energy limit of string theories.

In addition the IIA and IIB theories contain the R-R forms. We mentioned already
that the string theory Dirichlet branes carry these R-R charges. Here we find the
supergravity description of these objects. In the type IIA theory one finds the D0-
brane and the D2-brane and their magnetic duals, the D6-branes and the D4-brane.
As mentioned before, there is also a D8-brane which can be obtained as a solution of
the massive IIA supergravity. In the type IIB theory one finds the D1-brane and its
magnetic partner the D5-brane. The D3-brane is self-dual. There is also a D7-brane,
which carries a magnetic charge for the axion C(0). Its dual, the D(−1)-brane or
D-instanton, can however be obtained only as a solution of the Euclidean version of
(2.1.48).

We will show in the next section how the D-branes appear in superstring theory
by means of an argument based on T-duality.

Type I

The type I theory does not contain an NS-NS 2-form and thus also does not have a
BPS F1-brane solution. The fundamental string of the type I theory is thus not a
stable object: it can decay, though this process is very slow at small values of the
string coupling. The BPS solutions are the D1-brane and the D5-brane.
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Heterotic

The heterotic SO(32) and E8 × E8 theories have a massless 2-form, leading to the
heterotic string solution (F1) and the heterotic 5-brane (S5). The heterotic string
theories do not have D-branes.

11-dimensional SUGRA

The 11-dimensional supergravity theory has a 3-form gauge field Cµνρ that leads to
a membrane or M2-brane solution and its magnetic dual, the M5-brane.

Purely gravitational solutions

The theories considered above also possess BPS solutions that are not carried by a
p-form field. They are the gravitational wave and the Kaluza-Klein monopole. These
arise as purely gravitational solutions and are not of the form (2.2.16) – they have
an off-diagonal metric. Though they play a role in string theory – they are related
to the p-branes by dualities – treating them in detail would to us to far afield. We
just remark here that the KK-monopole solution is a product of (d− 4)-dimensional
Minkowski space and the 4-dimensional Euclidean Taub-NUT space, which has a
compact isometry direction. When performing a dimensional reduction along this
compact direction, one obtains a (d − 5)-brane that carries a magnetic charge w.r.t.
the KK gauge field. Hence the name.

2.3 More on supersymmetric D-branes

As discussed in the previous chapter, we can view the type I theory as a system of 16
coincident D9-branes and an O9-plane. By T-duality we can go to configurations with
lower-dimensional D-branes. Compactify for instance the 9-direction over a circle of
radius R and introduce a U(1)16 Wilson line. This does not break any of the 16
supersymmetries21. According to section 1.3.5, this configuration is T-dual to 16
parallel D8-branes situated on an interval S1/Z2 with orientifold O8-planes at the
endpoints. The unoriented type I string was obtained from the oriented type IIB
theory. Therefore in the T-dual version the physics far away from the D8-branes is
described by the oriented type IIA closed string theory.

We can continue like this and T-dualize over additional directions. We get 16
parallel Dp branes in the type IIB theory for p odd and in the type IIA theory for p
even.

21An effective field theory argument for this is the following. The gauge field Aµ and gaugino χ
transform as δAµ = ǭΓµχ and δχ = 1

2
FµνΓµνǫ under supersymmetry. Since for the Wilson line

Fµν = χ = 0, we have δAµ = δχ = 0 for all ǫ.
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We already mentioned several times before that the D-branes carry charges of the
R-R forms. Polchinski showed this in [67] by an explicit string theory calculation.
In addition, he showed that these charges satisfy the charge quantization relation
QeQm ∼ n with n = 1. The D-branes thus carry the minimum R-R charge quantum.
This strongly suggests that the D-branes of perturbative string theory and the Dp-
brane solutions of the type II supergravities are indeed different descriptions of the
same object.

Further evidence for this conjecture is obtained by comparing the tension of the
D-branes with those calculated by means of the ADM-formula in supergravity. The
BPS bound is satisfied also in perturbative string theory. A system of parallel su-
pergravity Dp-branes is stable in the same way as a system of two RN black holes in
four dimensions: the gravitational attraction is exactly matched by the electrostatic
repulsion due to the R-R charges. In string theory, one obtains the same result from
the exchange of closed strings between the D-branes (see e.g. [15]).

The D-brane’s world-volume carries a supersymmetric Yang-Mills theory with 16
supercharges. In perturbative string theory this follows from dimensionally reducing
the field content on a single D9-brane. These degrees of freedom can also be obtained
from supergravity considerations, for example from the brane scan. See [79] for a
review.

The consistency conditions of the type I string theory have a nice interpretation
in terms of the R-R charges. The sixteen D9-branes act as sources for a R-R 10-form
field. But the field strength of a 10-form vanishes identically in ten dimensions, hence
the field equation of the 10-form d∗G = ∗J is of the form 0 = 1, unless the current
density J vanishes. This is achieved by assigning a negative charge of −16 to the O9-
plane. If we compactify and T-dualize k directions, the number of D-branes remains
constant, but the number of O-planes increases to 2k. A single Op-plane therefore
carries −2p−5 units of R-R (p+1)-form charge. Whereas configurations with D-branes
on compact spaces always have to be accompanied by objects with a negative charge
because of flux conservation, D-branes can exist on their own in an uncompactified
spacetime: the R-R field lines can move off to infinity. So it makes sense to consider
individual D-branes as in section 2.2.

2.3.1 D-brane effective actions revisited

The type II string theories contain more massless fields than the bosonic string theory.
The effective action for a D-brane in a curved background therefore contains additional
terms. We again limit ourselves to slowly-varying fields. One can then show that the
effective action is a sum of two terms:

SDp-brane = SDBI + SWZ. (2.3.1a)
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The Dirac-Born-Infeld action SDBI is the same as before:

SDBI = −TDp

∫
dp+1σ e−Φ

√
−det(Gαβ + Fαβ). (2.3.1b)

In addition, there is the Wess-Zumino term SWZ which describes the R-R charges of
the Dp-brane:

SWZ = TDp

∫
ı∗
∑

k

C(k) ∧ expF . (2.3.1c)

It is understood that in expanding the exponential in (2.3.1c) only the (p + 1)-form
is kept. The appearance of the tension TDp in front of the Wess-Zumino term reflects
the fact that the Dp-brane is a BPS state. If we use the following convention for
Newton’s constant

2κ2
0 ≡ (2π)7l8s , (2.3.2)

we get a nice expression for the tension:

τDp =
1

(2π)pℓp+1
s gs

. (2.3.3)

Nice, because with this convention the ratio of the Einstein-frame tensions of the
F-string and D-string becomes τF1/τD1 = eφ. The tensions of the F- and D-string are
thus exchanged under S-duality (see below).

We see that when F = 0 the Dp-brane couples only to its associated R-R form
C(p+1). When F is switched on, the brane also couples to the R-R forms of lower rank.
This agrees with our earlier discussion in section 1.3.4, where we argued that there
are smeared branes of lower dimensionality present in the Dp-brane’s world-volume
when F 6= 0. To see that the charges work out correctly, put Bµν = 0 and expand
the exponential

SWZ = TDp

∫ ∑

k

C(k) ∧ exp 2πα′F = TDp

∑

k

(2πα′)k

k!

∫
C(p+1−2k) ∧ F k. (2.3.4)

Using (2.3.3), we obtain:

SWZ =
∑

k

TD(p − 2k)

∫
C(p+1−2k) ∧ 1

(2π)kk!
F k. (2.3.5)

We infer from this that the number of lower-rank R-R charges is indeed equal to the
Chern classes ck of (1.3.50).

2.4 The web of dualities

In the 1990’s it gradually became understood that the five different string theories all
arise as different limits of an underlying unified theory, called M-theory. We end this
chapter with a brief overview of these dualities.
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Type IIA – Type IIB

As argued in the above, the type IIA and IIB theories are T-dual to each other. We
have shown in section 1.3.2 that the D-branes transform as follows: if we perform the
duality transformation in a direction orthogonal to the Dp-brane’s world-volume we
obtain a D(p+1)-brane, whereas for a direction tangent to the world-volume we obtain
a D(p − 1)-brane. The same result can be obtained at the level of the supergravity
solutions by applying the Buscher T-duality rules – see e.g. [89] for a review.

Similarly, it can be shown that the F1 solution does not transform under a T-
duality transformation orthogonal to the world-sheet, but that a T-duality along
the world-sheet results in the wave (W) solution. Vice versa: T-dualizing along the
propagation direction of the wave yields the F1 string, whereas dualizing along a
direction orthogonal to the propagation leaves the W solution invariant.

Finally, the NS5-branes and KK5-monopoles are related to each other by T-duali-
zing along a direction transverse to their world-volumes (in the case of the KK5-
monopole we need to take the Taub-NUT isometry direction), but are invariant under
duality transformation along their world-volume directions.

Het SO(32) – Het E8 × E8

The heterotic theories are also T-dual to each other when compactified on circles of
radii R and α′/R respectively, but only when we turn on a Wilson lines that break
the SO(32) and E8×E8 symmetry to SO(16)×SO(16). The duality transformations
for the F1, W, S5 and KK5 solutions are the same as those for the type II theories.

Type IIB – Type IIB

The type IIB supergravity action (2.1.48) reads in Einstein frame

2κ2 LE
IIB = R ∗1− 1

2
∗dφ ∧ dφ− 1

2
e2φ ∗G(1) ∧G(1) − 1

2
e−φ ∗H(3) ∧H(3)

− 1

2
eφ ∗G(3) ∧G(3) − 1

4
∗G(5) ∧G(5) +

1

2
C(4) ∧ dC(2) ∧H(3).

(2.4.1)

It can be shown that this action is invariant under the following SL(2,R) transfor-
mation:

τ → aτ + b

cτ + d
,

(
C(2)

B(2)

)
→
(
a b
c d

)(
C(2)

B(2)

)
. (2.4.2)

Here we defined a complex scalar τ ≡ C(0) + ie−φ. The metric and the 4-form C+
µνρσ

are inert. In a background where C(0) vanishes, the transformation with a = d = 0
and b = −c = 1 takes φ into −φ. This suggests that the strong coupling regime of the
type IIB string is in fact dual to its own weak coupling regime. This is an example
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of S-duality. It turns out that in quantum theory the SL(2,R) symmetry is broken
to SL(2,Z) as a consequence of charge quantization.

Since the brane solutions of type IIB supergravity that we discussed are BPS, we
can trust their properties also at strong coupling. One can argue in particular that
the F1- and D1-string are transformed into each other under φ→ −φ. There actually
exists an entire class of so-called (p, q)-strings that carry both NS and R-R charges
and transform nontrivially under the complete SL(2,Z). The NS5- and D5-branes
are related in the same way, whereas the D3-brane is invariant. Also the W and KK5
solutions are invariant.

Type I – Het SO(32)

The strong coupling regime of the type I theory turns out to be dual to the weak
coupling regime of the heterotic SO(32) string and vice versa. As for the IIB string,
this can be motivated by looking at the effective actions. The type I supergravity
(2.1.52) reads in Einstein frame22

2κ2 LE
I = R ∗1− 1

2
∗dφ ∧ dφ− 1

2
eφ ∗G(3) ∧G(3) +

1

2
eφ/2 Tr ∗F ∧ F. (2.4.3)

and the heterotic supergravity (2.1.55) becomes

2κ2 LE
het = R ∗1− 1

2
∗dφ ∧ dφ− 1

2
e−φ ∗H(3) ∧H(3) +

1

2
e−φ/2 Tr ∗F ∧ F. (2.4.4)

These actions are related to each other as follows

φtype I ↔ −φhet, C
(2)
type I ↔ B

(2)
het. (2.4.5)

So indeed the weak- and strong-coupling regimes are exchanged.
At strong coupling, the lifetime of the fundamental string of the type I theory

becomes very short and this string disappears from the spectrum as a recognizable
excitation. The D1-string however is stable, and it turns out that at strong coupling
it behaves as the fundamental string of the SO(32) heterotic string. Similarly, the
D5-brane behaves as the S5-brane.

11-dim SUGRA – Type IIA & Het E8 × E8

The strong coupling limits of the type IIA and the heterotic E8 × E8 theories are
arguably even more remarkable. When we increase the strength of the coupling, an
eleventh dimension appears.

22We rescale the gauge field such that the factor κ2
0/g

2
0 no longer multiplies the kinetic term for

the gauge fields.
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Let us motivate this for the IIA theory. We reduce the 11-dimensional supergravity
theory (2.1.56) over a circle. We split our coordinates as x̂µ̂ = (xµ, z) and decompose
the 11-dimensional fields as follows

d̂s2 = e−2Φ/3gµνdxµdxν + e4Φ/3(dz − C(1)
µ dxµ)2, (2.4.6a)

Ĉ(3) = C(3) +B(2) ∧ (dz + C(1)). (2.4.6b)

The reduction is achieved by taking the unhatted fields to be independent of z. We
recognize the fields in (2.4.6) as the field content of the type IIA supergravity. It is
then no surprise that after having plugged this Ansatz into (2.1.56) we eventually
obtain:

2κ2
11 Ld=11 = 2κ2

0 LIIA ∧ dz, (2.4.7)

where LIIA is the Lagrangian (2.1.46) of the type IIA theory.
From (2.4.6a) we see that the radius of the 11th dimension is related to the expec-

tation value of the dilaton Φ. Introducing the type IIA string coupling constant gs, we

have from ĝzz that R11 ∼ g2/3
s . This is the radius measured with the 11-dimensional

Einstein metric. The closed strings of the IIA theory however experience the string
metric, for which we have from (2.4.6a) that gS

µν = ǫ2Φ/3ĝµν and thus

R11 ∼ gs, (2.4.8)

in string units. We see that the 11th dimension is invisible in perturbative string
theory.

The above suggests that d = 11 supergravity is the low-energy effective descrip-
tion of a theory that is dual to the strongly coupled IIA string. A perturbative
description of this dual theory is at present still lacking. The IIA supergravity is the
low-energy limit of weakly coupled closed strings, and these strings are recovered as
BPS F1-branes of the IIA supergravity. Similarly, by an inspection of the d = 11 BPS
solutions, one would be inclined to argue that the d = 11 supergravity has to arise as
the low-energy limit of a theory of M2-branes. Unfortunately, nobody has been able
to make sense of a quantum theory of weakly coupled supermembranes23 (or of any
of the other p-branes with p > 1 for that matter).

One can however relate BPS solutions of the d = 11 theory to that of the IIA
theory. The D0-branes arise as the KK momentum states of the d = 11 gravitational
wave (note that the RR gauge field C(1) is the KK gauge field). The D2-branes are
M2-branes and the NS5-branes are M5-branes. However, if we wrap the M2-branes
and M5-branes around the circle, we obtain the F1-string and the D4-brane. Similarly,
the d = 11 KK monopole gives rise to the d = 10 KK monopole and the D6-brane.

It has been shown [91,92] that the strong coupling regime of the E8×E8 heterotic
string theory can be related to the 11-dimensional theory compactified on an interval.

23Another and at least partially successful attempt to construct an underlying theory for the
d = 11 supergravity goes under the name of matrix-theory and is based on the quantum mechanics
of D0-branes. See e.g. [90] for a review.
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2.4.1 Toward M-theory

We have seen that the different string theories are dual to each other and to a mys-
terious 11-dimensional theory. We have summarized this web of dualities in figure
2.4.1. The picture that emerges from all of this is that the theories that we discussed
in this chapter are in fact different limits in the parameter space of a single underlying
theory, called M-theory.

?
M

11d sugra

Type IIA

Type IIB

Type I
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Het E8 × E8
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T

Ω S

T

S1/Z2

S

Figure 2.4.1. The M-theory duality web.

Perhaps the single most important theoretical challenge in this field is to find a non-
perturbative formulation of M-theory. Though it is not at all clear what this final
theory will look like, it is very likely that the different branes that we discussed will
play a fundamental role in its formulation. In particular, the appearance of the non-
commutative geometry of stacks of D-branes is a clear indication that spacetime itself
and its group of symmetries will have to be treated very differently from what we are
used to in general relativity.


