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Chapter 1

Strings and D-branes

This long introductory chapter is aimed at an audience of non-specialists and will
hopefully provide a sufficient amount of background material in order to justify the
higher pace of the later chapters.

Reviews and books on string theory often start with a discussion of the bosonic
string. This allows one to explain some of the basic concepts without the need to
worry about the additional technical complications that one encounters when dealing
with the more interesting superstrings. The present chapter will be no exception. A
brief review of M-theory will be postponed to the next chapter.

We start with the free string and discuss the appearance of the critical dimension
and gravity. We will be quite explicit. Our discussion of string interactions starts with
a review of the concepts involved in interacting field theories. In this way we hope
to explain the limitations of string perturbation theory and the usefulness of effective
field theory techniques for the study of strings. Finally, we move on to D-branes and
their effective field theory description, with an emphasis on T-duality.

The literature on string theory is vast. The following books [14–19] provide good
introductions to the subject and contain extensive lists of references. In particular,
the reader will find thorough discussions on string perturbation theory in these books
which should supplement the brief review we provide here.

1.1 The free bosonic string

Our discussion starts with the classical theory of a relativistic string. A string is a one-
dimensional object which sweeps out a two-dimensional surface (called the world-sheet
Σ) as it moves through spacetime. Spacetime is considered to be flat d-dimensional
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Minkowksi space1 M with metric ηµν = diag(−1,+1, . . . ,+1). The embedding of
the world-sheet in spacetime ı : Σ → M is given by the functions2 Xµ(τ, σ), where
σα = (σ1, σ2) = (τ, σ) are dimensionless coordinates with which we parametrize the
world-sheet. τ and σ are respectively time- and spacelike w.r.t. the induced metric
h, which is given by:

hαβ = (ı∗η)αβ = ∂αX
µ∂βX

νηµν . (1.1.1)

The coordinates take the values −∞ < τ <∞ and 0 ≤ σ ≤ ℓ, where ℓ is a parameter
which we will discuss later. The classical dynamics of the free string is governed by
a generalization of Fermat’s principle of least time: the area of the world-sheet is
minimal. This leads us to the action of Nambu and Goto:

SNG[X] = − 1

2πα′

∫

Σ

d2σ
√
−dethαβ . (1.1.2)

The constant α′ is known as the Regge slope parameter or simply as ‘alpha-primed’.
It has a mass dimension3 of −2 and is related to the string’s tension T by T = 1/2πα′.
For later convenience, we introduce yet another parameter called the string length by
ℓs ≡

√
α′.

The action (1.1.2) can be interpreted as defining a two-dimensional relativistic
field theory for d scalar fields Xµ. From this point of view, we refer to spacetime as
the target space. The appearance of the square root in the action makes this theory
difficult to analyze. Fortunately, there is an alternative formulation which gives an
action that is quadratic in the Xµ. First we introduce an auxiliary symmetric tensor
field γαβ(τ, σ), which can be viewed as an intrinsic metric on the world-sheet. We
claim that the following action is (at least classically) equivalent to (1.1.2):

SP[γ,X] = − 1

4πα′

∫

Σ

d2σ
√−γ γαβ∂αXµ∂βX

µ. (1.1.3)

This expression is known as the Howe-Tucker-Polyakov action, but we will simply
refer to it as the Polyakov action. We obtain the following energy-momentum tensor

1We do not allow for spacetime metrics with more than one time dimension. Such spacetimes
have closed timelike curves and give problems with causality already on the classical level.

2In general, we denote coordinates in spacetime by xµ, but use capital letters Xµ when we refer
to the embedding functions of extended objects such as strings.

3In principle string theory does not contain any fundamental dimensionful parameters. Indeed,
we see that the factor 1/2πα′ can be removed by redefining the Xµ’s. Nevertheless, in practice it is
very convenient to be able to work with a system of units. We can manage this by keeping α′ explicit
and measure quantities in terms of powers of 1/

√
α′. To make contact with the way dimensions are

usually defined in physics we note that the Hamiltonian for the free string is proportional to 1/
√
α′.

Measuring units of mass is therefore equivalent to counting powers of 1/
√
α′. We could go on and

introduce the well-known constants ~ and c, thereby defining units of length and time. This would
allow us to make contact with the way the fundamental constants of nature are usually expressed.
However, we will not do this and keep working in natural units, in which [length] = [time] = [mass]−1.
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from this action:

Tαβ := − 2√−γ
δS

δγαβ
=

1

2πα′

{
∂αXµ∂βX

µ − 1

2
γαβγ

γδ∂γXµ∂δX
µ

}
. (1.1.4)

The equation of motion for γαβ is simply Tαβ = 0, which is algebraic in γαβ . The
Nambu-Goto action is recovered from (1.1.3) by eliminating γαβ by means of its
equation of motion.

The Polyakov action has the following local symmetries:

• General coordinate transformations or diffeomorphisms on the world-sheet:

σα → σα − ξα(σ). (1.1.5)

The presence of these symmetries is expected on physical grounds: physics
should not depend on the way we choose to parametrize the world-sheet. The
fields transform as

δXµ(σ) = LξX
µ = ξα∂αX

µ, (1.1.6a)

δγαβ(σ) = (Lξγ)αβ = ξγ∂γγαβ + ∂αξ
γγγβ + ∂βξ

γγαγ . (1.1.6b)

As usual, general covariance leads to the conservation of the energy-momentum
tensor: ∇αT

αβ = 0 when the equations of motion of the matter fields are
satisfied.

• Local Weyl rescalings of the metric:

δXµ(σ) = 0,

δγαβ(σ) = Λ(σ)γαβ(σ).
(1.1.7)

As a consequence, the trace of the energy-momentum tensor vanishes identically:
γαβTαβ ≡ 0.

We fix these symmetries by imposing the conformal gauge:

γαβ ≡ ηαβ = diag (−1,+1), (1.1.8)

The Polyakov action reduces to:

S = − 1

4πα′

∫

Σ

d2σ ηαβ∂αXµ∂βX
µ (1.1.9)

In the conformal gauge we have a free two-dimensional field theory for d scalars. Note
however that X0 appears in the action with the wrong sign. The equation of motion
for the Xµ is simply the two-dimensional wave equation:

�Xµ(τ, σ) =

(
∂2

∂σ2
− ∂2

∂τ2

)
Xµ(τ, σ) = 0, (1.1.10)
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with the general solution

Xµ(τ, σ) = Xµ
R(τ − σ) +Xµ

L(τ + σ). (1.1.11)

The subscripts R and L stand for right- and left-moving respectively. This needs to
be supplemented with suitable boundary conditions in order that

δXi∂σX
i
∣∣∣
ℓ

σ=0
= 0. (1.1.12)

We will discuss the different boundary conditions below. The equation for the energy-
momentum tensor, Tαβ = 0, has now become a constraint that needs to be imposed
on solutions of the equations of motion for Xµ. The constraints can be expressed as:

(∂τX
µ ± ∂σX

µ)2 = 0. (1.1.13)

1.1.1 The light-cone gauge

Actually, there are some symmetries that are not completely fixed by our gauge choice
(1.1.8). They are given by

τ 7→ τ ′ = f(τ + σ) + g(τ − σ), (1.1.14a)

σ 7→ σ′ = f(τ + σ)− g(τ − σ), (1.1.14b)

where f and g are arbitrary functions. We can use these symmetries to remove
the unphysical scalar X0 from (1.1.9). First we introduce light-cone coordinates on
spacetime:

x± =
1√
2
(x0 ± xd−1). (1.1.15)

In these coordinates we have the following inner product of coordinates and momenta

x · p = ηµνx
µpν = −x+p− − x−p+ + xipi, (1.1.16)

with i = 1, . . . , d − 2. Light-cone time is conventionally defined to be x+. Hence
p− is the light-cone Hamiltonian in the target space. We then impose the light-cone
gauge4:

X+ = x+
0 +

2πα′

ℓ
p+τ. (1.1.17)

4The gauge choice X+ ∼ τ essentially states that we can trade time evolution on the world-
sheet for light-cone time evolution in the target space. To motivate the choice of the constant λ in

X+ = λτ , we note that the spacetime momentum carried by the string is pµ = T
R ℓ
0 dσ ∂τXµ, where

T is the tension. In particular 2πα′p+ =
R ℓ
0 dσX+ = λ ℓ.
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The parameter x+
0 sets the origin of time. This gauge can always be reached from a

general X+(τ, σ) = X+
R (τ − σ) +X+

L (τ + σ) by taking

2πα′p+/ℓ× f(τ + σ) = X+
L (τ + σ)− aLx

+
0 , (1.1.18a)

2πα′p+/ℓ× g(τ − σ) = X+
R (τ − σ)− aRx

+
0 , (1.1.18b)

in (1.1.14a), where aL and aR satisfy aL + aR = 1 but are otherwise arbitrary real
numbers. From (1.1.14b) we have also that

σ′ ∼ X+
L −X+

R − (aL − aR)x+
0 . (1.1.19)

Thus the light-cone gauge also fixes the spatial coordinate σ, but only up to an
arbitrary constant shift σ → σ + a.

With the light-cone gauge choice, we can easily solve the constraints (1.1.13) by
expressing X− in terms of X+ and Xi. We will not need an explicit expression,
though. Indeed, the Polyakov Lagrangian reduces to

L = −p+∂τx
− − 1

4πα′

∫ ℓ

0

dσ ∂αX
i∂αXi, (1.1.20)

where we defined

x−(τ) :=
1

ℓ

∫ ℓ

0

dσX−(τ, σ), (1.1.21)

which is in accordance with (1.1.16), since we conclude from (1.1.20) that p+ is the
canonical momentum conjugate to x−. We see that only the spatially constant part
of X− is dynamical. The Hamiltonian for our two-dimensional theory is given by

H =

∫ ℓ

0

dσH =
1

4πα′

∫ ℓ

0

dσ
{

(∂τX
i)2 + (∂σX

i)2
}
. (1.1.22)

So we end up with a Hamiltonian for d− 2 free massless scalar fields Xi, which still
satisfy the wave equation:

�Xi(τ, σ) = 0. (1.1.23)

Let us first discuss the relation between H and p− before proceeding. The light-cone
Hamiltonian p− generates x+ translations whereas the world-sheet Hamiltonian H
generates τ translations. But x+ and τ are related by (1.1.17), hence:

p− =
ℓ

2πα′p+
H. (1.1.24)

We will use this equation to find the mass of the string.
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We now discuss the possible boundary conditions that we can impose in order that

δXi∂σX
i
∣∣∣
ℓ

σ=0
= 0. (1.1.25)

First of all there are closed strings. They have no endpoints; hence there is a periodic
boundary condition:

Xi(τ, σ) = Xi(τ, σ + ℓ), ∀ i. (1.1.26)

The shift symmetry σ → σ + a is unaffected by this condition. Its consequences will
be discussed below when we quantize the closed string.

On the other hand there are open strings, which do have endpoints. Boundary con-
ditions can be imposed on these endpoints in two ways. The strings can either move
freely or have their endpoints confined to hyperplanes. The first case corresponds to
imposing Neumann boundary conditions on all directions at both endpoints:

∂σX
i(τ, 0) = ∂σX

i(τ, ℓ) = 0, ∀ i. (1.1.27)

In the second case we impose a Dirichlet condition on some direction(s) at one (or
both) of the endpoints:

δXi(τ, 0 or ℓ) = 0 ⇒ Xi(τ, 0 or ℓ) = constant, for some i. (1.1.28)

The hyperplanes on which open strings can end are called D-branes (where the ‘D’
stands for Dirichlet and ‘brane’ generalizes the concept of a membrane).

D-branes are an important class of extended objects in string theory and have
played a crucial role in understanding the nonperturbative structure of string theory.
Extended objects are in general called p-branes, where p stands for the number of
spatial directions in the world-volume of these objects. So, for example, a particle is
a 0-brane and a string a 1-brane. An open string that has both endpoints confined
to the same Dp-brane satisfies Neumann boundary conditions in the p+ 1 directions
tangent to the Dp-brane (including time) and Dirichlet conditions in the d − p − 2
direction transverse to the brane5. We will discuss D-branes in more detail later in
this chapter.

Note that the different open string boundary conditions explicitly break the shift
symmetry σ → σ + a.

5Note that in the light-cone gauge there are only d− 2 directions Xi on which we can impose a
Dirichlet boundary condition. So we can discuss Dp-branes for p = 1, . . . , d− 1. There also exists a
D0-brane, the D-particle. This is a perfectly well-defined object within string theory, but in order
to describe it we need a covariant gauge in which all the spatial Xµ’s are kept. It is also possible
to impose a Dirichlet condition on the time direction X0 (thereby obtaining a spacelike D-brane or
S-brane) or even on all directions in which case one obtains the D-instanton, which plays a similar
role in string theory as the ordinary Yang-Mills instanton in gauge theories. We will not discuss
these extended objects any further, though.
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1.1.2 The open string spectrum

We now consider the open string with Neumann boundary conditions in all directions.
The equations of motion and boundary conditions are solved by the following mode
expansion:

Xi(τ, σ) = xi
0 +

2πα′

ℓ
piτ + i

√
2α′

∑

n∈Z\{0}

1

n
αi

n e−inπτ/ℓ cos
nπσ

ℓ
. (1.1.29)

We see that the left- and right-moving degrees of freedom have been related to each
other by the Neumann condition. The σ-independent part describes the motion of
the center of mass of the string. pi is the momentum of the center of mass in the
i-direction:

pi =
1

2πα′

∫ ℓ

0

dσ ∂τX
i. (1.1.30)

The σ-dependent part describes the ‘wiggling’ of the string. Since the Xi are real, we
have αi

−n = (αi
n)∗. The Hamiltonian becomes:

H =
πα′

ℓ
pipi +

π

2ℓ

∑

n6=0

αi
−nα

i
n. (1.1.31)

We arrive at the classical mass formula by using p2 = −2p+p− + pipi = −M2 and
p+p− = ℓH/2πα′:

M2 =
1

2α′

∑

n6=0

αi
−nα

i
n. (1.1.32)

Let us turn to quantum mechanics. The canonical variables (x−, p+) and (Xi,Πj =
∂τX

j/2πα′) are hermitian operators on a Hilbert space and satisfy the following equal
time commutation relations:

[x−, p+] = −i, (1.1.33a)

[Xi(τ, σ),Πj(τ, σ′)] = iδijδ(σ − σ′). (1.1.33b)

Some algebra leads to

[xi
0, p

j ] = iδij , (1.1.34a)

[αi
m, α

j
n] = mδijδm+n, (1.1.34b)

where δm+n := δm,−n. Now αi
−n = (αi

n)†, hence the αi
n with n > 0 are lowering

operators and the αi
−n raising operators (with an unconventional normalization).

The mass-shell condition becomes:

M2 =
1

α′

{ ∞∑

n=1

αi
−nα

i
n − a

}
=

1

α′
(N − a), (1.1.35)
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where we normal ordered the sum over the oscillators. The level operator N adds up
the occupation numbers for the separate oscillators αi

−n, weighted by the oscillators’
level n. The constant a corresponds to a zero-point energy and diverges, as is usual
in quantum field theories:

a = −1

2

∞∑

n=1

[αi
n, α

i
−n] = −d− 2

2

∞∑

n=1

n. (1.1.36)

We can get a finite answer for the zero-point energy by means of a suitable regular-
ization procedure. Zeta-function regularization [20–22] turns out to be particularly
convenient.

We introduce a complex parameter s, which will play the role of a cut-off, and
replace the divergent sum (1.1.36) by:

∞∑

n=1

n →
∞∑

n=1

1

ns
, (1.1.37)

For Re s > 0 this sum is actually a representation of the Riemann zeta-function ζ(s).
It has a unique analytic continuation to negative values of s. In particular ζ(−1) =
−1/12. The zeta-function regularization method boils down to simply making the
replacement 1 + 2 + 3 + . . . → ζ(−1) = −1/12. Hence

a =
d− 2

24
. (1.1.38)

We see that the zero-point energy does not vanish. This is a Casimir energy associated
with the finite size of the string world-sheet.

The ground state |0, k〉 is the unique state with light-cone momentum k = (k+, ki)
that satisfies αi

n|0, k〉 = 0 for all positive n. It has N = 0 and M2 = −a/α′. It is a
tachyon if d > 2. We can act on the ground state with raising operators to construct
the complete spectrum of the open string.

There are d − 2 states at level N = 1, with mass M2 = (1 − a)/α′. They are
given by αi

−1|0, k〉 and comprise a vector of SO(d − 2). Now we note something
peculiar. According to Wigner’s analysis of the irreducible representations of the
Poincaré group, massless particle states should fall into multiplets of SO(d − 2),
whereas massive states fall into multiplets of SO(d − 1). We see that for general
values of a, the bosonic string does not have a Lorentz invariant spectrum.

This indicates that we need to take a = 1 and hence that d = 26. So the bosonic
string is Lorentz invariant only in 26 spacetime dimensions6!

6This is only one of many ways of deriving the existence of a ‘critical’ dimension for the bosonic
string. For instance, Polchinski [15] discusses seven different methods, with varying degrees of rigor.
The trick with Riemann’s ζ-function discussed in the text is probably the fastest way of arriving at
the desired result. It may look like voodoo, but can be put on a firm basis and is equivalent to other
regularization methods.
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For a complete and rigorous proof of this remarkable result we refer to the litera-
ture. Let us however take a quick peek at level N = 2 to see how Lorentz invariance
should come about for the massive excitations. We have the (d − 1)(d − 2)/2 states
αi
−1α

j
−1|0, k〉 with i ≤ j (the oscillators are bosonic), which provide us only with a

(reducible) representation of SO(d− 2), whereas we expect these states to represent
a massive particle since M2 = (2 − a)/α′. Fortunately, due to the particular way in
which N is defined there are also the d−2 states αi

−2|0, k〉. These states together have
just the right number of degrees of freedom to describe the (d+1)(d−2)/2 dimensional
rank-2 symmetric traceless tensor of SO(d− 1). So things work out nicely.

In the critical dimension the ground state |0, k〉 is a tachyon with M2 = −1/α′. It
can be represented by a scalar field To. The first excited state can be represented by a
massless vector field Aµ, with the usual U(1) gauge invariance Aµ → Aµ + ∂µΛ. This
gauge invariance is actually also present in string theory. We did not encounter it
though, because it is fixed from the start by the light-cone gauge. It does show up in
covariant gauges. It is actually possible to extend the abelian U(1) gauge invariance
to a nonabelian U(n) invariance as we will discuss later. Besides the tachyon and the
gauge field the open string spectrum contains an infinite tower of massive states of
arbitrarily high spin.

The presence of the tachyon indicates that the bosonic string theory is unstable.
For this reason (and others) we will eventually need to discard the bosonic string
theory. It will turn out that the tachyon is absent in superstring theory and that in
addition fermions are automatically incorporated in the spectrum.

1.1.3 The closed string spectrum

In the case of the closed string, the right- and left-moving degrees of freedom are
not related to each other through the boundary conditions. They are not completely
independent though, as we will see in a minute. We have:

Xi(τ, σ) = Xi
R(τ − σ) +Xi

L(τ + σ), (1.1.39)

with

Xi
R(τ − σ) =

1

2
xi

0 +
πα′

ℓ
pi(τ − σ) + i

√
α′

2

∑

n∈Z\{0}

1

n
αi

ne−2πin(τ−σ)/ℓ, (1.1.40a)

Xi
L(τ + σ) =

1

2
xi

0 +
πα′

ℓ
pi(τ + σ) + i

√
α′

2

∑

n∈Z\{0}

1

n
α̃i

ne−2πin(τ+σ)/ℓ. (1.1.40b)

In contrast with the open string, there are now two independent sets of oscillators
with αi

−n = (αi
n)∗ and α̃i

−n = (α̃i
n)∗. The canonical quantization procedure leads to
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the same commutation relations for the center of mass coordinates and momenta as
for the open string. For the oscillators we obtain:

[αi
m, α

j
n] = mδijδm+n, [α̃i

m, α̃
j
n] = mδijδm+n, [αi

m, α̃
j
n] = 0. (1.1.41)

The mass-shell condition reads :

M2 =
2

α′
(N + Ñ − a− ã), (1.1.42)

where a = ã = (d− 2)/24 as before and

N =

∞∑

n=1

αi
−nα

i
n, Ñ =

∞∑

n=1

α̃i
−nα̃

i
n. (1.1.43)

We mentioned before that the shift symmetry σ → σ+ b is preserved by the periodic
boundary conditions. We still need to deal with it. Classically, the generator S of the
shift symmetries is given by:

S = −
∫ ℓ

0

dσΠi∂σX
i =

π

ℓ

∑

n6=0

(
αi
−nα

i
n − α̃i

−nα̃
i
n

)
. (1.1.44)

Indeed, using the Poisson bracket {Xi(τ, σ),Πj(τ, σ′)}PB = δijδ(σ − σ′), one readily
verifies that δXi = −b ∂σX

i ≡ −b {S,Xi}PB. In the quantum theory we need to
restrict the spectrum to states that are annihilated by S, since the shifts are gauge
transformations. We therefore require that

S|N, Ñ, k〉 =
2π

ℓ
(N − Ñ − a+ ã)|N, Ñ, k〉 ≡ 0, (1.1.45)

where we had to normal order the oscillators as before. Since a = ã, we need to
impose the level-matching condition N = Ñ , i.e. the number of left-movers is equal
to the number of right-movers.

The already-mentioned ground state is |0, 0, k〉 with N = Ñ = 0 and αi
n|0, 0, k〉 =

α̃i
n|0, 0, k〉 = 0 for n > 0. It is a scalar with mass M2 = −4a/α′.

The first excited state has N = Ñ = 1 and M2 = 4(1− a)/α′ and consists of the
(d − 2)2 states αi

−1α̃
j
−1|0, 0, k〉. These states carry a reducible representation ζij of

SO(d− 2), which decomposes into a symmetric traceless 2-tensor, an antisymmetric
2-tensor and a scalar:

ζij =
1

2

(
ζij + ζji − 2

d− 2
δij tr ζ

)
+

1

2

(
ζij − ζji

)
+

1

d− 2
δij tr ζ. (1.1.46)

We again conclude that we need to take a = 1 and d = 26 in order to get a Lorentz
invariant theory. We obtain the same value for the critical dimension as with the
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open string. This is just as well, since we will see below that open string interactions
necessarily give rise to closed strings.

So, apart from the infinite tower of massive fields, the closed string spectrum
contains a scalar tachyon Tc with mass M2 = −4/α′ and three massless fields, of
which the scalar Φ called the dilaton. The other two massless states are realized
by fields of spin > 0, which therefore have an associated gauge invariance. The
antisymmetric 2-tensor of SO(d− 2) can be obtained from a 2-form field Bµν (often
called the Kalb-Ramond field) with gauge transformation

Bµν → Bµν + ∂µΛν − ∂νΛµ. (1.1.47)

It contains (d−2)(d−3)/2 = 276 on-shell degrees of freedom. The symmetric traceless
tensor is obtained from a symmetric field hµν which transforms as

hµν → hµν + ∂µξν + ∂νξµ, (1.1.48)

and contains d(d− 3)/2 = 299 on-shell degrees of freedom. This field is the graviton
and is of course what got this whole business started in the first place.

1.1.4 World-sheet twists

Before we turn to string interactions we need to discuss one more thing. The La-
grangian (1.1.20) has an important discrete Z2 symmetry known as the world-sheet
parity transformation σ 7→ ℓ− σ. It is realized by the twist operator Ω:

ΩXi(τ, σ)Ω−1 = Xi(τ, ℓ− σ). (1.1.49)

Ω acts on the open string oscillators as:

Ωαi
−nΩ−1 = (−)nαi

−n. (1.1.50)

We assume that Ω|0, k〉 = +|0, k〉 (this is actually necessary in order that Ω be con-
served in interactions) and see that Ω acts on the open string spectrum as Ω|N, k〉 =
(−)N |N, k〉. In particular, To → To and Aµ → −Aµ.

For the closed string Ω acts differently:

Ωαi
−nΩ−1 = α̃i

−n, (1.1.51a)

Ωα̃i
−nΩ−1 = αi

−n. (1.1.51b)

Now Ω|N, Ñ, k〉 = |Ñ ,N, k〉, again assuming that Ω|0, 0, k〉 = +|0, 0, k〉. In particular
Tc → Tc, Φ→ Φ and hµν → hµν , but Bµν → −Bµν .

The existence of the parity symmetry Ω allows us to construct new unoriented
string theories from the oriented theories that we discussed up to now. This simple
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procedure is called twisting and consists of truncating the spectrum to states that are
even under Ω. This is consistent, since Ω is multiplicatively conserved in interactions.
Unfortunately, this procedure does not get rid of the tachyons. We are left with a
theory with either only closed strings, with massless fields Φ and hµν , or with a theory
that also contains open strings. It turns out that the yet-to-be-discussed U(n) gauge
invariance of the vector Aµ has to be replaced with the smaller SO(n) or USp(n).

1.2 String interactions

So far we have only described the behavior of a single open or closed string moving in
flat spacetime. We continue our treatment of the bosonic string with a discussion of
its interactions. We will only scratch the surface of this subject. First however, we will
review some general properties of interacting field theory. Not only will this allow us
to draw some useful analogies between field and string theories, but it actually turns
out that some properties of string theories are (at present) only understood from the
point of view of their low energy effective field theoretic approximation.

1.2.1 The S-matrix in field theory

In relativistic quantum theories, one typically studies scattering processes of particles.
One is interested in experimentally measurable quantities such as scattering cross-
sections and decay widths. These quantities can be obtained from a mathematical
construct called the scattering or S-matrix. It contains all the information on the
scattering process that is independent of the particular experimental setup7.

The S-matrix for a relativistic quantum theory is defined as follows. We assume
that we know the particle spectrum of the theory under consideration and that there
are no long-range interactions between these particles8 (this implies in particular
that the theory is local). We can thus treat incoming (t → −∞) and outgoing
(t → ∞) particles as free – with the exception of self-interactions which give rise
to mass and wavefunction renormalizations. A generic scattering process involves
m incoming particles with momenta ki and n outgoing particles with momenta pj

(we suppress additional quantum numbers for notational convenience). With the

7In this section we limit ourselves to field theories that are defined on Minkowski spacetime and
consider inertial observers only. In this case there is a well-defined – i.e. observer independent –
notion of particles and there exist asymptotic states and hence an S-matrix. For the important
and interesting topic of field theories on general spaces the reader will have to look elsewhere (see
e.g. [21]).

8In principle, this excludes theories with massless bosons (such as QED) since these give rise to
Coulomb-like long-range interactions. The strategy in these cases is to ignore this issue at first and
simply proceed with the calculations. The S-matrix will then suffer from infrared divergences that
can be dealt with by standard methods. There is also the possibility that additional (metastable)
bound states appear in the spectrum. These require special care.
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incoming particles we associate asymptotic states: an in-state, which is obtained by
taking tensor products of the free particle states |m, in〉 = |k1〉 ⊗ . . . ⊗ |km〉, and
similarly an out-state |n, out〉 = |p1〉 ⊗ . . .⊗ |pn〉. The Hilbert spaces of in- and out-
states are isomorphic. This isomorphism is given by the S-matrix, S : Hout → Hin,
i.e. |n, in〉 = S|n, out〉. The matrix elements of the S-matrix are given by:

Snm ≡ 〈n, out|m, in〉 = 〈n, out|S|m, out〉. (1.2.1)

In processes for which the out-states are identical to the in-states no actual scattering
takes place. The S-matrix is then simply the identity operator. The interesting part
of the S-matrix is called the transfer or T -matrix and is defined as follows:

S = 1 + iT, (1.2.2)

It is well known that in quantum field theories, the particle spectrum and the T -
matrix can be obtained from a study of the n-particle connected Green’s functions
G(n)(k1, . . . , kn). Indeed, the particle spectrum is obtained from the poles of the
2-point function (this follows from the Källén-Lehmann spectral representation of
the propagator), whereas the T -matrix for an n-particle process is related to the
G(n) by means of the LSZ reduction formula. The Green’s functions can in turn be
obtained from the partition function Z[J ] (we consider a theory with a bunch of fields,
collectively denoted by φ, and a generic action S[φ]):

Z[J ] =

∫
[dφ] exp

{
iS[φ] + i(J, φ)

}
(1.2.3a)

= Z[0]

∞∑

k=0

ik

k!

∫
ddx1 · · · ddxk 〈φ(x1) · · ·φ(xk)〉J(x1) · · · J(xk). (1.2.3b)

The Green’s functions G(n)(k1, . . . , kn) in momentum space are obtained from

G(n)(x1, . . . , xn) ≡ 〈0|Tφ(x1) · · ·φ(xn)|0〉 ≡ 〈φ(x1) · · ·φ(xk)〉 (1.2.4)

by a Fourier transformation.

Perturbation theory

In general, it is impossible to do the integral (1.2.3a) exactly. Hence one resorts
to perturbation theory. This works as follows. We split the action in a Gaussian
part (describing a free field theory) and a part describing the interaction between the
particles. By locality, these interactions are given by a series of local operators Oi(φ)
(i.e. products of the fields and derivatives):

S[φ] = Sfree[φ] +
∑

i

∫
ddx giOi(φ). (1.2.5)
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If the coupling constants are small, gi ≪ 1, we can make a series expansion of the
exponential. For example, the vacuum-to-vacuum amplitude is given by:

Z[0] =

∞∑

k=0

ik

k!

∑

i

gk
i

〈(∫
ddxOi(φ)

)k〉

free

. (1.2.6)

The correlation functions on the RHS of (1.2.6) are calculated in the free theory.
Similarly, we obtain the Green’s functions by expanding Z[J ] for nonzero J and
subsequently performing suitable functional differentiations. From the poles of the
two point functions, one finds that the particle spectrum is that of the free field theory
Sfree, but with renormalized masses.

Solitons

There is however more to quantum field theory than its perturbative expansion. First
of all, it might happen9 that the coupling constants gi are not small. Not only
is the perturbation series then useless, but even the spectrum of the theory might
be completely different from that of Sfree. This is the case in QCD, for example.
Second, even if gi ≪ 1, the perturbation series in general does not converge, but is
at best an asymptotic series, in which every next order in the series provides a better
approximation to the S-matrix, but for smaller and smaller values of the coupling
constants. This is an indication that there are physical effects that are not captured
by the perturbation series10.

These so-called nonperturbative effects are typically related to the occurrence of
nontrivial but localized solutions φcl to the classical field equations. These solutions
owe their existence to the nonlinearities of the field equations. In quantum mechanics,
they can be treated in perturbation theory by semiclassical methods. One expands
the fields around the classical solution:

φ = φcl + δφ, (1.2.7)

and quantizes the perturbations δφ under the assumption that the coupling constants
are small. Note that ordinary perturbation theory can be interpreted as a semiclassical
expansion around φcl = 0.

These particle-like solutions come in two kinds. There are finite-energy solutions to
the Minkowskian field equations, known as solitons. They are interpreted as additional

9We will see below that the size of the coupling constants gi actually depends on the energy scale
at which we investigate a given theory.

10The occurrence of a diverging perturbation series should not be confused with the problem of ul-
traviolet divergences. These can occur at every order in perturbation theory and signify a breakdown
of the field theory at high energies. In these cases we interpret the field theory under consideration
as an effective description of some (possibly unknown) underlying theory. The divergences are dealt
with by regularizing the field theory by means of an ultraviolet cut-off and subsequently renormal-
izing the S-matrix. We will come back to the use of effective field theories in a minute.
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particles of the theory and should be included in the spectrum of asymptotic states11.
Typically, solitons carry a conserved charge which prevents them from decaying into
ordinary particles. The mass of a soliton is inversely proportional to the coupling
constant and in principle renormalized by quantum corrections: m ∼ 1/g2(1+O(g)).
This means that at weak coupling, solitons are very massive and essentially behave as
static classical potentials in which the particles scatter. At strong coupling however,
one expects the solitons to become very light.

S-duality

Sometimes it happens that not only do the solitons become light as the coupling
increases, but also (some of) the ordinary particles become very heavy. A remarkable
phenomenon may then occur. There may exist a different weakly coupled field theory
that describes exactly the same physics. The particles of this dual theory are the
solitons of the theory we started with, whereas the particles of the original theory
may appear as solitons or bound states of the dual theory12. This phenomenon – the
existence of two different theories describing the same physics – is known in general
as duality. The theories are said to be dual to each other. In the present case we
talk about S-duality which exchanges the weak- and strong-coupling regimes of two
theories. It is not surprising that S-duality only occurs in rare cases.

To actually prove an S-duality, one needs to solve a quantum field theory exactly,
which is in general impossible. The best one can do is to check that certain necessary
conditions for S-duality are indeed satisfied. For example, one of these conditions
is that the quantum numbers of the particles (solitons) of the original theory need
to match those of the solitons (particles) of the dual theory. This simple check is
already difficult to perform in practice because of an important technical obstacle.
The masses and charges of the particles and solitons were derived in perturbation
theory and we are not allowed to simply extrapolate these results to large values of
the coupling. Fortunately however, there are supersymmetric models for which there
are powerful nonrenormalization theorems that constrain the quantum corrections

11When quantizing a theory around the soliton background, one typically obtains a ground state
with an energy larger than the vacuum energy, which is interpreted as the quantum mechanical
version of the classical soliton. In addition, one obtains an infinite tower of excited states. These
are interpreted as excited states of the soliton itself, and as states of arbitrary numbers of ordinary
particles (i.e. those obtained from Sfree) scattering off the soliton [23]. As an analogy, one can think
of photons (the particles) scattering off an atom (the soliton). The atom itself has different energy
levels (corresponding to the electron orbitals) that can be excited by the absorption of a photon.

12A famous example of such behavior exists in 1 + 1 dimensions: the sine-Gordon theory vs.
the massive Thirring model [24]. The sine-Gordon theory consists of a single scalar field with a
specific self-interaction. Besides the scalar particle, its spectrum contains a soliton. The Thirring
model contains a single Dirac fermion field with self-interactions. Remarkably, it turns out that
the fermion particle behaves in the same way as the soliton of the sine-Gordon theory, whereas the
sine-Gordon particle behaves in the same way as a fermion-antifermion bound state of the Thirring
model.
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to the masses and charges of certain classes of solitons (the BPS states, see the
following chapter). In these theories (and they include the superstring theories) we
are allowed to extrapolate the results from perturbation theory to arbitrary values
of the coupling and one indeed finds solid evidence for S-duality. Famous examples
are the Montonen-Olive electric/magnetic duality [25] of the N = 4 [26, 27] and
N = 2 [28,29] supersymmetric Yang-Mills theories in 3 + 1 dimensions.

Instantons

We mentioned that there are two kinds of particle-like solutions of classical field
equations. Apart from solitons, there also exist instantons. These are obtained as
finite-action solutions of the Euclidean field equations13 and play an important role
in the understanding of the vacuum structure of quantum field theories. Instantons
correspond to tunneling processes and give nonperturbative corrections to scattering
processes, i.e. contributions ∼ e−1/g2

.

1.2.2 String perturbation theory

After this digression into field theory, let us pick up the thread and return to strings.
As in field theory, we would like to compute the S-matrix. Now a serious problem
immediately presents itself. We do not have a string theoretical analog of the field
theoretical action S[φ] of the previous section14. Of course there is the action (1.1.2),
but it describes only a single string.

Let us, for the sake of argument, imagine that we do have such an action. As in
field theory, we would have a hard time identifying the physical degrees of freedom
of this action. So we would resort to perturbation theory: we would find the particle
spectrum and possibly bound states and solitons in a regime of the theory in which
spacetime is flat and the coupling constants are small. We would then move on to
calculate S-matrix elements.

13Recall that there is always an implicit Feynman iǫ-prescription in (1.2.3a), giving a small positive
imaginary part to the time coordinate t. We can Wick rotate the time integral to the imaginary axis,
which comes down to making the replacement t→ −iτ with τ real. The analytic continuation of the
fields is defined according to the tensor transformation law. For example, for a gauge field Aµ this
goes as At → iAτ and Ax → Ax, where t denotes the timelike direction and x a spacelike direction.
The result is a field theory on Euclidean spacetime, with an action defined by SE ≡ −iSM. One
can calculate amplitudes in this formalism and at the end of the day analytically continue back to
Minkowski signature.

14It should be mentioned that there does exist a string field theory (see [30] for a recent review).
Through its use one can obtain nontrivial results beyond the perturbation series. It has for instance
been applied successfully to the theory of tachyon condensation. Nevertheless, there are a number
of important properties of string theories that are not covered by string field theory. It is fair to
say that – at least until now – the effective action approach has proved to be a more useful tool for
studying the nonperturbative structure of string theories.
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Fortunately it turns out that we can carry out a part of this program without
knowing the underlying action. Indeed, we already know what the particle spectrum
looks like in this case. It is given by the excitations of open and closed strings, to
which we devoted the first part of this chapter. Moreover, there exists a recipe,
called string perturbation theory, that allows one to write down a perturbation series
for the S-matrix involving these excited states. Not only is this S-matrix physically
meaningful (i.e. unitary), it is even believed to be finite in the ultraviolet to every
order in perturbation theory15. Since the spectrum of the closed string includes the
graviton we argue that string theory gives a finite theory of perturbative quantum
gravity.

The perturbation series (1.2.6) in field theory has a well-known graphical represen-
tation in terms of Feynman graphs: the world-lines of the particles are represented by
lines, whereas the interactions are represented by vertices. Graphically, the expansion
in powers of gi is equivalent to an expansion in the number of loops in the Feynman
diagrams (since to every vertex we associate a factor gi). A similar representation
exists for strings. However, since strings are two-dimensional objects, the different
contributions to the S-matrix are not represented by graphs, but by compact punc-
tured surfaces. Each puncture corresponds to a certain incoming or outgoing asymp-
totic free string state. What kind of surfaces we allow depends on the string theory
in question. For oriented closed strings these are closed surfaces. For unoriented
closed strings, closed surfaces with crosscaps are also allowed. For oriented closed
and open strings we allow surfaces with boundaries16. The incoming/outgoing open
string states are represented by punctures on the boundaries. Finally, for unoriented
open and closed strings we allow for boundaries and crosscaps.

As in field theory, we can organize the series in terms of the topology of the
diagrams. We introduce a coupling constant λ (more on this later), and associate
a factor of e−λχ with each diagram17. Furthermore, with each string state i with
momentum18 kµ we associate a vertex operator Vi(k), which is constructed from the
operators of the two-dimensional field theory living on the world-sheet.

Up to this point our discussion of string perturbation theory has been completely

15The finiteness has been proved through all orders in perturbation theory in [31], but only in the
light-cone gauge. In the case of the covariantly quantized superstring, finiteness has been proved
for the one-loop amplitudes in the eighties (see e.g. [14, 15]) and, more recently, for the two-loop
amplitudes (see [32] for a review). Though a complete proof is still lacking, there seems to be no
reason to assume that the methods of [32] would not apply to higher orders in perturbation theory.

16A detailed investigation of the unitarity of the S-matrix reveals that a theory with open strings
necessarily includes closed strings, whereas the opposite does not hold. Indeed, two open strings can
join at their endpoints to form a closed string.

17χ is the Euler number of the surface under consideration. It depends only on the topology and
is given by χ = 2− 2g− b− c, where g, b and c are the number of handles, boundaries and crosscaps
of the surface, respectively.

18We employ the convention that for incoming states the momenta are positive, kµ = (E,~k),

whereas for outgoing states they are negative kµ = −(E,~k).
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general. In the following, we will limit ourselves to the bosonic string. The case
of the superstrings is conceptually not very different, but is technically a lot more
complicated.

In bosonic string theory the vertex operators are constructed using the Xµ fields
of (1.1.3). We have for example

Vtachyon(k) ∼
∫

∂Σ

ds eik·X , (1.2.8)

for an open string tachyon – note that the integral runs over a boundary of the world-
sheet – and

Vgraviton(k) ∼ 1

ℓ2s

∫

Σ

d2σ ζµν

√−γ γαβ∂αX
µ∂βX

ν eik·X , (1.2.9)

for a graviton with polarization ζµν . Actually, these expressions have to be normal
ordered, but let us not worry about the details here. The relative normalization of the
different vertex operators can be fixed by unitarity whereas the overall normalization
is a convention. An n-particle T -matrix element is then given by the Polyakov path
integral

iTi1···in
(k1, . . . , kn) =

∑

topologies

e−λχ

∫
[dγ dX]

Vgauge
Vi1(k1) · · ·Vin

(kn) e−SP [γ,X], (1.2.10)

where SP [γ,X] is the ‘Euclideanized’ version19 of (1.1.3).
In the path integral we sum over all physically distinct geometries of the world-

sheets and their embeddings in spacetime20. Hence we need to divide out the volume
Vgauge of the diffeomorphism and Weyl gauge group. This is achieved by going to the
conformal gauge, which is always possible locally as we have seen. However, there are
complications due to the nontrivial topologies of the world-sheets. First of all, it turns
out that it is impossible to bring the metric γαβ to the form (1.1.8) globally21 when
χ ≥ 0. However, we are mainly interested in the tree-level diagrams – the sphere and
disk topologies – and there this issue does not arise. More important for us is that

19We have Wick rotated the time direction of the world-sheet. The advantage of this is that we can
use results from Riemannian geometry, such as the Gauss-Bonnet theorem. The Euclidean version of
the path integral has been shown to be completely equivalent to treatments in Minkowski signature,
see e.g. [14,15].

20One also needs to integrate over the possible positions of the punctures on the world-sheet. This
is the reason for the integrals in the definition of the vertex operators (1.2.8) and (1.2.9).

21It turns out that γαβ can be fixed up to a certain finite number of parameters, the moduli. The
path integral over γαβ thus reduces to an integral over the moduli space. An important issue is then
to find a measure on moduli space. This is relatively straightforward for the bosonic case, but in the
case of the RNS superstring – where one considers supersurfaces – this is much more difficult. The
one-loop case has been dealt with a long time ago and is treated in the textbooks, but the general
case was only solved recently by d’Hoker and Phong (see again [32] for a review).
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Figure 1.2.1. The six cyclically inequivalent orderings of the vertex operators on the
boundary of the open string disk amplitude.

at tree-level22 there are gauge symmetries that are not fixed by the conformal gauge
choice. We encountered these before when we discussed the quantization of the free
string. There we used them to go to the light-cone gauge. Now we can use them to
fix the position of some of the punctures. For the sphere topology, we can fix three of
the closed string vertex operators at arbitrary positions on the world-sheet. For the
disk topology, we can fix the positions of three of the open string vertex operators
on the boundary. However, it turns out that we can not fix the cyclic ordering of
the vertices. So we still need to sum over the cyclically inequivalent orderings of the
vertices.

Let us illustrate the above by treating an example of a string theory scattering
process. We will focus on the ordering of the vertices and refer to chapter 6 of [15]
for calculational details. We consider elastic scattering of two open string tachyons.
The incoming tachyons have momenta k1, k2 and the outgoing tachyons k3 and k4.
We define the conventional Mandelstam variables:

s = −(k1 + k2)
2, t = −(k1 + k3)

2, u = −(k1 + k4)
2. (1.2.11)

They satisfy the relation

s+ t+ u =
∑

i

m2
i = − 4

α′
. (1.2.12)

At tree level, this scattering process is associated with a disk diagram with four vertex
operators on the boundary. Let us parametrize the boundary by an angular variable

22At one-loop (χ = 0) there are also residual gauge symmetries. They act on the moduli. This
modular invariance is responsible for the finiteness of the one-loop amplitudes.
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θ ∈ [0, 2π). We fix the position of three vertex operators: #1 at θ1, #2 at θ2 and
#3 at θ3, with θ1 < θ2 < θ3. The integral over the position θ4 of #4 splits in three
pieces, θ3 < θ4 < θ1, θ1 < θ4 < θ2, and θ2 < θ4 < θ3. In addition, there are
three contributions from interchanging #2 and #3. So we get a total of six cyclically
inequivalent orderings of four open string vertex operators on the disk. It turns out
that these six integrals give results that are equal up to an interchange of vertex
operators. They are proportional to I(s, t) with:

I(s, t) =
Γ(−1− α′s)Γ(−1− α′t)

Γ(−2− α′s− α′t)
, (1.2.13)

an expression known as the Veneziano amplitude. The complete amplitude is

iT (4)(k1, . . . , k4) = 2i e−λ (2π)26δ(26)(k1+. . .+k4)
(
I(s, t)+I(t, u)+I(u, s)

)
. (1.2.14)

The first term comes from the ordering 1243 and 1342, the second from 1423 and
1324, the third from 1234 and 1432, see figure 1.2.1.

1.2.3 Low-energy approximation

Now that we have seen that it is possible to do perturbation theory of strings on flat
spacetime, we would like to know more about the nonperturbative structure of string
theories. In particular, we want to know what kind of solitons a given string theory
contains. As explained above, this implies that we need solutions to the classical
equations of motion of the strings. We do not know these equations, but we do know
what these equations look like at low energies. They are field equations.

Because strings are extended objects, their interactions are intrinsically nonlocal.
This nonlocality manifests itself in the infinite tower of massive string excitations,
a phenomenon that does not occur in local field theories. At energies below ℓ−1

s

however, the massive modes of the strings are never produced in scattering processes,
though they do appear as virtual particles and give rise to interactions between the
massless modes. These interactions are short-ranged – i.e. distances smaller than ℓs –
and are therefore effectively local at low energies. And thus, according to Weinberg’s
conjecture23, string theories reduce to field theories at energies below the string scale
ℓ−1
s .

So instead of studying nonperturbative effects directly in string theory, we can
use the low-energy effective field theory. Of course, because of the presence of the
tachyon, it is not completely clear how we should interpret phrases like “low-energy
limit” in the case of the bosonic string. We will simply ignore this issue and continue
with our discussion of the bosonic string as if the tachyon did not exist at all. After
all, it will not bother us in the case of the superstring, which is our real interest.

23Weinberg’s conjecture states [33,34] that any Poincaré invariant quantum theory of particles with
local interactions can be modeled by a quantum field theory. No counterexamples to this conjecture
are known.
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High energy Low energy

1. GSW model (leptons, W±, Z) Fermi theory (leptons)
2. QCD (quarks, gluons) Chiral perturbation theory (mesons,

hadrons)
3. MSSM (superpartners) Standard model
4. Technicolor (composite Higgs) Standard model
5. General relativity on R

1,3 × S1 General relativity with U(1) gauge
field and scalar field on R

1,3

6. Superstring theories Supergravity theories

Table 1.2.1. Some examples of effective field theories in high-energy physics. Cases 1 and
2 are realized in nature, whereas the others exist only in the theoretician’s notebook – at
least for now. Case 2 illustrates that the low-energy degrees of freedom may be completely
different from those appearing in the underlying field theory. Case 3 and 4 illustrate that
different theories can have the same low-energy limit. Case 5 is the famous scenario of Kaluza
and Klein: space may be more than three-dimensional. Case 6 is the outcome of the first
“superstring revolution” of the 1980’s.

Wilsonian effective actions

Let us review some of the ideas behind the use of effective field theories. See [33] for
a nice nontechnical review and e.g. [13,35,36] for elementary treatments. The typical
situation is as follows: we are given a relativistic quantum theory with a characteristic
energy scale Λ and are interested in the dynamics of this theory at energies below this
scale. We then try to write down an effective theory that captures this dynamics.

For convenience, we analytically continue to Euclidean space, since then the con-
dition |k| < Λ, where |k|2 = kµk

µ, always implies small momenta and energies. We
denote the momentum space components of the fields collectively by φ(k) and consider
the following split into low- and high-frequency modes:

φ(k) = φL(k) + φH(k), (1.2.15)

where – using the Heaviside step function θ –

φL(k) = φ(k) θ(Λ− |k|), φH(k) = φ(k) θ(|k| − Λ), (1.2.16)

If we interpret the bosonic string as a field theory with an infinite number of massive
fields, the φH(k) would include all these massive fields but also the high-frequency
modes of the massless fields. We perform the path integral over the high-frequency
modes ∫

[dφL(k) dφH(k)] e−S[φL,φH] ≡
∫

[dφL(k)] e−Seff,Λ[φL], (1.2.17)
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where the effective action is defined as

e−Seff,Λ[φL] ≡
∫

[dφH(k)] e−S[φL,φH]. (1.2.18)

By locality, we can expand the effective action in a series of local operators Oi(φ) as
in (1.2.5):

Seff,Λ[φ] = Sfree[φ] +
∑

i

∫
ddxΛd−∆i λi(Λ)Oi(φ), (1.2.19)

where ∆i is the dimension of Oi(φ) in units of mass, and we defined dimensionless
coupling constants λi(Λ) ≡ Λ∆i−d gi(Λ).

Since the effective field theory is defined with a cut-off Λ, it gives results that
are finite24. This does not remove the need for renormalization, of course, since we
still need to relate the bare parameters in the effective Lagrangian to quantities that
we actually measure in experiments. Note that the Lagrangian contains an infinite
number of nonrenormalizable operators. Before the 1970’s it was thought that the
appearance of such terms spells disaster for any field theory. For example, it was
widely believed that a perturbative quantization of general relativity is impossible.
Since the work of Wilson (and many others, see [37] for an early review) these issues
have been better understood, as we will see in a minute25.

For a process at energy E we expect on dimensional grounds that
∫

ddxOi ∼
E∆i−d. From this estimate we obtain the classical scaling behavior of the λi’s as we
lower the energy26:

λi(E) = λi(Λ)

(
E

Λ

)∆i−d

. (1.2.20)

We can recast this in the following form

E
dλi

dE
= (∆i − d)λi(E) + βi(λj), (1.2.21)

where we added the renormalization group beta-functions βi(λj). They contain the
quantum corrections to the classical scaling behavior, due to the effects of low-energy
modes running in loops; the high energy modes were already taken into account in
(1.2.18).

Now for the punchline: the effects of operators Oi for which ∆i − d > 0 become
smaller and smaller as we lower the energy at which we investigate our system. These

24Except for the usual infrared divergences, which are harmless.
25Though the modern point of view on nonrenormalizable field theories has been around for over

thirty years, it for some reason only made its way into a textbook at the advanced undergraduate
level in 1995 [36].

26This is renormalization: the interchange of “bare” variables in the Lagrangian with variables
that are natural for the energy scale under consideration.
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∆i − d low-energy behavior RG terminology traditional term.

< 0 increasing relevant superrenormalizable
= 0 constant marginal renormalizable
> 0 decreasing irrelevant nonrenormalizable

Table 1.2.2. The low-energy behavior of an operator Oi is – in perturbation theory –
dominated by its classical scaling, which is governed by the dimension ∆i of the operator.

operators are called irrelevant. Operators for which ∆i − d < 0 are called relevant.
Their effects become larger at low energies. The operators that do not scale classically
are called marginal. Generically, they do scale as a result of the quantum corrections,
but only with the logarithm log(E/Λ) of the ratio of energy scales and not a power.

At low energies, the physics of a perturbative quantum field theory is dominated by
a finite number of operators (the relevant and marginal ones), or, in their absence, by
the leading order irrelevant operators. Not only does this explain why the quantum
field theories that are used in “low energy” particle physics are renormalizable, it
also solves the traditional problems with nonrenormalizable interactions [38]. As is
well known from renormalization theory, once we include a single nonrenormalizable
operator in a theory, we need to include them all27. But now that we take the idea of
a physical ultraviolet cut-off seriously, we see that we only need take into account a
finite number of these interactions for the determination of physical quantities up to
a given accuracy. The vast majority of these operators are suppressed by sufficiently
high powers of E/Λ to render them unobservable.

Thus ‘nonrenormalizable’ theories like general relativity are predictive as long as
we use them only at energies well below the cut-off28. In fact, they even predict where
this cut-off lies. Consider for example two-graviton scattering in four dimensions.
Since Newton’s constant GN has mass dimension −2 we find the following dependence
of the amplitude M on the center of mass energy E:

M(E) = GN +G2
NE

2 +G3
NE

4 + . . . = GN(1 +GNE
2 +G2

NE
4 + . . .). (1.2.22)

At energies E ∼ 1/
√
GN ≡MPlanck the second term in this series becomes of the same

size as the first: perturbation theory breaks down and the theory is cut off at the
Planck mass MPlanck. If a theory has more than one type of interactions, we deduce
in this way the existence of a high-energy cut-off Λi for each of these interactions.
Since the effective description breaks down already at the smallest of these Λi, we can
rightfully call that particular Λi the cut-off Λ.

27This follows from the usual power counting for Feynman diagrams. As we go to ever higher
orders in perturbation theory, we need to include ever more counterterms in the Lagrangian.

28The effective action approach has been used to calculate for example quantum corrections to
Newton’s law [8, 39]. We refer to [40] for a more complete list of references and to [11, 41, 42] for
lectures on this topic.
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In contrast, the relevant operators indicate a breakdown of the perturbative treat-
ment of a theory at low energies, at a scale E0 say29. As discussed above, one then
expects new degrees of freedom that are associated with non-perturbative effects
(solitons, bound states) to play the dominant role. Unless there are powerful non-
renormalization theorems at work, we can no longer make any reliable calculations in
the theory. The best one can hope for is that one can identify these new degrees of
freedom (either by analyzing the original theory or by means of experimental input)
and that they are weakly coupled, so that it is possible to write down a new effective
theory valid at energies below E0.

A last remark about the marginal operators. It useful to divide these further in
three classes: the marginally relevant, marginally irrelevant and exactly marginal op-
erators, which respectively increase or decrease in size due to quantum corrections,
or stay exactly constant when one lowers the energy. The above discussion on the
(ir)relevant operators also applies to the marginally (ir)relevant case, with the under-
standing that the scaling is now proportional to log(E/Λ).

Obtaining the effective action

It is often impractical or even impossible to do the integral in (1.2.18) explicitly. One
relies rather on indirect methods. The most straightforward procedure is a matching
calculation, which follows the following recipe:

1. Identify the low-energy degrees of freedom of the theory under consideration.

2. Identify the symmetries of the low-energy degrees of freedom30.

3. Write down the most general Lagrangian with the fields of step 1 and the sym-
metries of step 2. This Lagrangian has the form of equation (1.2.5).

4. Calculate amplitudes in both the underlying theory and the effective theory
and Taylor expand these amplitudes in powers of E/Λ. Compare the results to
determine the coupling constants of (1.2.5).

29An exception are mass terms, since they can be treated exactly. Their presence leads to yet
another issue that goes under the name of the hierarchy problem. When a mass term is not protected
by a nonrenormalization theorem, it blows up at low energies. The result is that the associated field
is integrated out, unless the original value m(Λ) at the cut-off is fine-tuned to an unnaturally small
value. Symmetries that can give rise to suitable nonrenormalization theorems are gauge invariance
for spin ≥ 1, chirality for fields of spin 1

2
and supersymmetry or the Goldstone mechanism for

spin 0. We already mentioned in the introduction to this thesis that the hierarchy problem of the
Higgs particle in the Standard Model is one of the major motivations for the introduction of low-
energy supersymmetry. For a more detailed account of these and other arguments for low-energy
supersymmetry see the following reviews [34,43,44].

30Some of these symmetries can be recognized immediately from the low-energy spectrum. For
example, if the spectrum contains a massless spin 1 particle, the effective action needs to be gauge
invariant. Similarly, a massless spin 2 particle implies general covariance and a massless spin 3

2
particle local supersymmetry.
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Obviously this method is particularly useful when the underlying theory is weakly
coupled. The low energy degrees of freedom are then easy to recognize and amplitudes
easy to calculate. This is for example the case for perturbative string theory, where
the role of the cut-off is played by 1/ℓs. In chapters 3 and 4 we apply this method to
the tree-level sector of the open superstring and discuss step 3 and 4 of the procedure
in some detail. In this chapter however (section 1.2.4), we will discuss a different
approach to the construction of effective actions in string theory.

Quantum effective actions

The Wilsonian effective action (WEA) is not the only “effective action” that occurs
in quantum field theory. There also exists an object called the quantum effective
action (QEA), which is in principle very different from the Wilsonian action, but can
resemble it in certain special cases31. This often leads to confusion. It is for this
reason that we devote the remainder of this section to a discussion of the QEA. The
QEA is treated in any good modern book on quantum field theory. A particularly
clear discussion can be found in [34]. A discussion on the relations between the QEA
and WEA from a somewhat different viewpoint can be found in [45].

Let us consider again a generic field theory with fields φ and an action S[φ].
The quantum effective action Γ[φ] is by definition the generating functional of the
amputated one-particle irreducible diagrams (1PI) of this theory.

Γ[φ] ≡
∑

n

1

n!

∫
ddx1 · · · ddxn Γ(n)(x1, . . . , xn)φ(x1) · · ·φ(xn). (1.2.23)

Γ can therefore be viewed as a classical field theory that encodes all the quantum
information of the underlying field theory. The interaction vertices obtained from
(1.2.23) are the 1PI diagrams of S[φ]; Γ reproduces thus already at tree-level all the
amplitudes of S[φ].

It is also possible to write down a QEA for only a subset ϕ of the fields φ, i.e.
we simply only consider 1PI diagrams with ϕ’s as external lines. This is for instance
useful when studying anomalies, where one is only interested in the behavior of a
certain restricted set of Feynman diagrams. The anomaly then manifests itself as the
non-invariance of the QEA under a symmetry transformation of the fields ϕ.

Or we could restrict ourselves to the 1PI diagrams of the light fields only, like
the massless sector of a perturbative string theory. The QEA for these fields is a
horrible nonlocal object that is not known explicitly (for instance, not all amplitudes
have been calculated in string theory). To make the situation more tractable, we can
consider the low-energy expansion of these 1PI diagrams in powers of ℓsE. We then

31Some field theory texts define yet a third type of effective action when discussing gauge theo-
ries. This action is simply defined as the ordinary gauge invariant action plus gauge fixing terms.
Fortunately, this action is (almost) never confused with the WEA and QEA.



34 Strings and D-branes

talk about the low-energy QEA for the massless fields, an object that takes a form
similar to (1.2.5). Note that this object is not equal to the Wilsonian action! Indeed,
the QEA incorporates the effects of loops of all fields (and is hence infrared divergent
due to the massless particle loops), whereas the WEA only contains the effects of
loops involving massive particles (the so-called threshold corrections).

When we stick to the tree-level or classical approximation however, we do not
see the effects of loops. Therefore the tree-approximation of the Wilsonian effective
action is equal to the low-energy approximation of the tree-level quantum effective
action for the massless modes. This is quite a mouthful, so in practice one simply
talks about the effective action32.

Note that at leading order in the quantum corrections, Γ[φ] is given by just S[φ].
We can thus simply read off the elementary vertices of S by functional differentiation,
which sometimes provides a more efficient means of obtaining the Feynman rules
than by expanding the partition function Z as in (1.2.6). We can not obtain the
propagators in this way, though.

1.2.4 Strings on curved backgrounds

Up to now we only discussed strings in flat spacetime. What about strings in curved
spaces? A possible starting point is the Polyakov action (1.1.3) with the replacement
ηµν → gµν(X). We can think of this as a string moving in a coherent background of
gravitons. But the graviton is itself an excited state of the string, so we can generalize
this by also turning on backgrounds for the other massless fields. The resulting action
has the form of non-linear σ-model:

Sσ-model = S[g,B] + S[A] + S[Φ], (1.2.24a)

It is obtained by writing down the most general 2-dimensional action with at most
two world-sheet derivatives and the right symmetries (i.e. general covariance on the
world-sheet and in the target space, gauge invariance and local Weyl invariance). The
graviton and the 2-form contribute as follows:

S[g,B] = − 1

4πα′

∫

Σ

d2σ
√−γ

(
γαβgµν(X)− εαβBµν(X)

)
∂αX

µ∂βX
ν . (1.2.24b)

The integral is over the entire world-sheet Σ, which reflects the fact that closed string
vertex operators are inserted in the bulk of Σ. The open string gauge field Aµ couples
to the boundary ∂Σ, hence:

S[A] = −
∫

∂Σ

ı∗A(1) =

∫ ∞

−∞

ds
[
Aµ∂sX

µ
∣∣
σ=ℓ
−Aµ∂sX

µ
∣∣
σ=0

]
. (1.2.24c)

32This sloppy use of terminology is probably the main cause of the confusion that sometimes arises.
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This expression should be familiar: it describes the coupling of a point particle to an
electromagnetic field. Thus the endpoints of open strings carry a charge under the
gauge field Aµ. Similarly, from (1.2.24b) we see that the strings are charged w.r.t.
the 2-form B(2). Finally, we have the coupling to the dilaton:

S[Φ] = − 1

4π

∫

Σ

d2σ
√−γ R[γ] Φ(X)− 1

2π

∫

∂Σ

dsK[γ] Φ(X), (1.2.24d)

where R[γ] is the 2-dimensional curvature scalar. The boundary term involves the
extrinsic curvature K[γ] [46, 47] and is added to cancel the total derivative that is
obtained by varying R[γ]. The various signs and factors in the above equations are
conventional. This fixes the normalization of the massless fields in terms of the nor-
malization of the associated vertex operators. The fields have the following dimensions
in units of mass: [Gµν ] = [Bµν ] = [Φ] = 0 and [Aµ] = +1.

The invariance of (1.2.24) under the gauge transformations of the 2-form B is
somewhat subtle. (1.2.24b) transforms as

−2πα′ δS[g,B] = δ

∫

Σ

ı∗B(2) =

∫

Σ

ı∗dΛ(1) =

∫

Σ

dı∗Λ(1) =

∫

∂Σ

ı∗Λ(1).

This is canceled by assigning a Λ(1) transformation to A. The invariance under the
gauge transformation Λ(0) of A follows since “boundaries do not have boundaries”,
i.e. ∂∂Σ = ∅. We thus have:

δB(2) = dΛ(1), δA(1) = dΛ(0) − 1

2πα′
Λ(1). (1.2.25)

We define for later use the following gauge invariant expression (where F = dA):

F ≡ B + 2πα′F. (1.2.26)

The Euclidean version of (1.2.24) appears in the Polyakov path integral (1.2.10). By
using the Gauss-Bonnet theorem (see e.g. [48])

χ =
1

4π

∫

Σ

d2σ
√
γ R+

1

2π

∫

∂Σ

dsK (1.2.27)

we see that if the dilaton background has a constant value Φ0, the path integral is
weighted by a factor

e−λχe−SE[Φ0] = e−(λ+Φ0)χ. (1.2.28)

Thus it is actually the combination λ + Φ0 which plays the role of a coupling “con-
stant”. We put λ to zero by redefining the dilaton with a constant shift. Every
string diagram now appears with a factor g−χ

s , where the string coupling constant gs

is determined by the vev of the dilaton:

gs ≡ eΦ0 . (1.2.29)
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Since the background fields depend on the scalars Xµ, the σ-model (1.2.24) defines an
interacting 2-dimensional quantum field theory which we can no longer expect to solve
exactly, except in certain special cases. Let us focus on closed strings and investigate
the first term in (1.2.24b). As in our previous discussion on solitons we first pick a
vev Xµ

0 for Xµ(τ, σ) and subsequently quantize small fluctuations xµ around this vev,
Xµ(τ, σ) = Xµ

0 + xµ(τ, σ). We expand gµν(X) in powers of xµ. This is facilitated by
using the target space diffeomorphisms to introduce Riemann normal coordinates:

gµν(X) = ηµν −
1

3
Rµρνσ(X0)x

ρxσ +O(x3). (1.2.30)

The leading order term gives just the free field theory discussed earlier in this chap-
ter. The corrections can be treated perturbatively. This is a valid approximation as
long as ℓs/ℓc ≪ 1, where ℓc = 1/

√
R is the radius of curvature of the target space.

In this regime we can also use the low energy Wilsonian effective field theory with
confidence33. The Wilsonian effective action can be obtained from the σ-model as
follows. The symmetries of the free field theory action (1.1.3) are crucial in obtaining
a consistent quantization of the string since they are responsible for the decoupling of
unphysical degrees of freedom (we removed these by imposing the light-cone gauge).
However, we are now dealing with an interacting field theory in which, as we have
seen, the coupling constants are generically not invariant under changes of scale.
Thus the Weyl symmetry is ruined unless the renormalization group β-functions for
the couplings gµν , Bµν and Φ vanish. We interpret these β-functions as classical field
equations. At leading order in α′ and gs they are obtained by varying the following
target space action (in d = 26):

S =
1

2κ2
0

∫
e−2Φ

(
R ∗1 + 4∗dΦ ∧ dΦ− 1

2
∗H ∧H +O(α′)

)
, (1.2.31)

whereH = dB. The constant κ0 is arbitrary: fixing it fixes the absolute normalization
of the vertex operators. The overall power of e−2Φ comes from the fact that this is
a closed string tree-level (χ = 2) result. This action is written in the so-called string
frame: the metric gS

µν in (1.2.31) is the one that appears in (1.2.24b). It is related to

the Einstein frame metric gE
µν as follows (keeping d explicit):

gE
µν = e−

4
d−2 φgS

µν , (1.2.32)

where we defined a shifted dilaton φ ≡ Φ−Φ0 such that its vev 〈φ〉 = 0 vanishes. In
the Einstein frame the action (1.2.31) has the canonical Einstein-Hilbert term:

S =
1

2κ2

∫ (
R ∗1− 4

d− 2
∗dφ ∧ dφ− 1

2
e−φ ∗H ∧H

)
. (1.2.33)

33Actually the requirement that ℓs/ℓc ≪ 1 is already implicit in (1.2.24), since we considered only
background vevs for the massless fields.
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Here κ ≡ κ0gs is related to the 26-dimensional Newton’s constant34 as κ2 = 8πGN.
Now that we know the low-energy effective field theory of the closed string, we can

look for classical solutions and see whether there are any solitons. We will quickly
review how this works for the ten-dimensional supergravities in the next chapter. By
incorporating the α′-corrections to the effective action one can obtain information
about the “stringy” corrections to these classical solutions. That is, we can study the
short-distance structure of a theory by means of effective field theory methods. In
particular, the field equations of theories like electromagnetism and general relativ-
ity have physically interesting classical solutions that are singular at some point in
spacetime (e.g. charged point particles and black holes). Such singularities simply
indicate that the theory breaks down at such points; one expects that stringy effects
take over and that the singularities are “smoothened out”.

Although we will not investigate explicit α′-corrections to soliton solutions in this
thesis, we will devote a considerable amount of time to the starting point of such
an analysis: the determination of the α′-corrections to the effective action of open
superstrings (and hence D-branes, see below) in chapters 3 and 4. For α′-corrections
to the closed string effective action we refer to [49–51].

1.3 D-branes & T-duality

Usually, the soliton solutions of the effective field theory correspond to nonperturba-
tive effects in string theory. These solitons can therefore not be described with the
methods of perturbative string theory as developed in the previous sections. There is
an important exception however: the D-branes. In the effective field theory regime,
they arise as a certain class of p-brane solutions of the type II supergravities. They
turn out to be the same objects as the hyperplanes that support open strings with
Dirichlet boundary conditions. We will review the evidence for this remarkable fact
in the following chapter.

In the remainder of this chapter we will treat D-branes in bosonic string theory.
As before, we do this in the understanding that – if we ignore the tachyon – the
results still hold in the case of the superstrings. There are some important aspects
of supersymmetric D-branes that do not have a bosonic counterpart though, and we
will mention these in the next chapter.

We will first look at a configuration with open strings ending on a single D-
brane. We then move on to the simplest compactification scenario, i.e. one periodic
dimension, and T-duality. Matters become considerably more complicated when we
discuss configurations with multiple D-branes.

34Newton’s constant is defined so that Einstein’s equations read Rµν − 1
2
gµνR = 8πGN Tµν .

Newton’s law for the gravitational potential of a mass M in d dimensions then becomes Φ(r) =
−γM/Rd−3, where γ = 8πGN/(d − 2) volSd−2. Here volSd−1 = 2πd/2/Γ(d/2) is the volume of a
(d− 1)-sphere.
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This section serves as the motivation and as background material for the work
that we review in chapters 3 and 4.

1.3.1 Single D-brane

We consider a single Dp-brane, and align our coordinate axes such that the brane’s
world-volume is parallel to the 0, 1, . . . , p directions and transverse to the other d−p−1
directions. It is located at position xa = x̄a, a = p+1, . . . , d−1. We single out the pth
direction to define light-cone coordinates x± = (x0 ± xp) and denote the remaining
directions by xi, i = 1, . . . , p− 1.

The quantization of an open string with both endpoints on the D-brane is similar
to the quantization of the freely moving string. The only thing that changes are the
boundary conditions in the a-directions:

Xa(τ, 0) = Xa(τ, ℓ) = x̄a, (1.3.1)

which give rise to the mode expansion

Xa(τ, σ) = x̄a +
√

2α′
∑

n6=0

1

n
αa

ne−inπτ/ℓ sin
nπσ

ℓ
. (1.3.2)

The sum still runs over the integers n and the oscillators satisfy αa
−n = (αa

n)†. In
contrast to the xi

0, however, the x̄a’s are not dynamical variables and should not be
quantized. The directions along the brane (with Neumann boundary conditions) are
treated exactly as before.

After some work, we obtain:

[αa
m, α

b
n] = mδabδm+n. (1.3.3)

This is the same relation as that for the i-oscillators (1.1.34b), hence the normal
ordering constant is unchanged:

a =
1

2

∞∑

n=1

[αi
n, α

i
−n] +

1

2

∞∑

n=1

[αa
n, α

a
−n] = [(p− 1) + (d− p− 1)]× 1

2

∞∑

n=1

n, (1.3.4)

i.e. a = −(d−2)/24. Since the string does not move in the a-directions, its momentum
is zero in those directions, pa = 0. Hence we still haveM2 = 2p+p−−pipi, even though
i runs only from 1 to p− 1 instead of d− 2, and thus:

M2 =
1

α′
(N‖ +N⊥ − a), (1.3.5)

where

N‖ =

∞∑

n=1

αi
−nα

i
n, N⊥ =

∞∑

n=1

αa
−nα

a
n. (1.3.6)
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The ground state of the string is given by |0, k〉, where k = (k+, ki). It is annihilated
by all the lowering operators, αi

n|0, k〉 = αa
n|0, k〉 = 0 for all positive n, and has

N‖ = N⊥ = 0, and mass M2 = −a/α′. Again, this is a tachyon since we will
presently see that a = 1.

Instead of a single level N = 1 with M2 = (1 − a)/a′, we now have two different
possibilities for creating states with this mass, namely those with (N‖, N⊥) = (1, 0) or
N‖, N⊥) = (0, 1). We thus act with the i-oscillators to obtain states αi

−1|0, k〉, which
comprise a vector of SO(p− 1), and with the a-oscillators to obtain states αa

−1|0, k〉,
which comprise a vector of SO(d− p− 1).

Because of the presence of the Dp-brane, the SO(1, d−1) Lorentz invariance of the
vacuum is broken to SO(1, p)×SO(d− p− 1). As far as the center of mass motion of
the open string is concerned, the SO(1, p) factor is simply the Lorentz group, whereas
the SO(d − p − 1) factor is an internal symmetry group. We therefore expect that
massless particles fall into multiplets of SO(p− 1)× SO(d− p− 1) whereas massive
particles are associated with SO(p)× SO(d− p− 1).

So, just as before, we conclude that we need to take a = 1 and hence d = 26. The
presence of D-branes does not change the critical dimension. This is a good thing,
since the open strings can interact to produce closed strings, which are free to move
anywhere in the bulk and necessarily live in 26 dimensions.

The lowest lying states of the open string on a Dp-brane are thus a scalar tachyon
To with M2 = −1/a′, a massless U(1) vector field Aα, with α = 0, . . . , p and a
(d− p− 1)-plet of massless scalars Φa.

These fields live on the world-volume of the Dp-brane. To actually prove this,
one would need to study the interactions of these open string states with the closed
strings in the bulk and show that these are indeed localized in the vicinity of the brane.
A simple physical explanation is the following: since the open string endpoints are
fixed at the brane, the string needs to be stretched in order to interact with closed
strings that are located at a large distance from the brane. Because of the string’s
tension, such interactions will be highly suppressed at energies well below 1/α′. We
can equivalently view the D-brane as an object with a thickness of roughly a string
length ℓs.

Not only does there live a Maxwell-like gauge theory on the Dp-brane’s world-
volume, it turns out that the brane itself is a dynamical object in its own right. Indeed,
the Dirichlet boundary conditions cause momentum to flow from the open strings
into the D-brane. The D-brane thus possesses a non-zero energy density. It therefore
couples to the graviton and is dynamical. Note the nice interplay between stringy
arguments (boundary conditions) and field theoretic arguments (general covariance).
The scalar fields Φa describe small fluctuations of the Dp-brane, transverse to its
world-volume.

We are interested in the low-energy effective description of these fields. This will be
a (p+1)-dimensional field theory, which also includes couplings to the massless closed
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string fields in the bulk via their pull-backs to the world-volume. Not surprisingly, this
action is not known completely, since it involves an infinite series with arbitrarily high
powers of the fields, their field strengths and curvatures, and derivatives. However,
in the case that the fields are slowly varying, it turns out to be possible to resum
the complete α′-expansion. One obtains the effective action in an elegant closed
form, known as the Dirac-Born-Infeld action [52, 53]. Stated more precisely, if we
parametrize the world-volume Σ of the brane with coordinates σα = (σ0, . . . , σp) and
neglect all terms involving more than two world-volume derivatives ∂α or one or more
spacetime derivatives ∂µ, the tree-level effective action for a Dp-brane is:

SDBI[A,X] = −Tp

∫
dp+1σ e−Φ

√
−det (Gαβ +Bαβ + 2πα′Fαβ), (1.3.7)

where the (string frame) metric and two-form are pulled back:

Gαβ ≡ (ı∗g)αβ = gµν∂αX
µ∂βX

ν , Bαβ ≡ (ı∗B)αβ = Bµν∂αX
µ∂βX

ν . (1.3.8)

The scalars Xµ describe the embedding of the brane in spacetime. The dependence on
the dilaton follows because this is an open string tree-level result. Note the appearance
of Fαβ as defined in (1.2.26). Tp is the tension of the Dp-brane as measured with the
string frame metric. To determine it explicitly, one needs to compare a string theory
amplitude with its effective field theory counterpart. See section 8.7 of [15] for an
explicit calculation. The result is

τp =

√
π

16κ
(2πℓs)

11−p, (1.3.9)

where we defined the physical value (i.e. Einstein frame) of the tension τp ≡ Tpe
−Φ0 ,

where Φ0 is the vev of the dilaton. The value of κ depends on the arbitrary overall
normalization of the string vertex operators, for which we will introduce a conve-
nient convention in the next chapter that will simplify the expression (1.3.9). The
dependence on ℓs follows from dimensional analysis. Also, the ratio τp/τp−1 does not
depend on p. This is actually required by T-duality as we will see below. Note that al-
though in the limit that gs → 0 the D-brane becomes infinitely massive (τp →∞), the
gravitational interaction of the brane vanishes, since this is governed by κ2τp ∼ gs.
Thus the expression (1.3.9) is consistent with the description of D-branes as rigid
hyperplanes in perturbative string theory.

The embedding fields Xµ are not all physical. We can use the world-volume
diffeomorphisms δσα = ξα to go to the static gauge, where we recover the scalar fields
Φa:

Xα = σα, Xa = Φa. (1.3.10)

In flat spacetime – gµν = ηµν , Bµν = 0, Φ = Φ0 – we get Gαβ = ηαβ + ∂αΦa∂βΦa

and thus obtain

SDBI = −τp
∫

dp+1σ
√
−det (ηαβ + ∂αΦa∂βΦa + 2πα′Fαβ). (1.3.11)
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In chapter 3 we will discuss derivative corrections to this action.

1.3.2 Compactification and T-duality

String theory predicts the existence of extra spatial dimensions beyond those we have
observed up to today. If we are to obtain realistic physics from string theory, we have
to find ways to effectively reduce the number of dimensions. One way to proceed
is by compactification, i.e. one considers strings living on spacetimes with compact
spatial directions. These backgrounds have to satisfy the field equations of (1.2.31).
In the following we will consider the simplest scenario – the circle reduction. We refer
the reader to [54] for a recent review of the (huge) field of string phenomenology and
entry points into the literature.

That compactification works follows from an elementary property of quantum
theories on compact spaces: the momenta along the compact directions are quantized.
Consider a one-dimensional quantum system on a circle of radius R. The position
eigenstates |x〉 and |x + 2πR〉 represent the same physics, thus in particular 〈x|p〉 =
〈x + 2πR|p〉, with |p〉 a (bosonic) momentum eigenstate. Since 〈x|p〉 ∼ eipx, p is
quantized: p = k/R, with k integer. At energies below 1/R only the state with k = 0
can be excited and the compactified dimension will be invisible. Above 1/R we see
the infinite tower of Kaluza-Klein states. Note that the wave function 〈x|p〉 for the
k = 0 state is independent of x.

The discussion in this section will be limited to flat spacetime. The inclusion of
gravity reveals additional interesting features that we will discuss in later chapters.

Let us consider the closed bosonic string in flat spacetime, but this time take
spacetime to have the nontrivial topology R

d−1×S1, i.e. x25 is periodically identified
x ∼= x+2πR, where R is the radius of the circle S1. This solves the field equations of
(1.2.31) trivially since the circle is flat. What distinguishes strings from field theory
in this case is the fact that closed strings can wind around the compact direction. As
we will see shortly, this has far-reaching consequences.

First, we need to modify the boundary conditions in order to account for the
winding:

Xi(τ, σ + ℓ) = Xi(τ, σ), (1.3.12a)

X25(τ, σ + ℓ) = X25(τ, σ) + 2πRw, (1.3.12b)

where i now runs from 1 to d − 1. The integer w is the winding number. It can be
viewed as a charge for the closed string and is conserved in interactions.
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The mode expansion for the 25-direction is modified to:

X25
R (τ − σ) =

1

2
x25

0 +
πα′

ℓ

(
k

R
− wR

α′

)
(τ − σ) + oscillators, (1.3.13a)

X25
L (τ + σ) =

1

2
x25

0 +
πα′

ℓ

(
k

R
+
wR

α′

)
(τ + σ) + oscillators. (1.3.13b)

The part involving the oscillators is unchanged from (1.1.40).
The ground state |0, 0, p, (k,w)〉 has N = Ñ = 0 and is labeled by the center of

mass momentum p = (p+, pi) along the non-compact directions, and by the Kaluza-
Klein and winding charges (k,w). The mass-shell condition becomes

M2 =
k2

R2
+
w2R2

α′2
+

2

α′
(N + Ñ − 2), (1.3.14)

where M is the mass according to a 25-dimensional observer O. The level-matching
condition needs to be modified as well. Classically, the shift symmetry generator S is
modified to

S =
π

ℓ

∑

n6=0

(
αi
−nα

i
n − α̃i

−nα̃
i
n

)
− 2πkw

ℓ
. (1.3.15)

Quantum mechanically, the action of S on the spectrum becomes

S|N, Ñ, p, (k,w)〉 =
2π

ℓ
(N − Ñ − kw − a+ ã)|N, Ñ, p, (k,w)〉. (1.3.16)

So the various integers are constrained by N − Ñ − kw = 0.
Equations (1.3.14) and (1.3.16) are invariant under the following substitution:

R→ α′

R
, k ↔ w. (1.3.17)

Hence the spectrum of a closed bosonic string theory on a circle of radius R is identical
to that of a theory on a circle of radius α′/R; the Kaluza-Klein modes change places
with the winding modes. This known as target space or T-duality. Though we have
shown it only for free closed strings, it is also true at the interacting level [15].

We see that it does not really make sense to talk about radii smaller than the
self-dual radius35 ℓs. In particular, the limit of a vanishing circle R → 0 is the same
as the decompactification limit R→∞!

35For generic radii the massless states are those with N = Ñ = 0 and k = w = 0, but for special
values of R additional massless states appear in the spectrum. At the self-dual radius R = ℓs we
have massless vector states with N = 1, Ñ = 0, k = −w = ±1 and N = 0, Ñ = 1 and k = w = ±1.
There are also massless scalar states for N = Ñ = 0, with either k = 0 at radii R = 2ℓs/w or w = 0
at R = kℓs/2. Since these latter states are tachyonic for R < 2ℓs/w and R > 2k/ℓs, respectively,
we do not expect them to occur at all in the case of the superstring and indeed they do not. The
vector states at the self-dual radius however do and in principle need to be included in the low-energy
effective action. In the following however we will always implicitly assume that R ≫ ℓs so that we
can safely ignore them.
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The above holds for a flat background. T-duality acts nontrivially on nonzero
background vevs for Gµν , Bµν and Φ – the Buscher rules [55, 56]. In the following
we only need the transformation of the dilaton, which we obtain by means of the
following argument. Let us call the closed string theories with radius R and α′/R
theories A and B, respectively. Since they look identical to our observer O, they
must yield in particular the same gravitational coupling constant (in Einstein frame).
Thus36

2πR

2κ2
A

=
2πα′/R

2κ2
B

. (1.3.18)

Therefore the string coupling constant – or, equivalently, the dilaton – transforms
under T-duality as

gB
s = gA

s

ℓs
R
. (1.3.19)

What happens to open strings under T-duality? They are distinguished from
closed strings only by their boundary conditions. Consider the free open string of
section 1.1.2, but now with a compactified 25-direction. This can equivalently be
viewed as an open string ending on single D25-brane that is wrapped around the circle
once. The T-duality transformation k ↔ w of (1.3.17) acts on (1.3.13) as X25

L → X25
L

and X25
R → −X25

R , i.e. if the original theory is described by X25 = X25
L + X25

R ,
the T-dual theory is described by X ′25 = X25

L − X25
R . It is not difficult to see that

a Neumann boundary condition on X25 becomes a Dirichlet boundary condition on
X ′25 under T-duality:

∂σX
25 = 0 → ∂τX

′25 = 0. (1.3.20)

Hence the T-duality transforms the wrapped D25-brane into a unwrapped D24-brane.
In general we can say that a T-duality transformation involving a world-volume direc-
tion transforms a Dp-brane into a D(p − 1)-brane, whereas T-dualizing a transverse
direction transforms it into a D(p+ 1)-brane. Free open strings can not wind around
the compact direction, so in the D25-brane case we have only KK-modes. In the
D24-brane case, the open strings are not free to move in the 25-direction, hence there
are no KK-modes. But in this case there is winding. We can calculate the number
of times that the string winds around the dual circle

X ′25(ℓ)−X ′25(0) =

∫ ℓ

0

dσ ∂σX
′25 =

∫ ℓ

0

dσ ∂τX
25 = 2πα′p25 = 2πα′ k

R
= 2πkR′,

so T-duality exchanges k ↔ w also for open strings.
What about the gauge fields Aµ and scalars Φa living on the Dp-brane world-

volume? Suppose we T-dualize in a world-volume direction i. We will show below

36This result is obtained by dimensional reduction of the Einstein-Hilbert action. See B.1.2 for
details. A similar result holds for the reduction of Yang-Mills theories on flat space as we will see in
a minute.
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that only the gauge field component in the i-direction is affected:

Ai → −
1

2πα′
Φi. (1.3.21)

If we T-dualize in a transverse direction, the above equation needs to be read back-
wards.

We will now show that the form of the DBI-action (1.3.7) is consistent with
(1.3.21). Take a Dp-brane on flat space and wrap the p-direction around a circle
of radius R (we use the static gauge). Suppose our observer O performs experiments
at energies < 1/R and thus only sees the k = 0 KK-mode. Keeping only the k = 0
mode is equivalent to dimensional reduction: take the (p+ 1)-dimensional Dp-brane
action and split the fields into components along the p-direction and the other di-
rections. Then take the fields to be independent of the p-direction and thus obtain
an effective p-dimensional action. Denote the (p + 1)-dimensional fields and indices
with hats, i.e. Âµ̂ = (Aµ, Ap). Since T-duality in the p-direction does not involve the
scalar fields Φa (a = p + 1, . . . , 25), we will simply omit them in the following. The
dimensional reduction of (1.3.11) then proceeds as follows

S = −τp
∫

dp+1σ

√
−det (η̂µ̂ν̂ + 2πα′F̂µ̂ν̂)

= −τp
∫

dp+1σ

√
−det

(
ηµν + 2πα′Fµν 2πα′∂µAp

−2πα′∂νAp 1

)

= −2πRτp

∫
dpσ

√
−det (ηµν + (2πα′)2∂µAp∂νAp + 2πα′Fµν).

O cannot distinguish between this wrapped Dp-brane and an unwrapped D(p − 1)-
brane in the T-dual theory, hence the above action should be identical to (1.3.11) for
a D(p − 1)-brane after substituting the T-duality rule Ap → −Φp/2πα′. This is the
case since the tensions are related by

τp−1 = 2πRτp, (1.3.22)

as follows from (1.3.9) and (1.3.19). For a discussion of T-duality and the DBI-action
for curved backgrounds see [57].

1.3.3 Multiple D-branes

Configurations with multiple D-branes have some additional intriguing features. In
this section we consider a setting with two parallel Dp-branes. This set-up is unstable
in bosonic string theory, since the D-branes attract each other gravitationally. We
will see however, that in type II superstring theory there is also a repulsive electric
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[[11]]

[[22]]

[[12]]

[[21]]

[[11]]

[[22]]

[[12]]

[[21]]

Figure 1.3.1. Two parallel D-branes. The [[11]] and [[22]] strings always contain a U(1)
gauge boson in their spectrum. The [[12]] and [[21]] strings give rise to additional gauge
bosons when the D-branes coincide, thus enlarging the gauge group from U(1)2 to U(2).

interaction between the branes, resulting in configurations with parallel Dp-branes
that are stable (at least perturbatively).

We label the two Dp-branes by 1 and 2. The have their world-volume directions
in common, i.e. x0, . . . , xp, but are located at different positions in the transversal
directions, at respectively x̄a

1 and x̄a
2 , say. In addition to open strings that have both

of their endpoints confined to the same D-brane, we now also have strings that start
on one brane and end on the other. For now, we discuss oriented strings, for which
the σ = 0 and σ = ℓ endpoints are inequivalent. We then have four kinds of open
strings that are distinguished by the location of their endpoints. We give these strings
labels [[ij]], i, j = 1, 2, where i (equiv. j) denotes the brane on which the σ = 0 (equiv.
σ = ℓ) endpoint is located.

We can view these labels as nondynamical degrees of freedom or charges that live
on the endpoints of the open strings. They are called Chan-Paton indices or charges.

The quantization of the [[11]] and [[22]] strings is identical to that of the previous
section. The [[12]] and [[21]] strings give rise to intriguing new results. Let us consider
the [[12]] string, for which:

Xa(τ, 0) = x̄a
1 , Xa(τ, ℓ) = x̄a

2 . (1.3.23)

These boundary conditions give rise to the following mode expansion:

Xa(τ, σ) = x̄a
1 + (x̄a

2 − x̄a
1)
σ

ℓ
+
√

2α′
∑

n6=0

1

n
αa

ne−inπτ/ℓ sin
nπσ

ℓ
, (1.3.24)
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leading to the mass formula

M2 =

(
x̄a

2 − x̄a
1

2πα′

)2

+
1

α′
(N‖ +N⊥ − 1). (1.3.25)

The same equation is valid for the [[21]] string. The first term is easy to interpret
physically. It is the energy that is needed to create a classical static string of length
|x̄2 − x̄1| from the vacuum (remember that the tension of the string is given by
T = 1/2πα′).

For generic distances |x̄2 − x̄1| between the two branes, all the states in the spec-
trum of the [[12]] and [[21]] string are massive. The only massless states are then two
copies of the vector/scalar system that we discussed already in the previous section.
This gives a gauge group U(1) × U(1). The effective action consists simply of two
copies of the action (1.3.7), one for each brane.

However, if the two branes are put very close together, i.e. |x̄2 − x̄1| → 0, the
states for which either N‖ = 1 or N⊥ = 1 become massless. So we get two extra
massless vector and two massless scalar fields, respectively. These additional massless
degrees of freedom need to be included in the low-energy effective theory. The extra
gauge fields together with the U(1) × U(1) gauge fields combine into a single gauge
field for U(2). The same holds for the scalar fields: we get a single scalar that is
valued in the adjoint of U(2). This is straightforwardly generalized to the case of n
parallel Dp-branes. We get a U(n) Yang-Mills theory coupled to adjoint scalars [58].

Our earlier discussion on vertex operators and string amplitudes requires a few
modifications in the presence of D-branes. A general open string state |N, k;α〉 is a
superposition of the states |N, k; ij〉 that correspond to the [[ij]] strings:

|N, k;α〉 =

N∑

i,j

λα
ij |N, k; ij〉. (1.3.26)

The n × n matrices λα
ij are antihermitian and normalized as Trλαλβ = −δαβ . Each

vertex operator carries a factor λα
ij . Oriented open strings can interact only by joining

a σ = 0 with a σ = ℓ endpoint and in addition these endpoints need to be confined to
the same brane. As a result, every open string amplitude contains traces of products
of the λ-matrices. Consider for example again the case of 4-tachyon scattering. The
vertex operator for tachyon #1 now has a factor of λα1 , that of #2 a factor of λα2 ,
etc. We already saw that the scattering amplitude gets contributions from the six
cyclically inequivalent orderings of the vertex operators. The 1234 ordering now gets
an additional Trλα1λα2λα3λα4 , the 1243 ordering Trλα1λα2λα4λα3 , etc. The result
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is that the tachyon amplitude is modified to:

iT (4)(k1, α1; . . . ; k4, α4) = i g−1
s (2π)26δ(26)(k1 + . . .+ k4) (1.3.27)

×
[(

Trλα1λα2λα4λα3 + Trλα1λα3λα4λα2
)
I(s, t)

+
(
Trλα1λα3λα2λα4 + Trλα1λα4λα2λα3

)
I(t, u)

+
(
Trλα1λα2λα3λα4 + Trλα1λα4λα3λα2

)
I(u, s)

]
.

Adding a boundary to a Riemann surface now not only introduces an extra power of
gs, but also another trace of λ-matrices. As a result, the coupling strength for open
strings is effectively gsn instead of gs.

The effective field theory for a stack of n D-branes is less well understood than
that of a single D-brane. One reason is technical in nature: there is no longer an
unambiguous notion of slowly varying fields. This is because we are dealing with
a Yang-Mills theory and need to use covariant instead of ordinary derivatives. Let
us see what happens when one imposes DµFνρ = 0. Acting on this with another
derivative, taking the commutator and using that

[Dµ,Dν ]Fρσ = [Fµν , Fρσ], (1.3.28)

we see that necessarily [Fµν , Fρσ] = 0, i.e. the field strengths are abelian.
The appearance of adjoint scalars Φa is intriguing. For a single D-brane, these

scalars described the embedding of the brane in spacetime. Apparently, stacks of D-
branes perceive spacetime in an unconventional way, since the embedding coordinates
no longer commute, [Φa,Φb] 6= 0. This non-commutative geometry has interesting
consequences for the physics of D-branes though it is probably fair to say that many
aspects have yet to be understood. A thorough discussion of these topics is beyond
the scope of this thesis. See [59] for a review.

The leading order contribution to the effective action for a stack of n D-branes
can be obtained by T-duality. We start with a stack of n spacetime filling D25-
branes in flat space. The massless spectrum consists of a gauge field Âµ̂, there are
no embedding scalars. The leading order in α′ contribution to the effective action is
uniquely determined by gauge invariance. It is U(n) Yang-Mills theory37:

S =
(2πα′)2τ25

4

∫
d26σTr F̂µ̂ν̂ F̂

µ̂ν̂ . (1.3.29)

We wrap the 25-branes around a torus T 25−p. The low-energy effective action for a
(p+1)-dimensional observer O is obtained by dimensional reduction. We write Âµ̂ =

37We work with matrix-valued fields Aµ = Aα
µλ

α and Φa = Φaαλα, where (λα)† = −λα and

Trλαλβ = −δαβ as before. In particular, fields transforming in the adjoint of U(1) are imaginary.
This differs from the convention used in the previous sections, where the gauge field and scalar where
taken to be real. Hence the appearance of extra factors of i in the equations of this section.
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(Aµ, Aa), and take the fields to be independent of the a-directions. F̂µ̂ν̂ decomposes
as follows:

F̂µν = ∂µAν − ∂νAµ + [Aµ, Aν ] ≡ Fµν , (1.3.30a)

F̂µa = ∂µAa + [Aµ, Aa] ≡ DµAa, (1.3.30b)

F̂ab = [Aa, Ab], (1.3.30c)

and plug this back into (1.3.29). The action for a stack of Dp-branes is obtained by
applying the T-duality rules to the a-directions:

S =
(2πα′)2τp

4

∫
dp+1σTr

(
FµνF

µν +
2

(2πα′)2
DµΦaDµΦa

+
1

(2πα′)4
[Φa,Φb][Φa,Φb]

)
. (1.3.31)

There is a potential for the scalars Φa, which is minimized when the scalars commute,
[Φa,Φb]. We can then diagonalize the Φ’s by a gauge transformation:

Φa = idiag (xa
1 , . . . , x

a
n). (1.3.32)

With this solution to the equations of motion of (1.3.31) we obtain a configuration of
N parallel Dp-branes located at positions xa

i .
The above illustrates a general strategy. To obtain the effective action for a stack of

Dp-branes, we first calculate α′-corrections to the effective action for open strings with
Neumann b.c.’s in all directions and non-trivial Chan-Paton factors. We subsequently
obtain the effective action for general p by the requirements of T-duality. With this
strategy in mind we will study α′-corrections to both the abelian and nonabelian
D9-brane effective actions in chapters 3 and 4.

We finish this chapter with a proof of relation (1.3.21). We consider again the
system of two parallel Dp-branes, but now with a compactified transverse direction X
of radius R. We ignore the other target space directions in the following. The branes
are located at x̄1 and x̄2, respectively. The mode expansion of a [[12]] string winding
w times around the circle is:

X(τ, σ) = x̄1 + (x̄2 − x̄1 + 2πRw)
σ

ℓ
+ oscillators (1.3.33)

=
πα′

ℓ

(
x̄2 − x̄1

2πα′
+
wR

α′

)
(τ + σ)− πα′

ℓ

(
x̄2 − x̄1

2πα′
+
wR

α′

)
(τ − σ) + osc.

We apply the T-duality rules – the right-moving sector gets a sign, R → α′/R and
w ↔ k:

X ′(τ, σ) =
2πα′

ℓ

(
x̄2 − x̄1

2πα′
+
k

R

)
τ + oscillators (1.3.34)
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The second term is quantized and thus corresponds to the canonical momentum
associated with the center of mass movement of the open string along the dual circle.
Because of the presence of the first term, the physical momentum of the CoM is
no longer equal to its canonical momentum. This is familiar from electrodynamics:
charged fields also show this behavior.

In the present case the endpoints of the open string are charged w.r.t. the back-
ground U(2) gauge field that lives on the stack of the two D(p+1)-branes in the dual
picture. The background field turns out to be a constant U(1)× U(1) Wilson line38:

A = idiag (A11, A22) = − i

2πα′
diag (x̄1, x̄2) (1.3.35)

with A11 and A22 constant fields39 on respectively brane #1 and #2. Indeed, the
action for the [[12]]-string in this background reads (in the conformal gauge):

S = − 1

4πα′

∫
d2σ

[
− (∂τX

′)2 + (∂σX
′)2
]

+

∫
dτ
[
A22 ∂τX

′
∣∣
σ=ℓ
−A11 ∂τX

′
∣∣
σ=0

]
,

(1.3.36)

since the σ = 0 endpoint ends on brane #1 and the σ = ℓ endpoint on brane #2. We
read off the canonical momentum:

pcan =

∫ ℓ

0

dσ
∂L
∂Ẋ

=
ℓ

2πα′
pphys +A22 −A11 ≡

k

R
, (1.3.37)

where we used X = pphysτ + oscillators. Solving for pphys, we recover (1.3.34) with
the choice (1.3.35). Hence (1.3.21) gives the correct relation between the gauge fields
Aµ and scalars Φa under T-duality.

1.3.4 Branes with fluxes

We will now investigate T-duality of Dp-branes that carry a nonzero electro-magnetic
field Fµν on their world-volume (µ = 0, . . . p). As in the previous sections, we consider

38A Wilson line is a vev for the gauge field with vanishing curvature, i.e. dA = 0. Locally, A is
exact and can be gauged away, A = dχ. However, in topologically nontrivial situations this χ may
not exist globally. Consider a circle of radius R and take A constant. We can gauge A away locally
with χ = −Ax. This χ does not exist everywhere on the circle, since it is not periodic. In general,
if

H

A 6= 0 there is no χ such that we can gauge away A. If there were we would have
I

A =

I

dχ =

Z

∂S1
χ = 0,

since the boundary of a circle is empty, ∂S1 = ∅, which is a contradiction. The following conclusion
is valid in general: along any 1-cycle we can turn on a vev for the 1-form A which does not give rise
to a flux (since the 1-cycle is not a boundary) and which cannot be gauged away (since the 1-cycle
does not have a boundary).

39The gauge field appearing in the non-linear σ-model (1.2.24) is real. Hence the factor of i.
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a flat closed string background. The boundary conditions in the directions transverse
are still the Dirichlet conditions (1.3.1), but from (1.2.24) we find that the boundary
conditions for the directions along the brane need to modified as follows:

∂σX
µ − 2πα′Fµ

ν∂τX
ν = 0, at σ = 0, ℓ. (1.3.38)

Instead of analyzing these b.c.’s in general, we will present a few simple examples
that capture the important features.

The first example is that of a Dp-brane that carries an electric field Ei = F 0i but
no magnetic field. In this case the Born-Infeld action reduces to

SDBI = −τp
∫

dp+1σ
√

1− (2πα′)2‖E‖2. (1.3.39)

We conclude that there is an upper limit to the magnitude of the electric field. We
have E ≡ 2πα′‖E‖ ≤ 1. Now we rotate the brane such that the electric field points in
the pth direction and wrap this pth direction once around a circle. (1.3.38) reduces
to Neumann b.c.’s in all direction except x0 and xp:

∂σX
0 − E ∂τX

p = 0, ∂σX
p − E ∂τX

0 = 0. (1.3.40)

We perform a T-duality transformation on the xp direction which replaces ∂τX
p ↔

∂σX
′p and get

∂σ(X0 − EX ′p) = 0, ∂τ (X ′p − EX0) = 0. (1.3.41)

These are the boundary conditions for a D(p−1)-brane that is boosted with a velocity
E along the dual circle. The condition that E ≤ 1 thus translates under T-duality
into the statement that nothing travels faster than the speed of light. Another way of
seeing the above is to pick the gauge Ap = F0px

0 and apply the T-duality rule (1.3.21).
The position of the D(p− 1)-brane on the dual circle becomes x′p = −2πα′Ap = Ex0.

It is not surprising that when electric fields correspond to boosts after T-duality,
magnetic fields correspond to rotations. Consider for example a D2-brane wrapped
once around a 2-torus with periods L1 and L2. We turn on a magnetic field F12 and
get the boundary conditions

∂σX
1 − B ∂τX

2 = 0, ∂σX
2 + B ∂τX

1 = 0, (1.3.42)

where we defined B ≡ 2πα′F12. What is interesting here is that we have a mixing of
Neumann and Dirichlet boundary conditions. In particular, when B → ∞ the string
coordinates X1 and X2 become Dirichlet. It is as if the D2-brane is filled with an
infinite number of D0-branes, one for each value of (x1, x2). We will make this idea
more precise in a minute.

After a T-duality transformation of the x2-direction we get

∂σ(X1 − BX ′2) = 0, ∂τ (X ′2 − BX1) = 0. (1.3.43)
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D0-branes

T-dual

T-dual

deform

x2

x2

x′2

x′2

x1

Figure 1.3.2. A D2-brane with three units of magnetic flux wrapped once around a torus
with coordinates (x1, x2) is dual to a D1-brane that is wrapped 3 times around the dual torus
(x1, x′2). This configuration can be deformed into one in which a single D1-brane wraps the
x1 direction and a stack of three D1-branes wraps the x′2 direction, which is in turn T-
dual to a wrapped D2-brane with three D0-branes. The tori are depicted as rectangles with
opposite faces identified.

These are the boundary conditions for a D1-brane that has been rotated by an angle
θ = arctanB w.r.t. the x1-axis. This D1-brane winds around the x′2-axis as we look
at increasing values of x1. Since the x1 direction is periodic, the D1-brane needs to
come back onto itself at x1 = L1. It can thus wind only an integer number n of times
around the x′2 direction – see figure 1.3.2. We have therefore that tan θ = nL′

2/L1 or

B = tan θ = 2πα′ 2πn

L1L2
, with n ∈ Z, (1.3.44)

i.e. the flux Φ ≡ F12L1L2 through the original torus is quantized in units of 2πn.
The wrapped D1-brane has an energy

Ewrapped = τD1

√
L2

1 + (nL′
2)

2. (1.3.45)

As shown in figure 1.3.2, we can continuously deform the D1-brane that wraps n times
around the torus to a configuration with a stack of n D1-branes wrapped once around
the x′2 direction and a single D1-brane wrapped once around the x1 direction. This
costs some energy, since

Eunwrapped = τD1(L1 + nL′
2) ≥ Ewrapped. (1.3.46)
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If we T-dualize x′2 in the latter configuration, we recover our original torus, but with
n D0-branes and a D2-brane without flux. This configuration has a higher energy
than that of a D2-brane with n units of flux. So it is clear that we should interpret
the latter case as a bound state of a D2-brane and n D0-branes.

The flux quantization can also be understood from the D2-brane’s point of view.
If we parallel transport the wave-function of a particle with a unit charge along a
path P, it will pick up a phase φ

eiφ = exp i

∫

P

A. (1.3.47)

This phase depends on the path taken. In particular, the phase factor that is obtained
from the path P1 : (0, 0) → (L1, 0) → (L1, L2) is in principle different from that of
the path P2 : (0, 0) → (0, L2) → (L1, L2). But on the torus T 2 these paths are the
same and should therefore yield the same phase factor. We thus insist that

exp i

∫

P1−P2

A = exp i

∫

T 2

F = eiΦ ≡ 1.

The flux Φ is thus quantized, Φ = 2πn. This is essentially a consequence of the fact
that it is impossible to find a globally well-defined (i.e. continuous) gauge potential A
on the torus. Indeed, if there had been a continuous potential, the gauge fields along
the paths P1 and P2 would have been equal and hence also the phases. To show that
it is indeed impossible to find a globally defined A, suppose the converse. We would
then have ∫

T 2

F =

∫

T 2

dA =

∫

∂T 2

A = 0, since ∂T 2 = ∅,

where the use of Stokes’ theorem is allowed since A is continuous. This is however in
contradiction with a non-zero Φ, proving our statement.

The above construction can be generalized. For example, consider a D4-brane
wrapped around a 4-torus T 4 with a constant magnetic field F = F12dx

1 ∧ dx2 +
F34dx

3 ∧ dx4. By T-dualizing in the 2- and 4-directions we can argue that the flux is
quantized as F12L1L2 = 2πm, F34L3L4 = 2πn and that we have a bound state of a
D4-brane, D2-branes and D0-branes. The number of D2-branes is given by the first
Chern class:

c1 =
1

2π

∑

2-cycles

∫
F = m+ n, (1.3.48)

where the sum runs over the 2-cycles of T 4, and the number of D0-branes by the
second Chern class:

c2 =
1

8π2

∑

4-cycles

∫
F ∧ F = mn. (1.3.49)
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This should suffice to illustrate the general pattern. The number of D(p− 2n)-brane
charges immersed in the world-volume of a wrapped Dp-brane is given by the nth
Chern-Class:

cn =
1

(2π)kk!

∑

2n-cycles

∫
F ∧ . . . ∧ F︸ ︷︷ ︸

n×

. (1.3.50)

1.3.5 Unoriented theories and T-duality

For our discussion of D-branes in superstring theories, we need to understand how
T-duality works for the unoriented string.

Closed strings

Recall that the unoriented strings are obtained by restricting the spectrum to states
with Ω = +1. We will first investigate the closed strings to see the effect of this
‘modding out’ in the T-dual version of the theory. Writing X ′ = TXT−1, we find the
dual version Ω′ as follows:

T (ΩXΩ−1)T−1 = (TΩT−1)(TXT−1)(TΩT−1)−1 ≡ Ω′X ′Ω−1. (1.3.51)

So if we dualize over the 25-direction only, we have

Ω′X ′i(τ, σ)Ω′−1 = X ′i(τ, ℓ− σ), (1.3.52a)

Ω′X ′25(τ, σ)Ω′−1 = −X ′25(τ, ℓ− σ). (1.3.52b)

Thus in the dual version, the world-sheet parity transformation is accompanied by
a spacetime parity transformation in the 25′-direction. The points x′25 = 0 and
x′25 = πR′ on this compact direction are special: they are fixed under the action of
Ω′.

If we now restrict ourselves to states that are invariant under Ω′ the resulting
physics is quite remarkable. It is as if the fixed points x′25 = 0, πR′ act as some sort
of mirror. The physics in the region πR′ < x′25 < 2πR′ is completely determined by
that of the region 0 ≤ x′25 ≤ πR′ by reflection and reversing the orientation of the
strings. Note that the physics in the ‘fundamental’ region 0 ≤ x′25 ≤ πR′ is that of
an oriented string theory.

The T-dual image of the unoriented theory on a circle of circumference 2πR is
thus an oriented theory on an interval S1/Z2 of length πR′. The restriction to Ω′

states is known as an orientifold projection and the ‘mirror planes’ at the ends of
the interval are called orientifold planes or O-planes. In the present example, these
planes are 25-dimensional, i.e. O24-planes.

It is straightforward to generalize this construction to Op-planes for lower values of
p – for T-duality over k directions we have 2k O(25−k)-planes situated on the vertices
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of a k-dimensional hypercube. Moreover, we can reinterpret the original construction
of unoriented strings as adding a spacetime-filling O25-plane to the theory of closed
strings.

Open strings

First we investigate the effect of the Ω-projection on the open string theory with U(n)
Chan-Paton factors following section 6.5 of [15].

World-sheet parity Ω exchanges the endpoints of an open string and thus reverses
the order of the Chan-Paton indices, Ω|N, k; ij〉 = (−)N |N, k; ji〉. We can combine
the action of Ω with a U(n) rotation γ of the Chan-Paton indices as follows:

Ωγ λ
α
ij |N, k; ij〉 = (−)N (γλαγ−1)ij |N, k; ji〉. (1.3.53)

For a general U(n) rotation γ, Ωγ does not define a multiplicatively conserved Z2

quantum number, but for certain subgroups of U(n) it does. Indeed, Ω2
γ acts on the

λ matrix as
λα → (γ−1T γ)λα(γ−1T γ)−1. (1.3.54)

Since the λα form an irreducible set we have by Schur’s lemma that Ω2
γ = 1 if40

γT = ±γ. (1.3.55)

So there are two choices of a conserved Ωγ by which we can mod out the open string
spectrum. By changing the basis λα → UλαU−1, under which γ → U−1T γU−1, we
can in both cases bring γ into a standard form.

In the case that γ is symmetric, we take for n even

γ = δn ≡
(

0 In/2

In/2 0

)
, (1.3.56)

with In/2 the n/2 × n/2 identity matrix. For n odd we add an additional 1 to the
diagonal. The result of the Ωγ projection is then to keep the states with λT = δλδ
for N even and λT = −δλδ for N odd. This means in particular that the massless
gauge fields (N = 1) are the gauge bosons for the group SO(n)41.

In the case that γ is antisymmetric, n must be even since γ is invertible. We take

γ = iεn ≡ i
(

0 In/2

−In/2 0

)
. (1.3.57)

40Schur’s lemma tells us that γ−T γ = cI, i.e. γ = cγT . Taking the transpose of this relation and
plugging the result back in yields γ = c2γ, i.e. c2 = 1.

41Usually, one takes the line element of SO(2n) to be the unit matrix I2n. Our choice for γ
corresponds to a different embedding of SO(2n) in U(2n) and can be reached from the usual case

by a U(2n) rotation: δ2n = U−1T I2nU−1, with U = 1√
2

„

1 i
1 −i

«

.
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Modding out the spectrum, we keep the states with λT = −ελε for N even and those
with λT = +ελε for N odd. This means that the gauge bosons are those of USp(n).

We restrict ourselves to the case with 2n D25-branes for simplicity. We split the
Chan-Paton indices into two groups (i, ̄), with i, ̄ = 1, . . . , n such that

λα =

(
λα

ij λα
ī

λα
ı̄j λα

ı̄̄

)
(1.3.58)

We then have λα
ij = −λα

̄ı̄ for both SO(2n) and USp(2n). For SO(2n) in addition
λα

ī = −λα
jı̄ and λα

ı̄j = −λα
̄i, whereas for USp(2n) λα

ī = +λα
jı̄ and λα

ı̄j = +λα
̄i.

With these conventions it is straightforward to investigate the effects of a T-
duality transformation along the 25-direction in the presence of a non-trivial Wilson
line A25 = Aα

25λ
α. We take

A25 = − i

2πα′
diag (x̄1, . . . , x̄n,−x̄1, . . . ,−x̄n), (1.3.59)

which breaks the gauge invariance from SO(2n) or USp(2n) to U(1)n. In the T-dual
picture there are n D24-branes on the interval 0 ≤ X ′25 ≤ πR′ – the branes labeled
by i – and n at their image points under the orientifold identification – those labeled
by ı̄. The n branes carry U(1) gauge fields. When r branes become coincident, the
gauge symmetry is enlarged to U(r) according to the mechanism of section 1.3.3.
However, if these branes lie at one of the orientifold planes, the strings that stretch
between them and the mirror branes also become massless. This gives the additional
states that are needed to fill out42 the adjoint multiplets of SO(2r) or USp(2r). The
maximal SO(2n) or USp(2n) is restored if all D24-branes are located at the same
orientifold plane.

Before closing this chapter we would like to point out that we can view the original
unoriented SO(2n) and USp(2n) open string theories as systems with n coincident
D25-branes and a single O25-plane. Compactification over a k-torus and a subsequent
T-duality transformation leaves us with a k-dimensional hypercube with 2k O(25−k)-
planes and n parallel D(25− k)-branes.

42The additional states correspond to the matrices λα
ī and λα

ı̄j in (1.3.58). For the SO(2n) string

there are thus 2×r(r−1)/2 additional states, which give a we get a total of r(2r−1) when combined
with the r2 states we already had. This is just the right amount of states to fill up the adjoint of
SO(2r). Similarly, we get r(2r + 1) states in the case of USp(2n).






