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There is a remarkably close parallel between the problems of the physicist and

those of the cryptographer. The system on which a message is enciphered cor-

responds to the laws of the universe, the intercepted messages to the evidence

available, the keys for a day or a message to important constants which have

to be determined. The correspondence is very close, but the subject matter of

cryptography is very easily dealt with by discrete machinery, Physics not so

easily.

Alan Turing

0
Introduction

Ancient Greeks and Indians developed the atomist concept 140,228: that everything in nature con-

sisted of small, immutable and indestructible basic particles of matter. Our understanding of the

fundamental structure of matter has come a long way since the ancient days. It is synthesised in

the StandardModel of Particle Physics, which amalgamates three of the four fundamental forces of

nature, described by gauge theories: the Strong, Electromagnetic and Weak interactions. Matter is

constituted by six quarks (up, down, strange, charm, bottom and top), each in three colours, and six

leptons (electron,muon, tau and their respective neutrinos). Vector bosonsmediate the interactions

between the particles: the strong interaction is mediated by eight gluons, weak interactions by the

W± and Z bosons, and the Electromagnetic interaction by the photon.

The work presented in this thesis is dedicated to further understanding the strong interaction.

More specifically, it aims at understanding the phase diagram of strongly interacting matter and the
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phenomenon of the emergence of conformality. A large part of the work presented through this

book is based on Lattice Gauge Theory methods, which are a nonperturbative way to numerically

study gauge theories. This chapter provides the reader with an Introduction to these subjects. It

starts with a brief overview of Quantum Chromodynamics (QCD), the theory of strong Interac-

tions. This will be followed by a theoretical overview of the conjectured picture for the phase di-

agram of strong interactions and the associated phenomena which play a role in its shape. It ends

with an introduction to the lattice methods used during the research.

0.1 Quantum Chromodynamics in a nutshell

QuantumChromodynamics (QCD)describes the fundamental strong interactionbetweenparticles

that contain a colour charge: quarks and gluons. It is a non-Abelian gauge theory with symmetry

group SU(3).

Quarks are described in QCD as twelve component fields transforming in the fundamental rep-

resentation of the colour SU(3) gauge group. They are represented by Dirac 4-spinors

ψ(f)(x)α,c,ψ(f)(x)α,c, (1)

where x denotes the space-time position, α = 1, 2, 3, 4 is the Dirac index and c = 1, 2, 3 (or, equiv-

alently, c=red, green,blue) is the colour index. Quarks exist in nature in different flavours, with six

flavours being observed so far in nature. The index f represents the flavour and in general runs from

1 to the total number of flavoursNf used in the calculations.

Gluons are described in QCD by gauge fields which carry two colour indices

Aμ(x)cd,

where again x is the space-time coordinate, c and d are the colour indices and μ is a Lorentz index

indicating the direction of different components in spacetime.*

*We will work in Euclidean spacetime. Therefore, the index μ is Euclidean and the metric tensor reduces
to the identity matrix.
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The QCD action can be written as

SQCD =

∫
d4x
(

1
2g2

)
Tr
[
Fμν(x)Fμν(x)

]
+

Nf∑
f=1

ψ(f)(x)
(
γμ(∂μ + iAμ(x)) +m(f)

)
ψ(f)(x).

(2)

The first term on the right-hand side of equation 2 is the gluonic part of the action, describing gluon

propagation and gluon interaction, and the second term corresponds to the fermionic part, includ-

ing quark fields and their interaction with the gluons †.

The quantity g is the strong coupling constant ofQCD and Fμν is the gluon field-strength tensor

Fμν(x) = −i
[
Dμ(x),Dν(x)

]
= ∂μAν(x)− ∂νAμ(x) + i

[
Aμ(x),Aν(x)

]
, (3)

here defined in terms of the covariant derivative

Dμ(x) = ∂μ + iAμ(x). (4)

The γ-matrices in the action are Euclidean versions of the Minkowski γ-matrices of the Dirac equa-

tion. They are 4 × 4 matrices in Dirac space, obeying the Euclidean anti-commutation relations

{
γμ, γν

}
= 2δμνI, (5)

and they mix the different Dirac components of the quark fields.

The action in Equation 2 is obtained through a generalisation of the gauge invariance of electro-

dynamics, by requiring invariance under local rotations among the quarks colour indices, i.e., we

require the action to be invariant under the transformation

ψ(x) → ψ′(x) = Ω(x)ψ(x), ψ′(x) = ψ(x)γ0Ω(x)†. (6)

Here,Ω(x) are 3× 3 independent complex matrices chosen at each spacetime point x acting on the

red, green and blue colour components of ψ. They are required to satisfy the unitarity condition

Ω(x)† = Ω(x)−1 and to have det [Ω(x)] = 1. These Ω(x) matrices constitute the defining rep-

resentation of the special unitary group SU(3), the 3 being related to the matrices dimension. The

†Because gluons couple to themselves, relevant couplings arise fromnon-linear terms in the field strength.
This property of QCD is the origin to its several non-trivial features
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group operation of SU(3) – matrix multiplication – is not commutative, and in this case the group

is said to be non-Abelian. Theories built from non-Abelian gauge theories are usually referred to as

Yang-Mills theories, after Yang and Mills, who originally developed this idea 311.

Imposing the invariance requirement Equation 6 on the fermionic part of theQCDaction Equa-

tion 2 implies transformation properties for the gauge fields and for the covariant derivative:

Aμ(x) → A′
μ(x) = Ω(x)Aμ(x)Ω(x)† + i(∂μΩ(x))Ω(x)†

Dμ(x) → D′
μ(x) = ∂μ + iA′

μ(x) = Ω(x)Dμ(x)Ω(x)†.
(7)

By construction, the field strength tensor inherits the transformationpropertyof the covariantderiva-

tive, i.e.,

Fμν(x) → F′μν(x) = Ω(x)Fμν(x)Ω(x)†. (8)

Given these properties, it is now possible to note that the gauge part of Equation 2 is indeed a

generalisation of the action of Electrodynamics, with the trace being taken in the QCD case, since

gluon fields are matrix valued. It is possible to decompose the gauge fields in terms of their colour

components, so that the action can bewrittenwithout the trace. The overall factor g−2 in the action

is just a more convenient way to introduce the coupling in lattice calculations. Alternatively, it is

possible to rescale the gauge fields
1
g
Aμ(x) → Aμ(x) (9)

so that the g−2 factor in not written explicitly in the action and the covariant derivative assumes the

more familiar form

Dμ(x) → ∂μ + igAμ(x), (10)

in which it is clear that g is the strength of the coupling of the gauge fields to the quarks.

As mentioned before, quarks come in different flavours, and so far six different flavours have

been observed in nature: up, down, strange, charm, bottom and top. Each quark flavour has a dif-

ferent mass and, depending on the energy scale at which the theory is considered, some flavours are

dynamical while the others ma be “integrated out”. To the extent that the masses of the three light-

est quark flavours (the up, down and strange) might be considered equal, in addition to the exact

local SU(Nc = 3) colour symmetry that is gauged, the action of QCD also exhibits an approximate
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SU(Nf = 3) flavour symmetry: 
u

d

s

→ U


u

d

s

 (11)

where U ∈ SU(3). This was first noted independently by Gell-Mann and Ne’eman 143,144,244 and

played a key role in the development of the quark model 145, for which Gell-Mann was awarded the

Nobel Prize in 1969.

0.1.1 Chiral Symmetry

Another important property of QCD is chiral symmetry and its spontaneous breaking. It has vast

phenomenological implications and, together with confinement, it plays a central role in shaping

the phase diagram of QCD-like theories.

Chiral symmetry is related to the invariance of the QCD Lagrangian density under the chiral

rotation

ψ → ψ′ = eiαγ5ψ, ψ → ψ′ = ψeiαγ5 (12)

where γ5 is the chirality matrix acting in Dirac space and α is a real constant parameter. If we intro-

duce the right- and left-handed projectors

PR =
I+ γ5
2

, PL =
I− γ5
2

, (13)

chiral symmetry decouples the action of left- and right-handed massless fermions. If L(ψ,ψ,A) =

ψDψ is the Lagrangian density of a massless fermion in terms of the Dirac operator D = γμ(∂μ +

iAμ), then the Lagrangian can be rewritten as a sum of independent left-handed an right-handed

terms

L(ψ,ψ,A) = ψLDψL + ψRDψR. (14)

The different components, however, are mixed by a mass term:

mψψ = m
(
ψRψL + ψLψR

)
. (15)

That is why, the limit in which the quark masses go to zero is usually referred to as the chiral limit.
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The reasoning above can be extended to the case of Nf flavours by introducing the mass ma-

trix M = diag(m1,m2, ...,mNf) in the flavour space and rewriting the Dirac operator as D =(
γμ(∂μ + iAμ) +M

)
. Now, consider theN2

f vector transformations

ψ′ = eiαTiψ, ψ′ = ψe−iαTi , ψ′ = eiαIψ, ψ′ = ψe−iαI. (16)

where I represents theNf×Nf unitmatrix and theTi, i = 1, 2, ...N2
f−1, are the generators ofSU(Nf),

that mix the different flavours. The Lagrangian is invariant under the above transformations in

Equation 16 for the caseM = 0 and also forM = diag(m,m, ...,m). This latter case is the isospin

symmetry. The symmetry holds even for non-degenerate masses if we only consider the subset of

transformations

ψ′ = eiαIψ, ψ′ = ψe−iαI. (17)

The associated conserved quantity in this case is the baryon number.

We can now define the chiral (or axial) rotations as

ψ′ = eiαγ5Tiψ, ψ′ = ψe−iαγ5Ti , ψ′ = eiαγ5Iψ, ψ′ = ψe−iαγ5I, (18)

where the last transformation is the U(1) chiral rotation. Similarly to the single flavour case, the

action is invariant under these transformations for the case M = 0. The massless action, then,

exhibits the symmetry

SU(Nf)L × SU(Nf)R × U(1)V × U(1)A. (19)

The U(1)A axial symmetry is broken explicitly in the quantised theory. Due to this axial anomaly,

the symmetry for the quantised massless theory is reduced to

SU(Nf)L × SU(Nf)R × U(1)V. (20)

The SU(Nf)L × SU(Nf)R is explicitly broken by the introduction of a mass matrix of the typeM =

diag(m,m, ...,m) to its subgroup SU(Nf)V, and the symmetry of the theory is reduced to

SU(Nf)V × U(1)V. (21)
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Explicit breaking due to a mass term is not the only way in which chiral symmetry can be broken

in QCD. The low-energy strong dynamics of the theory rearranges the vacuum, causing a scalar

condensate of the quark fields

⟨ψ(x)ψ(x)⟩ ̸= 0, (22)

to appear. The condensate transforms like a mass term and is not invariant under chiral rotations,

breaking the chiral symmetry of the QCD vacuum. In the case when the action of the theory is

invariant under some symmetry transformation but its vacuum is not, we say that the symmetry is

spontaneously broken. In 2008, Yoichiro Nambu was awarded the Nobel Prize in Physics “for the

discovery of the mechanism of spontaneous broken symmetry in subatomic Physics”nob.

The chiral condensate ofQCDbreaks eight linearly independent global and continuous symme-

tries, corresponding to eight currents jiAμ. According to the Goldstone theorem 148,241,149,58, as a con-

sequence, there will be eight low-energy Goldstone bosons (πi). If the theory has massless quarks,

∂μjiAμ ≡ 0 and the associated Goldstone bosons are massless. If the quarks in the theory are very

light but not massless (i.e., chiral symmetry is spontaneously and explicitly broken), like the up,

down and strange quarks found in nature, the corresponding Goldstone bosons are not massless,

but light. This explains why pions, the lightest composite states made of quarks, are so light: they

are identified as the would-be Goldstone bosons of QCD.

Phases with different symmetry patterns can be distinguished by a physical quantity known as

the order parameter. It typically has a non-zero value in one of the phases and vanishes identically

in the other. The continuity properties of the order parameter and its derivatives at the transition

point determine to the order of the transition. The condensate is non-zero in the broken phase of

the theory and vanishes in the phase in which chiral symmetry is restored. It serves, then, as an order

parameter for the chiral symmetry breaking phase transition.

0.1.2 The QCD Running Coupling and Asymptotic Freedom

The strength of the QCD interaction is regulated by the renormalised coupling constant g of the

theory, a quantity which is dependent on the renormalisation scale of the theory. This dependence,

defined via the Callan-Symanzik equation 73,298,299, is encoded in the β-function of the theory:

β(g) ≡ μ
∂g
∂μ

=
∂g

∂ log μ
(23)
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For small coupling g, a perturbative expansion for the QCD β-function can be written

β(g) = −β0
g3

(4π)2
− β1

g5

(4π)4
+ ... (24)

where the βi are the (i + 1)-loop coefficients of the expansion, which, in general, are dependent on

the underlying SU(N) group and fermion representation. The first two coefficients are universal

and can be written, for an arbitrary group representation R of the compact Lie GroupG as

β0 =
11
3
C2(G)−

4
3
T(R)Nf,

β1 =
34
3
C2(G)2 −

20
3
C2(G)T(R)Nf − 4C2(R)T(R)Nf,

(25)

where C2(G) and C2(R) are the quadratic Casimir operators of the adjoint and fermion representa-

tions and T(R) is the trace of R. In the case of a SU(3) theory with Nf flavours in the fundamental

representation, these become

β0 =
1

16π2

(
11− 2

Nf

3

)
, β1 =

1
(16π2)2

(
102− 38

Nf

3

)
. (26)

The value of β0 was firstly calculated by Politzer 267, Gross and Wilczek 155,156 and ’t Hooft‡. The

result implies that the beta function of QCD is always negative and its coupling runs towards zero

for higher energy scales. This concept is known asAsymptotic Freedomand, in 2004, Politzer, Gross

and Wilczek received the Nobel Prize in Physics for the discovery of Asymptotic Freedom in QCD.

This discovery changed the previous concept that all gauge theories should have a beta function

similar to QED, opening the doors for trustworthy perturbative calculations in strong interactions

at high energy, and QCD became generally accepted as the theory of strong interactions.

At the one-loop level, the scale dependence of the running coupling constant ofQCD αs is given

from the renormalisation group equation by

αs(μ) =
g2(μ)
4π

=
2π

β0ln(μ/ΛQCD)
. (27)

It goes to 0 in the momentum scale μ → ∞ limit or equivalently the distance approaching zero, a

theoretical result that has been verified inhigh-energy experiments to veryhighprecision: the current

‡’t Hooft’s result was announced at a conference in Marseilles in 1972, but never published
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QCD αs(Mz) = 0.1185 ± 0.0006

Z pole fit  

0.1

0.2

0.3

αs (Q)
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Heavy Quarkonia (NLO)
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Sept. 2013
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τ decays (N3LO)

1000
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(–)

Figure 1: The logarithmic decrease of the strong interaction coupling as energy is increased, as predicted by asymp-

totic freedom inQCD. The figure illustrates the current agreement betweenQCD andmany experiments. Figure by

the Particle Data Group 255 .

global average of the running coupling at the mass of the Z-boson, calculated by the Particle Data

Group, is αs(MZ) = 0.1184± 0.0006, with an uncertainty well below the 1% (see Figure 1).

In Equation 27 we have introduced the renormalisation group invariant integration constant

ΛQCD. This is the only dimensionful quantity of QCD, and can be experimentally determined. It

replaces the dimensionless parameter g through dimensional transmutation and marks the renor-

malisation scale at which the coupling diverges and is the characteristic scale ofQCDprocesses, such

as colour confinement, which will be discussed below. For μ >> ΛQCD we have that g(μ) << 1,

i.e, the theory is weakly coupled and perturbative; μ << ΛQCD implies g(μ) >> 1, i.e, the theory is

strongly coupled and Physics becomes non-perturbative.

0.1.3 Colour Confinement

The other side of asymptotic freedom is colour confinement, which is themost prominent feature of

QCD: at zero temperature and density, in strongly interacting system, only colour singlet states can

exist as free particles at distances scales larger than 1/ΛQCD. Colour singlet states are to be understood

as colourless combinations (i.e., with zero colour quantum number) invariant under SU(3) colour

transformations. Such combinations are not allowed to have arbitrarily small energy, but rather

their energy is bounded from below by a scale which is referred to as the mass gap and confinement

is also commonly defined as the existence of a mass gap in quenched QCD (QCDwithout dynamical

quarks). Due to the existence of a mass gap, the spectrum of this theory consists of massive bound
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states of gluons called glueballs. Calculations of the glueball spectrum on the lattice require a huge

computational effort in order to satisfy the large amount of statistics required. Because of that, the

spectrum is typically calculated in the quenched approximation. The first lattice calculation was

performed by Morningstar and Peardon 238 and the main results are in agreement with subsequent

works 230,78. Glueball spectroscopy with dynamical quarks is a more difficult task and constitutes an

active area of research within the lattice community. More recently, it was realised that it is possible

to formulate the quenched approximation in the framework of the ’tHooft large-N limit, providing

a controlled interpolation from QCD to SU(3) Yang-Mills. For a recent overview on the status of

glueball studies, the reader is referred to a recent review by Ochs 252. For a lattice review, the reader is

referred to the works by McNeile 229 and by Lucini 211,212 and for recents lattice developments to the

work by Gregory et al. 153.

It is important to note that it is still an open challenge to provide a rigorous proof for colour con-

finement, which remains a conjecture consistent with experimental facts. In particular, a rigorous

proof of the existence of a Yang-Mills theory with a mass gap for any compact single gauge group is

one the Millennium Problems listed by the Clay Institutemil.

The colour confinement phenomenon is usually understood through the flux tube picture: the

gluons thatmediate the strong interaction self-interact and the electric colour field of the interaction

is squeezed by the vacuum to a minimal geometrical configuration: a narrow tube with constant

energy density. The energy stored in the tube, therefore, increases linearly with the tube length. If

one tries to pull a quark-antiquark pair apart, a newquark-antiquark pair will be created. Numerical

simulations have observed the flux tube from the plot of energy density in space and confirmed the

linear growth of the quark potential 303.

At high temperatures, finite temperature effects become non-negligible and the picture is mod-

ified. In the very early universe, for example, for times of order of 10−4 seconds after the Big Bang,

thermal energy fluctuations were of the order of 100 MeV, which is the order of the mass of the π-

meson. In such regimes, the large entropy of infinite length strings will cause them to condensate,

leading to a phase of deconfined free quarks, called quark-gluonplasma (QGP).Here, it is important

to make clear the meaning of free in the previous sentence: it refers to the fact that isolated quarks

can propagate freely in the QGP phase, without being bound within hadrons, since the phase is de-

confined; it does not mean that the quarks are free from strong interaction. In fact, the small shear

viscosity to entropy ratio observed in heavy ions experiments at the Relativistic Heavy Ion Collider
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(RHIC) 6,37,7,41 imply that the QGP is strongly coupled 291. The phase transition associated with de-

confinement was first pointed out by Polyakov 268 and Susskind 296§.

Polyakov alsoproposed a criterion for confinement at finite temperature 268 basedon thequantity

known as the Polyakov loop, which is the trace of the time-ordered exponential

L(⃗x) = Tr P ei
∫ 1/T
0 dtA(⃗x,t), (28)

i.e., it is the Wilson thermal loop going along the temporal direction of length 1/T, where T repre-

sents the temperature. It is possible to imagine that the time variable t is compactified, so that the

Polyakov loop winds around the temporal direction

The expectation value of this quantity is related to the free energy F0(⃗x) of a single quark (minus

the free energy of the vacuum) located at the point x⃗ of space by

⟨L(⃗x)⟩ = e−F0/T. (29)

Confinement of quarks requires an infinite F0, i.e., ⟨L(⃗x)⟩ = 0. On the other hand, the existence of

isolated quarks requires a finite F0, i.e., ⟨L(⃗x)⟩ ̸= 0.

In pure Yang-Mills theory, the deconfinement transition can also be understood in terms of the

global Z(3) symmetry, which is the centre symmetry of SU(3). The transformation of all temporal

link variables on a given time slice i4 = t0 with the same element z ∈ Z(3)

U4(i, t0) → zU4(i, t0) (30)

produces gauge configurations with the same statistical weight as the original ones. For SU(3), the

centre elements are the cubic roots (I, Ie2πi/3, Ie−2πi/3). Under the action of the Z(3) centre sym-

metry group, the Polyakov loop transforms as

L → z L, (31)
§Those interested on the cosmological consequences of the deconfining phase transition can refer to 87,292
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and its expectation value can be written as

⟨L⟩ = 1
3
⟨L+ z L+ z2 L⟩ = 1

3

(
1+ ei2π/3 + e−i2π/3

)
⟨L⟩ = 0. (32)

Thus, exact centre symmetry is associated with ⟨L⟩ = 0, i.e., with confinement. When centre

symmetry is broken, the relation in Equation 32 is not verified, and broken centre symmetry is then

associated with ⟨L⟩ ̸= 0, i.e., with deconfinement. Spontaneous breaking of centre symmetry is

linked to the finite temperature transition of quenched QCD 301. Dynamical fermions in the fun-

damental representation explicitly break the Z(3) symmetry and in this case the centre symmetry

argument presented above works in an approximate way and the Polyakov Loop is no longer an

order parameter.

A finite volume lattice has a finite number of degrees of freedom,making it impossible for sponta-

neous breaking ofZ(3) symmetry. It is usual then to consider amodified version of the confinement

criterion given by the correlator of two Polyakov loops separated by a distance R along a spatial di-

rection 297. It is connected to the free energy F(R) of separation R between a quark and antiquark

via

⟨L(⃗x)L†(⃗y)⟩conn = e−F(R)/T, (33)

withR = |⃗x− y⃗|. At leading order in a strong coupling approximation this is calculated, and yields,

for large R,

F(R) ∼ log(2g2)R. (34)

A zero expectation value of ⟨L(⃗x)L†(⃗y)⟩conn in Equation 33 is now obtained at infinite separation

R → 0. We interpret this as a signal of confinement. The theory deconfines at high temperature,

where the free energy of the separation is asymptotically constant.

0.2 The Phase Diagram

The main objective of the work presented in this thesis is to understand the phase diagram of non-

Abelian gauge theories and the role played by the emergence of conformality at a high number of

flavours in its shape. Now that we have briefly overviewed the basic properties ofQCD, we can pro-

ceed to introduce these matters and the partly conjectured phase diagram that is shown in Figure 2.
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chiral phase boundary

Quark-Gluon
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Hadrons

Figure 2: The conjectured phase diagram of QCD-like theories projected in theT× Nf plane, whereT is the tempera-

ture andNf the number of flavours.

Let us consider a SU(N = 3) theorywithNf flavours in the fundamental representation. At small

values of Nf, the picture resembles the case of QCD: the beta function of the theory is everywhere

negative; at low (and zero) temperatures chiral symmetry is broken and the system is confined, what

characterises the hadronic phase of QCD. At high temperatures the system deconfines and chiral

symmetry is restored. This is the quark-gluon plasma.

As the number of flavours is enlarged, the beta function acquires a non-trivial zero and the theory

develops a second zero at some valueNf = Nc
f . Further increasing the number of flavours will cause

the beta function to become everywhere positive and asymptotic freedom will be lost atNf = NAF
f

(see Figure 3). Here, we refer to asymptotic freedom in the sense of Section 0.1.2, i.e., the vanishing

of the coupling at infinite energy.

Thenon-trivial fixedpoint described above is the so calledBanks-Zaks infrared fixedpoint (IRFP),

which is an attractor in the infrared andwas first described in two seminal papers in the late seventies

and early eighties 75,43. At the 2-loop level, the emergence of such a fixed point is a result of the sign

inversion in the coefficient β1 in Equation 26. For the SU(3) theory with fermions in the fundamen-
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IRFP

Nf < 8.05

Nf > 16.5

β(g)
g

Figure 3: Possible shapes of the perturbative beta function of the SU(3) gauge theory withNf fundamental flavours

asNf is increased. It is always negative for smallNf and always positive for largeNf . For intermediate values ofNf the

theory develops a non-trivial fixed point.

tal representation, again at the 2-loop perturbative level, the IRFP exists for Nc
f = 8.05 < Nf <

NAF
f = 16.5. The exact value of Nc

f , however, may suffer from nonperturbative corrections and a

non-perturbative approach is required to properly study this phenomenon.

g

Nf

gc

NAF
f

N⇤
f

g

Nf

gc

N c
f

NAF
f

Figure 4: Projection of the phase diagram on the g − Nf plane depicting the Banks-Zaks scenario (left) and the

Miransky-Yamawaki scenario (right). The purple stripes fill indicates a phase in which chiral symmetry is broken, while

the green polka dots indicate a phase in which chiral symmetry is restored. The red line represents a line of IR fixed

points associated to each value ofNf . The horizontal line atNc
f on the figure in the right is the conformal phase transi-

tion (CPT) that opens the conformal window. The figure represents the possibility that the bulk deconfining transition

and the bulk chiral symmetry breaking transitions on the strong coupling side are not coinciding. In this scenario, the

unfilled area is delimited by a bulk chiral symmetry breaking transition at weaker coupling and by a bulk confinement

transition at stronger coupling, so that it would be chirally broken, but not confining. Both lines plausibly coalesce at

gc .

The Banks-Zaks scenario is depicted in Figure 4 (left) through a projection of its phase diagram
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onto the zero-temperature plane g − Nf: the red line at strong coupling going from N∗
f to NAF

f

represents the location of the IRFPs associated with the zeroes of the perturbative beta function for

each value ofNf. Chiral symmetry is exact on the area filled with green polka dots, and the theory is

deconfined. Chiral symmetry is broken in the area filled with the purple stripes. It was then inferred

by Banks and Zaks43 that a deconfinement transition would be coupled to the emergence of the

IRFP, together with the chiral symmetry breaking transition. It would, however, lead to a highly

non-intuitive scenario, in which, at a given number of flavours, a phase transition from a chirally

broken to a chirally symmetric theory occurs as the coupling grows!

The Banks-Zaks scenario embeds also the possibility that for couplings even stronger than the

IRFP coupling, an additional non-trivial fixedpointmay emerge, being an attractor in theultraviolet

(UVFP). Such a fixed point would then correspond to a new theory in the continuum associated to

a second order confining phase transition. If the theory has fundamental fermions, centre symmetry

is explicitly broken and the only true order parameter is the chiral condensate. In fact, in this case

it is not entirely accurate to talk about a deconfinement transition line and a second order phase

transition can only happen at the chiral symmetry breaking line of transitions. In practice, lattice

results so far favour the conclusion that the signals for confinement and chiral symmetry breaking

approximately coincide for fundamental fermions 190,47. A crossover is also possible at finite quark

mass, and in this case each observable will be allowed to signal a different pseudo-critical coupling.

For fermions in the adjoint representation, both the chiral condensate and the Polyakov Loop are

true order parameters and they can lead to two phase transition lines. In fact, lattice results have

shown that the thermal scale of deconfinement is actually lower than the chiral symmetry restoration

scale for adjoint fermions 189 below the conformal window.

In addition to the possibility of aUVFP at strong coupling, where a new theory in the continuum

exists, there is another possibility to explain the line of chiral symmetry breaking transitions in the

phase diagram in Figure 4. The strong coupling limit of lattice regularised theories is expected to

be chirally broken. This means that a chirally symmetric theory on the lattice will undergo a chiral

symmetry breaking transition at some sufficiently strong coupling. Such a transition is known as a

bulk transition. Aswill be shown inChapter 1 of this work, this scenario is indeed realised in the case

of QCD-like theories: no UVFP emerges at strong coupling and the transition is a genuine lattice

phenomenon for which no continuum limit exists.

A Distinction must be made on the lattice between a scenario with a strong coupling UVFP in
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the continuum theory (and thus accompanied by second order phase transitions), and a scenario

with a lattice bulk transition to a phase with no continuum limit.

An important contribution to the understanding of conformal symmetry restoration was pro-

vided by the studies of Appelquist and collaborators, who have investigated, in a series of works,

the Nf dependence of the chiral phase transition in different gauge theories 24,26,155,243,25,30,29,27. They

argued that, as the number of flavours Nf is varied, QCD-like theories in four dimensions undergo

a chiral phase transition at a critical valueNc
f , such that chiral symmetries are spontaneously broken

below Nc
f and are unbroken above Nc

f
29,27. They have studied the nature of this transition using a

ladder gap equation, considering that the value Nc
f is large enough, so that the infrared fixed point

reliably exists and governs the transition.

Miransky and Yamawaki further studied this class of transitions 234 and introduced the concept

of conformal phase transition (CPT), which are nothing but the Berezinskii-Kosterlitz-Thouless

(BKT) phase transitions observed for finite temperature classical spin systems 199. The name was

given due to their link to the breaking of conformal symmetry. They have modified the Banks-Zaks

scenario depicted above by adding the horizontal line seen in Figure 4 (right) and thus avoiding that

the chiral symmetry breaking transition takes place along the line of IRFPs. There is one exception at

the endpoint of the line. Their key observation, by solving the Schwinger-Dyson gap equation, was

that there is a critical coupling above which chiral symmetry must be broken. This critical coupling

is linked to the critical number of flavours Nc
f that signals a transition from a chirally symmetric

to a chirally broken phase. This is the conformal phase transition: it is continuous in the chiral

order parameter and has an abrupt change in the spectrum of the theory. In such transitions, the

chiral order parameter vanishes continuously as Nf → Nc
f from below, so that the transition is not

conventionally of first order. Moreover, the correlation length does not diverge as the critical point

is approached, so that the transition is not conventionally of second order either.

The conformal transition atNc
f marks the openingof the conformal window, which endswhen the

beta function becomes everywhere positive and asymptotic freedom is lost atNAF
f flavours. Theories

living inside the conformalwindowhave a conformal IRFP at zero temperature, and exhibit restored

chiral symmetry and deconfined quarks. Note that, in this scenario, the red line of IRFPs is not a

critical line and separates two chirally symmetric phases of the theory, the one atweak coupling being

asymptotically free and the already mentionedQED-like or Coulomb phase on the strong coupling

side. Note, also, that in theMiransky-Yamawaki scenario the lower endpoint of the newphase occurs
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atNc
f , which can be a priori different from theN∗

f value predicted by the perturbative beta function.

We also stress the point here that, as a result of the discussion above, the existence of an IRFPdoes

not imply per se the existence of the conformal window. This important observationmust be taken

into consideration when devising strategies for the exploration of the phase diagram. In this sense,

studying the running coupling of the theory might make it possible to determine the existence or

absence of an IRFP for a given theory, but does notmake it possible to establish or reject the existence

of the conformal window.

It is possible to note that there are many pieces to the puzzle of understanding the phase diagram

of gauge theories. A deep comprehension of all of these facets requires combining knowledge ex-

tracted with different methods. Analytical perturbative calculations of the beta function for up to

four loops have allowed for a perturbative estimation of the anomalous dimension of the fermion

mass operator for theories that are, at that order of perturbation theory, located inside the conformal

window 302,203,304,274. An attempt at understanding the shape of the chiral phase boundary below

the opening of the window has been presented, using Functional Renormalisation Group meth-

ods66,67,65.

Some important developments were provided by a series of recent papers by Bochicchio61,60,62.

The authorderived the exact beta functionof large-NYang-Mills 59, and large-NQCDin theVeneziano

limit62 Nc,Nf → ∞ withNf/Nc constant, and identified the lower edge of the conformal window

as the threshold for the quantum instability of the glueball kinetic term Nf/N = 5/2 59,61. This re-

sult is in agreementwith the numerical determination of the lower edgewewill present inChapter 3.

One important feature of the derived beta function is that the absence of supersymmetry results in

the appearance of an additional anomalous dimension term in the running of the canonical ’t Hooft

coupling and renormalisation scheme dependence, contrary to what happens in supersymmetric

Yang-Mills. Using a topological string model underlying the large-N limit of pure Yang Mills, the

author predicted the glueball spectrum of large-N Yang-Mills60 and found accurate agreement with

lattice results. The asymptotic behaviour of the scalar glueball two-point function in the ’t Hooft

limit of large-NQCD implies a more restrictive definition of asymptotic freedom, in which the ap-

proach to zero has powers of logarithms in the two-point correlator that are specific toQCD.Using

this as definition of asymptotic freedom implies that it only exists below the conformal window,

and inside the conformal window the continuum theory lives at the IRFP. In the latter case, it re-

mains possible to device a flow to the UV by applying relevant perturbations to the IRFP. Theories,
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then, can be free in the UV without being asymptotically free as usually understood in QCD. We

will return to these results on Chapter , whenwe discuss the behaviour of the anomalous dimension

of the scalar glueball operator.

Still on the analytic side, a beta function was conjectured 273 for SU(N) gauge theories inspired

by the Novikov-Shifman-Vainshtein-Zakharov (NSVZ) supersymmetric beta function 251,287. The

authors have then used a unitarity bound to estimate a lower bound on the lower edge of the con-

formal window Nc
f ≥ 8.25. It was pointed out 257, however, that supersymmetry guarantees the

cancellation of non-zero modes and renormalisation theorems, which in turn fix the anomalous di-

mension of the gluons in the NSVZ calculation. Without the constraints from supersymmetry, a

closed beta function like NSVZ is in general not expected to exist and one has to rely on truncations

of the perturbative expansion, on particular simplifying limits such as the large-N limit, or conjec-

tures. In fact, the authors did not account for the extra anomalous dimension term resulting from

the lack of supersymmetry calculated in the abovementioned work by Bochicchio 59, hampering the

constraint on the lower edge of the conformal window.

Since non-perturbative approaches to the problem are required in order to establish the nonper-

turbative contributions to the relevant observables and yield a reliable picture of the phase diagram,

lattice gauge theory methods emerged as an important tool in studying this subject.

The very first lattice studies of theorieswith a large number of quark flavours date back to themid

1980’s and beginning of the 1990’s, with the works by Kogut et al. 197,198, Fukugita et al. 139, Ohta et

al. 253, Brown et al. 68 and Iwasaki et al. 179,178. These works, however, were hampered by the technical

limitations of the time and led to contradictory results then. Finite volume systematics, in particular,

were unclear. For the sake of brevity, in what follows we will focus on the works produced in the

most recent surge of interest on the conformal window, that benefits from the rapid development

of computing resources and algorithms in past recent years.

Awide array of different strategies has been employed in lattice studies that aim at understanding

the phase diagram. These strategies typically revolve around attempts to directly to studying the

running coupling, studies of the spectrum of the Dirac operator, hadron spectroscopy studies and

studies of phase transitions.

Attempts to directly study the running coupling aim at reconstructing the renormalisation group

flow of the theory on the lattice through a discretised beta function and then recovering the contin-

uum limit. It is necessary to keep in mind the caveat about the limitations of this type of studies
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with respect to establishing the existence of the conformal window, as mentioned before. In the

Banks-Zaks scenario, for example, there is no conformal window. The proof of the existence of

the conformal window is a problem per se and requires specific strategies in order to be properly

addressed. Also, the extrapolation to the continuum limit in such studies only makes sense on the

weak coupling side of the IRFP, not on the QED-like (Coulomb-like) strong coupling side, where

no continuum limit exists. Controlling the correct phase in which the system under study is located

is therefore a mandatory step as it can lead to misinterpretation of lattice data.

Theusual techniquesused in the strategyof searching for a signature of the IRFPare the Schrödinger

functional 216,217 and step scaling 221. Another possibility is to formulate a Monte Carlo renormalisa-

tion group flow on the lattice 158,157. The objective in these types of studies is tomap the beta function

and its roots: the existence of a stable IRFP is probed by the flattening of the running coupling after

an extrapolation to the continuum limit.

The first explorations of the phase diagram to use the Schrödinger functional method were per-

formed by Appelquist et al. 21,22 who studied the SU(3) theories with Nf = 8 and 12 flavours in

the fundamental representation. Based on the observed flattening of the running coupling for the

Nf = 12 theory, the authors concluded that this theory has an IRFP, a bound for which was es-

timated in the Schrödinger functional scheme. In the Nf = 8 case, the authors could explore the

continuum-extrapolated beta function up to g2SF ≤ 6.6. Within this range, they have found a rea-

sonable agreementwith two-loopperturbation theory andno evidence of a IRFP.Two factors, how-

ever, have limited the strength of the renormalised coupling that could be investigated in this work:

computational costs and the need to avoid the strong coupling bulk transition in the lattice. The

latter issue was enhanced by the fact that the authors used an unimproved fermion action.

There are some issues with this strategy: first, the flattening of the running coupling is not a

sufficient condition to establish that a theory is conformal and lives at a physical fixed point. The

nonperturbative beta function can depart from n−loop perturbation theory. Also, the distinction

between a flat and a slightly increasing beta function, up to numerical uncertainties, remains a qual-

itative statement. In addition, there is the issue of the renormalisation scheme dependence of the

running coupling.

A strategy was devised that avoids the issues with studies of the running coupling mentioned

above. In addition, it allows for a true probe of the existence of the conformal window itself. It is

based on the Physics of phase transitions and symmetries patterns and was inspired by earlier work
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by Brown and Gies utilising Functional Renormalisation Group methods66,67,65. Deuzeman et al.

performed the first finite temperature study of the SU(3) theory withNf = 8 115 in this framework.

The theory was simulated at fixed bare quark mass am = 0.02 for lattices with temporal direction

of sizesNt = 6 and 12. The results indicated the existence of a chiral symmetry breaking phase tran-

sition in the system, which was found to move towards weaker coupling for largerNt, in agreement

with the expected thermal scaling from two-loop perturbation theory. The existence of this scaling

and the uncertainty were interpreted as evidence that the theory would lie below the opening of the

conformal window. As will be presented in Chapter 3, the small crossovers that exhibit this scaling

actually mark the weak coupling edge of an emergent exotic phase in the system on the lattice be-

tween the chirally broken phase at strong coupling and theQED-like phase at weaker coupling. The

nature of this exotic phase is investigated in Chapter 1.

The Nf = 8 theory was also investigated by Jin and Mawhinney, who used the doubly blocked

Wilson (DBW2) gauge action and naive staggered fermions to study the chiral condensate, the heavy

quark potential and the π and ρ spectrum of the theory. The results obtained supported, in the chi-

ral and continuum limits, a non-zero value for the scale setting quantities r0 and r1 293, a non-zero

value for the chiral condensate, a massless π and a massive ρ. These results have been interpreted

as consistent with a chirally broken theory 180,181. The authors have also observed a discontinuity in

the chiral condensate as a function of the bare quark mass for a fixed lattice coupling, which was

argued to correspond to the finite temperature chiral symmetry breaking transition 182. The simula-

tions, however, were performed for a reduced number of lattice couplings, not allowing for a precise

control over the phase in which the spectrum measurements were performed. Also, no asymptotic

scaling study has been presented to confirm the thermal nature of the claimed transition.

The results above seemed to indicate that the opening of the conformal window would happen

forNf > 8. Together with the superior cost-effectiveness of staggered fermions for the study of the

chiral properties of the system, this motivated several groups to investigate of the SU(3) theory with

Nf = 12.

Deuzeman et al. performed a study of the mass dependence of the chiral condensate and of the

spectrum of the Nf = 12 theory for the π and ρ channels, providing evidence that the conformal

window scenario is realised and that theNf = 12 theory is located inside thewindow 112. The authors

also observed a true bulk transition in this theory 118, together with the emergence of an exotic phase

of the theory on the lattice at strong coupling. These findings have been confirmed byCheng et al. 81.
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A detailed study of both the bulk transition and the exotic phase will be the subject of Chapter 1 of

this thesis.

Studies of the spectrumhave also been carried out utilising different lattice actions for this theory

and the results obtained by most groups agree that this theory is indeed conformal 13,208,79, with one

notable divergence 134. An attempt at a universal description of the lattice finite size scaling data by

considering the effects of leading order scaling corrections was presented by Cheng et al. 79. We will

come back to this topic in Chapter 2, where our study of the spectrum of SU(3) with Nf = 12

fundamental flavours will be discussed. From our spectrum results, we also obtained an estimate for

the fermion mass anomalous dimension of the theory, which is small.

Miura et al. attempted a study of the fate of the chiral phase boundary obtained from finite

temperature studies as Nf → Nc
f , i.e., as the opening of the conformal window is approached from

below 237. The authors attempted to obtain directly the value of the critical number of flavours Nc
f

from an extrapolation of the chiral phase boundary and found Nc
f ∼ 12. The results, however, are

likely to be modified by the new results presented in Chapter 3 of this work regarding the nature of

theNf = 8 theory.

Two groups have attempted a further investigation of themass anomalous dimension of the the-

ory through the eigenmodes of theDirac operator 80,177. Both concluded that the theory is conformal

with a smallmass anomalous dimension, in agreementwith the results from spectroscopy. The small

value of the mass anomalous dimension of the SU(3) theory with Nf = 12 indicates that it is well

inside the conformal window.

Attention has since shifted back to theories with a lower number of flavours. The LatKMI Col-

laboration presented a work 16 using Highly Improved Staggered Fermions (HISQ) where it is ar-

gued that the spectrum of the theory with Nf = 8 at lighter masses can be described by chiral per-

turbation theory, while their heavier range of simulated masses appear to exhibit some remnant

of infrared conformality, in spite of the claimed broken chiral symmetry. The authors also claim

that the theory has a light flavour-singlet scalar Higgs-like particle 17. The USBSM Collaboration,

however, simulated the same theory with nHYP-smeared staggered fermions at smaller masses and

larger volumes (up to 483 × 96) and could not confirm spontaneous chiral symmetry breaking 278

with fermion masses as light as am = 0.004 on a 483 × 96 lattice volume.

The USBSM collaboration has since initiated a large project to investigate the SU(3) gauge the-

ories with Nf = 2, 6, 8 and 10 flavours utilising domain wall fermions 20. So far, the results for the
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Nf = 8 theory, obtained in partnership with the Lattice Strong Dynamics (LSD) collaboration,

showed no clear evidence of infrared conformality, but were not able to conclusively establish chiral

symmetry breaking either. Notably, a linear chiral extrapolation of the pseudoscalar mass squared

results yields a large χ2/d.o.f and a significantly non-zero chiral limit value, indicating tension with

leading order chiral perturbation theory. It was also observed that the mass anomalous dimension

of the theory seems to be rather large, γ∗ ∼ 1, a behaviour which is expected forNf ≈ Nc
f .

More recently, step scaling studies have regained traction 159,160,206,131 with the introduction of an

alternative to the Schrödinger functionalmethod, basedon the gradient flow running coupling 214,215.

The results show no signal of spontaneous chiral symmetry breaking for the range of couplings so

far explored. Here, we recall that these types of study alone are not able to rule out the possibility

of an IRFP appearing at a stronger coupling. The study by Hasenfratz et al. 159,160, for example, has

explored couplings in the range g2c ≤ 14 in the gradient flow scheme. As noted by the authors, the

nonperturbative βs(gc ∼ 14) is comparable to the four-loopMS prediction, which has an IRFP at

g2MS ∼ 19.5. This motivated the authors to attempt a finite temperature study of theNf = 8 theory,

with 403×20 and 483×24 lattice volumes. The results of thiswork could not establish spontaneous

chiral symmetry breaking 280.

The results listed in this section indicate that indeed the SU(3) theory withNf = 8 fundamental

flavours is close to the opening of the conformal window. It has long been believed that this the-

ory exhibits spontaneous chiral symmetry breaking. However, in spite of studies of the running

coupling being consistent with the broken symmetry scenario up to the range of couplings studied,

spectroscopy, eigenmodes and finite temperature strategies have been unable to definitely establish

spontaneous chiral symmetry breaking. In Chapter 3 we will present numerical and analytical evi-

dence that the opening of the conformal window actually happens belowNf = 8.

0.3 Higher Dimensional Group Representations and the connection to

phenomenology

In the previous section, emphasis was given to results obtained for the phase diagramof SU(3) gauge

theories with fundamental fermions. This is pedagogically motivated by the content of the research

presented in the remaining chapters of this thesis. It is also useful and instructive to perform similar

studies for higher dimensional group representations.
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Figure 5: Possible scenarios for the beta function of the theory: in the region immediately before it develops an IRFP,

the theory acquires a walking behaviour, in which the beta function turns away from the origin before touching it.

From Equation 25 it is immediate to see that representations which are higher dimensional than

the fundamental (larger Casimir) push the roots of the coefficients β0,1 to lower number of flavours,

and therefore are more effective in loosing asymptotic freedom and acquiring an IRFP. For ad-

joint fermions, the point of loss of asymptotic freedom and the point at which an IRFP appears

are NAF
f = 11/4 and Nc

f = 102/96, respectively. Therefore, restoration of conformal symmetry

can be achieved in this representation for slightly flavoured gauge theories, differently from the the-

ory with fundamental fermions, which requires an unnaturally high, from the phenomenological

point of view, flavour content. This has made theories with fermions in higher dimensional repre-

sentations more phenomenologically interesting as extensions of the Standard Model. The results

presented in this thesis might change this perspective.

The near-conformal region of the phase diagrammight exhibit precursory effects of conformality

relevant for phenomenology and model building. If a conformal phase transition takes place atNc
f ,

observables in the vicinity of the conformal window, for Nf ↗ Nc
f , realise Miransky/BKT scaling.

The inverse correlation length of the system

1
ξBKT

≃ ΛUV θ(Nc
f − Nf) e−b′/|Nf−Nc

f |
1/2
, (35)

has an exponential decrease for Nf < Nc
f and vanishes identically for Nf > Nc

f , i.e., inside the con-

formal window.

In case the Miransky/BKT scaling is realised, the running coupling will slow down asNf ↗ Nc
f ,

so that the beta function in the pre-conformal region of the phase diagram might come close to
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developing a zero 33, as shown inFigure 5. Thiswill result in a slowly varying,walking, gauge coupling

as a function of the energy, instead of a running coupling as shown in Figure 6. In fact, theMiransky

scaling generated by the annihilationmechanism for the disappearance of conformality discussed in

the previous section is the simplest way to realise the walking behaviour.

g

µ

Running

Conformal

Walking

Figure 6: Possible scenarios for the coupling of the theory: in addition to the usual running seen in QCD, if the the-

ory is conformal it reaches an asymptotic value; in the walking scenario the coupling will not run for a large range of

energy scales.

Thewalking behaviour of the gauge coupling is appealing in the formulation of beyond the stan-

dard model (BSM) Physics because it provides a framework for a class of dynamical electroweak

symmetry breaking (DEWSB) models 121 known as walking technicolour.

Models of DEWSB rely on the vacuum expectation value of a fermion bilinear 254 to provide a

realisation of the mechanism responsible for breaking the electroweak symmetry down to electro-

magnetism. In its simplest version, the strong dynamics of a new, asymptotically free, non-abelian

gauge theory, called technicolour, produces the fermion condensate 306,295. The new gauge field carry-

ing technicolour (TC) charge is coupled to technifermions that transformunder some representation

of the new gauge group. The coupling αTC becomes strong at the scale ΛTC, which must be of the

order of the weak scale. The left-handed components of these technifermions are weak doublets

and their condensate breaks the standard model electroweak symmetry. Because the condensate
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also breaks the global chiral symmetry of the technicolour theory, the theory has technipions, three

of which are “Higgsed” and become the longitudinal components of the W and Z bosons, setting

the typical scale of the technihadron spectrum.

One serious problem with technicolour is that the Standard Model quarks and leptons are still

massless after electroweak symmetry breaking, because no explicit chiral symmetry breaking mech-

anism is provided to generate their masses. Furthermore, in most TC models there are technipions

πTC, which must be given a very large mass in order to have escaped detection. In order to prop-

erly describe the flavour sector, technicolour is typically extended by the introduction of additional

interactions that break unwanted symmetries, known as extended technicolour (ETC) 127,123.

In this scenario, ordinary SU(3) colour, SU(NTC) technicolour and flavour symmetries are uni-

fied into the ETC gauge group GETC. Gauge bosons from ETC couple to both the standard model

fermions and technifermions. The extended gauge symmetry is broken down to the residual techni-

colour gauge symmetry at energy scale ΛETC ∼ METC/gETC, where METC is a typical flavour gauge

boson mass. The scale ΛETC is larger than the technicolour scale ΛTC. Interactions between the

Standard Model fermions and technifermions will be generated at lower energies.

For the order of magnitude of the technicolour scaleΛTC, the interactions mediated by the ETC

can be described by an effective Lagrangian obtained by integrating out the heavy ETC degrees of

freedom. For our discussion here, the relevant terms are

1
M2

ETC
T(x)T(x)ψ(x)ψ(x)

1
M2

ETC
ψ(x)ψ(x)ψ(x)ψ(x)

(36)

where we have denoted the standardmodel fermions byψ(x) and the technicolour fermion fields by

T(x). Now the StandardModel fermions will receive the contribution of a mass term coming from

the technifermion condensate ⟨TT⟩ and the standard model fermion masses are determined by the

value of ⟨T̄T⟩ atMETC in the renormalisation scheme in which the standard model fermion masses

are being defined. It is common to follow the convention of the Particle Data Group (PDG) and

refer to the standard model masses in the MS scheme, but this choice is arbitrary and is is possible

to convert between renormalisation schemes. Following the convention of the PDG, in the MS
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scheme, we have

m(METC) =
1

Λ2
ETC

⟨TT⟩|METC =
1

Λ2
ETC

exp
[∫ METC

ΛTC

dμ
μ
γ(μ)

]
⟨TT⟩|ΛTC . (37)

Here γ(μ) is the mass anomalous dimension of the technicolour theory in this scheme and the ex-

plicit scale dependence of the chiral condensate is shown in the second equality.

Technicolour and extended technicolour have long been challenged by several phenomenological

issues. The first issue, and probably the most famous one, is that ETCmodels are typically expected

to have flavour-changing neutral currents (FCNCs) involving quarks and leptons. It was noted long

ago that the interactions in the second term in Equation 36 include FCNSc that result in consid-

erable contributions to K and D mixing, so that a lower bound to the ETC scale is implied by the

experimental limits on these contributions. The most severe is the constraint coming from possible

|ΔS| = 2 interactions that contribute to theKL−KS mass difference. Themeasuredmass difference,

ΔMK = 3.5× 10−18TeV, gives the limit

METC

gETC
√

Re(θsd)
> 1300TeV, (38)

where θsd is a mixing-angle factor, of the order of the Cabibbo angle. Because of this large value

ofMETC, it is only possible to generate heavy quark masses if the techniquark condensate obtained

from a naive rescaling of QCD is somehow enhanced.

Another famous problem with technicolour comes from electroweak precision measurements.

The basic parameters of the electroweak sector are measured so precisely, that they can be effectively

used to constrain models of new Physics. Most of the effects on electroweak precision observables

canbeparametrisedby the three parametersS,T,U introducedbyPeskin andTakeuchi 260. Notably,

a value of O(1) for the S parameter is obtained in technicolour by scaling up from QCD, which is

much larger than the measured value40 S = 0.05± 0.11.

The final serious problem in (extended) technicolour is the top quark mass. The ETC scale re-

quired to producemt = 175 GeV is too close to the TC scale.

The appeal of the walking scenario depicted above tomodels of DEWSB lies in the fact that such

a gauge dynamics can heal most of the problems with (E)TC models. For example, if the anoma-

lous dimension is large, walking theories produce an enhancement of the technifermion conden-

sate 171,172,173,310,10,34,32: for couplings that vary very little over a wide range of energy scales, a power law
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enhancement is the result of the anomalous dimension integral in Equation 37.

⟨TT⟩|METC =

(
METC

ΛTC

)γ

⟨TT⟩|ΛTC , (39)

with the anomalous dimension γ(μ) ∼ γ. Using this enhancement of the condensate back on

Equation 37, sinceMETC > ΛTC and if γ is sufficiently large, then quark masses up to a fewGeV can

be generated. This is still not enough, though, to generate the correct mass of the top quark.

Some alternative models were then proposed in which all 233,235,240,223,167,224,225,207,71,169 or some 168

of electroweak symmetry breaking is due to top condensation ⟨tt⟩ ̸= 0. The simplest models were

based on a new spontaneously broken but strong gauge interaction that couples preferentially to

the third generation of quarks, called topcolour 167,224,225,207,71,169, that forms a large large top-quark

condensate ⟨tt⟩ at the energy scale Λt. The original topcolour scenario, however, turned out to be

highly unnatural, as it would require the topcolour scale to be very highΛt ∼ 1015 GeV in order for

the resulting low-energy theory to simulate the StandardModel. This would imply a fine tuning of

couplings of order one part in Λ2
t /m2

t ≃ 1025. In addition, it implied a top mass that was actually

too large. Bardeen et al.44, estimated that in topcolour models the scale associated with electroweak

symmetry breaking, v = 246 GeV, and the top quark mass, are related by the Pagels-Stokar for-

mula 256

ν2 ≈ Nc

8π2
m2

t ln
Λ2
t

m2
t
. (40)

As a consequence, topcolour models predict a top mass of about 250 GeV and even for Λt ∼

MPlanck, the predicted top quark mass would be of aboutmt = 218 GeV.

A possible solution proposed by Hill 168 was to combine the natural mechanism for electroweak

symmetry breaking provided by extended walking technicolour with the topcolour explanation to

the large top mass in a model that is known the topcolour-assisted technicolour (TC2). A second

solution might be provided by the so called “top seesaw” mechanism 85,124,163,69. In these models, a

smallermass of the top quark is achieved viamixing to an electroweak singlet fermionF that acquires

a dynamical mass of several TeV. Amore detailed discussion of these models, however, is outside the

scope of this thesis and the reader is directed to the references for more information.

Returning to technicolour models, the effect of walking on the S parameter is more delicate and

speculative, because some usual assumptions used in its calculation are invalid in a walking theory.

Notably, the calculation by Peskin and Takeuchi 260 assumes that the vector and axial current cor-
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relation functions that define S are each saturated by a single, narrow resonance. In walking theo-

ries, however, one may expect a whole tower of resonances contributing to low-energy observables.

Thus, the assumption of saturation of of the correlation functions is unjustified. In spite of these

difficulties, it has been argued 28,201,202 that the walking behaviour is accompanied by a near parity

doubling of the resonance spectrum, what implicates, from the definition of S, small deviations in

the Standard Model electroweak sector.

In standard technicolour models, also known as Higgsless technicolour, the scalar boson is too

heavy and is then integrated out. As a consequence, these models are very strongly disfavoured by

the recent discovery of the Higgs-like scalar boson at the LHC4,77. There is, however, an interest-

ing variation that interpolates between Higgsless technicolour models and the Higgs model: a light

Higgs boson could emerge as the bound state of a strongly interacting sector, rather than being an

elementary field. This composite state would be the pseudo-Goldstone boson associated with the

breaking of a global symmetry 186,185.

Some DEWSB models with this feature have been explored in the past decades. These include,

but are note limited to, the Minimal composite Higgs model 9, models that interpret the Higgs-

like scalar as a dilaton 227,50, models in warped extra-dimensions 270,95,72, and deconstructed dimen-

sions 170,146,36.

A typical feature of composite models is the presence of resonances of different types, in a similar

fashion to what happens inQCD 12,84. TheHiggs-like boson discovered in the first run of the LHC,

in this sense, could actually be the lightest state of a tower of new resonances and the discovery of

new composite states would be a smoking gun evidence of composite dynamics. Such new states,

however, have not been observed in the first run of the LHC 91,90,92,3.

This absence of new states suggests the existence of a difference between the electroweak and

new physics scale. Pich et al. 266 used a general effective Lagrangian that implements electroweak

symmetry breaking to obtain the S and T parameters of electroweak precision tests for a class of

models with a light scalar, taking into consideration the Higgs mass measured by CMS and ATLAS

in the first run of the LHC,mHiggs = 125.09± 0.21± 0.11 GeV/c2 5.

They have considered a low-energy effective theory containing the StandardModel gauge bosons

coupled to electroweakGoldstones, one light scalar scalar stateHwithmassmH = 126 GeV and the

lightest vector and axial-vector resonance multipletsVμν andAμν. They have also assumed the Stan-

dardModel pattern of electroweak symmetry breaking, i.e., the theory is symmetric under SU(2)L⊗
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SU(2)R and becomes spontaneously broken to the diagonal subgroup SU(2)L+R. The state H is

taken to be a singlet under SU(2)L+R, while Vμν and Aμν are triplets. The underlying theory is

assumed to preserve parity. To lowest order in derivatives and number of resonance fields, the La-

grangian can be written 265,263,264

L =
v2

4
Tr
[
(DμU)†D μU

] (
1+

2ω
v

H
)
+

FA
2
√
2
Tr
[
Aμνf

μν
−
]
+

FV
2
√
2
Tr
[
Vμνf

μν
+

]
+ · · · , (41)

where the electroweak Goldstone fields ϕ⃗(x) are parametrised through the matrix U = u2 =

exp
(
i⃗σ · ϕ⃗/v

)
, uμ = −i u† DμUu† andDμ is the appropriate gauge-covariant derivative. The first

term gives the Goldstone Lagrangian plus their interactions with the SU(2)L+R singlet Higgs-like

particle. For ω = 1 theHϕϕ vertex of the Standard Model is recovered. The vector and axial-vector

resonance multiplets Vμν and Aμν have massesMV andMA, respectively. Their terms are written in

tensorial format and defined in the original references 266,263.
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Figure 7: TheNLO determination of S andT from Pich et al. 266 compared to experimental bounds 265,263,264 . The grid

lines correspond toMV values from 1.5 to 6.0 TeV, at intervals of 0.5 TeV, andω = 0, 0.25, 0.5, 0.75, 1. The growth
directions ofMV andω is indicated by the arrows. The ellipses give the experimentally allowed regions at 68%, 95%

and 99%CL 265 .

Figure 7 from Pich et al. 266 presents an interesting comparison of the NLO theoretical determi-

nations of the S and T parameters for different values of ω = M2
V/M2

A
¶ (black lines) with the latest

experimental bounds 265,263,264 (coloured ellipses). One obtains that the precision electroweak data

¶This extra constraint is a result of enforcing two super convergent sum rules known as Weinberg sum
rules. 56
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requires at the 68% (95%) confidence level, ω ∈ [0.97, 1] (ω ∈ [0.94, 1]). This result is in agreement

with a separate bound derived by the same authors from Higgs signal strengths at the LHC, which

requires ω to be within 10% of its Standard Model value 262. The allowed region also requires the

vector and axial-vector states to be very heavy and quite degenerate: MA ≈ MV > 5 TeV (4 TeV)

at the 68% (95%) confidence level. Thus, the authors concluded that strongly-coupled electroweak

models are allowed by current data provided the resonance mass scale stays above the TeV and the

light Higgs-like boson has a gauge coupling close to the Standard Model one.

Models of DEWSB have a long and rich history and it would be a significant triumph of our

current understanding of physical phenomena, based on effective-field theories, if they are indeed

realised in nature. With the start of the second run of the LHC,more experimental datawill be avail-

able to confront ideas physicists have been developing in the past three decades. This phenomeno-

logical motivation led to several studies of the emergence of conformality for various group repre-

sentations and of the pre-conformal region of the phase diagram. We now briefly summarise some

of these studies.

Lattice studies have been performed for different higher dimensional representations. One of

them is the two-index symmetric (2S) representation: SU(Nc) theories with two Dirac flavours

in this representation have been studied for Nc = 2, 3, 4 as candidates for near-conformal be-

haviour 284,102,103,104,106,105. Note that for SU(2) theories there is an identity between the two-index

symmetry and the adjoint representations. In this sense, studies of SU(3) sextet theories can been

seen as analogue to studies of SU(2)with adjoint fermions. The authors have used the Schrödinger

Functional method to calculate the running coupling and its dependence on the scale. They have

found evidence that the beta function of the SU(2) theory crosses zero and concluded that this the-

ory has an IRFP 104. The results obtained for the SU(3) 106 and SU(4) 105 theory might exhibit an

IRFP, but the uncertainties on the results at stronger coupling do not allow this conclusion to be

statedwith confidence. The possibility that the beta function turns away fromzerowithout crossing

it, realising or not the walking scenario, remains. Also, large fluctuations prevent a smooth extrapo-

lation to the continuum limit. Additionally, it is necessary to make sure that simulations have been

conducted outside of the Coulomb phase for the continuum extrapolation to make sense.

Another theory that was investigated as being potentially relevant for dynamical electroweak

symmetry breaking is the SU(2) gauge theorywith twoDirac fermions in the adjoint representation,

which is also known under the name of Minimal Walking Technicolour (MWT) 122. The theory is

30



believed to have a fixed point 109,166,70. The spectrum of this theory has been object of several lattice

investigations 107,76,109,108,110. These studies revealed the existence of a low-lying scalar glueball, much

lighter thanbound states of fermions 109,108,110. The behaviour in the chiral limit is consistentwith the

scenario presented by Miransky 232 in which a dynamical Yang-Mills scale is generated in the vicin-

ity a weakly coupled IRFP and exponentially suppressed as a function of the renormalised fermion

mass. As shown byMiransky, this feature is a signature for theories that have an IRFP if the value of

the IRFP coupling is not too large 232. The anomalous dimension of the chiral condensate has been

studied through differentmethods, that include finite size scaling 210,109,108, the the Schrödinger func-

tionalmethod 104,70,Monte CarloRenormalisationGroup 76 andDiracModeNumber scaling 259,110.

The results indicate that the anomalous dimension is much smaller than one. These characteristics

severely harm the phenomenological interest in the theory. It continues to be actively studied, how-

ever, as it can still provide valuable insight into (near) infrared conformal systems.

More recently, othermodels have been studied as candidates for realisingDEWSB.The interest in

such models has risen in recent years, given that the results coming from the LHC are still unable to

determinewhether theHiggs is a composite particle. These include, but are not limited to, theSU(2)

theorywith two fundamental fermions 164,38, theSO(4)MWTmodel 165, theSU(2) theorywith eight

fundamental flavours 271, a gauge theory with a fermion doublet in the two-index symmetric (sextet)

representation of the SU(3) group 133,135,130,132,193,194 The readers are referred to the original references

for more details on specific results for the several models.

0.4 Lattice Methods

Lattice gauge theory consists of a set of algorithms and numerical strategies for simulating QCD

and other BSM theories numerically. A number of pedagogical introduction articles to the subject

can be found in the literature 277,204. The main idea is to discretise spacetime, i.e., to replace the

continuum of spacetime with a discrete four-dimensional lattice of points (three spatial dimensions

plus time) and to replace derivatives with finite differences. The discretised action of the theory is

written in terms of fields which live on the sites of the lattice or in the links between them. More

precisely, gluon fields live on the lattice between lattice sites and are represented, for the case ofQCD

and the BSM theories we will study throughout this thesis, by N × N matrices that belong to the

special unitary SU(N) group; quark fields live on the sites of the lattice and can transform in different
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representations of SU(N).

Monte Carlo methods are used to calculate the evolution of the fields, generating new configu-

rations from the previous ones, such that the set of configurations has an appropriate distribution

of values. We call a configuration the set of all values of fields across the lattice. They can be seen

as a snapshot of the system at a given Monte Carlo time. Once the Monte Carlo chain has reached

equilibrium, or thermalised, such that the arbitrary initial configuration has been forgotten, physical

observables of interest may be calculated.

Let us now be more mathematical in this introduction. For that, consider a gauge theory with

gauge group SU(N) and Nf fermions in a given representation of SU(N). Our goal is to obtain a

discretised formulation of this theory on a Euclidean four-dimensional spacetime grid preserving

gauge invariance. Let us call a the lattice spacing between sites of an isotropic lattice and Aμ(x) the

vector potential. We name the link variableUμ(i) and define it as

Uμ(i) = P exp

(
ig
∫ a(i+μ̂)

ai
Aμ(x)dxμ

)
. (42)

Here g is the gauge coupling and μ̂ is the versor in the μ direction. In this naming convention, this

variable links the lattice point i = xi/a ≡ (i0, ..., i3) to the point i+ μ̂. The variable corresponding

to the negative direction can be obtained through U−μ(i) = (Uμ(i))† ≡ U†
μ(i). The link variable

Uμ(i) transforms under a gauge transformationG ∈ SU(N) as

Uμ(i) → G(i)Uμ(i)G†(i+ μ̂) (43)

and its parallel transport along an elementary square of the lattice, known as the plaquette, is given

by

Uμν(i) = Uμ(i)Uν(i+ μ̂)U†
μ(i+ ν̂)U†

ν(i). (44)

It transforms as the adjoint representation of SU(N):

Uμν(i) → G†(i)Uμν(i)G(i). (45)

On the discretised lattice theory, Uμν(i) plays the role played in the continuum theory by the field

tensor Fμν in Equation 3.
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We are now ready to write down the simplest lattice action for gauge fields, which is given by the

Wilson action

SW = β
∑
i,ν<μ

Tr[1−Re(Uμν(i))], (46)

where β = 2N/g2 is the lattice coupling. This action is written only in terms of the trace of the real

part of the plaquette. Because of that, and as a consequence of the plaquette property Equation 45,

the action is gauge invariant, as expected.

The next step is to implement the discretisation of the bilinears involving the fermion fields in

a gauge-invariant way. The lattice action will contain bilinear terms involving spinors evaluated on

nearest-neighbour lattice points, which have the form ψ̄(i)ψ(i + μ̂), where ψ is the lattice spinor

corresponding to the continuum spinor multiplied by a3/2 so that it becomes dimensionless. For

the sake of simplicity, let us start by considering fundamental fermions. The fermion bilinear above

is modified in the presence of a gauge field according to

ψ(i)ψ(i+ μ̂) → ψ(i)Uμψ(i+ μ) (47)

i.e., by the insertion of the link variable that joins the relevant sites of the lattice. The continuum

action of a free fermion field (take Aμ(x) = 0 in Equation 2)

Sf =
∫∫

ψ(x)(γμ∂μ +m)ψ(x)d4x (48)

can be naively discretised 307 by writing the derivative in terms of finite differences. The resulting

lattice Dirac operator is a matrix in the Dirac and spacetime indices and has the form

Di,j =
∑
μ

1
2a

(γμδi+μ̂,j − γμδi−μ̂,j) +mδi,j, (49)

and the naive fermion action reads:

Sf = a4

∑
i

ψ(i)
2a

 4∑
μ=1

γμ (ψ(i+ μ̂)− ψ(i− μ̂))

+mψ(i)ψ(i)

 . (50)

One important consequence of this naive discretisation of fermions is the so-called fermion dou-

bling 308 issue. With the naive the naive fermion discretisation described above, the lattice dispersion
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relation becomes

sinh2(E(⃗p)a) =
3∑

i=1

sin2(pia) + (ma)2, (51)

whereE(⃗p) is the energyof a fermionwith spatialmomentum p⃗. This expression recovers the contin-

uum dispersion relation E(⃗p)2 = p⃗2 +m2 in the continuum limit a → 0. However, in addition to

the case p⃗ = 0, E(⃗p) also becomes small for other momenta p⃗ located at the corners of the Brillouin

zone where momentum vector components take values pi = 0 or pi = π/a implying sin(pia) = 0.

The lattice dispersion relation acquires additional states in the spectrum with respect to the contin-

uum spectrum at the poles of the lattice fermion propagator. These new states (in four dimensions

d = 4, there are 2d = 16 degenerate states) do not disappear in the continuum are called doubler

fermions.

A first solution to the doubling problem was given by Wilson, who proposed to add an extra

term to the Dirac operator, so that in momentum space it would read

D̃(p) = mI+
i
a

4∑
μ=1

γμsin(pμa) + I
1
a

4∑
μ=1

(1− cos(pμa)). (52)

The last term in Equation 52 is the so-called Wilson term, which vanishes for components with

pμ = 0 and gives a 2/a extra contribution for each component with pμ = π/a. It acts as a mass

term, so that the total mass of the doublers is

m+
2l
a
, (53)

where l is the number of momentum components with pμ = π/a. In the continuum limit a → 0

the doublers become very heavy and decouple from the theory.

We have so far considered one specific discretisation of the continuum theory, the Wilson for-

mulation. There is a degree of freedom in the choice of discretisation. Details of the Physics at the

lattice spacing a scale should be washed out so that different lattice formulations have the same con-

tinuum limit. This means that it should be possible to add irrelevant (in the renormalisation group

sense) interactions at the lattice spacing scale which will be suppressed by positive powers of a and

vanish in the continuum limit. Lattice formulations differing only in this way, and therefore having

the same continuum limit, belong to the same universality class. In general, the universality class of
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a given lattice action will be defined by its symmetries and dimensionality.

Wilson’s result allowed for a working formulation of lattice QCD,Wilson’s formulation. There

is, however, one very serious problem with this formulation of QCD on a lattice: the Wilson term

explicitly breaks chiral symmetry! As we have seen, chiral symmetry and its spontaneous breaking

play key roles inQCDandhave important phenomenological implications. It is desirable, therefore,

that a reasonable lattice version ofQCD is able to realise chiral symmetry the way it is realised in the

continuum theory.

The question then became: is there a lattice discretisation that solves the doubling problem and

preserves chiral symmetry on the lattice? The first answer to this question came in the form of a no-

go theorem, based on topological arguments, byNielsen andNinomya 247 stating that the following

four conditions are not allowed to hold simultaneously:

• the Dirac operator is local;

• For p ≪ π/a the Fourier transformed D̃(p) = iγμpμ + O(ap2), i.e., we have one Dirac

particle;

• there are no doublers;

• γ5D+ Dγ5 = {γ5,D} = 0 (exact chiral symmetry).

A consequence of the theorem is that in order to preserve locality and get rid of doublers, the only

possibility is to give up on exact chiral symmetry on the lattice. In the words of the authors: “the

important consequence of our work is to discourage any attempt to construct chiral invariant lattice

models for QCD”.

Implementing chiral symmetry on the lattice became a formidable challenge. The solution to it

started to appear when Ginsparg and Wilson found a way to circumvent the no-go theorem 147 by

imposing the following modified constraint to the Dirac operator:

Dγ5 + γ5D = aDγ5D, (54)

This is an extension of the chiral symmetry defining anti-commutation relation thatmakes it pos-

sible for chiral symmetry to be defined on the lattice for finite a and recovers the continuum form

in the naive continuum limit. A lattice formulation that respects Equation 54, therefore, can imple-

ment chiral symmetry in the theory. It proved, however, hard to find such a formulation for the
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interacting case and the seminal paper by Ginsparg and Wilson went forgotten for many years be-

fore it was realised that two independent approaches, namely overlap fermions 245,246 and fixed point

fermions 161 originate Dirac operators that satisfy the Ginsparg-Wilson relation. A further descrip-

tion of these formulations is outside of the scope of this work, and interested readers are referred to

the original references for more detailed accounts.

The problemof implementing chiral symmetry on the lattice inspiredmuch research activity and

resulted in a variety of formulations for fermions on the lattice, in addition to the Wilson and over-

lap formulations mentioned above. Notable ones include domain-wall fermions 184, twisted mass

fermions 136,137,138 and Kogut-Susskind (staggered) fermions 195,42,294. The latter, for reasons that will

become clear in the following discussion, is the fermion formulation utilised in the numerical simu-

lations presented in this work. In the remainder of this section, we give a brief overview of it.

In the staggered formulation, a transformation mixes spinor and spacetime indices, distributing

the fermionic degrees of freedom on the lattice hypercubes. As a result, it reduces the 16-fold degen-

eracy of naive fermions to only four quarks (4-fold degeneracy) while preserving a subset of chiral

symmetry.

The so-called staggered transformations read

ψ(i) = γi11 γ
i2
2 γ

i3
3 γ

i4
4 ψ(n)

′

ψ(i) = ψ(i)′γi44 γ
i3
3 γ

i2
2 γ

i1
1 ,

(55)

where the iμ are the components of the site index i = (i1, i2, i3, i4). The naive fermion Equation 50

becomes:

Sf = a4

∑
i

ψ(i)′I
2a

 4∑
μ=1

ημ(i) (ψ(i+ μ̂)′ − ψ(i− μ̂)′)

+mψ(i)′ψ(i)′

 , (56)

where the staggered sign function ημ(i), μ = 1, . . . , 4 plays the role of the matrices γμ. They are

defined as

η1(i) = 1, η2(i) = (−1)n1 , , η3(i) = (−1)n1+n2 , η4 = (−1)n1+n2+n3 . (57)

The action in Equation 56 has the same form for all four components of the Dirac spinor. By

retaining only one of these four components we obtain the staggered fermion action. Coupling the
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gauge fields, we have

Sf = a4

∑
i

χ(i)
2a

 4∑
μ=1

ημ(i)
(
Uμ(i)χ(i+ μ̂)− U†

μ(i− μ̂)χ(i− μ̂)
)+mχ(i)χ(i)

 , (58)

where the fields χ(i) and χ(i) are one-component Grassmann functions that only have colour in-

dices. Note also that in the spinor basis defined by Equation 55, γ5 takes the form

ψ(i) γ5 ψ(i) = η5(i)ψ(i)
′ Iψ(i)′, η5(i) = (−1)n1+n2+n3+n4 . (59)

For a vanishing mass, the staggered action in Equation 58 is invariant under the continuous trans-

formation

χ(i) → eiαη5(i)χ(i), χ(i) → χ(i)eiαη5(i), (60)

where α is a real parameter. Equation 60 is the residual chiral symmetry for the lattice staggered

formulation, in which the fermionic degrees of freedom are now distributed on the hypercube and

η5 plays the role of γ5.

Because they havenoDirac structure, staggered fermions provide a computationally cheapwayof

simulating dynamical fermions on the lattice with a remnant chiral symmetry. Because of that, they

have been a popular choice for tackling many problems in lattice field theories. There is, however,

one caveat: the fact that the staggered action describes four tastes of quarks. When simulatingQCD,

one does not want a continuum theory with four degenerate quarks, but a low energy theory with

2+1 or 2+1+1 non-degenerate quarks. This leads to the famous rooting issue: in order to obtainQCD,

is was proposed to use an effective actionwith one staggered fermion per flavour and take the fourth-

root of the determinant. For QCD with 2+1 flavours, this means

e−Seff = e−Sgauge
{
det[Dstagg(mu)]det[Dstagg(md)]det[Dstagg(ms)]

}1/4
, (61)

where mu, md and ms are the masses of the three light flavours up, down and strange quarks, re-

spectively. Since the staggeredDirac operatorDstagg is positive definite for any non-zero quarkmass,

it is always possible to take the positive fourth-root. It is, however, an unusual procedure from a

conceptual, raising a debate 126,285,94,200,150 amongst lattice theorists about whether this method con-

stitutes a valid regulator for the continuum theory. The main issue comes from the fact that at
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nonzero lattice spacing the rooted theory in nonlocal and not unitary. The question then is if the

continuum limit can be taken and if it is in the correct universality class. Moreover, an effective field

theory is needed to parametrise the nonlocal effects and provide a framework for the approach to

the continuum limit. As of the time of writing of this work, no final resolution to this debate has

been achieved. While there is still no definitive nonperturbative proof of the validity of the rooting

trick, there is also no valid argument that it fails. Mounting theoretical arguments and numerical

evidence indicate that it yields the right continuum limit. Themain argument for that was provided

by Shamir 283, who studied the approach to the continuum limit using renormalisation group block

transformations. Such block transformations can be directly defined for the unrooted local theory,

but not for the rooted theory. He showed that it is possible to construct a bridge between the un-

rooted and rooted theory at each blocking step, tying the validity of the rooted theory very strongly

to the uncontested unrooted theory. Moreover, it has been shown that it is actually possible to de-

rive effective field theories that take into account the fourth root procedure, such as rooted staggered

perturbation theory (RSχPT) 51,54, which are valid at non-zero lattice spacing. Numerical tests using

(RSχPT) 51 have indicated agreement between simulation results and theoretical expectations 53, at

least perturbatively. Results obtained from simulations with dynamical staggered fermions are also

in good agreement with experimental results 39,99,48,52. One important result shown by Damgaard

et al. 98 was that, while staggered fermions in complex representations at non-zero lattice space still

belong to the continuum class of spontaneous chiral symmetry breaking, staggered fermions in real

and pseudo-real representations at non-zero lattice spacing belong to incorrect symmetry breaking

classes. The authors also suggest some strategies for recovering the correct symmetry breaking class

in the continuum 98.

To summarise, staggered fermions have provided a useful tool for researchers working on the

lattice, combining a lower computational cost when compared to other formulations and allowing

chiral symmetry to be studied on the lattice. But in utilising them, researchers must take the associ-

ated caveats into consideration.

Our goal with lattice methods is to measure relevant observables for the theories under study by

performing numerical simulations. With SF[ψ,ψ,U] and SG[U] the fermionic and gauge compo-

nents of the action of the theory, respectively, its path integral is given by

Z =

∫
D[ψ,ψ] D[U] e−SF[ψ,ψ,U]−SG[U], (62)
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whereD[ψ,ψ] andD[U] are, respectively, the integralmeasure of the path integral over the fermionic

and link variables. The Euclidean correlators between operators O1[ψ,ψ,U] and O2[ψ,ψ,U] have

the form

⟨O2(t)O1(0)⟩ =
∫

D[ψ,ψ] D[U] e−SF[ψ,ψ,U]−SG[U] O2[ψ,ψ,U](·, t) O1[ψ,ψ,U](·, 0). (63)

For theories formulated on a finite Euclidean lattice volume, the path integral in Equation 62 is in

the formof aBoltzmannweight and is an ordinary finite-dimensional integral. It can thenbe numer-

ically evaluated through Monte Carlo techniques: a Markov chain process generates configurations

which are distributed according to the path integral measure and weighted with the Boltzmann fac-

tor e−SF[ψ,ψ,U]−SG[U] , which is interpreted as a probability measure. The observables of interest can

then be obtained as simple averages over the Markovian process. It can be proved that the estimate

ON of ⟨O⟩ for aMarkov chain of lengthN converges to ⟨O⟩ in the limitN → ∞. Moreover, the dif-

ference ⟨O⟩−ON is of order 1/
√
N for finite N and the standard deviation ofO over the probability

measure gives the confidence interval of the measurement.

The set of steps required in a lattice study is usually called the production chain. It starts with

the generation of the lattice configurations through the Monte Carlo techniques mentioned above.

The set of configuration produced and saved along the Monte Carlo history of the system being

simulated is called a Monte Carlo ensemble. This is typically the most computationally expensive

step in the chain, as it involves numerical inversions of the Dirac operator for the calculation of the

quark propagator, being highly non-linear. Because of that, the calculations for this step of the chain

are usually carried out on parallel supercomputers with a fast communication network and the field

of Lattice QCD has even driven the development of new architectures, such as, for example, the

system-on-a-chip of the BlueGene series.

In a first post-Monte Carlo step, measurements on the saved ensembles are conducted. This step

is generally much cheaper than the Monte Carlo step, and can typically be performed on clusters.

The last step is the data analysis, which can be generally done on a desktop computer.

Recent advances in hardware and algorithms have made it possible, in some cases, to accelerate

or even run the simulations completely using Graphics Processing Units (GPUs) 86,309, which are

massively parallel devices, much cheaper than the typical supercomputer used for lattice simulations.

However, it remains a challenge to efficiently fit the complete production chain of a typical lattice
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QCD study in such machines.

A vast part of the work presented in this thesis is the result of lattice simulations done on the

BlueGene/Pmachine which was hosted at the Donald Smits Centre for Information Technology at

the University of Groningen. We have also used the FERMI BlueGene/Q supercomputer hosted at

CINECA, in Italy. Computational time for our Collaboration was provided at Fermi through the

European Partnership for Advanced Computing in Europe (PRACE) initiative. Our group has also

conducted simulations at the series of Dutch national supercomputers hosted at SARA, in Amster-

dam. These include the former national supercomputer Huygens and the current machine Carte-

sius. In addition to the abovementioned systems, we have alsomade extensive usage of theMillipede

Cluster at the University of Groningen for our post-Monte Carlo analysis.

0.5 Thesis Outline

In the following chapters, we will discuss the work we have conducted aiming at understanding the

phase diagram of non-Abelian gauge theories. Chapter 1 is focused on the strong coupling regime

of the SU(3) theory withNf = 12 on the lattice. We study the bulk transition of this theory and the

emergence of a new exotic phase of this theory as the coupling is enlarged, before chiral symmetry

is broken. We investigate the chiral symmetry breaking order parameter, the chiral condensate, and

related quantities. We locate the chiral symmetry breaking phase transition and determine its first

order nature. We also show how an emerging exotic phase is related to improvement of the lattice

action and the underlying symmetries inside the conformal window.

Chapter 2 is devoted to the study of the would-be hadron spectrum of the SU(3) theory with

Nf = 12 fundamental flavours. Guided by the pattern of underlying symmetries, chiral and confor-

mal, we analyse the two-point functions theoretically and on the lattice, and determine the finite size

scaling and the infinite volume fermionmass dependence of the would-be hadronmasses. We show

that the spectrum in the Coulomb phase of the system can be described in the context of a universal

scaling analysis and we provide a nonperturbative determination of the fermion mass anomalous

dimension at the infrared fixed point. The measured value γ∗ = 0.235(46) is small, in agreement

with other studies and consistent with a scenario where the theory lives well inside the conformal

window.

Chapter 3 is devoted to the study of SU(3) theories with multiple number of flavours across the
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lower end of the conformal window. We present a lattice study on the Nf dependence of the zero

temperature line of bulk transitions of these theories, consistent with the opening of the conformal

window at 6 < Nf < 8. We also present a theoretical analysis of the anomalous dimension of the

scalar glueball operator Ga
μνGa

μν, which is a probe of the deconfinement transition, and its conse-

quences for the UV-IR merging mechanism for the emergence of the conformal window proposed

by Kaplan et al. 187.

We will conclude with a critical discussion of the results presented here and an outlook.
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Truth is ever to be found in the simplicity, and not in the multiplicity and

confusion of things.

Isaac Newton

1
The Strong Coupling Regime of twelve flavour

QCD

This chapter is devoted to a thorough study of the strong coupling regime of the SU(N = 3) theory

with Nf = 12 flavours in the fundamental representation. It is largely based on references 113,114,96.

We are specially interested in the so-called bulk transition that emerges in the lattice phase diagram

of the theory at strong bare lattice gauge coupling. The main goal of the lattice studies of such

theories is of course to understand the theory in the continuum limit. However, relevant physical

information can be extracted from their lattice phase diagram, and recent years have witnessed a

growing amount of work devoted to the analysis of the bulk transition, see Fig. 1.1, also supported

by theoretical work 234 .

Real world QCD and similar theories with a small number of flavours, exhibit a finite tempera-
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Figure 1.1: The bulk transition line in theNf-g2 plane of the phase diagram for SU(3) gauge theories with (unimproved)

staggered fermions. The bulk transition separates a QED-like and chirally symmetric, region (S, right side) from a

chirally broken phase (AS, left side). The data points are all for a bare lattice fermionmass of 0.025 and should ideally

be extrapolated to the chiral limit. Data forNf = 16 agree with Reference 97 after mass rescaling, the point at g2 =
∞ andNf ≃ 50 is from Ref. 100 and the point forNf = 12 is from Reference 114 . The end point of the bulk line

is discussed in Chapter 3. References 118,113,82 reported a further bulk transition in the chirally symmetric phase. In

this chapter we show that next-to-nearest neighbour interactions in the improved fermion action cause the second

transition to occur.

ture transition that separates a chirally broken and confined phase at low temperatures from a chi-

rally symmetric and deconfined sector at high temperatures. This transition has been object ofmuch

scrutiny on the lattice — see46,300 for a review or recent results, especially for the case of QCD. In

particular, the order of the phase transition between the hot gas of hadrons and the QGP has be

found to be a crossover 15 with a chiral transition temperature Tc ∼ 155 MeV 18,14,63,49. It has also

been studied in the case of large number of flavours. Notably, this group has presented lattice stud-

ies for theories withNf = 6 andNf = 8 flavours 115,236.

A thermal transition is absent for theories that lie inside the conformal window; these theories

are already deconfined and chirally symmetry at zero temperature. On the other hand, a new type of

transition emerges: early studies based on the strong coupling expansion of QCD have predicted

that chiral symmetry is always broken in the strong coupling limit, regardless of the number of

flavours. This claim was supported by the work of Damgaard et al. 97, who uncovered a bulk tran-

sition for sixteen fundamental fermions. A true bulk transition also appears in QCD with twelve

flavours, and the careful scrutiny of the region at its weak coupling side is consistent, within numer-

ical uncertainties, with exact chiral symmetry 112,113.

Interestingly, and amusingly, a second bulk transitionwas uncovered by us 113,118, between the first

observed bulk transition and theweak coupling region, where chiral symmetry and spectrum studies

44



were carried out. This was an interesting and unexpected observation calling for further analysis.

The existence of a second transition at nonzero fermion mass was confirmed by the work in 82,279,

where it was observed that the shift symmetry of staggered fermions was broken in the intermediate

phase. A recent interesting development re-examined the early strong coupling studies: contrary to

previous conclusions, it was observed that, with unimproved fermions, the line of bulk transitions

ends forNf ≃ 51. No second transition was observed in this case 100.

A more general line of work involving quantum – or bulk – transitions in a particle physics en-

vironment dates back to early studies of QED at strong coupling. The transition in this context

has been for a long time investigated in the hope of finding an interacting, non asymptotically free

theory in four dimensions. Such a theory requires a second order transition with non-trivial critical

exponents. Indeed, the bulk transition forQCDwith a large number of flavours can be seen in anal-

ogy with the QED transition and in this spirit, inspired by the work by Kaplan et al. 187, this group

has proposed 118 to search for an interacting UVFP at the bulk transition itself. One of us has also

explored this possibility in the context of AdS/CFT45. QED-like lattice systems are also being used

for the simulation of strongly coupled graphene. Using an effective field theory description, the sys-

tem can be modelled by QED in 2+1 dimensions, whose bulk transition can be analysed borrowing

early lattice methods and strategies 125.

Bulk transitions are, therefore, interesting for several reasons ranging from a diagnostic of the

conformal window to fundamental QFT questions and the physics of condensed matter systems,

such as graphene. Lattice methods are mandatory, based on today’s knowledge, for studying such

strongly coupled phenomena.

This chapter is dedicated to the study of the bulk transition forNf = 12 and the role of improve-

ment. Wepresent our results on the nature of the peculiar intermediate phase that exists between the

bulk transitions, referred to as exotic phase in the following, and on the role played by improvement

in its emergence.

1.1 The Actions

In order to disentangle the different effects of improvement of the gauge and fermion sectors, we

simulated the SU(3) gauge theory with twelve flavours of staggered fermions in the fundamental

representation using four different lattice actions, which differ by different choices of improvement.
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Action Gauge Improvement Fermion Improvement

A No No

B Yes No

C No Yes

D Yes Yes

Table 1.1: Actions used in this work: gauge improvement refers to tree-level Symanzik improvement in the gauge

action, while fermion improvement refers to tree-level Symanzik improvement of the staggered fermion action, i.e. the

addition of the Naik term 239,57 .

All considered cases are labeled A to D in Table 1.1.

Many of the comparisons presented here are for a bare lattice fermionmass of 0.025 and a volume

163×24, as in Fig. 1.2. For some of the actionswe have explored an extended set of parameters. These

will be indicated.

Our choice of action A is explicitly written as:

S = −
Nf

4
Tr lnM(am,U) + βRe(1− U(P)) (1.1)

where M(am,U) is the fermion matrix for the naive staggered fermion action for a single flavour

with mass m, β = 6/g2 is the SU(3) lattice coupling and U(P) is the trace of the ordered product

of link variables along the single plaquette P divided by the number of colours.

The addition of tree-level Symanzik improvement of the gauge action leads to Action B,

S = −
Nf

4
Tr lnM(am,U) +

∑
i=0,1

βi(g
2)
∑
C∈Si

Re(1− U(C)) (1.2)

where U(C) are the traces of the ordered product of link variables along the closed paths C divided

by the number of colours.

The S0 contains all the 1 × 1 plaquettes (nearest neighbours), while S1 contains all the 1 × 2

and 2 × 1 rectangles (next-to-nearest neighbours). The couplings are defined as β0 = (5/3)β and

β1 = −(1/12)β, where β = 6/g2 is the SU(3) lattice coupling of the unimproved gauge action.

Improvementof the staggered fermionaction canbe realised following theNaikprescription 239,57,

which effectively extends the Symanzik improvement to the fermions. The Naik improved fermion
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action can then be written as:

SF = a4
∑
x;μ

ημ(x)χ̄(x)
1
2a
{
c1
[
Uμ(x)χ(x+ μ)− U†(x− μ)χ(x− μ)

]
+c2

[
Uμ(x)Uμ(x+ μ)Uμ(x+ 2μ)χ(x+ 3μ)

−U†
μ(x− μ)U†

μ(x− 2μ)U†
μ(x− 3μ)χ(x− 3μ)

]}
+a4m

∑
x

χ̄(x)χ(x) (1.3)

where the phase factor ημ(x) = (−1)(x0+x1...+xμ−1) and the action is written in terms of the one

component staggered fermion fields χ(x). The coefficients c1 = 1 and c2 = 0 reproduce the naive

staggered fermion action, while the Naik choice c1 = 9/8 and c2 = −1/24 providesO(a2) accuracy

at tree level. Notice that the additional Naik term involves up to third-nearest neighbour interac-

tions.

1.2 The Observables

The chiral condensate, the order parameter for the chiral symmetry breaking transition, for Nf de-

generate flavour in lattice units

a3⟨ψψ⟩ =
Nf

4N3
sNt

⟨Tr
[
M−1]⟩, (1.4)

was determined by using a stochastic estimator with 20 repetitions. Here, Ns and Nt represent,

respectively, the spatial and temporal lattice extents. The chiral susceptibility, χ = ∂⟨ψψ⟩/∂m at a

fixed lattice parameter β can be divided into a connected and disconnected components χ = χconn+

χdisc, which are given in lattice units by

a2χconn = −
Nf

4N3
sNt

⟨Tr
[
(MM)−1]⟩,

a2χdisc = −
N2

f

16N3
sNt

[
⟨Tr
[
M−1]2⟩ − ⟨Tr

[
M−1]⟩2] , (1.5)

respectively. Thedisconnected chiral susceptibility is a non-local quantity that canbe estimated from

the variance of the bulk behaviour of the chiral condensate. However, by computing the variance

of the condensate with stochastic estimators, part of the connected contributions will automatically
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be included through random sources multiplying themselves. We have followed the prescription

by Bernard et al. 55, in order to eliminate those contributions by only considering the off-diagonal

elements of the covariance matrix of the random sources introduced for the estimation of the chiral

condensate.

The chiral susceptibility and the chiral condensate are then used to define two physically relevant

quantities, χσ and χπ as

χσ ≡ χ =
∂⟨ψψ⟩
∂m

= χconn + χdisc (1.6)

and

χπ =
⟨ψψ⟩
m

. (1.7)

Adding together all the above mentioned ingredients, it is then possible to construct the associated

chiral cumulant

R =
χσ
χπ

. (1.8)

The susceptibilities χσ and χπ are related through Ward identities to the spacetime volume integral

of the scalar (σ) and pseudoscalar (π) propagators. Their ratio should tend to zero in the chiral limit

in the zero in the spontaneously broken phase and is one in the chiral limit in the chirally symmetric

phase due to degeneracy of the chiral partners. Therefore, the cumulant defined in Equation 1.8 is a

probe of chiral symmetry 191,115.

1.3 The effect of improvement

The main numerical finding of this chapter is presented on Fig. 1.2, where we show the transition

region of the chiral condensate for the fully improved and unimproved actions: two rapid crossovers

of the condensate are present with the improved action, while a single chiral symmetry breaking

transition is present in the unimproved case.

Figure 1.3(a) shows the rapid crossover for the chiral condensate (left) superimposed on the pla-

quette (right), at the bare lattice mass am = 0.025. No additional structure is observed in the chiral

condensate. We corroborate these observations by showing the connected component of the chiral

susceptibility χconn in Figure 1.3(b); its behaviour is as expected and no sign of an intermediate phase

at weaker coupling and additional transitions is present.

Given the absence of phase transitions or indications for a crossover, it is plausible to conclude
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Figure 1.2: The chiral condensate for the SU(3) gauge theory withNf = 12 fundamental flavours as a function of
1/g2 , with g the lattice bare coupling. We show the results for the unimproved action, Action A (leftmost, black) and

for the improved gauge and fermion action, Action D (rightmost, red). Data are for am=0.025 and volume 163 × 24.
The weaker coupling crossover of the improved action disappears in the unimproved case.
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Figure 1.3: (a) Rapid crossover of the chiral condensate (PBP) and the plaquette forNf = 12 flavours with the unim-
proved action (Action A) as a function of the lattice coupling β = 6/g2 in the strong coupling region, for am = 0.025
and volume 163 × 24. (b) The connected susceptibility for the same parameters.

that the weak coupling phase of this theory is continuously connected with the asymptotically free

regime that admits a continuum limit. If this is true, its symmetry properties are the same as the ones

of the improved action, extensively investigated in our previous work. We then conclude that the

rapid crossover observed for Action A in Figure 1.3 should be interpreted as the finite mass remnant

of a bulk chiral transition separating the chirally broken phase at strong coupling from the chirally

symmetric phase, in complete analogy with the unimproved results obtained by Damgaard et al 97

forNf = 16.

1.3.1 Action D: the improved gauge and fermion action

WenowconsiderActionD, i.e. the casewhereboth fermionandgauge actions are tree-level Symanzik

improved. For small enoughbaremasses (am ≲ 0.04), at the simulated volumes, two rapid crossovers
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Figure 1.5:Mass dependence of the connected chiral susceptibility (left) and the disconnected chiral susceptibility

(right).

are observed in the value of the chiral condensate: a large one at stronger coupling and a smaller one

at weaker coupling (see Fig. 1.2). As expected, the transition to the chirally broken phase moves to-

wards stronger couplings when the action is improved. Less expected is the fact that the transition

appears to be realised in two steps, leading to one intermediate region. Fig. 1.4(a) shows that the

crossover at stronger coupling becomes more pronounced as the bare mass decreases. No depen-

dence on the lattice temporal extent is observed and no perturbative scaling can be realised 118,113. The

mass dependence of the location of the strong coupling rapid crossover in Fig. 1.4(b) is in agreement

with a linear scaling expected for a first order transition.

The disconnected component of the chiral susceptibility shows a pronounced peak only in corre-

spondence to the strong coupling rapid crossover, as shown in Fig. 1.5(b). These results indicate that

the strong coupling rapid crossover is the one corresponding to chiral symmetry breaking. Consider

now the crossover in the chiral condensate at weaker coupling. The hints at a jump become weaker

as we approach the chiral limit, see Fig. 1.4(a). On the other hand, the behaviour of the chiral con-

densate as a function of themass suggests a discontinuity in its mass derivative, which is best studied

by considering the chiral susceptibility.
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Figure 1.6:Mass dependence of the difference of the pseudoscalar susceptibility χπ = ⟨ψ̄ψ⟩/m and the connected

scalar susceptibility. This order parameter probesUA(1) (effective) restoration in the continuum theory. Its behaviour

would suggestUA(1) restoration (see caveats in main text) at the chiral transition.

The connected component of the chiral susceptibility exhibits near discontinuities at the condensate

crossovers, as shown in Fig. 1.5(a). The magnitude of both discontinuities increases as the bare mass

decreases. This suggests that the jump at weaker coupling also corresponds to a genuine phase tran-

sition in the chiral limit, as suggested in 118 and confirmed in 113,82. We conclude that we are observing

two distinct phase transitions, one associated with a change of the slope of the chiral condensate at

weaker coupling, the other with the chiral condensate itself at stronger coupling.

In the continuum language the observed pattern of the susceptibilities, and of the continuum or-

der parameter shown in Fig. 1.6, suggests UA(1) (effective) restoration at the strong coupling chiral

transition. However, a proper analysis of the axial anomaly is hampered at strong coupling by the

absence of a conserved local flavour singlet current. It would be interesting to further analyse the

lattice non-local order parameter in the intermediate region in terms of the point-split staggered

correlators, analogous to the finite temperature study in 192.

1.3.2 A first look at the spectrum

The next chapter will be devoted to a detailed study of the meson correlators for the SU(3) theory

withNf = 12 flavours. Here, we give a first look at some properties of the correlators in the different

phases of the systemwith respect to the coupling. First, let us recall that staggeredmeson correlators

on a lattice with temporal extent T and periodic boundary conditions have the general form

C(t) =
∑
i

Ai

(
e−mit + e−mi(T−t)

)
+ (−1)tÃi

(
e−m̃it + e−m̃i(T−t)

)
. (1.9)
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Figure 1.7: Central values of the ratiosC(t)/C(t − 1) for the pseudoscalar (PS, black circles) and scalar (SC, red
squares) two-point correlation functions for coupling values in the three interesting regions. From left to right: the

chirally broken phase, the intermediate phase and the weak coupling phase. The coupling in this case corresponds (left

to right) to the improved β0 = 10/g2 = 2.6, 3.025, 3.8.

For each state, the parity partner adds a componentwith alternating sign (−1)t. This is a property of

the staggered formulation and it is true for all correlators with the exception of the equal mass Gold-

stone pseudoscalar correlator. For equal quark and antiquark masses, the parity partner operator

for theGoldstone pion is proportional to a charge density operator and thus its vacuum expectation

value is zero.

We give an overview of our results in Fig. 1.7. The most salient feature in Fig. 1.7 is an oscillatory

component that arises for the pseudoscalar correlator in the intermediate region (β0 = 10/g2 =

3.025). In this region chiral symmetry is exact and the scalar and pseudoscalar correlators should

become increasingly degenerate by moving towards the chiral limit.

What we see in Fig. 1.7, moving from weak to strong coupling (right to left), is as follows. In

the chirally symmetric region, the pseudoscalar and scalar correlators are close to each other. As

expected, the staggered scalar correlator has an oscillating component while the pseudoscalar has

not. The non-horizontal shape of the ratios indicates a significant contribution from excited states.

In the intermediate region, a newoscillating component arises in the pseudoscalar correlator, and

seems to also arise in the scalar correlator for β0 = 3.025. This is consistent with the abrupt change

of slope in themass dependence of the chiral condensate, given that the chiral susceptibility ⟨ψ̄ψ⟩/m

equals the volume integral of the pseudoscalar correlator.

At strong coupling (β0 = 2.6) chiral symmetry is broken and the pseudoscalar lightest state is the

Goldstone boson of the broken symmetry, thus very light and largely non degenerate with the scalar

state. We observe that the oscillating component in the pseudoscalar correlator visibly decouples. A
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Figure 1.8: The asymmetry of the Goldstone pseudoscalar correlator in the intermediate region (β0 = 3.025), with
superimposed the result of the fit to eq. (1.11); the fitted parameters arem ≃ 0.62 andC ≃ 1027.

second observed effect is the presence of an asymmetry under t → T− t of all studied correlators in

the intermediate region, i.e. β0 = 3.025. To highlight this asymmetrywe have plotted the difference

C(t)− C(T− t) for the pseudoscalar correlator in Fig. 1.8. We see that

C(t) ̸= C(T− t) for t odd

C(t) ∼ C(T− t) for t even (1.10)

In otherwords there is a violation of staggered-time reversal symmetry. The asymmetry is well fitted,

see Fig. 1.8, by the functional form

C
(
1− (−1)t

) (
e−mt − e−m(T−t)

)
(1.11)

with C ≃ 1027 andm ≃ 0.62 consistent with the fit of the pseudoscalar correlator on t ≪ T.

One caveat is in order: it is known that such an asymmetry may typically be present when configu-

rations are not thermalised or statistics is too low. For this reason we have increased thermalisation

time and statistics for this point to a few times the ones in the other two regions. The asymmetry

persists and does not vary with increasing thermalisation or statistics. Hence, even if the observed

asymmetric state is a metastable state, its tunnelling probability to the opposite asymmetry seems to

53



P
B
P

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

1/g2
0.4 0.425 0.45 0.475 0.5 0.525 0.55

Gauge improved action
Fermion improved action

Figure 1.9: Two rapid crossovers are observed for the Naik improved fermion action (red), while one rapid crossover is

observed for the Symanzik improved gauge action (black).

be extremely low, suggesting that a seed is indeed stabilising it.

Fermion versus gauge improvement

In order to expose the separate effects of improvement of the fermion action and gauge action, we

have performed two additional sets of lattice simulations with one improvement at a time - Action

B and C in Table I. In Fig. 1.9 we show the results for the improved fermion action, or the improved

gauge action. These results make clear that in the case under study the Naik improvement of the

staggered fermion action is mainly responsible for the appearance of an intermediate region in the

gauge coupling, and given the underlying symmetries of the system in this phase.

1.3.3 Order of the transition

Another point of interest when studying chiral symmetry breaking bulk transitions in the context

of conformality is to determine the order of the transition. If the bulk transition is second order, this

would signal the emergence in the continuum of a second non trivial ultraviolet attractor (UVFP),

in addition to the non trivial infrared attractor (IRFP), which characterises theories inside the con-

formal window. If instead the transition is first order, no continuum limit exists. However, a UVFP

would emerge at the end-point of a line of first order chiral bulk transitions. A possible scenario for

the disappearance of the conformal window could then be realised through the annihilation of a

pair of IR and UV fixed points. There are, however, some caveats related to the shape of the beta-

function implied by UV-IR annihilationmechanism and the trend of the scalar glueball anomalous

54



dimension. These will be discussed in detail in Chapter 3.

Figure 1.4 shows a linear mass dependence of the critical inverse coupling obtained using the im-

proved actionD. It is also instructive to look at the stability of theMonteCarlo thermalisation curves

of the chiral condensate obtained with different initial conditions, as shown in Figure 1.10. The runs
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Figure 1.10: Comparison between cold (ordered) and hot (random) starting configurations. As the volume is increased

the stability of thesemetastable states is increased. Away from the transition region (including the intermediate

region between the two jumps) nometastability is observed (lower-right)

labeled as cold were started from ordered lattice configurations, while the runs labeled as hot were

started from disordered lattice configurations, in such a way that they should approach thermalisa-

tion, respectively, from below and from above. Tunnelling between metastable states is observed

around the transition at stronger coupling for small volumes (top-left corner). As the lattice volume

is enlarged the occurrence of tunnelling ceases and the stability ofmetastable states is increased as we

approach infinite volume (top-right and lower-left). Around a first order transition the existence of

metastable states is expected. As a result, for the different initial conditions, the observable does not

thermalise at the same value for a large number of trajectories, giving rise to a hysteresis loop.

We conducted a similar study for the unimproved case and obtained similar results. In Fig-

ure 1.11(a) we observe the hysteresis loop obtained from runswith different initial conditions. Again,

a linear mass scaling of βc = 6/g2c is found. This is shown in Figure 1.11(b). They are consistent with

the expected linear scaling and fittingwith the functional form y = Ax+b, yieldsA = 7.8±0.2 and
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B = 3.940± 0.005. This combined evidence points towards a bulk transition of first order, which
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Figure 1.11: (a) Hysteresis loop in the chiral condensate obtained from cold (ordered) and hot (disordered) starting

lattice configurations; (b) Linear mass scaling of the critical β at which the bulk transition takes place for different bare
masses; (a and b) Both results are consistent with a first order nature of the transition.

is unaffected by improvement. In this scenario, a UV fixed point can only exist at the end-point of

a line of first order chiral bulk transitions.

1.4 Discussion

The results presented above suggest that next-to-nearest neighbour terms in the Naik improved

fermion action are responsible for the appearance of an intermediate phase.

This is perhaps not unexpected. It is well known that models with competing interactions may

give rise to non-homogeneous structures and novel phase transitions. One prototypical example is

the axial next-to-nearest neighbour Isingmodel, known as theANNNImodel 282. These effects have

not been observed atweak coupling, where non-nearest neighbour terms concur to a faster approach

to the continuum limit, butmightwell appear at strong couplingwhen those termsbecome relevant,

andprovided theunderlying symmetries allow for it. It is quite possible that quantitative predictions

for the appearance and properties of the additional phase could be obtained in the framework of a

strong coupling expansion that takes the improvement term into account explicitly – we do not

pursue this here.

Here, we provide a plausible argument that accounts for the appearance of such an intermediate

phase and its peculiar properties: i) the emergence of an oscillating component of the staggered

two-point correlation function in the pseudoscalar channel, and ii) the asymmetry of all two-point

correlation functions under t → T− t.

Arisue and Fujiwara have considered the exactly solvable Ising chain (1D) of length L with next-
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to-nearest neighbour interactions 35. This example is extremely instructive. There are two regions of

parameters. In one region the eigenvalues of the transfer matrix are real and positive. In the other

region, pairs of complex conjugate eigenvalues appear. Intuitively, the first region (region I) is where

the nearest neighbour interaction is dominant, while the second region (region II) is where the next-

to-nearest neighbour term becomes dominant.

As observed in 35, the two regions will also emerge in a Symanzik improved gauge action where

the couplings β0 and β1 are fixed as a function of the inverse gauge coupling β. In other words, it

is the competition of nearest neighbour and next-to-nearest neighbour interactions at increasingly

coarse lattice spacing that causes the system to enter the second region.

The same argument can be repeated for the Naik improved staggered fermion action, with up to

third-nearest neighbours. In this case, the emergence of complex eigenvalues of the transfer matrix

can be understood by looking at the free lattice fermion propagator for a single flavour, given by

SF(p)−1 =
∑
μ

iγμ

(
9
8
sin pμ −

1
24

sin 3pμ
)

(1.12)

with −π/2 ≤ p ≤ π/2. The interacting theory at strong coupling can in principle significantly

modify the coefficient of each sine contribution. In particular, the change of sign of the second term

will induce a pair of imaginary poles (zero tri-momentum) in the massless dressed propagator, i.e.

ghosts will appear*. This signals the emergence of region II, likely the intermediate phase we have

observed.

It would certainly be interesting to understand more quantitatively the connection between the

poles in the quark propagator – as emerging from the non-Hermiticity of the transfer matrix with

Symanzik improvement 218 – and the detailed structure of the two-point correlation functions in the

intermediate phase. Here, we offer a qualitative explanation as to why a chirally symmetric phase

with the observed exotic features can appear in a gauge theory with fermion improvement.

In general, the occurrence of an oscillatory secondary state in the pseudoscalar (Goldstone) corre-

lator with staggered fermions is forbidden by the baryon current conservation. With improvement

of the action, the total fermionic current will include additional terms which in turn define a mod-

ified form of the baryon number operator at zero chemical potential. For the Naik improved free

*It is known that the dispersion relation for Naik improved staggered fermions always contains complex
roots at non-zero tri-momentum. All ghosts generated by the improvement decouple in asymptotically free
theories when approaching the continuum limit.
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fermion action this construction has been explicitly given by Gavai 142. In the interacting case, a sim-

ple construction that should suffice for ourpurpose startswith implementing theKogut-Hasenfratz-

Karsch prescription 196,162 U(x) → exp(μ)U(x), U†(x) → exp(−μ)U†(x) along the temporal di-

rection. The total baryon number density is then

n(μ) = d/dμlogZ(μ) = n1(μ) + n3(μ) (1.13)

where n1(μ) comes from local interactions and n3(μ) comes from the third-nearest neighbor term.

At vanishing chemical potential the total density n(μ = 0) must vanish due to baryon number

conservation. This can be realised in two ways, either n1(μ = 0) = n3(μ = 0) = 0, or n1(μ =

0) = −n3(μ = 0) ̸= 0. When the vanishing baryon number is realised in the second way, a

non-zero oscillating component is allowed to appear in the (Goldstone) pseudoscalar channel, as

its coefficient is roughly speaking, proportional to n1. At the same time, n1 is also a measure of the

forward-backward asymmetry. Hence, n1 ̸= 0 allows an oscillating term in the pseudoscalar channel

and a time asymmetry in all correlators; this is indeedwhatwe observe for the pseudoscalar correlator

and the other correlators in the intermediate region.

Putting all the elements together, we would then arrive at this simplified picture: with an im-

proved staggered fermion action the occurrence of imaginary poles of the quark propagator (or

equivalently complex eigenvalues of the transfermatrix) opens thepossibility of intermediate phases.

In the chirally symmetric phase, and for sufficientlyweak coupling, the tendency towards degeneracy

of the scalar and pseudoscalar propagators is contrasted by the requirement of zero baryon number;

the latter forces the amplitude of the oscillating component in the pseudoscalar channel to vanish

(0 = n ≃ n1), while the oscillating component in the scalar channel starts appearing. Towards

stronger coupling, third-nearest neighbor interactions in the improved fermion action become in-

creasingly relevant. Now, chiral symmetry (i.e. the degeneracy between scalar and pseudoscalar cor-

relators) can still be preserved by allowing n3 = −n1 ̸= 0. In this way the oscillating component

appears in the pseudoscalar channel and the temporal asymmetry appears in all channels. This is

the intermediate phase. When the coupling grows even larger, chiral symmetry is finally broken, the

lightest pseudoscalar is its Goldstone boson, and scalar and pseudoscalar correlators can depart from

each other. Our observations in the broken phase (see Fig. 1.7) are consistent with a situation where

the conservation of baryon number is again realised in the usual way.
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We note that such a characterisation of the intermediate phase is consistent with the breaking of

the shift symmetry discussed by Cheng et al. 82. In fact, the “partial baryon number operators” n1

and n3 might well be directly related to the operators measuring the breaking of the shift symmetry.

In addition, the presence of ghost poles in the quark propagator of the improved fermion action can

be translated into the presence of complex eigenvalues of the improved transfer matrix, and in the

case of staggered fermions the (real time) transfer matrix is related to the shift operator as T = S24.

1.5 Conclusions

This study shows that the emergence of an exotic intermediate phase in the chirally symmetric SU(3)

gauge theorywith twelve fundamental (staggered) flavours is due to the improvement of the fermion

action, which adds next-to-nearest neighbor interactions that compete with the local terms at strong

coupling.

We also have presented evidence of the first order nature of the bulk transition that appear in

the strong coupling regime of Nf = 12 QCD and of the fact that this nature is not affected by

improvement.

These observations might be of interest to model builders, when needing to realise exotic inter-

mediate structures in interacting gauge models with a relatively simple and controlled procedure. It

is also amusing to notice that it is possible to mimic features of a dense system and a complex action

(time asymmetry) by working with a real action, without the sign problem. These features are of

interest, for example, in numerical studies of the graphene.

Of course, from the perspective of the study of the phase diagram for SU(N) gauge theories with

many flavours, the observed features remain a peculiar form of lattice artefacts that should be well

disentangled from the underlying physics of the system.

59





Quantum theory provides us with a striking illustration of the fact that we

can fully understand a connection though we can only speak of it in images

and parables.

Werner Heisenberg

2
On The Particle Spectrum and the Conformal

Window

This chapter is devoted to the study of how the particle spectrum of non-Abelian gauge theories

changes once they enter the conformal window. Everywhere in the parameter space of such theories,

except at the fixed point, the observables will only show remnants of conformality; these remnants

and the realisation of exact chiral symmetry determine features of the correlation functions and the

spectrum that are quite distinct from those of QCD.

Thepurpose of this study is twofold: first, to theoretically describe the properties of the spectrum

of the continuum theory at a Banks-Zaks IRFPunder a smallmass perturbation; secondly, to explore

the lattice realisation of the theory and identify in this context the universal scaling properties of the

IRFP. To this end, we take the Nf = 12 system as a prototype of theories inside the conformal
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window and study both the fermion mass and volume dependence of the would-be hadron masses

in a lattice box, and the fermion mass dependence of the spectrum at infinite volume.

This analysis updates and largely extends this group’s first study of this system 117. Importantly,

this is the first studyofuniversal scaling for the completewould-behadron spectrum—pseudoscalar,

scalar, vector, axial mesons and the nucleon. Inspired by 79, it also provides a unified description of

all existing lattice spectrum results for this system.

Aspreviouslymentioned in this thesis, the existence of an infrared fixedpoint does notnecessarily

imply the existence of the conformal window. In this work, we go beyond probing the fixed point

andprobe the existence of the conformalwindow and the nature of the symmetry breaking patterns.

We also attempt for the first time a study of the fermion mass anomalous dimension of this theory

on the lattice. With all due caveats and still sizeable uncertainties, the value we obtain is in good

agreement with most of later results.

To summarise, in this chapter we concentrate on the would-be hadron spectrum in the QED-

like (or Coulomb-like) phase of the Nf = 12 lattice system – which is chirally symmetric but not

asymptotically free – as a specific probe of conformal and chiral symmetries. Here we stress the

importance of correctly identifying the phase where observables are measured.

2.1 The spectrum: Theoretical premise

Symmetries guide our understanding of physical phenomena, and we should identify the observ-

ables sensitive to those symmetries. We are interested in the two-point functions inside the confor-

mal window, and the relevant symmetries are conformal, chiral and, to a certain extent, the U(1)

axial symmetry; the latter will be shortly discussed at the end of this chapter. The pattern of phases

for a theory inside the conformal window formulated on the lattice is depicted in Figure 2.1.

The picture is as follows: for small values of the bare lattice coupling gL < g∗L the theory is in

the asymptotically free phase, characterised by a negative β-function. At bare lattice coupling g∗L the

lattice theory then crosses the IRFPand enters aCoulomb, orQED-like. In this phase theβ-function

is positive. Asymptotic freedom is lost for all gL > g∗L and the lattice theory has no continuum

limit— the only exception being the possible appearance of a UVFP at stronger coupling.

Chiral symmetry is exact for gL < g∗∗L in figure 2.1. At g∗∗L the lattice theory exhibits a bulk phase

transition to a chirally broken phase. There are indications that the line of bulk phase transitions
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Figure 2.1: Phases of themany-flavour SU(N) gauge theory formulated on the lattice inside the conformal window.
As the bare lattice gauge coupling gL increases from left to right, the lattice theory encounters an asymptotically free

phase (negative β-function), it crosses the IRFP at some g∗L and enters a QED-like phase (positive β-function); chiral
symmetry is exact in all these phases. At g∗∗L a phase transition occurs to a chirally broken phase. It may be preceded

by an exotic phase (grey shaded area) due to the improvement of the lattice action 114,83,96 .

gg=0

m

UVFP (UVFP)

mCFT. .
Cg*

IRFP

Figure 2.2: Wilson RG flow and fixed points of non-Abelian SU(N) gauge theories in d = 4 spacetime inside the
conformal window, with fermionmassm and gauge coupling g. For themassless theory (m = 0), the trivial UVFP
(g = 0, asymptotic freedom) becomes unstable towards g perturbations due to quantum corrections and the system

flows toward the non-trivial IRFP at g∗ ,m = 0. The fermionmass operator is always relevant and the gauge coupling
is irrelevant at the IRFP.Mass deformed conformal field theory (mCFT) for g ≃ g∗ andm → 0 provides the universal
scaling laws for observables at the IRFP. The dashed line is a line of possible initial values (m, g) for the lattice system,
and its critical pointC flows into the IRFP. A UVFP at strong couplingmay emerge.

ends at a finite Nf ≫ Naf
f

100. The grey shaded area in figure 2.1 indicates the possible emergence of

an exotic phase with exact chiral symmetry due to improvement of the lattice action 114,83,96, which

was mentioned in the previous chapter of this work.

In line with recent work 111 and renormalization group (RG) theory à la Wilson, figure 2.2 illus-

trates how the fermion mass term perturbs the RG flow of the continuum massless interacting the-

ory inside the conformalwindow—wehave assumed that noother couplings are present besides the

gauge coupling and the mass itself. The mass term is a relevant operator that drives the theory away

from the IRFP, while the gauge coupling is irrelevant due to quantum corrections. As discussed

in 111, mass deformed conformal field theory (mCFT) can be used within the basin of attraction of

the IRFP to uncover the universal scaling properties of the correlation functions at infinite and finite
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volume. Away from the IRFP violations of universal scaling will gradually appear, while correlation

functions still satisfy all constraints implied by the non spontaneously broken chiral symmetry. A

UVFP at strong coupling may emerge, however no indications of it have been found in preliminary

lattice studies of theNf = 12 theory 120. We also note that, at strong coupling, new operators may be

promoted from irrelevant tomarginal or relevant; if so, the fixed point structure of the theory needs

to be reanalyzed in an enlarged space of couplings, possibly complicating the lattice search for new

UV/IR fixed points.

2.1.1 Two-point functions

We are interested in the two-point functions made of currents of the type JM ∼ q̄ΓMq, with ΓM =

1, γ5, γμ, γμγ5 for the scalar (S), pseudoscalar (PS), vector (V) and pseudovector (PV)mesons, respec-

tively, and the nucleon correlation function with current JN ∼ qqq. In other words, we identify the

would-be hadrons of QCD in order to allow for a direct comparison with the spectrum of theories

inside the conformal window.

At the IRFP the theory is massless and interacting, and its two-point functions satisfy universal

scaling relations with nonzero anomalous dimensions

⟨0|T JH(x1)J†H(x2)|0⟩ ∼ (x1 − x2)−ΔH H = M, N (2.1)

with ΔH/2 the scaling dimension of the current JH. More specifically, we are interested in the Eu-

clidean two-point functions with zero total 3-momentum

CH(t) =

∫
d3x ⟨0|T JH(t, x⃗)J†H(0, 0)|0⟩ ∼ t−ΔH+3

=

∫ ∞

0
dEK(E, t) σ(E) . (2.2)

This is the well-known power-law scaling of the correlations CH(t) at the IRFP. We have also in-

troduced the representation of CH(t) in terms of the spectral function σ(E) and the kernel K(E, t).

Spectral functions are a powerful probe, widely used in the study of the QCD phase diagram at fi-

nite temperature and chemical potential; for example, they are a direct probe of the gradual melting

of bound states in the quark-gluon plasma close to the critical temperature.

In the presence of a nonzero fermionmassmCFTprovides rigorous results inside the IRFP basin
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of attraction; these are derived in the next section. Away from the IRFP, known cases, such asQCD

at zero temperature or QGP close to its critical temperature, provide a phenomenological insight.

QCD is confining in the infrared, and free in the ultraviolet. Its complete spectral function σ(E)

entails the low-energy resonances and the high-energy continuum. Schematically, it is made of a

series of Dirac δ-functions (the propagator poles) and a continuum with a high-energy threshold

σ(E) ∼ EΔH−4 (AHδ(E2 −m2
H) + Cθ(E− E0)

)
, where for simplicity we assumed one resonance

(pole) per channelH. If we take in eq. (2.2) the kernel K(E, t) = exp (−Et), i.e. the Fourier trans-

form of a free boson propagator for infinite temporal extent, the two-point function CH(t) can be

exactly computed in terms of upper incomplete Γ functions

CH(t) = Cpole
H + Ccont

H ∼
∑
H

mΔH−3
H e−mHt +

C
tΔH−3 Γ (ΔH − 3,E0t) . (2.3)

At large times t → ∞, using Γ(s, x)/(xs−1 exp (−x)) → 1 as x → ∞, one obtains for the high-

energy continuum contribution

Ccont
H (t) ∼ EΔH−4

0
t

e−E0t , t → ∞ . (2.4)

The high-energy continuumgenerates an exponentially decaying contributionwith time dependent

coefficients, and leading 1/t behaviour at large times, differently from the low-energy poles.

QGP close to its critical temperature is instead an example of a deconfined, though strongly inter-

acting, theory with restored chiral symmetry; it is almost analogous to a theory inside the conformal

window, except that there is no IRFP. A realistic description of the QGP two-point functions is a

rich subject of study that is beyond our analogy. It is here enough to observe that the system under-

goes a gradual melting of the QCD bound states till their disappearance into a continuum. How

gradual is the analogous transition inside the conformal window depends on various factors: the na-

ture of the zero temperature phase transition that opens the conformal window atNc
f , the strength

of the interactions at the IRFP, the quantum numbers of the would-be hadrons.

Universal scaling laws at infinite volume

In order to understand the behaviour of the two-point functions CH(t) and the would-be hadron

masses in the surroundings of the IRFP we summarize, partly reformulate and adapt to our case
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known aspects of the scaling theory at a conformal fixed point. The scales of the system are the lattice

spacing a (that can be thought as the inverse of an ultraviolet momentum cutoff), the characteristic

length ξ that will emerge in the scaling analysis, and the spatial length L of the lattice box; we shall

consider specific ranges for a, ξ and L. The couplings are the fermionmassm and the gauge coupling

g. They have scaling dimensions

[m] = 1+ γ, [g] = −γg , (2.5)

where the scaling dimension is the sum of the canonical dimension and the anomalous dimension,

γ and−γg, respectively. At the IRFP, g = g∗ andm = 0, the anomalous dimensions have values γ∗

and−γ∗g , and we introduce the exponent δ = (1 + γ∗)−1 for later use. For the interacting theory,

the coupling m is always relevant in the RG sense (0 < γ < 2), while g has −γg < 0 due to

perturbative quantum corrections and it is thus irrelevant. We first consider the lattice system in the

infinite volume limit L → ∞ and in the continuum limit a → 0*. The invariance of the system

under a rescaling of coordinates in the presence of a small perturbation of the relevant couplingm

at the IRFP provides the universal scaling relations for CH(t); they are universal in the sense that

they do not depend on the microscopic details of the system. Under a rescaling of coordinates x′ =

x/b—where x indicates both space and time— the form of the correlation is dictated by its scaling

dimension sH

CH(t/b; b1/δm) = bsHCH(t;m) , (2.6)

where sH = ΔH − 3. Setting m = 0, eq. (2.6) yields CH(t/b) = bsHCH(t), hence CH(t) ∼

t−sH , the scaling form already introduced in eq. (2.2). Setting b = exp (l) gives a better intuition

of the approach to large distances. Since eq. (2.6) holds for any l, we can choose l = l∗ so that

m exp (l∗/δ) = 1. We can also define a characteristic length ξ = exp (l∗), so that we obtain

CH(t) = ZH ξ−sH F
(
t
ξ

)
. (2.7)

The coefficientZH accounts for themicroscopic details of the system and has zero scaling dimension.

The second factor carries the scaling dimension sH of CH, while the third factor is the adimensional

*The latter limit is realized, in practice, whenever the characteristic length ξ, defined later in eq. (2.7), is
much larger than a.

66



universal scaling function that only depends on the ratio t/ξ, with zero scaling dimension. In the

most general case, the scaling function F will depend upon all possible products with zero scaling

dimension, made of a scale and a coordinate or a relevant coupling. The function F is universal in

the sense that does not depend on the microscopic details of the system. It depends on the scaling

dimension of the operators H = M,N, their spin and normalisation. For any nonzero m, one

can think of ξ as a finite characteristic length ξ = m−δ; eq. (2.7) says that for a change of m, the

coordinate t changes at the scale ξ. In the limit ξ → ∞, or equivalently t ≪ ξ, the system approaches

the IRFP and eq. (2.7) should reproduce the form CH(t) ∼ t−sH ; this constrains the asymptotic

behaviour of the scaling function F(t/ξ). In the opposite limit t ≫ ξ, the two-point functions

decay exponentially, so that

CH(t) ∼ t−sH , t ≪ ξ

CH(t) ∼ ξ−sH f
(
t
ξ

)
e−t/ξ, t ≫ ξ . (2.8)

While the time dependence is dictated by the scaling dimension of CH, the numerator in the limit

t ≪ ξ depends on the spin and normalisation of the operators H = M,N. In the opposite limit

t ≫ ξ, dimensional reasoning allows for all terms in f(t/ξ) that reproduce the correct scaling at

the fixed point, ξ → ∞ or equivalently t ≪ ξ. Specifically, it allows for all powers t−α, with

0 ≤ α ≤ sH and including α = 0. While the limit t ≪ ξ is uniquely determined by the conformal

fixedpoint, thedetails of the limitingbehaviour for t ≫ ξdependon thenature of the interactions in

the quantum system. Our case is that of composite operators in a deconfined and interacting non-

Abelian gauge theory close to a non trivial IRFP; we do not know a priori if the system is weakly

or strongly coupled. Without a detailed knowledge of the quantum correlators, we can still infer

their most general form close to the fixed point. The presence of a mass threshold, i.e. ξ finite,

produces a pole and branch-cuts (i.e., a continuum of critical excitations) in the propagators of the

quantum composite operators†. Using for the sake of illustration the schematic form in eq. (2.3) for

the continuum part, with threshold E0 = n/ξ, for some n, one obtains

CH(t) ∼ ξ−sHe−t/ξ +
C
tsH

Γ
(
sH,

nt
ξ

)
, (2.9)

†Analogous examples can be found in magnetic systems close to a quantum critical point, where a quasi-
particle pole and multiparticle continuum thresholds are present in the system.
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for any intermediate time and finite ξ. The first term is generated by the would-be hadron pole with

residue ξ−sH . The second term is a continuum of excitations with energy threshold proportional to

ξ−1. The relative position of the pole and thresholds depends on the specific theory and interactions.

It is always true, however, that all thresholds and the polemerge at the fixed point, where the residue

at the pole vanishes.

Note that thewould-be hadron pole, the first term in eq. (2.9), is proper of the deconfined theory

close to the IRFP and is not to be identified with the hadron poles of confined QCD. In fact, it

vanishes at the fixed point and the theory smoothly flows to pure Yang Mills at infinite fermion

mass, i.e. ξ → 0. This description of theories inside the conformal window does not need, but

does not exclude, the occurrence of a phase transition at a finite fermionmass between a deconfined

and a confined phase, a scenario proposed in 175; note that confinement is always realized in the limit

m → ∞, where fermions decouple.

From the practical viewpoint of a lattice study of the system, it is sufficient to observe that the

two-point functions CH(t) in the presence of a fermion mass m = ξ−1/δ are dominated by a con-

stant times an exponential, i.e. ξ−sH exp (−t/ξ), for t ≫ ξ and ξ ̸= 0, while the time-dependent

power-law contributions to f(t/ξ) in eq. (2.8) become increasingly important at smaller times and

for decreasingmasses. We also observe that the addition of aUV cutoff, i.e. a nonzero lattice spacing

a, or a finite temporal extent t ≤ T, do not qualitatively change any of the properties discussed, nor

affect the extraction of the would-be hadron mass from the dominant pole contribution.

The comparison of eq. (2.7) with the large euclidean time behaviourCH(t) ∼ exp (−mHt) for a

would-be hadron of massmH provides the universal scaling form

mH = cH mδ , (2.10)

at coupling g = g∗ and with coefficient cH that depends on the spin of the operatorH = M,N.

Universal scaling laws at finite volume

Keeping g = g∗, we now consider the system at finite volume L, with ξ, L ≫ a, and we trade

the characteristic scale ξ for the massm, using ξ−1 = mδ; in this way, the system has effectively one

relevant scaleL, andwe can study the scaling ofCH under a change ofL. In full analogywith eq. (2.7),
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the correlation is now‡

CH(t;m, L) = Z̃H L−sH F
(
t
L
, Lmδ

)
. (2.11)

It is the product of a coefficient Z̃H, which accounts for the microscopic details, a scaling factor and

the universal scaling function F with zero scaling dimension arguments, made of products of the

scale L and a coordinate or a coupling. The leading scaling form of the would-be hadronmass in the

channelH as a function of the fermion mass and L now reads

mH = c̃H
1
L
f(x), x = Lmδ , (2.12)

where the scaling function f(x) depends on the parameter xwith zero scaling dimension. To recover

the infinite volume limit of eq. (2.10), one needs f(x) ∼ x as x → ∞ and c̃H = cH. One has also

f(x) → const as x → 0. The function f(x) a priori depends on the channel H = M,N through

the spin of the corresponding operators. However, once the constant cH is factored out, its x → ∞

limit isH independent. Moreover, the study of section 2.3.3 and figure 2.11 suggests that most of the

H dependence is contained in cH for all x. Eqs. (2.10) and (2.12), important for the scaling analysis of

the lattice results, were first derived in 111. Eq. (2.12) says that finding the universal curve followed by

LmH/cH as a function of x, with 1/δ = 1+γ∗, is a way to determine themass anomalous dimension

γ∗ at the IRFP.

New operators and corrections to universal scaling

The emergence of new marginal or relevant operators can occur in the system at sufficiently strong

coupling, e.g., the four fermion operator can turn from irrelevant to marginal, or relevant. In this

case the fixed point structure has to be reconsidered, together with the RG flow towards the fixed

point(s) in the enlarged parameter space. This is hardly the case for the IRFP studied here, but it

may play a role in the possible emergence of a new ultraviolet fixed point at stronger coupling.

On the lattice, one can isolate the universal scaling in eq. (2.12) by identifying the perturbative

corrections in the volume L andmassm that produce a deviation from the scaling function f(x) and

possible nonperturbative scaling violations. We discuss a few aspects below.

• perturbative corrections in L and m: close to the fixed point the irrelevant couplings, i.e.
‡The large volume limit of the field theory at the IRFP can be treated analogously to the low-temperature

perturbation of a lattice spin system at a zero temperature critical point.
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g ̸= g∗ in our case, generate perturbative corrections made of products of couplings and

scales with zero scaling dimension.

• nonperturbative corrections: they should be expected when the scale(s) of the microscopic

dynamics becomes comparable to or larger than the characteristic length of the system. Viola-

tions of universal scaling in this context can appear with nonuniversal functions that cannot

be factored out of f(x). One example is when the box size L becomes small compared to the

Compton wavelength of the would-be hadron ξ. Other examples are provided in this con-

text by the occurrence of the bulk phase transition at strong coupling, which changes the

underlying symmetries of the system, or the possible appearance of new phases that precede

the bulk transition and are induced, e.g., by competing interactions in Symanzik-improved

lattice fermion actions on coarse lattices 114.

The first type of corrections, perturbative in L and m, deserves some discussion. They are induced

by the irrelevant coupling g, whenever we take g ̸= g∗. Consider a small variationΔg; the smaller the

scaling dimension γ∗g of g, the slower the systemwill flowback to the IRFP.The leading perturbative

corrections to eqs. (2.7) and (2.11) can be of two types. Firstly,ZH (Z̃H) andm (the relevant coupling)

should be redefined, in a way that may generically be difficult to compute§. Secondly, multiplicative

corrections to the scaling function F appear. They can be written in terms of products with zero

scaling dimension, made of the couplingΔg and the relevant scale, thus 1+Δgξ−γ∗g , or equivalently

1 + Δgmδγ∗g , in eqs. (2.7) and (2.11), and 1 + ΔgL−γ∗g in eq. (2.11). The first corrections become

increasingly unimportant as ξ → ∞ (m → 0), the second ones as L → ∞. The same perturbative

corrections for g ̸= g∗ will entermH as redefinitions of cH, the fermion massm itself (equivalently

the scaling dimension δ), and multiplicative corrections of the type 1+ Δgξ−γ∗g and 1+ ΔgL−γ∗g .

• The coefficientΔg, referred to as the fitting parameter b in section 2.3, measures the deviation

of the gauge coupling from its value at the fixed point, or, on the lattice, the deviation from

g∗ along the line of lattice parameters that flows to the IRFP in the continuum limit. It is a

nonuniversal parameter that vanishes at the IRFP, possibly changing its sign. In particular,

when symmetries allow for a linear dependence on g−g∗, we can expectΔg (or the parameter

b) to change sign at the boundary between the two phases of the lattice system, indicating if

§However, a perturbative treatment of the RG equations in the case of an IRFP at weak coupling may
provide the leading contributions to these corrections.
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the latter is located on the strong coupling side of the IRFP, i.e. the QED-like phase on the

lattice, or the weak coupling side of the fixed point, i.e. the asymptotically free phase on the

lattice. We also expect Δg to flow to zero in the continuum, i.e. βL → ∞, where the lattice

system reaches the IRFP.

• The exponent δγ∗g , entering the perturbative corrections to scaling, is universal and it is given

by the anomalous dimension of the fermion mass γ∗ and the anomalous dimension of the

gauge coupling at the fixed point−γ∗g ; this tells that the universal scaling function as well as

its perturbative corrections contain information on γ∗.

Wewill encounter realizations of the perturbative corrections inm and nonperturbative corrections

in L in section 2.3. As a final note, the mixing of the couplingsm and g under the RG flow cannot

generate in this system a new fixed point à laWilson-Fischer atm∗ ̸= 0 due to the chirality protec-

tion of the fermion mass term, i.e., dm/dμ ∝ m with renormalization scale μ. We study eq. (2.12)

on the lattice in section 2.3.3 and eq. (2.10) in section 2.3.5.

2.1.2 The fermion mass anomalous dimension at the IRFP

One aim of this study is to measure γ∗ nonperturbatively on the lattice, by identifying universal

scaling and the pattern of scaling violations in the would-be hadron spectrum. Numerous lattice

studies have recently reported over a wide variety of evidences that the Nf = 12 theory is inside the

conformal window, supporting the first results in 23, based on the flattening of the running gauge

coupling, and 117 that probed the very existence of the conformal window. While the phenomeno-

logical interest mainly resides in theories just below the conformal window, it remains important

to determine the pattern and sizes of observables inside the window, since they are directly, and in

some cases smoothly, related to their value below the window lower endpoint; one such quantity

is the fermion mass anomalous dimension γ∗ along the IRFP line. Its value determines if the the-

ory is strongly or weakly interacting at the IRFP. It is null in the free theory, at Nf = Naf
f , and it

is bounded to be γ∗ < 2 by the unitarity of the conformal theory 222,128. An appealing conjecture

suggests γ∗ = 1 at the lower endpoint of the conformal window,Nf = Nc
f , so that chiral symmetry

breaking is triggered 31 —for γ∗ = 1 the four-fermion operator becomes relevant. The theoretical

question if γ∗ = 1 holds exactly atNc
f is still open; it is however appealing to think that the exactness

is realized 88, and some consequences of this scenario are discussed in section 2.3.5.
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The value of γ∗ can be determined nonperturbatively on the lattice¶ and it has been computed in

perturbation theory at two-loops 75, three and four loops 304,305, see also 151,174 for studies in the large-

Nf limit, 290,275 for analyses of renormalization scheme transformations and 261 for a recent fixed point

analysis of classes of gauge theories. It is thus mandatory to compare the genuinely nonperturbative

lattice determination with perturbation theory, and in this spirit we analyze the lattice results in

section 2.3. Here, we discuss a few relevant aspects that can be inferred from 304,305 and we compute

the gauge coupling anomalous dimension −γ∗g to four loops. By inspection of the four-loop β-

function and the mass anomalous dimension γ in 304,305 one observes that:

• TheNf = 12 IRFP coupling in theMS schememoves from g2/(4π2) ≃ 0.24 at two loops to

g2/(4π2) ≃ 0.15 at four loops, and the mass anomalous dimension at the IRFP—a renor-

malization scheme independent quantity—moves from γ∗ ≃ 0.77 to γ∗ ≃ 0.25. The

latter value provides δ ≃ 0.8; this value will turn out to be in good agreement with our

lattice determination.

• The IRFP coupling moves towards the origin when going from two to four loops, while the

lower endpoint of the conformal window stays aroundNf = 8.

• The Nf dependence of the coefficients βi and γi, i = 0, 1, 2, 3, of the four-loop β-function

and γ, respectively, deserves some discussion. The four-loop coefficient β3 grows rapidlywith

Nf and it is responsible for the appearance of a new zero for Nf ≥ 17, just above the confor-

mal window. Analogously, the four-loop coefficient γ3 grows rapidly with Nf and causes a

change of sign of the running anomalous dimension at some g forNf ≥ 8; importantly, this

happens at a coupling g ≫ g∗ forNf = 12, suggesting that perturbation theory may still be

reliable for Nf = 12 at g = g∗. This is no longer true for Nf ∼ 8, where g∗ is larger and the

change of sign occurs for g < g∗. We do not further address the problem of the reliability

of perturbation theory forNf ∼ 8, with or without a truncation to a given order in the loop

expansion. We only note that this is the region where nonperturbative contributions can

play a significant role in the disappearance of the conformal window. An instructive com-

parison between perturbation theory and nonperturbative results can be carried out in the

Veneziano limit, see 290 for studies in this limit, or with a large-Nf resummation as initially

¶It is worth noting that other field-theoretical techniques, such as conformal bootstrap and variations
thereof, are becoming increasingly useful in constraining correlators and anomalous dimensions of operators
in strongly coupled field theories.
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Figure 2.3: Collection of recent lattice determinations of themass anomalous dimension γ for theNf = 12 system,
and the perturbative prediction of its value at the IRFP to 2, 3 and 4 loops. From top to bottom, the value from this

work, [0] from 117 , [1] from 19 , [2] from 101 , [3] from 13 , [4] from 79 , [5] from 176 , and the perturbative determinations

from 304,305 .

proposed in 151. Recent progress in constraining by field-theoretical techniques the correla-

tors of large-NQCD andN = 1 SQCD 62,60 should help in the task of identifying the role

of nonperturbative contributions.

• Finally, we derived the value of the gauge coupling anomalous dimension at the IRFP to two

and four loops from 304 as −γ∗g = ∂β(g)/∂g|g=g∗ . As all other critical exponents, this is a

renormalization group invariant quantity. A straightforward calculation gives γ∗g |2−loop ≃

0.360 and γ∗g |4−loop ≃ 0.283, consistently with the fact that the IRFPmoves towardsweaker

coupling from two to four loops.

To summarize, four-loop perturbation theory predicts γ∗ ≃ 0.25, i.e. δ ≃ 0.8, and the universal

exponent δγ∗ ≃ 0.23 for theNf = 12 system at the IRFP. This prediction misses the nonperturba-

tive contribution, and some renormalization scheme dependence can be induced by the truncation

of the perturbative expansion. A comparison with the nonperturbative lattice determination of γ∗

is therefore instructive. Figure 2.3 collects recent lattice determinations of γ∗ and the predictions of

perturbation theory, anticipating the result of this chapter later discussed in section 2.3. The most

salient feature of figure 2.3 is the agreement among lattice determinations, and their agreement with

the four-loop perturbative prediction, once a universal scaling analysis is carried out. This is true

for 79 and this work. Previous pioneering determinations of the mass anomalous dimension, the
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very first one in 117 and the ones in 19,101,13,80,176 were obtained through the analysis of specificH chan-

nels in the would-be hadron spectrum or the eigenvalues of the Dirac operator at some bare lattice

coupling, without a systematic identification of the universal scaling contributions and violations

thereof. Despite this, all determinations are contained in an interval that is well below γ = 1. This

shows the stability of the prediction and the fact that the (lattice) system is not largely sensitive to

deviations from the IRFP. Importantly, measurements can be done on both sides of the fixed point,

being it the asymptotically free side or the QED-like side. In section 2.3.5 we futher discuss our

determination of γ∗ and the implications of the obtained value.

2.1.3 The Edinburgh plot

Besides conformal symmetry, one relevant ingredient characterizing the two-point functions in the

conformalwindow is restored chiral symmetry. Everywhere in the asymptotically free and theQED-

like phase, chiral Ward identities must be fulfilled by the renormalized correlation functions. There

is no Goldstone boson, since chiral symmetry is not spontaneously broken, and all chiral partners,

scalar and pseudoscalar, vector and axial, must be degenerate in the chiral limit‖.

The Edinburgh plot, widely used in lattice QCD studies and suggested as a probe of the confor-

mal window in 119, is constructed in terms of adimensional ratios of masses, and/or decay constants,

and it traditionally offers a powerful way to combine results of lattice calculations performed at

different lattice spacings and with different lattice actions. In this case, it also provides a clear visual-

isation of different mass regimes and distinguishes betweenQCD and theories inside the conformal

window; we use it here to illustrate the behaviour of theNf = 12 system, adopted as a prototype of

theories inside the conformal window. Figure 2.4 shows the Edinburgh plot for theNf = 12 infinite

volume lattice results in table 2.1 for am > 0.025 and in table 2.5 for am ≤ 0.025. The physical

point of QCD (left of figure) corresponds tomπ/mρ ≃ 0.18 andmN/mρ ≃ 1.21. At the other side

of the figure a useful theoretical limit is the heavy quarkmass limit, where all masses of the would-be

hadrons are given by the sum of their valence quark masses so thatmπ/mρ = 1 andmN/mρ = 3/2.

A QCD scenario would correspond to a curve in figure 2.4 that extrapolates to the QCD physical

point for decreasing quark masses, i.e., it would join the two red points in figure 2.4. Instead, we

‖Exact chiral symmetry implies the degeneracy of the complete renormalized two-point functions in the
channels that are chiral partners, and the degeneracy of the corresponding renormalized chiral susceptibili-
ties— the integrals of the two-point functions.
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Figure 2.4: TheNf = 12 Edinburgh plot for the infinite volume lattice results in table 2.1 and 2.5 at βL = 3.9:
the ratio of the nucleon (N) and the vector (ρ) mass is shown as a function of the ratio of the pseudoscalar (π) and the
vector mass. We show the scaling point (blue diamond) with coordinates (x, y) = (cπ/cρ, cN/cρ), with cπ,N from

Fit I in table 2.6 and cρ in table 2.8 (This work). The superimposed (blue solid) line y = (cN/cπ)x (error band not
shown) entails the perturbative scaling violations derived in section 2.3. The coefficients cH, H = π, ρ, N are a

priori βL dependent, so that the solid (blue) line as well as the scaling point flow to their continuum value, as βL → ∞,

cf. section 2.3.3. TheQCD physical point (red star, leftmost) and the heavy quark limit (red star, rightmost) are also

displayed.
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observe that the two mass ratios are “stuck” at a tiny corner of the plot, away from the heavy-quark

limit and theQCDphysical point for a wide range of bare fermionmasses 0.01 ≤ am ≤ 0.07. This

is to be expected inside the conformal window; would-be hadronmasses scale asmH = cH mδ at the

IRFP, ideally producing one point in the Edinburgh plot. Moving away from the IRFP— in mass,

coupling(s) and volume—produces some scattering of the data. A mild mass dependence of the

infinite volumemass ratios is induced by perturbative scaling violations for g ̸= g∗ andm ̸= 0. An-

ticipating the results of section 2.3, these are represented by points distributed along the solid line

that passes through the scaling point in figure 2.4. All scaling violations still obey the constraints

implied by the underlying restored chiral symmetry.

2.2 Numerical setup

2.2.1 The action

We have generated configurations of an SU(3) gauge theory with twelve degenerate flavours Nf of

staggered fermions in the fundamental representation using a tree level Symanzik improved gauge

action

S = −
Nf

4
Tr lnM(am,U) +

∑
i=0,1

βi(g
2)
∑
C∈Si

Re(1− U(C)) (2.13)

whereU(C) are the traces of the ordered product of link variables along the closed pathsC divided by

the number of colours andM(am,U) is the fermion matrix for the naive staggered fermion action

for a single flavour with mass m. S0 and S1 contain all the 1 × 1 plaquettes and 1 × 2 and 2 × 1

rectangles, respectively. The SU(3) lattice coupling of the unimproved action is given by β = 6/g2L

and the βi are defined in terms of β as β0 = (5/3)β and β1 = −(1/12)β. According to the way

lattice simulations are performed and reported, we use βL(= β0) = 10/g2L for the lattice results of

this work, and β = 6/g2L for some of the existing lattice results discussed in section 2.3.

Improvement is extended to the fermionic sector following the Naik prescription. The action of

the fermionic sector can be written in terms of the one component staggered fermion field χ(x) as
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SF = a4
∑
x;μ

ημ(x)χ̄(x)
1
2a
{
c1
[
Uμ(x)χ(x+ μ)− U†(x− μ)χ(x− μ)

]
+c2

[
Uμ(x)Uμ(x+ μ)Uμ(x+ 2μ)χ(x+ 3μ)

−U†
μ(x− μ)U†

μ(x− 2μ)U†
μ(x− 3μ)χ(x− 3μ)

]}
+a4m

∑
x

χ̄(x)χ(x) (2.14)

with the phase factor ημ(x) = (−1)(x0+x1...+xμ−1). Order a2 accuracy at tree level is achieved by

using the Naik choice c1 = 9/8 and c2 = −1/24.

This action is the same used in previous studies conducted by our group on SU(3) with Nf =

12 117,114,96. In particular, this action corresponds to the choice D of 114. The theory under study ex-

hibits a bulk transition separating a region at weak coupling where chiral symmetry is restored from

a region at strong coupling where chiral symmetry is broken 117, as it is expected for all theories in

the conformal window. For small enough bare fermion masses and with our choice of action, the

competition induced by next-to-nearest neighbour interactions in eq. (2.14) causes the emergence

of an intermediate phase at finite lattice spacing, just before chiral symmetry is broken, as one goes

from weak to strong coupling 114, see also Fig. 2.1.

We generated configurations for a range of bare fermionmasses going from am = 0.01 to am =

0.07 at fixed coupling βL = 10/g2L = 3.9. This choice guarantees that our simulations are carried

in the chirally restored region, away from the bulk transition and the exotic phase induced by the

improvement. For the heaviest bare masses am = 0.06 and am = 0.07 we simulated volumes

163×24 and 244. For baremasses am = 0.05, 0.025 and 0.020we have simulated volumes 244 and

324. For bare masses am = 0.01, 0.04 we have simulated volumes 243 × 32 and 324. In addition,

volume 163 × 32was simulated for bare masses am = 0.01, 0.02, 0.025 in order to make it possible

for us to obtain infinite volume estimates of the spectrum for these quark masses.

During the runs, the parameters for the acceptance rate have been tuned to yield a good accep-

tance while keeping a fixed trajectory length l ≈ 0.4 for all ensembles. Configurations were saved

every five simulated trajectories, so that saved configurations are separated by approximately two

unit trajectory lengths. Measurements of observables such as the chiral condensate and the average

plaquette were conducted on the fly, while the measurements of the particle spectrum were con-
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ducted on the saved configurations following the strategy described in the next section.

2.2.2 Strategy for the spectrum measurements

We have measured the two-point functions with currents JM ∼ q̄ΓMq in the scalar, pseudoscalar,

vector and axial channels and the nucleon correlation function on the saved ensembles using corner-

wall sourceswith fixedCoulomb gauge. The gauge fixing procedure in traditionalQCD is known to

reduce contamination from excited states and helps to better isolate the ground state of the system.

Inorder to extract the lowest-lyingmasseswe found it useful to construct themeson correlators from

quark propagators with different combinations of temporal boundary conditions. This procedure

was discussed in 276, it is extensively used in lattice QCD and, recently, it was explicitly implemented

for SU(3) with Nf = 12 in 13. Some caveats are in order inside the conformal window, where the

two-point function has the form in eqs. (2.7) and (2.8). We first summarize the strategy in the case

of an exponentially decaying two-point function with constant coefficient, which is realized in all

studied cases over a large time interval. Consider the quantity

C(t) =
1
2
[
Cp.b.c.(t) + Ca.b.c.(t)

]
(2.15)

built from meson correlators with periodic (Cp.b.c.) and antiperiodic (Ca.b.c.) temporal boundary

conditions on a lattice of temporal extent T. It can be shown that the resulting combined correlator

C(t) has its lattice temporal extent effectively doubled and it can also be written as the periodic cor-

relator Cp.b.c.(t) with doubled period 2T 276. In the case of the pseudoscalar meson, the staggered

two-point function does not contain a staggered parity partner state. Taking into consideration a

possible constant oscillation term that might appear as a consequence of the wrapping of a quark

line around the antiperiodic time boundary, we can then write

CPS(t) = A
(
e−mπt + e−mπ(2T−t)

)
+ B(−1)t (2.16)

The constant oscillation term can be removed by using the combination

C̃PS(2t) =
CPS(2t)

2
+

CPS(2t+ 1)
4

+
CPS(2t− 1)

4
(2.17)
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Figure 2.5: Examples of antiperiodic (blue circles), periodic (red squares) and combined (black diamonds) meson corre-

lators from eq. (2.15), obtained from configurations generatedwith bare quarkmass am = 0.05 at volumeV = 324 .
(Left) The pseudoscalar correlator, (right) the pseudovector correlator.

so that the final correlator is

C̃PS(2t) = A
(
e−mπ2t + e−mπ(2T−2t)

)
. (2.18)

The effective doubling of the temporal extent allows to better isolate the first term in eq. (2.9) and

enlarges the corresponding effective mass plateau.

A similar combination of meson correlators with different boundary conditions in the time di-

rection can be performed for the othermesons. We use the PV correlator to extract themasses of the

would-be ρ vector meson and the a1 axial meson. The averaged PV correlator can be written in this

case as

CPV(t) = Aρ

(
e−mρt + e−mρ(2T−t)

)
+ Aa1(−1)t

(
e−ma1 t + e−ma1 (2T−t)

)
+ B(−1)t , (2.19)

It is possible to proceed with a similar combination to that of eq. (2.17), so that

C̃PV(2t) = Ãρ1

(
e−mρ2t + e−mρ(2T−2t)

)
+ Ãρ2

(
e−ma12t + e−ma1(2T−2t)

)
. (2.20)

In fact, such an approach has been followed in 13, where it was noted that, for the range of volumes

and quark masses studied by the authors, Ãρ1 ≫ Ãρ2, and the resulting correlator is well approxi-

mated by a single exponential form with coefficient Ãρ1

C̃PV(2t) ≃ Ãρ1

(
e−mρ2t + e−mρ(2T−2t)

)
. (2.21)
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Figure 2.6: (Left) The periodic (red squares), antiperiodic (blue circles) and combined (black diamonds) scalar cor-

relators, (right) the periodic (red squares) and antiperiodic (blue circles) nucleon correlator for a bare quarkmass

am = 0.05 and volumeV = 324 .

Wehave noticed that while the approximation (2.21) holds true for our heavier quarkmasses, it starts

to break down for our lightest quark masses. In addition to that, we are also interested in studying

the behaviour of the mass of the axial meson ma1 . For these reasons, we fit the PV correlators ob-

tained from our configurations to the complete functional form (2.19) in order to extract both mρ

and ma1. Examples of the initial correlators and the quality of the final combined correlators are

shown in figure 2.5.

In similar fashion to eq. (2.19), we extract the mass mσ of the scalar meson from the averaged S

correlator

CS(t) = Aσ

(
e−mσt + e−mσ(2T−t)

)
+ Bσ(−1)t

(
e−Mt + e−M(2T−t)

)
+ B(−1)t . (2.22)

Lastly, we built the nucleon correlators from quark and antiquark propagators with antiperiodic

boundary conditions in the temporal direction. These were then fitted with the usual expression

for the lowest-lying states of a staggered baryon two-point function containing four parameters

CN(t) = AN

(
e−mNt − (−1)te−mN(T−t)

)
+ BN(−1)t

(
e−Mt − (−1)te−M(T−t)

)
(2.23)

with parity partner of massM. Examples of these correlation functions are shown in figure 2.6.

2.3 Results

Table 2.1 collects all lattice measurements of this work. Simulations have been done at inverse lattice
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coupling βL = 3.9, located in the QED-like region of figure 2.1. The same coupling was also used

in our first study 117. The masses of all would-be hadrons have been measured for a range of bare

fermion masses between am = 0.01 and am = 0.07, and volumes between 163 × 24 and 324. This

section is organized as follows. After comparing the two-point functions with the ones of the free

theory, and testing them against eqs. (2.7) and (2.8) in section 2.3.1, we provide in section 2.3.2 a tool

to establish in which phase, QED-like or asymptotically free, the lattice system is. Section 2.3.3 is

dedicated to the spectrum in a finite volume. It establishes the realization of universal scaling for the

lattice results according to eq. (2.12) and provides a unified description of all available lattice data for

the Nf = 12 system while identifying the pattern of scaling violations on both sides of the IRFP.

Section 2.3.4 treats the extrapolation to infinite volume, needed for the lightest masses. Section 2.3.5

is dedicated to the spectrum at infinite volume, it established the realization of universal scaling for

the lattice results according to eq. (2.10) and identifies the pattern of scaling violations, in particular,

for the spin-1 states of this work and those in 13. This analysis leads to the determination of γ∗ that

consistently describes all available lattice data for the spectrum of the Nf = 12 system at finite and

infinite volume. Finally, section 2.3.6 is a brief discussion of mass ratios and degeneracies of chiral

partners, probe of restored chiral symmetry.

2.3.1 Two-point functions

Wehave analyzed all two-point functions according to eq. (2.7) and its asymptotic forms in eq. (2.8).

Our results are easily summarized. For the entire range ofmasses explored, the best fits toC(t) (with

period 2T) over the late time range are obtained for the form a exp (−mt), symmetrized on 2T,

with a constant andmassm. Time dependent corrections will increasingly be present at small times

for decreasing masses, rendering more difficult the determination of the would-be hadron masses.

The corrected form a exp (−mt) + b/t exp (−nt), with b > 0 and n > m, ameliorates the fits

at smaller times, as expected— for our lightest mass am = 0.01, such corrections start to become

relevant when considering times t < 10 and requires n ≳ m.

In figure 2.7 we compare the two-point functions at βL = 3.9 with the corresponding ones

obtained in the free case, with the same lattice staggered action and the samebare fermionmasses; this

comparison is useful to clarify how far the studied regime is from the free limit. In fact, if the theory is

deconfined onemay expect a faster approach to the free limit than it is realised in the confined theory.
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Figure 2.7: (Left) The pseudoscalar two-point functionCp.b.c. (logarithmic scale) in the free case with am = 0.05,
made of two free quark propagators with antiperiodic boundary conditions (red squares) and periodic boundary

conditions (black circles) in the temporal direction. (Right) The same two-point function at βL = 3.9. Vertical axes are
rescaled tomatch.

One useful ingredient in the comparison is that two-point functions built with increasingly free

quarks exhibit increasing sensitivity to the change of boundary conditions, both in the spatial and

temporal direction. The zero-momentum free meson two-point functions reproduce the known

analytical form for staggered correlators on even and odd temporal sites64, and indeed figure 2.7

(left) shows the significant difference between the standard periodicmeson two-point function built

with periodic (P) and the one built with antiperiodic (A) temporal boundary conditions on the

single free quark propagators. This difference is absent in the two-point functions at βL = 3.9 in

figure 2.7 (right), for the same bare fermion mass. Note also that exact point-by-point degeneracy

of the scalar and pseudoscalar free meson correlators in the chiral limit is only realized at zero lattice

spacing, since they involve a sum over the momenta of the fermion and antifermion propagators.

In accordance with their analytical form64, we find that pairs of chiral-partner free correlators are

exactly degenerate at odd times and increasingly degenerate at even times towards the chiral limit.

This comparison confirms that the two-point functions at βL = 3.9 are significantly away from

the free limit, and well described by an exponential with a constant coefficient AH over a large time

interval.

2.3.2 Would-be hadrons in the QED-like region

Figure 2.8 provides a tool to understand which phase of the Nf = 12 system we are looking at.

It shows the mass ratio of the would-be pseudoscalar and vector mesons as a function of the bare

fermionmass; these are the infinite volume lattice results in table 2.1 for am > 0.025 and in table 2.5
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Figure 2.8: The pseudoscalar (π) to vector (ρ) mass ratio as a function of the bare fermionmass. Data at βL = 3.9
(left of figure) are at the largest volumes from table 2.1 (black circles) and the infinite volume extrapolation from

table 2.5 is shown for the three lightest points (red squares). Data at βL = 4.0would draw a line to the right of

βL = 3.9 117 . Data from 13 (right of figure) are obtainedwith a HISQ staggered action, at β = 6/g2L = 3.7 (green
diamonds) and β = 4.0 (blue triangles), am = 0.04 to 0.2.

for am ≤ 0.025. It also provides a direct comparison of our results with those of 13, the latter ob-

tained with a HISQ staggered action at two lattice couplings. In our initial study 117, where more

than one lattice coupling— including βL = 3.9 and 4.0—was considered, we could conclude that

our results were located in the QED-like region of the theory, i.e. on the strong coupling and non

asymptotically free side of the IRFP, with a positive β-function. The results in figure 2.8 update that

study at lattice coupling βL = 3.9; data for the ratio at βL = 4.0 would be located on a curve with

similar slope, to the right of βL = 3.9. The analogous study in 13 led the authors conclude that their

results are instead located on the weak coupling and asymptotically free side of the IRFP. The same

canbe inferred from figure 2.8, where the crucial ingredients are the slopes and the ordering of curves.

A line of constant physics would lead to a constant ratiomπ/mρ; a realization of such a line occurs at

the IRFP, where the β-function is zero and universal scaling holds withmπ ,ρ = cπ ,ρmδ. Away from

the fixed point, a family of curves at different lattice couplings as in figure 2.8 carries information

about the sign of the β-function. For our data, the crossing of a line of constant ratio with the curves

at fixed lattice coupling— βL = 3.9 and an ideal line for βL = 4.0 at its right— implies a positive

sign of the β-function, where to first approximation we assume a constant physical mass between

the intersections. The data of 13 have the opposite behaviour, and correspond instead to a negative

sign of the β-function. At first sight, the reduced slope of the curves in the latter case would suggest
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Figure 2.9: LmH for the pseudoscalar (left) and vector (right) would-be hadrons as a function of am and for varyingL.
For sufficiently large volumes andmasses the points fall onto a curve (superimposed), which is the power-law best-fit

curve obtained at infinite volume (table 2.6).

that the data of 13 are less affected by violations of scaling and plausibly closer to the IRFP. Another

possibility, implied by the results in section 2.3.3 and in line with 79, is that different mass regimes

are covered by the two sets of lattice measurements, both affected in different ways and to different

degree by violations of universal scaling. Summarizing, the combined set of data in figure 2.8 nicely

covers the region on both sides of the IRFP. This illustrates the fact that observables in this system

are actually sensitive to the change of sign of the β-function and that some clever combination of

these observables can be used to locate the IRFP; we are currently investigating a strategy along this

line.

2.3.3 The spectrum in a box

Figure 2.9 illustrates the pseudoscalar and vector products LmH for each given L as a function of the

bare fermion mass. It is clear that finite volume effects are present at the largest spatial volume for

the three lightest bare masses am = 0.01 , 0.02 and 0.025. At the same time, these data offer the in-

teresting option of a finite size scaling studywith the aim of identifying a universal scaling behaviour

and define the functional form appropriate to extrapolate these data to infinite volume. Barring the

emergence of new operators, we proceed to identify universal and nonuniversal behaviours in the

space of couplings (g,m). A comparison with the superimposed best-fit curves obtained at infi-

nite volume in section 2.3.5 helps locating the thresholdwhere substantial deviations from a genuine

power-law appear in the scaling of LmH, at fixed L. These deviations can a priori contain nonasymp-

totic contributions to the scaling function f(x) of eq. (2.12), as well as genuine scaling violations not
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described by f(x). The following analysis is devised to identify these contributions at small and large

x.

Anticipating the results of section 2.3.5, we note that the infinite volume best fit to eq. (2.10) for

the pseudoscalar, scalar and nucleon masses gives a critical exponent δ = 0.81, while the vector and

axial states favour a slightly larger exponent δ = 0.86, see table 2.6. While the difference in the values

of δ for differentH channels is in itself an indication of scaling violations, we note that universality

appears to be realized in all but the vector channels and δ = 0.81 gives a value of γ∗ = 1/δ − 1

in agreement, within uncertainties, with the best fit reported in 79 and, noticeably, with the four-

loop perturbative prediction 304,305; it is thus tempting to conclude that our data are in the universal

scaling regime and provide ameasure of themass anomalous dimension at the IRFP. The study that

follows supports this conclusion.

In figure 2.10 we vary the scaling variable x about the best-fit value for δ (central figures) and on

the range δ = [0.5, 1] to study the x dependence of the ratio Lmπ/cπ (left) and Lmρ/cρ (right). For

x ≳ 1, the data in the central figures align on a common curve. They increasingly scatter and deviate

from it when δ is moved away from its best-fit value, over the range 0.5 to 1. Figure 2.11 reports

all states for the reference value δ = 0.81; we observe the universal behaviour of the pseudoscalar,

scalar and nucleon states at x ≳ 1 and the displacement and slight change of slope of the vector and

axial states. For x ≲ 1, the asymptotic behaviour of the universal scaling function f(x) → const as

x → 0, is corrected by nonperturbative L-dependent scaling violations. These are discussed in the

next section.

Inspired by recent work 79, we now attempt a unified description of the finite volume results of

this work and the results obtained for the same systemwith other lattice actions, at a priori different

bare lattice couplings and fermion masses. In particular, we consider the results at β = 2.2 in 134

and the results at β = 3.7 and β = 4.0 in 13. We limit this analysis to the pseudoscalar channel,

studied in all works, while later in section 2.3.5 we compare our results and those in 13 for the vector

state. Figure 2.12 summarises this study, wherewe show the collapse on a commonuniversal curve of

data obtainedwith different lattice actions and lattice couplings, once perturbative corrections to the

universal scaling are dividedout. The general conclusions of this analysis are in good agreementwith

the study in 79, while our analysis differs from 79 in some details and interpretation of the parameters.

We briefly highlight the relevant ingredients and results.

• Perturbative corrections to universal scaling are present whenever the system is close to, but
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Figure 2.10: RatiosLmH/cH , cH from table 2.6, for the pseudoscalar state (left) and the vector state (right) as a

function of the scaling variable x = Lmδ for varying δ on [0.5, 1] andL = 16, 24, 32. The central figures display
the data alignment for the best-fit values of δ in table 2.6.
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Figure 2.11: LmH/cH , cH from table 2.6, as a function of x = Lmδ with δ = 0.81, excluding the vector and axial
states (top) and including them (bottom).
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Figure 2.12: Collapse of curves for the rescaled pseudoscalar productLmπR/(1+bmω), withω = 0.23 from 4-loop

perturbation theory andR, b in table 2.2, as a function of the universal scaling variable x = Lmδ with δ = 0.81 from
this work. Data are from 134 at β = 2.2 (LH, green crosses), 13 at β = 4.0 (LatKMI, magenta hexagons) and β = 3.7
(LatKMI, blue triangles), and from this work forL = 24, 32 (red squares) andL = 16 (red circles).

not at the fixed point. As pointed out in 79, perturbative corrections due to g ̸= g∗ and a

finite fermion mass can explain the deviations from universal scaling of many results for the

Nf = 12 system. As explained in section 2.1.1, these contributions can be parameterized to

leading order as multiplicative corrections 1+ bmω, with universal exponent ω = δγ∗g .

• We find that our best-fits favour values of ω lower than ω = 0.41 of 79, though we cannot

perform a fully unconstrained fit. It is therefore appealing to consider the value ω = 0.23

given by δ = 0.81—our central value in good agreement with the 4-loop prediction within

uncertainties— and the 4-loop prediction γ∗g ≃ 0.283.

• The values of b in table 2.2 and the analysis of the vector state in table 2.8 corroborate the

interpretation of Δg in section 2.1. We observe that all data are sufficiently close to universal

scaling. Our data are located in the QED-like phase of the system and do not show correc-

tions to scaling at these light masses, thus b = 0. The data from 134 are close to our data, and

again they seem not to be sensitive to corrections to scaling at the light masses they consider;

the only difference is that their data are located away from the asymptotic linear form of f(x)

and we cannot clearly discriminate to which phase they pertain. The results from 13 are lo-

cated on the other— i.e. asymptotically free— side of the fixed point, thus showing b < 0.

We expect the data of 79 to be located between ours and the data from 13 on the asymptotically

free side, with b < 0, in agreementwith their analysis. In section 2.3.5 we provide an example

88



of a positive b for our system in the QED-like phase, needed to successfully describe pertur-

bative corrections to scaling for the vector and axial states. Thus, the parameter b changes

sign at the boundary between the two phases of the lattice system and we expect it to flow to

zero in the continuum, i.e. βL → ∞, where the lattice system reaches the IRFP.

• An overall rescaling is the usual procedure to bring together sets of data that follow universal

scaling. We perform a rescaling of Lmπ by the factor R in table 2.2. R is given by the ratio of

the coefficients cH entering the infinite volume functional formmH = cHmδ(1+ bHmω) for

each given data set and channelH. Such a rescaling is asymptotically equivalent to a rescaling

of the variable x, as used in 79, provided it does not enter the corrections to the universal

scaling function. The factor R for LatKMI is derived in section 2.3.5. R shows a monotonic

dependence on the lattice bare coupling βL, converging to its universal value as βL → ∞.

This statement, as the previous one for b, assumes that the lattice system is in the basin of

attraction of the IRFP.

• Once rescaled by R and once the perturbative mass corrections are divided out, the product

Lmπ for all the lattice data in figure 2.12 is described by a universal curve f(x) for all x values,

except for the presence of nonperturbative violations of scaling for L ≲ ξ for some data of

this work.

2.3.4 Extrapolation to infinite volume

For am = 0.04 to 0.07, no residual finite volume dependence is left within the estimated uncertain-

ties; we thus take the result at the largest available volume as the infinite volume value for am = 0.04

to 0.07. For the three lightest bare fermion masses, am = 0.01, 0.02, 0.025 we have instead per-

formed an extrapolation to infinite volume. Lüscher’s formula 213 for particles in a box does in prin-

ciple apply to any interacting quantum field theory, provided the scattering amplitude of the par-

ticles involved is known. The latter problem is perturbatively solved by chiral perturbation theory

(χPT) forQCD-like theories in the chirally broken phase, predicting the leading order behaviour of

the Goldstone boson mass to be 141,89 mπ(L) = mπ + c exp (−mπL)/(mπL)3/2 formπL ≫ 1. The

functional form to be used in our case is what describes the scaling violations at small x in figures 2.10

and 2.11.

The small x behaviour of the pseudoscalar would-be hadron is analyzed in figure 2.13, for δ =
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Figure 2.13: Lmπ as a function of the scaling variable x = Lmδ with δ = 0.81, forL = 16, 24, 32. The curves are
the best fits to the functional formF(x, L) = ax+ c exp (−kx), with a, c, k in table 2.3.

0.81. At the smallest values of x, Lmπ shows an L-dependent deviation from a common curve. L

dependent deviations from scaling can be expected whenever the box size L becomes comparable

to or smaller than the would-be hadron Compton wavelength ∼ ξ. The entire range of x in fig-

ure 2.13 can be described in terms of the universal scaling function f(x), with asymptotics f(x) ∼ x

as x → ∞ and f(x) → const as x → 0, and a nonperturbative L-dependent violation of scaling

at small x—note that perturbative corrections in L of the type 1+ ΔgL−γg would instead multiply

the entire scaling function f(x) and modify its behaviour at all x. Hence, F(x, L) = ax + g(L)̃f(x)

should describe figure 2.13, except for the presence of nonlinear universal contributions to f(x) at in-

termediate x. The coefficient a is nothing but cH,H = π of table 2.6, the function g(L) increases for

decreasingL according to figure 2.13, and f̃(x) → const as x → 0. Figure 2.13 also displays the best-fit

curves for the simplified ansatzF(x, L) = ax+c exp (−kx), with best-fit values of a, c, k in table 2.3.

Rather than aiming at the optimal χ2/d.o.f, the purpose of this example is to illustrate the trend of

small volume corrections through effective parameters c and k. The latter is quite stable for varying

L, while, as expected, the parameter c increases with decreasing L; a polynomial g(L) ∼ (1−bL) per-

fectly describes the data and provides a volume dependence milder than the universal scaling form

1/L exp (−L/ξ) for mπ(L) at small x. At the same time, the shift in the paramater a at L = 16, as

compared to the larger volumes in table 2.3, should be attributed to the intermediate x contributions

to f(x) that are not captured by the simple ansatz for F(x, L).

A volumedependencemilder thanQCDandmilder than the universal scaling form can be traced
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Figure 2.14: LmH/(1 + bHmω) forH = σ,N, ρ, a1 as a function of the scaling variable x = Lmδ with δ = 0.81,
forL = 16, 24, 32. The coefficient bH = 0 forH = S,N, bρ = 0.52(12) and ba1 = 0.45(24). The curves are
best fits to the functional formF(x, L) = ax+ c exp (−kx), see table 2.4.

back to the Coulomb dynamics in the QED-like phase and the absence of a confining potential. It

is favoured by the combination of data in figure 2.13, figure 2.15 and the infinite volume study of

the heavier masses am > 0.025. Having only three volumes for each bare fermion mass, we have

performed the extrapolation of the lightest would-be hadron masses to infinite volume with the

simplest ansatz

mH(L) = mH + c e−k̃mHL, H=π, σ, ρ, a1,N (2.24)

with parameters c, k̃ and the infinite volumemassmH for the channelH. The results of the extrapo-

lation are summarized in Figure 2.15, Figure 2.16, and in table 2.5. In order to account for the uncer-

tainty induced by the lack of a complete knowledge of the function F(x, L)we add a second uncer-

tainty to each extrapolatedmass obtained as follows. The simple parameterization g(L) = c(1−bL)
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Figure 2.15: SpatialL dependence of the pseudoscalar mass (left) and the vector mass (right) and extrapolation to
infinite volume according to eq. (2.24). From top to bottom, am = 0.025 (blue diamonds), am = 0.02 (red squares)
and am = 0.01 (black circles). The extrapolated value and its uncertainty is indicated by the horizontal bands and
reported in table 2.5.

Figure 2.16: Spatial volume dependence and extrapolation to infinite volumewith functional form eq. (2.24) for the

masses of the scalar (top left), axial (top right) and the nucleon (bottom) states, and bare fermionmasses am = 0.01,
0.02 and 0.025. The extrapolated value and its uncertainty is indicated by horizontal lines and can be read from
table 2.5.
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provides an explicit expression for F(x, L), which in turn gives the volume dependence

mH(L) = mH + c
(
1
L
− b
)

e−
k
cH

mHL . (2.25)

Here, we used x = Lmδ and the infinite volumemass relationmH = cHmδ inside F(x, L), where cH

is nothing but the parameter a in the scaling study of figure 2.13 and table 2.3. For each channelH, the

second asymmetric uncertainty on the infinite volume mass in table 2.5 has the L = 32 mass value

as upper bound, and as a lower bound we take the infinite volume mass given by a fit to eq. (2.25),

with free parameters c, b andmH and fixed k/cH equal to its L = 24 value in table 2.3 and table 2.4.

2.3.5 The spectrum at infinite volume

Figure 2.17 shows the bare fermion mass dependence of the would-be hadron masses at infinite vol-

ume, taken from tables 2.1 and 2.5. The results of a single power-law fit on the heaviermass range (Fit

I), the full mass range (Fit II), and a linear fit with free intercept (Fit III) are summarized in table 2.6

and reproduced in figure 2.17. The linear fit turns out to be significantly worse than the power-law

fits in all cases. This confirms, once again, that chiral symmetry is restored. Fit IIb, reported in ta-

ble 2.7, is a single power-law fit on the full mass range where the symmetrized second uncertainty

in table 2.5 has been added in quadrature to the first uncertainty. In almost all cases in table 2.7 we

obtain a χ2/dof ≲ 1, likely indicating that the uncertainties on the lightest points are in this case

slightly overestimated. What is most interesting is the value of the exponent δ and its dependence,

or lack thereof, on the different quantum numbers H. A value δ ̸= 1/2 for the pseudoscalar state

says that it is not a Goldstone boson and chiral symmetry is exact. A value δ < 1 says that we are

away from the heavy quark limit where mH ∼ m. We observe a common δ = 0.81 within errors

in the channelsH = PS, S,N—a sign of universality— and a slightly larger value δ = 0.86within

errors for the vector statesH = V, PV; this could be attributed to the different pattern of spin-spin

interactions for spin-1 and spin-0 or 1/2 states. Noticeably, the value δ = 0.81 agrees with the four-

loop prediction 304,305 at the IRFP and it agrees with the best-fit result of 79. We conclude that the

lattice results for the pseudoscalar, scalar and the nucleon states are in the universal scaling regime,

i.e., at masses sufficiently light to be insensitive to perturbative mass corrections to universal scaling

arising for g ̸= g∗. For this reason, we take δ = 0.81 and these results for the pseudoscalar (scalar

and nucleon) state as reference in the combined analysis with other lattice results, i.e., R = 1 and
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Figure 2.17: Would-be hadronmasses atL = ∞ in the pseudoscalar (top left), scalar (top right), vector (centre left),

axial (centre right) and the nucleon (bottom) channels as a function of the bare fermionmasses. Three fits are shown:

Fit I (solid black) is a power-law on the range am = 0.04 to 0.07, Fit II (dashed red) is a power-law on the range

am = 0.01 to 0.07, and Fit III (solid blue) is a linear fit with free intercept on the range am = 0.01 to 0.07. The total
uncertainty used in Fit IIb is shown (red bar) for am = 0.01, 0.02, 0.025. Largest volume data are also shown for
the same points (green diamonds). Fit results are in table 2.6 and 2.7.
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Figure 2.18: Collapse of the rescaled infinite volumemasses amHR/(1+bH(am)ω),ω = 0.23, for the pseudoscalar
(π) and vector (ρ) states in this work (red squares), and in 13 at β = 4.0 (orange circles) and β = 3.7 (green crosses).
The values ofR = cH/cKMI

H and bH ,H = π, ρ, are from table 2.8.

b = 0 in table 2.2.

Instead, δ = 0.86 for the vector states suggests the presence of perturbative corrections to scal-

ing. The results of a fit with two power laws, according to the parameterization of the perturbative

corrections to scaling discussed in section 2.1.1

mH = cH mδ (1+ bHmω) (2.26)

with δ = 0.81 and ω = 0.23 for the vector state are in table 2.8 (This work). Note that bρ > 0,

as expected, consistently with the fact that our system is on the strong coupling side of the IRFP.

To further corroborate this statement we combine the data for the vector and the pseudoscalar with

those of 13, all at infinite volumewithin uncertainties. The best-fit values for eq. (2.26) are in table 2.8.

While bH > 0 on the strong coupling side of the IRFP (This work), bH < 0 on the weak coupling

side of the IRFP (LatKMI), and we expect bH → 0 for βL → ∞. Finally, figure 2.18 shows the

collapse of the infinite volume pseudoscalar and vector states of this work and 13, after rescaling. The

rescaling factor R = cH/cKMI
H is the ratio of the leading power-law coefficients for the channelH in

table 2.8. This analysis leads to the determination of themass anomalous dimension γ∗ at the IRFP.

We quote the value obtained from Fit I in the pseudoscalar channel from table 2.6

δ = 0.81(3), γ∗ = 0.235(46) (2.27)

This value is in agreement with the perturbative four-loop prediction, with the best-fit result of 79

95



Figure 2.19: Ordering of the would-be hadrons in theQED-like phase of theNf = 12 system. From bottom to top, the

pseudoscalar (π), the vector (ρ), the scalar (σ), the axial (a1) and the nucleonN.

and not far from the first lattice determination of the fermion mass anomalous dimension for the

Nf = 12 system in 117, though the latter was affected by rather large uncertainties. The value of γ∗ in

eq. (2.27) suggests a rather weakly coupledNf = 12 system at the IRFP, so that perturbation theory

should be expected to hold. Conversely, four-loop perturbation theory seems to fail for Nf ∼ 8,

where it predicts an IRFP at rather strong coupling g∗ and, even worse, a change of sign of the mass

anomalous dimension for g < g∗, see end of section 2.1.2. This effect is not encountered at two

loops. This reinforces the idea that nonperturbative dynamics, known to be chiral dynamics in this

case, has to play a role at the opening of the conformal window, for 8 ≲ Nf ≲ 12. Also, if γ∗ = 1

has to be realized at the lower endpoint of the IRFP line, where the conformal window disappears,

a rapid variation of the mass anomalous dimension for Nc
f ≲ Nf ≲ 12 should be expected in a

lattice (or any nonperturbative) determination of the IRFP line, where nonperturbative dynamics

is fully encompassed. The present study also corroborates the view that the IRFP of these theories

is not associated to a physical singularity, no discontinuity happens there and estimates of physical

observables including the anomalous dimensions can be attempted on either side of the fixed point.

We conclude this section with showing the ordering of the would-be hadrons in figure 2.19. To

summarize, a universal power law with exponent δ = 0.81 describes all would-be hadrons, with

additional perturbative mass corrections of the type 1 + Δgmδγ∗g in the vector and axial channels.

The pseudoscalar is the lightest state, but it is not a Goldstone boson. The vector, the scalar, the
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Figure 2.20: The ratio of the vector and axial masses (left) and the ratio of the pseudoscalar and scalar masses (right)

as a function of the bare fermionmass.

axial, and finally the nucleon follow. It is worth noting that the scalar state** is heavier than the

vector state. Their ordering becomes phenomenologically relevant when the theory is just below

the conformal window— it remains, however, difficult to identify a broad scalar resonance, such as

f0(500) of QCD††, on the lattice.

2.3.6 Mass ratios and degeneracies

We conclude this workwith some remarks on the interplay of conformal and chiral symmetry inside

the conformal window. Ratios and degeneracies of would-be hadron masses are a combined probe

of both symmetries, and, as shortly discussed below, theU(1) axial symmetry. At the IRFP confor-

mal symmetry implies exact chiral symmetry. Away from the IRFP, inside the conformal window,

restored chiral symmetry implies the degeneracy of chiral partners in the chiral limit. Figure 2.20

shows the mass ratios pseudoscalar-scalar and vector-axial. The two ratios are essentially constant

∼ 0.8 over the explored mass range, as it can be deduced from the best-fit values for the power-

law exponent δ. Due to the presence of perturbative corrections to universal scaling for the vector

states, deviations from a constant ratio will instead be observed in all cases that mix the vector (or

axial) channel with the other ones, one example is figure 2.8.

Before discussing the degeneracy patterns, it is important to recall that the scalar “σ” studied

here is extracted from the quark-line connected piece of the scalar-isoscalar two-point function; for

clarity, we then call this state σc in the following discussion and with σ we refer to the lowest-lying

**We remind the reader that σ of this work is the state extracted from the connected scalar two-point
function.

††This state could in addition be an admixture of ordinary q̄q states and tetraquarks.
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state of the complete (connected plus disconnected) scalar-isoscalar correlator. The pseudoscalar π

and the scalar σ, not σc, belong to the same chiral multiplet of SU(Nf)L × SU(Nf)R, and they must

be degenerate in the chiral limitm → 0when chiral symmetry is not spontaneously broken.

The vector ρ and the axial a1 are also chiral partners and show the same degeneracy pattern. In

other words, the mass degeneracy of the chiral partners ρ and a1, π and σ, can be used as an indica-

tor of the restoration of chiral symmetry. What about the degeneracy of π and σc? For degenerate

fermionmasses, as in our case, the connected contribution to the scalar-isoscalar, σc, equals the con-

nected contribution to the scalar-isovector δ—the latter has no disconnected contributions. The δ

is the U(1)A partner of π. We should thus conclude that the degeneracy of π and σc is probing the

effective restoration ofU(1)A, at least at the level of the two-point functions‡‡ Figure 2.21 shows the

mass difference and the ratio (mi − mj)/(mi +mj) for the spin-0 U(1)A partners π − σc and the

spin-1 chiral partners ρ− a1.

The degeneracies in the chiral limit are evident from the best-fit curves of the mass difference on

the left of figure 2.21, thus confirming once again exact chiral symmetry and the effective restoration

of U(1)A. This also implies that the disconnected contributions to the scalar-isoscalar correlator

are at least O(m). We defer to future work the question to which degree U(1)A is exact inside the

conformal window beyond the two-point functions and how its restoration pattern compares with

high-temperatureQCD.The approximately constant ratios on the right of figure 2.21 highlight, once

again, the realisation of the scaling form cH mδ, modulo small perturbative corrections (1+ bHmω)

in the spin-1 case, with universal exponents δ andω andmass independent nonuniversal coefficients

cH and bH.

2.4 Conclusions

We have studied the SU(3) gauge theory with twelve fundamental fermions as a prototype of the-

ories inside the conformal window, with emphasis on the two-point functions and their properties

when the IRFP is perturbed by a fermion mass. In order to disentangle the imprint of the IRFP in

the dynamics of the system, we have analysed the complete would-be hadron spectrum, the would-

be mesons and the nucleon, and performed a universal scaling study at finite and infinite volume.

The identification of universal contributions dictated by the conformal invariance at the fixed point

‡‡A complete probe of U(1) axial and chiral restoration obviously includes the direct observation of the
disconnected contributions and the degeneracy patterns of all states, including η′ and σ.
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Figure 2.21: Degeneracy pattern and best-fit curve of the pseudoscalar π and the scalar σc (connected) (top left)
states. The ratio of themass difference to themass average (top right). Analogous figures for the vector ρ and the axial
a1 states (bottom).
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and deviations from universal scaling induced in the surroundings of the fixed point has allowed for

the nonperturbative determination of the fermionmass anomalous dimension γ∗ = 0.235(46) and

a unified description of all lattice results for the would-be hadron spectrum of theNf = 12 theory.

This analysis shows that the lattice system retains all signatures of the underlying conformal sym-

metry of the fixed point, in addition to the restored chiral symmetry, that the pattern of symmetries

can be followed across the IRFP and the critical exponents—or any other physical observable—

can be determined on either side of the fixed point, be it the asymptotically free phase of the lattice

system or theQED-like phase. In other words, one should conclude that no singularity is associated

to such a fixed point.

The obtained nonperturbative value of γ∗ hints at a rather weakly coupledNf = 12 system at the

IRFP. It is thus amusing, and perhaps not unexpected, to observe the agreement with the four-loop

perturbative prediction at the fixed point. Based on this agreement, it is tempting to infer that the

perturbative expansion is working well in this range of Nf, and that the missing nonperturbative

contributions and the effects of a truncation of the perturbative series amount to a negligible cor-

rection for this system. It also reinforces the idea that nonperturbative dynamics, known to be chiral

dynamics in this case, has to play a role at the opening of the conformal window.

According to previous literature, a lower edge above Nf = 8 was expected. The small value

of γm for Nf = 12 actually suggests that the theory with Nf = 12 flavours is located well inside

the conformal windows and the lower edge is significantly below, therefore most probably around

Nf = 8. Next chapter will clarify this very important and for many years controversial point.

As a byproduct, we have confirmed the restoration of chiral symmetry through the degeneracy of

chiral partners and the effective restoration of theU(1) axial symmetry at the level of the two-point

functions.
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am Volume amπ amρ amN amσ ama1

0.01 163 × 32 0.4421(17) 0.516(10) 0.867(26) 0.4388(15) 0.5086(36)

243 × 32 0.2701(44) 0.3002(61) 0.478(9) 0.2682(36) 0.305(30)

324 0.1942(21) 0.2114(52) 0.326(10) 0.2057(22) 0.2295(31)

0.02 163 × 32 0.4480(16) 0.499(25) 0.846(27) 0.446(8) 0.509(14)

244 0.3112(34) 0.3432(85) 0.528(14) 0.3297(35) 0.3903(91)

324 0.2624(13) 0.2857(11) 0.428(8) 0.3117(20) 0.3464(34)

0.025 163 × 32 0.4511(16) 0.5081(46) 0.892(31) 0.4598(48) 0.5102(32)

244 0.3447(12) 0.374(10) 0.591(21) 0.3916(82) 0.411(20)

324 0.3087(13) 0.3332(16) 0.530(13) 0.3786(49) 0.4048(55)

0.04 243 × 32 0.4236(57) 0.4890(60) 0.726(13) 0.543(24) 0.617(49)

324 0.4210(16) 0.4717(23) 0.709(2) 0.5359(51) 0.5783(83)

0.05 244 0.5020(23) 0.5652(76) 0.851(17) 0.6452(26) 0.703(41)

324 0.5031(21) 0.5689(17) 0.850(5) 0.6463(32) 0.7097(83)

0.06 163 × 24 0.5921(48) 0.678(12) 1.028(49) 0.747(13) 0.823(40)

244 0.5881(20) 0.6700(18) 1.003(8) 0.746(19) 0.831(10)

0.07 163 × 24 0.6600(19) 0.7663(48) 1.116(47) 0.831(14) 0.914(48)

244 0.6596(27) 0.7597(24) 1.111(6) 0.831(27) 0.918(34)

Table 2.1: Masses of the lowest-lying would-be hadrons, the pseudoscalar (π), the vector (ρ), the scalar (σ)—obtained

from the quark-line connected part of the isoscalar correlator— the axial (a1), and the nucleon (N) for bare quark
masses am = 0.01 to 0.07 and lattice coupling βL = 3.9. The volumes span from 163 × 24 to 324 .

R b

This work 1 0

LH 1 0

LatKMI 3.7 1.054 −0.5435

LatKMI 4.0 1.193 −0.4926

Table 2.2: Values ofR and b used in figure 2.12.
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L = 16 L = 24 L = 32

a 5.21(20) 5.59(10) 5.63(20)

c 8.07(70) 7.1(2.0) 4.7(3.2)

k 1.20(20) 1.31(30) 1.22(70)

χ2/dof 8.5 10 9

Table 2.3: Best-fit values of the parameters a, c, k and χ2/dof for the fits ofLmπ to the functional formF(x, L) =
ax+ c exp (−kx), with x = Lmδ and δ = 0.81.

H = σ H = N

L = 16 L = 24 L = 32 L = 16 L = 24 L = 32

a 7.10(17) 7.25(10) 7.31(9) 7.8(1.4) 9.54(10) 9.56(19)

c 10.12(80) 12.2(3.4) 10.84(19.58) 14.83(2.26) 14.84(3.20) 13.49(21.02)

k 2.23(23) 2.93(48) 3.15(2.35) 0.82(41) 1.57(35) 1.93(1.84)

H = ρ H = a1

L = 16 L = 24 L = 32 L = 16 L = 24 L = 32

a 4.77(17) 5.01(06) 5.08(06) 6.24(30) 6.53(12) 6.45(16)

c 9.077(76) 7.52(70) 6.1(1.1) 10.4(1.7) 13.3(5.0) 3.8(1.9)

k 1.46(20) 1.47(15) 1.57(25) 2.08(40) 2.84(66) 1.30(70)

Table 2.4: Best-fit values of the parameters a, c, k for the fits ofLmH ,H = σ,N, ρ, a1 to the functional form
F(x, L) = ax+ c exp (−kx), with x = Lmδ and δ = 0.81.

am amπ amρ amN amσ ama1

0.01 0.1343(58)(+599
−321 ) 0.1496(49)(+618

−277) 0.228(16)(+80
−17 ) 0.1696(51)(+361

−149) 0.1842(64)(+453
−176 )

0.02 0.2353(26)(+271
−77 ) 0.2522(79)(+335

−136) 0.382(11)(+57
−3 ) 0.3084(27)(+32

−0 ) 0.3205(40)(+259
−0 )

0.025 0.2903(27)(+184
−60 ) 0.3155(24)(+177

−55 ) 0.515(18)(+5
−0) 0.3755(76)(+30

−0 ) 0.4043(66)(+5
−0)

Table 2.5: Values of the would-be hadronmasses extrapolated to infinite volume for am = 0.01, 0.02, 0.025.
The first uncertainty is given by the best-fit to eq. (2.24). The second uncertainty accounts for the lack of complete

knowledge ofF(x, L), see text.
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Ch. Fit I Fit II Fit III

π δ = 0.81(3), cπ = 5.7(5) δ = 0.81(1), cπ = 5.8(2) m0 = 0.07(3), cπ = 8.6(3)

ρ δ = 0.86(3), cρ = 7.5(6) δ = 0.86(2), cρ = 7.4(2) m0 = 0.06(2), cρ = 10.0(2)

σ δ = 0.80(6), cσ = 7(1) δ = 0.81(1), cσ = 7.2(2) m0 = 0.08(1), cσ = 11.4(4)

a1 δ = 0.87(7), ca1 = 10(2) δ = 0.85(2), ca1 = 9.0(5) m0 = 0.06(2), ca1 = 12.9(4)

N δ = 0.81(4), cN = 10(1) δ = 0.81(2), cN = 9.7(6) m0 = 0.14(3), cN = 14.1(6)

Table 2.6: Best-fit results for the fermionmass dependence of the would-be hadrons atL = ∞. Fit I is a power-law

cH mδ on the range am = 0.04 to 0.07, Fit II is a power-law on the range am = 0.01 to 0.07 that includes only
the first uncertainty for the three lightest masses, and Fit III is a linear fit with free interceptm0 + cHm on the range

am = 0.01 to 0.07. Values of the χ2/d.o.f. are reported in the figures.

Ch. Fit IIb

π δ = 0.81(1) cπ = 5.71(19) χ2/dof = 0.95

ρ δ = 0.86(1) cρ = 7.47(23) χ2/dof = 0.82

σ δ = 0.80(1) cσ = 7.08(24) χ2/dof = 0.43

a1 δ = 0.83(2) ca1 = 8.43(57) χ2/dof = 0.64

N δ = 0.81(2) cN = 9.58(46) χ2/dof = 1.72

Table 2.7: Fit IIb is Fit II of table 2.6 where the second (symmetrized) uncertainty for am = 0.01, 0.02 and 0.025 is
added in quadrature to the first one in table 2.5.

cπ bπ cρ bρ

This work 5.7(5) 0 5.13(26) 0.52(12)

LatKMI 3.7 5.408(86) −0.544(16) 6.899(68) −0.594(10)

LatKMI 4.0 4.778(64) −0.493(14) 5.96(11) −0.560(18)

Table 2.8: Best-fit values for two power laws eq. (2.26) for the infinite volume pseudoscalar and vector masses from

this work and 13 . The exponents are fixed to δ = 0.81 andω = 0.23. The value of cπ from this work is from Fit I in

table 2.6.

103





Often these highly quantitative, demanding computations will have to pre-

cede simpler qualitative analysis in order to be certain the many traps po-

tentially awaiting any renormalization group analysis have been avoided.

KennethWilson

3
Approaching Conformality

In this chapter we study the zero-temperature line of chiral symmetry breaking phase transitions in

the conformal window of fundamental SU(Nc = 3) for a varying number of flavours and compare

it to the finite temperature chiral symmetry breaking transitions below the conformal window. We

provide a theoretical argument that the behaviour of the line of bulk transitions is consistent with a

lower edge of the conformal window between Nf = 6 and Nf = 8, remarkably in agreement with

perturbation theory and recent large-N arguments.

In addition, we present a theoretical analysis of the behaviour of the anomalous dimension of

the scalar glueball operatorGa
μνGa

μν, a probe of confinement. Once the conformal window is entered

and the theory deconfines, the vacuum expectation value of this operator vanishes at the fixed point

and the two-point correlator of the scalar glueball operator acquires conformal scaling with nonzero

anomalous dimension γG. We compare the results for γG from perturbation theory for n = 2, 3, 4
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loops inside the conformal window with the Veneziano limit of large-N QCD61. We show that γG,

for varying Nf along the line of infrared fixed points, carries information on the nature of the end-

point and the zero temperature pre-conformal phase. We show that its agreement with perturba-

tion theory and large-N arguments would be sufficient to exclude an ultraviolet-infrared fixed-point

merging as a mechanism for the loss of conformality, such as the one presented by Kaplan et al 187.

In Quantum Chromodynamics with massless fermions conformal symmetry is lost in a highly

non trivial way. One single breaking phenomenon then manifests itself in two forms: asymptotic

freedomand confinement *. One cannot existwithout the other. This concept is clear in the recently

proposed solution 60 for the scalar glueball two point function in the ’tHooft limit of large-NQCD.

It has become clear that a wide class of gauge field theories arising from applying present-day

AdS/CFT correspondence are fundamentally different from QCD: they cannot become QCD

through perturbation of the conformal field theory in the ultraviolet nor in the infrared. The fam-

ily of theories called the conformal window falls into this category, living, in the continuum, at a

non-trivial infrared fixed point (IRFP) and being separated from QCD or supersymmetric-QCD

(SQCD) by a phase transition in the parameterNf, whereNf varies on a continuumof values, whose

nature has yet to be established.

We are likely to learn more about the deep differences between confining and conformal gauge

theories and the applicability of theAdS/CFTcorrespondencebybetter understandingwhichmech-

anism(s) separate the conformal window from QCD and SQCD; as a byproduct, we may hope to

shed light on the detailed consequences of removing supersymmetry.

The strategy of this study is motivated by the observation that most quantities will plausibly

evolve in a nonsingularway from the conformal to the confining phase, rendering the determination

of the endpoint numerically uncertain if not corroborated by the signature of a phase transition. We

attempt to establish to what extent the emergence of the conformal window realises the predictions

of perturbation theory or the implications of large-N arguments. We combine the use of observables

sensitive to chiral symmetry and observables sensitive to confinement as a way to understand the

interplay of confinement and chiral symmetry breaking at the lower edge of the conformal window.

A numerical determination of the lower edge of the conformal window of QCD is also one way to

establish how far large-NQCD or perturbation theory to a given loop order are from the complete

*which is understood, in this context, as the existence of a mass-gap, i.e., a non-zero glueball mass in
quenched QCD
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theory.

3.1 Numerical Setup

We have generated configurations of SU(Nc = 3) gauge theories with Nf = 4, 6, 7, 8, 9, 10, 11 and

12 flavours of staggered fermions in the fundamental representation using the MILC code imple-

mentation of the tree level Symanzik improved gauge action and theNaik improved fermion action.

This represents the same choice of gauge and fermion actions as in the work presented in the previ-

ous chapter, shown in Equation 2.13 and Equation 2.14. The simulations were conducted at a fixed

quark bare mass am = 0.01. For Nf = 7, 8, 9, 10, 11, we have performed zero temperature simu-

lations at volume 123 × 24. For Nf = 4, 6, 7, 8 zero temperature simulations were performed at

volume 163×32. In addition, we have performed finite temperature simulations at volumes 243×6

and 243 × 12 forNf = 4, 6 and 8. ForNf = 4, an extra finite temperature volume 243 × 8was also

simulated.

We are interested in exploring properties of the system related to chiral symmetry and confine-

ment. The main observables for the study of chiral symmetry are the chiral condensate (its order

parameter), the chiral susceptibilities and the chiral cumulant. These have been introduced in Sec-

tion 1.2 of this thesis.

Another observable of interest in this study is the Polyakov Loop,

L =
1

NcN3
s

∑
x

Re

⟨
Trc

Nt∏
t=1

U4,tx

⟩
. (3.1)

Here Trc is the trace in colour space and U4,tx is the temporal link variable. As explained in Sec-

tion 0.1.3, the Polyakov Loop is a probe of confinement. Here we recall the caveat that the centre

symmetry for dynamical fermions is only realised in an approximate way, and the Polyakov loop

therefore is an approximate order parameter for the deconfinement transition.

For each set of Nf and volume, we have simulated the theory for a set of values of the coupling

spanning the region where a (sharp) crossover of the chiral symmetry order parameter (the chiral

condensate) takes place. As the time of writing of this volume, a finite size scaling study of the dis-

connected susceptibility and the other observables is ongoing to discriminate between a first order

phase transition or a crossover at this mass, a study analogous to the one conducted for Tc of real
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world QCD. We are also performing finite temperature simulations at increased aspect ratioNs/Nt

forNt = 12 in order to obtain sharper transitions signals (see Discussion in Section 3.2).

3.2 Results

Now we present the results for the measured observables discussed above for the simulated ensem-

bles with the various values ofNf under study. We start with a presentation of the finite temperature

and zero temperature runs for the theories with Nf = 4 and Nf = 6. These are followed by the re-

sults for theNf = 8 case. Finally, we present the results for the remaining values ofNf.

For the Nf = 4 and Nf = 6, we also show the absolute value of the numerical derivative of the

chiral cumulant Rπ, labelled in the figures as dRπ. These have been obtained by simple differences

ratios and then smoothed by a locally weighted polynomial regression. The peak location of dRπ

helps identifying the location of the chiral symmetry breaking transition (or crossover). In theories

with fundamental fermions the chiral symmetry breaking and confining transition are intertwined.

This, however, does not necessarily implies that the location of both transitions coincide. In our

results, we have observed, in general, a good agreement between the peak ofdRπ and the pointwhere

the Polyakov loop onsets. The ongoing finite size scaling study of the disconnected susceptibility

might reveal new aspects of this observation.

3.2.1 Results forNf = 4 and 6

We start this section reporting on the results for theories with Nf = 4 and Nf = 6. First, we show

a summary of the results for the chiral condensate and the chiral cumulant for all the simulated vol-

umes. This will be followed by amore detailed presentation of all the observables for each ensemble,

separated in two parts: we start with a presentation of the finite temperature volumes 24 × Nt, for

Nt = 6, 8, 12. These have been obtained through a study analogous in spirit to the work by Miura

et al. 236. This is followed by a discussion of the results for the zero temperature ensembles. We con-

clude with a 2−loop asymptotic scaling analysis.

Figure 3.1 summarises the results of the chiral condensate and the chiral connected cumulant, for

Nf = 4. The chiral condensate (Figure 3.1, left) exhibits a clear sharp change of slope at the smallest

Nt, and the signal becomes smoother asNt is increased, as expected. The same observation holds true

for the cumulantRπ (Figure 3.1, right), as it goes from zero, at strong coupling, to its unity saturation
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Figure 3.1: Summary of the results on the chiral condensate and the chiral connected cumulant measured on the

Nf = 4 ensembles for four different volumes: 243 × 6 (red squares), 243 × 8 (green circles), 243 × 12 (blue triangles)
and 163 × 32 (purple crosses).

value at weak couplings.

Let us now look in detail into the results at each volume in order to properly locate the transi-

tions in each system. Figure 3.2 presents amore detailed view of the results for theNf = 4 ensembles

with volumes 243 × Nt, forNt = 6 (top), 8 (centre), and 12 (bottom). The results forNf = 4with

volume 243 × 6 possesses a series of clear signals related to the transition (or sharp crossover), all

taking place between β = 5.3 and β = 5.4. First, in this region the chiral condensate has its largest,

sharp, variation. Secondly, this region alsomarks the onset of the real part of the Polyakov loop (here

understood as a drastic increase in its value). Finally, it contains a peak of the chiral connected sus-

ceptibility and the maximum variation of the chiral cumulant. The clear sharpness of the observed

crossovers in the observables for coinciding β allows us to directly identify the critical coupling as

the midpoint of the sharp crossovers: βc = 5.35± 0.05.

For increasingNt with fixedNs, the smaller aspect ratioNs/Nt contributes to smoothing the sig-

nal of the transition, as it should be, making it harder to determine its location. For volume 243 × 8

it is hard to determine the location of the transition from the chiral condensate. The other observ-

ables, however, present clearer signals: the maximum variation of Rπ is observed between β = 5.5

and β = 5.6, indicated by the peak in the derivative of Rπ. The connected susceptibility has a peak

at β = 5.5 and the onset of the real part of the Polyakov occurs place between β = 5.4 and β = 5.6.

Combining this evidence, we estimate the transition to take place at β = 5.5±0.1, so that the region

contains all three signals.

The signals are further smoothed at volume 243 × 12, especially the chiral condensate and chiral
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Figure 3.2:Measured observables for theNf = 4 theory withV = 243 × 6 (top), 243 × 8 (centre) and 243 ×
12 (bottom): the chiral condensate and Polyakov Loop (left) and the connected susceptibility and associated chiral
connected cumulant (right). The Polyakov loop has been rescaled in some cases in order tomake the visualisation

easier.

110



connected susceptibility. Themaximum variation of the chiral cumulant happens between β = 5.7

and β = 5.8, as can be seen from the peak of its derivative. The real part of the Polyakov loop also

onsets between β = 5.7 and β = 5.8. The connected susceptibility exhibits an odd behaviour, with

a broad structure that resembles a peak at a smaller β ∼ 5.5. The simulations being performed with

larger Ns/Nt should help clarify this issue. Taking into consideration all of these uncertainties, we

estimate the transition for this system to happen at β = 5.75± 0.15.
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Figure 3.3: Summary of the results on the chiral condensate and the chiral connected cumulant measured on the

Nf = 6 ensembles for three different volumes: 243 × 6 (red squares), 243 × 12 (green circles) and 123 × 24 (blue
triangles).

Now, let us turn our attention to the theory with Nf = 6. Figure 3.3 shows a summary of the

chiral condensate and of the chiral cumulant results for the three volumes simulated. Figure 3.4

contains the results for the four observables of interest and for all the finite temperature volumes

simulated.

At volume 243 × 6 (Figure 3.4 top), the chiral condensate presents a clear sharp crossover be-

tween β = 4.65 and β = 4.675. This is the same location at which the onset of the real part

of the Polyakov loop takes place, also via a sharp crossover. This is also the region where the chi-

ral connected susceptibility has a (sharp) maximum and where the chiral cumulant has a clear sharp

variation. In analogous fashion to that used in theNf = 4 case withNt = 6, we identify the location

of the transition as the midpoint of the sharp crossovers: βc = 4.6625± 0.0125.

At volume 24×12 (Figure 3.4 bottom), the beta dependence of the chiral condensate is smoother

with respect to the Nt = 6 case, for the same reasons already pointed out for Nf = 4. The chiral

connected susceptibility has a broader maximum, and starts decreasing around β = 5.0. It is in

the region between β = 4.9 and β = 5.0 that the chiral cumulant exhibits its largest derivative.

111



0.00

0.05

0.10

0.15

0.20

4.4 4.5 4.6 4.7 4.8 4.9 5.0
β

<ψψ>

PLOOP

0

1

2

3

4.4 4.5 4.6 4.7 4.8 4.9 5.0
β

χconn

Rπ

dRπ

0.00

0.05

0.10

0.15

0.20

0.25

4.4 4.6 4.8 5.0 5.2 5.4
β

<ψψ>

16 ×PLOOP

0.0

0.5

1.0

1.5

2.0

4.4 4.6 4.8 5.0 5.2 5.4
β

χconn

Rπ

dRπ

Figure 3.4:Measured observables for theNf = 6 theory withV = 243 × 6 (top),V = 243 × 12 (bottom): the
chiral condensate and Polyakov Loop (left) and the connected susceptibility and associated chiral connected cumulant

(right). The Polyakov loop has been rescaled in some cases in order tomake the visualisation easier.
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This interval alsomarks the onset of the real part of the Polyakov Loop. Taking all these signals into

consideration, we estimate the critical coupling at βc = 4.95± 0.1.

The results presented above suggest theoccurrenceof a thermal phase transition (or sharp crossover)

in theNf = 4 andNf = 6 systems. In order to confirm this behaviour, we perform a 2−loop asymp-

totic scaling analysis to verify that we are indeed measuring a critical temperature for the systems in

the continuum. Integrating the beta function in Equation 24 up to 2−loops, we obtain the well-

known 2−loop asymptotic scaling relation,

R(gL) ≡ a(gL)ΛL = (β0g
2
L)

β1/(2β
2
0) exp

[
−1

2β0g
2
L

]
, (3.2)

where β0 and β1 are the universal one- and two-loop coefficients in Equation 25, ΛL is the lattice

Lambda-parameter and the coupling gL is the coupling in the lattice regularisation, connected to the

lattice parameter β through the relation β = 10/g2L. An improved coupling will be later considered

inside the same asymptotic scaling formula in Equation 3.2.

The critical temperature of the transition is defined in terms of the lattice temporal extentNt and

the lattice spacing a(gcL) as

Tc =
1

a(gcL)Nt
. (3.3)

Inserting the definition of R(gL) of Equation 3.2 into Equation 3.3, we arrive at the relation,

R(gcL)Nt =

(
Tc

ΛL

)−1

= constant, (3.4)

i.e., the critical coupling gcL rescales, so that simulations performed at different values ofNt yield the

same physical critical temperature Tc, if such temperature exists. The left-hand side of Equation 3.4

can be obtained by plugging into R(gL) the critical coupling βc measured from lattice simulations

at one given Nt and numerically determines the value of (Tc/ΛL)
−1. The βc at different Nt should

follow the asymptotic scaling curve R(g) provided the lattice results are in the scaling region. How-

ever, due to the increasing presence of lattice artefacts as the lattice spacing grows, agreement with

the asymptotic scaling relation to a given loop order in perturbation theory is expected to diminish

for decreasingNt.

With that in mind, for each value ofNf, we first insert into Equation 3.4 the critical coupling ob-

tained at lattice volumes with the largest temporal extent, i.e.,Nt = 12 and check for the agreement
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between the resulting scaling curve and themeasured values for smallerNt. The results are presented

in Figure 3.5 (blue points) and Figure 3.6 (blue curves), where it is possible to note a disagreement

between the lattice data and the two-loop scaling curve. This does not come as a surprise. The bare

lattice coupling is known to provide a poor expansion parameter for the perturbative asymptotic

scaling relation. In addition, it is a priori not given, – especially close to the conformal window –

that two-loop asymptotic scaling is all we need to describe the running coupling (in a given renor-

malisation group scheme).

There are two possible sources of corrections to the scaling in Equation 3.2: missing higher order

contributions in perturbation theory and corrections due to the finiteness of the lattice spacing.

Allton 11presented a general form for the asymptotic scaling formula taking into consideration these

corrections:

a−1(gL) =
ΛRG

R(g2RG)
×

1+
∑
l=l0

dl−1g2l−4
RG

−1

×

(
1+
∑
n=1

cn(g2RG)R
n(g2RG)

)
. (3.5)

Here, the coefficientsdi account for the corrections coming fromperturbation theory and the ci coef-

ficients for the corrections due to the finite the lattice spacing. The coupling gRG used in this formula

(and its corresponding asymptotic scaleΛRG) is defined in some renormalisation group scheme (not

necessarily the coupling gL in the lattice regularisation) and it should be appropriately related to the

lattice coupling gL. The aim of the improvement is to find a coupling for which the perturbative ex-

pansion has an improved convergence. As noted by Lepage andMackenzie 205, the key problem is in

the choice of the expansion parameter for the perturbation theory: gL is typically a very poor choice,

since it ignores the possibility of a large scale-dependent renormalisation of the bare coupling (see

below). Therefore, in order to reconcile lattice results with perturbation theory, gL should better be

replaced by some renormalised coupling.

There are some possible strategy choices starting from Equation 3.5. One can set di = 0 while

keeping the corrections due to the finite lattice spacing. This strategy is known as lattice distorted

perturbation theory. The alternative with cn = 0 relies on renormalised perturbation theory and

neglects distortions due to the finiteness of the lattice spacing. In addition, one can consider non-

zero di and ci contributions.

It was also noted 205 that tadpole contributions coming from higher order terms in the expansion

of the lattice link variables defined in Equation 42 spoil our intuition about the connection between
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lattice operators and the continuum. The convergence of the perturbative expansion can then be

improved by tadpole improving the lattice coupling, which amounts to replacing

g2L →
g2L

⟨(1/3)TrUPlaq⟩
=

g2L
u40

, (3.6)

where the denominator uses the plaquette operatorUPlaq measured for the zero temperature system

at gL and defines the tadpole parameter u0. A related strategy is to use the E-scheme coupling 226,

defined by

g−2
E =

1/3
1− ⟨(1/3)TrUPlaq⟩

. (3.7)

In the following, we examine our data following the prescription of lattice distorted perturbation

theory, i.e., we set di = 0, keep R(g) to two loops, use the coupling of the lattice regularisation

gRG = gL and allow for non-zero ci corrections. A study of the other possible strategies described

above is ongoing and will be presented in future work.

Considering di = 0 in Equation 3.5, Equation 3.2 can be rewritten in terms of an improved

function R(βL) as follows

Rimp(βL) = Λimp
L a(βL) ≡

R(βL)
1+ h

×
[
1+ h

R2(βL)
R2(βref)

]
, (3.8)

where the reference coupling βref can be arbitrarily set and the h parameter is adjusted to minimise

scaling violations. The limit h → 0 recovers the unimproved scaling relation in Equation 3.2.
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Figure 3.5: The ratioTc/ΛL in the lattice scheme forNf = 4 (left) andNf = 6 (right). Results are presentedwith
(red squares) andwithout (blue diagonal crosses) improvement 11 . The improved results were obtained using the

parameters β
ref

= βc(Nt = 12) and h = 0.3 for theNf = 4 case and h = 0.5 for theNf = 6 case.
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Figure 3.6: Perturbative 2−loop asymptotic scaling study for theNf = 4 (left) andNf = 6 (right) theories. In both
cases, we have used the estimated critical couplings obtained forNt = 12 and Equation 3.4 to predict the scaling
curve (black and dashed line). The blue error bandwas estimated from the predicted scaling curves for the extreme

values of the error for the critical couplings atNt = 12. Agreement of the critical couplings with the predicted line is
expected to increase asNt grows and the lattice spacing diminishes.

In Figure 3.5 (red points) and Figure 3.6 (red curves), we present results for the improved scaling.

The reference coupling βref was adjusted to match the results atNt = 12. The improvement visibly

ameliorates the agreement between lattice data and the scaling curves but, specially for the Nf = 6

case, requires a rather large value of the parameter h. The increase of h from Nf = 4 to Nf = 6

is, however, consistent with the fact that the latter theory has a lower critical temperature, implying

larger lattice spacing corrections.

Two additional aspects must be taken into consideration: the first are finite mass effects. The

asymptotic scaling as described above is valid in the massless limit. We have, however, used it to

analyse results obtained with a finite bare quark mass am = 0.01. In doing so, we have assumed

that the shift of the (pseudo) critical couplings by the non-zero mass is smaller than other errors. A

verification of this assumption requires an extrapolation to the chiral limit in future works.

It is also very plausible that our data actually reflects the fact that contributions to the beta func-

tion beyond two loops become increasingly relevant at Nf = 6, close to the lower edge of the con-

formal window. In this case, the data would be better described by a four-loop asymptotic scaling

relation. In Section 3.4 we will explore the differences in the zeros of the two-loop and four-loop

beta functions.

We now turn to the analysis of the zero temperature volumes simulated forNf = 4 andNf = 6.

The results are presented in Figure 3.7.
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Figure 3.7:Measured observables for theNf = 4 theory atV = 163 × 32 (top) and theNf = 6 theory at
V = 123 × 24 (bottom): the chiral condensate and Polyakov Loop (left) and the connected susceptibility and
associated chiral connected cumulant (right). The Polyakov loop has been rescaled in some cases in order tomake the

visualisation easier.

117



It is clear from Figures 3.1, 3.3 and 3.7 that the chiral condensate and chiral cumulant results for

the zero temperature volumes closely follow those of volumes 243 × 12 for the sameNf. One crucial

difference, however, is expected between the two cases: at finite temperature, true chiral symmetry

breaking and deconfining transitions should take place. These should be absent at zero temperature

below the conformal window, where chiral symmetry is already broken and the system is already

confined at zero temperature. This means that the decrease in the chiral condensate observed at the

zero temperature volumes should not indicate a true transition. One strong evidence of this fact

is provided by the behaviour of the Polyakov loop: while it has a clear onset at the transition at

finite temperature, it remains zero all along the simulated range of couplings at the zero temperature

volumes.

It is, however, a well known fact that the signal of the Polyakov loop tends to be statistically weak

for a small number of measurements. One way to overcome this and gain a better understanding

of its behaviour is by looking at its phase distribution: while it is symmetrically distributed on the

interval [−π/2, π/2] in the complex plane for confining configurations, if fermions are present in a

deconfined system it will tend towards the real phase of its Z(3) centre.
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0 100 200 300 400
Trajectory Number
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V = 24 × 6

V = 12 × 24

−π 2

−π 4

0

π 4
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Density

Figure 3.8:Monte Carlo history and its distribution forNf = 6withV = 243 × 6, β = 5.0 (orange squares)
andV = 123 × 24, β = 5.5. These correspond to the weakest coupling ensembles at each volume forNf = 6.
The distribution flattens around zero for the finite temperature ensemble, where the system is deconfined, and is

randomly distributed between−π/2 and π/2 in the zero temperature case, confined below the conformal window.

In Figure 3.8 we present the phase φ(L) distribution for theNf = 6 ensembles withV = 243×6

(finite temperature) andV = 123× 24 (zero temperature). The observed behaviour is evidence that

indeed the zero temperature ensembles remain confined at weak couplings: note the normal distri-
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bution of the Polyakov loop phase around zero for the V = 243 × 6 ensemble and the contrasting

distribution between−π/2 and π/2 for theV = 123 × 24 ensemble.

3.2.2 Results forNf = 8

Wenow analyse the results for theNf = 8 system. A summary of the results for the chiral condensate

and the chiral connected cumulant is presented in Figure 3.9 and the results for the four observables

of interest in Figure 3.10.
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Figure 3.9: Summary of the results on the chiral condensate and the chiral connected cumulant measured on the

Nf = 8 ensembles for three different volumes: 243 × 6 (red squares), 243 × 12 (green circles) and 163 × 32 (blue
triangles).

Two striking differences are present in the results for this theory with respect to the Nf = 4, 6

theories discussed before: firstly, note the coincidence of the very sharp and larger crossovers in the

chiral condensate evolution for all the volumes (andNt values) simulated – i.e. finite and zero tem-

perature results nicely overlap (Nt-independence); secondly, note the existence of a second, smaller

and Nt-dependent up to a certain Nt, sharp crossover of the chiral condensate at weaker coupling.

These evidences point to the existence of a true bulk transition at stronger coupling, followed by

the emergence, at weaker coupling, of the exotic phase, the genuine lattice artefact previously ob-

served forNf = 12 114,83 and studied in detail in Chapter 1 of this thesis. In fact, the behaviour of the

crossovers observed in Figure 3.10 (left) and detailed abovematch those observed forNf = 12. Note,

also, the existence of a dip in the chiral cumulant coinciding with the location of the weak coupling

edge of the exotic phase, again in agreement with the observed behaviour forNf = 12.

The results for the Polyakov loop and for the connected susceptibility are presented in Figure 3.10
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Figure 3.10:Measured observables for theNf = 8 theory atV = 243 × 6 (top),V = 243 × 12 (centre)
andV = 163 × 32 (bottom): the chiral condensate and Polyakov Loop (left) and the connected susceptibility and
associated chiral connected cumulant (right). The Polyakov loop has been rescaled in some cases in order tomake the

visualisation easier.
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(right). The emergence of the real part of the Polyakov Loop coincides with the weak coupling

crossover for the finite temperature volumes simulated. Contrary to our expectations, for the zero

temperature volume the real part of the Polyakov Loop remains zero, analogously to the Nf = 4

and Nf = 6 cases. We attribute the lack of signal to the low statistics for this large volume. As

of the time of writing of this thesis, we are also implementing a renormalisation group blocking of

the Polyakov Loop in order to improve the signal. Note, also, that the exotic phase is present, and

its lower edge for the volume 163 × 32 seems to be located at βc = 4.2, as indicated by the chiral

connected susceptibility and the chiral cumulant. However, this phase has not been fully mapped

out at the time of writing.

To summarise, theNf = 4 andNf = 6 theories behave in a very similar fashion: no exotic phase

is observed at strong coupling and the critical couplings associated with the breaking of chiral sym-

metry exhibit a clear Nt-dependence. In sharp contrast, for the Nf = 8 theory the critical coupling

exhibits no Nt-dependence, indicating the bulk nature of the transition. In addition, we have ob-

served the emergence of an exotic phase at strong coupling in this theory. The behaviour of the

Nf = 8 theory matches the behaviour observed forNf = 12 and discussed in Chapter 1.

3.2.3 Results forNf = 7, 9, 10 and 11

In addition to the above mentioned results, we have also measured the chiral condensate evolution

for theories with Nf = 7, 9, 10 and 11 on our zero temperature ensembles described in Section 3.1.

These are presented in Figure 3.11, in conjunction with the corresponding results for Nf = 8 pre-

sented above and theNf = 12 results presented in previous works 114 and in Chapter 1.

The figure illustrates the sequence of sharp crossovers that nicely align to form the critical bulk

line, which is depicted in Figure 3.12. For Nf = 12, 9 and 8 we have also mapped the edge of the

chirally symmetric exotic phase, which is observed to be Nt dependent up to some Nt and disap-

pears in the massless limit consistently with exact chiral symmetry 114. At nonzero mass, it is a useful

discriminator on the lattice of theories inside and outside the conformal window.

We conclude this section by noting that throughout this study, we have not observed an anoma-

lous behaviour that could hint at consequences of the fourth-root of the fermion determinant for

staggered lattice fermions. Such anomalous behaviour would affect all Nf values not multiples of

four, for which the fourth-root has to be taken.
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Figure 3.11: Sequence of sharp crossovers of the chiral condensate forNf = 12 to 7 (left to right). Data forNf = 12
from 114 ,Nf = 11, 10, 9with volume 123 × 24,Nf = 8with volumes 163 × 32 and 243 × Nt = 6, 12, andNf = 7
with volume 163 × 32, all at bare lattice mass am = 0.01. Exotic phase displayed forNf = 12, 9 andNf = 8,
Nt = 6. Enlarged view (top right) shows data for two branches of possible hysteresis loop forNf = 7.

3.3 Discussion of the lattice results

The main result of this work is summarised in Figure 3.12: we have used the results presented above

to numerically map the line of zero-temperature (bulk) chiral symmetry breaking phase transitions

forNf ≤ 12, aiming to identify the critical number of flavorsNc
f that signals the disappearance of the

conformal window. The best fit to the data forNf ≥ 8 is linear in β. An extrapolation of the line up

to Nf = 16, obtaining βc ∼ 1.2 consistent with previous studies 114 and † carried out with different

actions and heavier fermions.

The critical coupling gc line as a function of Nf should manifest the fact that fermion screening

is increasingly effective for increasing Nf. This Nf dependence is a leading order effect separating

two phases with different symmetries for Nf ≥ Nc
f , different in nature from the subleading Nf de-

pendence carried by genuine lattice artefacts possibly occurring within the chirally broken phase at

Nf < Nc
f on coarse lattices. The critical bulk line should flatten atNc

f in themassless limit, as sketched

in Figure 3.12; this is its only possible fate if the conformalwindow exists and given its nature of phase

transition separating a chirally broken and a chirally symmetric region in the planeNf−1/beta. This

line is theNt = 1/(aT) → ∞ limit of anNt-finite family of thermal phase transitions that exists for

allNf > 0.

To illustrate this and provide a determination of Nc
f we also show in Figure 3.12 the location of

†The transition occurs at βc = 1.675± 0.025 at am = 0.025, same action (unpublished).
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Figure 3.12: Lattice phase diagramNf − 1/β, β the inverse squared lattice coupling. Data points forNf = 7, . . . , 12
aremidpoints of sharp crossovers in Figure 3.11. Best fit to data (solid red line) is linear in β and extrapolated down to
Nf = 4 (dotted grey). Flattening of bulk line at endpoint is sketched (dashed red); chiral symmetry is broken below the

line. Thermal transitions forNf = 4, 6 occur away from the bulk line, at weaker coupling, with volumes 243 × Nt for

Nt = 6 (orange), 8 (green) and 12 (blue).

the thermal phase transitions for varying Nt < Nl, with spatial volume L = aNl, for the Nf = 6

andNf = 4 theories, as reported in the previous section. For theories below the conformal window,

where chiral symmetry restoration occurs at a critical temperature Tc, the locations move to weaker

coupling for increasingNt.

Figure 3.12 also shows that already at the smallest Nt = 6 the transitions occur at a coupling

weaker than the one predicted by the linear in β extrapolation of the bulk line. At the same time, no

zero-temperature phase transition occurs forNf = 6, 4 along the extrapolated line, nor it is observed

at weaker coupling: the main discriminator between the finite-temperatureNf = 4, 6 systems with

Nt = 12 and mass am = 0.01 and the same systems at zero temperature (volume 123 × 24) is the

Polyakov loop; only the finite temperature system undergoes a change from zero of the real part

of the Polyakov loop, signalling deconfinement. The quality of this signal should improve once

we conclude the simulations at larger aspect ratio Ns/Nt for Nt < Ns and the measurements of

the disconnected susceptibility currently being performed as of the time of writing. The observed

behaviour is consistent with the fact that chiral symmetry is all the way broken for these systems at

zero temperature. The behaviour of theNf = 4, 6 systems has to be contrasted with the one of the

Nf = 8 system, for which we have carried out the same study.

Figure 3.13 displays the differences between theNf = 8 andNf = 6 systems. The chiral conden-

sate, the connected chiral cumulant and the real part of the Polyakov loop are shown for theNt = 6
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Figure 3.13: Chiral condensate, (connected)Rπ and (rescaled) Polyakov loop forNf = 8 andNf = 6, 243 × 6,
am = 0.01. Points in Figure 3.12 correspond to the combined observation of themaximum derivative of the chiral

condensate, ofRπ and, when appropriate, of the Polyakov loop.

case. Notable differences are:

• Nf = 6 exhibits no exotic phase, while Nf = 8 does. The weak coupling edge of the exotic

phase is signalled by a second jump in the chiral condensate and a dip in Rπ, see also 114

• The Polyakov loop becomes nonzero at the thermal transition for Nf = 6, signalling the

onset of the high-temperature deconfined phase. ForNf = 8 it only becomes nonzero at the

edge of the exotic phase, where the system is deconfined and chiral symmetry exact. Finally,

Nf = 6 behaves asNf = 4.

Themost striking result of the study in this chapter is the extension of the bulk line in Figure 3.12,

and therefore the conformal window, belowNf = 8. The fate ofNf = 7 is less certain at this stage:

though we observe a reduced crossover, an almost closing gap, and signs of hysteresis in the interval

β = [4.275, 4.3] right on the bulk line a study analogous toNf = 8, 6, possibly at a lighter fermion

mass, is likely to clarify the situation. These results also clearly suggest that the Nf = 6 theory is

located below the conformal window. The sharp crossovers in Figure 3.13 do not leave space for a

behaviour analogous toNf = 8 at a lower mass.

In Figure 3.14 we present the transition observed by Deuzeman et al. 116 forNf = 8—with a dif-

ferent improvement of the fermion action— for the cases Nt = 6 (left) and Nt = 12 (right). The

authors have interpreted the scaling of the transition location as evidence that it was a genuine ther-

mal transition. We suspect that it may instead be the edge of the exotic phase, later on discovered by
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Figure 3.14: (left) Chiral condensate and Polyakovmeasured byDeuzeman et al. 116 forNf = 8withNt = 6
andNs = 12 (red circles),Ns = 20 (triangles) andNs = 24 (squares). Results were obtainedwith a different
improvement of the fermion action. (right) Chiral condensate presented in the same reference forNf = 8with
Nt = 12 andNs = 24.

the same authors and extensively studied 114,83,113: note the resemblance between the results from the

cited reference shown in Figure 3.14 and the exotic phase for theNf = 8 theory presented in this cur-

rent work in Figure 3.10 (top and centre). Note, also, that the chiral condensate in Figure 3.14 remain

rather small on the strong coupling side of the crossover (both works use the same normalisation of

the chiral condensate). This conclusion does not contradict the upper bounds on the chiral phase

boundary in, e.g., 209,209, but it shows the delicacy of this study and how the gradual understanding

of many aspects of the conformal window finally seems to lead to a consistent picture.

Interestingly, a lower edgebelowNf = 8 and close toNf = 7 is not far from thepredictionof two-

loop perturbation theory and intriguingly in good agreement with the large-N resultNf/N = 5/2,

forN = 3 61 and four-loop perturbation theory. It is also in agreement with the perturbatively small

value of the fermion mass anomalous dimension for Nf = 12 208,79, because Nf = 12 is not close to

the lower edge of the conformal window.

3.4 The anomalous dimension of the scalar glueball operator in pertur-

bation theory and large-N

In this section, we present a perturbative analysis of the behaviour of the anomalous dimension of

the scalar glueball operator Ga
μνGa

μν across the lower edge of the conformal window. We also com-

ment on the consequences of its behaviour for the UV-IRmergingmechanism for the emergence of

the conformal window proposed by Kaplan et al. 187.
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It is well known that the anomalous dimension of the scalar glueball operator Ga
μνGa

μν is con-

strained by the trace anomaly, i.e., the nonzero contribution to the trace of the energy-momentum

tensor. The trace anomaly of QCD that enters the matrix elements of renormalised gauge invariant

operators is ‡

Tμ
μ =

β(α)
16πα2

Tr(G2) + fermion mass contribution , (3.9)

with the beta-function

β(α) ≡ dα(μ)
d ln μ

α ≡ g2

4π
. (3.10)

The dimension of a quantum operatorO is dictated by the scaling equation

dO
d ln μ

= dOO O(μ) ∼ μdO , (3.11)

dO = dc+γO, with canonical dimensiondc and anomalous dimension γO. The nonrenormalisation

of Tμ
μ implies that it scales classically, i.e., dTμ

μ
= 4 in four dimensions, and the scaling equation (3.11)

applied to Equation 3.9 gives for Tr(G2)

dG = 4− β′(α) +
2
α
β(α) , (3.12)

with β′(α) the derivative of the beta-function w.r.t. α. At a nontrivial stable IRFP, β(α∗) = 0 and

the anomalous dimension

γG = −β′(α∗) (3.13)

is a physical property of the system, renormalisation scheme independent. It is instructive to deter-

mine γG in perturbation theory to a given loop order inside the conformal window, and compare

this result with the Veneziano limit of large-NQCD (N → ∞,Nf/N = const) 61.

The beta function of the theory can be expressed as a series

dα
dt

= −2α
∞∑
l=1

blal = −2α
∞∑
l=1

blαl. (3.14)

‡Here we are not interested in the most general expression, which also involves gauge-fixing and EoM
operators, see 248,93,8.
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The quantity

a ≡ g2

16π2
=

α
4π

(3.15)

is, times appropriate group invariants, the expansion parameter and l denotes the number of loops

involved in the calculation of bl and bl = bl/(4π)l.

As discussed in Chapter 0, the coefficients b1 and b2 in the expansion are universal 156,267,74,183 and

given by

b1 =
1
3
(11CA − 4TfNf)

b2 =
1
3
[
34C2

A − 4(5CA + 3Cf)TfNf
]
.

(3.16)

Here they arewritten in termsof thequadraticCasimir invariantsCf ≡ C2(R) andCA ≡ C2(G), for,

respectively, the representation R to which the Nf fermions belong and the adjoint representation.

The quantity Tf ≡ T(R) is the trace invariant for the representation R.

Coefficients of higher order are scheme-dependent 155,154 and have been calculated up to four-loop

order 302,203,304. In Table 3.1 we list a subset of these values, for the SU(Nc = 3) theory with 8 ≤

Nf ≤ 12.

Nf b1 b̄2 b̄3 b̄4

8 0.451 0.004 −0.213 0.015

9 0.398 −0.076 −0.303 0.025

10 0.345 −0.156 −0.386 0.072

11 0.292 −0.236 −0.463 0.154

12 0.239 −0.317 −0.534 0.273

Table 3.1: The l-loop beta function coefficients bl defined in Equation 3.14 for the SU(Nc = 3) gauge theory withNf

fundamental fermions.

The value α∗ of the IRFP coupling can by obtained by solving βα = 0. The derivative β′α can be

expressed in terms of the coefficients bl listed in Table 3.1 as:

β′α = −2
∞∑
l=1

(l+ 1)blαl (3.17)

Adding the pieces of information above, it is then possible to calculate β′α(α∗). Note that the
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Nf αIR,2l β′α(αIR,2l) αIR,3l β′α(αIR,3l) αIR,4l β′α(αIR,4l) α4l,u

6 – – 12.992 84.646 – – –

7 – – 2.453 5.956 – – –

8 – – 1.464 2.654 1.552 1.784 14.0282

9 5.237 4.169 1.027 1.472 1.07 1.460 12.262

10 2.21 1.522 0.764 0.869 0.815 0.851 5.62

11 1.23 0.706 0.578 0.513 0.626 0.496 3.29

12 0.754 0.360 0.435 0.296 0.470 0.281 2.295

Table 3.2: The infrared zeros inα of the SU(Nc = 3) beta function withNf fundamental fermions atn-loop order are
listed asαIR,n l following the convention in

274 . The four-loop beta function is a cubic equation which has three zeros,

one of which is negative and not listed here. The one closest to the origin is listed asαIR,4l , and the third zero, which is
positive but farther from the origin, is listed asα4l,u .

zero of the beta-function is in general a necessary, but not sufficient condition for the existence of a

stable IRFP. At two loops αIR,2 = −b1/b2 andβ′(αIR,2) = −b21/b2. The four-loop beta-function

is a cubic equation with three zeros, one of which is negative 274. The results are summarised in

Table 3.2 and agree with those listed on works by Shrock 288,289 .

In all cases, the derivative β′(α∗) is positive and increases along the IRFP line for decreasing Nf.

The disappearance of the zero occurs for Nf > 8 at two loops, while it shifts to lower Nf at three

and four loops, suggesting a lower endpoint of the conformal window in the range 7 < Nf < 8 at

four loops—provided the zero can be taken as sufficient condition. At two loops the disappearance

of the zero is determined by the change of sign of b2, implying that the fixed point disappears at

infinite coupling αIR,2 → ∞. This behaviour, however, is likely to be an artefact of the truncated

perturbative expansion; the same singularity occurs in β′(αIR,2).

It is most interesting to compare these results with the implications of the exact beta-function

of large-N QCD in the Veneziano limit derived by Bochicchio 61, which manifests salient analogies

and differences with the exact beta-function of SQCD 249,250,286. Writing in short the large-NQCD

beta-function for the canonical ’t Hooft coupling as

β(g) =
g3 c(g)

1− 4
(4π)2 g2

, (3.18)
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the absence of supersymmetry generates a new anomalous dimension contribution, not present

in SQCD, in c(g). The fate of a fixed point will depends on the numerator and denominator of

Equation 3.18: the pole generates a cusp in the flow of g, unless the numerator has a zero before the

pole is hit— and a zero associated to an IRFP inside the conformal window must be shown to be

renormalisation scheme independent. Remarkably, this has been shown to be true 61 for the large-N

QCDbeta-function in the Veneziano limit at the lower edge of the conformal window, identified at

Nf/N = 5/2where the stability of the glueball kinetic term is lost.

Below the conformal window, zeroes of the beta-function may still occur. One example is the

saturation of the coupling gphys entering the static inter-quark potential in large-N Yang-Mills

V(r) = σr−
g2phys(1/r)

4πr
, (3.19)

with nonzero string tension σ. The effective charge gphys in the Coulomb potential is observed to

saturate to a constant at large distances in lattice SU(3) Yang-Mills 219 and provides agreement with

the effective bosonic string theory prediction and open-close string duality 220. In other words: the

beta function of gphys develops a zero, while conformal symmetry remains broken due to the lin-

ear confining contribution to the potential (non-zero string tension) dominating the large distance

behaviour.

In 59 a renormalisation scheme for the large-N Yang-Mills exact beta-function was constructed,

where the canonical ‘t Hooft coupling coincides with the physical effective charge entering the static

inter-quark potential in Equation 3.19, and it develops a zero at the Landau pole of the Wilsonian

coupling, at r−1 = ΛW. Hence, it actually predicts that for r > Λ−1
W the effective charge gphys

saturates to a constant.

If the same behaviour is realised beyond large-N in the presence ofNf < Nc
f massless fundamen-

tal flavors, then the QCD beta-function below the conformal window in a given renormalisation

scheme can develop zeros without implying conformal symmetry. The only probes of the absence

of conformal symmetry remain the n-point functions that involve the string-tension term of the

inter-quark potential, the observables sensitive to chiral symmetry breaking and, importantly, topo-

logical quantities.

A fundamental difference between SQCD and QCD is the presence in SQCD of a phase just

below the lower edge, for Nc + 2 ≤ Nf ≤ 3Nc/2, where the only description that makes physical
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sense is in terms of the dual variables that describe the free non-Abelianmagnetic phase 281; this prop-

erty is consistent with the occurrence of the cusp in the flow just below the conformal window for

SQCD. The absence of this phase inQCD calls instead for a differentiable flow, thus without cusps,

across and below the lower edge of the conformal window. It is rewarding that the beta-function of

large-NQCD can realise this property 61. It also supports that the lower edge singularity for b2 = 0

at two loops arises as an artefact of n-loop perturbation theory.

Finally, since the large-N beta-function reproduces the two-loop one up to O(1/N2) contribu-

tions61, the predicted γG also reproduces the two-loop result up toO(1/N2); however, it is expected

to remove the singularity for b2 = 0 at the lower edge of the conformal window.

Perturbation theory, as well as the large-N solution thus predict an increasing anomalous dimen-

sion |γG| (|β
′(α∗|)) forNf ↘ Nc

f .

This behaviour is precisely the opposite to the one implied by an UV-IR fixed-point merging

phenomenon at Nc
f . In this scenario, we can assume without loss of generality, that, close to Nc

f

where the merging would occur, we have 188:

β(α,Nf) = (Nf − Nc
f )− (g− gc)2. (3.20)

The beta function has roots at g± = gc ±
√
Nf − Nc

f and develops a local maximum at Nf = Nc
f ,

i.e., β′(gc) = 0, with decreasing |β′| along the IRFP line Nf ↘ Nc
f . For Nf < Nc

f , both roots α±

acquire an imaginary component. This behaviour is illustrated in Figure 3.15 (left).

Nf = Nfc

Nf < Nfc

Nf > Nfc

β(α, Nf)
g

gcg- g+

t = ln(μ)

g

gc

tIR tUV

Figure 3.15: (left) Depiction of the prototyped beta function in Equation 3.20: ForNc
f there are fixed points at g±

which are attractors in the infrared (g−) and ultraviolet (g+); forNf = Nc
f , these fixed points merge at gc; forNf <

Nc
f , they disappear. (right) The renormalisation group flow of the coupling g as a function of the variable t = ln μ for a

theory in the pre-conformal regionNf ↗ Nc
f .

This mechanism is actually a realisation of Miransky/Berezinsky-Kosterlitz-Thouless 199,231,234,188

scaling of observables in the just below the conformal window for Nf ↗ Nc
f . It is phenomeno-
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logically interesting because it is the simplest framework in which the walking scenario discussed in

Chapter 0 can be realised in the preconformal region of the phase diagram. If Nf ⪅ Nc
f , and the

coupling has an initial value gUV at the UV scale μUV, as the theory flows to the IR, the coupling will

grow. In the regionwhere the beta function is small, the coupling will grow very slowly (“walk”) be-

fore quickly blowing up, at which point it defines the infrared scaleΛIR that characterises the longest

correlation length in the theory, see Figure 3.15 (right). This scale can be computed by the integral

ΛIR

ΛUV
= exp [tIR − tUV] = exp

[∫ gIR

gUV

dg
β(g,Nf)

]
≈ exp

− π√
(Nc

f − Nf)

. (3.21)

The approximation in the last step is valid under the assumption that |gIR,UV − gc| ≫ |Nf − Nc
f |.

A nonperturbativemeasurement of γG for varyingNf inside the conformal window and in agree-

ment with perturbation theory and large-Nwould exclude therefore this mechanism for the confor-

mal window of QCD.

3.5 Conclusion

Wehavenumerically studied theorder parameters of chiral symmetrybreaking and relatedquantities

and also probes of deconfinement for SU(Nc = 3) theories with a large number of flavours. The

results presented here point at a lower edge of the conformal window for QCD below Nf = 8 and

close to Nf = 7, in agreement with perturbation theory calculations and large-N arguments, the

latter based on the behaviour of glueball operators sensitive to confinement.

We have also presented a study of the behaviour of the scalar glueball operator, a probe of con-

finement, across the opening of the conformal window. We showed that it carries information on

the nature of the endpoint and the zero temperature pre-conformal phase. The agreement with

perturbation theory and large-N arguments would be sufficient to exclude an ultraviolet-infrared

fixed-point merging as a mechanism for the loss of conformality, such as the one presented by Ka-

plan et al 187.

A lattice determination of the anomalous dimension of the scalar glueball operator at the confor-

mal IRFP is therefore desirable. We also recognise that the Wilson flow proposed in 214,242 can be a

useful tool in this context, in order to discriminate between a conformal and a confining behaviour

in the theory formulated on a lattice 258.
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Finally, a conformalwindow for non-supersymmetricQCDextending to flavors as low asNf = 7

wouldmake these theoriesmore appealing for phenomenologybeyond the standardmodel, realising

the emergence of conformal symmetry right aboveQCDat the electroweak symmetrybreaking scale.

If the fixed-point merging turns out not to occur in QCD, it becomes interesting to understand

from a renormalisation group point of view if preconformal scaling can at all be realisedwith a single

IRFP, and if it can reproduce the trendof the anomalous dimensions impliedbyperturbation theory

and large-N arguments.
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We shall not cease from exploration, and the end of all our exploring will be

to arrive where we started and know the place for the first time.

T.S. Eliot

4
Concluding Remarks

We conclude this thesis with a summary of the results presented throughout the chapters and a crit-

ical discussion in light of the recent results that appeared in literature. We also elaborate on possible

paths for future extensions of these studies.

By the time we started the project contained in this thesis, in late 2010, the challenge of under-

standing the phase diagram for QCD-like theories, i.e., SU(N = 3) with Nf fundamental flavours,

had various missing ingredients, which made it difficult to form a coherent picture. With the work

performed bymany groups since then, we seem to be arriving at a pointwhere important pieces have

finally appeared and it all starts to fit together. We feel that the work presented in this volume has

made important contributions to this effort.

Chapter 1 verses about the role played by the improvement of field theory actions formulated on

a spacetime lattice in the emergence of an exotic phase between the chirally broken strongly coupled
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regime and the more weakly coupled Coulomb (QED-like) phase of theories inside the conformal

window. The original motivation of the work was to determine the order of the bulk transition for

theNf = 12 theory and checkwhether it would allow for theUV-IR fixed pointmergingmechanism

for the disappearance of the conformal window proposed by Kaplan et al. 187 to be realised inQCD-

like theories. We were initially surprised by the observation of two independent sharp crossovers of

the chiral condensate at a non-zero fermionmass, which definitely required a better understanding.

The simulations later performed with different combinations of gauge and fermion actions sup-

port the theoretical conclusion that such an exotic phase emerges as a result of the competition, at

strong coupling, between the nearest-neighbour terms and the next-to-nearest neighbour interac-

tions introduced by the Naik improvement of the fermion action. This competition allows for a

nontrivial realisation of baryon number conservation when the underlying chiral symmetry is not

spontaneously broken. Such an explanation for the emergence of the exotic phase is a rather general

feature of improvement, also consistent with the breaking of shift symmetry and would identify the

exotic phase discussed in this work with the /S4 phase observed by Cheng et al. 82 using a different

action. It would be interesting in future works to investigate more quantitatively the connection

between the poles in the quark propagator - as emerging from the non-Hermiticity of the transfer

matrix with Symanzik improvement and the detailed structure of the two-point meson correlation

functions in the intermediate phase.

Returning to the main Physics goal of the study, we have also presented very strong evidence

that the bulk transition occurring inside the conformal window at sufficiently strong coupling is

of first order: the presence of metastability at small volumes, the presence of hysteresis at larger

volumes and a linear scaling of the transition location with the bare quark mass all favour a first

order phase transition. This result was favouring the absence of a UV fixed point at strong coupling

inside the conformal window, while it could still emerge as the endpoint of the line of first order

bulk phase transitions. This picture would still make it possible for the UV-IRmerging mechanism

to be realised. One caveat in this analysis concerns the role of higher dimensional operators in the

QCD action at strong coupling. The analysis is limited to theQCD action with one gauge coupling

g. Additional operators, such as four-fermion operators, have not been added by hand in the theory

and it remains to be clarified if the lattice formulation of the QCD action can capture the complete

renormalisation group flowof the theory in the strong coupling regime. The fixed point structure of

theories withmore complex operatorsmay bemore complicated and should certainly be analysed in
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the enlarged space of couplings. Note, however, that all these effective field theory operators should

guarantee exact conformal symmetry if a infrared or ultraviolet fixed point is there.

An important result of this work was to make evident that improvement may generally affect

any lattice system at strong coupling, be it graphene or non abelian gauge theories inside or slightly

below the conformal window. In fact, the way improvement acts at sufficiently strong coupling can

be considered analogous to the way the physics of nearest-neighbour spin systems is modified by the

presence of non-nearest neighbour interactions. The simplest and instructive example is the Ising

spin chain (1D) with a next-to-nearest neighbour term. In general, the competition of local and

less-local interactions in the theory can generate new phases in the system, as known for the axial

next-to-nearest neighbour Ising (ANNNI) model 282. The Symanzik improvement procedure for a

gauge or a fermion lattice action is in this respect fully analogous to spin systems, in which case the

new phases are physical, as it could be the case for graphene, or the same reasoning could lead to

interesting properties of known and new materials in different regimes of their interactions.

When performing the analysis of lattice configurations of theories inside the conformal window

at a fixed coupling, it is mandatory to verify in which region of the parameter space the system lies,

since improvement can introduce lattice artefacts that might spoil results if not checked for. Such

an observation, for example, was of vital importance to the spectrum study presented in Chapter 2

and to the work presented in Chapter 3.

The study of the Nf = 12 theory was marked by a initial period of confusion, with different

groups finding contradictory results. This demonstrated how complicated this type of study is and

how many subtle nuances must be taken into consideration in order to achieve trustworthy results.

Fortunately, as the studies matured and we acquired a better comprehension of the subtleties in the

several strategies explored, most recent studies started to align and indicate that this theory indeed

exhibits a conformal behaviour.

The results we present in Chapter 2 also point in this direction, as well as the very first study by

our group in 2009 112. We presented the results from our study of the spectrum of the SU(N = 3)

theory withNf = 12 fundamental flavours as a prototype of theories inside the conformal window.

We have analysed the would-be hadron spectrum, the would-be mesons and the nucleon, and per-

formed a universal scaling study at finite and infinite volumes. We also performed a nonperturbative

estimation of the fermion mass anomalous dimension taking into account deviations from univer-

sal scaling. We have also confirmed the restoration of chiral symmetry through the degeneracy of
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chiral partners and the effective restoration of the U(1) axial symmetry at the level of the two-point

functions.

Our estimated value of the fermionmass anomalous dimension γm = 0.235(46) is in very good

agreement with the value obtained by Cheng et al. 79 from finite size scaling γm = 0.235(15). Re-

sults obtained independently from the Dirac eigenmodes spectrum by the Cheng et al. 80 and also

by Itou 177, while disagreeing on the exact value, also point at a small anomalous dimension. Surpris-

ingly, these results are also in agreement with the prediction from four-loop perturbation theory in

the MS scheme, γm ≈ 0.25 304,305 . A recent analysis by Gracey and Simms 152 in the momentum

subtraction (MOM) scheme has estimated the exponent as 0.263−0.268 (recall that γm at the fixed

point is a scheme independent quantity).

The small value of γm measured in these different studies came as a bit of a surprise initially, since

there was a consensus in the field that theNf = 8 theory exhibited chiral symmetry breaking and the

Nf = 12 was believed to be located close to the lower edge of the conformal window. As noted in

our original reference on thematter 208, this scenariowould require a very rapid variation of themass

anomalous dimension betweenNc
f andNf = 12 in order to realise γm ≈ 1 at the lower endpoint of

the IRFP line. The other alternative would be that the lower endpoint should actually be located

at a considerably lower number of flavours than twelve. This alternative is strongly favoured by the

results we present in Chapter 3.

A possible place for improvement in the work of Chapter 2 would be to perform the simulations

of the ensembles with the lightest bare quark masses at larger lattice volumes. In our study of the

spectrum at infinite volume, we have used extrapolations of the would-be hadron masses to their

infinite volumes. Ideally, one would desire to replace these by results obtained from the lattice in

the infinite volume limit. We have shown, however, the stability of the fits with respect to the fit-

ting range and the effectiveness of the combined analysis considering also the data obtained by the

LatKMI collaboration 13. Thus, we have strong evidence that our results are solid. Moreover, these

results indicate that the underlying patterns of symmetry can be followed across the IRFP, and the

critical exponent can be determined on both sides of the IRFP. This conclusion also contradicts

scenarios in which a singularity in the order parameters or their derivatives is associated to the IRFP.

The combination of the results above strongly supports that the SU(3) theory with Nf = 12 is

inside the conformal window.

In Chapter 3 we presented strong evidences supporting the scenario in which theNf = 8 theory
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is also conformal in the infrared. We consider this an important and somewhat conclusive step in

the understanding of the phase diagram of non-Abelian gauge theories with fundamental fermions.

We have performed a numerical study of the chiral symmetry order parameter and probes of con-

finement for QCD-like theories with a varying number of flavours and presented the evidence that

Nc
f , the critical number of flavours that marks the lower edge of the conformal window, is located

between Nf = 6 and Nf = 8, in agreement with perturbation theory calculations and very recent

large-N arguments.

In the case of the Nf = 8 theory, we have argued that the crossover identified in Deuzeman et

al. 116 as the finite temperature transition of a spontaneously chirally broken theory is most definitely

actually the weak coupling edge of the exotic phase we studied in Chapter 1. A chiral symmetry

breaking transition actually takes place at a stronger coupling for the zero temperature system.

The numerical results presented in Chapter 3 are being expanded with ongoing simulations at

larger volumes and new analysis strategies aiming at better understanding the nature of the finite

temperature transition with an improved asymptotic scaling analysis and at clarifying the behaviour

of the Polyakov Loop for the zero temperature simulations. The results will appear in an upcoming

work. While these can provide insight into new aspects of the systems under study, they are not

expected to change our main conclusions on the matter. The deviation of the (pseudo) critical cou-

plings for the Nf = 4 and Nf = 6 theories from the line of bulk transitions is definitive, though a

study at lowermasses, and eventually in the chiral limitwould certainly bewelcome. The underlying

pattern of symmetries that result in the emergence of the exotic phase is not present in theories for

which chiral symmetry is spontaneously broken. The sharpness of the crossovers observed in the

Nf = 8 theory does not leave space for a change of behaviour at a lower mass.

Many groups are already studying theNf = 8 theory, also using a different fermion discretisation

than the staggered formulation typically used for this type of studies. More definitive results from

these collaborations should appear soon and it will be interesting to see how do they play out.

In the second part ofChapter 3, we presented a theoretical analysis on the scalar glueball operator,

which is a probe of confinement. We showed that information on the nature of the endpoint and

the zero temperature pre-conformal phase is encoded in the behaviour of the glueball operator. The

perturbative behaviour is shown to be in agreement with the solution in the Veneziano limit of

large-N QCD and contrary to what is expected in case the UV-IR fixed point merging mechanism

is realised. This mechanism is the simplest way to produce Miransky/BKT scaling.
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These perturbative results beg for a nonperturbative confirmation, given their theoretical and

phenomenological implications. If nonperturbative results are in agreement with perturbation the-

ory and with the large-N results, the emergence of the conformal window for QCD-like theories

can not be explained throughUV-IR annihilation and walking behaviour would have to be realised

through a different mechanism.

A nonperturbative measurement of the anomalous dimensions can be performed from the cal-

culation of the two-point correlation function of the scalar glueball operator on the lattice. Another

interesting possibility has been raised by Pallante 258 and consists in studying the Wilson flow of the

vacuum expectation value of of the scalar glueball operator with an appropriately devised evolution

kernel. Lattice results on this matter can not come soon enough.

In summary, the picture that emerges in light of recent results is that the SU(N = 3) theory with

Nf = 12 fundamental flavours lives inside the conformal window and can be studied as a prototype

of a conformal theory at the IRFP. Deviating from what was thought for some time recently, the

lower edge of the conformal windows does not seem to occur close toNf = 12, but rather seems to

be located betweenNf = 6 andNf = 8, explaining the small mass anomalous dimension measured

in different lattice studies for theNf = 12 theory and in agreement with the γm ∼ 1 value measured

by the LSD collaboration for the theory withNf = 8 20.

From the phenomenological point of view, the scenario above could turn SU(N = 3) theo-

ries with fermions in the fundamental representation more attractive, since conformality can be

achieved for a considerably lower number of flavours than what was initially believed. In fact, the

pre-conformal region of the phase diagram would lie right above the number of flavours of QCD

with all six active flavours in the Standard Model around the electroweak symmetry breaking scale.

Some questions, on the other hand, remain open: in addition to amore precise determination of

Nc
f , the exact shapeof the chiral phase boundarybelow the conformalwindowas a functionofNf and

the underlying dynamics close toNc
f still need to be further explored. If UV-IRmergingmechanism

is indeed excluded, canwalking be realised in the preconformal region? How? These are some of the

questions to be answered in the coming years, as simulations become computationally cheaper and

new actions, algorithms and, above all, ideas, come into scene. Other non-perturbative methods, as,

for example, the conformal bootstrap 269,129,272, can also provide new insights into these questions.

The effort and computational resources dedicatedby researchers in lattice field theory intounder-

standing the phase diagramof gauge theories have providedus not onlywith a greater understanding
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of the topic, building an important framework for models of BSMPhysics, but is has also equipped

lattice theorists with the tools, the computational strategies and the experience to tackle many new

problems in the field.

The experiments at the LHC have reached one of the greatest feats in the history of mankind

with the discovery of the Higgs boson. Many questions, however, remain unanswered, the absence

of a smoking gun signal of new Physics making the challenge all the more interesting. The Standard

Model is successful in modelling electroweak symmetry breaking, but still provides no explanation

for it, nor a solution to the naturalness issue. It also provides no explanation to neutrino oscillations.

The composite nature of the discoveredHiggs has not been established nor excluded so far. The na-

ture of dark matter is still unknown. The existence of Supersymmetry in nature is still a question

not confirmed nor excluded by experiments. A number of lattice works studying specific Standard

Model extensions addressing these issues have emerged in recent years,marking a shift from themore

fundamental studies tomore phenomenologically driven ones, but clearly profiting from the exper-

tise developed by them.

Looking at the years ahead of us, the still relatively young BSM lattice community is in a privi-

leged position to give a decisive contribution on fundamental questions on BSMPhysics. There was

certainly never a more exciting time to be a part of it.
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A
Samenvatting

De mensheid heeft, tot nog toe, vier fundamentele interacties geformuleerd: de zwaartekracht, de

elektromagnetische kracht, de zwakke kernkracht en de sterke kernkracht. Het gedrag van de laatste

drie interacties wordt beschreven in een model genaamd het “standaard model van de deeltjes fys-

ica”. Volgens dit model is alle materie opgebouwd uit zes quarks (up, down, strange, charm, bottom

en top) die elk in drie kleuren voorkomen, zes leptonen (het elektron, de muon, de tau en hun re-

spectievelijke neutrino’s). De interacties worden verder overgedragen door deeltjes genaamd vector

bosonen: acht gluonen voor de sterke kernkracht, deW± en Z bosonen voor de zwakke kernkracht

en het foton voor de elektromagnetische kracht.

Deze thesis is gewijd aan een dieper begrip van de sterke kernkracht, die beschreven wordt door

een ijktheorie genaamd de kwantumchromodynamica (QCD), aangezien het interacties beschrijft

van deeltjes met een kleurlading: quarks en gluonen. QCD is een ijktheorie, hetgeen betekend dat
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Figure A.1: De elementaire deeltjes der materie.

er een continue groep van transformaties bestaat die fysisch relevante grootheden onveranderd laat.

Deze groep van transformaties wordt een ijkgroep genoemd en is in het geval van QCD de speciale

unitaire groep, of in het kort SU(3). Waar de 3 staat voor het aantal verschillende kleur ladingen in

de theorie. Quarks kunnen bestaan in verschillende smaken en in de natuur komen er zes smaken

voor: up, down, strange, charm, bottom and top. Deze informatie is samengevat in figuur A.1.

Experimenteel is het standaardmodel met een zeer grote precisie getest. Echter sommige

vraagstukken hebben in dit raamwerk nog steeds geen oplossing en fysici zoeken naar oplossingen

in extensies van het standaard model, een onderzoeksrichting genaamd de natuurkunde voorbij het

standaard model. Dit proefschrift onderzoekt een aantal van deze vraagstukken. Meer specifiek is

het doel om een beter begrip te krijgen van de fasediagram van de materie die interacties vertoont

met de sterke kernkracht (en de ijktheorie die dit beschrijft) en het ontstaan van conformiteit.

Een belangrijke eigenschap van QCD in deze studie is de chirale symmetrie: QCD is op hoge

temperatuur enmet massaloze velden invariant onder onafhankelijke rotaties van de links- en recht-

shandige velden. Deze symmetrie is expliciet gebroken door de massa term in de theorie. Boven-

dien kan het ook spontaan gebroken zijn door een condensaat van quarkvelden die een verwacht-

ingswaarde ontwikkeld ongelijk aan nul door een herverdeling van het vacuüm van de theorie, zoals
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in QCDmet een temperatuur gelijk aan nul. Met dit condensaat is het verschil tussen twee verschil-

lende fases van de theorie te onderscheiden: in de ene fase bestaat het condensaat niet — oftewel de

verwachtingswaarde is nul — en is de symmetrie niet spontaan gebroken, terwijl in de andere fase

de verwachtingswaarde voor het condensaat niet nul is en is de theorie in de chiraal gebroken fase.

Een grootheid met een dergelijk gedrag dat het mogelijk maakt om het verschil tussen verschillende

fases van een systeem te onderscheiden heet een orde parameter.

Een ander belangrijke — en in zekere zin een definiërende — eigenschap vanQCD is het gedrag

van de “veranderendeKoppelingsconstante”, dat is gerelateerd aan de fenomenen asymptotische vri-

jheid en quark opsluiting. De kracht van de sterke interactie wordt gereguleerd door een grootheid

genaamd de koppelingsconstante, die feitelijk niet constant is maar veranderd (vloeit) met de en-

ergieschaal op welke de theorie wordt beschreven. Politzer, Gross en Wilczek en ’t Hooft hebben

aangetoond dat de koppelingsconstante van QCD monotoon naar nul daalt als de energie schaal

van de theorie groeit, wat betekend dat op hoge energie de theorie zwak gekoppeld is. Dit concept

is bekend onder de naam asymptotische vrijheid, en in 2004 kregen Politzer, Gross en Wilczek een

nobelprijs voor deze ontdekking in QCD.

Aan de andere kant van asymptotische vrijheid is er quark opsluiting: deeltjes die kleurlading

bevatten (zoals quarks) zijn, als de temperatuur en dichtheid nul is, in de natuur nooit geïsoleerd

waargenomen, maar als combinaties zonder kleurlading, genaamd hadronen. Het rigoureus be-

wijzen van kleuropsluiting is nog steeds een open vraagstuk en blijft dus slechts een aanname dat

consistent is met experimentele waarnemingen. Het bewijzen van quark opsluiting is een van de

millennium problemen van het Clay Institute.

Op hoge temperatuur, zoals op temperaturen kort na het ontstaan van het universum 10−4 sec-

onden na de big bang, zijn de composiete toestanden gebroken en is de theorie in een fase met vrije

quarks genaamd het quark-gluon plasma (QGP). Hoewel er dus nog geen rigoureus bewijs is voor

quark opsluiting heeft Polyakov een grootheid gevonden — genaamd de Polyakovlus — dat als

orde parameter kan fungeren voor deze faseovergang naar vrije quarks op hoge temperaturen.

Chirale symmetrie en quark opsluiting spelen een belangrijke rol in het fasediagram van ijkthe-

orieën. Een ander belangrijk ingrediënt is de verschijning van conformiteit. Zoals al eerder gezegd

veranderd de grootte, het vloeien, van de QCD koppelingsparameter met de energieschaal van de

theorie. Dit vloeien wordtmeestal beschrevenmet de zogenaamde bèta functie, die feitelijk de ”snel-

heid” van het vloeien van de koppelingsconstantemet het energieniveau beschrijft. De observatie dat
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deQCD koppelingsconstante monotoon naar nul vloeit is equivalent aan de uitspraak dat deQCD

bèta functie altijd negatief is en een nulpunt heeft als de koppelingsconstante nul is. Een punt waar

de bèta functie nul is heet een ”dekpunt ” en, in dit scenario, wordt het eerdergenoemde nulpunt

ook wel het triviale dekpunt genoemd.

Als het aantal smaken wordt vergroot zal de bèta functie een niet-triviaal infrarood dekpunt on-

twikkelen op Nf = Nc
f . Als vervolgens het aantal smaken verder wordt vergroot boven Nf = NAF

f

zal de bèta functie overal positief worden waardoor asymptotische vrijheid verloren gaat. Op het

dekpunt zal de theorie schaalonafhankelijk worden, wat betekend dat de koppelingsconstante on-

afhankelijk wordt van de energieschaal en de conforme theorie hersteld wordt.

Een mogelijk scenario dat het herstel van conforme symmetrie verklaard in niet-Abelse ijktheo-

rieën is het zogenaamde “conforme venster” scenario. In dit scenario bestaat er een familie van theo-

rieën tussenNc
f enN

AF
f die bevrijd zijn en zelfs op het thermodynamische nulpunt een exacte chirale

symmetrie hebben. Elk van deze theorieën heeft een niet-triviaal dekpunt op een zekere waarde van

de koppelingsconstante.

De afgelopen jaren is er veel onderzoek gedaan naar de vorm van het fasediagram, voornamelijk

naar de opening van de conforme raamwerk scenario, om zo het punt te vindenwaar deze zich opent

en om begrip te krijgen over de pre-conforme regio. Deze vragen zijn theoretisch gezien interessant

voor velden theorieën, omdat ze nieuwe informatie geven over ijktheorieën die fundamentele inter-

acties beschrijven. Ze kunnen ook belangrijke consequenties hebben voor de ijkveld-zwaartekracht

dualiteit en voor de connectie tussen theorieën met en zonder supersymmetrie. Ze zijn ook interes-

sant voor rooster theoreten, omdat nieuwe algoritmen en technieken worden ontwikkeld en getest,

die in verschillende onderzoeksgebieden gebruikt kunnen worden. Tenslotte, uit het oogpunt van

fenomenologie zijn deze vragen ook relevant: de bijna-conforme regio van het fasediagram kan voor-

bereidende effecten van conformiteit vertonen die relevant zijn voor fenomenologie en het bouwen

vanmodellen, die eenbasis vormen voor de groep van elektrozwakke theorieënbekend zijn als “walk-

ing technicolor” modellen.

Het breken van de elektrozwakke symmetrie is een fenomeen dat gerelateerd is aan de basis van

de massa’s in het standaard model door middel van het Higgs mechanisme. De ontdekking van het

Higgs boson in de Large Hadron Collider (LHC) is één van de grootste prestaties in de geschiede-

nis. Helaas bied het Higgs mechanisme geen extra inzicht in de structuur van het Higgs deeltje zelf.

Technicolourmodellen zijn een poging om deze vraagstukken te beantwoorden en zij genereren een
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dynamische verklaring voor de breking van de elektrozwakke symmetrie binnen het stelsel van de ef-

fectieve veldentheorieën, waarin veldentheorieën niet compleet zijn tot op arbitrair hoge energieën,

maar slechts tot een zekere waarde.

Al in 1980werd opgemerkt dat de originele technicolourmodellen niet goed functioneerden, het-

geenbeschreven zalworden inHoofdstuk0, enniet bruikbaar zijn voor het beschrijven vande smaak

sector van het standaardmodel. In walking modellen veranderd de koppelingsconstante slechts een

klein beetje als de energie veranderd, vandaar de naam. Dit gedrag vande koppelingsconstante verbe-

terd een aantal problemen van de oorspronkelijke technicolour theorieën, en maakt deze theorieën

weer aantrekkelijk. De huidige activiteiten van de LHC zijn grotendeels gedaan uit interesse voor dit

onderwerp, waardoor het werk van deze promotie een zeer actief onderzoeksveld is.

Een groot deel van het onderzoek in dit proefschrift is gebaseerd op rooster-ijkveldtheoriemetho-

den die het mogelijk maken om op een niet-perturbatieve numerieke manier ijktheorieën te beschri-

jven. Het algemene idee van deze methoden is om ruimtetijd te discretiseren, dus om de continuë

ruimtetijd te vervangen door een discreet vierdimensionaal rooster. De gediscretiseerde versie van de

theorie die hier onderzocht gaat worden kan dan numeriek gesimuleerd worden op computers met

behulp vanMonte Carlo methoden en fysisch interessante observabelen kunnen worden berekend.

Het inleidende hoofdstuk van dit proefschrift geeft de lezer kennis van de achtergrond van de

theoretische aspecten en de niet-perturbatieve roostertechnieken die gebruikt worden in dit werk.

Deze informatie zal voldoende moeten zijn om de rest van dit proefschrift te kunnen begrijpen.

Het eerste hoofdstuk van dit proefschrift zal gericht zijn op het gedrag van SU(3) ijktheorieën

met twaalf smaken in de fundamentele representatie op hoge koppelingsconstante. Wij zullen de

transitie beschouwen waar de chirale symmetrie gebroken wordt op hoge waarden voor de kop-

pelingsconstante en het ontstaan van een nieuwe exotische fase als de koppelingsconstante wordt

vergroot, voordat chirale symmetrie is gebroken. Wij zullen de orde parameter van de chirale sym-

metrieovergang, het chirale condensaat, beschrijven samen met gerelateerde grootheden. We zullen

de chirale faseovergang lokaliseren en zijn natuur van een eerste orde faseovergang bepalen. Ook

zullen wij aantonen hoe het ontstaan van deze exotische fase is gerelateerd aan een verbetering in de

roosteractie en de onderliggende symmetrieën binnen het conforme venster.

Inhoofdstuk tweepresenterenwij een studie naar het “would-be’’ hadron spectrumvandeSU(3)

theoriemet twaalf fundamentele smaken. Geleid door het patroon van onderliggende symmetrieën,

chiraal en conform, presenteren we de tweepunt-functies zowel theoretisch als op het rooster en
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bepalen we de eindige-roosterlengte schaling en de oneindig-volume fermion massa afhankelijkheid

van de “would-be ‘’hadron massa’s. We tonen aan dat het gedrag van het spectrum beschreven kan

worden in de context van eenuniversele schaling analyse enwe geven eenniet-perturbatieve bepaling

van de van de fermion massa anomale dimensie op het infrarode fixed point. De gemeten waarde

γ∗ = 0.235(46) is klein, en komt overeen met andere studies en is consistent met het scenario waar

de theorie binnen het conforme venster is.

Hoofdstuk drie is gewijd aan de studie van SU(3) theorieën met meerdere smaken fermionen

bovendeondergrens vanhet conformevenster. Wij presenteren een roosterstudie vandeNf afhanke-

lijkheid van de bulk transities van deze theorieën op nul temperatuur, consistent met het openen

van het conforme venster tussen 6 < Nf < 8. Wij presenteren ook een theoretische analyse naar

de anomale dimensie van de scalaire lijmbal operator, welke de vrije quark transitie kan vaststellen,

en zijn consequenties voor een samengevoegd mechanisme waarin het verlies van conformiteit het

resultaat is van het annihileren van het infrarood dekpunt en het ultraviolet dekpunt. Zo eenmech-

anisme is het simpelste raamwerk waarbinnen het walking scenario gerealiseerd kan worden in het

pre-conforme regio van het fase-diagram.

Dit proefschrift besluit met een kritische discussie van de hier gepresenteerde resultaten en een

vooruitblik.
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