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CHAPTER 6

ANALYSIS AND COMPARISON TO
THEORY

The aim of the present experiment, and thus of this analysis, is to extract the
measured cross sections for both the real- and virtual-photon capture processes,
and the response functions (RF’s) in the case of the virtual-photon reaction.

Selections which need to be applied have been previously explained in Chapter
5. In this chapter, the necessary calculations to extract the cross sections and the
RF’s are presented in Section 6.1. Further, the extraction of the cross section of
the real-photon capture reaction is discussed in Section 6.2 and compared to the
predictions of the different theoretical models introduced in Chapter 2.

Due to the much lower cross section involved and a more complicated three-
body final state, the virtual-photon case cannot be directly compared to the the-
ory. Rather, the data are compared to simulations based on theoretically calculated
matrix elements which are numerically integrated over the acceptance of the ex-
perimental setup (see Chapter 3). This implies three steps, which are detailed in
Section 6.3:

1. the comparison of the simulation to the theory for a predefined phase-space
area in order to verify the validity of the simulation,

2. the integration of the simulation over the phase-space under consideration,

3. the comparison of the analyzed data to the integrated simulation.
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76 CHAPTER 6. ANALYSIS AND COMPARISON TO THEORY

6.1 Expression for the cross section and the response
functions

6.1.1 Cross section
The total and the differential cross sections can be expressed by the following
equations:

σ =
Ncounts

Ca Q t ε
(6.1)

dσ

dΩ
=

dNcounts

Ca Q t ε dΩ
(6.2)

dσ

dMγ

=
dNcounts

Ca Q t ε dMγ

(6.3)

where

• Ca = Na

A q
, with Na: the Avogadro number, A the atomic weight of the target

and q the charge state of the beam. Ca = 3.79 10−3 mg−1 ·nC−1 ·cm2 ·nb−1;

• Q = ninc q: total charge of beam particles collected during the whole
experiment, in nC. ninc is the number of incoming deuterons of charge q=1;

• t: target thickness in mg · cm−2;

• ε = εff ·acc: correction factor to be applied to account for the total detection
efficiency εff and the acceptance acc of the setup;

• dΩ = sin θdθdφ the solid angle of the bin under consideration;

• dMγ the invariant mass bin of the dilepton (virtual photon).

In our case, Q = 1.73 105 nC, t = 56 mg/cm2. For the virtual-photon data,
εff = (58 ± 1.2) %, and for the real-photon, εff varies as a function of the ring
number, like the photon detection efficiency of the Plastic Ball (see Fig. 5.12-left).
On average, i.e. for scintillators placed on ring 5, εff = (19± 7.1) %. The values
of acc are presented in Fig. 5.13-5.16.
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6.1.2 Response functions
The response functions were introduced in Chapter 2 p. 25. To extract them, one
should refer to Eq. 2.22 p. 26. The squared amplitude of the matrix element takes
the form:

|A|2 ∝ fT gT WT + fL gL WL + fTT gTT WTT + fLT gLT WLT (6.4)

or

|A|2 ∝
∑

k=T,L,TT,LT

fk gk Wk (6.5)

where

fT =
1 − l2

2M2
γ

sin2 θl

M2
γ

; fL =
1 − l2

k2
0

cos2 θl

M2
γ

; (6.6)

fTT =
l2 sin2 θl

2M4
γ

; fLT =
l2

2
√

2k0M3
γ

; (6.7)

and

gT = 1; gL = 1; gTT = cos 2φl; gLT = sin 2θl cos φl. (6.8)

The cross section expressed in Eq. 2.8 p. 22 can be written as:

σ = CR|A|2 (6.9)

with C a constant and R the phase-space integral.

Extraction of WTT and WLT

The interference response functions Wj , j=(TT, LT), can be extracted by replacing
|A|2 by its expression in Eq. 6.5, multiplying both sides of the Eq. 6.9 by gj , and
integrating over the leptonic angles:

∫

θl,φl

σ gj = C
∫

θl,φl

R (
∑

k=T,L,TT,LT

fk gk Wk) gj (6.10)
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All the terms should then integrate to zero, except the one of interest, i.e.:

∫

θl,φl

(
∑

k 6=j

fk gk Wk) gj = 0 (6.11)

∫

θl,φl

fj g2
j Wj 6= 0 (6.12)

Therefore, considering that Wj , j=(TT, LT), is independent of the integration vari-
ables, it can be concluded that:

Wj =

∫

θl,φl
σ gj

C
∫

θl,φl
R fj g2

j

, j = (TT, LT ) (6.13)

Extraction of WT and WL

The extraction of WT and WL is performed by using the weighting functions
gT = gL = 1. This integrates the contributions of WTT and WLT to zero. Therefore,

∫

θl,φl

σ = C
∫

θl,φl

R (fT WT + fL WL) (6.14)

By using the θl dependence of fT and fL, one can enhance the sensitivity of
WT or WL. To access WT (respectively WL), one should perform the analysis
using a reduced data-set for which θl is small (respectively large). Under this
condition, for j=(T, L):

Wj ≈
∫

θl,φl
σ

C
∫

θl,φl
R fj

, j = (T, L) (6.15)

For the following analysis, we will refer to Eq. 6.2 and Eq. 6.3 for the extrac-
tion of the cross sections, and Eq. 6.13 and Eq. 6.15 for the response functions.
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Figure 6.1: Energy deposited in a scintillator from the ring 5 (top) and from the
ring 9 (bottom).

6.2 Real-photon capture: p + d →3He + γ

Referring to Eq. 6.2, the evaluation of the cross section has been performed
as follows, where a well-working detector (see Section 5.3.1 p. 62) is defined as a
detector presenting no defect in its time and energy information:

• The value of Ncounts, per ring, is calculated as the average of the number of
counts of every well-working detector, within the φγ acceptance range. As
example, Fig. 6.1 shows how the response of a scintillator in ring 5 differs
from a scintillator in ring 9.

• Each ring corresponds to an average θγ in the rest frame which can be con-
verted to the angle θCM in the center-of-mass frame via the Jacobian.

To calculate the luminosity, the following numerical values are to be men-
tioned:

• The total number of incoming particles is deduced from the charge Q accu-
mulated through the whole experiment and corrected for the dead-time. A
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charge Q = 1.73 105 nC was measured. The previous experiment [Hui 99]
showed that this method has an accuracy of ± 3 %.

• The target thickness is estimated by multiplying the density of the liquid
hydrogen (ρ = 70.8 mg/cm3) with the thickness of the target cell (0.6 cm),
and including a bulging of 0.2 cm. t was found to be 56 mg/cm2. The
uncertainty on the estimation of the bulging leads to an accuracy of the
target thickness of ± 6 %.

• ε is calculated as the product of the efficiencies of the Plastic Ball, which is
a function of the position of the scintillator hit (see Fig. 5.12-left), the BBS
(63 ± 1) % and the multiplicity (58 ± 2) %. See Section 5.4.1 p. 69 for
details. The uncertainty on ε is estimated to be ± 7.1 %.

• The average solid angle dΩ per detector is 17.45 msr.

The cross section of the real-photon capture reaction, as a function of the
center-of-mass angle θCM , is presented in Fig. 6.2. Our acceptance-corrected
results are shown as full circles. The statistical error-bars are included in the size
of the markers. The data-point at 18.5◦ has been extracted from the measurements
made with the BBS positioned at 1.7◦. The two points at 27.5◦ and 34◦ are the
average results obtained with the data-sets at 1.7◦ and 3.5◦. Their error-bars cor-
respond to the standard deviation. The other points result from the analysis of
the data-set with the BBS at 3.5◦. Moreover, due to the concentration of defi-
cient detectors on rings 6 and 7, a large variation in the cross section obtained
on these two rings for detectors positioned at φγ > 0 and φγ < 0 was observed.
The cross section shown on Fig. 6.2 at 60◦ and 70◦ is therefore the average of
both results, and the error-bars correspond to the standard deviation. The syste-
matic uncertainties are shown on the data-point at 90◦. They combine the effect
of the efficiency-correction (7.1 %, see previous chapter) and of the error on the
accumulated charge (3 %) and the target thickness (6 %), i.e. a total of 11 %.

In Fig. 6.2, data are compared to the covariant impulse approximation of Fäldt
(dashed line) [Fal 93], the relativistic gauge-invariant model of Korchin (full line)
[Kor 98] and the CB-Bonn potential model of Deltuva (thin dotted line) [Del 04].
For the understanding of the three models, we refer to Section 2.1 p. 16. The shape
of the cross section of our data is consistent with the three theoretical models,
since it shows the expected peak at 52◦. The amplitude of our results, however, is
larger than the predictions of the covariant impulse approximation (dashed line in
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Figure 6.2: Angular distribution of the real-photon capture cross section for a
deuteron beam of 180 MeV. Our results are shown as full circles. The statistical
error-bars are included in the size of the markers. Also displayed on the data-
point at 90◦ is the systematic uncertainty due to the efficiency correction. For
other error-bars, see text. Our data are compared to the models of Korchin (full
line) [Kor 98], Fäldt (dashed line) [Fal 93] and Deltuva (thin dotted line) [Del 04].

Fig. 6.2), except for the point at 27◦. Nevertheless, within their systematical error-
bars, our data are in good agreement with both the relativistic gauge-invariant and
CB-Bonn potential model. It is therefore not possible to decide which model
describes the experimental data with the best accuracy.

Moreover, it was concluded from Fig. 2.3 p. 21 that the data of Yagata [Yag 02]
resulting from a similar study at 200 MeV are in good agreement with the calcu-
lations of Korchin at the same beam energy (see Section 2.2). Since our data are
consistent with the model of Korchin at 180 MeV, it can be concluded that this
data-set is also in good agreement with ours.
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6.3 Virtual-photon capture: p + d →3He + e+e−

The method to analyze the deuteron-proton virtual-photon capture reaction
has been developed in Section 5.3.2 p. 63. In the following part, the cross sec-
tions obtained from our data are presented and compared to the predictions of the
simulations. Then, the response functions are extracted. Due to the rather small
cross section, our results have been integrated over the phase-space covered by
our setup.

6.3.1 Cross section of the virtual-photon reaction
To extract the cross section for the virtual-photon reaction, Eq. 6.2 and Eq. 6.3
have been used. We refer to Section 6.2 p. 79 for the calculation of the luminosity
and to Section 5.4.1 p. 69 for the efficiency and acceptance corrections.

To determine Ncounts, the number of counts as a function of the φ-angle of
the virtual-photon has been plotted for every ring (see the example of ring 3 Fig.
6.3). The peak shape is due to the acceptance of the BBS. Indeed, at φγ∗ = 0, all
helium particles are detected by the spectrometer, which is not the case for larger
angles, as previously shown on Fig. 5.7 p. 64. Consequently, the number of counts
at φγ∗ = 0 ± 20◦ is used to extract the cross section from our experimental data.
The same method has been used for the simulations, with the same selections and
acceptance corrections.

Fig. 6.4 presents the acceptance-corrected cross sections as a function of the
center-of-mass angle θCM (top) and the invariant mass Mγ (bottom). Our data
(full circles) are compared to the simulations resulting from two different mo-
dels: the covariant impulse approximation developed by Fäldt (dashed line) and
the relativistic gauge-invariant model by Korchin (full line). Those simulations are
analyzed in the same way as the data, which implies that they are calculated per
ring. For example, ring 3 (backward angles) corresponds to θCM = 33◦, and ring
10 (forward angles) corresponds to θCM = 97◦. Rings 1 and 2 were not analyzed
due to their too low statistics. The error-bars indicate the statistical errors only.
The error-bar of the point at 97◦ is included in the size of the marker. However,
the combined effect of the statistical and systematical uncertainties can be seen on
the data-point at 90◦, which result from the efficiency-correction (1.2 %, cf. p. 72)
and the target thickness and charge estimation (6 % and 3 %, respectively - see
Section 6.2), in a total uncertainty of 7 %.

From the observation of Fig. 6.4, it can be concluded that, in the case of
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Figure 6.3: Distribution of the φ angle of the virtual photon for ring 3, i.e. θγ =
135 ± 5◦.

the virtual-photon capture, the different models are in better agreement with each
other than was noticed for the real-photon reaction. Indeed, Fäldt’s model under-
predicts Korchin’s by about 10 % for θCM > 60◦, whereas, in the case of the real-
photon capture, cross sections up to 17 % lower than predicted by the relativistic
gauge-invariant model were calculated over the whole θCM range.

Generally, the theory is consistent with our data. However, the simulations
seem to over-predict the data slightly at low invariant masses. This feature will
also be observed for the extraction of the response functions, as shown in the
following section.

6.3.2 Response functions
As previously explained, due to the low cross section, our data need to be inte-
grated over a large bin-size. Therefore, after having verified that the simulations
are in good agreement with the discrete theory (see Section 3.6 p. 36), one needs
to integrate the simulated data over the same phase-space as the real data were
measured. The obtained theoretical results are then compared to the integrated
experimental data.



84 CHAPTER 6. ANALYSIS AND COMPARISON TO THEORY

θCM (deg)

dσ
/d

Ω
 (n

b/
sr

)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0 20 40 60 80 100 120 140 160 180

Mγ (MeV)

dσ
/d

Ω
dM

γ (
nb

/s
r/

M
eV

)

10
-2

15 20 25 30 35 40 45 50 55 60

Figure 6.4: Cross section as a function of the center-of-mass angle (top) and the
invariant mass of the virtual photon, for θCM = 60◦ ± 5◦ (bottom). Our results
are presented as full dots, for Mγ > 15 MeV , and compared to the simulation
obtained from the relativistic gauge-invariant model (full line) and the covariant
impulse approximation (dashed line). The error-bars are statistical. The error-bar
of the point at 97◦ is included in the size of the marker. The data-point at 90◦

shows the combination of the statistical and systematic uncertainties.
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For the calculation of the response functions, we refer to Eq. 6.13 and Eq. 6.15
p. 78. To extract the RF’s, the numerator is obtained from the experimental data,
and the denominator from the simulation. Eq. 6.13 and Eq. 6.15 can therefore be
re-written as follows:

Wj =

∑

i σi gji
(experimental data)

∑

i Ri fji
g2

ji
(simulation)

(6.16)

with i running over the events, and j over the type of response functions.
Since the integration is performed over a large bin-size, averaged response

functions are extracted. Thus, in the following, all shown response functions are
those averaged RF’s. Fig. 6.5 and Fig. 6.6 show the results of the extraction of
the four response functions WT , WL, WTT and WLT (full circles), and compare
them to the predictions of the relativistic gauge-invariant model. For all figures,
the WT contribution is represented as full line, WL as dashed, WTT as dotted and
WLT as dashed-dotted. The thicker line is the sum of all contributions, and thus
should describe the data.

Extraction of WT and WL

The extractions of WT and WL are presented in Fig. 6.5. Due to the necessary
large bin-size of the integration, the contributions of the other response functions
are not always integrated to zero and therefore lead to parasitic contributions in
the wanted response function.

In the case of the transverse response function, the influence of WL, WTT and
WLT is small. WT is consequently mostly determined by its own contribution.
As mentioned in Section 6.1.2, the analysis should be performed over a reduced
data-set for which θl is small. However, in our case, reducing the contribution of
WL would not have a significant influence on the results.

The data and the theory are in good agreement with each other, especially at
large invariant masses. However, the simulation over-predicts the data at small
invariant masses, which is consistent with the observations made for the study of
the cross section.

The longitudinal response function WL, on the other hand, is influenced by
the large contribution of the transverse response function: the contribution of WL

represents only 13 % of the total amplitude, while WT contributes up to 62 %. An
attempt was therefore made to enhance the contribution of WL by analyzing a sub-
set of events for which 65◦ < θl < 115◦. However, this method was unsuccessful.
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This can be explained by the fact that, as shown in Fig. 5.13 p. 73, the acceptance
of our data drops for θl < 40◦ and θl > 140◦, i.e. our data have intrinsically a
selection which enhances WL. It is therefore not possible to significantly improve
our results, and WL can not be extracted independently.

Extraction of WTT and WLT

The extraction of the transverse-transverse and the longitudinal-transverse re-
sponse functions (Fig. 6.6) led to accurate results from which the following con-
clusions on the model can be drawn:

• The trend of the contribution of WTT in Fig. 6.6-top is incorrectly predicted.
Our data seem to indicate that its amplitude should largely decrease with
Mγ .

• The sign of the contribution of WLT in Fig. 6.6-bottom seems incorrectly
predicted: if the sign was positive, the simulation would agree with our
results.

The extraction of these response functions is difficult, as can be concluded
from the observation of Fig. 6.7. The distribution of gTT and gLT as a function
of the dihedral angle φl indicates that the integration of gTT and gLT is not zero
within the phase-space coverage of our setup. gTT and gLT are therefore expected
to bring a negative contribution to the response functions WTT and WLT .

In order to facilitate the derivation of WTT and WLT , one can focus the analysis
on a reduced phase-space area, where the experimental acceptance of φl is flat. As
explained in Section 5.3.2 and shown on Fig. 5.11-top p. 68, events for which the
virtual photon is directed towards the center of the Plastic Ball (θγ∗ = 90◦ ± 10◦),
with an opening angle θe+e− < 40◦, are selected.

Requiring these conditions, Fig. 6.8 shows the extracted response functions
WTT (top) and WLT (bottom), for both the models of Korchin (left) and of Fäldt
(right).

It can be concluded that this strict event selection has enabled the extraction
of the response function WTT . The contributions of the parasitic RF’s are indeed
small. However, our data seem to imply that the contribution of WTT should
decrease with Mγ .

In the case of WLT , on the other hand, the influence of the contribution of WT

is large. The sign of the contribution of WLT seems to agree with our results.
However, its amplitude should be larger.
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Figure 6.5: Extracted WT and WL (circles), compared with the predictions of the
relativistic gauge-invariant model (thick line). Also shown are the contributions
of WT (full line), WL (dashed line), WTT (dotted line), WLT (dashed-dotted line).
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Figure 6.6: Extracted WTT and WLT (circles), compared with the predictions of
the relativistic gauge-invariant model (thick line). Also shown are the contribu-
tions of WT (full line), WL (dashed line), WTT (dotted line), WLT (dashed-dotted
line).
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Figure 6.7: Simulated gTT and gLT as a function of the dihedral angle φl, within
the acceptance of our setup.
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6.4 Conclusion on the analysis

To summarize the previous results presented in this chapter, one can conclude
that our real-photon capture data are in good agreement with the relativistic gauge-
invariant model of Korchin and with the CD-Bonn potential model of Deltuva.
The covariant impulse approximation theory of Fäldt, on the other hand, has an
amplitude up to 17 % smaller than our results.

In the case of virtual-photon capture, however, the difference between the
models of Fäldt and Korchin is less pronounced. The amplitude of the cross
section of the former is only up to 10 % smaller than the latter. Comparisons
to the model of Deltuva were not performed since we did not have access to the
calculations for this reaction.

Our results of the cross sections are in good agreement with both theories used.
Moreover, the transversal response function WT is relatively well reproduced by
the relativistic gauge-invariant model. However, the large influence of WT in
the extraction of WL did not allow us to draw strong conclusions concerning the
longitudinal response function.

The study of WTT and WLT was also difficult. However, the accuracy of our
experimental results allowed us to draw conclusions on the calculations: it seems
that the amplitude of WTT is incorrectly predicted and that the sign of WLT is
inverted.

Moreover, the analysis of these two RF’s was also performed on a restricted
data-set (Fig. 6.8) in order to reduce the limitation due to the phase-space coverage
of the setup. One notices that the response functions obtained with the relativis-
tic gauge-invariant model of Korchin and the covariant impulse approximation
theory of Fäldt are similar and have the same shape. However, the differences
between our experimental results and the simulations do not allow us to decide
which theoretical model describes the experimental response functions with the
better precision.
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Figure 6.8: Interference response functions extracted in a reduced phase space
area (see text). WTT (top) and WLT (bottom) calculated with the relativistic
gauge-invariant model of Korchin (left) and the covariant impulse approximation
theory of Fäldt (right). Also shown are the contributions of WT (full line), WL

(dashed line), WTT (dotted line), WLT (dashed-dotted line) and the sum of all
contributions (thick full line).
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