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Avant-propos

The short title clearly indicates that this book is about t-motifs. I have
tried to come up with a title that would capture slightly more of the
contents of this book, but all considered alternatives either did injustice
to one or more parts of the text, or were simply too long to be entered
into a library catalogue. The reader will easily be able to get an idea of
what themes are treated from the table of contents and the introduction.
I believe that, despite the range of topics, the present text is reasonably
consistent and self-contained. It should be accessible to most mathe-
maticians interested in this subject, even if they have had little or no
prior experience with it. It is my hope that also those who have studied
t-motifs during many years of active research will find something new
and interesting in it.

Whereas the book owes a lot to the scrutiny of the assessment com-
mittee, it would not have existed if it were not for my supervisors Marius
van der Put and Jaap Top. I am exceedingly grateful for their guidance,
for our brain-storming sessions, for their insistence upon examples and
accessible exposition, for accepting me as a full member of our research
group. It is a pleasure to thank Jan Van Geel for having introduced
me to Dutch Mathematics, and to thank the Algebrists, Geometers, and
Number Theorists in the Netherlands and in Groningen in particular for
having made me feel at home.

To write a thesis is to produce a manuscript on an unfamiliar subject
in a given number of years. To make this into a pleasure instead of a bur-
den requires more than love for Mathematics and an enjoyable working
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environment. It demands the warmth and support I have found with
my parents, my sister, and with my friends. In particular, these beauti-
ful years would have been unthinkable without Dimitry and Eleonora.
This book is for them.

L. T.
Groningen
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Introduction

Let k be a finite field and k[t] a polynomial ring in one variable t. The
ring k[t] shares many a property with the ring of integers Z. This resem-
blance has been the subject of a long history of research, and up to today
insights in one of the two arithmetical universes—Z and k[t]—continue
to inspire the study of the other.

This thesis intends to make a contribution towards understanding
the differences and similarities between Anderson’s t-motifs (k[t]) and
Grothendieck’s motifs (Z). Such a comparison is bound to be rather
formal, since t-motifs are defined in a direct way, while motifs arise from
algebraic varieties in an implicit construction. The former are defined to
be certain modules over a certain ring, the latter are objects from the tar-
get category of a universal cohomology theory of algebraic varieties. It
should also be stressed that the existence of the latter (with its attributed
properties) is only conjectural.

In Chapters 1, 2 and 3 of this manuscript a Tannakian formalism of
t-motifs is set up. This means that a certain category of t-motifs is built
that is equivalent with the category of representations of some affine
group scheme Γ. Such a category is known, by the work of Anderson

and Papanikolas. Our construction is similar, but differs in two points.
The first is the lack of any finiteness conditions with respect to the skew
polynomial ring K[σ]. This disconnects the theory from its more geo-
metrical dual view-point of endomorphisms of additive group schemes,
but also allows for greater flexibility. The second deviation is the use of
the formal inversion of the Carlitz t-motif (the brother of the Lefschetz
motif) in closing the theory under internal hom. This is of course in-
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spired by the analogous construction for classical motifs. The resulting
category is an explicit one in which the field of definition of an object
and the isomorphism classes within an isogeny type become tangible.

In Chapter 4 it is shown that the group of components of Γ can be
identified with the absolute Galois group of the base, modulo a certain
fact that is proven in Chapter 8.

Chapter 5 studies a particular kind of t-motifs which, when com-
pared with the classical motifs, could be considered pathological. Its
abelian objects are studied and this leads to a universal pro-torus that
is—perhaps surprisingly—very similar in nature to the pro-torus that
plays a central role in Serre’s study of abelian `-adic Galois representa-
tions.

Chapter 6 recalls the ‘t’-theory of Diedonné modules (due to Lau-
mon) and relates it to weights of t-motifs. Nothing in this chapter is
original, except possibly the philosophical digression which ends it.

The category of t-motifs is not semi-simple. This is of course no
surprise, given that the category of representations of an affine group
scheme in characteristic p is almost never semi-simple. In Chapter 7

extensions of t-motifs are analysed, thus shedding some light on the
obstructions to semi-simplicity.

Periods of t-motifs are introduced in Chapter 8. They can be inter-
preted as defining an ‘enriched’ fibre functor related to the infinite prime
of k[t]. We prove that this functor is fully faithful on pure t-motifs. All
this is very close to Anderson’s theory of scattering matrices. However
our proof is direct, and does not fall back to geometrical considera-
tions of additive group schemes. We should also mention that Pink has
sketched an approach to constructing a period functor that can handle
non-pure t-motifs properly. Unfortunately, no progress has been made
on this front.

Finally, Chapters 9 and 10 are devoted to the study of some ‘Shimura
varieties’ classifying t-motifs. More precisely, they use periods to give
an analytic description of the moduli spaces introduced by Laumon,
Rapoport, and Stuhler in their proof of the local Langlands conjecture
in characteristic p. These chapters stand a bit apart from the preceding
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ones. Although at some points results from those earlier chapters are
used, those could have been avoided—one can do with no more than
the 1986 paper by Anderson.

The interdependence of the Chapters is summarised in the following
diagram:

1

2
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Notation

Before we start off, some remarks on notation should be made.
Equalities, natural isomorphisms and fixed chosen identifications are

all denoted by the sign ‘=’. The addition of ‘def’ on top of the equality
sign as in ‘def=’ means that the left hand side is being defined to be equal
to the right hand side. The symbol ‘≈’ is used to indicate non-canonical
isomorphism.

Let R be a ring and τ : R → R an endomorphism of R. An additive
function σ between two left R-modules is said to be semi-linear with
respect to τ if it satisfies the identity σ(rm) = τ(r)σ(m). In this thesis
(almost) all semi-linear functions are denoted by the Greek letter σ, and
the different endomorphisms according to which they are semi-linear
are all denoted by τ. This will hopefully not lead to confusion.

Finally, we have adopted the not-so-very-standard notation A  B
to indicate that B depends on A in a functorial way, in other words, that
A 7→ B is a functor.
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Chapter 1

Effective t-Motifs:
a Motivated Definition

1.1 Galois Representations

1.1.1. Let K be a field and Ks a separable closure of K. With a smooth and
projective algebraic variety X over K one associates `-adic cohomology
groups,

X  H•ét(XKs , Q`) = H•ét(XKs , Z`)⊗Z Q,

for every prime number ` coprime to the characteristic of K. These
are finite dimensional Q`-vector spaces equipped with a continuous ac-
tion of the absolute Galois group GK

def= Gal(Ks/K). One knows that a
number of invariants of these cohomology groups are independent of
`—dimension, characteristic polynomials of Frobenius—yet there is no
direct way of relating these various cohomologies.

Grothendieck has had the idea that the different `-adic cohomology
theories could be mere manifestations of a more profound cohomology
with Q-coefficients. He conjectured a factorisation of the above functor
as

X  h(X, Q)  H•ét(XKs , Q`) (1.1)

through an object h(X, Q), independent of `, which he baptised the motif
of X. This object is conjecturally a finite dimensional Q-linear represen-
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tation of some universal affine group scheme over Q, at least when K is
of characteristic zero.(1)

1.1.2. Now let k be a finite field of q elements and K any field con-
taining k. Representations of GK with coefficients in k are consider-
ably more accessible than representations with characteristic zero coef-
ficients, largely because of this:

Theorem. The following two categories are equivalent.

• Pairs (H, ρ) of a finite dimensional k-vector space H and a continuous
homomorphism ρ : GK → GL(H),

• Pairs (V, σ) of a finite dimensional K-vector space V and an additive
map σ : V → V satisfying σ(xv) = xqv and such that Kσ(V) = V.

An equivalence is given by the mutually inverse functors

• H  V(H)
def
= (H ⊗k Ks)GK (invariants under GK), and,

• V  H(V)
def
= (V ⊗K Ks)σ (invariants under σ).

Note that if K is not perfect Kσ(V) need not coincide with σ(V), as
can be seen already when (V, σ) = (K, x 7→ xq).

The Theorem can be read as a characteristic p Riemann-Hilbert cor-
respondence: σ has the traits of a connexion on the ‘bundle’ V, while ρ

makes H into a local system of k-vector spaces for the étale topology on
Spec K.

Proof of the Theorem. (2) Consider a pair (H, ρ). The profinite group GK
acts continuously on the Ks-vector space H ⊗k Ks through the simulta-
neous action on both factors of the tensor product. This space has an
invariant Ks-basis by ‘Hilbert 90’ for GL(n) (see the appendices, b.1.1).
Thus the map

(H ⊗k Ks)GK ⊗K Ks → H ⊗k Ks

defined by
(h⊗ x)⊗ y 7→ h⊗ xy

(1)For background on Grothendieck’s theory of motifs, the reader is advised to
consult the lecture [Serre 1991] or the monograph [André 2004].

(2)See also Proposition 4.1 of [Pink and Traulsen 2006].
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is an isomorphism. By construction it is equivariant under the action of
σ and taking invariants one obtains an isomorphism:

H(V(H)) =
(
(H ⊗k Ks)GK ⊗K Ks)σ ≈ (H ⊗k Ks)σ = H.

Now start with a (V, σ). The action of σ on extends to an action on
the Ks-space V ⊗K Ks by σ(v⊗ x) = σ(v)⊗ xq. By Lang’s ‘Hilbert 90’
Theorem (see b.2.1) V ⊗K Ks has a σ-invariant basis and it follows that
the map

(V ⊗K Ks)σ ⊗k Ks → V ⊗K Ks : (v⊗ x)⊗ y 7→ yxv

is an isomorphism. It is GK-equivariant and taking invariants yields the
isomorphism

V(H(V)) = ((V ⊗K Ks)σ ⊗k Ks)GK ≈ (V ⊗K Ks)GK = V.

Thus V(−) and H(−) are mutually inverse equivalences.

1.1.3. Assume given a free and finitely generated K[t]-module M to-
gether with a k[t]-linear map σ : M→ M satisfying σ(xm) = xqm for all
x ∈ K. Assume also that the K-vector space Kσ(M) is of finite codimen-
sion in M.

Fix an irreducible monic polynomial λ ∈ k[t] and consider M/λnM.
This is a finite dimensional K-vector space and since λ and σ commute,
the semi-linear action of σ on M carries over to an action on the quo-
tient. For all but finitely many ‘bad’ λ the resulting action on the quo-
tient M/λnM satisfies Kσ(M/λnM) = M/λnM. For a ‘good’ λ (and
all n) one can thus apply the functor H of the Theorem. The resulting
H(M/λnM) becomes a k[t]/λnk[t]-module by transport of structure and
taking limits yields a functor

M Hλ(M) def=
(

lim←−
n

H(M/λnM)
)
⊗k[t] k(t) (1.2)

that associates with the pair (M, σ) a continuous representation of GK on
a k(t)λ-module of finite dimension equal to rkK[t] M. It is continuous for
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the λ-adic topology since for every n the representation on H(M/λnM)
is continuous.

It is tempting to interpret the collection of functors (1.2)—one for
every good place λ—as an analogue to the second functor in (1.1) and we
will see in the following chapters that there are in fact many similarities
between the modules (M, σ) and the conjectural motifs h(X, Q).

1.1.4. Now let again K be an arbitrary field and ` a prime number dif-
ferent from the characteristic of K. Denote by µ`n(Ks) the set of `n-
th roots of unity in Ks. The ring Z/`nZ acts naturally on µ`n(Ks) via
(m + `nZ, ζ) 7→ ζm. This action commutes with the obvious action of
GK. Taking the projective limit over n one thus obtains a continuous
representation of GK on the rank one Z`-module µ`∞

def= lim←− µ`n . This
`-adic representation is denoted by Z`(1), and after extension of scalars
by Q`(1) def= Z`(1)⊗Z Q. Furthermore, representations Q`(i) are defined
for all integers i as Q`(i) def= Q`(1)⊗i.

The representations Q`(i) are intimately related to class field theory.
For example, when K = Q, the following property characterises Q`(i):

Proposition. Let p 6= ` be a prime number, then Q`(i) is unramified at p and
a Frobenius element gp ∈ GQ at p acts on Q`(i) as multiplication with pi.

The Q`(i) with i ≤ 0 occur inside various `-adic cohomology groups.
One has for example:

H2d
ét (Pd

Ks , Q`) = Q`(−d).

The representation Q`(i) with i positive, however, cannot occur as a
piece of the `-adic cohomology of some smooth and projective vari-
ety over, say, a number field, since on these groups the traces of ge-
ometric Frobenius—inverse to the arithmetic Frobenius of the above
Proposition—must be algebraic integers.(3)

It is most important to note that the prime p plays two very distinct
roles in the Proposition. It is staged as a prime of the base field K = Q,

(3)By a Theorem of Deligne (the ‘Weil Conjectures’), see [Deligne 1974].
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in the guise of the Frobenius gp, and it features as an element of the

coefficient field Q`, as multiplication with pi.

1.1.5. Now put K = k(θ), the function field of the projective line over
the finite field k. A prime of K is either ‘infinity’ or a monic irreducible
polynomial f ∈ k[θ], which we shall call a finite prime. In contrast with
the double role played by p in the previous paragraph, here primes of
the base K will be polynomials in θ, while elements of the coefficient fields
k(t)λ will be (germs of) functions in t.

Denote by C = (C, σ) the pair

C def= K[t]e with σ( f e) def= τ( f )(t− θ)e,

where τ( f ) is the polynomial in K[t] obtained by raising all coefficients
of f to the q-th power. The following property of C can be shown to
characterise C amongst those (M, σ) with M of rank one. It is essentially
due to Carlitz.(4)

Proposition. Let λ ∈ k[t] be monic and irreducible. If f = f (θ) ∈ k[θ] is a
finite prime of K with f (t) 6= λ then Hλ(C) is unramified at f and a Frobenius
element g f ∈ GK at f acts by multiplication with f (t)−1.

Proof. Denote the degree of f by d. The representation Hλ(C) is con-
structed from the H(C/λnC). Writing out their definition gives

H(C/λnC) = (Ks[t]e/λnKs[t]e)σ

=
{

x ∈ Ks[t]/λnKs[t] | τ(x)(t− θ) = x
}

.

Iterate the action of τ on an x in this set and obtain

τd(x)(t− θ)(t− θq) · · · (t− θqd−1
) = x.

The defining property of the Frobenius element g f is that it equals

τd after reduction modulo f (θ). Moreover, it acts on the k[t]-module
H(C/λnC) by endomorphisms. Thus, in order to conclude it suffices to
observe that

f (t) = (t− θ)(t− θq) · · · (t− θqd−1
)

as polynomials in t over the finite field k[θ]/ f (θ)k[θ].
(4)See [Carlitz 1935].
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Define an action of σ on the tensor product C⊗ C diagonally:

C⊗ C def= C⊗K[t] C with σ(a⊗ b) def= σ(a)⊗ σ(b),

and similarly for the higher tensor powers Ci (the number of factors i
being positive).(5) The previous Proposition generalises in a straightfor-
ward manner. Take λ 6= f (t), then

Proposition. g f acts on Hλ(Ci) as multiplication with f (t)−i.

1.2 Effective t-Motifs

1.2.1. As before, k is a field of q elements and K a field containing k. Fix
a homomorphism k[t]→ K of k-algebras and denote the image of t by θ.
This homomorphism is to play the role of the canonical homomorphism
from Z into an arbitrary field. Its kernel replaces the notion of the char-
acteristic of a field—K itself is of course always of positive characteristic
p. We shall frequently refer to ‘the field K’, this is silently understood to
contain the structure homomorphism k[t]→ K.

Denote by τ the endomorphism of K[t] determined by τ(x) = xq for
all x ∈ K and τ(t) = t.

The following definition goes back to [Anderson 1986], although
here a slightly less restrictive form is used.

Definition. An effective t-motif of rank r over K is a pair M = (M, σ)
consisting of

• a free and finitely generated K[t]-module M of rank r, and,

• a map σ : M → M satisfying σ( f m) = τ( f )σ(m) for all f ∈ K[t]
and m ∈ M,

such that the determinant of σ with respect to some (and hence any)
K[t]-basis of M is a power of t− θ up to a unit in K.

(5)We use the exponential notation for tensor products (V2 def= V ⊗V) and the mul-

tiplicative notation for direct sums (2V def= V ⊕V).

12



The condition on the determinant guarantees that the Galois repre-
sentation Hλ(M) is well-defined for all but at most one place λ, the
possible exception being the kernel of k[t]→ K.

A morphism of effective t-motifs is a morphism of K[t]-modules
making the obvious square commute. The group of morphisms is de-
noted Homσ(M1, M2). The resulting category of effective t-motifs over
K is denoted by tMeff(K) or simply by tMeff.

1.2.2. For any field k[t]→ K, the pair

C def= K[t]e with σ( f e) def= τ( f )(t− θ)e

that we already encountered is an effective t-motif and we will call it the
Carlitz t-motif.

1.2.3. Define the tensor product of two effective t-motifs as

M1 ⊗M2
def= M1 ⊗K[t] M2 with σ(m1 ⊗m2)

def= σ(m1)⊗ σ(m2).

This is again an effective t-motif.
The pair (K[t], τ) is an effective t-motif which we shall denote 1. We

call it the unit t-motif, since for every M, one has natural isomorphisms
M⊗ 1 = M and 1⊗M = M.

1.2.4. If M1 and M2 are effective t-motifs then Hom(M1, M2) is naturally
a k[t]-module.

Proposition. Hom(M1, M2) is free and finitely generated over k[t].

Proof. (6) It is sufficient to show that the natural map

Homσ(M1, M2)⊗k K → HomK[t](M1, M2)

is injective. Assume that this is not the case, that is, that there exist
k-linearly independent fi ∈ Homσ(M1, M2) and scalars xi ∈ K with

f0 + x1 f1 + · · ·+ xn fn = 0 in HomK[t](M1, M2). (1.3)

(6)See Theorem 2 of [Anderson 1986].
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and assume n to be minimal. The fi are σ-equivariant, thus

f0(σm) + xq
1 f1(σm) + · · ·+ xq

n fn(σm) = 0 ∀m ∈ M1.

and since σM1 ⊂ M1 is free and of finite codimension

f0 + xq
1 f1 + · · ·+ xq

n fn = 0 in HomK[t](M1, M2). (1.4)

Subtract (1.4) from (1.3) to obtain

(x1 − xq
1) f1 + · · ·+ (xn − xq

n) fn = 0

and deduce from the minimality of n that all coefficients vanish, thus
that the xi are in k, which contradicts the independence of the fi.

1.2.5. To write down an effective t-motif of rank r, choose a K[t]-basis
e = (ei) of M and express the action of σ as σ(e) = Se for some S ∈
M(r × r, K[t]) whose determinant equals x(t − θ)d with x ∈ K× and
d a non-negative integer. Every such matrix S determines an effective
t-motif.

Given an M1 of rank r1 described on a basis by a matrix S1 as above,
as well as M2, r2 and S2, we have

Homσ(M1, M2) =
{

F ∈ M(r2 × r1, K[t]) | FS1 = S2τ(F)
}

and in particular, two matrices S1 and S2 determine the same effective
t-motif if and only if r1 = r2 = r and there exists an F ∈ GL(r, K[t]) such
that S1 = F−1S2τ(F).

1.2.6. Denote by K[σ] the ring whose elements are polynomial expres-
sions of the form

x0 + x1σ + · · ·+ xnσn

and where multiplication is determined by the rule

σx = xqσ.

Effective t-motifs are naturally left K[σ]-modules.(7)

(7)More on the structure of the ring K[σ] is in Appendix a.
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An effective t-motif may or may not be finitely generated over K[σ].
For instance: C is but 1 is not. When an effective t-motif M is finitely
generated over K[σ] then it is automatically free.(8)

In that case one can equip M with a free K[σ]-basis f = ( f j) and
express the action of t by t f = T f for some T ∈ M(d × d, K[σ]). A
matrix T ∈ M(d× d, K[σ]) determines an effective t-motif if and only if
T ≡ θ Id + N modulo σ, where N ∈ M(d× d, K) is a nilpotent matrix. To
recover the rank of M from T one cannot just take the determinant of T
since K[σ] is a non-commutative ring, but the degree of the Dieudonné
determinant is well-defined and one has rk(M) = deg det T (see Ap-
pendix a).

Given two such effective t-motifs M1, M2, equipped with K[σ]-bases
on which the action of t is expressed by T1 and T2 respectively, we have

Homσ(M1, M2) =
{

G ∈ M(d2 × d1, K[σ])| GT1 = T2G
}

and in particular, M1 and M2 are isomorphic if and only if d1 = d2 = d
and there exists a G ∈ GL(d, K[σ]) such that T1 = G−1T2G.

1.3 Example: Drinfeld Modules

1.3.1. Let M be an effective t-motif that is free of rank 1 as K[σ]-module.
Denote by Z the centre of the endomorphism ring of M. Thus Z is a
k[t]-algebra of finite rank. The following is shown in [Drinfel′d 1974]:

Theorem. There exists a projective curve X over k and a closed point ∞ ∈ X
such that Z ≈ H0(X − ∞,OX). If moreover k[t] → K is injective, then
End(M) = Z.

1.3.2. Next, fix a k[t]-algebra A such that the spectrum of A is X −∞
for some smooth projective curve X and a closed point ∞ ∈ X. We call a

(8)Lemma 1.4.5 of [Anderson 1986]. Note that in Anderson’s paper only modules
that are finitely generated over K[σ] are considered. In fact, what Anderson calls a
‘t-motive’ is in our language an ‘effective t-motif that is finitely generated over K[σ].’
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Drinfeld A-module(9) an effective t-motif M that is free of rank one over
K[σ] together with an injective homomorphism A → End(M). Such an
M is a projective and finitely generated A⊗ K-module. The rank of M
over A⊗ K is called (abusively) the A-rank of M. The Carlitz motif C
is a Drinfeld k[t]-module of k[t]-rank 1, but its higher tensor powers are
not Drinfeld modules. Also shown in loc. cit. is:

Theorem. Over a separably closed field K, Drinfeld A-modules of arbitrary
A-rank exist.

(9)Introduced in [Drinfel′d 1974], where the term ‘elliptic module’ is used. Warn-
ing: one usually studies Drinfeld modules in the category opposite to the category of
effective t-motifs.
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Chapter 2

Duality and t-Motifs

In the present chapter the category of effective t-motifs will be extended
to a slightly larger category which has internal homs. The objects in the
resulting category will be called t-motifs.

2.1 Internal Hom

2.1.1. Let M1 and M2 be effective t-motifs over K. Inspired by the theory
of linear representations of groups we could try to assign to M1 and M2
an effective t-motif of internal homomorphisms as

Hom(M1, M2)
def= HomK[t](M1, M2) with σ( f ) def= σ ◦ f ◦ σ−1,

where σ ◦ f ◦ σ−1 is to be read as σ2 ◦ f ◦ σ−1
1 . This does, however, not

make sense, since σ1 need not be invertible. First of all, K need not be
perfect, and secondly—more seriously—the determinant of σ1 is (t− θ)d

up to a constant, and hence not invertible if d > 0.

2.1.2. This can be partially resolved. Write Ka for some algebraic closure
of K. Note that after extension of scalars from K[t] to Ka(t) the induced
action of σ on M1 ⊗K[t] Ka(t) is invertible.

Proposition. For n sufficiently large, the subgroup

HomK[t]
(

M1, M2 ⊗ Cn) ⊂ HomKa(t)
(

M1 ⊗ Ka(t), M2 ⊗ Cn ⊗ Ka(t)
)
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is stable under f 7→ σ ◦ f ◦ σ−1.

Proof. Choose bases and express σ on M1 and M2 by matrices S1 and S2
respectively. Then M2 ⊗ Cn has a basis on which σ is expressed by the
matrix (t− θ)nS2. The map f 7→ σ ◦ f ◦ σ−1 translates to a map

M(r2 × r1, Ka(t))→ M(r2 × r1, Ka(t)) : F 7→ F′

with

F′ = (t− θ)nS2τ(Fτ−1(S−1
1 ))

= (t− θ)nS2τ(F)S−1
1 (2.1)

The Proposition claims that M(r2 × r1, K[t]) is mapped into itself. But
since the determinant of S1 is a power of (t− θ), the matrix (t− θ)nS−1

1
has entries in K[t] when n is sufficiently large. This immediately implies
that M(r2 × r1, K[t]) is mapped into itself.

2.1.3. It follows from the explicit formula (2.1) that σ( f ) def= σ ◦ f ◦ σ−1

induces the structure of an effective t-motif on HomK[t](M1, M2⊗Cn) for
large n. We shall denote it by Hom(M1, M2 ⊗ Cn). These internal homs
are stable for growing n in the sense that there are natural isomorphisms

Hom(M1, M2 ⊗ Cn)⊗ C → Hom(M1, M2 ⊗ Cn+1) (2.2)

relating them.

2.2 t-Motifs

2.2.1. The previous section hints that the obstruction to having internal
homs will be lifted as soon as the Carlitz t-motif is made invertible.(1)

This can be done quite easily, because of the following:
(1)Very reminiscent of the inversion of the Lefschetz motif in the construction of the

category of pure motifs: If X is a smooth and projective variety of dimension d then
`-adic Poincaré duality defines a perfect pairing

Hi
ét(XKs , Q`)× H2d−i

ét (XKs , Q`)→ Q`(−d)

which suggests that the motif hi(X, Q) is dual to h2d−i(X, Q) shifted by the d-th power
of the Lefschetz motif. See §4.1 of [André 2004].
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Lemma. If M1 and M2 are effective t-motifs, then the natural map

Homσ(M1, M2) → Homσ(M1 ⊗ Cn, M2 ⊗ Cn)

that takes f to f ⊗ id is an isomorphism.

Proof. Note that f 7→ f ⊗ id defines a natural isomorphism

HomK[t](M1, M2) → HomK[t](M1 ⊗ Cn, M2 ⊗ Cn)

of K[t]-modules. An element g = f ⊗ 1 of the latter is a morphism of
effective t-motifs if and only if it satisfies

(t− θ)nσ2 ◦ f = f ◦ (t− θ)nσ1

which is equivalent with σ2 ◦ f = f ◦ σ1, that is, with f being an element
of Homσ(M1, M2).

2.2.2. Now we are ready to make the following definition.

Definition. A t-motif is a pair (M, i) consisting of an effective t-motif M
and an integer i ∈ Z. Morphisms between t-motifs are defined by

Homσ

(
(M1, i1), (M2, i2)

) def= Homσ

(
M1 ⊗ Cn+i1 , M2 ⊗ Cn+i2

)
,

for n sufficiently large. The resulting category is denoted by tM(K) or
simply by tM.

It suffices to take n ≥ max(−i1,−i2) in the definition. The module
of morphisms is independent of n by the preceding Lemma.

The functor M  (M, 0) is fully faithful and we will identify tMeff
with its image in tM.

2.2.3. The natural isomorphism between M⊗ Cn+1 and M⊗ Cn ⊗ C de-
fines a distinguished isomorphism of t-motifs

(M, i + 1) = (M⊗ C, i). (2.3)

In particular, we can identify Ci with (1, i). But note that (1, i) is an
object in tM even when i is negative.
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2.2.4. The operations ⊕ and ⊗ and Hom extend from the category of
effective t-motifs—or parts thereof—to the full category of t-motifs:(

M1, i1
)
⊕
(

M2, i2
) def=

(
M1 ⊗ Cn+i1 ⊕ M2 ⊗ Cn+i2 , −n

)
(

M1, i1
)
⊗
(

M2, i2
) def=

(
M1 ⊗M2, i1 + i2

)
Hom

(
(M1, i1), (M2, i2)

) def=
(
Hom(M1, M2 ⊗ Ci1−i2+n), −n

)
The occurrences of n in these definitions should be read ‘with n suffi-
ciently large’. Using the isomorphisms (2.2) and (2.3), one verifies that
these are independent of n and coincide with the operations on effective
t-motifs, whenever defined.

2.2.5. From now on we will often drop the integer i from the notation
and write M for a t-motif, effective or not.

As usual, we define the dual of a t-motif M to be M∨ def= Hom(M, 1).
The operations of direct sum, tensor product, duality and internal hom
satisfy the expected relations—those familiar from the theory of linear
representations of groups. In particular, there is an adjunction formula

Hom(M1 ⊗M2, M3) = Hom(M1,Hom(M2, M3)). (2.4)

Also, taking duals is reflexive: the natural morphism

M→ (M∨)∨ (2.5)

is an isomorphism. And finally, Hom is distributive over ⊗ in the sense
that the natural morphism

Hom(M1, M3)⊗Hom(M2, M4)→ Hom(M1 ⊗M2, M3 ⊗M4), (2.6)

is an isomorphism. Proofs of these three statements are given in the
coming paragraphs. Assuming them for now, we can show:

Theorem. tM is a rigid k[t]-linear pre-abelian tensor category.(2)

(2)That is: a rigid k[t]-linear ⊗-category that is also pre-abelian. Appendix c reviews
terminology on ⊗-categories.
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Proof. The category tM is evidently a k[t]-linear tensor category.
For tM to be pre-abelian it needs to have kernels and cokernels.

All morphisms in tM become morphisms of effective t-motifs after an
appropriate shift with a tensor power of the Carlitz motif. It is thus
sufficient to show that tMeff has kernels and cokernels.

Let M1 → M2 be a morphism of effective t-motifs. Its group-theoretic
kernel is automatically a t-motif and a kernel in the category tMeff. The
cokernel of f in the pre-abelian category of free K[t]-modules—the ordi-
nary cokernel modulo torsion—inherits an action of σ and one verifies
that this defines an effective t-motif and a cokernel of f in tMeff. Hence
tM is pre-abelian.

That it is rigid means by definition that there is a bifunctor Hom for
which the stated adjunction formula, the reflexivity and the distributiv-
ity hold.

2.2.6. Proof of the adjunction formula. After a shift by powers of the Car-
litz motif, we may assume that the M1, M2, and M3 occurring in (2.4)
are effective t-motifs and that the Hom that occurs in the adjunction
formula is well defined in the sense of 2.1.2.

There is certainly a natural isomorphism of K[t]-modules

HomK[t](M1 ⊗M2, M3) = HomK[t](M1, Hom(M2, M3)), (2.7)

mapping an element f of the left hand side to

g : m1 7→ (m2 7→ f (m1 ⊗m2)).

The map f is a morphism of t-motifs when it satisfies

f ◦ (σ1 ⊗ σ2) = σ3 ◦ f (2.8)

while g is a morphism of t-motifs when it satisfies

g(σ1(m1)) ◦ σ2 = σ3 ◦ g(m1). (2.9)

Observe that (2.8) is verified if and only if (2.9) is, and hence that the
bijection (2.7) restricts to the claimed adjunction formula (2.4).
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2.2.7. Proof of the reflexivity and distributivity. First of all, the existence of
the maps (2.5) and (2.6) is a formal consequence of the adjunction for-
mula.(3) To see that they are isomorphisms, it suffices to note that on the
level of K[t]-modules, these are just the ordinary reflexivity and distribu-
tivity homomorphisms and hence they are isomorphisms of K[t]-mod-
ules. The claims then follow at once since a morphism of t-motifs is
an isomorphism if and only if it is an isomorphism on the underlying
K[t]-modules.

2.3 Isogenies

2.3.1. An isogeny between two effective t-motifs M1 and M2 is by def-
inition a morphism f ∈ Homσ(M1, M2) such that there exists a g ∈
Homσ(M2, M1) and a nonzero h in k[t] with f g = h id = g f .

The category whose objects are effective t-motifs over K and whose
hom-sets are the modules Homσ(−,−)⊗k[t] k(t) is denoted by tM◦

eff(K).
Sometimes we will refer to its objects as effective t-motifs up to isogeny.

2.3.2. Denote by M(t) the K(t)-module M⊗K[t] K(t). The action of σ on
M extends naturally and makes M(t) into a K(t)[σ]-module.

Proposition. The natural map

Homσ(M1, M2)⊗k[t] k(t) → HomK(t)[σ](M1(t), M2(t))

is an isomorphism.

Hence the functor M  M(t) is fully faithful on tM◦
eff. We shall

identify tM◦
eff with its image in the category of K(t)[σ]-modules. If we

take M1 and M2 in the Proposition to be the unit t-motif 1, we obtain
that the field of invariants K(t)σ equals k(t).

Proof of the Proposition.(4) Note that the map is k(t)-linear. Injectivity is
clear.

(3)See §1 of [Deligne and Milne 1982].
(4)See also the pre-print [Papanikolas 2005].
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To show surjectivity, choose K[t]-bases for M1 and M2 and express
the action of σ on them through matrices S1 and S2 (as in 1.2.5.) Ex-
pressed on the induced bases for M1(t) and M2(t), a K(t)[σ]-homomor-
phism from M1(t) to M2(t) is a matrix F over K(t) that satisfies

S−1
2 FS1 = τ(F). (2.10)

Let h be the minimal common denominator of the entries of F, that is,
the minimal monic polynomial in K[t] with the property that hF has
entries in K[t]. The minimal common denominator of the entries of the
right-hand-side τ(F) is τ(h) and the minimal common denominator of
the left hand side is (t − θ)rh for some r. Equating them yields r = 0
and τ(h) = h, hence the Proposition.

2.3.3. This Proposition has an important consequence:

Corollary. tM◦
eff is an abelian k(t)-linear tensor category. tM◦ is a rigid

abelian k(t)-linear tensor category.

Note that tMeff is certainly not abelian. Indeed, take for example the
multiplication-by-t map from 1 to 1. Even though both its cokernel and
kernel are trivial in tMeff, it is not an isomorphism.

Proof of the Corollary. The kernels and cokernels in tM◦
eff are just the

ordinary group-theoretic kernels and cokernels in the category of left
K(t)[σ]-modules, and it is clear that a morphism whose kernel and cok-
ernel vanish is an isomorphism. Hence tM◦

eff is abelian.
That tM◦ is abelian is implied by the abelianness of tM◦

eff and that it
is rigid is implied by the rigidity of tM, the required properties of Hom
are preserved under extension of scalars from k[t] to k(t).

2.3.4. Let K be algebraically closed. Clearly the category C of finite
dimensional K(t)-modules equiped with a surjective semi-linear endo-
morphism σ is a rigid k(t)-linear ⊗-category. By Proposition 2.3.2 the
functor

M M(t)

is fully faithful on tM◦
eff. Thus we could have defined tM◦ to be the

rigid ⊗-subcategory of C generated by tM◦
eff.
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In [Papanikolas 2005] a rigid ⊗-category of t-motifs is defined as
the rigid subcategory of C generated by the effective t-motifs that are
finitely generated over K[σ]. The resulting category embeds naturally in
tM◦. I do not know if this embedding is an equivalence.(5)

2.4 Summary

2.4.1. We have a ‘commutative square’ of categories

tM
−⊗k(t)

// tM◦

tMeff

OO

−⊗k(t)
// tM◦

eff

OO

The vertical arrows are fully faithful embeddings and the horizontal ar-
rows denote extension of scalars on the Hom modules. These categories
have the following properties:

• tMeff is a pre-abelian k[t]-linear tensor category,

• tM is a pre-abelian rigid k[t]-linear tensor category,

• tM◦
eff is an abelian k(t)-linear tensor category,

• tM◦ is a rigid abelian k(t)-linear tensor category.

(5)Added in proof: It seems that this is indeed an equivalence.
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Chapter 3

Tannakian Aspects

3.1 Fibre Functors

3.1.1. Let L be a field and C a rigid abelian L-linear tensor category. Fix a
field extension L′ of L. A faithful functor ω of C to the category of finite
dimensional L′-vector spaces that is exact and that respects the tensor
product is called a fibre functor. If L′ = L, one talks about a neutral fibre
functor.

If such an L′ and an ω exist, the category C is called Tannakian. If
an ω exists with L′ = L it is called neutral Tannakian and if moreover
a preferred ω is given one says that (C, ω) is a neutralised Tannakian
category.(1)

3.1.2. The rigid abelian k(t)-linear category tM◦(K) is Tannakian for
trivial reasons: the functor

(M, σ) M⊗K[t] K(t)

is a fibre functor to the category of K(t)-vector spaces. It follows from a
Theorem of Deligne(2) that tM◦(K) also has a fibre functor to k(t)a-vec-
tor spaces.

(1)See also Appendix c.
(2)Corollaire 6.20 of [Deligne 1990].
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3.1.3. If k[t] → K is not injective—equivalently: if θ ∈ K is algebraic
over k—and if say K = Ks, then a neutral fibre functor on tM◦(K) cannot
exist. The reason is that there exist Drinfeld modules of rank n whose
endomorphism algebra is a division algebra of dimension n2 over k(t),
and such an algebra cannot act on an n-dimensional k(t)-vector space
when n > 1. (These Drinfeld modules are called super-singular.)(3)

Take for example θ = 0, that is, K is of ‘characteristic t’. Consider the
effective t-motif

M def= K[t]e1 ⊕ · · · ⊕ K[t]en with σ(ei)
def=

{
ei+1 if i < n,

te1 if i = n.

One verifies that End(M)⊗k[t] k(t) is a division algebra of dimension n2,
ramified at the places t and ∞.

3.2 An Analytic Construction

In this section we construct a neutral fibre functor on a sub-category of
tM◦(K), where k[t] → K is assumed to be injective. This construction
occurs already in [Anderson 1986] and is interpreted as a fibre functor
in [Papanikolas 2005]. I do not know if there exists a neutral fibre
functor on all of tM◦ (see Question 11.1.)

3.2.1. Let K† be a field containing K that is algebraically closed and
complete with respect to a valuation ‖ · ‖. Denote by K†{t} ⊂ K†[[t]]
the subring of restricted power series, that is, those power series whose
coefficients converge to 0. In particular, these series have a radius of
convergence greater than or equal to 1. Note that K†{t} is closed under
τ—raising all coefficients to the q-th power. A τ-invariant power series
has coefficients in the finite field k and hence is restricted if and only
if it is a polynomial in t. That is, K†{t}τ

= k[t]. Denote by K†({t}) the
field of fractions of K†{t}. In the next paragraph we shall show that
K†({t})τ

= k(t).

(3)This is the argument used by Serre to show that in Algebraic Geometry over a
field of characteristic p there can be no reasonable cohomology with coefficients in Q.
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3.2.2. Define the functors Han(−, k[t]) and Han(−, k(t)) on the category
tMeff of effective t-motifs as

Han(M, k[t]) def=
(

M⊗K[t] K†{t}
)σ

Han(M, k(t)) def=
(

M⊗K[t] K†({t})
)σ

The functors Han(−, k[t]) and Han(−, k(t)) are related:

Proposition. Han(M, k(t)) = Han(M, k[t])⊗ k(t).

Taking M to be 1 yields

Corollary. K†({t})τ
= k(t).

Proof of the Proposition. The ring K†{t} is a principal ideal domain and
every non-zero ideal is of the form

(t− α1)(t− α2) · · · (t− αn)K†{t} ⊂ K†{t}

with ‖αi‖ ≤ 1 for all i.(4)

Take a g ∈ Han(M, k(t)) and write it as h−1m with m ∈ M ⊗ K†{t}
and h a finite product h = ∏(t − αi). Assume that the degree of h is
minimal. The invariance of g = h−1m gives

τ(h)m = hσ(m) ∈ M⊗ K†{t},

hence the minimality of h implies τ(h) = h.

3.2.3. The Carlitz t-motif is trivialised by K†{t}:

Proposition. If ‖θ‖ > 1 then Han(C, k[t]) ≈ k[t] and Han(C, k(t)) ≈ k(t).

Proof. (5) Consider the product expansion

Ω def=
1

q−1
√
−θ

∏
i≥0

(
1− t

θqi

)
,

(4)See [Tate 1971] for the structure of the ring K†{t}.
(5)Compare with Lemma 2.5.4 of [Anderson and Thakur 1990].
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where q−1
√
−θ is any root in K†. (Any two such roots differ by a scalar

in k×.) The infinite product converges for all values of t and all zeroes
have absolute value greater than or equal to ‖θ‖ > 1, thus Ω ∈ K{t}×.
By construction Ω = (t− θ)τ(Ω) and therefore Han(C, k[t])) = k[t]Ωe.
Similarly Han(C, k(t)) = k(t)Ωe.

Henceforth, when considering the functors Han, we shall always as-
sume that ‖θ‖ > 1. This implies in particular that k[t]→ K is injective.

3.2.4. So far, we have only considered effective t-motifs. Shifting back
and forth with powers of the Carlitz motif, we can extend the functors
Han to functors defined on all t-motifs as follows

Han((M, i), k[t]) def= Han(M, k[t])⊗k[t] Han(C, k[t])⊗i

Han((M, i), k(t)) def= Han(M, k(t))⊗k(t) Han(C, k(t))⊗i.

The resulting functor is well-defined by the canonical isomorphisms

Han(M⊗ C, k[t]) = Han(M, k[t])⊗k[t] Han(C, k[t]).

3.2.5. These functors are not faithful. In fact, we shall shortly see that
there exist non-trivial M with Han(M, k[t]) = 0.

Definition. A t-motif (M, i) over K is said to be analytically trivial if one
of the following equivalent conditions holds:

• M⊗K[t] K†{t} has a σ-invariant K†{t}-basis,

• M⊗K[t] K†({t}) has a σ-invariant K†({t})-basis,

• rkk[t] Han(M, k[t]) = rk M,

• dimk(t) Han(M, k(t)) = rk M.

Denote by tMa.t. ⊂ tM and tM◦
a.t. ⊂ tM◦ the full subcategories con-

sisting of the analytically trivial objects.

The analytic triviality of a t-motif M depends on the embedding of
K into K†—see 3.2.8 for an example. When we are dealing with the
category tMa.t. we will assume that such an embedding has been fixed.
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Proof of equivalence. By Proposition 3.2.2 the first condition is equivalent
with the second, and the third with the fourth. Clearly the first implies
the third. To conclude the converse (that the third implies the first), it
suffices to show that for all effective t-motifs M the natural map(

M⊗ K†{t}
)σ ⊗k[t] K†{t} → M⊗ K†{t}

is injective. This can be done exactly as in 1.2.4, using K†{t}σ
= k[t].

3.2.6. Some immediate consequences of the definition are:

Proposition. The class of analytically trivial t-motifs is closed under tensor
product and duality. Moreover

• Han(−, k[t]) is a faithful k[t]-linear ⊗-functor on tMa.t.,

• Han(−, k(t)) is an exact, faithful, k(t)-linear ⊗-functor on tM◦
a.t..

In particular tM◦
a.t.(K) is Tannakian with fibre functor Han(−, k(t)).

Denote the associated affine group scheme over k(t) by ΓK. Thus
tM◦

a.t.(K) is equivalent with the category of k(t)-linear representations
of ΓK.

But note that ΓK depends on the chosen valuation on K. We shall
often tacitly assume that a valuation (with ‖θ‖ > 1) has been fixed.

3.2.7. As an example, we now show that Drinfeld modules are analyti-
cally trivial. This will be generalised slightly in §9.2.

Proposition. Every effective t-motif M that is free of rank one over K[σ] is
analytically trivial.

Sketch of proof. If M is defined over a locally compact field, then the
Proposition follows from Proposition 4.1.1 of [Anderson 1986].

In general, M is defined over a field K that is finitely generated over
k((θ−1)). It has a model M̃ over a finitely generated k((θ−1))-algebra
R ⊂ K with quotient field K.

By the above remark, the specialisations M̃x of this family are ana-
lytically trivial. It then follows from the results of [Böckle and Hartl

2005] that M is itself analytically trivial.
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3.2.8. Not all t-motifs are analytically trivial. Consider for example, the
rank 2 effective t-motif

Mξ = K[t]e1 + K[t]e2 with

{
σ(e1) = ξte1 + e2

σ(e2) = e1

depending on a parameter ξ ∈ K.

Proposition. Mξ is analytically trivial if and only if ‖ξ‖ < 1.

In particular there exists no valuation on K for which Mξ is analyti-
cally trivial when ξ is algebraic over k.

Proof. Assume that K†{t}e1 + K†{t}e2 has an invariant vector ae1 + be2,
with a, b in K†{t}. Expressing the invariance under σ gives{

a = τ(a)ξt + τ2(a)
b = τ(a)

Expand a = a0 + a1t + · · · with ai ∈ K†. Then it follows that aq2

0 = a0,
that is, a0 lies in the quadratic extension l/k inside K†, and in partic-
ular ‖a0‖ = 1 (assuming a0 6= 0). The higher ai satisfy the recurrence
equation

an − aq2

n = ξaq
n−1. (3.1)

If ‖ξ‖ ≥ 1 then ‖an‖ ≥ 1 for all n and the series a0 + a1t + · · · is therefore
not a restricted series, confirming one direction of the Proposition. If on
the other hand ‖ξ‖ < 1 then define an a recursively by taking at every
step the unique solution an of (3.1) that has ‖an‖ < 1. This produces
a restricted power series for every a0 ∈ l× and it suffices to take two
a0’s independent over k to obtain two independent invariant vectors for
Mξ ⊗K[t] K†{t}.
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Chapter 4

Constant t-Motifs

4.1 Constant t-Motifs

4.1.1. Let us go back to the category of 1.1.2, whose objects are pairs
(V, σ) of a finite dimensional K-vector space V equipped with a non-
degenerate semilinear map σ : V → V. We have seen in Theorem 1.1.2
that this category is equivalent to the category of k-linear continuous
representations of GK = Gal(Ks/K), a fact that we could rephrase as: the
category of pairs (V, σ) is k-linear neutral Tannakian with fundamental
group GK. Note that we abusively write GK for both the pro-finite group
and the corresponding constant affine group scheme over k (obtained as
the limit of the system of finite constant group schemes corresponding
to the finite quotients of the pro-finite group.) Their categories of repre-
sentations on finite dimensional k-vector spaces coincide.

4.1.2. A pair (V, σ) induces an effective t-motif M(V) def= V⊗K K[t] where
the action of σ is induced from the action on V.

We would like to interpret the collection of t-motifs M(V) as a Tan-
nakian subcategory of tM◦, but there are of course many more mor-
phisms M(V1) → M(V2) than morphisms V1 → V2 and the kernel and
cokernel of a morphism from M(V1) to M(V2) are typically not of the
form M(V).

Proposition. Let M be an effective t-motif over K. The following are equiva-
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lent:

• M is isomorphic to a subquotient of M(V) for some V,

• M⊗K Ks ≈ n1 for some n.

An M satisfying the equivalent conditions is called a constant t-motif.

Proof of the Proposition. If M is a subquotient of M(V) then MKs is a sub-
quotient of M(VKs) ≈ m1 and therefore MKs ≈ n1.

Conversely, assume that MKs has a basis of σ-invariant vectors. There
exists some finite extension K′/K inside Ks such that this basis is already
defined over K′. The natural map K[t]→ K′[t] defines the structure of a
K[t]-module on M′. Denote it by RK′/K M′ in order to distinguish it from
the K′[t]-module M′. It is clear that RK′/K M′ is naturally an effective
t-motif over K of rank rk(M)[K′ : K]. (Call it the Weil restriction(1) of M′

from K′ to K.) But, M is a submodule of RK′/K M′ ⊗K Ks and the latter is
isomorphic to M(RK′/KW) with W the sum of a number of copies of K′

with the diagonal action of σ, whence the Proposition.

4.1.3. The full subcategory tM◦
cst(K) of tM◦(K) consisting of the con-

stant (effective) t-motifs is rigid abelian k(t)-linear and has a fibre func-
tor

M 
(

M⊗K[t] Ks[t]
)σ ⊗k[t] k(t) (4.1)

and with this fibre functor we have

Proposition. tM◦
cst(K) is neutral Tannakian with fundamental group GK.

Note that it is not needed to use analytic methods to obtain a fibre
functor on constant t-motifs and in particular it is not needed to demand
that k[t]→ K be injective.

Proof of the Proposition. The functor M(V)  H(V) ⊗k k(t) induces a
fully faithful embedding of tM◦

cst(K) into the category of k(t)-linear
representations of GK. It will be essentially surjective as soon as every
continuous k(t)-linear representation of GK is a subquotient of H⊗k k(t)

(1)After §1.3 of [Weil 1982].
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for some k-linear representation H. This is indeed so, since every (alge-
braic, or continuous) representation of GK factors though a finite group
G and every representation of G is a subquotient of the direct sum of a
number of copies of the regular representation k(t)[G], which is nothing
but the regular representation k[G] over k, tensored with k(t).

4.1.4. Constant t-motifs are the t-counterparts of the algebro-geometric
Artin motifs (named after Emil Artin.) Let Z → K be any field. Con-
sider the category of smooth and projective varieties X over K that are of
dimension zero. These are the spectra of the finite étale K-algebras and
by Grothendieck’s formulation of Galois theory the category of such
X is equivalent to the category of finite GK-sets. The motifs that are sub-
quotients of the h(X, Q) for zero-dimensional X are called Artin motifs.
They form a category which is equivalent to the category of Q-linear
representations of GK.(2)

Thus sets have come to play the role of k-vector spaces. But then,
the field of constants of Z is the hypothetical field with one element and
vector spaces over this folkloric field are nothing but sets.(3)

4.2 The Connected Components of Γ

4.2.1. Suppose now that k[t] → K is actually injective. Choose K† ⊃ K
to be algebraically closed, complete and with ‖θ‖ > 1. Let Ks be the
separable closure of K inside K†. For a constant t-motif M we have that(

M⊗K[t] Ks[t]
)σ =

(
M⊗K[t] K†({t})

)σ.

That is to say, tM(K)◦cst is a full sub-category of tM(K)◦a.t. and the ana-
lytic fibre functor on the latter extends the algebraic fibre functor on the
former.

Proposition. There is a short exact sequence

0→ ΓKs → ΓK → GK → 0

(2)See §1.3 and §4.1 of [André 2004].
(3)See §13 of [Tits 1957].
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of affine group schemes over k(t).

4.2.2. Proof. The full subcategory tM◦
cst(K) of tM◦

a.t.(K) is Tannakian
with fundamental group GK (4.1.3) and is closed under subquotients in
tM◦

a.t. by definition. This implies the existence of a faithfully flat, and
hence surjective, morphism ΓK → GK of affine group schemes.(4)

If M is an effective t-motif over Ks, then it has a model M′ over a
finite extension K′ of K. The t-motif M is a submotif of RK′/K M′ ⊗K Ks.
Thus every t-motif over Ks is a submotif of a t-motif that is already
defined over K. It follows that the fully faithful functor M  MKs from
tM◦

a.t.(K) to tM◦
a.t.(Ks) defines a closed immersion ΓKs → ΓK.(5)

The sequence is exact in the middle if and only if the representations
of ΓK on which ΓKs acts trivially are precisely those coming from a rep-
resentation of GK. In other words, the exactness is equivalent with the
statement that a t-motif M over K satisfies MKs ≈ n1 for some n if and
only if it is a constant t-motif. This was one of the equivalent definitions
of the notion of a constant t-motif (see 4.1.2).

4.2.3. The following Theorem complements the Proposition.

Theorem. ΓKs has no finite quotients. In particular it is connected.

First part of the proof. Note that Γ → π0(Γ) is a pro-finite étale quotient,
hence the second statement indeed follows from the first.

Let G be a finite quotient of ΓKs . To this there corresponds a Tan-
nakian subcategory C of tM◦

a.t.(Ks), equivalent to the category of repre-
sentations of G. Since G is finite, C contains a t-motif M such that every
t-motif in C is a subquotient of nM for some n. (It suffices to take the M
corresponding to the regular representation of G.) The algebraic group
G is trivial if and only if M is constant.

Write M as (M′, i) with i maximal. M⊗M is a subquotient of nM for
n sufficiently large. Equivalently, M′ ⊗M′ ⊗ Ci is a subquotient of nM′

and since subquotients of effective t-motifs are effective, it follows that
M′⊗M′⊗Ci is effective. If i is negative, then this implies that the action

(4)See for example Proposition 2.21 (a) of [Deligne and Milne 1982].
(5)See Proposition 2.21 (b) of loc. cit.
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of σ on M′ ⊗M′ is divisible by t− θ and hence also that the action of σ

on M′ is divisible by t− θ, contradicting the maximality of i. Therefore
i ≥ 0 and M = (M′, i) is effective.

Using analytic methods, it will be shown in Chapter 8 that if M is
an analytically trivial effective t-motif so that M⊗M is a subquotient of
nM for some n, then M is constant, hence G trivial, and the Theorem
follows. . . (to be continued in 8.4.2)
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Chapter 5

Interior t-Motifs

Next, we shall have a closer look at those effective t-motifs whose top
exterior power is a constant t-motif. These are t-motifs that are generally
not analytically trivial. Also they are independent of the characteristic
of the base field. These objects seem to have no direct counter-part in
the Q-world. In this chapter we shall compute the universal pro-torus
that plays the role of Serre’s pro-torus(1) for these pathological t-motifs.

5.1 Definitions & Statement of the Theorem

5.1.1. Let k[t]→ K be arbitrary.

Definition. An interior t-motif over a field K is an effective t-motif M
such that Kσ(M) = M.

Equivalently, the interior t-motifs are those effective t-motifs whose
top exterior power is a constant t-motif of rank one. These t-motifs do
not ‘see’ the characteristic k[t]→ K.

The tensor product and the internal hom of a pair of interior t-motifs
are again interior t-motifs, hence the full subcategory tMint of interior
t-motifs in tMeff is rigid k[t]-linear and likewise tM◦

int is rigid abelian
k(t)-linear.

(1)See [Serre 1968] and [Milne and Shih 1982].
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5.1.2. Let L be any field and Ls a separable closure of L. Define the
character group of an affine group scheme Γ over L to be the abelian
group

X(Γ) def= Hom(ΓLs , Gm,Ls)

of homomorphisms of group schemes. X(Γ) comes equipped with a
continuous action of GL = Gal(Ls/L), namely

GL × X(Γ)→ X(Γ) : (g, χ) 7→ (g ◦ χ ◦ g−1).

When Γ is of multiplicative type(2) it can be recovered from X(Γ):
the functor Γ X(Γ) defines an anti-equivalence between the category
of group schemes Γ over L of multiplicative type and the category of
abelian groups X equipped with a continuous action of GL. The group
scheme Γ is finitely generated (hence an algebraic group) if and only
if X(Γ) is finitely generated and Γ is a pro-torus if and only if X(Γ) is
torsion-free.(3)

5.1.3. Let F be a finite separable extension of k(t) and denote the integral
closure of k[t] in F by A. Write l for the field of constants of F. An
element f in the group A×/l× of units modulo constants is determined
by its divisor, which is necessarily supported at the places lying above
the infinite place of k(t). This shows that A×/l× is a free and finitely
generated abelian group.

5.1.4. Let k[t]→ K be arbitrary, and assume that K = Ks. Fix a separable
closure k(t)s of k(t). The goal of this chapter is to prove:

Theorem. Let C be the maximal full subcategory of tM◦
int(K) that is neutral

Tannakian with abelian fundamental group ΓC . Then ΓC is of multiplicative
type and there is a Gk(t)-equivariant injective map

lim−→
F

A×/l× → X(ΓC),

(2)An algebraic group Γ is said to be of multiplicative type if and only if ΓLs is a
product of Gm’s and µn’s, or equivalently, if ΓLa is of such a form. A general group
scheme is said to be of multiplicative type if it is the projective limit of algebraic groups
of multiplicative type.

(3)Cf. §1.2 of [Ono 1961] or Chapter 7 of [Waterhouse 1979].
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with torsion cokernel.

Here the limit is taken over all finite separable extensions F/k(t)
contained in k(t)s.

5.1.5. The statement of the Theorem is complemented by the following:

Proposition. lim−→F
A×/l× is p′-divisible, that is, divisible by every integer

prime to p. Moreover,

lim−→
F

A×/l× = lim−→
F

div0
∞(F),

where div0
∞(F) stands for the group of degree 0 divisors on F/l that are sup-

ported at the places lying above the place ∞ of k(t).

Proof. It has already been remarked that the A×/l× are the groups of
principal divisors on F with support above infinity. But in fact, every
divisor of degree 0 on F that is supported above infinite will become
a principal divisor when pulled-back along a suitable finite extension
F′/F, since the class group of F is finite. So in the limit, the groups of
principal divisors and the groups of degree 0 divisors can be identified.

To see that lim−→F
A×/l× is p′-divisible, consider an element f ∈ A×/l×

for some F and a positive integer n, prime to p. Then the equation
zn = f determines a separable extension F′/F and an integral z ∈ A′×

that solves the divide- f -by-n problem.

5.1.6. Overview of the Proof of the Theorem. We shall verify (in 5.2.3) that
Hom(ΓC , Ga) = 0 from which we shall deduce (in 5.2.4) that ΓC is diag-
onalisable. We shall construct (in §5.3) a natural map

lim−→ A×/l× → X(ΓC)

and verify that it is injective with torsion cokernel.

5.2 Additive Part of the Proof

5.2.1. Given an affine group scheme Γ over a field L, the group of addi-
tive characters Hom(Γ, Ga) can be recovered from the category of linear
representations of Γ in the following manner.
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The homomorphisms Γ → Ga are in a one-to-one correspondence
with the representations Γ → GL(2) whose image is contained in the
unipotent upper triangular subgroup of GL(2). Such a representation
is an extension of the trivial representation 1 by itself and conversely,
every extension of 1 by 1 yields a representation of this type. In short,

Hom(Γ, Ga) = Ext(1, 1)

and it is easily verified that this is not just an identity of sets but that
both left- and right-hand-side are naturally vector spaces over L and that
the identification is linear.

Note that the tensor product on the category of representations of Γ
has not been used to recover Hom(Γ, Ga).

5.2.2. Before we move on with the interior t-motifs, we shall illustrate
the above principle in the category of k-linear representations of GK.
(As usual k is a finite field and K any field containing k.)

By Theorem 1.1.2 this category is equivalent with the category of
pairs (V, σ), so let us calculate the k-vector space Ext(1, 1) in the latter.

The unity object 1 is the pair (K, x 7→ xq). Let E be an extension of 1
by 1. Of course, as K-vector spaces E ≈ K⊕ K, but the action of σ need
not be diagonal. In general E is isomorphic to

Eγ = K⊕ K with σ(x, y) = (xq, yq + γxq)

for some γ ∈ K and conversely, every γ ∈ K determines an extension Eγ.
The extension Eγ splits if and only if γ = zq − z for some z ∈ K. Denote
the k-linear map z 7→ zq − z by δ, then we have an exact sequence

0→ k→ K δ→ K → Ext(1, 1)→ 0.

We deduce an exact sequence of k-vector spaces

0→ k→ K δ→ K → Hom(GK, k)→ 0

that amounts to a reformulation of Artin-Schreier theory.(4)

(4)See §1 of [Artin and Schreier 1927], reproduced in [Artin 1965].
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5.2.3. We now come back to the proof of Theorem 5.1.4. Recall the hy-
pothesis that K = Ks.

Proof of the non-existence of additive representations. Assume that there ex-
ists a non-trivial Γint → Ga. To such a map corresponds a non-split
extension

0→ 1→ M→ 1→ 0

of (analytically trivial, interior) effective t-motifs.
Let M be such an extension. Then M has a K[t]-basis e1, e2 with{

σ(e1) = e1 + f e2

σ(e2) = e2

for some f ∈ K[t]. Let g ∈ K[t] be such that τ(g) − g = f . Such a
g can be found solving an Artin-Schreier equation for every coefficient
of f . The pair e1 − ge2, e2 constitutes a σ-invariant K[t]-basis of M and
therefore M ≈ 1⊕ 1.

5.2.4. Proof that ΓC is of multiplicative type. Let G be an abelian algebraic
group that is a quotient of ΓC . Let B be the Hopf algebra of G and denote
the co-multiplication on B by ∆G : B → B⊗k(t) B. The Hopf algebra of
the additive group Ga,k(t) is

k(t)[X] with ∆Ga(X) def= 1⊗ X + X⊗ 1

and therefore for every field extension F/k(t) one has

Hom(GF, Ga,F) = {y ∈ BF|∆G(y) = 1⊗ y + y⊗ 1}

The right-hand-side is the solution space of a system of linear equations
over F with coefficients in k(t). It follows that for all F there is a natural
isomorphism of vector spaces

Hom(GF, Ga,F) = Hom(G, Ga,k(t))⊗k(t) F.

In particular, since G has no additive representations (5.2.3), neither
does the base-change of G to an algebraic closure k(t)a of k(t). Over k(t)a

Jordan Decomposition holds and it follows that Gk(t)a is a diagonalisable
algebraic group.
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5.3 Multiplicative Part of the Proof

5.3.1. Let L be a field and Γ an affine group scheme over L. For every
finite extension L′/L contained in a fixed Ls write

XL′(Γ) def= Hom(ΓL′ , Gm,L′).

If L′′ contains L′ then XL′′ contains XL′ and X(Γ) is nothing but the union
of all XL′(Γ) for varying L′. The Galois group GL acts on the injective
system (XL′)L′ , hence also on the limit X = X(Γ).

The groups XL′ can be determined from the structure of the ⊗-cate-
gory of representations of Γ. We need the following definition:

Definition. An L′-object in an L-linear category C is a pair (M, φ) with

• M an object in C and

• φ : L′ → End(M) a homomorphism of L-algebras.

If C is an L-linear tensor category then define

(M1, φ1)⊗L′ (M2, φ2)

to be the largest quotient of M1 ⊗ M2 on which the actions of φ1 ⊗ id
and id⊗ φ2 agree. The unit for this tensor product is the object

1′L
def= ([L′ : L]1, φ)

with φ any L-algebra homomorphism L′ → M([L′, L], L). One verifies
that the L′-objects in C with the with the obvious notion of morphism
form an L′-linear ⊗-category, which we shall denote by CL′ .

(5) The group
Gal(L′/L) acts on the category CL′ via pre-composition on the φ’s. If
L = L′ then C and CL are naturally equivalent.

An object M in a linear ⊗-category is said to be of rank one if it is
non-zero and if ∧2M = 0. It follows that (M, φ) ∈ CL′ is of rank one if
and only if M ∈ C is of rank [L′ : L]. Our main tool is the following:

(5)More details can be found in e.g. [Deligne and Milne 1982], §3 (in particular
Proposition 3.11 and Remark 3.12.)
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Proposition. If C is neutral Tannakian L-linear with fundamental group Γ
then for all finite separable extensions L′/L there is an isomorphism of abelian
groups

XL′(Γ) =
(
{isomorphism classes of rank one objects in CL′}, ⊗L′

)
,

equivariant for the action of Gal(L′/L).

In fact, CL′ is neutral Tannakian with fundamental group ΓL′ , but we
shall not need this.

Proof. This is an application of Frobenius Reciprocity:

XL′(Γ) = X(Γ)Gal(Ls/L′)

= HomGal(Ls/L)(ZHomL(L′,Ls), X(Γ))

= Hom(Γ, RL′/LGm)
= {isomorphism classes of rank one objects in CL′}

The proof also shows that if L′′ ⊃ L′ then the natural inclusion XL′ →
XL′′ corresponds to the map

{classes of rk. 1 obj.’s in CL′} → {classes of rk. 1 obj.’s in CL′′}
M 7→ [L′′ : L′]M

The image of M is acted upon by L′′ via the choice of an L′-algebra
representation L′′ → M([L′′ : L′], L′). The isomorphism class of the
resulting object in CL′′ does not depend on the choice made.

5.3.2. Next we shall illustrate the above by an example complementary
to the example worked out in 5.2.2.

Let k be a field of q elements, K a field containing k and l/k an
extension of degree n. We set out to apply the previous Proposition in
order to determine Xl(GK) = Hom(GK, l×) using the category of pairs
(V, σ).

Let l be a finite extension of k. The l-objects in the category under
consideration are l⊗k K-vector spaces V together with a semi-linear non-
degenerate σ : V → V, commuting with the linear action of l. The rank
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one objects are thus of the form

Vg = (l ⊗k K)e with σ( f e) = τ( f )ge

for some g ∈ (l ⊗k K)×. Here τ( f ) stands for the image of f under

τ : l ⊗k K → l ⊗k K : λ⊗ x 7→ λ⊗ xq.

Given a g1 and a g2 we have Vg1
⊗l Vg2

≈ Vg1g2
. Define a homomorphism

of groups
δ : (l ⊗k K)× → (l ⊗k K)× : f 7→ τ( f ) f−1,

then Vg is isomorphic with V1 if and only if g lies in the image of δ.
Putting the pieces together we obtain an exact sequence of groups

1→ l× → (l ⊗k K)× δ−→ (l ⊗k K)× → Hom(GK, l×)→ 1. (5.1)

Take now l = k in the above exact sequence. We have shown that for
every finite field k contained in K, there is an exact sequence

1→ k× → K× δ−→ K× → Hom(GK, k×)→ 1.

Since k× = µq−1(K) ⊂ K×, this is nothing but a restatement of Kummer
Theory in characteristic p. Note however that the exact sequence (5.1) is
more general in that it also describes cyclic extensions of order n (prime
to p) when K does not contain the n-th roots of unity.

5.3.3. The rest of this chapter is dedicated to the last steps in the proof
of Theorem 5.1.4. It follows from 5.3.1 and from 5.2.4 that the category C
in the Theorem consists of the F-objects in tM◦

int for varying separable
F/k(t). We are thus left with the task of classifying those.

5.3.4. The field K will always be assumed separably closed.
Fix a finite separable extension F/k(t) and denote the integral closure

of k[t] in F by A. Define [Mg] to be the isogeny class of the effective
t-motif

Mg
def= (A⊗k K)e with σ( f e) = τ( f )ge,
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depending on g ∈ (A⊗k K)×. Here τ( f ) denotes the image of f under

τ : A⊗k K → A⊗k K : a⊗ x 7→ a⊗ xq.

Clearly, [Mg] is an F-object of rank one in tM◦
int.

In fact, as it will turn out, these objects (for varying F) generate the
character group X(C).

5.3.5. Identifying XF with the group of isogeny classes of rank one F-
objects in C as in Proposition 5.3.1, we obtain a natural map

A× → XF(ΓC) : g 7→ [Mg]. (5.2)

The tensor product over F of two isogeny classes [Mg1
] and [Mg2

] is the
isogeny class of Mg1g2

, so the above map is a group homomorphism.
Denote by l the field of constants of A and F. If g ∈ l× then the ef-

fective t-motif Mg is constant and since we are working over a separably
closed field it follows that Mg ≈ [F : k(t)]1. Thus l× lies in the kernel of
the morphism (5.2). We obtain a morphism

ρF : A×/l× → XF(ΓC).

Taking the direct limit over all finite extensions F/k(t) lying inside a
fixed separable closure k(t)s gives

ρ : lim−→
F

A×/l× → X(ΓC).

By its naturality, this map is Galois-equivariant and we will finish the
proof of Theorem 5.1.4 by showing that ρ is injective and has a torsion
cokernel.

5.3.6. Proof that coker ρ is torsion. Pick an element χ ∈ X(ΓC). To χ cor-
responds a rank one F-object in the category C, for a suitable F/k(t).
Such an object is the isogeny class [M] of an effective t-motif M. Clearly
M is a projective A⊗k K-module of rank one.

Claim: for a suitable F′ containing F, the induced rank one F′-object in
tM◦

int,a.t. is the isogeny class [M′] of a free A′ ⊗k K-module M′.

45



In fact, M is not only a projective A⊗k K-module, but it also comes
equipped with a semi-linear map σ : M → M. Since M is interior (and
hence σ invertible), this induces an isomorphism between the ideal class
of M and its pull-back under the Frobenius map τ : A⊗k K → A⊗k K.
It follows that M ≈ N⊗k K for some projective A-module N. A suitable
A′ will trivialise the ideal class of N, from which the claim follows.

Assume from now on that M is free over A ⊗k K. By the twisted
conjugation g−1gτ(g) = τ(g), the t-motifs Mg and Mτ(g) are isomorphic.
Repeat to obtain

Mg ≈ Mτ(g) ≈ Mτ2(g) · · ·

The divisor of g is defined over some finite field k′ in between k and K.
If d denotes the degree of k′ over k then

[Mgd ] = [Mg ⊗F Mg ⊗F · · · ⊗F Mg]

= [Mg ⊗F Mτ(g) ⊗F · · · ⊗F Mτd−1(g)]

= [Mgτ(g)···τd−1(g)] = [M f ]

where the divisor of f is invariant under τ. Thus f may be taken in A×,
which shows that χd lies in the image of ρ.

5.3.7. Proof of injectivity of ρ. Choose an F with corresponding A and l.
Let g ∈ A× be such that Mg and M1 are isogeneous. It then follows
from Proposition 2.3.2 that the two modules

Mg(t) ≈ F⊗k Ke with σ(e) = ge

M1(t) ≈ F⊗k Ke with σ(e) = e

are isomorphic. This happens if and only if there exists an f ∈ (F⊗k K)×

such that
g = τ( f ) f−1.

In particular, restricting f to the infinite places of F ⊗k K, this implies
that the divisor of g lies in the image of the operator

(τ − id) : div∞(F⊗k K)→ div∞(F⊗k K).

But since g ∈ A× ⊂ (A⊗k K)×, it also lies in the kernel of τ − id. The
Lemma below now finishes the proof.
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5.3.8. Let V be a finitely generated free abelian group and T ∈ GL(V)
an automorphism of V.

Lemma. If T is of finite order then ker(T − id) ∩ (T − id)(V) = 0.

Proof. It suffices to show that the intersection is trivial after extension of
scalars to VC

def= V ⊗Z C. Since T is of finite order, TC, and hence also
TC − id, can be diagonalised. Therefore

VC = ker(TC − id)⊕ (TC − id)(VC),

and the Lemma follows.
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Chapter 6

Weights and Purity

6.1 Dieudonné t-Modules

6.1.1. Let k and K be as usual. Denote by τ the continuous endomor-
phism of the field of Laurent series K((t−1)) that fixes t−1 and that re-
stricts to the q-th power map on K.

Definition. A Dieudonné t-module(1) over K is a pair (V, σ) of

• a finite-dimensional K((t−1))-vector space V and

• an additive map σ : V → V satisfying σ( f v) = τ( f )σ(v) for all
f ∈ K((t−1)) and all v ∈ V,

such that Kσ(V) = V.

A morphism of Dieudonné t-modules is of course a K((t−1))-linear
map commuting with σ.

6.1.2. Dieudonné t-modules are easily classified, at least over a separably
closed field. The main ‘building blocks’ are the following modules:

Definition. Let λ = s/r be a rational number with (r, s) = 1 and r > 0.
The Dieudonné t-module Vλ is defined to be the pair (Vλ, σ) with

• Vλ
def= K((t−1))e1 ⊕ . . .⊕ K((t−1))er

(1)This the equal characteristic analogue of the p-adic object that is commonly called
a Dieudonné module.
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• σ(ei)
def= ei+1 (i < r) and σ(er)

def= tse1

The classification states:

Proposition. If V is a Dieudonné t-module over a separably closed field K then
there exist rational numbers λ1, · · · , λn such that

• V ≈ Vλ1
⊕ · · · ⊕Vλn , and,

• the t−1-adic valuations of the roots of the characteristic polynomial of σ

expressed on any K((t−1))-basis are {−λi}i, each counted with multi-
plicity dim Vλi

.

If λ 6= µ then Hom(Vλ, Vµ) = 0. For all λ, the ring End(Vλ) is a division
algebra over k((t−1)). Its Brauer class is λ + Z ∈ Q/Z = Br(k((t−1))).

Note that this classification is formally identical to the classification
of the classical (p-adic) Dieudonné modules.(2)

Proof. This is shown in Appendix B of [Laumon 1996]. Although the
statements therein are made only for a particular field K, nowhere do
the proofs make use of anything stronger then the separably closedness
of K.

6.1.3. The following characterisation of Vλ is useful.

Proposition. Let V be a Dieudonné t-module over a separably closed field K
and λ a rational number. The following are equivalent:

• V ≈ Vλ ⊕Vλ ⊕ · · · ⊕Vλ;

• there exists a lattice Λ ⊂ V such that σr(Λ) = tsΛ where r and s are
coprime integers with λ = s/r.

Proof. One ⇒ Two. If V = Vλ and (ei) the basis that occurs in its def-
inition (6.1.2) then the lattice generated by the same basis (ei) has the
required property. For V = Vλ ⊕ · · · ⊕ Vλ it thus suffices to take the
lattice Λ⊕ · · · ⊕Λ.

(2)See [Dieudonné 1957].
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Two⇒ One. The operator t−sσr transforms a K[[t−1]]-basis of Λ into
a new K[[t−1]]-basis of Λ and therefore has eigenvalues of valuation
0.

6.2 Pure t-Motifs

6.2.1. Let K be separably closed. Let M be an effective t-motif over K.
Then

M((t−1)) def= M⊗K[t] K((t−1)) = M(t)⊗K(t) K((t−1))

is a Dieudonné t-module. The displayed equality shows that it only
depends on the isogeny class of M. By the classification of Dieudonné
t-modules (6.1.2) there exist rational numbers λ1, . . . , λn such that

M((t−1)) ≈ Vλ1
⊕ · · · ⊕Vλn .

We call these rational numbers the weights of M. If K is not separably
closed than we define the weights of an effective t-motif M to be the
weights of MKs . This clearly does not depend on the choice of a separa-
ble closure.

We say that M is pure of weight λ if the only weight occurring is
λ. By Proposition 6.1.3, this coincides with the definition as given in
[Anderson 1986].

6.2.2. We now collect a number of facts related to the notions of weights
and purity. They are either immediate consequences of the definitions
or well-known facts established in the literature.

Proposition. We have the following:

• If M is pure of weight λ then every subquotient of M is pure of weight λ;

• If M has a filtration in which all successive quotients are pure of weight
λ, then M is pure of weight λ;

• If the sets of weights of M1 and M2 are disjoint then Hom(M1, M2) = 0;

• Drinfeld modules of rank r are pure of weight 1/r (in particular: C is
pure of weight 1);
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• The weights of M1⊗M2 are the sums of weights of M1 with those of M2;

• The weight of a pure effective t-motif M is non-negative.

Proofs. One. If M′ is a subquotient of M then M′((t−1)) is a subquo-
tient of M((t−1)) and the claimed statement follows at once from the
Classification 6.1.2.

Two. A normal series of M induces a normal series of M((t−1)) and
again the contention follows from 6.1.2.

Three. Hom(M1, M2) is a submodule of Hom(M1((t−1)), M2((t−1))),
which is zero by 6.1.2.

Four. See Proposition 4.1.1. of [Anderson 1986].
Five. Immediate since the zeroes of the characteristic polynomials are

multiplied.
Six. Clear for rank one M, for a general M take the top exterior

power.

6.2.3. If M is an effective t-motif and

M((t−1)) ≈ Vλ1
⊕ · · · ⊕Vλn

then by the Proposition

(M⊗ C)((t−1)) ≈ Vλ1+1 ⊕ · · · ⊕Vλn+1.

It is thus natural to define the weights of a t-motif (M, i) to be the set of
λ + i where λ runs through the weights of M. To be consistent, a t-motif
(M, i) is then said to be pure of weight λ if and only if M is pure of weight
λ− i.

6.3 A Digression on Brauer Groups

6.3.1. Let M be a t-motif that is pure of weight λ. Thus M((t−1)) ≈ nVλ

and by Proposition 6.1.2 the endomorphism ring End(M((t−1))) is a
central simple algebra whose class in the Brauer group of k((t−1)) is
λ + Z. Thus, the map

{weights} = Q→ Q/Z = Br(k((t−1)))
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has some kind of interpretation in terms of Dieudonné t-modules of
pure t-motifs.

6.3.2. Classical motifs also have weights, and these weights form an in-
finite cyclic group. If we normalise things so that the Lefschetz motif
has weight 1,(3) then the weight group is 1

2 Z. A piece of the degree i
cohomology hi(X) then has weight i/2. All this seems to harmonise
easily with the fact that the Brauer group of R is cyclic of order two—it
suggests that the map

{weights} = 1
2 Z→ 1

2 Z/Z = Br(R),

can be interpreted in a fashion similar to the above.

6.3.3. We shall sketch one possible such interpretation, albeit a some-
what ad hoc one. Let X be a smooth and projective variety over C. Put
V = Hi(X(C), C). The complex vector space V comes equipped with a
Hodge decomposition

V = ⊕p+q=iH
p,q.

Let α be the anti-linear automorphism of the complexified co-tangent
bundle of X that is the composition of the linear automorphism ‘mul-
tiplication with i’ followed by complex conjugation. Then α induces
an anti-linear automorphism α∗ of V. On the Hodge decomposition it
restricts to

α∗ : Hp,q → Hq,p : c 7→ iq−p c̄. (6.1)

The endomorphisms of V that commute with α∗ form an R-algebra de-
noted End(V, α∗). Starting from (6.1) an easy calculation yields

End(V, α∗) ≈
{

M(n, R) if i even,

M(n
2 , H) if i odd,

where n stands for the dimension of V and H for the algebra of Hamil-
ton quaternions. We conclude that the two elements of the Brauer group
of R correspond to the two weight classes modulo Z.

(3)This is not the customary normalisation—one usually assigns the weight 2 to the
Lefschetz motif.
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Chapter 7

A Few Notes on Extensions

7.1 Extensions of Effective t-Motifs

7.1.1. Let 0→ M2 → M→ M1 → 0 be an exact sequence of K[t, σ]-mod-
ules. If M1 and M2 are effective t-motifs, then so is M. We say that M is
an extension of the effective t-motif M1 by M2. The set of isomorphism
classes of extensions forms an abelian group ExttMeff

(M1, M2) under the
Baer sum(1) and this group is naturally a k[t]-module.

7.1.2. This module can be given a more explicit description. Put H def=
HomK[t](M1, M2), the space of linear maps of M1 to M2, and write H′

for the space of semi-linear maps of M1 to M2. The K[t]-modules H and
H′ are isomorphic, since both are free of rank rk(M1) rk(M2), but there
is no natural isomorphism (unless K = k). Consider the k[t]-linear map

δ : H → H′ : f 7→ σ2 ◦ f − f ◦ σ1.

Note that ker(δ) = Hom(M1, M2). We contend that

coker(δ) = ExttMeff
(M1, M2). (7.1)

In fact, if M is an extension of M1 by M2 then as K[t]-modules M ≈
M1 ⊕M2 and σ(m1, m2) = (σ1(m1), σ2(m2) + γ(m1)) with γ ∈ H′. This

(1)See [Baer 1934] or Chapter XIV of [Cartan and Eilenberg 1956].
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extension splits if and only if there exists a linear f : M1 → M2 such
that γ = δ( f ).

7.1.3. The k[t]-module Ext is almost a divisible module:

Proposition. If K = Ks and λ ∈ k[t] has an invertible image under k[t]→ K
then multiplication with λ is surjective on ExttMeff

(M1, M2).

Proof of the proposition. Consider the commutative diagram

0 // H

δ
��

λ // H

δ
��

// H/λH

δ̄
��

// 0

0 // H′
λ // H′ // H′/λH′ // 0

with exact rows. This gives an exact sequence of cokernels

· · · → Ext(M1, M2)
λ→ Ext(M1, M2)→ coker(δ̄)→ 0.

It remains to show that coker(δ̄) = 0, that is, that δ̄ is surjective. The
vector space H/λH is of finite dimension over K. Since t− θ is invertible
in K[t]/λK[t] (here the condition on λ is needed), the map δ̄ is the sum
of a non-degenerate semi-linear map (‘σ2 ◦ f ’) and a linear isomorphism
(‘ f ◦ σ1’). It follows from Corollary b.2.2 that δ̄ is surjective.

7.2 Ext(1,1)

7.2.1. As was already indicated in §5.2, knowledge about the group of
extensions Ext(1, 1) in some Tannakian category leads to information
on the underlying fundamental group. We have calculated Ext(1, 1) in
the category of constant t-motifs (essentially 5.2.2) and deduced from
it the Artin-Schreier Theorem on degree p extensions in characteristic
p. Similarly we calculated Ext(1, 1) in the category of interior t-motifs
(5.2.3), to find that the abelianisation of the affine group scheme involved
is of multiplicative type. In this section we will repeat the exercise and
calculate Ext(1, 1) in the categories of t-motifs.
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7.2.2. One should realise that a t-motif that is an extension of two effec-
tive t-motifs need not be effective. In fact, it follows from the definition
of the category tM that for every pair M1, M2 of t-motifs

ExttM(M1, M2) = lim−→
n

ExttMeff
(M1 ⊗ Cn, M2 ⊗ Cn)

where the limit is for increasing n, starting at a sufficiently large value
for the right-hand-side to make sense.

7.2.3. For Ext(1, 1) in tM◦ we have:

Proposition. If K = Ks then

ExttM◦(1, 1) =

{⋃
n≥0(t− θ)−nK[t]/K[t] if k[t]→ K is injective

0 otherwise

Proof. By 7.1.2, the group of effective extensions of Cn by Cn is the cok-
ernel of the map

δ : K[t]→ K[t] : f 7→ (t− θ)n(σ( f )− f )).

By the Artin-Schreier Theorem (K is separably closed), the image of δ is
(t− θ)nK[t], hence in the category tM we have

ExttM(1, 1) =
⋃

n≥0
(t− θ)−nK[t]/K[t].

From this the Ext in the category tM◦ of t-motifs up to isogeny can be
calculated: use that

ExttM◦(−,−) = ExttM(−,−)⊗k[t] k(t)

to obtain the modules as stated in the Proposition.

7.2.4. If k[t] → K is injective then the above calculation also yields the
Ext(1, 1) in the Tannakian category tM◦

a.t.. In fact,

Lemma. Every extension of an analytically trivial t-motif by an analytically
trivial t-motif is itself analytically trivial.
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and therefore

Hom(Γ, Ga,k(t)) = ExttM◦a.t.
(1, 1)

= ExttM◦(1, 1).

This gives a description of the ‘additive part’ of the abelianisation of the
affine group scheme Γ.

Proof of the Lemma. Let E be an extension of M2 by M1, where both Mi
are analytically trivial. This yields an exact sequence

0→ M1{t} → E{t} → M2{t} → 0.

Both M1{t} and M2{t} have a σ-invariant basis, and these define a basis
for E{t} on which σ acts by an upper triangular block matrix. To show
that E{t} is analytically trivial (has an invariant basis) it hence suffices
to show that the map

K†{t} → K†{t} : ∑
i

ait
i 7→∑

i
(aq

i − ai)ti

is surjective. This is immediate from the observation that if b ∈ K† with
‖b‖ ≤ 1 then the equation

xq − x = b

has a (in fact, unique) solution with ‖x‖ = ‖b‖.

7.3 t-Motifs over Finite Fields

7.3.1. The situation is quite a bit simpler when K is a finite field.

Proposition. Let K be a finite field and M1 and M2 be two effective t-motifs
over K. Then ExttMeff

(M1, M2) is a finitely generated k[t]-module and

rkk[t] Hom(M1, M2) = rkk[t] ExttMeff
(M1, M2).

Note that while in tM◦ the k(t)-space Ext(1, 1) is one-dimensional
when K is a finite field, it vanishes when K is the algebraic closure of a
finite field (7.2.3).
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Proof of the Proposition. Take H, H′ and δ as in 7.1.2. Then

0→ Hom(M1, M2)→ H δ→ H′ → Ext(M1, M2)→ 0

is an exact sequence of k[t]-modules. Since K is finite over k, the modules
H and H′ are free and of the same finite rank over k[t], whence the claims
of the Proposition.

7.3.2. In particular, when M1 and M2 are pure of different weights, the
module of homomorphisms is trivial (6.2.2) and therefore Ext(M1, M2)
is torsion. This is in line with Algebraic Geometry, where it is expected
that every mixed motif over a finite field and with Q-coefficients decom-
poses as a direct sum of pure motifs.(2) Only, here we have to deal with
the pathology that there exist t-motifs that do not have a filtration with
pure quotients. We shall proceed immediately to exhibit an example.

7.3.3. Let θ = 0, that is, K has ‘characteristic t’. Consider the effective
t-motif

M = K[t]e1 ⊕ K[t]e2 with

{
σ(e1) = te1 + e2

σ(e2) = te1

Proposition. M has weights 0 and 1, yet MKs has no proper pure sub-t-motifs.

Sketch of proof. On the given basis, the characteristic polynomial of σ is
f (X) = X2 − tX − t. Using the Newton polygon, one verifies that the
valuations of zeroes of f are 0 and −1, whence the weights are 0 and 1.

If M contains pure sub-t-motif then it is either isomorphic to 1 or to
C. In other words, M must contain a vector v = ae1 + be2 such that either
σ(v) = v or σ(v) = tv. The former can be excluded by an argument on
the degrees of a and b, the latter by a calculation modulo t.

7.4 Higher Ext

7.4.1. If an abelian category has sufficient injectives or projectives then
functors Exti(−,−) can be defined using resolutions. By [Yoneda 1954]

(2)See Theorem 2.49 in [Milne 1994], where this is credited to Grothendieck.
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these functors have a definition independent of the existence of resolu-
tions, valid on any abelian category. This generalises the identification
of Ext1 with the group of extensions under Baer sum.

7.4.2. On the abelian category tM◦ they vanish:

Theorem. Exti
tM◦(−,−) = 0, for all i > 1.

Corollary. Exti
tM◦a.t.

(−,−) = 0, for all i > 1.

Proof of the Theorem. Clearly it suffices to show that the higher Ext are
trivial on tM◦

eff. Denote by C the category of left modules over the ring

K[t, σ]⊗k[t] k(t).

The functor
M M⊗k[t] k(t)

defines a fully faithful embedding of tM◦
eff into C. This induces for

every pair M1, M2 of effective t-motifs natural maps

φi : Exti
tM◦eff

(M1, M2)→ Exti
C(M1, M2).

The category C has sufficient projectives and hence the target groups can
be calculated using resolutions. In fact, using a K[t]-basis of an effective
t-motif M as a set of generators in C one sees that every effective t-motif
M has a free resolution of length at most 1 in C: the free set of relations
expresses the action of σ on the basis. Thus for i > 1 the target groups
of φi vanish.

Proposition 3.3 of [Oort 1964] asserts that if for some i and all M1
and M2 the map φi is bijective, then (for all M1 and M2) the map φi+1 is
injective. Thus the Theorem will be shown as soon as φ1 is bijective.

This is indeed the case:

Ext1
tM◦eff

(M1, M2) = coker(H δ→ H′)⊗k[t] k(t)

= coker(H ⊗ k(t)
δ⊗k(t)−→ H′ ⊗ k(t))

= Ext1
C(M1 ⊗ k(t), M2 ⊗ k(t)),

using the flatness of the k[t]-module k(t).
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Chapter 8

The Period Functor

8.1 A Tannakian Category of Periods

8.1.1. Let L be a commutative ring, A a commutative L-algebra and B
an A-algebra such that A→ B is injective. Consider the category whose
objects are triples (V, W, α) consisting of

• a projective and finitely generated L-module V;

• a projective A-module W;

• an isomorphism of B-modules α : VB →WB.

Morphisms in this category are pairs ( f , g) of an L-linear homomor-
phism f : V1 → V2 and an A-linear homomorphism g : W1 → W2 such
that the obvious square commutes:

gB ◦ α1 = α2 ◦ fB.

Thus, f determines gB and even g, since A→ B is injective. It follows
that Hom((V1, W1, α1), (V2, W2, α2)) is a sub-L-module of Hom(V1, V2),
and that the category we are dealing with is L-linear.

This category has a natural tensor product

(V1, W1, α1)⊗ (V2, W2, α2)
def= (V1 ⊗L V2, W1 ⊗A W2, α1 ⊗B α2)

and the unit for tensor product is (L, A, id). The dual of a triple takes
the contragredient α, thus (V, W, α)∨ def= (V∨, W∨, (α∨)−1). There is a
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trace map from (V, W, α)⊗ (V, W, α)∨ to the unit (L, A, id):

tr : (v⊗ λ, w⊗ µ) 7→ (λ(v), µ(w)).

This category of triples is an L-linear rigid tensor category and we shall
denote it by P(L, A, B).

8.1.2. Such a category arises naturally in the context of periods of alge-
braic varieties.(1) Fix a subfield F of C.

Let X be a smooth and projective variety defined over F. On the one
hand, the algebraic De Rham complex yields cohomology with F-coeffi-
cients H•dR(X, F). The singular cohomology H•(X(C), Q), on the other
hand, has rational coefficients. They are related by the De Rham Theo-
rem,(2) which furnishes in every degree i an isomorphism

ωX : Hi(X(C), Q)⊗Q C → Hi
dR(X, F)⊗F C,

functorial in X. The resulting functor

X  
(

H•(X(C), Q), H•dR(X, F), ωX
)

to P(Q, F, C) is conjectured to factor through the motif of X (here losely
defined as an element of the universal Tannakian category for the col-
lection of `-adic cohomology theories):

X  h(X, Q)  
(

H•(X(C), Q), H•dR(X, F), ωX
)
.

Consider as an example the cohomology in degree 2d of d-dimen-
sional projective space. There is an isomorphism(

H2d(Pd(C), Q), H2d
dR(Pd, F), ω

)
≈
(
Q, F, multiplication by (2πi)−d).

8.2 Construction of the Period Functor

8.2.1. Let k[t] → K be injective and let K† be any complete and al-
gebraically closed field containing K such that ‖θ‖ > 1. Denote by

(1)See [André 2004], in particular section 7.1.6.
(2)Theorem 1’ of [Grothendieck 1966].
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R ⊂ K†{t} the subring consisting of those power series that have an in-
finite radius of convergence. Thus R is the ring of entire functions on
the affine line over K†. Let M be an effective t-motif over K. Recall that
Han(M, k[t]) is the set of σ-invariant vectors in M{t} def= M⊗K[t] K†{t}.

Lemma. Han(M, k[t]) ⊂ M⊗K[t] R.

Proof. This is essentially Proposition 3.1.3 of [Anderson et al. 2004]—to
see this it suffices to choose a basis of M and to express everything in
terms of matrices.

8.2.2. By the Lemma, there is a natural map

Han(M, k[t])→ M[[t− θ]] def= M⊗K[t] K†[[t− θ]]

obtained through Taylor expansion in t = θ. It induces a map

Han(M, k[t])⊗k[t] K†((t− θ))
ωM−→ M[[t− θ]]⊗K†[[t−θ]] K†((t− θ))

and this map is an isomorphism if and only if M is analytically trivial.
With M = C, we have that on the natural bases ωC equals multipli-

cation with Ω.

8.2.3. The construction

M  
(

Han(M, k[t]), M[[t− θ]], ωM
)

(8.1)

defines a ⊗-functor from tMeff,a.t. to P(k[t], K†[[t− θ]], K†((t− θ))). Ex-
tending scalars from k[t] to k(t) yields a functor

M  
(

Han(M, k(t)), M[[t− θ]], ωM
)

(8.2)

from tM◦
eff,a.t. to P(k(t), K†[[t− θ]], K((t− θ))). Note that K†[[t− θ]] is

indeed a k(t)-algebra, since θ is transcendental over k.
As the target categories P are rigid, both functors extend to non-

effective t-motifs in a purely formal way.
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8.3 Fully Faithfulness on Pure t-Motifs

8.3.1. Denote by the letter P the functor

P : tMa.t. → P
(

k[t], K†[[t− θ]], K†((t− θ))
)

described in the preceding section.

8.3.2. For the sake of brevity, we write P for the target category of the
functors P. Assume that K = K†. Here is the main Theorem of this
chapter:

Theorem (first form). If M1 and M2 are t-motifs that are analytically trivial
and pure of the same weight, then the natural map

HomtM(M1, M2)→ HomP (P(M1), P(M2))

is an isomorphism of k[t]-modules.

Note that we have already shown that the map is injective (3.2.6.)

8.3.3. The Theorem is equivalent with the apparently weaker claim:

Theorem (second form). Let n be a non-negative integer and M an analyti-
cally trivial effective t-motif that is pure of weight n, then

HomtM(Cn, M)→ HomP (P(Cn), P(M))

is an isomorphism of k[t]-modules.

Proof of equivalence. Take M1 and M2 as in the first formulation. Then
for a sufficiently large n the t-motif M def= Hom(M1, M2)⊗Cn is effective
and by adjunction (2.2.5) it follows that

HomtM(M1, M2) = HomtM(Cn, M)

and similarly that

HomP (P(M1), P(M2)) = HomP (P(Cn), P(M)).
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8.3.4. Proof of the Theorem in its second form. Let f : P(Cn) → P(M) be
given. Pick generators to identify

P(Cn) = (k[t], K[[t− θ]], Ωn)

Denote the image of 1 ∈ k[t] under f by v ∈ M{t}σ. The fact that f is a
morphism in P implies that

ωM(v) ∈ ΩnM[[t− θ]] = (t− θ)nM[[t− θ]]. (8.3)

Claim: v ∈ ΩnM⊗K[t] R.
By Lemma 8.2.1 v lies in M⊗K[t] R. The claim states that v has zeroes

of order at least n at t = θqi
for all i ≥ 0. For i = 0 this is precisely what

is asserted in equation (8.3). The presence of the other zeroes follows by
induction on i since σ(v) = v and the action of σ is defined over K[t].

The claim shows that

Cn ⊗ R→ M⊗ R : ge 7→ σ(g)
v

Ωn

is a well-defined σ-equivariant R-homomorphism. By the GAGA-style
Proposition 4.4 of [Gardeyn 2003], this ‘analytic’ map descends to an
‘algebraic’ morphism Cn → M of t-motifs which by construction gets
mapped to f under the functor P.

8.3.5. Remarks. The Theorem can also be deduced from Anderson’s
results on scattering matrices(3)

A more general result, accounting also for non-pure t-motifs, has
been announced by Pink,(4) but unfortunately no precise statement, nor
a proof, has been published so far.

8.4 Corollary: ΓKs is Connected

8.4.1. Using the above fully faithfulness we obtain the following impor-
tant Theorem.

(3)See §3 of [Anderson 1986].
(4)See the pre-print [Pink 1997].
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Theorem. An effective and analytically trivial t-motif M that is pure of weight
zero is constant.

Proof. It is sufficient to prove the Theorem for K = K†.
Denote by r the rank of M, so that ∧r M is isomorphic to the unique

rank one effective t-motif that is pure of weight zero: ∧r M ≈ 1. By
functoriality this translates into an isomorphism

P(∧r M) ≈ P(1)

which implies that the matrix expressing ωM lies in GL(r, K[[t − θ]]).
From this it follows that there is an isomorphism

P(M) ≈ P(r1)

whence by Theorem 8.3.2 the effective t-motif M is constant.

8.4.2. This allows us to finish the proof of the connectedness of ΓKs

(4.2.3). Recall that assuming the non-connectedness of Γ we have ob-
tained an effective t-motif M that is analytically trivial and such that
M⊗M is a subquotient of nM for some n. We were left with the task of
showing that M is constant.

End of the proof of Theorem 4.2.3. Let λ be the maximal weight of M. Then
2λ is the maximal weight of M ⊗ M and hence 2λ is a weight of nM,
hence 2λ ≤ λ, hence λ = 0, hence M is pure of weight 0, hence, by the
above Theorem, M is constant.
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Chapter 9

t-Motifs with Large
Endomorphism Rings

9.1 OD-Motifs

9.1.1. Fix a finite field k of cardinality q and a field F/k of transcendence
degree 1 whose field of constants is k. Choose a place ∞ of F. Pick a
function t ∈ F that has a pole of order prime to p at ∞ and is regular
everywhere else. Such a function exists by Riemann-Roch. Let A ⊂ F be
the ring of functions that have poles only at ∞. Then A is a k[t]-algebra—
the integral closure of k[t] in F.

Denote the degree of F over k(t) by r.

9.1.2. Also, fix a central simple F-algebra D of dimension d2. If L is
an algebraically closed field containing k, then D⊗k L is isomorphic to
the full d× d matrix algebra over F⊗k L by Tsen’s Theorem.(1) We will
assume that D is unramified at ∞, that is, that D ⊗F F∞ ≈ M(d, F∞).
Choose a maximal A-order OD ⊂ D (the condition that OD be maximal
is not really essential.) The objects that will be parametrised in the fol-
lowing chapters can be thought of as certain classes of ‘effective t-motifs
with OD-multiplication’.

(1)Hauptsatz of [Tsen 1933].
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9.1.3. Let K be a field containing k, equipped with an injective and k-lin-
ear homomorphism A→ K, and hence a fortiori equipped with an injec-
tive structure homomorphism k[t]→ K.

Definition. An OD-motif is a pair (M, α) consisting of

• an effective t-motif M over K, of rank rd2 and,

• a homomorphism α : OD → End(M) of k[t]-algebras,

such that M is free of rank d over K[σ] and such that the induced map

OD ⊗A Ka → End(MKa /σMKa)

is an isomorphism of Ka-algebras. A morphism between such objects is
an OD-equivariant map of effective t-motifs.

Some immediate consequences of the definition follow. The actions
of t and θ on MKa /σMKa coincide. There is a natural structure of left
OD ⊗k K-module on M and likewise M(t) is a left D⊗k K-module. Over
Ka, the top exterior power ∧rd2

M is isomorphic to Cd.

9.1.4. This definition contains the Drinfeld A-modules of all ranks, al-
beit indirectly, through the mechanism of Morita equivalence which we
recall here.

Let R be any ring and n an integer. Consider the functor

M N def= nM = M⊕M⊕ · · · ⊕M

from the category of left R-modules to the category of left M(n, R)-mod-
ules. Let e be the idempotent matrix whose first entry equals 1 and
which is zero in all other entries. Then a two-sided inverse functor is
given by N  M def= eN and one says that R and M(n, R) are Morita
equivalent.(2)

Now if D = M(d, F) and OD = M(d, A) and M an OD-motif, then
as above, M ≈ Nd as A ⊗ K-modules. Since the idempotent e can be
taken inside OD—so that σ and e commute—the module N inherits a

(2)After Kiiti Morita who investigated when two rings have equivalent categories
of modules. See [Morita 1958].
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semilinear action and becomes an effective t-motif of rank one over K[σ]
carrying an action of A. In short: N is a Drinfeld A-module (see §1.3). It
follows that the category of M(d, A)-motifs is equivalent to the category
of Drinfeld A-modules of A-rank d.

9.2 Purity & Analytic Triviality

9.2.1. Assume that K is algebraically closed. By Tsen’s Theorem there
exists a finite field l containing k and contained in K such that D⊗k l is
isomorphic to M(d, F⊗k l). Choose such an l and denote by n its degree
over k.

Lemma. Let M be an OD-motif. There exists an M(d, A)-motif M′ such that
M(t) ≈ M′(t) as K(t)[σn]-modules.

Proof. Choose an isomorphism D⊗k l → M(d, F⊗k l) such that OD ⊗k l
lands inside M(d, A ⊗k l). This is possible since all maximal orders in
M(d, F ⊗k l) are conjugate. The following commutative diagram sum-
marises the resulting identifications.

D⊗k l // M(d, F⊗k l)

OD ⊗k l � � //
?�

OO

M(d, A⊗k l)
?�

OO

Note that the commutative square is τn-equivariant but it is τ-equivari-
ant only when D ≈ M(d, F).

Assume first that M is a free OD⊗k K-module and let e be a generator.
Then the t-motif M is determined by the image of e under σ and thus
by the S ∈ OD ⊗k K with σ(e) = Se. Put M′ def= M(d, A ⊗k K) f , the
M(d, A)-motif generated by f and with σ( f ) def= S f . Here S acts via the
embedding OD ⊗k K → M(d, A ⊗k K) induced from the identifications
of the commutative square. Clearly M′(t) ≈ M(t) as K(t)[σn]-modules.

In general M is not free but locally free (for the Zariski topology
on A). It can be embedded in a free module (OD ⊗k K)m for some m.
Let e1, . . . , es be a generating set for M ⊂ (OD ⊗k K)m. Then define
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M′ as the M(d, A ⊗k K)-module generated by the images of e1, . . . , es
in M(d, A ⊗k K)m. By the identifications M′ carries a σ-action and by
construction M′(t) ≈ M(t) as K(t)[σn]-modules.

9.2.2. M(d, A)-motifs are direct sums of Drinfeld modules and we have
already seen that Drinfeld modules are pure (6.2.2) and analytically triv-
ial (3.2.7). Let M be an OD-motif. The Lemma readily implies:

Corollary. M is analytically trivial and pure of weight 1/dr.

Proof. Let M be an OD-motif and take M′ as in the Lemma.
M′ is pure of weight 1/dr, and it follows immediately from the defi-

nition of pureness that M is also pure of the same weight.
As M′ is a direct sum of Drinfeld modules, it is analytically trivial.

Thus, in particular

M({t})σn
≈ M′({t})σn

≈ l(t)rd2
.

The action of σ on the left hand side induces a semi-linear action on
l(t)rd2

and Hilbert 90 (b.1.1) implies that M({t})σ ≈ k(t)rd2
and that M

is analytically trivial.
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Chapter 10

Moduli

10.1 Periods of OD-Motifs

10.1.1. We continue with the notation of the previous chapter. Moreover,
we assume that K = K†.

Let M be an OD-motif. Since M is analytically trivial (§9.2), the mod-
ule Han(M, k[t]) is a left OD-module which is locally free of rank one.
(locally, with respect to the Zariski topology on Spec(A))

The period construction (§8.2) gives rise to an injective map

Han(M, k[t])⊗k[t] K[[t− θ]]
ωM−→ M⊗K[t] K[[t− θ]] (10.1)

which, by transport of structure, is a map of left OD ⊗k[t] K[[t− θ]]-mod-
ules.

Since OD-motifs are pure (§9.2) it follows from Theorem 8.3.2 that
the map (10.1) determines M.

10.1.2. The above induces an injective map on the dual modules:

(M⊗K[t] K[[t− θ]])∨
ω∨M−→ Han(M, k[t])∨ ⊗k[t] K[[t− θ]] (10.2)

Denote by Lie(M) the cokernel of ω∨M—this is just a K-vector space.
Since the top exterior power of M is isomorphic to Cd the determinant
of ω∨M is (t − θ)d up to a unit in K[[t − θ]]. Therefore Lie(M) is of
dimension d. It is equipped with a right action by OD ⊗k[t] K.
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The cokernel map restricts to a homomorphism

Han(M, k[t])∨ → Lie(M) (10.3)

of right OD-modules, about which we know the following:

Proposition. The map (10.3) satisfies

• the target Lie(M) is a simple right OD ⊗A K-module;

• the source Han(M, k[t])∨ is a right OD-module, locally free of rank one;

• the map is injective, OD-linear and with discrete image.

Proof of the Proposition. Only ‘simple’, ‘injective’ and ‘discrete’ constitute
new claims. Since the t-motifs involved are finitely generated over K[σ],
the results of §3 of [Anderson 1986] apply. There it is shown that
Lie(M) is dual to M/σM (hence the ‘simple’ follows from the defini-
tion of an OD-motif) and that the map in question is injective and with
discrete image.

10.1.3. The map (10.3) determines the map (10.2), hence also (10.1) and
M. Also, all such maps arise from some M:

Theorem. The functor

M 
[
Han(M, k[t])∨ → Lie(M)

]
is an anti-equivalence from the category of OD-motifs to the category of maps
Λ→ V satisfying the three conditions of the above Proposition, that is,

• V is a simple right OD ⊗A K-module;

• Λ is a right OD-module, locally free of rank one;

• the map is injective, OD-linear and with discrete image.

Proof. It has already been remarked that the functor is fully faithful (es-
sentially because of Theorem 8.3.2.)

To prove that it is essentially surjective, assume first that OD is split:
OD = M(d, A). Then the M in question correspond under Morita equiv-
alence (9.1.4) to (sums of) Drinfeld modules and the Theorem follows
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immediately from Anderson’s transcription of Drinfeld’s work into
the language of t-motifs.(1)

By a Theorem of Anderson(2) the question whether Λ → V comes
from some OD-motif depends only on the k((θ−1))-span of Λ. Since D∞
is isomorphic with M(d, F∞) the general case follows immediately from
the split case.

10.2 Analytic Moduli

10.2.1. We write A for the ring of finite adèles of A:

A def= ∏
v 6=∞

′ Fv,

and Â for the subring
Â def= ∏

v 6=∞
Av.

We have the identity Â⊗A F = A.
Abusively, we use the symbol D× for both the group of units in D

and for the associated algebraic group over F, defined by its functor of
points: for all F-algebra’s R,

D×(R) def= (D⊗F R)×.

The subgroup U of D×(A) defined as

U def= (OD ⊗A Â)× ⊂ (D⊗A Â)× = D×(A)

is compact and open.
Since ‖θ‖ > 1 and since K = K† is complete the embedding A → K

extends to an embedding F∞ → K. We need the Drinfeld symmetric
space(3)

Ωd = Ωd
F∞

def= P(Kd)−∪H H(K)

(1)See [Anderson 1986] and [Drinfel′d 1974], respectively.
(2)Theorem 6 of [Anderson 1986].
(3)See [Drinfel′d 1974].
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where H runs through the set of F∞-rational hyperplanes in P(Kd). This
is a rigid analytic space on which the group PGL(d, F∞) acts naturally.

10.2.2. The choice of an isomorphism of D⊗F F∞ with M(d, F∞) identi-
fies D× with a subgroup of GL(d, F∞) and therefore induces an action
of D× on Ωd. Following a classical argument we prove:

Proposition. There is a natural bijection between the set of isomorphism classes
of OD-lattices Λ ⊂ V as in Theorem 10.1.3 and the double coset space

D×
∖(

Ωd × D×(A)/U
)

where the action by D× is diagonal.

The double coset space is the disjoint union of a finite number of
quotients of Ωd by discrete group actions, and therefore a smooth rigid
analytic space. It is proper if and only if D is a division algebra, and
it is a curve if and only if d = 2. In particular, when D is a division
quaternion algebra, then the double coset space is a proper Mumford
curve and its genus is the rank of the abelianisation of the group O×D.(4)

Even though we only make statements of a set-theoretic nature, it
should be clear that the constructions define a rigid analytic moduli
space of OD-motifs. To make such a statement hard we should treat
rigid analytic ‘families’ of OD-motifs.(5)

Proof of the Proposition. Start off with a Λ → V. There is no loss of gen-
erality in assuming that V = Kd on which D acts via the chosen iso-
morphism D⊗F F∞ = M(d, F∞). Consider the F-span FΛ of the lattice.
This is a free module of rank 1 over D lying inside V and the choice of a
generator marks a point on P(V) and identifies FΛ with D. The marked
point lies in Ωd ⊂ P(V) if and only if Λ is discrete in V. The embedding
Λ ⊂ D can be tensored to an embedding ÂΛ ⊂ D⊗A and the former
can be recovered from the latter as Λ = ÂΛ ∩ D. But all locally free
OD ⊗ Â-modules are free, consequently the locally free OD-submodules

(4)See [Gerritzen and van der Put 1980].
(5)See [Böckle and Hartl 2005] for an example of how this can be done.
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Λ ⊂ D of rank one are in bijection with the free rank one OD ⊗ Â-sub-
modules of D ⊗ A and the latter are in bijection with (D ⊗ A)×/U. It
remains to mod out by the choice of the generator of FΛ, that is, by D×,
to establish the desired one-to-one correspondence.

10.3 Algebraic Moduli

Laumon, Rapoport, and Stuhler have studied moduli of OD-motifs
from a purely algebraic point of view.(6) They obtain algebraic varieties
classifying OD-motifs, and studying the cohomology of those they prove
the local Langlands correspondence for GL(d) in equal characteristic p.
It is mentioned in loc. cit. that those algebraic varieties have a rigid-
analytic uniformisation as in 10.2.2, but no attempt is made to prove
this.(7)

The moduli problems of [Laumon et al. 1993] are not defined in
terms of t-motifs, but are cast in a slightly different language. It is
remarked(8) in loc. cit. that there is a relation with t-motifs. In this
section, this relation will be made explicit.

10.3.1. The main point is to extend the notion of an OD-motifs M to
something that is defined also over the infinite place of F.

We need to fix a maximal order D∞ ⊂ D∞
def= D⊗ F∞. Such a maxi-

mal order is unique up to conjugation. If we put Dv = OD ⊗A Av for all
places v 6= ∞ then the Dv combine to form a sheaf F on the algebraic
curve with function field F.

(6)See [Laumon et al. 1993].
(7)It is mentioned on p. 308 as one out of two possibilities for showing an unproved

statement used in their proof of local Langlands. The alternative approach proposed
is based on an at that time unpublished result of I. Bernstein. It is also remarked (on
p. 309) that a (at that time) forthcoming paper by Schneider and Stuhler contains
a proof of Bernstein’s result. I am not sufficiently versed in Representation Theory
to verify that this proof has by now indeed appeared in the litterature. It should of
course be stressed that the local Langlands correspondence is by now a corollary to
the global correspondence constructed in [Lafforgue 2002].

(8)On p. 228.
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10.3.2. We are now about to define the category C in which the objects
that are parametrised in loc. cit. live. The definition is quite a mouthful
and depends on the notion of a vector bundle on the non-commutative
projective line P1

K(σ). This notion is defined and explained in the ap-
pendices, Section a.3.

The category C depends on the sheaf of orders D, in other words,
depends on both OD and D∞.

Definition. An object V of C consists of the data

• a rank d vector bundle (M, W) on P1
K(σ),

• a homomorphism α : OD → EndK[σ](M),

• a homomorphism α∞ : D∞ → EndK[[σ−1]](W),

which are subject to the conditions that

• (M, α) is an OD-motif,

• the following square commutes:

F∞ ⊗A OD
// EndK((σ−1))

(
M⊗K[σ] K((σ−1))

)

F∞ ⊗O∞
D∞ // EndK((σ−1))

(
W ⊗K[[σ−1]] K((σ−1))

)
(the horizontal arrows are induced by α resp. α∞),

• W is finitely generated as K[[t−1]]-module,

• σ−rdW = t−1W.

A morphism in C is a morphism of vector bundles that is compatible
with α and α∞.

10.3.3. The ‘shift’ functors that map V = (M, W) to

V(n) def= (M, σnW)

are auto-equivalences of C. They define an action of the group Z on the
category C. A quotient category Z\C in which the shifts of an object are
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identified can be constructed by adding morphisms to C. The objects of
Z\C are then the objects of C while the morphisms V1 → V2 are pairs
( f , i) of an integer i ∈ Z and a C-morphism V1 → V2(i). Composition is
defined by the rule

( f , i) ◦ (g, j) = ( f (j) ◦ g, i + j).

10.3.4. In loc. cit. families VS defined over arbitrary K-schemes S are
considered. After modding out the ‘shift’ as above, these families of
classes of V form a fibered category which is shown to be a smooth
algebraic stack, proper if and only if D is a division algebra. Adding
level structures to kill the (finite) automorphism groups of the objects,
and thus passing to a finite covering, the stack becomes representable.

10.3.5. Thus, in order to identify the rigid analytic moduli spaces defined
in the previous section with the algebraic moduli spaces of loc. cit., it
remains to show:

Theorem. The forgetful functor

V  (M, α)

defines an equivalence of Z\C with the category of OD-motifs.

In particular this means that Z\C does not depend on D∞.

Proof. It is clear that this forgetful functor on C factors over Z\C. A
quasi-inverse functor can be constructed as follows.

Assume given an (M, α). Consider the Dieudonné module M((t−1)).
The action of α makes M((t−1)) into a free D∞ ⊗k K-module of rank
one. Moreover, by the purity of M (see §9.2) M((t−1)) is isomorphic to
the sum of d copies of V1/dr (see Chapter 6), and using for example the
standard basis for V1/dr it is not hard to see that the action of σ makes
M((t−1)) (with its t−1-adic topology) into a d-dimensional topological
vector space over K((σ−1)) (with its σ−1-adic topology.) Clearly also

M((σ−1)) def= M⊗K[σ] K((σ−1))
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is a d-dimensional topological K((σ−1))-vector space. In fact, the natural
K((σ−1))-linear map

M((σ−1))→ M((t−1)) (10.4)

(extending the embedding M → M((t−1))) is an isomorphism since it
is D-equivariant and the image is non-trivial. Identify source and target
of this isomorphism.

In order to complete M to an object (M, W) of C, it remains to find a

W ⊂ M((σ−1)) = M((t−1))

that is simultaneously a K[[σ−1]]-lattice and a D∞ ⊗k K-lattice.
The possible W can be determined using Morita equivalence. Choose

a primitive idempotent e in the full matrix algebra D∞. Then given a
lattice W the projection

W ′ def= eW ⊂ eM((σ−1)) = eM((t−1)) ≈ V1/rd

is a rank one K[[σ−1]]-lattice and an OF∞
-lattice of rank d. Conversely,

any such W ′ induces a W with the desired properties. Choose any
K[[t−1]]-lattice W ′ ⊂ eM((σ−1)). A direct verification shows that it sat-
isfies the required properties. Clearly, any two choices of W ′ differ by a
power of σ, that is, by a shift in C.
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Chapter 11

Questions

In a 1985 interview, Serre stated:

. . . Alas, most people are afraid to admit that they don’t know
the answer to some question, and as a consequence they re-
frain from mentioning the question, even if it is a very natu-
ral one. What a pity! As for myself, I enjoy saying “I do not
know.” (1)

With this wisdom in mind, we will end this thesis posing a number of
questions that seem to be worth persuing further.

11.1. If k[t]→ K is injective, is the category tM◦(K) neutral Tannakian? And
what about tM◦

int?

A related question is if every M has a Picard-Vessiot field with field
of constants k(t).

11.2. Is there a direct proof of the analytic triviality of Drinfeld modules?

The only proof I know is geometrical: it deduces the analytic trivi-
ality from Drinfeld’s uniformisation, using the results of [Anderson

1986]. For the Carlits motif C there is a direct proof (3.2.3) and it seems
likely that the something similar is possible for Drinfeld modules.

(1)See [Chong and Leong 1985] or Œ. 141 in J.P. Serre, Collected Works.
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11.3. The k[t]-modules Ext(1, Ci) are invariants of the base field K. Do they
have a conceptual interpretation?

In the (conjectural) category of mixed motives, the groups of exten-
sions of 1 by the powers of the Lefschetz motif are expected to coincide
(at least up to torsion) with the K-groups of the base field.(2)

Probably more interesting are the subgroups of these Ext groups that
consist of those extension classes that have a model over the ‘ring of
integers’ of K.

11.4. Does the vanishing of the Yoneda Exti for i > 1 in tM◦
a.t. imply any

restrictions on Γ?

One should be careful not to jump to conclusions on the cohomology
of Γ: the vanishing of the higher Yoneda Ext groups in the category
of finite-dimensional Γ-representations (7.4.2) does not imply that the
higher Ext groups vanish in the larger category of all Γ-modules (in
which the resolutions live that are needed to define cohomology of Γ.) It
is therefore not possible to conclude that the higher cohomology groups

Hi(Γ, M) = Exti
Γ-mod(1, M)

vanish. (The reasoning in the proof of 7.4.2 can not be reversed.)

11.5. What is the most general Shimura variety in the style of Chapter 10?

The work of Voskuil and van der Put on rigid analytic symmetric
spaces suggests that only products of forms of GL(n) yield algebraic
quotients of symmetric spaces(3), but there are a few groups on which it
is not conclusive.

(2)See for example §3 of [Deligne 1994].
(3)See [van der Put and Voskuil 1992].
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Appendix a

The Skew Polynomial Ring K[σ]

All statements in this chapter are relative to a field K of characteristic p
and some power σ of the Frobenius endomorphism of K. They remain
valid without any modification for any field K equipped with any endo-
morphism τ, provided that the occurences of ‘K is perfect’ are read ‘τ is
invertible’.

a.1 The Ring K[σ]

a.1.1. Let K be a field containing the finite field k of q elements. The ring
K[σ] consists of polynomial expressions

x0 + x1σ + · · ·+ xnσn

with xi ∈ K. Addition is defined in the usual way, multiplication is
defined by the commutation rule

σx = τ(x)σ

where τ : K → K is the q-th power Frobenius endomorphism. The centre
of this ring is k. The left Euclidean algorithm holds, relative to to the
usual degree map deg : K[σ]→ N∪ {∞}, therefore all left ideals in K[σ]
are principal.

If K is perfect then one can invert the roles of left and right using
the formula xσ = στ−1(x). One obtains that K[σ] is also right Euclidean
and that all right ideals are principal.
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a.1.2. Since K[σ] is left Euclidean, it has a unique skew field of frac-
tions(1) which we denote by K(σ). It consists of expressions of the form
r/s with s 6= 0 and r/s = r′/s′ if and only if there exist non-zero u, u′ in
K[σ] with ur = u′r′ and us = u′s′.

The degree map deg : K(σ) → Z ∪ {∞} : r/s 7→ deg(r)− deg(s) is
well-defined and satisfies

deg(tu) = deg(t) + deg(u).

It factors over K(σ)→ K(σ)ab def= K(σ)×/[K(σ)×, K(σ)×] ∪ {0}.

a.2 Determinants over K[σ]

a.2.1. Denote the subring of diagonal matrices in M(n,−) by D(n,−).
Write E(n,−) for the subgroup of GL(n,−) generated by the elementary
matrices (corresponding to the elementary row and column operations).

The Dieudonné determinant(2) defines a multiplicative function

det : M(n, K(σ))→ K(σ)ab

and a short exact sequence of groups

1 → E(n, K(σ)) → GL(n, K(σ)) → (K(σ)ab)× → 1.

Furthermore, the subgroup E(n, K(σ)) coincides with the commutator
subgroup of GL(n, K(σ)).(3)

a.2.2. As the function det is rational in the entries of the matrix, we
cannot hope for a restriction to M(n, K[σ]) with the same properties as
its polynomial counterpart over commutative rings. However, consider
the map

deg det : M(n, K(σ))→ Z ∪ {∞}.
(1)See [Cohn 1977].
(2)See [Dieudonné 1943].
(3)Over every skew field, E is the kernel of det. It equals the commutator subgroup

of GL unless n = 2 and the skew field is the finite field of two elements.
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It is surjective and satisfies deg det(AB) = deg det(A) + deg det(B). We
make a little observation(4) on its restriction to M(n, K[σ]).

Theorem. The restriction of the map deg det to M(n, K[σ]) induces an exact
sequence of unitary semigroups

1 → GL(n, K[σ]) → M(n, K[σ]) → N ∪ {∞} → 0.

Moreover, deg det is unique in the sense that every semigroup homomorphism
f : M(n, K[σ])→ Z ∪ {∞} that coincides with deg det on D(n, K[σ]) equals
deg det.

Proof. We first prove the uniqueness claim and then use it to deduce the
first part of the theorem.

Uniqueness. Assume that f : M(n, K[σ]) → Z ∪ {∞} extends to
M(n, K(σ)). As deg has a unique extension from K[σ] to K(σ), we find
that f = deg det on D(n, K(σ)). Since every matrix A ∈ M(n, K(σ))
can be written as a product A = ED, with E ∈ E(n, K(σ)) and D ∈
D(n, K(σ)), and since f is necessarily zero on the commutator subgroup
E(n, K(σ)) of GL(n, K(σ)), we find for every A = ED ∈ M(n, K(σ)) that

f (A) = f (E) + f (D) = f (D) = deg det(D) = deg det(A).

The exact sequence. Given a matrix A ∈ M(n, K[σ]), consider the quo-
tient of left K[σ]-modules K[σ]n/K[σ]n A. It is a vector space over K.
Now define

f : M(n, K[σ])→ N ∪ {∞} : A 7→ dimK K[σ]n/K[σ]n A.

The third isomorphism theorem gives f (AB) = f (A) + f (B) and be-
cause f (D) = deg det(D) for diagonal matrices D, we conclude that
f = deg det on all of M(n, K[σ]). But f takes values in N ∪ {∞} and
ker f = GL(n, K[σ]). This finishes the proof.

(4)See [Taelman 2006].
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a.3 The Non-Commutative Projective Line

In a letter(5) to Stuhler, Drinfeld suggested the notion of (a vector bun-
dle on) the non-commutative projective line. We give a brief overview,
following [Laumon et al. 1993], §3.

a.3.1. Rather than defining the non-commutative projective line as a ge-
ometric object, one defines the category of vector bundles on it. Assume
that K is perfect.

Definition. A vector bundle of rank r on P1
K(σ) is a pair (M, W) of

• a free K[σ]-module M of rank r;

• a free K[[σ−1]]-submodule W ⊂ M ⊗ K((σ−1)) that contains a
K((σ−1))-basis.

A morphism of vector bundles is a homomorphism M1 → M2 such that the
induced

M1 ⊗ K((σ−1)) → M2 ⊗ K((σ−1))

maps W1 into W2.

a.3.2. Instead of splitting a vector bundle in an ‘affine part’ M and a
‘local part at infinity’ W, one can use a standard ‘covering’ of P1

K(σ).
Then a rank r vector bundle becomes a triple (M, M′, γ) with

• M a free K[σ]-module of rank r;

• M′ a free K[σ−1]-module of rank r;

• γ an isomorphism from M⊗ K[σ, σ−1] to M′ ⊗ K[σ, σ−1].

The two descriptions compare through

W = M′ ⊗ K[[σ−1]] ⊂ M′ ⊗ K((σ−1)) → M⊗ K((σ−1)),

where the arrow is the isomorphism induced from γ−1, and

M′ = W ∩M⊗ K[σ, σ−1]

with the obvious γ.

(5)September 17th, 1985. See [Laumon et al. 1993].
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When K[σ] is commutative, a vector bundle on P1
K(σ) is nothing but

a vector bundle on the ordinary projective line over K.

a.3.3. Denote by O(n) the vector bundle (K[σ], σnK[[σ−1]]). In [Laumon
et al. 1993] the following classification is shown:

Theorem. All vector bundles on P1
K(σ) are direct sums of vector bundles of

the type O(n).

If K[σ] is commutative then this specialises to the well-known classi-
fication of vector bundles on the commutative projective line.
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Appendix b

Hilbert 90 and Other Vanishing
Theorems

b.1 Galois Cohomology of GL(n)

b.1.1. Let R be a commutative ring, S an étale R-algebra and G a finite
group of R-linear automorphisms of S such that

S⊗R S→ ∏
g∈G

S : (x, y) 7→
{

g(x) y
}

g

is an isomorphism of R-algebras. This is the case, for example, when
S/R is a Galois extension of fields with Galois group G. A consequence
of faithfully flat descent is the following generalisation(1) of Hilbert’s
Theorem 90.

Theorem. Under the above hypothesis, the following are equivalent:

• M⊗R S ≈ Sn implies M ≈ Rn, for all projective R-modules M;

• H1(G, GL(n, S)) = 1;

• if V ≈ Sn and G × V → V an action of G on the abelian group V,
satisfying g(xv) = g(x)g(v) for all g ∈ G, x ∈ S, v ∈ V then V has an
invariant basis.

(1)Satz 90 of Hilbert’s Zahlbericht [Hilbert 1897] treats the case where R is a num-
ber field, S/R a cyclic extension of prime degree, and GL(n) = GL(1).
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It may of course happen that over R all projective and finitely gener-
ated modules are free, say, for example, when R is a field or a polyno-
mial ring over a field.(2)

Proof of the Theorem. By Grothendieck’s Theorem of faithfully flat de-
scent(3) there is an equivalence between

• projective and finitely generated modules M on R, and,

• projective and finitely generated modules N on S, together with
an action of G× N → N satisfying g(xv) = g(x)g(v),

given by the functor M  N def= M⊗R S. This implies the Theorem as
follows.

One⇒ Two. Let g 7→ γ(g) be a 1-cocycle. The map

(g, (x1, · · · , xn)) 7→ (g(x1), · · · , g(xn))γ(g)t

defines an action of G on Sn that satisfies

g((xx1, . . . , xxn)) = g(x)g((x1, . . . , xn)).

By faithfully flat descent, these data correspond to a projective and
finitely generated R-module M, such that Sn with its G-action is noth-
ing but M ⊗R S. But since M is free by the hypothesis, Sn has an in-
variant basis. Therefore there is an invertible matrix µ ∈ GL(n, S) with
γ(g) = µ−1g(µ).

Two⇒ Three. Choose an S-basis e = (ei) of V. Then for every g ∈ G
there exists a unique γ(g) ∈ GL(n, S) such that g(e) = γ(g)e. It follows
from the relation g(xv) = g(x)g(v) that

h(g(e)) = γ(h)h(γ(g))e,

where h(γ(g)) is the matrix obtained from γ(g) by applying h ∈ G to
all its entries. Thus, g 7→ γ(g) is a cocycle in H1(G, GL(n, S)). Trivial by

(2)The latter by the Quillen-Suslin Theorem (‘Serre’s conjecture’). See [Suslin 1976]
and [Quillen 1976].

(3)[Grothendieck 1962], reprinted in [Grothendieck 1995].
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the hypothesis, it is of the form γ(g) = µ−1g(µ) for some µ ∈ GL(n, S),
independent of g. One checks that µ−1e is an invariant basis of V.

Three ⇒ One. Assume that M is projective over R and that M⊗R S
is free of rank n over S. Then necessarily, M is projective of rank n over
R. By the hypothesis, M⊗R S has an invariant basis under the natural
action of G and therefore there is an equivariant isomorphism

M⊗R S→ Rn ⊗R S.

It remains to apply faithfully flat descent to obtain M ≈ Rn.

b.2 Some Variants in Positive Characteristic

b.2.1. Let K be field containing a finite field k of q elements. Denote by
τ the q-th power endomorphism of K. Denote, abusively, also by τ the
endomorphism of GL(n, K) obtained by applying τ to all the entries of
elements of GL(n, K).

Proposition. If K is separably closed then

• the map GL(n, K)→ GL(n, K) : g 7→ τ(g)g−1 is surjective and

• if V is a finite dimensional vector space over K and σ a semi-linear auto-
morphism of V, then V contains a (pointwise) σ-invariant basis.

If K is moreover perfect then Z acts on GL(n, K) via powers of τ. The
Proposition then asserts that

H1(Z, GL(n, K)) = 1.

Proof of the Proposition. First, assume that K = ka. Pick a g ∈ GL(n, K).
The entries of g generate a finite field l ⊂ ka. Since GL(n, l) is a finite
group, there is a d such that

gτ(g) · · · τd−1(g) = 1.

Let l′ be the subfield of K of degree d over l, then g determines a cocycle
for H1(Gal(l′/k), GL(n, l′)) and thus by b.1.1 there is an h ∈ GL(n, l′)
such that g = h−1τ(h).
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Now let K be an arbitrary separably closed field containing ka. The
map GL(n) → GL(n) : g 7→ g−1τ(g) is an étale morphism of algebraic
varieties over k. It is surjective on ka-points, hence also on K-points. This
proves the first part of the proposition.

The second statement is a consequence of the first, the proof being
precisely the same as the ‘Two⇒ Three’ part of Theorem b.1.1.

The proposition still holds with GL(n) replaced by any connected
algebraic group defined over k, as was shown in [Lang 1956].

b.2.2. As a corollary we get the existence of solutions for Artin-Schreier
type equations on a vector space.

Corollary. Let K be separably closed and V a finite dimensional vector space
over K. Given a semi-linear non-degenerate map σ : V → V as in the Proposi-
tion, a linear automorphism α of V and a constant β ∈ V, the equation

σ(v) + α(v) + β = 0

has a solution v ∈ V.

Proof. By the preceding Proposition, V has a σ-invariant basis. Let
x1, . . . , xn be coordinates with respect to such a basis. Then the equa-
tion σ(v) + α(v) + β = 0 transcribes to a system

xq
1 + lower degree terms = 0

· · ·
xq

n + lower degree terms = 0

of n equations in n variables. Make the system homogeneous to obtain
n hyperplanes in Pn

K. Since their intersection at infinity is visibly empty,
they have, at least over an algebraic closure Ka, a common point in the
standard affine chart. Since α is invertible, it follows from the above
explicit form that this point is defined over K = Ks.

b.2.3. If g is an element in GL(n, K[[t]]), denote by τ(g) the matrix ob-
tained by raising every coefficient of every entry to the q-th power. Thus
GL(n, K[[t]])τ = GL(n, k[[t]]).
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Proposition. Let K be a separably closed field containing k, then the map

GL(n, K[[t]])→ GL(n, K[[t]]) : g 7→ g−1τ(g)

is surjective.

Proof. An element g ∈ GL(n, K[[t]]) is a formal power series

g = g0 + g1t + g2t2 + · · ·

with g0 ∈ GL(n, K) and gi ∈ M(n, K). The proposition asserts that
there is an h = h0 + h1t + · · · ∈ GL(n, K[[t]]) such that hg = τ(h), or,
comparing the coefficients of tm,

∑
i≤m

higm−i = τ(hm). (b.1)

One can find an h recursively. An invertible h0 with the property that
h0g0 = τ(h0) exists by the previous proposition. Assume now that the
coefficients h0, h1, . . . , hm−1 have been determined. Then hm must be a
solution of the Artin-Schreier type equation

τ(hm)− g0hm = ∑
i<m

higm−i.

A solution hm exists by Corollary 5.2.2 and it follows that g = h−1τ(h).

b.2.4. Now we assume that K is not only separably closed but also a
valued field. Denote by K〈t〉 the subring of K[[t]] consisting of those
power series f = f0 + f1t + · · · that satisfy

there exists a ρ > 1 such that ‖ fi‖ ≤ ρi for all i.

Thus, K〈t〉 is the ring of power series with positive radius of conver-
gence. If the power series f is in K〈t〉 then also τ( f ) is in K〈t〉.

Proposition. g 7→ g−1τ(g) is surjective on GL(n, K〈t〉).

91



Proof. Let g = g0 + g1t + · · · . By the previous proposition there is an
h = h0 + h1t + · · · ∈ GL(n, K[[t]]) with hg = τ(h). It suffices to show
that h ∈ GL(n, K〈t〉). Denote the matrix norm (the maximum of the
norm of the entries) by ‖ · ‖ and pick a ρ > 1 such that ‖gi‖ ≤ ρi. In
particular ‖g0‖ ≤ ρ. From the equation (b.1) one obtains the following
estimates:

‖hm‖ ≤ max(ρ, ‖hσ
m − g0hm‖1/q)

≤ max(ρ, max
i<m
‖higm−i‖1/q)

≤ max(ρ, ρm max
i<m
‖hi‖1/q).

Induction on m yields the bound

‖hm‖ ≤ ρ2m max(ρ, ‖h0‖)

which implies h ∈ GL(n, K〈t〉).
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Appendix c

Tensor Categories

In this appendix we have summarised the vocabulary on ⊗-categories
used in the thesis. For more details, we refer the reader to [Deligne

and Milne 1982].

c.1 Linear Categories

c.1.1. Let R be a unitary commutative ring. A category C is said to be
R-linear if it is enriched in R-modules, has a zero object, and has finite
direct sums.

The category of R-modules is R-linear, as is its full subcategory of
projective and finitely generated modules.

c.1.2. An R-linear category C is R-linear pre-abelian if every morphism
has a kernel and a cokernel.

If R is a Dedekind domain, then the projective and finitely generated
R-modules form an R-linear pre-abelian category.

Note that kernel and cokernel need not coincide with kernel and
cokernel in larger categories. The doubling map Z → Z : n 7→ 2n
for example, has trivial cokernel in the Z-linear pre-abelian category of
finitely generated free abelian groups.

c.1.3. An R-linear pre-abelian category C that is also abelian is said to
be R-linear abelian.

93



The category of finite-dimensional vector spaces over a field R is an
example of an R-linear abelian category.

c.2 Linear Tensor Categories

c.2.1. An R-linear tensor category is an R-linear category C equipped with
a bilinear bifunctor − ⊗ − from C × C to C and with a collection of
ACU(1) constraints. That is, there is a distinguished object 1 ∈ C and a
collection of isomorphisms

1⊗ X → X

X⊗Y → Y⊗ X

(X⊗Y)⊗ Z → X⊗ (Y⊗ Z)

functorial in X, Y, and Z, that satisfy a list of compatibility axioms.
The collection of ACU constraints on a given bifunctor ⊗ is not unique
and should be considered part of the data defining an R-linear tensor
category.

The category of projective R-modules with the usual tensor product
and the natural constraints is an example of an R-linear tensor category.

c.2.2. An internal hom on an R-linear tensor category is a bilinear bifunc-
tor Hom(−,−) that is right adjoint to ⊗. This means that there exist
functorial isomorphisms of R-modules

Hom(X⊗Y, Z)→ Hom(X,Hom(Y, Z)).

Duals are defined using internal hom: X∨ def= Hom(X, 1).

c.2.3. A rigid R-linear tensor category is an R-linear tensor category with
internal hom and so that the natural maps

Hom(X1, Y1)⊗Hom(X2, Y2)→ Hom(X1 ⊗ X2, Y1 ⊗Y2)

and
X → (X∨)∨

(1)Associativité, Commutativité, Unité. Cf. [Saavedra Rivano 1972].
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are isomorphisms.
The category of finitely generated projective R-modules is rigid, its

internal hom is the usual Hom(−,−).

c.3 Tannakian Categories

c.3.1. Let C be an R-linear rigid abelian tensor category. A functor ω

from C to the category of finitely generated projective R-modules is said
to be a neutral fibre functor if it is faithful, exact and respects the tensor
product on source and target categories.

c.3.2. If R and C as above then one says that C is neutral Tannakian if
a neutral fibre functor ω on C exists. Such a functor is in general not
unique. One says that C is neutralised Tannakian if a preferred fibre func-
tor ω has been fixed.

Let Γ be an affine group scheme over a field L. Then the category
of finite dimensional linear representations of Γ is a linear rigid abelian
tensor category. The forgetful functor that associates with a represen-
tation the underlying vector space is a neutral fibre functor. This is the
most general neutral Tannakian category:(2)

Theorem. If (C, ω) is a neutralised Tannakian category over L then there
exists an affine group scheme Γ over L and an equivalence ϑ of C to the category
of representations of Γ so that ω coincides with the composition of the forgetful
functor with ϑ.

(2)See [Deligne and Milne 1982] or [Saavedra Rivano 1972].

95





Bibliography

[Anderson and Thakur 1990] Greg W. Anderson and Dinesh S. Thakur. Ten-
sor powers of the Carlitz module and zeta values. Ann. of Math. (2),
132(1):159–191, 1990.

[Anderson et al. 2004] Greg W. Anderson, W. Dale Brownawell, and
Matthew A. Papanikolas. Determination of the algebraic relations among
special Γ-values in positive characteristic. Ann. of Math. (2), 160(1):237–313,
2004.

[Anderson 1986] Greg W. Anderson. t-motives. Duke Math. J., 53(2):457–502,
1986.
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Établissements Ceuterick, Louvain, 1957.

[Tsen 1933] Chiungtze C. Tsen. Divisionsalgebren über funktionenkörpern.
Nachr. Ges. Wiss. Göttingen, Kl. I, No.44, II, No.48:335–339, 1933.

[van der Put and Voskuil 1992] M. van der Put and H. Voskuil. Symmetric
spaces associated to split algebraic groups over a local field. J. Reine Angew.
Math., 433:69–100, 1992.

[Waterhouse 1979] William C. Waterhouse. Introduction to affine group schemes,
volume 66 of Graduate Texts in Mathematics. Springer-Verlag, New York, 1979.
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Samenvatting

Motieven. Zij X een projectieve algebraı̈sche variëteit gedefinieerd over
het lichaam Q van rationale getallen. Laten we aannemen dat X glad is.
Voor elk natuurlijk getal i definieert men

• het i-de Betti getal van X: een natuurlijk getal bi;

• de étale cohomologie van X: een continue representatie van de abso-
lute Galois groep

ρi(X) : Gal(Qa/Q)→ GL(bi, A f )

waarbij A f = Ẑ⊗Q de ring van eindige rationale adèles is;

• de periode matrix van X: een dubbele nevenklasse

Pi(X) ∈ GL(bi, Q)\GL(bi, C)/ GL(bi, Q).

Bijvoorbeeld, voor de projectieve lijn X = P1 geldt dat b0 = b2 = 1 en
alle andere bi zijn nul. De representatie ρ0 is triviaal, en de representatie
ρ2 is duaal aan het cyclotomische karakter

Gal(Qa/Q)→ GL((lim←− µm)⊗Q)

waarbij

µm = {e
2πik

m |k ∈ Z/mZ}.

De periode matrix P0 is de eenheidsmatrix matrix (1), en de periode
matrix P2 is de matrix (2πi). Als we voor X in plaats van de projectieve
lijn een elliptische kromme kiezen, dan verandert er niks voor i = 0 en
i = 2, maar wordt b1 = 2, wordt ρ1 de rang twee representatie op het
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Tate moduul van E en wordt P2 een twee bij twee matrix bestaande uit
perioden van differentiaalvormen van de eerste en de tweede soort op
de algebraı̈sche torus E.

Er bestaan drie vermoedens die gelden als leidraad voor heel wat
onderzoek in de Algebraı̈sche Meetkunde. Ze slagen erin om een groot
gamma van klassieke vragen in hun natuurlijke context te plaatsen.
Het eerste vermoeden werd voor het eerst geopperd door Alexander
Grothendieck. Het zegt dat er één (grote) lineaire algebraı̈sche groep
G bestaat (de ‘motivische absolute Galois groep’), over Q, en voor elke
X en i een lineaire representatie

hi(X) : G → GL(bi, Q)

zodanig dat ρi(X) en Pi(X) enkel van hi(X) afhangen. Men zegt dat hi
het onderliggende motief van ρi en Pi is. Het tweede vermoeden draagt
meestal de naam van John Tate. Het zegt dat hi(X) uit ρi(X) kan gere-
construeerd worden. Met andere woorden: dat in het overgaan van
hi(X) op ρi(X) geen informatie verloren gaat. Het derde vermoeden, het
zogeheten perioden-vermoeden, is het analogon van het Tate vermoeden
voor periode-matrices: het beweert dat ook Pi(X) voldoende informatie
bevat om hi(X) te reconstrueren.

Het Tate vermoeden neemt een centrale plaats in de moderne Arit-
metische Meetkunde in. Het perioden-vermoeden generaliseert op zeer
elegante wijze een aantal klassieke vermoedens omtrent de transcenden-
tie van waarden van speciale functies.

Als deze vermoedens waar zijn, dan staan Galois-representatie en
periode-matrix in direct verband en kan de een uit de ander worden
afgeleid. Men kan dan bijvoorbeeld stellen dat Galois representatie van
de periode 2πi de cyclotomische is, en vice versa. De transcendentie van
2πi is dan equivalent met het ontbreken van relaties tussen de tensor-
machten van de cyclotomische representatie.

t-Motieven. Zij nu k het lichaam met p elementen en K een lichaam
van karakteristiek p, dat wil zeggen, een lichaam dat k bevat. Een (iso-
genieklasse van een) t-motief over K is een afbeelding

σ : K(t)d → K(t)d : v 7→ σ(v)
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die additief is en die voldoet aan σ(tv) = tσ(v) en σ(λv) = λpσ(v) voor
alle v ∈ K(t)d en λ ∈ K, en nog wat andere voorwaarden.

Aan zo’n afbeelding σ kan men een Galois representatie

ρσ : Gal(Ks/K)→ GL(d, Ak[t])

en, onder zekere voorwaarden, een periode matrix Pσ toekennen. Een
stelling van Matt Papanikolas zegt dat er een lineaire algebraische
groep G over k(t) bestaat zodanig dat het geven van een t-motief σ

(met bepaalde eigenschappen) equivalent is aan het geven van een lin-
eaire representatie G → GL(d, k(t)). Een andere stelling van Taguchi en
Tamagawa leert ons dat ρσ het t-motief σ volledig bepaalt. En een resul-
taat van Anderson tenslotte, impliceert dat in vele gevallen het t-motief
σ door Pσ bepaald wordt. Dit zijn stuk voor stuk redenen om te geloven
dat t-motieven de karakteristiek-p tegenhangers zijn van de (gehoopte)
motieven.

Dit proefschrift. In dit proefschrift wordt een variant op Papaniko-
las’ constructie van de groep G voorgesteld. Het resultaat is een di-
rectere definitie waarmee makkelijker te werken valt, en die ook nauwer
aansluit bij het klassieke geval. Deze nieuwe constructie wordt gebruikt
om de groep G te bestuderen. Zo wordt aangetoond dat in de exacte rij

1→ G0 → G → π0(G)→ 1

de componentengroep π0(G) samenvalt met de absolute Galois groep
van het basislichaam K, terwijl de samenhangende component van de
identiteit G0 de motivische absolute Galois groep is voor de separabele
afsluiting Ks van K.

Verder wordt onderzocht in welke mate t-motieven weigeren uiteen
te vallen in irreducibele delen. Ook dit levert nieuwe informatie over de
structuur van de groep G.

Ten slotte worden ook zekere families van t-motieven beschreven.
Deze zijn de tegenhangers van bepaalde Shimura variëteiten.

Over de gehele tekst wordt veel aandacht besteed aan de verschillen
en overeenkomsten tussen motieven en t-motieven.
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