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Chapter 5

Interior t-Motifs

Next, we shall have a closer look at those effective t-motifs whose top
exterior power is a constant t-motif. These are t-motifs that are generally
not analytically trivial. Also they are independent of the characteristic
of the base field. These objects seem to have no direct counter-part in
the Q-world. In this chapter we shall compute the universal pro-torus
that plays the role of Serre’s pro-torus(1) for these pathological t-motifs.

5.1 Definitions & Statement of the Theorem

5.1.1. Let k[t]→ K be arbitrary.

Definition. An interior t-motif over a field K is an effective t-motif M
such that Kσ(M) = M.

Equivalently, the interior t-motifs are those effective t-motifs whose
top exterior power is a constant t-motif of rank one. These t-motifs do
not ‘see’ the characteristic k[t]→ K.

The tensor product and the internal hom of a pair of interior t-motifs
are again interior t-motifs, hence the full subcategory tMint of interior
t-motifs in tMeff is rigid k[t]-linear and likewise tM◦

int is rigid abelian
k(t)-linear.

(1)See [Serre 1968] and [Milne and Shih 1982].
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5.1.2. Let L be any field and Ls a separable closure of L. Define the
character group of an affine group scheme Γ over L to be the abelian
group

X(Γ) def= Hom(ΓLs , Gm,Ls)

of homomorphisms of group schemes. X(Γ) comes equipped with a
continuous action of GL = Gal(Ls/L), namely

GL × X(Γ)→ X(Γ) : (g, χ) 7→ (g ◦ χ ◦ g−1).

When Γ is of multiplicative type(2) it can be recovered from X(Γ):
the functor Γ X(Γ) defines an anti-equivalence between the category
of group schemes Γ over L of multiplicative type and the category of
abelian groups X equipped with a continuous action of GL. The group
scheme Γ is finitely generated (hence an algebraic group) if and only
if X(Γ) is finitely generated and Γ is a pro-torus if and only if X(Γ) is
torsion-free.(3)

5.1.3. Let F be a finite separable extension of k(t) and denote the integral
closure of k[t] in F by A. Write l for the field of constants of F. An
element f in the group A×/l× of units modulo constants is determined
by its divisor, which is necessarily supported at the places lying above
the infinite place of k(t). This shows that A×/l× is a free and finitely
generated abelian group.

5.1.4. Let k[t]→ K be arbitrary, and assume that K = Ks. Fix a separable
closure k(t)s of k(t). The goal of this chapter is to prove:

Theorem. Let C be the maximal full subcategory of tM◦
int(K) that is neutral

Tannakian with abelian fundamental group ΓC . Then ΓC is of multiplicative
type and there is a Gk(t)-equivariant injective map

lim−→
F

A×/l× → X(ΓC),

(2)An algebraic group Γ is said to be of multiplicative type if and only if ΓLs is a
product of Gm’s and µn’s, or equivalently, if ΓLa is of such a form. A general group
scheme is said to be of multiplicative type if it is the projective limit of algebraic groups
of multiplicative type.

(3)Cf. §1.2 of [Ono 1961] or Chapter 7 of [Waterhouse 1979].
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with torsion cokernel.

Here the limit is taken over all finite separable extensions F/k(t)
contained in k(t)s.

5.1.5. The statement of the Theorem is complemented by the following:

Proposition. lim−→F
A×/l× is p′-divisible, that is, divisible by every integer

prime to p. Moreover,

lim−→
F

A×/l× = lim−→
F

div0
∞(F),

where div0
∞(F) stands for the group of degree 0 divisors on F/l that are sup-

ported at the places lying above the place ∞ of k(t).

Proof. It has already been remarked that the A×/l× are the groups of
principal divisors on F with support above infinity. But in fact, every
divisor of degree 0 on F that is supported above infinite will become
a principal divisor when pulled-back along a suitable finite extension
F′/F, since the class group of F is finite. So in the limit, the groups of
principal divisors and the groups of degree 0 divisors can be identified.

To see that lim−→F
A×/l× is p′-divisible, consider an element f ∈ A×/l×

for some F and a positive integer n, prime to p. Then the equation
zn = f determines a separable extension F′/F and an integral z ∈ A′×

that solves the divide- f -by-n problem.

5.1.6. Overview of the Proof of the Theorem. We shall verify (in 5.2.3) that
Hom(ΓC , Ga) = 0 from which we shall deduce (in 5.2.4) that ΓC is diag-
onalisable. We shall construct (in §5.3) a natural map

lim−→ A×/l× → X(ΓC)

and verify that it is injective with torsion cokernel.

5.2 Additive Part of the Proof

5.2.1. Given an affine group scheme Γ over a field L, the group of addi-
tive characters Hom(Γ, Ga) can be recovered from the category of linear
representations of Γ in the following manner.
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The homomorphisms Γ → Ga are in a one-to-one correspondence
with the representations Γ → GL(2) whose image is contained in the
unipotent upper triangular subgroup of GL(2). Such a representation
is an extension of the trivial representation 1 by itself and conversely,
every extension of 1 by 1 yields a representation of this type. In short,

Hom(Γ, Ga) = Ext(1, 1)

and it is easily verified that this is not just an identity of sets but that
both left- and right-hand-side are naturally vector spaces over L and that
the identification is linear.

Note that the tensor product on the category of representations of Γ
has not been used to recover Hom(Γ, Ga).

5.2.2. Before we move on with the interior t-motifs, we shall illustrate
the above principle in the category of k-linear representations of GK.
(As usual k is a finite field and K any field containing k.)

By Theorem 1.1.2 this category is equivalent with the category of
pairs (V, σ), so let us calculate the k-vector space Ext(1, 1) in the latter.

The unity object 1 is the pair (K, x 7→ xq). Let E be an extension of 1
by 1. Of course, as K-vector spaces E ≈ K⊕ K, but the action of σ need
not be diagonal. In general E is isomorphic to

Eγ = K⊕ K with σ(x, y) = (xq, yq + γxq)

for some γ ∈ K and conversely, every γ ∈ K determines an extension Eγ.
The extension Eγ splits if and only if γ = zq − z for some z ∈ K. Denote
the k-linear map z 7→ zq − z by δ, then we have an exact sequence

0→ k→ K δ→ K → Ext(1, 1)→ 0.

We deduce an exact sequence of k-vector spaces

0→ k→ K δ→ K → Hom(GK, k)→ 0

that amounts to a reformulation of Artin-Schreier theory.(4)

(4)See §1 of [Artin and Schreier 1927], reproduced in [Artin 1965].
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5.2.3. We now come back to the proof of Theorem 5.1.4. Recall the hy-
pothesis that K = Ks.

Proof of the non-existence of additive representations. Assume that there ex-
ists a non-trivial Γint → Ga. To such a map corresponds a non-split
extension

0→ 1→ M→ 1→ 0

of (analytically trivial, interior) effective t-motifs.
Let M be such an extension. Then M has a K[t]-basis e1, e2 with{

σ(e1) = e1 + f e2

σ(e2) = e2

for some f ∈ K[t]. Let g ∈ K[t] be such that τ(g) − g = f . Such a
g can be found solving an Artin-Schreier equation for every coefficient
of f . The pair e1 − ge2, e2 constitutes a σ-invariant K[t]-basis of M and
therefore M ≈ 1⊕ 1.

5.2.4. Proof that ΓC is of multiplicative type. Let G be an abelian algebraic
group that is a quotient of ΓC . Let B be the Hopf algebra of G and denote
the co-multiplication on B by ∆G : B → B⊗k(t) B. The Hopf algebra of
the additive group Ga,k(t) is

k(t)[X] with ∆Ga(X) def= 1⊗ X + X⊗ 1

and therefore for every field extension F/k(t) one has

Hom(GF, Ga,F) = {y ∈ BF|∆G(y) = 1⊗ y + y⊗ 1}

The right-hand-side is the solution space of a system of linear equations
over F with coefficients in k(t). It follows that for all F there is a natural
isomorphism of vector spaces

Hom(GF, Ga,F) = Hom(G, Ga,k(t))⊗k(t) F.

In particular, since G has no additive representations (5.2.3), neither
does the base-change of G to an algebraic closure k(t)a of k(t). Over k(t)a

Jordan Decomposition holds and it follows that Gk(t)a is a diagonalisable
algebraic group.

41



5.3 Multiplicative Part of the Proof

5.3.1. Let L be a field and Γ an affine group scheme over L. For every
finite extension L′/L contained in a fixed Ls write

XL′(Γ) def= Hom(ΓL′ , Gm,L′).

If L′′ contains L′ then XL′′ contains XL′ and X(Γ) is nothing but the union
of all XL′(Γ) for varying L′. The Galois group GL acts on the injective
system (XL′)L′ , hence also on the limit X = X(Γ).

The groups XL′ can be determined from the structure of the ⊗-cate-
gory of representations of Γ. We need the following definition:

Definition. An L′-object in an L-linear category C is a pair (M, φ) with

• M an object in C and

• φ : L′ → End(M) a homomorphism of L-algebras.

If C is an L-linear tensor category then define

(M1, φ1)⊗L′ (M2, φ2)

to be the largest quotient of M1 ⊗ M2 on which the actions of φ1 ⊗ id
and id⊗ φ2 agree. The unit for this tensor product is the object

1′L
def= ([L′ : L]1, φ)

with φ any L-algebra homomorphism L′ → M([L′, L], L). One verifies
that the L′-objects in C with the with the obvious notion of morphism
form an L′-linear ⊗-category, which we shall denote by CL′ .

(5) The group
Gal(L′/L) acts on the category CL′ via pre-composition on the φ’s. If
L = L′ then C and CL are naturally equivalent.

An object M in a linear ⊗-category is said to be of rank one if it is
non-zero and if ∧2M = 0. It follows that (M, φ) ∈ CL′ is of rank one if
and only if M ∈ C is of rank [L′ : L]. Our main tool is the following:

(5)More details can be found in e.g. [Deligne and Milne 1982], §3 (in particular
Proposition 3.11 and Remark 3.12.)
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Proposition. If C is neutral Tannakian L-linear with fundamental group Γ
then for all finite separable extensions L′/L there is an isomorphism of abelian
groups

XL′(Γ) =
(
{isomorphism classes of rank one objects in CL′}, ⊗L′

)
,

equivariant for the action of Gal(L′/L).

In fact, CL′ is neutral Tannakian with fundamental group ΓL′ , but we
shall not need this.

Proof. This is an application of Frobenius Reciprocity:

XL′(Γ) = X(Γ)Gal(Ls/L′)

= HomGal(Ls/L)(ZHomL(L′,Ls), X(Γ))

= Hom(Γ, RL′/LGm)
= {isomorphism classes of rank one objects in CL′}

The proof also shows that if L′′ ⊃ L′ then the natural inclusion XL′ →
XL′′ corresponds to the map

{classes of rk. 1 obj.’s in CL′} → {classes of rk. 1 obj.’s in CL′′}
M 7→ [L′′ : L′]M

The image of M is acted upon by L′′ via the choice of an L′-algebra
representation L′′ → M([L′′ : L′], L′). The isomorphism class of the
resulting object in CL′′ does not depend on the choice made.

5.3.2. Next we shall illustrate the above by an example complementary
to the example worked out in 5.2.2.

Let k be a field of q elements, K a field containing k and l/k an
extension of degree n. We set out to apply the previous Proposition in
order to determine Xl(GK) = Hom(GK, l×) using the category of pairs
(V, σ).

Let l be a finite extension of k. The l-objects in the category under
consideration are l⊗k K-vector spaces V together with a semi-linear non-
degenerate σ : V → V, commuting with the linear action of l. The rank
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one objects are thus of the form

Vg = (l ⊗k K)e with σ( f e) = τ( f )ge

for some g ∈ (l ⊗k K)×. Here τ( f ) stands for the image of f under

τ : l ⊗k K → l ⊗k K : λ⊗ x 7→ λ⊗ xq.

Given a g1 and a g2 we have Vg1
⊗l Vg2

≈ Vg1g2
. Define a homomorphism

of groups
δ : (l ⊗k K)× → (l ⊗k K)× : f 7→ τ( f ) f−1,

then Vg is isomorphic with V1 if and only if g lies in the image of δ.
Putting the pieces together we obtain an exact sequence of groups

1→ l× → (l ⊗k K)× δ−→ (l ⊗k K)× → Hom(GK, l×)→ 1. (5.1)

Take now l = k in the above exact sequence. We have shown that for
every finite field k contained in K, there is an exact sequence

1→ k× → K× δ−→ K× → Hom(GK, k×)→ 1.

Since k× = µq−1(K) ⊂ K×, this is nothing but a restatement of Kummer
Theory in characteristic p. Note however that the exact sequence (5.1) is
more general in that it also describes cyclic extensions of order n (prime
to p) when K does not contain the n-th roots of unity.

5.3.3. The rest of this chapter is dedicated to the last steps in the proof
of Theorem 5.1.4. It follows from 5.3.1 and from 5.2.4 that the category C
in the Theorem consists of the F-objects in tM◦

int for varying separable
F/k(t). We are thus left with the task of classifying those.

5.3.4. The field K will always be assumed separably closed.
Fix a finite separable extension F/k(t) and denote the integral closure

of k[t] in F by A. Define [Mg] to be the isogeny class of the effective
t-motif

Mg
def= (A⊗k K)e with σ( f e) = τ( f )ge,
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depending on g ∈ (A⊗k K)×. Here τ( f ) denotes the image of f under

τ : A⊗k K → A⊗k K : a⊗ x 7→ a⊗ xq.

Clearly, [Mg] is an F-object of rank one in tM◦
int.

In fact, as it will turn out, these objects (for varying F) generate the
character group X(C).

5.3.5. Identifying XF with the group of isogeny classes of rank one F-
objects in C as in Proposition 5.3.1, we obtain a natural map

A× → XF(ΓC) : g 7→ [Mg]. (5.2)

The tensor product over F of two isogeny classes [Mg1
] and [Mg2

] is the
isogeny class of Mg1g2

, so the above map is a group homomorphism.
Denote by l the field of constants of A and F. If g ∈ l× then the ef-

fective t-motif Mg is constant and since we are working over a separably
closed field it follows that Mg ≈ [F : k(t)]1. Thus l× lies in the kernel of
the morphism (5.2). We obtain a morphism

ρF : A×/l× → XF(ΓC).

Taking the direct limit over all finite extensions F/k(t) lying inside a
fixed separable closure k(t)s gives

ρ : lim−→
F

A×/l× → X(ΓC).

By its naturality, this map is Galois-equivariant and we will finish the
proof of Theorem 5.1.4 by showing that ρ is injective and has a torsion
cokernel.

5.3.6. Proof that coker ρ is torsion. Pick an element χ ∈ X(ΓC). To χ cor-
responds a rank one F-object in the category C, for a suitable F/k(t).
Such an object is the isogeny class [M] of an effective t-motif M. Clearly
M is a projective A⊗k K-module of rank one.

Claim: for a suitable F′ containing F, the induced rank one F′-object in
tM◦

int,a.t. is the isogeny class [M′] of a free A′ ⊗k K-module M′.
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In fact, M is not only a projective A⊗k K-module, but it also comes
equipped with a semi-linear map σ : M → M. Since M is interior (and
hence σ invertible), this induces an isomorphism between the ideal class
of M and its pull-back under the Frobenius map τ : A⊗k K → A⊗k K.
It follows that M ≈ N⊗k K for some projective A-module N. A suitable
A′ will trivialise the ideal class of N, from which the claim follows.

Assume from now on that M is free over A ⊗k K. By the twisted
conjugation g−1gτ(g) = τ(g), the t-motifs Mg and Mτ(g) are isomorphic.
Repeat to obtain

Mg ≈ Mτ(g) ≈ Mτ2(g) · · ·

The divisor of g is defined over some finite field k′ in between k and K.
If d denotes the degree of k′ over k then

[Mgd ] = [Mg ⊗F Mg ⊗F · · · ⊗F Mg]

= [Mg ⊗F Mτ(g) ⊗F · · · ⊗F Mτd−1(g)]

= [Mgτ(g)···τd−1(g)] = [M f ]

where the divisor of f is invariant under τ. Thus f may be taken in A×,
which shows that χd lies in the image of ρ.

5.3.7. Proof of injectivity of ρ. Choose an F with corresponding A and l.
Let g ∈ A× be such that Mg and M1 are isogeneous. It then follows
from Proposition 2.3.2 that the two modules

Mg(t) ≈ F⊗k Ke with σ(e) = ge

M1(t) ≈ F⊗k Ke with σ(e) = e

are isomorphic. This happens if and only if there exists an f ∈ (F⊗k K)×

such that
g = τ( f ) f−1.

In particular, restricting f to the infinite places of F ⊗k K, this implies
that the divisor of g lies in the image of the operator

(τ − id) : div∞(F⊗k K)→ div∞(F⊗k K).

But since g ∈ A× ⊂ (A⊗k K)×, it also lies in the kernel of τ − id. The
Lemma below now finishes the proof.
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5.3.8. Let V be a finitely generated free abelian group and T ∈ GL(V)
an automorphism of V.

Lemma. If T is of finite order then ker(T − id) ∩ (T − id)(V) = 0.

Proof. It suffices to show that the intersection is trivial after extension of
scalars to VC

def= V ⊗Z C. Since T is of finite order, TC, and hence also
TC − id, can be diagonalised. Therefore

VC = ker(TC − id)⊕ (TC − id)(VC),

and the Lemma follows.
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