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Chapter 2

String Theory, D-brane and
Derivative Corrections

In this chapter the basic definitions and foundations of string theory and D-brane
physics will be given. We will discuss the equally famous dualities that exist between
different string theories and in some cases relate strong coupling to weak coupling
so that the scope of the perturbative analysis can be extended to strong coupling
regimes through calculations in the dual weak coupling regimes. Then we proceed
discussing the low-energy approximation of string theory, i.e., effective description.
This explains how Born-Infeld theory together with its derivative corrections arise
as the tree-level low-energy effective action of an underlying theory, namely string
theory. Also we will give a definition and outline the possible ways of calculating it.
The chapter will be closed with a small illustration showing how the extensions to
Maxwell theory smear out the singularity of the point-charge at the origin.

2.1 Introduction to String Theory

This section introduces the simplest string theory, called the bosonic string. We start
by describing the free bosonic string for both classical and quantum levels. We also
talk about the superstring and its corresponding spectrum. Then we briefly discuss
some aspects of interacting strings. For an account that really does justice to the
subject of string and superstring theories, the reader is referred to [8–12].

2.1.1 Actions of Free Strings

Perturbative string theories are field theories on the worldsheet of the string, which is
the two-dimensional surface swept out when the string moves in D-dimensional space-
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time1. Thinking about the analogous situation of a particle in relativistic mechanics,
the most natural Poincaré-invariant action that springs to mind is to take the area of
the worldsheet. This leads to the Nambu-Gato action

SNG = −T
∫
dσdτ

√
(Ẋ ·X ′)2 − Ẋ2X ′2, (2.1.1)

where Xµ(σ, τ) represents the embedding of the worldsheet into the spacetime, and
Ẋµ = ∂Xµ

∂τ and X ′µ = ∂Xµ

∂σ . This action is cumbersome to quantize as it contains
a square-root. Fortunately, by introducing an auxiliary worldsheet metric hab, it is
possible to construct quadratic action, the Polyakov action2 [15, 16]. Integrating out
the auxiliary metric, one recovers the Nambu-Goto action. The polyakov action reads

SP = −T
2

∫
dσdτ

√
−hhab∂aX

µ∂bXµ, (2.1.2)

where h = dethab and the metric hab has a negative eigenvalue along the timelike
direction. T is the string tension given by 1/2πα′ with α′ = l2s the so-called Regge-
slope.

Let’s now write down and solve the equations of motion of the Polyakov action
2.1.2. Varying the string embeddings Xµ, we obtain

δSP = − 1

4πα′

∫
dσdτ∂a[

√
−hhab∂bX

µ]δXµ

+
1

4πα′

∫
dτ
√
−h∂σX

µδXµ|σ=l
σ=0. (2.1.3)

To make this variation zero both terms must vanish independently. The first term
gives the 2-dimensionalXµ equations of motion to satisfy. The vanishing of the second
term results in three possibilities for boundary conditions:

• Open string Neumann boundary condition; ∂σX
µ(τ, 0) = ∂σX

µ(τ, l) = 0.
These boundary conditions imply that no momentum flows in or out through
the string endpoints, and hence that these move freely.

• Open string Dirichlet Boundary condition: δXµ(τ, 0) = δXµ(τ, l) = 0.
These conditions mean that we are fixing the string endpoints and no longer
consider them as dynamical. This means that the string endpoints are stuck
to an hyperplane. The hyperplanes on which open string can end are called

1Throughout this chapter we adopt the Greek indices µ, ν = 0 · · ·D− 1 for spacetime and a, b · · ·
for the 2-dimensional worldsheet. The worldsheet is parameterizing by the spacelike variable σ(0 ≤
σ ≤ ls), the coordinate along the string of length ls, and timelike variable τ .

2This action found first by Deser and Zumino [13] and by Brink, Di Vecchia and Howe [14].
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D-branes3 [17]. D-branes are an important class of extended objects in string
theory as they appear as excitations in non-perturbative spectrum of string
theory. Therefore they are presently the cornerstone in understanding the non-
perturbative structure of string theory. Extended objects are in general called p-
branes, where “p” stands for the number of spatial directions in the worldvolume
of such objects. For instance 0-brane is a particle and string is 1-brane. From
the point of view of an open string ending on Dp-brane, there are D − p − 1
directions that satisfy the Dirichlet boundary conditions and p + 1 directions
are subject to Newmann boundary conditions. In fact the Newmann boundary
conditions are the only conditions that are consistent with Poincaré invariance,
whereas the Dirichlet ones explicitly break it.

• Closed string periodic boundary condition: Xµ(τ, 0) = Xµ(τ, l).
This is the requirement that the string be closed, namely that has no endpoints.

Classically strings wave. For closed strings the left- and right-moving waves are
independent while for open strings the boundary conditions force the left- and right-
moving modes to combine into standing waves. Projecting onto states that are in-
variant under the worldwheet parity introduces two more types of strings: unoriented
open and closed strings.

Symmetries of the Action

The Polyakov action is not only invariant under worldsheet general coordinate trans-
formations, but also under a rescaling of the worldsheet metric hab → Λhab, called
Weyl transformation. The latter property is unique to two worldsheet dimensions,
i.e. it would not be true for higher-dimensional membranes. These three local sym-
metries, reparameterizations of the two coordinates and Weyl symmetry, can, barring
topological subtleties, be used to put hab = ηab. Even after choosing this conformal
gauge, a combination of Weyl and reparameterization invariance remains as a classical
symmetry: the conformal symmetry, which is generated by the infinite dimensional
Virasoro algebra . As such, perturbative string theory belongs to the class of confor-
mally invariant field theories CFT in two dimensions, which are in some cases exactly
solvable because of their high amount of symmetries. Due to subtleties of normal
ordering the quantum Virasoro will in general differ from its classical counterpart
by the introduction of a central charge (for a review on conformal field theory with
applications to string theory see [18]).

3“D” in D-brane stands for for Dirichlet and “brane” generalizes the notion of membrane. Note
that imposing a Dirichlet condition on the time direction X0 lead to what is called spacelike D-brane;
for short S-brane; or one can even goes further and impose it on all directions, thereby one obtain
the D-instaton: the analogue of Yang-Mills instanton in string theory.
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State Physical Conditions (Mass)2 Field

|0; k〉 M2 = −k2 = − 1
α′ T0

|ζ; k〉 ζµk
µ = 0

ζµ ∼= ζµ + kµ
M2 = −k2 = 0 Aµ

Table 2.1.1: In the critical dimension the ground state |0, k〉 is a tachyon, it can be
represented by a scalar field T0. The first excited state can be represented by a vector
field Aµ.

2.1.2 Bosonic Spectrum

A first interesting result of quantizing the Polyakov action is the spectrum of phys-
ical states and their masses. Indeed, the quantized oscillation modes of the string
determine the particle content. As usual in theories with local symmetries the spec-
trum contains unphysical states, which have to be separated from the physical ones.
Actually this requires some technical machinery (light-cone gauge, old covariant quan-
tization or BRST quantization) that we will not delve into. Accordingly, it has been
found that bosonic string theory is living in 26 dimensions.

The lowest mass levels for the open bosonic string are summarized in table 2.1.1.
To each of the particles in the table a field is associated in the low-energy limit. In
the first line one finds a scalar particle with negative mass-squared, the tachyon. The
presence of such a particle indicates, just as in the case of Higgs field, that one is per-
turbing around an unstable vacuum. If there is no other -stable- vacuum, the energy
is unbounded from below and the theory is inconsistent. For the open bosonic string
theory it is conjectured that a true vacuum exists. Indeed, in modern langauge, there
is a space-filling D-brane present on which open string can end. We will elaborate
on D-branes in section 2.3. The tachyon indicates that this D-brane is unstable: it
can decay such that a closed string vacuum results. The difference in energy density
between the two vacua is thus equal the brane tension. In any case, in supersym-
metric string (superstring) theory the tachyon can consistently be removed from the
spectrum by Gliozzi-Scherk-Olive (GSO)-projection [19].

Of more interest to us is the second particle, which has all the properties of an
abelian gauge boson Aµ, i.e. it is massless and gauge symmetry is implemented as in
the Gupta-Bleuder treatment of electrodynamics: ζµk

µ = 0 is the Lorentz gauge and
ζµ → ζµ + kµ is the residual symmetry. In fact, the simplest way to handle the local
symmetries of the Polyakov action and obtain these conditions for physical states, old
covariant quantization, is very similar to Gupta-Bleuder quantization.

By assigning n different labels to the endpoints of open strings, Chan-Paton fac-
tors [20], it is possible to introduce a U(n) gauge group. Indeed, labelling the end-
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State Physical Conditions (Mass)2 Field(s)

|0; k〉 M2 = −k2 = − 4
α′ T0

|ζ; k〉
ζµνk

µ = ζµνk
ν = 0

ζµν
∼= ζµν +mµkν + kµnν

mµk
µ = nµk

µ = 0
M2 = −k2 = 0 Gµν , Bµν ,Φ

Table 2.1.2: The lowest mass states for the closed bosonic string. We obtain a tachyon
with field T0 and a reducible tensor representation resulting in the fields Gµν , Bµν

and Φ. ζµν is the polarization tensor.

points of open strings that way, one introduces n2 different types of string filling out
the adjoint representation of U(n). In modern language this amounts to introducing
n D-branes (see section 2.3). Note that besides the tachyon and the gauge field the
open string spectrum comprises an infinite tower of massive states with high spin.

For completeness we state the bosonic closed string spectrum in table 2.1.2. The
first particle is again a tachyon T0, but this time there is no other stable vacuum
known. The second line contains a scalar and the three massless fields, of which
the scalar Φ called the dilaton. The two other massless states are realized by fields
of spin higher than zero, which therefore have an associated gauge invariance. The
antisymmetric 2-tensor Bµν of the little group SO(D − 2) can be obtained from a
2-form field Bµν , often called the Kalb-Ramond field, with gauge transformation

Bµν → Bµν + 2∂[µκν]. (2.1.4)

It contains (D − 2)(D − 3)/2 on-shell degrees of freedom. The symmetric traceless
tensor is obtained from a symmetric field Gµν which transforms as

Gµν → Gµν + 2∂(µην). (2.1.5)

and contains D(D − 3)/2 on-shell degrees of freedom. This field is the graviton
mediating the gravitational force, and is of course what got this whole business started
in the first place.

2.1.3 Supersymmetric Spectrum

It is natural that any unified theory of elementary particle physics should contain
fermions. It turns out that including fermions in our theory will provide us with a
way, as formerly mentioned, to eliminate the tachyon, and also the consistency of the
theory will restrict the number of dimensions to ten.
We can add fermions to Polyakov action by again choosing conformal gauge and
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adding a kinetic term for a two-component Majorana spinor ψµ =

(
ψµ

+

ψµ
−

)
transforming

as vectors under the spacetime Lorentz group, giving [21]

S = −T
2

∫
dσdτ(∂aX

µ∂aXµ − iψ̄µγa∂aψµ), (2.1.6)

where γa is a two dimensional representation of the Clifford algebra. This action turns
out to have a worldsheet symmetry termed supersymmetry, mapping the fermions to
bosons and vice versa. Just as in the bosonic case we can have two types of boundary
conditions for the open string:

• Ramond Boundary condition (R):

ψµ
+(0, τ) = ψµ

−(0, τ), ψµ
+(ls, τ) = ψµ

−(ls, τ). (2.1.7)

• Neveu-Schwarz (NS) boundary condition:

ψµ
+(0, τ) = ψµ

−(0, τ), ψµ
+(ls, τ) = −ψµ

−(ls, τ). (2.1.8)

For the closed string the periodic Ramond or anti-periodic Neveu- Schwarz boundary
conditions for left and right moving modes can be chosen independently, resulting
in four different sectors; R-R, NS-NS, R-NS and NS-R. This theory, having manifest
worldsheet supersymmetry, is called the Neveu-Schwarz-Ramond (NSR) formalism.
A GSO projection is needed to obtain the spacetime supersymmetry. Note that the
GSO projection plays a crucial role in preserving the spin-statistics theorem.

There is another formulation of superstring theory, the Green-Schwarz (GS) for-
malism. The advantage of working in such a formulation is to have a theory with
manifest spacetime supersymmetry. Nevertheless, quantization of this theory, till the
time of writing, was only possible in light-cone gauge [22,23]. Using either the (NSR)
or (GS) formalism, and choosing various combinations of the boundary conditions in
the open and closed string case turns out to yield five different supersymmetric string
theories: type IIA, type IIB, type I, Heterotic E8×E8 and Heterotic SO(32). They all
live in ten spacetime dimensions. More precisely, choosing NS boundary conditions
in both the right-moving and the left-moving sector (NS-NS) leads for type II string
theories to the same spectrum as the bosonic closed string (see table 2.1.3): Gµν , Bµν

and Φ. Choosing R-R boundary conditions, one can obtain antisymmetric tensors of
different dimensions; C(n), where the sub-index represents the rank of the tensors, n is
even in type IIB and odd in type IIA. As an unoriented theory does not contain Bµν ,
but adds an antisymmetric 2-tensor C(2) from the R-R sector instead. It introduces
the gauge boson Aso

µ with gauge group SO(32) via Chan-Patton factors. Heterotic
string theories [24, 25] combine the left-moving side from bosonic string theory with
the right moving side from supersymmetry string theory. Notice that both heterotic
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Name Type of Strings Bosonic Spectrum Supercharges

Type I closed+unoriented open Gµν ,Φ, A
so
µ , Cµν N = 1

Type IIA closed strings Gµν , Bµν ,Φ, Cµ, Cµνρ N = 2
Type IIB closed strings Gµν , Bµν ,Φ, C0, Cµν , C

+
µνρσ N = 2

Type HE heterotic closed strings Gµν , Bµν ,Φ, A
E8
µ N = 1

Type HSO heterotic closed strings Gµν , Bµν ,Φ, A
so
µ N = 1

Table 2.1.3: The bosonic particle spectrum of the five perturbative superstring theo-
ries.

theories have N = 1 and differ by their gauge groups, under which the massless vector
transform. We will elaborate a bit more on the fields of table 2.1.3 in the context of
supergravity in chapter 3.

Spacetime fermions originate from the mixed sector, NS-R or R-NS, of the closed
string or from the R sector of open string. The heterotic and type I theories comprise
one gravitino and one spinor, while type II theories have two gravitinos, two spinors
and a double amount of supersymmetry.

2.1.4 Interacting Strings

Apart from the Polyakov action which describes a single string, there is no action
which governs the dynamics of interacting strings. Of course there are some tentative
approaches pursued by number of string field theorists, endeavoring to find a string
theory action analog of the quantum field theory QFT action. The situation turns
out to be more involved than one expects. Finding such an action requires an age to
identify the physical degrees of freedom. However, without knowing the underlying
action one can still obtain the spectrum of the string, and therefore one can write
down all the excited states in terms of a perturbation series of string S-matrix.

The attractiveness of string theory lies in the fact that all the string amplitudes
are at each order UV finite [26]. The amplitudes will contain divergences but they can
be related to poles of intermediate particles going on-shell, which means that these
particles propagate over long distances. So these divergences are in fact IR effects.
Only UV divergences would signify a break-down of the theory while IR divergences
can be dealt with precisely as in QFT.

As in QFT there are Feynman diagram-like graphs in string theory, where the
expansion of the S-matrix is expressed in terms of compact punctured surfaces. In
other words, one can organize the series in terms of the topology of the diagrams which
are controlled by a coupling constant λ in the sense that for each diagram we assign
a factor e−λχ, where χ is the so-called Euler characteristic of the worldsheet defined
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below. In addition, with each string state momentum kµ we associate the vertex
operator V (k) constructed from 2-dimensional CFT of the worldsheet. For example
in bosonic string theory, the vertex operator corresponding to the tachyon field T0

reads VT0 ∼
∫

∂Σ dse
ik·X . Therefore the N -point amplitude is given schematically by

the following path integral over the coordinates X(τ, σ) and the worldsheet metric
h(τ, σ)4

Sm1···m2(k1, · · · , kn) =
∑

topologies

∫
[dXdh]

Vdiff×Weyl
exp(−SP [h,X ]−λχ)Vm1(k1) · · ·VmN

(kN ),

(2.1.9)
where χ depends on the topology of the world sheet. It is the so-called Euler number
given by

χ = 2− 2a− b, (2.1.10)

where a is the number of handles and b the number of holes in the worldsheet. In
2.1.9 we have to divide out the local symmetries to avoid overcounting equivalent
configurations. Taking the string coupling constant to be gs = eλ, the different
topologies are weighted with g2a+b−2

s . In other words, each closed string loop-a handle-
introduces a factor g2

s and each open string loop-a hole-introduces a factor of gs. It
follows that gc ∼ g2

o ∼ gs where gc is the closed string coupling constant and go the
open string coupling constant. From the last term of the action 3.2.1 we see that the
constant part of the dilaton, Φ0, sets gs = expΦ0. Therefore, the string coupling gs is
not a fundamental constant, but instead set by the vacuum expectation value of the
dilaton.

Perturbative string theories suffer from some problems [10]. We only mention
the most important two. The first problem could be summarized by saying that we
lack a background independent formulation. the second problem has to do with the
perturbative definition of string theory: the most severe objection actually is that for
a quantum field theory a perturbative definition is hardly enough. Indeed, for string
theories it can be shown that the perturbative expansion looks like [27]

∞∑

l=0

gl
sO(l!), (2.1.11)

and diverges. This means that the sum cannot be unambiguously evaluated with-
out non-perturbative information. One expects non-perturbative effects of the order
exp(−O(1/gs)). Obviously, the perturbative expansion is not a good description any-
more when gs →∞. This kind of behaviour is in fact very common in quantum field
theory where effects of the order exp(−O(1/g2

s)) are typically encountered. There the
perturbative approach can be saved by introducing classical instanton backgrounds

4SP [h, X] is the Euclideanized version of the 2.1.2 where we have Wick rotated the time direction
of the worldsheet.
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around which to perturb and then summing over all possible instantons.
The first problem, together with the second one strongly suggest that perturbative

string theory is only a tool that can probe aspects of a more fundamental theory.

2.2 T-duality

Surprisingly, it is possible that two string theories of different perturbative type and/or
in different backgrounds are completely equivalent. These transformations between
equivalent theories that generally define a discrete group are called dualities. A promi-
nent example is T-duality [28], which relates spacetime geometries possessing a com-
pact isometry group. T-duality is a perturbative duality in the sense that it is valid
order per order in the loop expansion in gs.

We consider the simplest case, bosonic theory in flat space with one dimension,
say the rth, compactified on a circle with radius R,

Xr ∼= Xr + 2πR. (2.2.1)

The compact isometry is of course translation along Xr. The mass-shell condition for
the open string now reads

M2 =
( n
R

)2

+

(
ωR

α′

)2

+ contribution from the oscillators. (2.2.2)

As seen before, when we calculated the spectrum the oscillation contribution depends
on which quantum state of the string is excited, namely which particle it represents.
As for the particle there is moreover a contribution from the center of mass momen-
tum, which is discretized because of the periodic boundary conditions. Indeed, the
operator e2πiRpr translates the string once around the periodic dimension and must
leave the states invariant so that

pr =
n

R
. (2.2.3)

The states labelled by n are called the Kaluza-Klein states. Since strings have a
tension, there is an additional contribution proportional to the length of the string.
Closed strings can wrap around the compactified dimension. The states labelled by
ω, the winding number, correspond to strings winding ω times around the compact
direction. The winding number is conserved as the closed string can not unwind
without breaking. The mass-shell condition 2.2.2 is inert under the following actions

R←→ α′

R
, n↔ ω. (2.2.4)

It is quite remarkable that the invariance of 2.2.2 continues to hold even when one
adds the oscillations modes. Therefore we found a duality of the full worldsheet CFT,
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which means that the theory on R and the one on R′ = α′

R are entirely equivalent.

This means that the closed string can not probe distances smaller than α′1/2.
For open strings the situation is slightly different. In this case the momentum in

the compactified dimension is still quantized. On the other hand, because of their ten-
sion open strings will contract as much as possible and unlike wrapped closed strings,
there is nothing to prevent that. Thus there are Kaluza Klein states, but there is only
zero winding. Performing T-duality as for the closed string, interchanging winding
and momentum, one finds winding states with zero momentum. Since open strings
differ only at the endpoints from closed strings, we want to explain this using only
the endpoints: fixing the endpoints at a certain position Xr, the string can not have
center of mass momentum in this direction anymore. On the other hand, fixing the
endpoints prevents the open string from contracting and winding is possible. In this
interpretation the endpoints of the open string are in the T-dual picture constrained to
a hyperplane Xr = xr. Put it another way, T-duality interchanges Neumann bound-
ary conditions, allowing the ends to move freely, with Dirichlet boundary conditions,
constraining the ends. The hyperplanes on which strings end were given the name
D(irichlet)-branes in [17].

In order to have better understanding we discuss in more detail the case of open
strings in a constant diagonal M ×M background:

Ar = diagA

[
− θA

2πR

]
= −iλ−1 ∂λ

∂Xr
, λ(Xr) = diagA

[
exp

(
− iθA

2πR

)]
, (2.2.5)

where θA are constants and diagA indicates a diagonal matrix of which the element
at the position AA is given in square brackets and A runs from 1 to M. Locally this
is pure gauge, but not globally since the gauge parameter picks up a phase

diagA[−iθA], under Xr → Xr + 2πR. (2.2.6)

The canonical momentum pr conjugate to the center of mass position of the string is
given by

pr =

∫ π

0

dσ
∂L
∂Ẋr

=
1

2πα′

∫ π

0

dσ ∂τXr +Ar|π −Ar|0, (2.2.7)

where we have used the Polyakov action with the boundary term. The momentum
is quantized as before. Now consider in the T-dual picture a string stretching from
D-brane A to D-brane B. The momentum kr appearing in the mode expansion of the
string reads

kr =
1

2πα′

∫ π

0

dσ ∂τXr, (2.2.8)

so that

kr =
n

R
+AAA −ABB =

1

2πα′ (2πn+ θB − θA)R′. (2.2.9)
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The distance in the rth direction between the endpoints is

X ′(π)−X ′(0) =

∫ π

0

dσ ∂σX
′
r =

∫ π

0

dσ ∂τXr = 2πα′kr = (2πn+θB−θA)R′, (2.2.10)

where the prime denotes the quantities in the T-dual picture and we have made use of
the fact that T-dualizing interchanges Neumann and Dirichlet boundary conditions:

∂σX
′
r = ∂τXr. (2.2.11)

Actually the distance between the two endpoints A and B is fixed; they are really
stuck to hyperplanes at positions θA and θB respectively. In the T-dual picture n
becomes the winding number. The open string analog of eq. 2.2.2 reads

M2 = k2
r + (oscillator contr.) =

(2πn+ θB − θA)2R′2

(2πα′)2
+ (oscillator contr.). (2.2.12)

If the oscillators do not contribute, i.e. for the lowest lying modes, the mass is
proportional to the string length. The minimal mass is attained when n = 0 and is
then proportional to the distance between the branes.

2.3 D-brane

In order to obtain a p-dimensional D-brane, we perform T-duality in 9−p dimensions.
Consequently, one has next to Neumann boundary conditions in p + 1 dimensions,
Dirichlet boundary conditions in the remaining 9− p dimensions

∂σX
µ = 0 µ = 0, · · · , p

X i = xi, i = p+ 1, · · · , 9. (2.3.1)

Since T-duality interchanges Neumann and Dirichlet boundary conditions, it is now
obvious that T-duality in a direction perpendicular to a Dp-brane results in a D(p+1)-
brane, while T-duality in a longitudinal direction results in D(p−1)-brane. The pres-
ence of Dp-brane will break translation invariance in the 9− p transversal directions
and it will break Lorentz invariance SO(9, 1) to SO(p, 1)×SO(9−p). As a consequence
the spectrum of massless states from table 2.1.1 is deformed as

Aµ, µ = 0, · · · , 9→
{
Aa, a = 0, · · · , p
Φi, i = p+ 1, · · · , 9 (2.3.2)

Aa describes a p-dimensional gauge theory on the brane, while the Φi are the Gold-
stone bosons associated with breaking of translational symmetry. They are collective
cooredinates describing the position of the branes consistent with the fact that D-
branes are in fact dynamical objects. Indeed, we have already seen that background
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value Aµ has in the T-dual picture the interpretation of the position of the D-brane.
Although D-branes were already discovered from the above T-duality argument,

in [17], it was not until [29] that it was realized that D-branes were in fact a miss-
ing link as they can act as sources for the R-R fields C(n), which fundamental string
(p = 1) can not. Indeed, the worldvolume of a p-brane couples in a natural way to
(p+ 1)-form potential as follows

∫

Vp+1

C(p+1), (2.3.3)

where the integral is over the D-brane worldvolume Vp+1. In fact, this is an electric
coupling, but the same potential C(p+1) can couple magnetically to a D(6− p)-brane
as follows: the Hodge dual of the field strength F(p+2) = dC(p+1) in 10 dimensions

is a (8 − p)-form (F̃ )(8−p), which has a (7 − p)-form C(7−p) as potential; the latter
(7− p)-form is suitable for coupling to a D(6− p) brane.

Considering the possible R-R forms in table 2.1.3, we see that IIB theories should
contain D(-1) (a.k.a D-instanton) D1-, D3-, D5- and D7-branes, while IIA theories
involve D0-, D2-, D4- and D6-branes. Since T-duality sends a Dp-brane to D(p+ 1)-
or a D(p−1)-brane, we must conclude that it also interchanges type IIA and type IIB
theories, which indeed the case. We learn in addition that there must be a D9-brane
in IIB, and a D8-brane in IIA. These are not associated to propagating states, so they
do not appear in the spectrum.

Labelling the endpoints of open strings by introducing n Chan-Paton labels trans-
lates in the new language into introducing n D-branes. For each brane, we have a
copy of the gauge sector originating in strings beginning and ending on that brane.
In this way we end up with the gauge group U(1)n. As seen in eq.2.2.12 the low lying
modes of a string have masses proportional to the length of the string so that if the
D-branes coincide there are extra massless sates coming from strings beginning and
ending on different coinciding D-branes. Keeping track of the orientation of strings
we count a total of n2 massless states making up the adjoint representation of U(n),
which will be the new gauge group. All this is pictured in figure 2.3.1 for n = 2.
Giving a vacuum expectation value (vev) to some or all of the diagonal element of Φi

lets the branes move apart and breaks the U(n) gauge group. This provides us with
a geometrical picture of the Higgs effect. This shows the power of string theory and
D-branes as a tool to study (non)-abelian gauge theories.

From our discussion about T-duality and D-brane, it becomes clear that introduc-
ing open strings with free endpoints into the theory is actually equivalent to inserting
a D9-brane. Obviously, when there are n space-filling D9-branes, they are always
coinciding.

The tension τDp
of a D-brane is of order e−Φ0 = g−1

s as could be seen from the way
how it couples to graviton. Consequently, plugging in a D-brane background in the
path integral will lead to non-perturbative effects of the order exp(−1/gs). To have
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Figure 2.3.1: We have two parallel D-branes. The spectrum of [AA] and [BB] always
comprise a U(1) gauge field. When the D-branes coincide, The [AB] and [BA] strings
give rise to additional gauge fields which enhance the gauge symmetry from U(1)2 to
U(2).

a non-zero contribution these D-branes have to be localized in both time and space:
D(−1)-branes, namely D-instanton or wrapped Dp-branes in Euclidean spacetime. In
the end we point out that besides the microscopic description of D-branes as hyper-
planes on which strings can end, they also possess a description as solutions of the
equations of motion of the low-energy effective action of string theory: IIA or IIB su-
pergravity (see chapters 3 and 6), where they look like higher-dimensional extensions
of charged black holes, black p-branes [30]. It is worth noting that a D-brane breaks
half of the supersymmetry. The fact that it does not break all suppersymmetry makes
it a BPS (Bogomolny-Prasad-Sommerfield)-state (more about BPS states in chapter
6).

2.4 Non-perturbative Duality: S-duality

Up to now we have encountered a perturbative duality, to wit, T-duality which relates
type IIA to type IIB. Actually T-duality also relates the two heterotic string theories.
Still these are perturbative dualities. Nonetheless, there are also non-perturbative
dualities relating a strongly coupled theory to a weakly coupled theory [31, 32]. One
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example is electromagnetic duality in Yang-Mills theory, which interchanges light
electric charges with heavy magnetic monopoles [6]. In fact, this only works out well
if there is enough supersymmetry, namely in N = 4 Super-Yang-Mills [33]. In that
case it turns out that such a duality is a part of the discrete SL(2,Z) group dualities,
S-duality.

The type IIB string theory is self-dual under the duality group SL(2,Z). Under
this duality strings and D1-branes are interchanged. One of the nice features of type
IIB is that it contains a non-abelian gauge theory-N = 4 Super-Yang-Mills-on a D3-
brane. Thus, it enjoys the S-duality of Yang-Mills [34, 35] (see subsection 4.3.2 for
the abelian case). Type I SO(32) and heterotic SO(32) also turn out to be related by
S-duality.

Special cases are the strong coupling limit of type IIA and heterotic E8 × E8

theory. Sticking to type IIA, one can take gs → ∞ and realize that the lowest mass
states are actually D0-branes with tension τ0. If one considers n bound D0-branes,
the mass of the system is

m = nτ0 =
n

gs

√
α′
. (2.4.1)

This evenly spaced spectrum looks like a Kaluza-Klein spectrum with periodic di-
mension R10 = gs

√
α′. So one could make the bold assumption that as gs → 0 this

dimension is decompactified and one ends up with a 11-dimensional theory. As we
will see in chapter 3 the low-energy effective theory would be then nothing but 11-
dimensional supergravity. Eleven dimensions is the maximum number of dimensions
allowing a locally supersymmetric field theory and this theory is unique. We have
seen that string in 11 dimensions is not consistent, but in fact the strong coupling
limit of type IIA is not a string theory anymore! In fact little is known about this
theory and its fundamental degrees of freedom beyond the low-energy limit and its
ties to type IIA. It has been given the name M-theory. From considerations about
D-branes physics it became clear that all the five string theories can be understood as
perturbative descriptions around five different points in the moduli space of M-theory,
see figure 2.4.1.

After all we have learned, over last three decades, about non-perturbative string
theory the question arises whether we have made any progress in solving the two
problems stated in the end of section 2.1.4. As for the second problem we know now
the nature of some of non-perturbative instanton effects: these are the D-instantons
or wrapped Euclidean D-branes. Moreover, we have become more convinced that
there indeed exists an underlying description, M-theory although we do not know the
details. The background problem still stands. We know now some backgrounds are
related by perturbative or non-perturbative dualities to other backgrounds, but the
multitude of different backgrounds remains.
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Figure 2.4.1: The M-theory moduli space.

2.5 Born-Infeld Theory and Derivative Corrections

In this section we will sketch the definition of the low-energy effective action, showing
that the Born-Infeld theory arises as the low-energy approximation of open superstring
theory, the worldvolume action of D9-brane, for slowly varying fields. Then we turn
to the derivative corrections terms of the Born-Infeld action, listing some powerful
methods for constructing such terms.

2.5.1 Effective Theory in Words: Low-Energy Approximation

One can think of string theory as a field theory with an infinite number of degrees of
freedom. Indeed, every particle in the spectrum, massless or massive, corresponds to
a field. Massive particles can only be detected at high energies, characterized by the
string scale l−1

s . For phenomenology we will be exclusively interested in the massless
particles of which, fortunately, there is a finite number. For instance, for the open
superstring we have the massless particles Aµ and their fermionic superpartners. Also
we have seen in section 2.1.4 that the S-matrix perturbative series captures most of
the perturbative effects of string theory. However, we would like to know more about
the non-perturbative structure of string theories. In particular, we want to know what
kind of solitons a given string theory contains. This implies that we need solutions to
the classical equations of motion of the string. We do not have these equations, but
we do know how these equations look like at low energies (energies below l−1

s ); they
are field theory equations.

Accordingly, a low-energy effective action is defined as the result of integrating
out all the massive and massless modes circulating in loops. Furthermore, we only
allow the massless modes as external states. This means that the effective action
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should generate at tree-level an S-matrix, which reproduces the string S-matrix for
massless external states. This action is called the Wilsonian effective action (WEA)
(we refer the reader to [36,37] for elementary treatments, and [38] for a non-technical
review). We can expect the effective action to be nonlocal5, i.e. it will contain an
infinite number of derivatives, and we can expect it to be highly complicated.

The WEA action is not the only “effective action” that occurs in quantum field
theory. There also exists an object called quantum effective action (QEA) [39], which
is by definition the generating functional of the amputated one particle irreducible
diagram (1PI) of a generic field theory,

W [φ] =
∑

s

1

s!

∫
ddx1 · · · ddxsW

(s)(x1, · · · , xs)φ(x1) · · ·φ(xs). (2.5.1)

The QEA W [φ] can therefore be viewed as a classical field theory that encodes all
the quantum information of the underlying field theory6. Note that this object is not
equal to the Wilsonian action! Indeed, the QEA incorporates the effects of loops of all
fields ( and is hence infrared divergent due to the massless particle loops), whereas
the WEA only contains the effects of loops involving massive particles. However,
the moment we stick to the tree-level or classical approximation, we do not see the
effects of loops. Therefore the tree-approximation of the Wilsonian effective action
is equal to the low-energy approximation of the tree-level quantum effective action
for massless modes. We recommend the recent review of Burgess [40] for a thorough
explanation on various effective theories.

An inconvenient property of the effective is its ambiguity. Indeed, in field theory
the following equivalence theorem exists: different Lagrangians lead to the same on-
shell S-matrix, in our case equal to string S-matrix, if there exists a field redefinition

φ = φ′ +R(φ′) (2.5.2)

transforming these Lagrangians into each other. Hence one should be prudent when
comparing results that look at first sight different. Field redefinitions will be discussed
in more detail, in the context of supergravity, in chapter 3.

2.5.2 D-brane Action

We restrict ourselves to the abelian case and take the limit of constant gauge field
strengths. Under these conditions the bosonic part of the effective action for the fields

5Since string theories are extended objects, their interactions are intrinsically nonlocal. This
nonlocality manifests itself in the infinite tower of massive string excitations, an phenomenon that
does not occur in local field theories.

6If we consider a generic theory with an action I(φ), the interaction vertices stemmed from 2.5.1
are the 1PI diagrams of I[φ], reproducing thus already at tree-level all the amplitudes of I[φ].
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coupling to D-brane can be found to all orders in α′ and consists of two parts: The
Dirac-Born-Infeld term and the Wess-zumino term,

SDp−brane = SDBI + SWZ . (2.5.3)

The Dirac-Born-Infeld action [41, 42] takes on the form

SDBI = −τDp

∫
dp+1σ exp(−Φ)

√
−det(∗[G+B]ab + 2πα′Fab), (2.5.4)

where τDp
is the tension of D-brane, G the metric, B the NS-NS 2-form, Φ is the

dilaton (see table 2.1.2) and F is the field strength of the gauge potential A, F = dA,
existing in table 2.1.1. In addition one has in 2.5.4 the pullback ∗, from the target
space to the worldvolume of the brane, which acts on an arbitrary tensor L as

∗[L]a1···an
=
∂Xµ1

∂σa1
· · · ∂X

µn

∂σan
Lµ1···µn

. (2.5.5)

But we have also seen that D-brane couples to R-R fields C(n). These interactions
are described by the Wess-Zumino term7 which has been introduced first in [44]:

SWZ = ςDp

∑

n

∫
∗[C(n)e

B] ∧ e2πα′F , (2.5.6)

where ςDp is the charge of the Dp-brane. Here all the multiplications are in fact wedges
of forms (appendix A.2.2). The formula 2.5.6 should be interpreted as follows: take
allowed R-R fields C(n), i.e. even for type IIB and odd for type IIA, then select from
the expansions of the exponentials a form with the appropriate dimension p+ 1 − n
so that we can integrate over the worldvolume of the D-brane. In this way, one finds
the coupling considered in 2.3.3 as the leading term.

The Dp-brane action is invariant under a number of local symmetries. First of all,
there is the freedom to reparameterize worldvolume as well as spacetime coordinates,
there is not only the gauge symmetry of Aa but also the gauge symmetries of B and
C(n). The latter are realized as follows. The bulk field and the boundary field A
appear in the combination F = ∗[B] + 2πα′F in the worldsheet action. From the
string worldsheet action, one can easily see that the tensor gauge symmetry associated
to B

B → B + dχ, (2.5.7)

where χ is a 1-form, must because of the boundary be completed with

A→ A+
∗[χ]

2πα′ . (2.5.8)

7The reason behind the appearance of such a term is traced back to the fact that this term has
been necessary to cancel the anomaly of chiral fermions on the intersection of branes [43].
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Indeed, the combination F is then invariant under the tensor gauge symmetry and
it is this combination that must appear in the action as well. In addition, the Wess-
Zumino action is invariant under the following collective gauge transformations of the
R-R fields [45]

C → C + dκ+H ∧ κ+ θeB, (2.5.9)

where C =
∑

n C(n), H = dB and both κ =
∑

n κ[n−1] and the scalar θ generate the
gauge transformation. It is understood that forms of the appropriate dimensions are
selected to match the dimensions on both sides.

In the upcoming sections the assumption of slowly varying fields will be loosened
and we try to discuss the effective D-brane action in the abelian case with derivative
corrections and say some words on non-abelian case. We emphasize here that in the
non-abelian case there is no analogue of the slowly varying field strength approxima-
tion. Therefore the inclusion of derivative corrections must be mandatory.

As the dependence on B can be found from the dependence on F, we will put
B = 0. Moreover, we will work in a flat background Gµν = ηµν and we will not study
corrections involving derivatives of the pullbacks of the bulk fields (for more about
this subject we refer the reader to [46].) Next, we first employ spacetime diffeomor-
phism to align the worldvolume of the D-brane along X i = 0 with i = p + 1, · · · , 9.
and then the worldvolume diffeomorphisms to match the worldvolume coordinates
with the remaining spacetime coordinates, Xa = xa. This gauge is called the static
gauge. Consequently, it follows that the induced metric is expressed as

∗[G]ab = ηab + ∂aΦi∂bΦi, (2.5.10)

where the scalars Φi are equal X i, describing the transverse position of the D-brane.
Moreover, we will usually deal with D9-brane or Dp-branes, setting all Φi to zero.
Thus, the pullbacks become trivial and hence Dirac-Born-Infeld action reduces to the
Born-Infeld action. The expression of lower-dimensional D-branes including the Φi

can be derived by dimensionally reducing expression for the D9-brane.

2.5.3 Open Superstring Effective Action: D9-brane Action

Remarkably enough, for the abelian open superstring-in modern language the space-
time filling D9-brane action8- there exists a relatively simple closed expression valid
to all orders in α′, the Born-Infeld action. The catch is that this expression is
only valid in the slowly varying field strength limit. This action was first obtained
in [47] and [48]. The supersymmetric version of D9-brane Born-Infeld action has been
achieved in [49–53]. In flat background, The Born-Infeld action is expressed as

SD9 = −τD9

∫
d10x

√
−det(ηab + 2πα′Fab), (2.5.11)

8In [29] it was realized that D-branes take a prominent place as non-perturbative solitons, which
led to a renewed interest in D-brane effective action.



2.5 Born-Infeld Theory and Derivative Corrections 27

where τD9 is the D9-brane tension related to the string coupling constant gs and string
length ls via τD9 = 1/gs(2π)9l10s , and Fab is the field strength of the gauge potential
Aa living on the worldvolume of D9-brane. The α′-expansion of the Born-Infeld
effective action reads

S =
1

g2

∫
d10x

[
− 1

4
FabF

ab +
(2πα′)2

8

(
trF 4 − 1

4
(trF 2)2

)
+ · · · , (2.5.12)

where for D9-brane the coupling constant is g2 = gs(2π)7l6s .
However, as has been argued in [54], physically it is very hard to say that one is

working in the limit of large and slowly varying fields; the restriction to slowly varying
fields actually implies that gravitational effects are large, invalidating the restriction to
flat backgrounds. The reasoning of [54] goes roughly as follows: negligible derivative
implies that the field stay large over a wide region of spacetime. An estimate of total
energy indicates that gravitational effects can no longer be neglected and the system
is at risk of collapsing to a black hole. Thus the derivative corrections should be taken
into account.

In discussing the derivative corrections, it is useful to introduce some notation.
The generic term in the effective action can be written schematically as

Leff =
1

g2

∑

m,n

L(m,n), with L(m,n) = α′m(∂nF p), (2.5.13)

the powers in 2.5.13 are related, by dimensional analysis, 2p− 2m+ n− 4 = 0. The
terms at order α′m with n derivative are denoted by L(m,n). Leff enjoys two symme-
tries which are inherited from the underlying string theory: Poincaré symmetry, from
which follows that n is even, and the U(1) gauge invariance of massless fields. The
term L(m,0) is the Born-Infeld term mentioned above. It is well-known from string
S-matrix calculation that the contributions with an odd number of massless fields
vanish and hence terms with p odd in 2.5.13 are absent in the open string effective
action (there are some terms which can be removed a by field redefinition).

Derivative corrections were first studied in [55]. In this article it has been demon-
strated that for the sector L(m,2) = 0, ∀m so that the first correction has four deriva-
tives. Note that the contribution L(4,4) to the Born-Infeld part was also calculated
in the same article. Only much later all terms with four derivatives,

∑∞
m=4 L(m,4),

were constructed in [56] and a conjecture has been made for terms with more deriva-
tives [57]. Wyllard in this conjecture gives the recipe to calculate derivative correc-
tions to the Born-Infeld sector from the derivative corrections of the Wess-Zumino
sector. However, the conjecture is suffering from ordering ambiguities, therefore it is
not well-defined since the terms following from Wess-Zumino term with n > 4, which
have been found in [56], are not complete. Hence only partial results originated from
the conjecture for the Born-Infeld term. The terms L(m,2m−4), i.e. terms with p = 4,
were found in [58] and the prescription therein has been generalized to non-abelian
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case in [59], again there with only partial results. Although the conjecture in [56] has
some limitations, the results predicted by this conjecture regarding the terms with
six derivatives and four fields agree with [58].

Let’s say some words about non-abelian version of open superstring effective ac-
tion. The coincidence of a stack of D-branes results in a non-abelian gauge theory
where the zeroth order in α′ is the Yang-Mills action. In order to obtain the effective
action for a stack of D9-branes, we calculate α′-corrections to the effective action for
open superstring with Neumann boundary conditions in all directions and non-trivial
Chan-Paton factors.

Compared to the abelian case, much less progress has been made for non-abelian
effective action. Up to now there is no an all-orders result in α′ at hand. Firstly, it is
not known how to order-now non-commuting- field strengths and covariant derivatives
and secondly new identities of the form

[Da, Db]Fcd = [Fab, Fcd], (2.5.14)

appear, relating commutators of covariant derivatives to commutators of field strengths.
Consequently, there is no clear way how to deal with the limit of slowly varying field
strength without considering at the same time the abelian case. Some results, up to
order α′2, have been found for non-abelian effective action through the abelian one
by symmetrizing over the gauge indices [60,61]. Tseytlin in [62] has made a proposal,
the symmetrized trace proposal, where a truncation of the non-abelian effective action
has been performed, and only terms that come from symmetrizing over the gauge in-
dices have been kept. Unfortunately, soon it was found out that this proposal missed
essential physics. The problem starts at α′4. In fact, in [63] it was revealed that
already at order α′3 there is a contradiction with the symmetrized trace prescription
that only produces terms at even order in α′ due to the antisymmetric property of
Fab.

2.5.4 Obtaining Open Superstring Effective Action

After this brief overview of the developments, let us now list some approaches to
construct the abelian and non-abelian open superstring effective actions. We have
first the partition function approach. This method was developed in [64–66] where
it was realized that the Polyakov path-integral with background fields produced the
effective action. The boundary state formalism was used in [56] to construct all terms
with four derivatives in both the Born-Infeld and the Wess-Zumino part in the abelian
case. Another method is based on requiring Weyl invariance of the nonlinear sigma
model; here one looks at the action for open string in curved backgrounds. Then one
requires the Weyl anomaly of the σ-model to vanish, which amounts to putting the β-
function to zero. The resulting equations are equivalent to equations of motion derived
from an effective action (see for example [48, 67] and also a quite recent paper [68]
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and references therein). We have been particularly interested in the string S-matrix
method [69–71]. This approach follows immediately from the definition of the effective
action. The idea is to calculate N -point scattering amplitudes in perturbative string
theory. Then the most general gauge-invariant Lagrangian at the appropriate order
is constructed or an appropriate Ansatz is made. Next its unknown coefficients are
fixed by comparing the on-shell scattering amplitudes with the result of string theory.
Since an N -point amplitude can only probe terms in the effective action involving up
to N gauge potential Aµ and thus N field strengths Fµν , the method is perturbative in
the number of field strengths although with a good Ansatz it is possible to construct
an infinite series of derivative corrections. With an Ansatz based on supersymmetry,
in [58] the maximum information was extracted from the 4-point amplitude. In view
of its perturbative nature in F , the method is not powerful enough even to produce
the complete abelian effective action. A general property for an amplitude with p
external massless open string fields can be derived as follows:

A(1, 2, · · · , p− 1, p) = (−1)pA(p, p− 1, · · · , 2, 1). (2.5.15)

The complete amplitude

A(1, 2, · · · , p) =
∑

σ

A(1, σ(2), · · · , σ(p)) = (−1)pA(1, 2, · · · , p), (2.5.16)

where the latter equality follows from 2.5.15 and cyclic invariance. Here we want to
point out the consequences of the invariance of string theory under the worldsheet
twist operation Ω [8]. It is known that Ω changes the orientation of the worldsheet,
thus it reverses the order of the vertex operators on the boundary of the disk ampli-
tude. In addition, Ω acts on the vertex operators, giving extra factor of (−1)N , where
N counts the number of oscillators involved. We conclude that indeed the S-matrix
elements involving an odd number of massless fields vanish. Note that in non-abelian
case the S-matrix approach has been more successful mostly because in that case the
other available methods are not as powerful either.

There are some other indirect methods which use a symmetry or other property
the action would have. The disadvantage of the indirect methods is that in most
cases the action is not completely fixed by requiring the desired property and typi-
cally unknown coefficients remain. In particular we mention; the Noether method [72]
which is an iterative method based on supersymmetry. Also the existence of certain
BPS solutions used in [73, 74] helps to a great extent with fixing some coefficients
of the non-abelian effective action. A method which is of our interest is the one we
shall discuss in chapter 4, namely using electromagnetic duality invariance as a con-
dition on the abelian effective action in the hope that we can constrain the derivative
corrections terms [B].
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2.5.5 The 4-point Function of Open Superstring Effective Ac-
tion

The matching procedure based on the calculation of S-matrix has been used in [58]
to derive the terms L(m,2m−4), i.e. the terms with p = 4. The authors of [58] are
able to write down a closed form for the effective action because the open string four-
point function factorizes in a product of two terms: the first term (K) depending on
polarization vectors and wave functions, the second term (G) depending only on the
momenta. The first term determines how the fields should appear in the effective
action. The second term expands into an infinite series in α′, and determines how
derivatives should be distributed over the fields. The 4-point function is given by [75]

A(1, 2, 3, 4) = −16ig−2α′2(2π)10δ10(k1 + k2 + k3 + k4)×
G(k1, k2, k3, k4)K(1, 2, 3, 4), (2.5.17)

where G contains the α′ dependence and behaves as

G(k1, k2, k3, k4) = G(s, t) +G(t, u) +G(u, s)

=
Γ(−α′s)Γ(−α′t)

Γ(1− α′s− α′t)
+

Γ(−α′t)Γ(−α′u)

Γ(1− α′t− α′u)
+

Γ(−α′s)Γ(−α′u)

Γ(1− α′s− α′u)
.

(2.5.18)

The Mandelstam variables s, t, and u are defined, up to momentum conservation
and the mass-shell condition, in such a way that G is manifestly symmetric in the
momentum ki. They have been chosen to be

s = −k1 · k2 − k3 · k4, t = −k1 · k3 − k2 · k4 (2.5.19)

u = −k1 · k4 − k2 · k3, with s+ t+ u = 0. (2.5.20)

It is easy to see by expanding in α′ 2.5.18 that G is regular. The leading term of this
expansion is written as

G(k1, k2, k3, k4) = −π
2

2
+O(α′2). (2.5.21)

The momenta and the wave function dependence are encoded in K which, for 4-
massless vector fields amplitude, has been found to be elegantly expressed in terms
of ki, the polarization vector ζi of the ith incoming field, and a tensor of rank eight,
i.e. t8. Thus we have

K(1, 2, 3, 4) = tabcdefghk
a
1ζ

b
1k

c
2ζ

d
2k

e
3ζ

f
3 k

g
4ζ

h
4 , (2.5.22)
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with t8 satisfying9

tabcdefghM
ab
1 M cd

2 M ef
3 Mgh

4 = −2(trM1M2trM3M4 + trM1M3trM2M4

+ trM1M4trM2M3) + 8(trM1M2M3M4 + trM1M3M2M4

+ trM1M3M4M2), (2.5.23)

where the Mi are antisymmetric tensors. tabcdefgh is antisymmetric in the pairs (ab),
(cd), etc., and is symmetric under the exchange of such pairs. Now, we will summarize
the technique.

The leading order contribution to the amplitude is just the expression of K 2.5.22
times a constant. This term is reproduced by L(2,0) contribution to the effective
action, namely

L(2,0) =
a(2,0)α

′2

8

(
1

24

)
tabcdefghF

abF cdF efF gh

=
a(2,0)α

′2

8

(
trF 4 − 1

4
(trF 2)2

)
, (2.5.24)

where a(2,0) has been fixed to be (2π)2 which agrees with the expansion of the Born-
Infeld action in 2.5.12.

In [58] it has been observed that every factor of momentum ki in K is reproduced
by a derivative acting on the appropriate field in 2.5.24. Notice that the complete
amplitude 2.5.17 differs from the leading order contribution by extra factors of mo-
mentum, i.e. by G. Therefore in order to reproduce these factors, one simply needs
to act with derivatives on the appropriate fields. This can be done by first defining
the four fields at different points in spacetime, giving rise to non-local action. That
is, one considers the fields Aa(xi), where i = 1, · · · , 4, and then replace the momenta
ki in the amplitude by differentiations with respect to the appropriate coordinate
in the effective action, i.e. ki,a → −i∂/∂xa

i . Certainly, one needs to multiply the
resulting expression by delta functions and then integrate over the xi to render the
action local, which we denote by Seff [Aa]10. Now, one can expand G in α′, and then
by substituting derivatives for momenta in this expansion and inserting the resulting
expression in Seff [Aa], one can straightforwardly construct the contribution to the
4-point effective action at any desired order in α′. For example, for m = 4, i.e. at

9Explicit expression of t8 is given first in [75].
10A detailed derivation for the complete 4-fields effective action which reproduces the 4-point

amplitude can be found in [58].
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order α′4, one obtains

L(4,4) = a(4,4)α
′4tabcdefgh∂kF

ab∂kF cd∂lF
ef∂lF gh

= 8a(4,4)α
′4
[
(∂kFab∂lFbc∂

kFcd∂
lFda + 2∂kFab∂

kFbc∂lFcd∂
lFda)

− 1

4
(∂kFab∂

kFab∂lFcd∂
lF cd + 2∂kFab∂lFab∂

kFcd∂
lFcd)

]
, (2.5.25)

where a(4,4) is determined to be π4

288 by string theory methods.

2.6 Illustration: Regularity of the Point-charge

This section is mainly based on [76]. There is a wide belief that α′-corrections are
responsible for smearing out some singularities. The example of the open string
that we will discuss below suggests that α′-corrections smooth out singularity of the
leading order solution. In other words, we shall show that the point-charge singularity
of Maxwell theory is absent in the open string theory. As seen before, the tree-level
abelian vector field effective action of the open superstring theory takes schematically
the form

Leff ∼
√
−det(ηab + 2πα′Fab) + derivative terms, (2.6.1)

where we ignore all the field strengths derivative terms and consider only the Born-
Infeld sector. Since the open string is charged at its ends, a charged open string
source can be added to the action 2.6.1, namely a point-particle source proportional
to QA0(x)δ

D−1(x) where Q is the charge. Therefore the corresponding electric field
might be calculated.

One of the nice features of the Born-Infeld Lagrangian is that while in the Maxwell
theory the point-like charge is singular at the origin and has an infinite self-energy, in
the nonlinear Born-Infeld case the field is regular at r = 0 [41] (in spherical coordi-
nates) where the field strength takes its maximal value and its total energy is finite.
For example, in D = 4 and with only electric fields, the Born-Infeld Lagrangian
recasts into

LBI ∼
√
−det(ηab + 2πα′Fab) =

√
1− (2πα′E)2. (2.6.2)

The analogue of the Maxwell equation is

∂(r2D)

∂r
∼ Qδ(r), with D =

E√
1− (2πα′E)2

. (2.6.3)

The solution is

D =
Q

r2
, namely E ≡ Frt =

Q√
r4 + r40

, (2.6.4)



2.6 Illustration: Regularity of the Point-charge 33

with r20 = 2πα′Q. The distribution of the electric field, i.e. div E = 2πρ, gives rise to
the fact that the source is no longer point-like, but has an effective radius r0 ∼

√
α′Q.

To illustrate the effective description discussed above we distinguish:

• In the region 0 ≤ r < r0, the electric field is approximately constant, i.e.,

E ∼ Q

r20
∼ 1

α′ . (2.6.5)

• At r = 0, the derivative vanishes.

• Near r ∼ r0, the derivative is suppressed by a power of Q

∂E

∂r
∼ Q

r30
∼ α′− 3

2Q−1. (2.6.6)

That means that the effect of the derivative terms in 2.6.1 must be small, i.e., the
conclusion about the regularity of the static spherically symmetric point source solu-
tion applies to the full effective action of the open string theory. We close this section
with the observation that if Q is large the derivative corrections to the effective action
do not affect significantly the form of the Born-Infeld solution 2.6.4.
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