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Chapter 2

The hydrogen atom in weak near
orthogonal electric and magnetic fields

2.1 Problem setting and the statement of the result

The hydrogen atom in constant external electric and magnetic fields is a fundamental atomic
system. We consider the case when the fields are nearly orthogonal. The simplest classical
model of this system is the perturbed Kepler problem, a completely integrable approximation
of which was studied in [24, 29, 33], see also references therein. In particular, we are inter-
ested in relation between monodromy in the classical system and quantum monodromy. We
demonstrate that monodromy, exhibited by the classical integrable approximation for certain
domains of parameters, is visible in the spectrum of the quantized system.

2.1.1 Motivation and setting of the problem

The simplest classical model of the hydrogen atom is the Kepler problem, where the electron
moves around the proton under the attractive electric force, with the spin of the electron and
the relativistic corrections neglected, and under the assumption of the infinitely heavy proton.
The system is subjected to external electric and magnetic fields. If the fields are weak, the
problem can be seen as a perturbed Kepler problem.

The phase space for this problem is R3∗×R3, where R3∗ = R3 \ {0}, with coordinates (Q,P)
induced from standard symplectic coordinates on R6, and dynamics given by the Hamiltonian
(in atomic units)

H̃(Q,P) =
1

2
P2 − 1

|Q|
+ FeQ2 + FbQ1

+
G

2
(Q2P3 −Q3P2) +

G2

8
(Q2

2 +Q2
3) = E,

(2.1.1)

where the 3-vectors F = (Fb, Fe, 0) and G = (G, 0, 0) (Figure 2.1) represent the electric and
the magnetic fields respectively. Specifically, F = −E and G = −B where E and B are the
electric field and magnetic flux density respectively. We remain at sufficiently large negative
energy E and consider only bounded motion.

The perturbed Kepler system has an integrable approximation which is a 3 degree of freedom
(3-DOF) integrable Hamiltonian system, hence an associated Lagrangian bundle with the
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Figure 2.1: Electric and magnetic fields F and G.

base space of dimension 3 (see Chapter 1). It was shown in [24] that monodromy is present
in the hydrogen atom in strictly orthogonal electric and magnetic fields, both in the classical
and the quantized systems. Namely, the limit cases of the problem are those where the
external force is purely magnetic or purely electric, and they are called the Zeeman and the
Stark limits respectively. It was shown in [24] that, as the magnitude of the perturbing forces
varies so that the system goes from the Zeeman to the Stark limit, there is an interval of
parameters for which the system has monodromy. This phenomenon was explained in [29],
where the appearance of the monodromy in the hydrogen atom was related to the Hamiltonian
Hopf bifurcations. Notice that for this it was necessary to compute the normal form of the
Hamiltonian to higher order terms than in [24], see also references therein. Next, [33] provided
a general framework to classify all perturbations of the hydrogen atom. It was conjectured
in [33] that in the parameter space of all perturbed systems there exist resonant k1 : k2 zones
within which the hydrogen atom system can be approximated using a detuned resonance
characterized by two positive integers k1 and k2. In this framework, the zone of the 1 : 1
resonance corresponds to nearly orthogonal perturbing fields. Our aim is to study integrable
approximations of the hydrogen atom in this zone, determining the topology of the fibres and
all values of the parameters for which the system exhibits monodromy. The relation between
the classical monodromy of a completely integrable system and quantum monodromy was
established by San Vu Ngoc [85]. In this work we consider the quantization of the hydrogen
atom in order to show that the monodromy manifests itself in the joint spectrum of the
integrable approximation of the system (twice normalized), as well as in the spectrum of the
quantized approximation for which the normalization is performed only once.

2.1.2 Integrable approximation of the model of the hydrogen atom

We explain briefly the concept of the resonant zone and how we obtain the integrable approx-
imation of the system of the hydrogen atom, described in Section 2.1.1.

Regularization of the problem

Before we start with the integrable approximation of the problem, we regularize the problem,
applying Kustaanheimo-Stiefel regularization (see Section 2.2.1 or [52, 53, 78]). The procedure
consists of two steps: one rescales the time of the system in such a way that the Hamiltonian
vector field XH̃ associated to (2.1.1) is multiplied by the distance |Q| from the origin in the
configuration space, thus compensating for the infinite growth of XH̃ near the origin, and the
second change of coordinates. To implement the latter one has to go to higher dimensions,

34



and the regularized problem has the phase space R8∗ = R8 \ {0} with standard symplectic
coordinates (q, p), the Hamiltonian K(q, p) and an additional first integral

ζ : R8∗ → R : (q, p) 7→ 1
2
(q1p4 − q2p3 + q3p2 − q4p1), (2.1.2)

called the KS-integral. Under the regularization procedure the unperturbed part of the Hamil-
tonian (2.1.1) becomes

2N(q, p) = K0(q, p) = 1
2
(p2 + q2) = 1

2
(p2

1 + q2
1 + p2

2 + q2
2 + p2

3 + q2
3 + p2

4 + q2
4). (2.1.3)

We call the function N the Keplerian integral. We note that the symmetry generated by
N is not exact, so 2N becomes a first integral of the system after the normalization of the
Hamiltonian H with respect to 2N . The regularized phase space of the hydrogen atom
becomes the manifold ζ−1(0)/T1, which is the reduced space of the T1-action generated by
the KS-integral 2ζ, called the KS -symmetry. We note that in this chapter T1 denotes the
circle R/2πZ.

The parameter space

We denote by n the value of the Keplerian integral N (2.1.2) and introduce the n-scaled field
amplitudes

g = Gn2, (fe, fb) = 3(Fe, Fb)n
3. (2.1.4)

We introduce the parameters

s =
√
g2 + f 2

b + f 2
e > 0, χ = a2 =

g2

s2
, d =

gfb

s2
, (2.1.5a)

so that
d2 ≤ (1− a2) a2 = (1− χ)χ. (2.1.5b)

These parameters have the following geometric meaning. The parameter s depends on the
magnitude of the perturbing forces and should be kept small. The parameter d depends
on the angle between the electric and magnetic forces, in particular, it vanishes when the
forces are strictly orthogonal (see Figure 2.1). Thus d represents the deviation of the forces
from the strictly orthogonal configuration, which we call the detuning for reasons which will
become clear later. For a fixed s > 0 the inequality (2.1.5b) describes a closed disc D in
the plane with the coordinates (d, a2), symmetric with respect to the d-axis, and with the
origin on the boundary. Therefore, in coordinates (s, d, a2) with s > 0, the parameter space
of all perturbations of the hydrogen atom by electric and magnetic fields is described as a
solid cylinder R>0 × D. A similar scaling but with respect to the value E of the perturbed
Hamiltonian was used in [23, 70].

Reduced 2-DOF system of the hydrogen atom

The Keplerian symmetry of the problem is not exact, and, in order to obtain an integrable
approximation of the hydrogen atom, we normalize the regularized Hamiltonian K(q, p) with
respect to its unperturbed part, using the standard Lie series algorithm (see [12, 44, 61] and
references therein). We truncate the normalized Hamiltonian at terms of order 6, and in what
follows everywhere by the normal form we mean a truncated normal form. The next step is
to reduce the symmetries generated by the KS-integral 2ζ and the Keplerian integral 2N , i.e.
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the action of the torus T2, whose infinitesimal generators are the Hamiltonian vector fields
X2ζ and X2N , associated to 2ζ and 2N . With such choice of generators the action is not
effective, i.e. the isotropy group of the action is non-trivial at each point in R8∗. Choosing
the Hamiltonian vector fields XN−ζ and XN+ζ , associated to functions N−ζ and N+ζ, as the
generators, we obtain an effective action of T2. After an appropriate change of coordinates,
one can see that each of the functions N − ζ and N + ζ generate the action of the circle T1

on a 4-dimensional subspace of R8∗. On each of the subspaces this action is equivalent to the
action generated by the Hamiltonian of the 2-DOF isotropic oscillator. It is known [22, 37]
that the reduced space of the isotropic oscillator is isomorphic to the sphere S2. It follows
that the reduced space of the T2-action is isomorphic the product S2×S2, i.e. one can choose
a basis of polynomials (x,y, N, ζ) = (x1, x2, x3, y1, y2, y3, N, ζ) on R8∗, invariant under the
T2-action, in such a way that, for given values ζ = 0 and N = n, we have

x2
1 + x2

2 + x2
3 =

n2

4
, y2

1 + y2
2 + y2

3 =
n2

4
. (2.1.6)

The reduced space has a Poisson structure, defined by

{xi, xj} =
3∑

k=1

εijkxk, {yi, yj} =
3∑

k=1

εijkyk, {xi, yj} = 0, (2.1.7)

where εijk is the Levi-Civita symbol, and the Hamiltonian of the reduced system is

H = − 1

2n2
+

1

2n2
(H1 +H2), (2.1.8)

where each Hj is a homogeneous polynomial of degree j in x and y. We will write S2 × S2

for the phase space of the reduced system, and call it the n-shell system in reference to its
relation with quantum mechanics.

Additional symmetry in the resonant system

Applying an appropriate symplectic change of coordinates to the n-shell system one can
represent the term H1 in the reduced Hamiltonian (2.1.8) in linear form, i.e.

H1(x, y) = ω−x1 + ω+y1,

where
ω± =

√
(g ± fb)2 + f 2

e = s
√

1± 2d. (2.1.9)

Geometrically the motion generated by this term of the Hamiltonian is the simultaneous
rotation of the spheres with respect to the x1- and y1-axes with frequencies ω− and ω+

respectively. For certain values of the parameters the motion is resonant and the trajectory
is a circle T1. The latter happens if the ratio between the frequencies is rational, i.e.

ω−
ω+

=
k−
k+

, k−, k+ ∈ Z \ {0}.

In particular, for orthogonal fields (see (2.1.9)) the action is in 1:1 resonance, and the param-
eter d represents the detuning from the resonance. We expect that for systems near the 1:1
resonance, this resonance is significant for all nearby frequency ratios, both non-resonant or
of higher order resonance. We get rid of the constant term and the rescaling factor in (2.1.8),
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so the Hamiltonian becomes H = H1 +H2. We normalize and truncate H for the second time
with respect to the function µ = x1 + y1, which corresponds to the exact 1:1 resonance in
the system, using again the standard Lie series algorithm (see [12, 44] and references therein).
As a result we obtain a completely integrable 2-DOF system with the phase space S2 × S2,
the Hamiltonian H = H1 + H2, where H1 = ω−x1 + ω+y1, and an additional first integral
µ = x1 + y1.

2.1.3 Summary of the results

To study near orthogonal perturbations of the hydrogen atom we construct an integrable
approximation of the system, using a detuned 1:1 resonant normal form of the Hamiltonian
(2.1.1), as explained in Section 2.1.2. Namely, we consider the energy-momentum map of the
regularized 4-DOF system of the hydrogen atom, given by

EM = (ζ,N, µ,H) : R8∗ → R4,

where ζ is the KS-integral, N is the Keplerian integral, µ is the generator of the exact
1:1 symmetry, and H is the Hamiltonian normalized with respect to 2N and µ. We study
how global properties of this system vary depending on the parameters s, d and a2, which
characterize perturbing forces (Section 2.1.2). For that for each triple (s, d, a2) we compute
the bifurcation diagram (BD) of the corresponding system, by which we mean the image
of the EM together with information about critical values of the map and the topology of
its fibres [8]. This information is required to compute monodromy, which is an invariant of
symplectic torus bundles associated to an integrable Hamiltonian system, and the obstruction
to existence of global action coordinates on the total space of this bundle (see Chapter 1 for
the detailed treatment of monodromy).

Recall from Section 2.1.2 that the parameter space of the hydrogen atom is the solid cylinder
R>0 × D with coordinates (s, d, a2), where s > 0 is the coordinate on the generatrix, and
(d, a2) are the coordinates on D. Recall (Section 2.1.2) that s corresponds to the strength of
perturbing forces and d is the detuning from the 1:1 resonance. As conjectured in [33], the
range of validity of the detuned 1:1 resonant normal form is given by the inequality

|d| ≤ dmax(s), where 0 < dmax(s) � 1
2
,

so the maximal detuning depends on the parameter s. Fixing a sufficiently small value of s,
all systems near the 1:1 resonance zone are represented in the cross-section of the cylinder by
a subset of D near the diameter {(d, a2) ∈ D | d = 0} (see Figure 2.2). Among the systems in
this zone we distinguish the symmetry strata and the dynamical strata. A symmetry stratum
contains values of parameters that correspond to systems with the same orbit type of the
symmetry group; symmetry strata were studied in [62, 70], and we will not consider them
here. Our main interest will be concentrated on dynamical strata, which we define now.

Definition 2.1.1 (Dynamical stratum) We say that two systems belong to the same dy-
namical stratum if they correspond to qualitatively the same BD’s.

Since the set of physical states of the hydrogen atom corresponds to the value ζ = 0 of the
KS-integral (see Section 2.1.2), we will be interested only in constant cross-sections {ζ = 0} of
the BD’s. We will show that the effective perturbation parameter for the 1:1 zone is ns� 1,
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Figure 2.2: Structure of the 1:1 zone. Different dynamical strata of the zone (top) correspond to
vertices of the genealogy graph (bottom). Vertical edges of the graph represent bifurcations with
broken symmetry of order 2, other edges undergo a Hamiltonian Hopf bifurcations when they cross
a boundary of two strata.

where n is the value of the Keplerian integral (Section 2.3). As ns varies, the dynamical
stratification of the 1:1 zone remains qualitatively invariant, although the size of different
strata in the parameter disk D with coordinates (d, a2) may change. In particular, for a fixed
ns the stratification of D is defined with the aid of the functions

F1(a
2) = 1

4
(1− 2a4)(ns) +O(ns)3, F2(a

2) = 1
4
(1− 4a2 − 2a4)(ns) +O(ns)3, (2.1.10)

which shows that the size of dynamical strata in the d-direction varies almost linearly wth
ns. This property is specific to the 1:1 zone.

By the above argument to describe the 1:1 zone it is sufficient to describe a constant cross-
section {ζ = 0, N = n} of the BD, and a constant cross-section of the parameter space.
Equivalently, we can consider an integrable approximation of the 2-DOF n-shell system (Sec-
tion 2.1.2) with the phase space S2 × S2 and the energy-momentum map EMn = (µ,H). We
note also that the structure of the 1:1 zone is symmetric with respect to reflection d 7→ −d,
and consider only strata in the positive semi-disk D+ = D ∩ {d ≥ 0}.

We will show that in the disk D+ the parameter space near 1:1 resonance there are the
following dynamical strata (Table 2.1), which persist if one preserves higher order terms in
the normalized 1:1 resonant Hamiltonian, i.e. within the class of symmetric perturbations:
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Table 2.1: Dynamical strata of the hydrogen atom. The second column represents the BD of the
2-DOF reduced system. The horizontal and vertical directions correspond to the values m and h of
µ and H1 respectively.

BD
type

BD Comments

A0
The image of EMn is simply connected, the fibre in the interior of
EMn is a single 2-torus. Trivial monodromy.

A1
The image of EMn contains an isolated critical value that corresponds
to a simply pinched torus T1. Non-trivial monodromy.

A1,1
The image of EMn contains two isolated critical values that correspond
to simply pinched tori. Non-trivial monodromy.

An
The image of EMn contains an isolated critical value that corresponds
to a doubly pinched torus T2. Non-trivial monodromy.

B1

The image of EMn consists of two regions, which are distinguished
in the diagram by color. The fibre in the lighter region consists of a
single 2-torus, the fibre in the darker region consists of two disjoint
2-tori. Non-trivial monodromy.

B0

The image of EMn consists of two regions, which are distinguished in
the diagram by the color. The fibre in the lighter region consists of a
single 2-torus, the fibre in the darker regions consists of two disjoint
2-tori. Trivial monodromy.

A∗
f

The image of EMn consists of two regions, which are distinguished in
the diagram by the color. The fibre in the lighter region consists of a
single 2-torus, the fibre in the darker regions consists of two disjoint
2-tori. Trivial monodromy.

S
The image of EMn is simply connected, the fibre in the interior of
EMn is a disjoint union of two 2-tori. Trivial monodromy.
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two-dimensional strata

A′
1 = {(d, a2) ∈ D+ | |F2(a

2)| < d < F1(a
2)},

A′′
1 = {(d, a2) ∈ D+ | |F1(a

2)| < d < −F2(a
2)},

A1,1 = {(d, a2) ∈ D+ | 0 < d < min(F1(a
2),−F2(a

2))},
B′

1 = {(d, a2) ∈ D+ | 0 < d < F2(a
2)},

B′′
1 = {(d, a2) ∈ D+ | 0 < d < −F1(a

2)},
A0 = {(d, a2) ∈ D+ | max(F1(a

2),−F2(a
2)) < d < dmax},

(2.1.11a)

one-dimensional strata, corresponding to the strictly orthogonal configuration

B′
0 = {(d, a2) ∈ D+ | d = 0, 0 < a2 <

√
3/2− 1},

A2 = {(d, a2) ∈ D+ | d = 0,
√

3/2− 1 < a2 <
√

1/2},
B′′

0 = {(d, a2) ∈ D+ | d = 0,
√

1/2 < a2 < 1},

(2.1.11b)

a one-dimensional stratum on the boundary of D+

A∗
f = {(d, a2) ∈ D+ | d2 = (1− a2)a2, 0 < d < F2(a

2), a2 < 1/2}, (2.1.11c)

and a zero-dimensional stratum S corresponding to the Stark limit. Other one-dimensional
strata on the boundary of D+, i.e.

A∗
0
′ = {(d, a2) ∈ D+ | d2 = (1− a2)a2, F1(a

2) < d < dmax, a
2 < 1/2},

A∗
0
′′ = {(d, a2) ∈ D+ | d2 = (1− a2)a2, |F2(a

2)| < d < dmax, a
2 > 1/2},

A∗
1
′′ = {(d, a2) ∈ D+ | d2 = (1− a2)a2, |F1(a

2)| < d < |F2(a
2)| a2 > 1/2},

B∗
1
′′ = {(d, a2) ∈ D+ | d2 = (1− a2)a2, 0 < d < |F1(a

2)|, a2 > 1/2},

(2.1.11d)

have types of BD of the corresponding 2-dimensional strata; the Zeeman limit Z belongs to
the dynamical stratum B0. The regions B′

1 and B′′
1 (resp. A′

1 and A′′
1, B

′
0 and B′′

0 ) are disjoint
components of the same stratum B1 (resp. A1, B0), where ′ and ′′ mark the components
near the Stark and the Zeeman limits respectively. We note (Table 2.1) that the systems
corresponding to the strata A1, A1,1, A2 and B1 have non-trivial monodromy. In Figure 2.2,
bottom, the picture of the parameter space is combined with the genealogy graph, whose
edges correspond to continuous variations of parameters. As we go along each path in the
genealogy graph we expect one or several bifurcations to happen. Recall [62, 70] that the
system with strictly orthogonal perturbing forces have specific Z2 symmetry; this symmetry
breaks along the paths A2 → A1,1, B

′
0 → B′

1, and B′′
0 → B′′

1 . Along all the other paths the
system goes through a Hamiltonian Hopf bifurcation [25, 44, 83]. The paths B′

1 → A′
1 and

B′′
1 → A′′

1 correspond to a subcritical Hamiltonian Hopf bifurcation. In such a bifurcation an
elliptic periodic orbit is attached to a family of T2. The family shrinks and at the bifurcation
it vanishes while the periodic orbit becomes unstable (generically complex hyperbolic unless
there is extra symmetry). Along the paths A′

1 → A1,1, A
′′
1 → A1,1, A0 → A′

1, and A0 → A′′
1

the system goes through a supercritical Hamiltonian Hopf bifurcation. In such a bifurcation
an elliptic periodic orbit is again attached to a family of T2. At the bifurcation the periodic
orbit detaches from the family of T2 and becomes unstable. Along the paths B′

0 → A2 and
B′′

0 → A2 the system goes through Hamiltonian Hopf bifurcations that are degenerate at
the order of truncation of the normal form used in this work. These degenerate bifurcations
have been resolved in [29] where it was shown that one of them is subcritical and the other
supercritical.
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We show that the monodromy manifests itself in the joint spectrum of the quantized 2-DOF
problem with detuned 1:1 resonant normal form of the Hamiltonian (2.1.1), and the spectrum
of the problem with the first normalized Hamiltonian H.

2.1.4 Historical comments

The problem of the perturbations of the hydrogen atom by static homogeneous electric and
magnetic fields is one of the oldest in atomic physics; the literature is abundant, and a
complete review is beyond our capacity. Although a great number of detailed studies of
concrete hydrogen-atom-in-fields systems were produced in the 1980s and 1990s, no general
classification of this family of perturbed systems has been published. Interest has gradually
shifted from the perturbation regime to a predominantly chaotic one, and focused largely on
the dynamical behavior in concrete configurations of the system. Thus the establishment of
a (global) connection between systems with different values was neglected. Our goal is to fill
this gap, and in this Section we would like to identify the work which is most closely related
to our study in spirit or technique.

The study of the hydrogen atom in external fields was initiated by Pauli [67], who formulated
the linear problem and worked with first order perturbations of the Hamiltonian. Pauli
noticed that after the reduction of the Keplerian symmetry, i.e. in the n-shell approximation,
the perturbed system has an additional symmetry, associated with the linear action of the
momentum µ, for all configurations of electric and magnetic fields. For this reason it was
suggested in [31] to call this symmetry the Pauliean symmetry. Later Solov’ev [76] and
Herrick [46] demonstrated with the example of the quadratic Zeeman effect the necessity
of the second order perturbation theory for the qualitative understanding of the system of
the hydrogen atom. The configuration of orthogonal fields was considered in Solov’ev [76],
Grozdanov and Solov’ev [42], see also Braun and Solov’ev [11]. Two additional ideas appear
at this stage: the use of classical mechanics, and the search for a relation between global
quantum level patterns and the reduced Hamiltonian.

A further technical development was the use of the regularization of the Kepler problem,
followed by the normalization of the resulting system of two isotropic oscillators, and quanti-
zation of the reduced Hamiltonian. This approach was implemented in Robnik and Schrüfer
[69] for the system with quadratic Zeeman effect, which after reduction of the axial symmetry
was regularized by the Levi-Civita method, the analogue of the Kustaanheimo-Stiefel method
in lower dimensions; the quantization of the reduced system was implemented in Robnik [68].

We should give some historical remarks on the development of normal forms theory relevant
to the considered problem, referring for the more detailed review to Cushman [21]. Thus
the normalization and reduction was first applied to perturbation theory of the harmonic
oscillator in Cushman and Rod [20]. The normal form for a perturbed Keplerian system was
first defined in Cushman [18]. The two-step scheme of normalization and reduction was first
explained mathematically in Cushman and van der Meer [84]. Our work is built up in the
framework, provided by these studies.

A number of studies for specific field configurations followed, see, for example, Cacciani et al.
[14, 15], see [32] for more detailed review. A significant step forward was made by Cushman
and Sadovskii [24], where all orthogonal field perturbations were shown to be of three basic
generic types. Namely, as we have already mentioned in Section 2.1.1, systems near the
Zeeman and Stark limits, similar to the ones studied in [46, 76] and systems with monodromy.
This work has essentially shown the way to classify all perturbations of the hydrogen atom
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by sufficiently weak electric and magnetic fields of arbitrary mutual orientation, and thus to
complete the study initiated by Pauli in 1926 [67]. Our present study is in the framework
of this approach. Near orthogonal configurations were studied by Schleif and Delos [73],
who showed that near orthogonal configurations can be considered as deformations of the
strictly orthogonal ones which break the specific Z2 symmetry of the latter. Such deformed
quantum systems can be of different qualitative types and can have monodromy of different
kinds. Finally, Efstathiou, Sadovskii and Zhilinskii [33] provided a general framework to
classify all perturbations, conjecturing the existence of resonant zones, see Section 2.1.1.
These resonances and respective quantum systems were studied independently by Karasev
and Novikova [51], but the zone concept and the corresponding approach in [33] was new.
Other model Hamiltonian systems with properties similar to those of the perturbed hydrogen
atom, notably with the same reduced phase space S2 × S2 have been analyzed before: by
Sadovskii and Zhilinskii [71] and, more recently, by Hansen, Faure and Zhilinskii [43], who
studied monodromy of a system of coupled angular momenta, and by Davison, Dullin and
Bolsinov [26], who obtained similar results for the geodesic flow on four-dimensional ellipsoids.

2.2 The model of the hydrogen atom in external fields

In this Section we give a detailed explanation of the integrable approximation of the hydrogen
atom, as described in Section 2.1.2. Recall (Section 2.1.1) that a mechanical system of the
hydrogen atom has the phase space R3∗ × R3 and the Hamiltonian (2.1.1), which reads

H̃(Q,P) =
1

2
P2 − 1

|Q|
+ FeQ2 + FbQ1 +

G

2
(Q2P3 −Q3P2) +

G2

8
(Q2

2 +Q2
3) = E,

where the 3-vectors F = (Fb, Fe, 0) and G = (G, 0, 0) represent the electric and magnetic
fields respectively.

2.2.1 Kustaanheimo-Stiefel regularization

In this section we elaborate on details of the Kustaanheimo-Stiefel (KS)-regularization, which
was explained in section 2.1.2. This procedure is extensively studied in [52, 53, 78], for which
reason in our exposition we omit proofs.

The first step of the KS-regularization is the time rescaling. The ‘fictitious time’ t′ is intro-
duced by the substitution

d

dt
=

1

|Q|
d

dt′
,

so that the Hamiltonian vector field XH̃ is multiplied by |Q|. For a fixed value E < 0 of H̃
the vector field |Q|XH on the surface

{(Q,P ) ∈ R3∗ × R3 | H(Q,P ) = E}

agrees with the Hamiltonian vector field XK associated to the function

K(Q,P ) =
1

2
(P 2 − 2E)|Q|+ FeQ2|Q|+ FbQ1|Q|+

G

2
(Q2P3 −Q3P2)|Q|+

G2

8
(Q2

2 +Q2
3)|Q| = 1,

(2.2.12)
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which takes the value 1 on this surface. The term

K0(Q,P ) =
1

2
(P 2 − 2E)|Q| (2.2.13)

in (2.2.12) corresponds to the Hamiltonian of the unperturbed Kepler problem.

The second step is the coordinate transformation, so that |Q| = |q2|, where (q, p) are new
coordinates. For that we have to go to a higher dimensional space. Consider the inclusion

R3∗ × R3 → R4∗ × R4 : (Q,P ) 7→ (Q, 0, P, 0), (2.2.14)

and the KS-map, given by

KS : R4∗ × R4 → R4∗ × R4 : (q, p) 7→
(
M(q) · q, 1

q2
M(q) · p

)
=
(
Q, 0, P,− 2

q2
ζ
)
,

(2.2.15)
where M(q) is the matrix

M(q) =


q1 −q2 −q3 q4
q2 q1 −q4 −q3
q3 q4 q1 q2
q4 −q3 q2 −q1

 , (2.2.16)

and
ζ : R8∗ → R : (q, p) 7→ 1

2
(q1p4 − q2p3 + q3p2 − q4p1). (2.2.17)

The preimage of the phase space R3∗ × R3 of the hydrogen atom is contained in the smooth
submanifold ζ−1(0) ⊂ R8∗. Denote

(ζ−1(0))′ = {(q, p) ∈ ζ−1(0) | q 6= 0}. (2.2.18)

For the proof of the following lemma we refer to [52].

Lemma 2.2.1 (Pullback of symplectic structure along KS-map) [52] Denote by

θ0 =
3∑

i=1

PidQi and θ =
4∑

i=1

pidqi

the tautological 1-forms on R3∗ × R3 and R8∗ respectively. Then

KS∗θ0 = θ|(ζ−1(0))′ ,

where the manifold (ζ−1(0))′ is defined by (2.2.18).

We drop the restriction q 6= 0 in (2.2.18), taking into consideration the collision states, i.e.
we consider ζ−1(0). Regarded as functions of q and p, Qi and Pi, i = 1, 2, 3, become functions
in involution with ζ with respect to the Poisson bracket on R8∗ induced from the standard
Poisson bracket on R8. The pullback of the Hamiltonian (2.2.12) to (ζ−1(0))′ reads

K(q, p) = 1
2
(p2 − 2Eq2) + 2Fe(q1q2 − q3q4)q

2 + Fb(q
2
1 − q2

2 − q2
3 + q2

4)q
2

+G(q2p3 − q3p2)q
2 + 1

2
G2(q2

1 + q2
4)(q

2
2 + q2

3)q
2 = 1,

(2.2.19)
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where K0(p, q) = 1
2
(p2−2Eq2) is the unperturbed part. Both K(q, p) and K0(q, p) are defined

not only on (ζ−1(0))′, but on the whole space R8∗. The Hamiltonian (2.2.19) commutes with
ζ. The flow of the Hamiltonian vector field X2ζ , associated to 2ζ, is periodic with period 2π
and generates a T1-action on R8∗, given by

As
ζ : R8∗ → R8∗ : (q, p) 7→ (A(s)q, A(s)p), (2.2.20)

where A(s) is the matrix

A(s) =


cos s 0 0 − sin s

0 cos s sin s 0
0 − sin s cos s 0

sin s 0 0 cos s

 . (2.2.21)

We call this symmetry the KS-symmetry. Notice that in what follows we refer to the problem
with the phase space R8∗ and the Hamiltonian (2.2.19) as the regularized 4-DOF problem of
the hydrogen atom. Each physical state of the hydrogen atom in R3∗ × R3 lifts along the
KS-map to an orbit of the action (2.2.20) [52] in (ζ−1(0))′. The regularized 3-DOF problem
of the hydrogen atom has the phase space ζ−1(0)/T1. After normalization of the Hamiltonian
in the 4-DOF regularized problem with respect to the unperturbed part, the KS symmetry
and the symmetry, generated by the unperturbed part, will be reduced simultaneously. For
this reason we do not describe in detail the reduction of the KS-symmetry alone, but refer
for that to [52, 53].

2.2.2 Normalization of the Keplerian symmetry

Since the Keplerian symmetry of the problem is not exact, before starting the reduction of
the KS and the Keplerian symmetry we normalize the Hamiltonian K(q, p) with respect to
the unperturbed part K0(q, p). First for convenience we implement a time and coordinate
rescaling, and make a change of coordinates so that the function ζ acquires the diagonal form.
We will use two parameter rescalings, one with respect to the energy value E, following [33],
and another with respect to the value n of K0(q, p), the latter being more appropriate for
comparison of the results with experiments and other work.

The rescaling with respect to the energy and the change of coordinates

Following [33], we rescale with respect to the value E of the Hamiltonian (2.1.1), introducing
the parameter

Ω =
√
−8E,

and substituting

(q, p) 7→ (q̃, p̃) = (q/
√

Ω, p
√

Ω) and t′ 7→ t̃ = Ωt′.

In the rescaled coordinates the Hamiltonian K reads

K(q̃, p̃) = 1
2
(p̃2 + q̃2) + 1

3
f̃e(q̃1q̃2 − q̃3q̃4)q̃

2 + 1
6
f̃b(q̃

2
1 − q̃2

2 − q̃2
3 + q̃2

4)q̃
2

+1
2
g̃(q̃2p̃3 − q̃3p̃2)q̃

2 + 1
8
g̃2(q̃2

1 + q̃2
4)(q̃

2
2 + q̃2

3)q̃
2 = 4Ω−1,

(2.2.22)
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where

(f̃e, f̃b) = 3(Fe, Fb)(2/Ω)3 and g̃ = G(2/Ω)2, (2.2.23)

and the unperturbed part of the Kepler problem is

2N(q̃, p̃) = K0(q̃, p̃) = 1
2
(p̃2 + q̃2) = 1

2
(p̃2

1 + q̃2
1 + p̃2

2 + q̃2
2 + p̃2

3 + q̃2
3 + p̃2

4 + q̃2
4). (2.2.24)

Remark 2.2.1 (Keplerian integral) The Keplerian integral (2.2.24) describes a 4-DOF
harmonic oscillator in 1:1:1:1 resonance which is also called the isotropic oscillator.

We implement a symplectic change of coordinates R8∗ → R8∗ : (p̃, q̃) 7→ (u, v) with respect to
standard symplectic structure on both copies of R8∗, which puts the function ζ in the diagonal
form and leaves the Keplerian integral N unchanged. Such a transformation is given by

(u1, u4, v1, v4)
T = B(q̃1, q̃4, p̃1, p̃4)

T , (u2, u3, v2, v3)
T = B(q̃2, q̃3, p̃2, p̃3)

T , (2.2.25a)

where the juxtaposition denotes the matrix multiplication and

B =
1√
2


0 0 −1 −1
1 −1 0 0
1 1 0 0
0 0 1 −1

 . (2.2.26)

After the change of coordinates ζ reads

ζ(u, v) = 1
4
(−v2

1 − u2
1 − v2

3 − u2
3 + v2

2 + u2
2 + v2

4 + u2
4) (2.2.27)

and
N(u, v) = 1

4
(v2

1 + u2
1 + v2

3 + u2
3 + v2

2 + u2
2 + v2

4 + u2
4). (2.2.28)

The Hamiltonian (2.2.22) becomes

K(u, v) =1
2
(v2 + u2) + 1

3
f̃e(u2v1 + u4v2)(u

2
3 + u2

4 + v2
1 + v2

2)

+ 1
6
f̃b(−u2

3 + u2
4 + v2

1 − v2
2)(u

2
3 + u2

4 + v2
1 + v2

2)− 1
2
g̃(u2u3 + v2v3)(u

2
3 + u2

4 + v2
1 + v2

2)

+ 1
8
g̃2(u2

4 + v2
1)(u

2
3 + v2

2)(u
2
3 + u2

4 + v2
1 + v2

2).
(2.2.29)

Normalization of the Hamiltonian with respect to the unperturbed part

We normalize the Hamiltonian K (2.2.29) with respect to the unperturbed part K0 = 2N
using the standard Lie series algorithm (see [12, 44, 61] and references therein). The result of
the normalization and truncation at terms of order 6 is the Hamiltonian

Λ = Λ0 + Λ1 + Λ2, (2.2.30)

where Λ0 = 2N and each term Λj is a homogeneous polynomial of degree 2j + 2 in (u, v).
Expressions for the terms Λ1 and Λ2 can be obtained from the expressions for the reduced
Hamiltonian given in Table 2.2 by applying formulas (2.2.34). Notice that the KS symmetry
is preserved by the normalization algorithm, therefore the normalized and truncated Hamil-
tonian Λ Poisson commutes both with N and ζ.
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2.2.3 Reduction of the KS and the Keplerian symmetry

In this section we reduce the symmetries of the system generated by ζ and the unperturbed
part Λ0 = 2N of the Hamiltonian, using invariant theory [22]. Recall from Section 2.2.1 that
the Hamiltonian vector fields X2ζ and X2N on R8∗, associated to the functions 2ζ and 2N ,
have flows periodic with period 2π, so each of the functions 2ζ and 2N generates an action
of the circle T1 on R8∗. Denote by ϕs

2ζ and ϕt
2N the flows of X2ζ and X2N respectively, and

define the action of T2 by

A
(s,t)
2ζ,2N :R8∗ → R8∗ :

(
(s, t), z

)
7→ ϕs

2ζ ◦ ϕt
2N(u, v), (s, t) ∈ T2. (2.2.31)

We will show that the action (2.2.31) has a non-trivial isotropy group at each point of R8∗,
i.e. it is not effective. We choose another set of generators of the action from which later we
construct action coordinates. The proof of the non-effectiveness of the action is given by the
following lemma.

Lemma 2.2.2 (Non-effectiveness of T2-action) The action (2.2.31) is not effective, that
is, there exists an element t̄ = (π, π) ∈ T2 such that for any point (u, v) ∈ R8∗

At̄
2ζ,2N(u, v) = (u, v). (2.2.32)

Proof. We complexify R8∗ ∼= C4∗ by setting

zj = uj + ivj, j = 1, . . . , 4.

The function 2ζ and the Keplerian integral 2N read in the complex coordinates

2ζ(z) =
1

2
(−z̄1z1 + z̄2z2 − z̄3z3 + z̄4z4) and 2N(z) =

1

2
(z̄1z1 + z̄2z2 + z̄3z3 + z̄4z4),

and the action (2.2.31) of the torus T2 is given by

A
(s,t)
2ζ,2N :C4∗ → C4∗ :

(
(s, t), z

)
7→ ϕs

2ζ ◦ ϕt
2ζ(z) =

(z1e
i(t−s), z2e

i(t+s), z3e
i(t−s), z4e

i(t+s)), (s, t) ∈ T2.

Then (2.2.32) follows from a straightforward computation.

�

We choose new generators of the T2-action in such a way that the action becomes effective,
in the following lemma.

Lemma 2.2.3 (Generators of effective T2-action) The Hamiltonian vector fields associ-
ated to the functions

η+ = N + ζ and η− = N − ζ

have flows periodic with period 2π, and the action

A(t−,t+)
η−,η+

: R8∗ → R8∗ :
(
(t−, t+)(u, v)

)
7→ ϕt−

η− ◦ ϕ
t+
η+

(u, v), (t−, t+) ∈ T2, (2.2.33)

is effective.
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Proof. We use again the complex coordinates z = (z1, . . . , z4) of Lemma 2.2.2. In these
coordinates we have

(N + ζ)(z) =
1

2
(z̄2z2 + z̄4z4) and (N − ζ)(z) =

1

2
(z̄1z1 + z̄3z3),

and the flows of the Hamiltonian vector fields Xη− and Xη+ are periodic with period 2π. Then
the effective action of T2 is defined by

A(t+,t−) : C4∗ → C4∗ : (z1, z2, z3, z4) 7→ (z1e
it− , z2e

it+ , z3e
it− , z4e

it+), (t−, t+) ∈ R2.

�

We reduce the T2 symmetry (2.2.33) using algebraic invariant theory, that is, we find a set
of polynomials on R8∗ invariant under (2.2.33) such that any other invariant function can be
expressed as a function of these polynomials.

Remark 2.2.2 (Geometry of the reduced space) We notice that each of the functions
N − ζ and N + ζ generates a T1-action on a 4-dimensional subspace of R8∗. On each of
the subspaces this action is equivalent to the action generated by the Hamiltonian of the
2-DOF isotropic oscillator. Recall [22, 37] that the Lie group SU(2) acts on the complexified
phase space R4∗ ∼= C2∗ of the isotropic oscillator, and the Hamiltonian of the problem is
invariant under this action. The Lie algebra su(2) has real dimension 3, and each element of
the standard basis in su(2) corresponds to the Hamiltonian vector field on the phase space of
the isotropic oscillator, which is the infinitesimal generator of the symmetry of the problem.
The corresponding first integrals X = (X1, X2, X3) for the action of η− and Y = (Y1, Y2, Y3)
for the action of η+ satisfy the equations

X2
1 +X2

2 +X2
3 = η2

− and Y 2
1 + Y 2

2 + Y 2
3 = η2

+,

i.e. the reduced space is of the action of η− and η+ is S2 × S2, and the polynomials X and Y
form a Lie algebra, isomorphic to su(2)× su(2). The vectors

L = X−Y and K = X + Y

are the angular momentum and the eccentricity vector respectively.

The set of polynomials invariant under the action (2.2.33) is generated by

X1 = 1
4
(−v2

1 − u2
1 + v2

3 + u2
3), Y1 = 1

4
(−v2

2 − u2
2 + v2

4 + u2
4),

X2 = 1
2
(−v1v3 − u1u3), Y2 = 1

2
(v2v4 + u2u4),

X3 = 1
2
(v3u1 − v1u3), Y3 = 1

2
(−v4u2 + v2u4),

N = 1
4
(v2

1 + v2
2 + v2

3 + v2
4 + u2

1 + u2
2 + u2

3 + u2
4), ζ = 1

4
(−v2

1 + v2
2 − v2

3 + v2
4 − u2

1 + u2
2 − u2

3 + u2
4),

(2.2.34)
and the polynomials satisfy the relations

X2
1 +X2

2 +X2
3 =

(η−
2

)2

, Y 2
1 + Y 2

2 + Y 2
3 =

(η+

2

)2

, (2.2.35)

i.e. for fixed values of ζ and N the reduced space is isomorphic to S2 × S2. We have

{Xi, Xj} =
3∑

k=1

εijkXk, {Yi, Yj} =
3∑

k=1

εijkYk, {Xi, Yj} = 0, (2.2.36)
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Table 2.2: Terms in 72n−1Λ2.

−(17f̃ 2
b + 17f̃ 2

e − 27g̃2)n2

−6f̃ 2
b (7X2

1 + 7Y 2
1 − 20X1Y1)

−6f̃ 2
e (7X2

2 + 7Y 2
2 − 20X2Y2)

+72f̃bg̃(X
2
1 − Y 2

1 )

+12f̃ef̃b(−7X1X2 + 10Y1X2 + 10X1Y2 − 7Y1Y2)

+24f̃eg̃(3X1X2 + 4Y1X2 − 4X1Y2 − 3Y1Y2)

−9g̃2(6X2
1 + 6Y 2

1 + 8X2Y2 + 8X3Y3)

where εijk is the Levi-Civita symbol. Recall (Appendix 2.2.1) that the set of physical states of
the hydrogen atom corresponds to the set {ζ = 0}, and set the value of the Keplerian integral
N to n. The last step of the reduction is to express the normalized Hamiltonian (2.2.30) in
terms of the invariant polynomials in (2.2.34). Then

Λ0 = 2n, (2.2.37)

and

Λ1 = n((−f̃b + g̃)X1 − f̃eX2 + (f̃b + g̃)Y1 + f̃eY2) (2.2.38)

respectively, and the expression for Λ2 are given in Table 2.2. To simplify things we subtract
from the reduced Hamiltonian Λ the constant term Λ0 = 2n and divide by the constant n.
Then Λ = Λ1 + Λ2 with the lowest order term

Λ1 = (−f̃b + g̃)X1 − f̃eX2 + (f̃b + g̃)Y1 + f̃eY2, (2.2.39)

where, as before, the parameters f̃b, f̃e and g̃ are given by (2.2.23).

With yet another change of coordinates the first term Λ1 in the reduced Hamiltonian Λ can be
simplified even further. Geometrically this change of coordinates consists of two independent
rotations on each sphere in the reduced phase space S2 × S2, so that Λ1 becomes a linear
combination of only two coordinates. Such a transformation is given by

X 7→ Ã−1
− x̃, Y 7→ Ã−1

+ ỹ, (2.2.40)

where x̃ = (x̃1, x̃2, x̃3), ỹ = (ỹ1, ỹ2, ỹ3),

Ã± =
1

ω̃±

g̃ ± f̃b ±f̃e 0

∓f̃e g̃ ± f̃b 0
0 0 ω̃±

 , (2.2.41)

and

ω̃± =

√
(g̃ ± f̃b)2 + f̃ 2

e . (2.2.42)

The transformation (2.2.40) preserves the Lie algebra structure on S2 × S2, so that

{x̃i, x̃j} =
3∑

k=1

εijkx̃k, {ỹi, ỹj} =
3∑

k=1

εijkỹk, {x̃i, ỹj} = 0, (2.2.43)
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and the invariants x̃ and ỹ satisfy the relations

x̃2
1 + x̃2

2 + x̃2
3 =

n2

4
, ỹ2

1 + ỹ2
2 + ỹ2

3 =
n2

4
. (2.2.44)

The first term of the Hamiltonian Λ = Λ1 + Λ2 becomes

Λ1 = ω̃−x̃1 + ω̃+ỹ1, (2.2.45)

and the expression for Λ2 can be obtained from Table 2.2 by applying the coordinate trans-
formation (2.2.40).

2.2.4 Energy correction

The Hamiltonian Λ rescaled with respect to the parameter Ω depending on the energy, is
only convenient if we work at a constant energy E. In this section we rescale the problem
with respect to the value n of the Keplerian integral. This approach is more appropriate if
one wants to compare the results with experiments, and of use in the quantum computations,
where n is the principal quantum number, labelling the energy levels of the hydrogen atom.

Notice that the basis of polynomials, invariant under the T2-action (2.2.33), does not depend
on the rescaling, so in this section we can work in the coordinates X and Y. Recall from
Section 2.2.2 that Ω =

√
−8E, and the physical energy E is defined implicitly by (2.2.22) and

(2.2.23). The similar equation
Λ = 4Ω−1 (2.2.46)

holds for the first normal form of the Hamiltonian. We substitute (fe, fb, g) in (2.2.46) by
the parameters Fe, Fb and G, using (2.2.23), and introduce a new parameter ε = Ω−1 =
(−8E)−1/2. Our purpose now is to determine ε in terms of Fe, Fb, G and X and Y, thus
undoing the rescaling with respect to the energy.

The perturbing electric and magnetic fields are weak, so the parameters Fe, Fb and G are
small. In order to keep track of their size we make the change

(Fe, Fb, G) → λ(Fe, Fb, G), where 0 < λ� 1.

In this way the first reduced Hamiltonian Λ in (2.2.46) becomes a power series in λ truncated
at degree k = 3, so ε can be also expressed as a power series of λ. To do that, write formally

ε =
n

2
+ ε1(X,Y)λ+ ε2(X,Y)λ2 +O(λ)3, (2.2.47)

and, substituting this into (2.2.46), compute ε1 and ε2 by equating coefficients of powers of λ
at both sides of the equation. Then, substituting (2.2.47) into the equation

E = − 1

8ε2
,

compute E as a power series of λ up to order 2. Setting λ = 1, one obtains the energy in the
form

H(X,Y) = − 1

2n2
+

1

2n2
(H1(X,Y) +H2(X,Y)), (2.2.48)

where each Hk contains only terms of order k in (Fe, Fb, G). Introducing n-scaled fields

g = Gn2, fb = 3Fb n
3, fe = 3Fe n

3 (2.2.49)
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Table 2.3: Terms in 72H2.

(9g2n2 − 17f 2
e − 17f 2

b )n2

+12f 2
e (X2

2 + Y 2
2 + Y2X2)

+12f 2
b (X2

1 + Y 2
1 +X1Y1)

+24gfe(X2Y1 −X1Y2)

+12fbfe(2(X1X2 + Y1Y2) +X1Y2 +X2Y1)

+36g2(X1Y1 + (X2 − Y2)
2 + (X3 − Y3)

2)

we obtain
H1 = (−fb + g)X1 − feX2 + (fb + g)Y1 + feY2., (2.2.50)

which, up to replacing the energy scaled parameters (f̃e, f̃b, g̃) by the n-scaled parameters
(fe, fb, g) and multiplication by n, is identical to the principal order of Λ in (2.2.38). The
second order terms are given in Table 2.3.

The energy corrected Hamiltonian H(X,Y) can be simplified further by a similar transforma-
tion as for the energy-scaled Hamiltonian Λ (2.2.38). Namely, we set x = A−X and y = A+Y
where A± are defined by (2.2.41) and (2.2.42) with the Ω-scaled fields f̃e, f̃b and g̃ substituted
by the n-scaled fields fe, fb, g. The lowest order term in the resulting Hamiltonian is

H1 = ω−x1 + ω+y1,

and the coordinates (x, y) satisfy

{xi, xj} =
3∑

k=1

εijkxk, {yi, yj} =
3∑

k=1

εijkyk, {xi, yj} = 0, (2.2.51)

and

x2
1 + x2

2 + x2
3 =

n2

4
, y2

1 + y2
2 + y2

3 =
n2

4
. (2.2.52)

In order to avoid the unnecessary multiplication of symbols we introduce the following conven-
tion. Parameters (fe, fb, g) that appear in Λ are always Ω-scaled. We use the same symbols
for the n-scaled parameters in H. Similarly, the coordinates (x, y), as well as ω±, are Ω-scaled
in Λ and n-scaled in H.

2.2.5 Second normalization and reduction of residual dynamical
symmetry

In order to have a completely integrable approximation of the system of the hydrogen atom
we have to find a third integral of motion. Recall from Section 2.2.4 that for ζ = 0 and a
fixed value n of the Keplerian integral N the reduced system of the hydrogen atom has the
phase space S2 × S2 with the Poisson structure (2.2.51) and the Hamiltonian H = H1 +H2,
where

H1(x,y) = ω−x1 + ω+y1,

and (x,y) are coordinates on R3×R3 ⊃ S2×S2. Geometrically the action generated by H1 is
the simultaneous rotation of the two spheres S2 × S2 with respect to the axes x1 and y1. The

50



frequencies ω− and ω+ of the rotations depend on the parameters fe, fb and g of the system.
In the orthogonal configuration the frequencies are resonant, and the ratio ω−/ω+ is 1 : 1. In
this case the trajectory of the system in the phase space is a circle T1. Since we are interested
in systems with near orthogonal electric and magnetic fields, we normalize with respect to
this 1 : 1 resonant action, and then reduce the symmetry. In this section we mostly work
with the n-scaled problem, i.e. the Hamiltonian H. However, because of formal similarity of
Λ and H the whole discussion applies also to Λ.

Normalization of the residual approximate T1 symmetry

We can perform the second normalization either working in the reduced phase space S2 × S2

or in the space R8∗. We describe both approaches.

Second normalization in S2 × S2 Consider the Hamiltonian vector field XH1 on S2 × S2

associated to the functionH1. Its projections on the components of S2×S2 are the Hamiltonian
vector fields periodic with periods 2π/ω− and 2π/ω+ respectively. They generate the action

At
1 : S2 × S2 → S2 × S2 : (t, (x, y)) 7→ (M(ω−t)x,M(ω+t)y), t ∈ T1, (2.2.53)

where

M(t) =

1 0 0
0 cos t sin t
0 − sin t cos t

 . (2.2.54)

If the ratio ω−/ω+ is rational, the trajectory is a circle. Substituting

s2 = g2 + f 2
b + f 2

e , d =
gfb

s2
.

into the equation (2.2.42), we obtain

ω± =
√

(g ± fb)2 + f 2
e = s

√
1± 2d,

i.e. the frequency ratio satisfies
ω−
ω+

=

√
1− 2d

1 + 2d
. (2.2.55)

If the perturbing fields are near orthogonal, d is small, and the ratio (2.2.55) is close to 1:1.
Therefore, for the systems near the 1:1 resonance, this resonance is significant for all nearby
frequency ratios, both non-resonant or of higher order resonance. The generator of the exact
1 : 1 symmetry is the function

µ(x,y) = x1 + y1,

and we normalize the Hamiltonian H with respect to µ, using the Lie series algorithm (see
[12, 44, 61] and references therein). Truncating at terms of order 2 in (x, y), the result of the
normalization becomes

H = H1 +H2,

where
H1(x,y) = ω−x1 + ω+y1,

and the coefficients of terms in H2 can be obtained from Table 2.4 applying (2.2.62).
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Remark 2.2.3 (Versal deformation of the resonant system on S2 × S2) For d = 0 our
system is in the semisimple 1 : 1 resonance (see [82, 83] for details). The versal deformation
[4, 82, 83] of the resonant system up to quadratic terms in (x, y) depends on six parameters
with the linear part given by

Hδ
2 = s(1 + δ1)µ+ sδ2ν,

where ν = x1 − y1. The detuning d parametrizes a subfamily in the family of all versal
deformations. In particular, considering the dependencies δ1(d) and δ2(d) near zero, one
obtains that the change of δ1 with d is unsignificant, and δ2 is the effective detuning parameter.

Second normalization in R8∗ Alternatively one can perform the second normalization in
R8∗ with standard symplectic coordinates (u, v). In this coordinates H1(u, v) is a quadratic
function, which, after an appropriate change of coordinates, can be written as the sum of four
1-DOF harmonic oscillators, with respect to which we can normalize. To that first we express
the Hamiltonian H = H1 + H2 in the coordinates (u, v) on R8∗, applying the inverse of the
transformation (2.2.40) and formulas (2.2.34). Next, the change of coordinates

R8∗ → R8∗ : (u, v) → (ξ, η) (2.2.56)

which puts H1 into the diagonal form, is given by

(ξ1, ξ3)
T = C−1(fb − g, fe)(u1, u3)

T , (η1, η3)
T = C−1(fb − g, fe)(v1, v3)

T

(ξ4, ξ2)
T = C−1(fb + g,−fe)(u2, u4)

T , (η4, η2)
T = C−1(fb + g,−fe)(v3, v4)

T ,
(2.2.57)

where C(a, b) is the symplectic orthogonal matrix

C(a, b) =
1√

2ω
√
ω − a

(
−b ω − a

−(ω − a) −b

)
∈ SO(2), (2.2.58)

and ω = (a2 + b2)1/2. Under this change of coordinates H1 becomes the Hamiltonian of the
4-DOF resonant 1:1:− 1:− 1 oscillator, i.e.

H1(ξ, η) = 1
2
(ω−N1 + ω+N2 − ω−N3 − ω+N4), (2.2.59)

where Ni = 1
2
(η2

i + ξ2
i ), i = 1 . . . 4. The Keplerian integral N and the KS integral ζ in the

(ξ, η)-coordinates read

N(ξ, η) = 1
2(N1 +N2 +N3 +N4) and ζ(ξ, η) = 1

2(−N1 +N2 −N3 +N4),

and the coordinates (x,y) on the reduced space are expressed through (ξ, η) by the formulae

x1 = 1
2
(N1 −N3), y1 = 1

2
(N2 −N4),

x2 = 1
2
(η1η3 + ξ1ξ3), y2 = 1

2
(η2η4 + ξ2ξ4)

x3 = 1
2
(η3ξ1 − η1ξ3), y3 = 1

2
(η4ξ2 − η2ξ4).

(2.2.60)

By the same argument as in the previous subsection, we normalize the Hamiltonian H(ξ, η)
with respect to the exact resonance 1:1:− 1:− 1, i.e. with respect to the function

µ(ξ, η) = 1
2
(N1 +N2 −N3 −N4),

by the standard Lie series algorithm (see [12, 44, 61] and references therein), and truncate the
result at terms of order 2 in (x, y). The resulting Hamiltonian is

H(ξ, η) = H1(ξ, η) +H2(ξ, η),

where H1(ξ, η) = ω−x1 + ω+y1, and the coefficients for H2 can be obtained from Table 2.4
applying (2.2.62) and (2.2.60).
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Reduction of the residual dynamical T1 symmetry

In this section we reduce the residual dynamical symmetry, generated by the lowest order
term µ of the n-rescaled Hamiltonian, using the invariant theory. For simplicity, and since we
have already done the reduction from R8∗ to S2 × S2, we consider the system on S2 × S2 and
proceed with the second reduction 1.

So, for the fixed values ζ = 0 and N = n, the phase space S2 × S2 of the reduced problem is
an algebraic variety in R3×R3 with coordinates (x, y) so that (2.2.52) holds, and the Poisson
structure on S2 × S2 is defined by (2.2.51). The truncated Hamiltonian, normalized with
respect to the 1:1 resonance, is H = H1 +H2, where

H1 = ω−x1 + ω+y1.

The momentum µ = x1 + y1 generates an T1-action on S2 × S2

At
µ : S2 × S2 → S2 × S2 : (x, y) 7→

(
M(t)x,M(t)y

)
, t ∈ T1, (2.2.61)

where the rotation matrix M(t) is given by (2.2.54).

Lemma 2.2.4 (µ-invariant polynomials) The algebra of polynomials invariant under the
T1 action (2.2.61) on S2 × S2 is generated by the set

ν = x1 − y1, µ = x1 + y1,

π1 = 4(x2y2 + x3y3), π2 = 4(x3y2 − x2y3),

π3 = 4(x2
2 + x2

3), π4 = 4(y2
2 + y2

3),

(2.2.62a)

so that the following (in)equalities hold

π2
1 + π2

2 = π3π4, π3 ≥ 0, and π4 ≥ 0. (2.2.62b)

Proof. Introduce the coordinates

Z1 = x1, Z2 = x2 + ix3, Z3 = x2 − ix3,

W1 = y1, W2 = y2 + iy3, W3 = y2 − iy3.

The adjoint action {µ, ·} on the monomial Z2Z3W2W3 is diagonal, which yields (2.2.62).

�

Expressing π3 and π4 through ν and µ with the help of (2.2.52) we obtain that

π3 = n2 − (ν + µ)2, π4 = n2 − (ν − µ)2, (2.2.63)

so for a fixed value m of the momentum µ(x,y) such that |m| ≤ n, the second reduced phase
space Pn,m is the semi-algebraic variety in R3 defined by

π2
1 + π2

2 = (n2 − (ν +m)2)(n2 − (ν −m)2), ν ∈ [−n+ |m|, n− |m|].
1The same procedure was implemented in [17, 24] for the case of strictly orthogonal electric and magnetic

fields. The invariants (π1, . . . , π6) in [17, 24] are denoted here by (ν, π1, π2, µ, π3, π4) respectively.
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π1/n
2

ν/n

−1 0 1
−1

0

1

Figure 2.3: Projections of the reduced phase spaces Pn,m to the plane {π2 = 2} with coordinates
(ν, π1) for m = 0 (outmost boundary), 0 < |m| < n (intermediate smooth boundaries) and m = ±n
(point 0). In R3, each space Pn,m is a surface of revolution about the axis ν, so Pn,0 is a sphere with
two singular points, Pn,m for m 6= 0,±n is a smooth sphere and Pn,±n are single points, cf. Figure
3 in [24].

The reduced space Pn,m for different values of m is presented in Figure 2.3. For all values of
m the second reduced space Pn,m is a surface of revolution around the ν-axis, so in Figure 2.3
we only draw the projection of Pn,m on the plane {π2 = 0} with coordinates (ν, π1). Notice
that Pn,m and Pn,−m have the same representation. When m = ±n, the reduced spaces Pn,±n

consist of one point. For 0 < |m| < n the reduced space Pn,m is diffeomorphic to S2. If m = 0,
the space Pn,0 has two singular points (ν, π1) = (±n, 0), and is homeomorphic to S2. Each
regular point in Pn,m lifts along the reduction map to a circle T1 in S2×S2, and, consequently,
to the 3-torus in the regularized phase space R8∗. The singular points in Pn,0 and Pn,±n lift
to points on S2 × S2 and 2-tori in R8∗.

Expressing the second normalized Hamiltonian H in terms of the invariants (ν, π1, π2) of
Lemma 2.2.4 and setting µ = m we obtain the second reduced Hamiltonian H = H1 +H2 on
Pn,m, where

H1 = 1
2
(ω+ + ω−)µ+ 1

2
(ω− − ω+)ν. (2.2.64)

The coefficients of the terms that appear in H2 are presented in Table 2.4. We also remove
from the Hamiltonian H the constant terms, depending only on m and n, denoting the
resulting Hamiltonian also by H. Notice that using inverse coordinate transformations, one
can express H as a function of (x, y) on S2 × S2 and as a function of the coordinates (u, v) in
the phase space R8∗ of the regularized 4-DOF problem.

Comparison between n and Ω-scaled problems

The same normalization and reduction procedures as for the n-scaled problem with the Hamil-
tonian H can be implemented for the Ω-scaled problem with the Hamiltonian Λ (Section
2.2.3), used in [24] to study the strictly orthogonal configuration. Recall (Section 2.2.4) that
the form of Λ1 and H1 at the level of the first normal form are the same up to the substitution
of the energy scaled fields with the n scaled fields and the multiplication by n. We proceed in
the same way, as for the n-rescaled problem, and normalize Λ with respect to Λ1, truncating
at higher order terms, in order to obtain a completely integrable system with the Hamilto-
nian L = L1 + L2. Using the convention (Section 2.2.4), that ω± and other quantities are
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Table 2.4: Coefficients of the second order term H2 in the second reduced Hamiltonian. Relation
of dimensionless parameters a2 and d, and smallness parameter s to the electric and magnetic field
strengths is given in equations (2.1.4) and (2.1.5a).

Monomial Coefficient× 24 s−2(1− 4d2)3/2

n2 a−2(1− 4d2)1/2((2a2 + 7)a4 − 68d4 + (−36a4 + 2a2 + 17)d2)

µ2 ((1− 4d2)1/2(−6a4 + (8d2 + 4)a2 + 22d2 − 7)− 10(a2 + 2d2 − 1)(4d2 − 1))

ν2 (10(a2 + 2d2 − 1)(4d2 − 1) + (1− 4d2)1/2(−6a4 + (8d2 + 4)a2 + 22d2 − 7))

µν −24d(1− 4d2)1/2(a4 − a2 + 5d2 − 1)

π1 3(a2(1− 4d2)1/2 + a2 − 2d2)(4d2 − 1)

Ω-rescaled if they appear in Λ and n-rescaled, if they appear in H, we reduce the symmetry
generated by Λ1 = L1 as in (2.2.62). Then

L1(ν, µ, π1, π2, π3) = 1
2
(ω+ + ω−)µ+ 1

2
(ω+ − ω−)ν.

We express L in invariants, and write the difference ∆ = L − H, where H contains also the
constant term. Notice that L1 −H1 = 0, so

∆ = L2 −H2 =s2dµν +
s2

8
√

1− 4d2
(−8d2 + (

√
1− 4d2 − 1)(2a2 − 3))ν2

+
s2

8
√

1− 4d2
(8d2 + (

√
1− 4d2 + 1)(2a2 − 3))µ2.

(2.2.65)

Notice that for d = 0 the difference ∆ depends only on µ, i.e., it is a constant term that we can
subtract from L2 without any qualitative change of the bifurcation diagrams. Therefore in
the exact 1:1 resonant case the change from energy scaled parameter fields as used in [24, 29]
to n scaled parameter fields does not modify the obtained BD. For d 6= 0 but small, and for
small (ns), the difference ∆ is also small and we do not expect it to modify significantly the
dynamical stratification of the parameter space (Section 2.1). The comparison of the results
in Section 2.1.3 to those of [33] shows that the two stratifications are almost identical. In fact,
the functions F1 and F2, determining the division of the parameter space into strata, are the
same for the Ω and n-scaled problems up to second order terms in (ns).

2.3 Analysis of the strata of the 1:1 zone

In this section we discuss the results, announced in Section 2.1.3, which we obtained using the
integrable approximation of the hydrogen atom system in Section 2.2. We note, that every-
where in this section, while speaking of the n-shell system, the 4-DOF or 3-DOF regularized
systems, we mean their integrable approximations. We start by computing the BD of the
n-shell system for different values of the parameters, and specify the dynamical strata. We
relate the results for the n-shell system with the BD of the regularized 4-DOF problem, and
the regularized 3-DOF problem.
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2.3.1 Bifurcation diagrams of the reduced 2-DOF system

As we mentioned in Section 2.1.3, and will clarify in Section 2.3.2, in order to describe
integrable approximations of the hydrogen atom in the zone near the 1:1 resonance it is
enough to consider the constant cross-sections {ζ = 0, N = n} of the BD of the regularized
4-DOF system, or, equivalently, the BD of the 2-DOF n-shell system. We compute these
diagrams in this section, and determine topology of the fibres in the n-shell system and the
regularized 4-DOF and 3-DOF problems.

Recall from Section 2.2.3 that the energy-momentum map of the n-shell system is

EMn : S2 × S2 → R2 : (x,y) 7→ (µ(x,y),H(x,y)) = (m,h), (2.3.66)

where µ the 1:1 resonant momentum defined in (2.2.62), andH is the Hamiltonian, normalized
with respect to the 1:1 resonance, truncated at higher order terms 2. The BD of the n-shell
system is obtained by analysis of the reduced 1-degree of freedom system as follows.

Analysis of level sets of the Hamiltonian in the reduced 1-DOF system

Recall from Section 2.2.5 that the momentum µ generates the action of T1 on the phase
space S2 × S2 of the n-shell system, and after reducing this symmetry, one obtains a 1-DOF
integrable system with the phase space Pn,m and Hamiltonian H, where m is the value of µ,
0 < |m| < n. The reduced space Pn,m is equipped with the Poisson structure, defined by

{ν, π1} = 2π2, {ν, π2} = −2π1 and {π1, π2} = 4ν(n2 +m2 − ν2). (2.3.67)

Using this structure, we can study the dynamics on Pn,m defined by the Euler–Poisson equa-
tions ν̇ = {ν,H} etc. However, to compute the BD of the n-shell system it is enough [22] to
determine the topology of the fibres corresponding to different values (m,h) of EMn (recall
from Chapter 1 that by the Liouville-Arnold theorem the fibre corresponding to a regular
value of EMn is a 2-torus; the topology of singular fibres may be different). For a fixed
value m of µ, the trajectories of the reduced 1-DOF system are the level sets H−1(h) of the
Hamiltonian on the reduced space Pn,m, i.e geometrically they are the intersections

λn,m,h = H−1(h) ∩ Pn,m. (2.3.68)

We determine the topology of fibres of EMn from the topology of the intersections λn,m,h

[22]. Recall (Section 2.2.5) that for 0 < |m| < n the reduced phase space Pn,m is a smooth
surface in R3 with coordinates (ν, π1, π2), symmetric with respect to rotations about the axis
ν. For |m| = n the reduced phase space Pn,m is a point. For m = 0 the reduced space Pn,m

has two singular points, corresponding to the values ν = ±n. Since the phase space Pn,m

has rotational symmetry with respect to ν, and since H depends only ν and π1 but not on
π2 (Table 2.4), to study the intersections λh,n,m it is sufficient to consider the intersection of
the projections Pn,m of Pn,m with the projection fn,m,h of the level set H−1(h) into the plane
(ν, π1) [22]. We deduce from Table 2.4 that fn,m,h is given by the curve

fn,m,h : π1 = α0h+ (α1 + α′1m)ν + 1
2
α2ν

2, (2.3.69)

2Note that we consider the n-scaled classical model of the hydrogen atom, while [24, 28] consider the Ω-
scaled system. As we showed in Section 2.2.5, for qualitative studies the difference is not important, but
for practical purposes of comparison of the results with quantum calculations and possible experiments, the
present approach is more appropriate.
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ν

π1

−n n

ν

fn,0,h

π1

−n n

ν

fn,0,h

Figure 2.4: Three types of intersections of fn,0,h with Pn,0 that go through the singular point (n, 0)
of Pn,0. The corresponding intersection λn,m,0 is, from left to right: a singular circle, a single point,
and the union of a single point and a smooth circle. Lifted to S2×S2 the intersection λh,n,0 becomes
respectively: a simply pinched torus T1, an equilibrium, and a union of an equilibrium and a smooth
T2. The three types can be distinguished by the slope of fn,0,h at (n, 0) (equation (2.3.72)) and the
distance between the two roots of the equation Qn,0,h(ν) = 0 (equation (2.3.73)).

where α0, α1, α
′
1 and α2 depend on the parameters d and a2. The boundary of Pn,m is given

by the curves

ρ±n,m : π1 = ±
√

(n2 − (m+ ν)2)(n2 − (m− ν)2), (2.3.70)

which shrink to a point for |m| = n, join smoothly for 0 < |m| < n and continuously for
m = 0.

Remark 2.3.1 (Z2-symmetry in strictly orthogonal configurations) When d = 0, the
problem has the specific Z2 symmetry ν 7→ −ν, so α1 = α′1 = 0 (cf.[62, 70]). If d 6= 0, i.e. the
system is detuned, the symmetry breaks, and it follows that α1, α

′
1 6= 0.

Denote by `n,m,h the intersection ρ±n,m∩ fn,m,h. Then, as shown in [22], a point (ν, π1) ∈ `n,m,h

if and only if ν is the root of the fourth order polynomial

Qn,m,h(ν) = f 2
n,m,h − ρ2

n,m = (α0h+ (α1 + α′1m)ν + 1
2
α2ν

2)2 − (n2 − (m+ ν)2)(n2 − (m− ν)2).

The topology of the intersections λn,m,h can be determined by studying the roots of the
polynomial Qn,m,h(ν) (see [22]).

The following situations are possible. If the polynomial Qn,m,h(ν) has two or four simple
roots, then fn,m,h intersects Pn,m in one or two disjoint components respectively, which do
not contain singular points. Then λn,m,h is a smooth circle or a disjoint union of two smooth
circles respectively. We lift the orbit to the n-shell system along the reduction map, obtaining
that the corresponding fibre is the 2-torus, or a disjoint union of two 2-tori. Lifting along the
reduction map of the KS and Keplerian symmetry, we obtain that the corresponding fibre of
the 4-DOF regularized system is a 4-torus or a disjoint union of two 4-tori. To deduce the
fibre of the 3-DOF regularized system, we recall from Section 2.2.1 that the phase space of
the 3-DOF problem is the reduced space ζ−1(0)/T1 by the circle action generated by ζ, so
the corresponding fibre of the 3-DOF problem is a 3-torus or a disjoint union of two 3-tori.
This happens if (m,h) is a regular value of EMn; in the case of a singular value the topology
of fibres of EMn is more complicated.

Singular values of the problem correspond to situations when Qn,m,h(ν) has roots of multiplic-
ity higher than 1 [22]. First, in the case m = ±n the space Pn,±n is the point ν = π1 = π2 = 0.
The critical energy is given by the value Hn,±n(0, 0) = 0. In the regularized phase space R8∗,
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Figure 2.5: Possible three-dimensional representations of singular fibers. From left to right, singly
pinched torus T1, doubly pinched torus T2 and bitorus Tb.

the corresponding fibre is homeomorphic to T2, and the corresponding fibre in the 3-DOF
system is a periodic orbit the Keplerian action, i.e. a circle 3. Second, for 0 < |m| < n, the
reduced space Pn,m is a smooth surface in R3. Critical values of the system correspond to the
following situations: when the polynomial Qn,m,h(ν) has two simple roots and a double root,
or only a double root. The latter occurs, if the curve fn,m,h is tangent to ρ±n,m at a regular
point, and for that one of the following equations has to be satisfied:

±
∂ρ±n,m

∂ν
=
∂fn,m,h

∂ν
, i.e. ∓ 2ν (n2 +m2 − ν2)ρ±n,m

−1
= a2 ν + a1 + a′1m. (2.3.71)

In this case λn,m,h is a point, the trajectory in the n-shell system is the relative equilibrium and
is diffeomorphic to T1. Its lift to the phase space R8∗ of the 4-DOF regularized problem is the
3-torus, and the corresponding fibre of the 3-DOF regularized system is the 2-torus. If (2.3.71)
is satisfied and Qn,m,h(ν) has two more simple roots, the intersection λn,m,h may consist of one
or two connected components. The first situation happens when fn,m,h approaches the point
of tangency on the boundary ρ±n,m from inside of Pn,m. In this case the trajectory in Pn,m is
homeomorphic to the figure 8, and the corresponding fibre of the n-shell system is the bitorus
Tb (see Figure 2.5). If fn,m,h approaches the point of tangency from outside of Pn,m, then
λn,m,h consists of two connected components and is a disjoint union of a point and a smooth
circle. The corresponding trajectory in the n-shell system (resp. 4-DOF or 3-DOF regularized
systems) consists of two connected components, one of them being a relative equilibrium T1

(resp. T3 or T2), and the other one a T2 (resp. T4 or T3). When m = 0 and the critical
intersection λn,0,h does not include either of the singular points of Pn,0, the analysis is the
same as outlined above. If λn,0,h contains one or both singular points (±n, 0, 0) ∈ Pn,0, we
distinguish two cases (see Figure 2.4): (i) λn,0,h contains the singular point as a connected
component, or (ii) the component of λn,0,h, containing the singular point, is homeomorphic
to a circle. The second situation occurs when

|a1 ± na2| =
∣∣∣∂fn,0,h

∂ν

∣∣∣(±n) <
∣∣∣∂ρ±n,0

∂ν

∣∣∣(±n) = 2n. (2.3.72)

The corresponding orbit in the n-shell system is the pinched torus T1 (Figure 2.5) if λn,0,h

contains one singular point, otherwise if λn,0,h contains both singular points, it is a doubly
pinched torus T2 (see Figure 2.5). If the equation (2.3.72) does not hold, λn,0,h is either the
singular point or is a disjoint union of the singular point and of a smooth circle (see Figure
2.4). The last situation occurs if the distance between the two roots of Qn,0,h(ν) is less than
2n, i.e.

2
∣∣∣a1

a2

± n
∣∣∣ < 2n, or,

∣∣∣a1

a2

∣∣∣ < n. (2.3.73)

3Such orbits are called Kepler ellipses.
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n-shell system in dynamical strata

Depending on values of the parameters d and a2, different combinations of the intersections
described above can occur. This gives rise to six types of qualitatively different bifurcation
diagrams of the n-shell system, which we describe below.

Case A0 In the most simple case with large |a2| and |a1/a2| we have two single point
intersections for every m. They occur either as singular points of Pn,0 (for m = 0) or as
tangencies for m 6= 0 and lift to relative equilibria in the n-shell system and the regularized
systems. The energies h±, which correspond to single point intersections (Figure 2.6), are the
minimum and maximum energy for given n and m.

Case A1,1 When the absolute values of the coefficients a1 and a2 in the equation (2.3.69)
for fn,m,h are sufficiently small, so that (2.3.72) holds, but |a1/a2| is large, so that (2.3.73)
does not hold at neither (n, 0) nor (−n, 0), and also a1 6= 0, the intersections λn,m,h are also
simple. For any m there are two single point intersections where fn,m,h and ρ±n,m are tangent.
At these points the Hamiltonian H attains its maximum and minimum values for given n and
m, see Figure 2.6. The respective fibers are relative equilibria. All other intersections are
homeomorphic to a circle. For m = 0 the intersection may contain one of the singular points
of Pn,0, so the corresponding fibre of the n-shell system is T1, of the regularized 4-DOF and
3-DOF systems is T1 × T2 and T1 × T1 respectively.

π1

A0 A1,1

π1

A2 A1

π1

ν

B0

ν

B1

Figure 2.6: Different types of intersections λn,0,h of the constant h-level sets of the Hamiltonian
H with the reduced space Pn,0 projected on {π2 = 0}. Dashed lines represent regular levels whose
intersections with Pn,0 are (a union of) smooth circles; thick black lines represent levels that go
through the singular points (ν, π1) = (±n, 0); critical levels that are tangent to Pn,0 are shown by
thin solid curves. In the 4-DOF regularized system regular intersections correspond to (a union of)
smooth T4, intersections containing singular points become pinched tori T1 × T2 (or T2 × T2 for
type A2) or relative equilibria T2, while critical intersections lift either to relative equilibria T3 or
to bitori Tb × T2.

Case A2 This case was initially studied in [24] for the strictly orthogonal configuration. It
is similar to A1,1 but, due to the additional Z2 symmetry of this configuration, a1 = a′1 = 0.
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As a result there is only one critical intersection λn,0,h which passes through both singular
points of Pn,0. The corresponding singular fiber in the n-shell system is a doubly pinched
torus T2 (Figure 2.5), and in the regularized 4-DOF (resp. 3-DOF) systems the fibre is the
product T2 ×T2 (resp. T1 ×T2).

Case A1 This case is intermediate between A1,1 and A0. It can be obtained by smooth
deformation of a system in A0 or A1,1. Systems in this stratum have two singular intersection
λn,0,h, one of them being a circle including one of the singular points of Pn,0, and another
one being a single point intersection. This case has one isolated singular value, and the
corresponding fibre in the n-shell system is a singly pinched torus T1 (T2×T1 resp. T1×T1

in the 4-DOF resp. 3-DOF regularized systems).

Case B0 This is the case that, as A2, was studied in [24], and in terms of monodromy it is
the same as the quadratic Zeeman effect (pure magnetic field, point Z) which has been studied
extensively since [46, 75]. The systems in this stratum are characterized by large |a2| and a1 =
a′1 = 0. At regular values of the system the fibre can have one or two connected components.
The two singular points of Pn,0 are connected components of the same intersection λn,0,h.
They correspond to relative equilibria T1 of the n-shell system, and the corresponding fibre
in the 4-DOF (resp. 3-DOF) is the disjoint union of two 3-tori (resp. 2-tori). Other critical
intersections correspond to tangencies of fn,m,h and ρ±n,m, which lift to a smooth circle or a
bitorus Tb in the n-shell system. The fibre in the 4-DOF (resp. 3-DOF) system is the relative
equilibrium T3 (resp. T2) and the product Tb × T2 (resp. Tb × T1).

Case B1 Compared to B0 this case does not have specific Z2 symmetry, so a1 6= 0, and
there are two intersections λn,0,h containing singular points of Pn,0. One of them is a singular
point, and the other one is a disjoint union of a singular point and a regular circle, see Figure
2.4 and Figure 2.6. Other intersections are qualitatively unchanged with respect to the case
B0.

2.3.2 Effective perturbation parameter (ns) and persistence of
stratification under symmetric perturbations

We study how the results obtained in Section 2.3.1 vary qualitatively in an interval of n-
values for sufficiently small n > 0. The only results of general interest, are the ones for which
the BD topology does not change qualitatively in a sufficiently small but finite interval of
n-values. Furthermore, qualitative characteristics, such as monodromy, should not change if
the analysis is extended to higher orders of the normal form. We show that our classification
of the 1:1 zone systems, given in Section 2.1.3, is persistent under symmetric perturbations.

To analyze the dependence of BD’s in Section 2.1.3 on n, consider the n-shell system and
implement the rescaling

(x,y) 7→ (nx, ny)

or, equivalently,
(ν, π1, π2) 7→ (nν, n2π1, n

2π2)

so that the normal form of the Hamiltonian becomes

H̃ = (ns) H̃1 + (ns)2 H̃2 + (ns)3 H̃3 + . . .
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and all dependence on n and s is contained in factors (ns)k. The terms H̃k remain unchanged
as (ns) is varied, but the relative importance of higher orders increases with (ns). Note also
that the only interesting term in the first order of this series is the detuning (ns)d ν whose
magnitude is controlled by the additional small parameter d� 1. It follows that at the level
of the second order k = 2 the structure can be defined entirely by H̃2 as long as (ns) is
sufficiently large, so that (ns)2 � (ns)d and H̃2 is dominant. For given s and 0 < dmax � 1,
this gives an interval of n-values within which our results are stable. Calculations show that
this interval is quite large. Within this interval, the structure of the whole three-dimensional
image of the EM map can be represented as a cylinder with the generatix parallel to the
n-axis, over one of the two-dimensional images in Table 2.1. This situation is quite specific
to the 1:1 zone. It allows to focus essentially on the two-dimensional analysis.

If we go to higher orders of the normal form, the situation may become more complex. First
of all, attention should be payed to the transitional systems which are represented by points
on the boundaries of the dynamical strata in Figure 2.2. Higher orders become increasingly
important as we approach these boundaries. In our second-order treatment, transitional
systems often have degenerated critical EM values which go away at certain higher orders.
An example is treated in [29], where the boundary between A2 and B2 is studied. When
the degeneracies are removed, the system and nearby systems in the parameter space may
change qualitatively. If this happens, the corresponding part of the boundary between the
dynamical strata in Figure 2.2 becomes replaced by a small transitional boundary region,
so that transition between our dynamical strata does not happen as a result of a single
bifurcation, after a coordinated sequence of bifurcations closely following one another. As
(ns) increases and the included higher order(s) become more important, these complicated
regions expand. However, as long as (ns) remains sufficiently small and the second order
H̃2 remains dominating, dynamical strata in Section 2.1.3 persist and occupy most of the
parameter space.

2.3.3 Action-angle coordinates and monodromy

In this section we compute monodromy for the systems in the strata A1, A1,1, A2, and B1 (see
Table 2.1 in Section 2.1.3). We discuss briefly how to compute the monodromy map, present
the results of the computation for the n-shell system and relate them to the monodromy in
the regularized 4-DOF and 3-DOF systems of the hydrogen atom.

Monodromy in the n-shell system

There are several methods to compute the monodromy in an integrable 2-DOF Hamiltonian
system. We will use the one described in detail in [22]. We explain briefly the relation of the
method to the definition of monodromy in Chapter 1.

Recall (Chapter 1) that an integrable k-degree of freedom system has an associated La-
grangian bundle f : M → B, and locally there exist action-angle coordinates (I, ϕ) =
(I1, . . . , In, ϕ1, . . . , ϕk) on M , such that Ii factor through B, i.e. there exist locally defined
linearly independent functions x = (x1, . . . , xk) on B such that Ii = xi ◦ f , and ϕi take values
in R/2πZ. The differentials dx1, . . . , dxk form a local basis of sections of the period lattice
P → B, where P ⊂ T ∗B is a smooth Lagrangian submanifold. The lattice P is locally a
product V × Zn, where V ⊂ B, i.e. locally it is trivial. The period lattice need not be trivial
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globally. The obstruction to the lattice P being trivial is the monodromy, which is the map

H : π1(B, b) → Aut(Pb),

where Pb is the fibre of the period lattice. To compute the monodromy one chooses a loop Γ
in B, which represents an equivalence class in π1(B, b), and determines the change of a basis
in the period lattice P along this loop.

In our case the manifold B is the image of the energy-momentum map EMn of the n-shell
system with singular points excluded. The system has a globally defined action coordinate
I1 = µ, and the Hamiltonian vector field XI1 = Xµ is smooth on B. To compute monodromy,
we only have to construct the second action I2. In fact, to compute the monodromy it is
enough to find a vector field XI2 tangent to the fibres of EMn such that its restriction to
each fibre depends only on the point in the base, and with the flow periodic with period 2π.
Extending this vector field smoothly near the preimage of Γ, we may obtain a discontinuity,
which will correspond to the change of the basis in the period lattice. We construct XI2 as
follows.

Fix a regular value (m,h) of EMn, and let Fm,h be the corresponding fibre. Choose a point
p ∈ Fm,h and denote by γ1 the orbit of the Hamiltonian vector field XI1 which starts at p.
Consider an integral curve through p of XH of the Hamiltonian vector field, associated to
H, and follow it until it crosses γ1 first time, denoting the point of intersection p′. The time
T required for the flow of XH to go from p to p′ is called the first return time; the time Θ
required for the flow of XI1 to travel from p to p′ along γ1 is called the rotation angle. We
then construct the vector field

XI2 = 1
2π

(TXH −ΘXI1),

which has a 2π-periodic flow: an orbit γ2 of this flow started at p comes back to p after the
time 2π.

We can perform the above procedure for any regular torus and thus obtain Θ as a real-valued
function on the image of the energy-momentum map EMn with coordinates (m,h). The
change of the first return time and the rotation number along the loop Γ correspond to the
change of the basis of the period lattice. It turns out that Θ(m,h) is locally smooth and single
valued but is globally multivalued: going once around Γ in the counterclockwise direction,
the rotation angle increases by a multiple of 2π, i.e.,

Θ 7→ Θ′ = Θ + 2kπ. (2.3.74)

This means that the vector field XI2 becomes

XI2 7→ X ′
I2

= XI2 − kXI1 , (2.3.75)

and the respective change of the basis in the period lattice P is described by the monodromy
matrix ( 1 0

−k 1 ).

To have an idea how Θ is computed, first note that the flow of XI1 defines a T1 symmetry,
and that after the reduction of this symmetry the first return time T can be found as the
period of the reduced 1-DOF dynamics. To determine Θ we find a function θ on the phase
space of the considered system which is conjugate to I1 with respect to the Poisson bracket
on S2 × S2, and compute

Θ =

∫ Θ

0

dθ =

∫ T

0

θ̇dt.
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Notice also that in a 2-DOF system the monodromy may be determined from the topol-
ogy of the image of the energy momentum map and singular fibres. Namely, the geometric
monodromy theorem [88] states that the monodromy map of a 2-DOF system is completely
determined by the number k of focus-focus singularities (or pinches) on the isolated singular
fiber called k-pinched torus.

Analyzing n-shell systems in different dynamical strata (see Table 2.1 in Section 2.1.3) we
obtain the following results. In systems of type A1 and A2, the image of EMn contains an
isolated singularity. Throwing away singular values, we obtain the set of regular values, whose
deformation retract is a circle. In the case A2, which was studied early in [24], the singular
fibre is a doubly pinched torus T2, and the corresponding monodromy matrix is ( 1 0

−2 1 ). In
the case A1, the corresponding fibre is a singly pinched torus T1, and the monodromy matrix
is ( 1 0

−1 1 ). A system of type B1 can be obtained from a system of type A1 by continuous
deformation of parameters. Throwing away singular values of EMn, we obtain that the set
of regular values in a system of type B1 consists of two connected components, one of which
is simply connected, and the deformation retract of the other one is a circle. Choosing in the
latter a loop Γ which is not homotopic to a point, we compute the monodromy matrix ( 1 0

−1 1 ).
In the case of a system of type A1,1, the base space has two isolated critical values, and the
corresponding fibres are singly pinched tori T1. Throwing away singular values, we obtain
the region of regular values, whose deformation retract is figure 8. The fundamental group of
this space is generated by two elements, a loop Γ+ around the upper singularity, and a loop
Γ− around the lower singularity. The monodromy matrix, corresponding to any of them, is
( 1 0
−1 1 ). One can also choose a loop Γ encircling both singular values, then the monodromy

matrix is ( 1 0
−1 1 ) ( 1 0

−1 1 ) = ( 1 0
−2 1 ), where juxtaposition denotes matrix multiplication. This

case can be obtained from the case A2 by continuous deformation of parameters. As we have
already mentioned, during such deformation a doubly pinched torus in A2 splits into two
singly pinched tori in A1,1. The case B0 was also studied in [24]. In this case, after singular
values are thrown away, the image of the energy-momentum map EMn consists of two simply
connected components, and has trivial monodromy. Similarly, in systems of type A0 the image
of EMn is simply connected, and the monodromy is trivial. Systems of type A0 admit global
action-angle coordinates.

Monodromy in the regularized 4-DOF and 3-DOF systems

The computation of the monodromy in a 4-DOF freedom system is similar to the 2-DOF
freedom system. A 4-DOF system is given by the energy-momentum map

EM = (ζ,N, µ,H) : R8∗ → R4,

and admits 3 globally defined action coordinates, whose choice is not unique. For example,
we can choose as action coordinates the functions

I1 =µ+ ζ, I2 =N − ζ, I3 =N + ζ. (2.3.76)

Flows of the Hamiltonian vector fields XI1 = Xµ+ζ , XI2 = XN−ζ and XI3 = XN+ζ , associated
to these functions, are periodic with period 2π, and the action generated by these vector fields
is effective. The differentials dI1, dI2 and dI3 are global sections of the period lattice in the
corresponding Lagrangian bundle. We only have to construct the Hamiltonian vector field
XI4 and deduce the change of the basis in the period lattice from the change of this vector
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field. To do that, as in the previous section we fix a regular value (0, n,m, h) of the energy-
momentum map, denote by F0,n,m,h the corresponding fibre, and choose a point p ∈ F0,n,m,h.
Denote by Λ the orbit of the T3-action generated by XI1 , XI2 and XI3 on R8∗ through p.
Consider an integral curve of XH through p; denote by p′ its intersection with γ. The time
required by the flow of XH to travel from p to p′ is the first return time T of XH, which can
be computed from the reduced dynamics in the 1-DOF system. Since the action of the T3 on
Λ is transitive and free, there exists numbers Θ1,Θ2 and Θ3, unique up to the addition of an
integral multiple of 2π, such that

p′ = ϕΘ1
1 ◦ ϕΘ2

2 ◦ ϕΘ3
3 (p),

where ϕt
i is the flow of XIi

. The numbers Θ1,Θ2,Θ3 are called the rotation angles of XH.
The vector field

XI4 = 1
2π

(TXH −Θ1XI1 −Θ2XI2 −Θ3XI3)

has flow periodic with period 2π, and performing this procedure for all regular fibres, we
obtain the Θj and T as real-valued functions on the image of EM.

To compute the rotation angles Θ1,Θ2 and Θ3 we observe that in the coordinates (ξ, η) on
R8∗ (section 2.2.5) the functions I1 = µ + ζ, I2 = N − ζ and I3 = N + ζ are in the diagonal
form. Introducing complex coordinates zj = ξj + iηj, j = 1, . . . , 4, the flow ϕt

j is expressed by

ϕt
j : z 7→ (z1 exp(iωj1t), . . . , z4 exp(iωj4t)),

where ωj` = 0, 1,−1, depending on whether the monomial z`z̄` enters the expression for Ij in
the z-coordinates and with which sign. Let p = (z1, . . . , z4) and p′ = (z′1, . . . , z

′
4). Then

z′j = zj exp

(
i

3∑
`=1

ωj`Θ`

)
, j = 1, . . . , 4,

from which one can compute Θ`, ` = 1, . . . , 3, using the fourth equation as a consistency
check. When we go around a loop Γ in the image of the energy-momentum map EM, the
rotation angles evolve smoothly, and after one round they might change by integer multiples
of 2π, i.e., for j = 1, 2, 3,

Θj 7→ Θ′
j = Θj + 2π kj, kj ∈ Z. (2.3.77)

The corresponding monodromy matrix is

M =


1 0 0 0
0 1 0 0
0 0 1 0
−k1 −k2 −k3 1

 . (2.3.78)

Remark 2.3.2 (Monodromy matrix in different bases) Notice that the monodromy ma-
trix M depends on the choice of a basis of the period lattice. If two choices of the basis
with monodromy matrices M and M ′ respectively are related by a linear transformation
B ∈ GL(4,Z), then M ′ = BMB−1.

The results of the computation of the monodromy in the 4-DOF system for different dynamical
strata are presented in Table 2.5. Notice that, since the monodromy matrix depends only on
the homotopy class of a loop in the base, but not on the choice of the loop, in our computations
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Table 2.5: Coefficients k1, k2 and k3 in the monodromy matrix (2.3.78) for different dynamical strata
(Table 2.1). For systems of type A1,1 we additionally distinguish monodromy matrices corresponding
to the loops Γ+, Γ−, and Γ which go around the two distinct isolated critical values with m = 0,
and around both values, respectively. The three cases are denoted by A+

1,1, A−
1,1, and A1,1.

Stratum kµ+ζ kN+ζ kN−ζ

A2, A1,1 2 1 −1

A+
1,1, A

′
1, B

′
1 1 1 −1

A−
1,1, A

′′
1, B

′′
1 1 0 0

we can choose the loop to lie in the constant cross-section {N = n, ζ = 0} of the image of
EM.

As for the n-shell systems, the results in Table 2.5 can be verified by the homotopy argument.
First, denote by MA+

1,1
, MA−

1,1
and MA1,1 the monodromy matrices for the cases A+

1,1, A
−
1,1 and

A1,1 respectively. They (must) satisfy

MA1,1 = MA−
1,1
MA+

1,1
,

where juxtaposition denotes matrix mulitplication. Next, by continuous deformation of pa-
rameters we can transform a system in the stratum A1,1 towards the Zeeman limit (see Figure
2.2, bottom) into a system of type A′′

1 and, subsequently, B′′
1 . During this deformation the

upper critical value in A1,1 disappears while the lower one persists in A′′
1 and then transforms

into a triangle of critical values in B′′
1 , encircling a region of regular values, for which the fibre

consists of two connected components. Having chosen a loop Γ− around the lower singularity
in A1,1, this loop persists through the described deformation, which implies

MA−
1,1

= MA′′
1

= MB′′
1
,

and by the similar argument with the deformation of parameters towards the Stark limit,

MA+
1,1

= MA′
1

= MB′
1
,

which agrees with the results in Table 2.5.

To relate the results of the monodromy computation in the 4-DOF regularized system with
that of the n-shell system notice, that under the reduction map the vector fields XN−ζ and
XN+ζ project trivially on the phase space S2 × S2 of the n-shell system, while Xµ+ζ projects
to the vector field Xµ. By a geometric argument we obtain that the coefficient k1 in Table 2.5
must coincide with the coefficient off the diagonal in monodromy matrices for the n-shell
system (cf. previous section).

We can use a similar geometric argument to the one, explaining the relation between the
monodromy in the 4-DOF system and the n-shell system, to deduce the monodromy of the
3-DOF system. Recall (Section 2.2.1) that the phase space of the regularized 3-DOF system
of the hydrogen atom is ζ−1(0)/T1, where ζ−1(0) is the level set of the KS-integral ζ, and
the quotient by T1 denotes the reduction of the T1-symmetry generated by Xζ . Under the
reduction map the vector fields XN−ζ and XN+ζ project to the Hamiltonian vector field XN ,
now N denotes the push-forward of N to ζ−1(0)/T1, and Xµ+ζ projects to Xµ, where µ
denotes the push-forward of µ to ζ−1(0)/T1. Notice that flows of XN and Xµ in ζ−1(0)/T1
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Table 2.6: Coefficients kµ and kN of monodromy matrices in the 3-DOF system of the hydrogen
atom for different dynamical strata. The notation corresponds to that in Table 2.5.

Stratum kµ kN

A2, A1,1 2 0

A+
1,1, A

′
1, B

′
1 1 0

A−
1,1, A

′′
1, B

′′
1 1 0

are periodic with period 2π, while XN and Xµ in R8∗ are periodic with period 4π (recall [78]
that the KS-map reduces angles by half). It follows that XN and Xµ generate an effective
action of the torus T2 on ζ−1(0)/T1, and the corresponding functions N and µ are globally
defined action coordinates in the system. Similar to as we did before, we define the rotation
angles Θµ and ΘN so that the vector field

X = 1
2π (TXH −ΘµXµ −ΘNXN)

has flow periodic with period 2π, and to compute monodromy we only have to determine the
integers kµ and kN , determining the change of rotation angles. Considering the projections
of vector fields under the reduction map, we obtain that

kµ = kµ+ζ , kN = kN+ζ + kN−ζ .

These results can be checked by direct computation. Coefficients of monodromy matrices for
different strata in the 1:1 zone are given in Table 2.6.

Remark 2.3.3 (Monodromy in near integrable systems) By [13] the monodromy, char-
acteristic for the integrable approximations of the hydrogen atom, also persists in the near
integrable case, i.e. for the original system near the equilibrium.

2.4 Applications in the quantum system

The relation between the classical and the quantum system is provided by the quantum-
classical correspondence based on the Einstein-Brillouin-Keller (EBK) quantization principle
known also as torus or action quantization. According to the EBK quantization principle,
quantum energies correspond to those tori, for which the values of local classical actions are
integer multiples of ~ plus a small correction, which can be neglected.

We consider the quantization of the n-shell system, as described below. We compute the
joint quantum spectrum of the commuting operators Ĥ and µ̂, and obtain that monodromy,
characteristic to the classical system, also manifests itself in the quantum system. We also
compute the spectrum of the first normal form Ĥ. Since Ĥ and µ̂ do not commute, there is
no joint spectrum. In order to classify the eigenvalues of Ĥ we use the expectation value of µ̂
on the corresponding eigenstates. We compare the results of two computations and conclude
that monodromy manifests itself also in the spectrum of the first normal form.
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2.4.1 The quantized integrable approximation of the n-shell system

We quantize the integrable approximation of the n-shell system. Recall from Section 2.2.3
that for fixed values ζ = 0 and N = n the phase space of the n-shell system is the subset of
R6 with coordinates (x,y) such that

x2
1 + x2

2 + x2
3 =

n2

4
, y2

1 + y2
2 + y2

3 =
n2

4
, (2.4.79)

and (x,y) span a Lie algebra of functions which is isomorphic to so(3) × so(3). Quantizing
the system by making substitutions x 7→ x̂ and y 7→ ŷ, we obtain an algebra of quantum
operators, also isomorphic to so(3)× so(3), i.e.

[x̂j, x̂k] = i~
3∑

`=1

εjk`x̂`, [ŷj, ŷk] = i~
3∑

`=1

εjk`ŷ`, [x̂j, ŷk] = 0,

where ~ is Planck’s constant. The operators x̂1 and x̂2 (resp. ŷ1 and ŷ2) commute and hence
have a basis of common eigenfunctions. An eigenvalue of x̂2 is j1(j1 + 1)~2, where j1 is an
integer or a half-integer. For an eigenfunction of x̂2 corresponding to the eigenvalue j1(j1+1)~
the eigenvalue m1 of x̂1 is one of the following

m1 = {−j~, (−j + 1)~, (−j + 2)~, . . . , (j − 1)~, j~},

and we denote such an eigenfunction |j1;m1〉. Applying a similar principle, we denote an
common eigenfunction ŷ1 and ŷ2 by |j2;m2〉, where j2(j2 + 1)~2 and m2~ are the eigenvalues
of ŷ2 and ŷ1 respectively. The quantum form of (2.4.79) yields that j1 = j2. We denote the
pair (|j;m1〉, |j;m2〉) of eigenfunctions by |j;m1,m2〉. For completeness we write down the
action of the operators x̂1, ŷ1, x̂2 and ŷ2 on elements of a basis of common eigenfunctions, i.e.

x̂1|j;m1,m2〉 = m1~|j;m1,m2〉,
ŷ1|j;m1,m2〉 = m2~|j;m1,m2〉,
x̂2|j;m1,m2〉 = ŷ2|j;m1,m2〉 = j(j + 1)~2|j;m1,m2〉.

Then the quantized momentum µ̂ acts on elements of this basis by

µ̂|j;m1,m2〉 = (m1 +m2)~ |j;m1,m2〉 = m |j;m1,m2〉.

where m = −2j~, . . . , 2j~ is an integer multiple of ~, which corresponds to the value of the
classical action µ. We impose

N̂ |j;m1,m2〉 = (2j + 1)~ |j;m1,m2〉.

(In atomic units ~ = 1, but we may use different values to increase artificially the density of
states.) The equation j1 = j2 = j reflects the fact that classically x2 = y2 = n2/4 from which
we obtain the value of the classical action N is

n = 2
√
j(j + 1)~ ' (2j + 1)~ for j � 1. (2.4.80)

In the n-shell system the operators Ĥ and Ĥ, which are the quantized first and second normal-
ized truncated Hamiltonians H and H, commute with N̂ and their matrix representations in
the basis |j;m1,m2〉 factor into blocks which describe non-interacting shells. In other words,
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for each fixed value of quantum number n = 2j + 1, we can work on the n2-dimensional
Hilbert space of the n-shell

Hj = L2(|j;m1,m2〉;m1,m2 = −j, . . . , j).

Furthermore, since second normalized energy Ĥ commutes with µ, this space can be further
split into subspaces

Hj,m = L2(|j;m1,m2〉; (m1 +m2)~ = m) ⊂ Hj

invariant under the action of Ĥ and µ̂. In order to find joint eigenvalues of Ĥ and µ̂ with
quantum number m, we diagonalize the matrix of Ĥ in the basis of Hj,m. Then the joint

spectrum of Ĥ and µ̂ is a set of points (m,h) where for each m = −2j~, . . . , 2j~ the energies

h are given by the respective eigenvalues of Ĥ.

The results of computation of the joint spectra of operators Ĥ and µ̂ are quantum diagrams
presented in Figure 2.7, where the quantum diagram is superposed with the BD of the corre-
sponding classical system.

2.4.2 The quantized n-shell system

To quantize the n-shell system we have to take care of two points: first, the Hamiltonian
H of the n-shell system contains combinations of coordinate functions which correspond to
non-commuting quantum operators; second, the Hamiltonian H and the momentum µ do not
commute. Hence the corresponding operators do not have a joint spectrum.

We solve this problems as follows. First, if a and b are functions on the phase space S2 × S2,
which do not commute, then to quantize the product ab we use the symmetrized product, i.e.

ab 7→ 1
2(âb̂+ b̂â).

So we obtain the operator Ĥ and compute its eigenvalues and eigenfunctions in the basis
|j;m1,m2〉 of common eigenfunctions of the operators x̂1 and x̂2, ŷ1 and ŷ2, obtained in

Section 2.4.1. Since Ĥ and µ̂ do not commute, we use the n2 × n2 matrix representation Ĥ
in the basis of Hj. So there is no joint spectrum, and for each eigenstate of Ĥ we compute
an estimate of the corresponding classical value m as the mathematical expectation 〈µ〉 =
〈ψ|µ|ψ〉. Additionally, for each eigenstate, we can estimate the uncertainty (the standard
deviation)

∆µ =
√
〈ψ|µ2|ψ〉 − 〈ψ|µ|ψ〉2,

which we expect to be smaller than ~, and which is smaller for the eigenstates for which µ is
conserved better.

Note that momentum µ in the equation (2.2.62) and H Poisson commute only in the first
order. An improved estimate of m can be obtained using the normalized expression

µ̄ = µ̄(1) + µ̄(2), (2.4.81)

for µ which Poisson commutes with H to the third order. Then µ̄(1) = x1 + y1 and µ̄(2) is
given in Table 2.7. To understand how µ̄ is obtained, recall that the second normalization
transformation is a near identity coordinate transformation on S2 × S2 defined so that in the
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Table 2.7: Terms in µ̄(2).

Expression in (x,y) Coefficient×−6s−1(1− 4d2)3/2((1− 2d)1/2 + (1 + 2d)1/2)

x2y2 − x3y3 −6(1− 4d2)(((1− 4d2)1/2 − 1)a2 + 2d2)

x2
2 − x2

3 −(1 + 2d)((a2 − 1)a2 + d2)(2d+ (1− 4d2)1/2 + 1)

y2
2 − y2

3 −(1− 2d)((a2 − 1)a2 + d2)(−2d+ (1− 4d2)1/2 + 1)

x2y1 (1 + 2d)(1− 10d)(−a4 + a2 − d2)1/2(−2d+ (1− 4d2)1/2 + 1)

x1y2 −(1− 2d)(1 + 10d)(−a4 + a2 − d2)1/2(2d+ (1− 4d2)1/2 + 1)

x1x2 2(1 + 2d)(2a2 − 4d+ 1)(−a4 + a2 − d2)1/2(2d+ (1− 4d2)1/2 + 1)

y1y2 −2(1− 2d)(2a2 + 4d+ 1)(−a4 + a2 − d2)1/2(−2d+ (1− 4d2)1/2 + 1)

transformed coordinates, the second normalized energy correction H (or Hamiltonian) com-
mutes with µ = x1 + y1 up to second degree terms. Applying the inverse of the normalization
transformation to µ = x1 + y1 we obtain a series µ̄ = µ̄(1) + µ̄(2) + . . . which is the preimage of
µ = x1 + y1 defined in the same coordinates as the first normal form H. Its Poisson bracket
with H is zero to the third order, i.e., only {H(2), µ̄(2)} 6= 0. The results of computations
are presented in Figure 2.7, where the quantum diagram is superposed with the BD of the
corresponding classical system.

2.4.3 Analysis of quantum diagrams

The results of computation of the quantum spectra for systems in different dynamical strata
are presented in Figure 2.7. First of all we would like to note that the joint spectrum for
the case of the exact 1:1 resonance (strictly orthogonal fields), i.e. for systems of type A2

and B0, for the case of energy scaled second normalized Hamiltonian was computed in [24].
Comparing our results to Figure 9 in [24], we see that these spectra are qualitatively the
same. The reason is that, as we already remarked in Sec. 2.2.5, in the exact 1:1 resonance,
the difference between the n-scaled Hamiltonian H that we use here and the energy scaled
second normal form depends only on the values m and n of µ and N and does not change
qualitatively the result. At the same time, exact correspondence for the values of the unscaled
fields in the two calculations is very difficult to establish because the energy slightly varies
while n is fixed4.

We should also stress that the computations were performed for the Hamiltonian H with
subtracted constant term (i.e. the term dependent only on the value of µ and the principal
quantum number n). One should keep this in mind when comparing our quantum diagrams to
the one obtained by other methods, for example, by solving the Schrödinger equation directly
for the Hamiltonian (2.1.1). Denote by E the twice normalized truncated Hamiltonian with
constant terms. Figure 2.8 represents the joint spectrum in the case of a type A2 system,
subtracting different constant terms from the Hamiltonian E . The top panel presents the
results of computations, when no term is subtracted from E . In this case the joint spectrum
appears as an elongated line, which complicates the analysis. The middle panel corresponds
to the situation when a term

E (1)(0, 0) = sµ((1 + 2d)1/2 + (1− 2d)1/2)

4Remark due to C. R. Schleif
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is subtracted from E , and the bottom panel corresponds to the Hamiltonian H = E −E(0, 0).
In our computations we used the latter representation.

Comparison of spectra for the first and second normalized systems

We compare the joint spectrum of Ĥ and µ̂ (Figure 2.7, first column) to that of Ĥ and 〈µ〉
(Figure 2.7, second column). In the latter figure, each eigenstate is represented by a filled disk
centered at the position given by its energy and the expectation 〈µ〉 with the radius given by
the uncertainty ∆µ̄.

For the magnitude s of the perturbing forces which we used, both the uncertainties and
m−〈µ̄〉, shown in the third column, are very small (the number in the left hand lower corner
of the figure represents the magnification of this quantity). Therefore, for this value of s,
the integrable approximation of the n-shell system is valid and produces good approximation
to the real system. To estimate how ‘good’ the second normalization is, we compare the
quantities ∆µ̄ and ∆µ (see the second and fourth columns respectively in Figure 2.7, and
also the fifth column representing the ratio between ∆µ and ∆µ̄). Apart from reduction of
the uncertainty by the order of s for the concrete computation, normalization brings visible
improvements for states near the elliptic Keplerian relative equilibria of the system, notably
the ones with maximal |m|, which are represented as elliptic equilibrium points on S2 × S2.
This implies that the second normal form is more accurate near these equilibria.

Quantum monodromy

Analysing Figure 2.7, we note that monodromy detected in classical counterparts of the
considered systems, manifests itself in quantum diagrams.

Namely, in systems of type A0 the joint spectrum is a regular Z2 lattice, see Figure 2.7, and
we have globally defined quantum numbers (globally defined action coordinates in the classical
case). In systems of type B0 (either B′

0 or B′′
0 ) the diagram contains two regions marked in

Figure 2.7 by light and dark gray shade. The lattice within each region is regular, and the
density of eigenstates in the dark gray region is doubled. In all other cases, i.e. A1, A1,1,
A2, and B1, the joint spectrum is not a regular lattice, which means that these systems have
monodromy. This is demonstrated in Figure 2.9 where we parallel transport an elementary
cell around a closed path encircling the corresponding critical value of the energy-momentum
map in the counterclockwise direction. After closing the path the obtained elementary cell
of the lattice is compared to the initial one. In all depicted cases, initial and final cells differ
thus proving non-trivial monodromy [71, 87].

Specifically, an elementary cell of the lattice is defined by two elementary vectors u1 and u2,
which correspond to the increment of each local quantum number by 1. The transform between
the initial (u1, u2) and the final (u′1, u

′
2) bases of the cell is given by a linear transformation in

SL(2,Z), which is the inverse transpose of the monodromy matrix computed for the classical
system [85]. In all cases in Figure 2.9 we choose the initial cell so that the vector u1 is vertical,
and u2 points in the right-hand direction. The vector u1 does not change while u2 changes so
that u′2 = u2 + ku1, where k corresponds to the coefficient off the diagonal in the monodromy
matrix of the classical n-shell system. Namely, in the case of a system of type A2 we observe
that k = 2, as was first seen in [24]. In a system of type A1,1 one can consider two paths
around the upper and lower critical values. For each case we find that k = 1, and deduce,
that for a path encircling both singularities we obtain k = 2. In the cases A1 and B1 (in
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Figure 2.9 only the particular cases A′
1 and B′

1 are depicted) the monodromy for a path that
goes around the isolated critical value or the segment of critical values respectively is 1.

2.5 Concluding remarks

We have shown that integrable approximations of the hydrogen atom near the 1:1 resonance
can be divided into eight dynamical strata according to the monodromy of the corresponding
Lagrangian bundle and the topology of singular fibres in the system. This work continued
the study of near orthogonal perturbations of the hydrogen atom started in [33, 73].

Our results are obtained using second order approximation H of the Hamiltonian and are
concerned with strata which persist under symmetric perturbations. Systems with more
complex BD may appear at the boundaries of these strata in the Hamiltonian with higher
order terms is studied, see, for example, [29] where the analysis of the transition between A2

and B0 required computation of the normal form up to order 4. Another question is the size of
validity of the second normal form, which is given by dmax. With growing ns, the dynamical
size of the zone, i.e., the interval of d in which we can treat the system as a detuned 1:1
resonance, shrinks. This dependence for the 1:1 and other zones is subject of ongoing studies.
The role of non-integrability should be further uncovered and we should be able to define a
limiting maximum value of (ns) up to which the approach based on integrable approximation
is meaningful. The most important direction of future research is the study of other resonance
zones that correspond to different mutual orientations of the fields. Particularly interesting
is the 1:2 zone, where preliminary analysis [33] has pointed to the existence of fractional
monodromy [30, 64, 65, 79] and bidromy [72].

The connection between classical and quantum monodromy of the second normal form trun-
cation was established mathematically by San Vu Ngoc [85]. Numerically we obtain a result
for the quantum monodromy of the first normal form truncation. As mentioned before in
Remark 2.3.3, in the classical case there exists an extension of the monodromy to near inte-
grable systems [13]. It would be interesting to know whether the approach of [85] also extends
to the quantum monodromy of near-integrable systems, thus confirming our numerical result
mathematically. It is even less clear how to extend this theory to the original Hamiltonian
system.
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Figure 2.7: Joint spectrum for the second and first normal forms. In all cases s = 10−2, j = 19/2
and ~ = 1/2 so that n = 2

√
j(j + 1)~ ' 10. BD types and corresponding parameter values are:

type A2, δ = 0, a2 = 0.4, A1,1, δ = 0.002, a2 = 0.3, type A′
1, δ = 0.003, a2 = 0.2, B′

1, δ = 0.001,
a2 = 0.2, type B′

0, δ = 0, a2 = 0.2, type A0, δ = 0.04, a2 = 0.3. In each row the first panel represents
the joint spectrum for the second normal form. The other panels represents the spectrum for the
first normal form. In each of them the size of the lattice points represents a quantity associated to
the particular eigenstate. The number that appears at the lower left corner of each panel shows the
maximum value of the plotted quantity. In the second panel we plot the uncertainty ∆µ̄. In the
third panel we plot the difference between the value of µ computed from the second normal form
and that computed from the first normal form. In the fourth panel we plot the uncertainty ∆µ.
Finally, in the fifth panel we plot the ratio of the uncertainties ∆µ/∆µ̄.
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Figure 2.8: The joint spectrum for a type A2 system. Parameters are the same as in Figure 2.7.
Top panel: no constant terms have been subtracted from the energy correction H. Middle panel:
only the first order constant term H(1)(0, 0) has been subtracted. Bottom panel: H is plotted, i.e.,
the complete constant term H(0, 0) has been subtracted.
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Figure 2.9: Elementary cell diagrams for types of systems with monodromy. In each case
the initial elementary cell is represented by a white filled cell. This initial cell is parallel
transported in a counterclockwise direction around a critical value or a set of critical values
of the EM map. The final cell is represented by a cell with dotted border.
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