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Chapter 1

Introduction

1.1 Hydrodynamic wave loading

Offshore structures and sea-going vessels have encountered problems due to the presence of
severe waves for a long time. The expanding offshore industry and the increase in sea transport
lead to more and more interest in their behaviour during violent weather conditions. In these
heavy storms, wave and ship motions can become so large that water flows onto the deck of a
ship, the case of green water, studied extensively by Buchner[7]. Especially on Floating Pro-
duction, Storage and Offloading vessels (FPSO’s), where a lot of sensitive equipment is present
on the deck, green water can cause a lot of damage. Also other complex free surface problems
like slamming, runup, tank sloshing and splashing occur having their effect on the behaviour
and survival of offshore structures. Given the fact that many offshore structures are positioned
in areas with severe wave conditions, two hydrodynamic aspects regarding the wave loading
are of importance. First, higher waves will cause higher loads on structures. Secondly, more
rapidly changing wind conditions will cause increasing wave steepness, a parameter with a
very large effect on stability of and impact loading on the structure, possibly resulting in severe
damage. The physical phenomena accompanying extreme wave events are highly nonlinear in
relation to the occuring wave elevations, and require new methods as a basis for prediction of
the behaviour of the vessel and the water flow.

In this thesis a simulation method based on the Navier-Stokes equations is presented. The
numerical method has been developed to simulate hydrodynamic wave loading on floating and
moored structures in steep waves. To further improve the numerical method, the COMFLOW-2
Joint Industry Project has been initiated by MARIN (MaritimeResearch Institute Netherlands).
The project is a cooperation between University of Groningen, Delft University of Technology,
MARIN and Force Technology Norway and is supported by 20 companies from the offshore
industry. The objective of the COMFLOW-2 project has been formulated as:

To develop a dedicated and well validated numerical tool for the offshore industry to study
complex free surface problems, which is flexible in its application and has a coupling possibil-
ity to the other tools of participants.



2 Chapter 1. Introduction

Earlier work on the numerical method has been carried out by Gerrits [27], Fekken [24] and
Kleefsman [34]. They developed ingredients of the numerical method for local flow phenom-
ena with the presence of a free liquid surface, moving objects and several boundary conditions.
Furthermore, various inflow and outflow conditions have beenimplemented to perform wave
impact simulations and experimental validation for different test cases.
The emphasis of the COMFLOW-2 project is, aside from validation and further increase of
robustness, on the modeling of two-phase flow and on the implementation of an absorbing
boundary condition. In physical terms, the emphasis withinthe current research project is on
the investigation of the following phenomena:

• Wave impact loading on floating structures

• Steep and overturning waves

• Internal sloshing in partially filled Liquid Natural Gas (LNG) tanks

To study these physical phenomena, a number of improvementsin the numerical method have
been scheduled:

• Adding the effects of air entrapment to better simulate the physics of wave impact

• Improving the simulation accuracy for steep and overtopping nonlinear waves

• Reducing the computational effort by zonal modeling and/or absorbing boundary condi-
tions

The focus in this thesis is on the modeling of two-phase flow byincluding the effects of air
entrapment and air entrainment. Entrapped air has a ’cushioning’ effect during the most violent
wave impacts [39]. The physics concerning air entrapment and air entrainment is introduced in
section 1.2, while their effect on the modeling approach is described in detail throughout this
thesis. The study of the effect of the second phase on the waveloading on fixed and floating
offshore structures is a principal part of the current research. To improve the simulation of
linear and nonlinear waves, an absorbing boundary condition is developed at Delft University
of Technology [58].
The numerical results are validated on a number of model experiments which are introduced in
section 1.3.

1.2 Air entrapment and air entrainment

The application of a two-phase flow model for wave impact is especially useful for the simula-
tion of breaking waves, but also for the simulation of other free surface effects. Wave breaking
occurs both at beaches and on the open sea (against offshore structures in particular), the latter
case being of more interest for the present study. In figure 1.1 a number of two-phase flow



1.2 Air entrapment and air entrainment 3

Air pocket

Spray

Bubble cloud

Figure 1.1:Schematisation of two-phase flow phenomena for a breaking wave.

phenomena are sketched that occur around a breaking wave.
Air pockets are the largest features, they occur as a result of the overtopping of the wave, either
due to the wave steepness or due to the presence of an offshorestructure. In confined flows,
like sloshing flow, they also occur frequently. Air pockets can have a cushioning effect on peak
pressure levels during wave impacts [39]. The size of these air pockets can vary greatly, but
they generally have a short lifetime (generally less than one second [8, 18]).
Bubbles have much smaller dimensions, their diameter can be from millimeters to several cen-
timeters. They are grouped in bubble clouds, having a much longer lifetime than air pockets,
up to several wave periods.
Spray is located above the free surface, in contrast with airpockets and bubbles. It consists of
small water particles and occurs on a large scale during wavebreaking. Due to its relatively
small water content, pressure levels on offshore structures as a result of spray alone are much
lower than the water pressure levels below the free surface.Therefore, the focus of the current
model with respect to two-phase flow phenomena is on air pockets and bubbles.
From a physical point of view, air pockets and bubbles can be distinguished by their difference
in length scale (O(102)mm vs.O(100)mm). From a numerical point of view, this size in terms
of one grid cell is important. Air pockets could be characterized by covering more than one
grid cell, while individual air bubbles fit inside one grid cell.

The typical effect of the identified two-phase flow phenomenaon the water level around and
the loading on offshore structures is worthwhile to investigate. The effect of air pockets on the
overall hydrodynamics is evaluated for the wave impact on a vertical wall. Figure 1.2 shows
different stages in the development of an air pocket near a vertical wall. The pressure level
variation during a violent wave impact is determined by the impact pressure (the high peak
during stage 2) and the smaller reflecting pressure peak (during stage 4) [9, 63]. The reflecting
pressure is caused by the water being accelerated to slow down at the wall as it falls back,
primarily due to the gravity forcing. The reflecting pressure peak is lower, but longer-lasting
than the impact pressure peak. It is, for example, observed at the wave run-up model experi-



4 Chapter 1. Introduction

peak
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Figure 1.2:Stages in the development of an air pocket (left) and schematic representation of
the pressure development in the air pocket at the vertical wall (right). An air pocket is enclosed
after stage 1, during stage 2 the air pocket is compressed by the surrounding water. After
the impact, the wave flows back, yielding an equal pressure in air pocket and water (stage 3).
Finally, the air pressure decreases, resulting in breakup of the pocket and bubble entrainment
(4).

ments described in Chapter 5. For highly-aerated flow, the pressure development is different:
between impact and the reflecting peak the pressure shows a damped oscillating behaviour due
to the stiffness of the bubbles with subatmospheric pressures of short duration [9]. The impact
pressure is critical for offshore structures, but the height and duration of the reflective pressure
peak affect the fatigue behaviour of the structure and have an effect on the next incoming wave.
Regarding the pressure level during wave impact, the magnitude of the peak pressure level
reduces in most cases due to the entrapment of air [8, 39]. Thelowering effect of the air en-
trapment on the reflective pressure level has been estimatedto be smaller [39].
Although the lifetime of an air pocket is only of the order of 1s, the bubble cloud emerging
from the collapse of the air pocket may exist for a much longertime. Such a bubble cloud
consists of a large number of bubbles, with a strong variation in space and time scales. After a
breaking wave event, enhanced turbulence levels persist for at least 10 wave periods [26]. With
respect to the contribution of bubble clouds to pressure levels on offshore structures, there exist
full-scale bubble cloud measurements for wave breaking on sea walls [8, 63] and laboratory
bubble cloud measurements for wind-induced wave breaking [18]. The left of figure 1.3 shows
for salt water laboratory measurements bubble size distributions during the first few seconds
after wave breaking. As visible, a large air pocket has been entrapped and is surrounded by
a bubble cloud. The air pocket collapses about 1s after initial entrapment, indicating the end
of the ’acoustically active’ phase (see the right of figure 1.3). During the collapse of the air
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Figure 1.3:Snapshot and time scales for the laboratory bubble cloud measurements of Deane
et al. [18].

pocket, large bubbles are created with bubble diameters up to 20mm. After collapse of the air
pocket, bubble fragmentation occurs until the small bubbles reach the free surface or are no
longer sustained by surface tension.

The described patterns for air entrapment and air entrainment concern rather ideal cases, as
they describe the impact on a vertical wall and for laboratory conditions, respectively. For more
complex offshore structures in deep water, which are subject to complex nonlinear waves, the
given patterns and numbers for the air behaviour do not hold.To test offshore conditions in
more realistic environmental conditions, numerical simulations, model experiments and/or full
scale measurements are required. The experimental validation and the numerical method will
be introduced in the following sections.

1.3 Experimental validation

Model experiments have been carried out by MARIN to provide validation material for the
two-phase flow model and for the boundary condition implementation. Three experiments
have been set up within the project:

• Large scale sloshing model tests

• Semi-submersible wave run-up tests

• Buoy model tests

Furthermore, a dambreak model experiment (to model green water flow on the deck of a ship)
has been carried out within the preceding SAFEFLOW project [35].
The sloshing model tests investigate the fluid behaviour in partially-filled LNG tanks. The fluid
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motion may lead to high impact loads on the tank walls, possibly causing damage to the in-
sulation system. Furthermore, the global loads may affect the ship motions. The wave run-up
tests examine the flow around a simplified semi-submersible two-column structure. Not only
the pressure loads on, but also the wave propagation around the structure is of interest in this
experiment. The buoy model tests measure the behaviour of a moored CALM buoy in extreme
waves. The sloshing and wave run-up tests as well as the dambreak test are chosen for valida-
tion and are described in Chapter 5 with more detailed information about their geometry, flow
conditions and the available measurement data. Figure 1.4 shows snapshots of each of these
test cases. For every case, a number of parameters (like solid geometry, wave definition, initial

(a) Sloshing test (b) Wave run-up test (c) Buoy test

Figure 1.4:Screenshots of the model experiments.

liquid distribution) have been varied to generate an extensive set of validation data. Further-
more, all tests have been carried out for relatively long periods of time in order to have insight
in the statistics and reproducability of the flow.

1.4 Simulation method

The numerical method has been incorporated in the computer program COMFLOW, which is
based on the Navier-Stokes equations [34]. The two-phase flow model involving the modeling
of both phases has been integrated in the existing one-phaseflow version of COMFLOW. This
one-phase version describes the motion of an incompressible, viscous fluid.
The numerical method has been developed originally to simulate liquid sloshing on board
spacecraft [27]. For space applications, surface tension and an accurate description of the
free surface are important, but gravity does not play a role.In the maritime area, the first ap-
plications being studied were sloshing in anti-roll tanks [54] and green water loading on the
deck of a ship [25]. Later, the method has also been applied tofloating objects, water entry of
objects including ship launching [24] and wave loading on fixed structures [34].
By modeling two-phase flow, the free surface is no longer the boundary of the calculation
domain but just the interface between both phases. On one hand this partly prevents difficul-
ties with free surface boundary conditions, on the other hand it imposes new challenges as a
discontinuity is introduced in the fluid properties across the interface.
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1.4.1 Discretisation

The Navier-Stokes equations are solved for two phases on a fixed Cartesian grid. To this end,
the aggregated-fluid approach is chosen, meaning that the behaviour of both fluids is described
by one set of equations. This approach is chosen by many othertwo-phase flow methods
[33, 43, 51, 64]. Only few other numerical methods use two sets of equations (one for each
fluid), the segregated-fluid approach [29, 44, 47]. The fixed Cartesian grid is generated at the
start of a simulation, with the cells being of rectilinear form. Given the presence of a solid
geometry and/or moving bodies of non-rectilinear shape, grid cells can be cut by the solid ge-
ometry. Global stretching can be applied in every principaldirection to have more resolution at
locations where complex flow phenomena are expected.
Instead of using a Cartesian grid, another option is to construct an unstructured grid using a
Lagrangian approach. However, aligning the grid with a moving interface results in a less
transparent grid and is very difficult for highly distorted and rapidly moving free surfaces, as
is the case in many offshore cases. Furthermore, unstructured grids need to be updated as soon
as solid objects move through the grid. An alternative for grid-based methods could be the use
of the Smoothed Particle Hydrodynamics (SPH) method. This meshless method puts a large
number of particles in the flow, each with its own mass and velocity [14], which is however
computationally expensive.
Due to its transparency and wide applicability, many two-phase flow methods use a fixed Carte-
sian grid [59]. The flow variables are staggered on the Cartesian grid as in the original Marker-
and-Cell method [30], meaning that pressures and densities are defined in cell centers, while
velocities are defined on cell faces. The control volumes forthe mass conservation and mo-
mentum equation are located around cell centers and cell edges, respectively. The advantage of
a staggered grid is that mass conservation can be applied easily in a cell, without the need of
interpolations.
The conservation of kinetic energy gives constraints to thediscretisation with respect to sym-
metry properties. For a symmetry-preserving discretisation, kinetic energy is dissipated only
by diffusion [57]. Also, the compressibility of the second phase and the body force have their
effect on the energy balance. Convection is discretised by a first-order or second-order upwind
scheme, the former reducing the computational effort and the latter reducing the numerical vis-
cosity inherent to upwind schemes. For the time discretisation the first-order Forward Euler
method is adopted, which is replaced by the Adams-Bashforth method when the second-order
upwind scheme is applied (see section 3.5.2). The Poisson equation for the pressure is solved
implicitly by Successive Over-Relaxation [5] or by the preconditioned Krylov subspace method
MILU [6].

1.4.2 Free surface and density

The free liquid surface present in offshore hydrodynamics can be regarded as an interface in
the two-phase flow model. Various methods to describe the free surface can be found in liter-
ature, they describe the interface either in an Eulerian or in a Lagrangian way [45]. Using an
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Eulerian method the free surface is described on a fixed grid,in contrast with the Lagrangian
approach. The Level Set method [46] and Volume-of-Fluid method (used in this thesis) are
the most popular ones, see figure 1.5. For the level-set formulation, the distance to the free
surface is registrated, leading to an interface that is less’sharp’, thus making the simulation of
a highly-distorted interface much more difficult [64]. Other options to describe the free surface
are the Ghost Fluid Method [23], Immersed Boundary Method [37], particle methods and the
use of a Riemann Solver [36, 44]. These methods are discussed in more detail in Chapter 4.
The latter method is especially used when discontinuities like shock waves are present.
Using the Volume-of-Fluid method, a VOF function registrates the fractional volume of a grid

0.0 0.0 0.0

0.30.5

1.0 1.0 1.0

0.7 0.0

−1.0

1.0

−1.2

−0.2

0.81.2

0.2

−0.8

Volume−Of−Fluid Level−Set Particle Method

Figure 1.5:Three methods to describe the free surface; Volume-Of-Fluid methods record the
cell filling ratio, Level-Set methods calculate the distance to the free surface and Particle Meth-
ods fill the flow domain with liquid particles.

cell filled with liquid. Based on the VOF function data, the free surface is first reconstructed and
then displaced by the velocity field. For the reconstructionof the free surface, different options
are available. Most used are the Simple Line Interface Calculation (SLIC) method of Hirt and
Nichols [32] and the Piecewise Linear Interface Calculation(PLIC) method of Youngs [65].
Both have been implemented and to overcome mass conservationproblems as well as flotsam
and jetsam, a local height function has been introduced in [27, 55]. The local height function
does not consider the VOF function of one grid cell only, but also the VOF function in the
3×3×3-stencil around the grid cell.
By modeling the flow in both phases, the free surface is no longer the boundary of the calcula-
tion domain, so less boundary conditions are required, but on the other hand several variables
have a large jump in their value across the interface. The density ratio between both phases can
be up to a factor 1000, which is in particular visible in the time derivative and the convective
term of the momentum equation. This may cause stability problems when the contribution of
convective coefficients is amplified by the density ratio, resulting in the need for very small
time steps. Aside from the density, also the pressure gradient shows a clear jump in its value
across the free surface. By a careful discretisation of the terms in the Navier-Stokes equations
containing densities (for example, by using the fact that there are clear jumps in densityρ and
pressure gradient∇p, but not in 1

ρ ∇p across the interface), the computational costs due to the
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density ratio effect are strongly reduced.
Given the staggered arrangement of variables on the grid andthe requirements of mass conser-
vation and conservation of kinetic energy, the density is defined in the cell centers, just as the
pressure. However, for several terms in the momentum equation it is necessary to calculate the
density along edges of grid cells. To determine these edge densities, a method to average the
density of the adjacent cell centers is required. Differentaveraging methods have been stud-
ied; only by using a gravity-consistent averaging method (with an averaging stencil equal to a
momentum cell) no spurious velocities are generated, see section 4.4.2.

1.4.3 Compressible air

The dynamical behaviour of entrapped air is described by means of a compressible flow model,
which is especially important for violent flow conditions. In particular for larger air pockets
with an oscillation period that cannot be neglected compared to the wave impact duration, a
compressible flow model is needed [39].
During simulations, there are various situations in which air compressibility plays an important
role. For simple 1D test cases it can be shown that incompressible air may hinder flow of the
liquid phase, see section 5.2. For more complex geometries in two or three dimensions, an in-
compressible second phase especially causes problems for closed flow domains, such as tanks.
The stiff incompressible air is frequently clustered near aliquid area under high pressure, lead-
ing to an unphysical pressure behaviour with pressure values strongly fluctuating in space and
time. The oscillating pressure behaviour was also observedin [33], here it could be improved
by modeling air compressibility. Including compressibility of the second phase allows an in-
crease in density of the second phase in case of high pressures in the adjacent liquid, leading to
a relaxation of the pressure by the ’cushioning’ effect of the compressible air.
Thus far, only the requirement for entrapped air to be treated as compressible has been de-
scribed. Entrained air, i.e. (groups of) small bubbles, cannot be reconstructed by the free
surface algorithm, as the length scale of individual bubbles is typically smaller than the grid
spacing. For some applications it is desirable to simulate the dynamics of these bubbles accu-
rately as well. By recording all bubbles in a list, it is possible to advect them with the flow and
to take buoyancy effects into account. The disadvantages ofthis bubble tracking method are
the increased computational effort and the more intricate displacement algorithm, especially
for complex geometries.

1.4.4 Boundary treatment

The flow domain is surrounded by boundaries, which are not always closed. Solid boundaries
are subject to the no-slip boundary condition, meaning thatthere is zero velocity at the bound-
ary.
As soon as boundaries are open for flow, the situation is getting more complex, since boundary
conditions may have a disturbing effect on the fluid kinematics inside the flow domain. For
simulations including waves, some of the wave components reflect against the outflow bound-
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ary as long as a nonabsorbing boundary condition is applied.The disturbing effect of these
’wave reflections’ can be minimized by putting the boundaries far away from the flow region
of interest, but there are smarter methods that reduce the necessary amount of additional grid
cells. One method that reduces the effect of reflections is the use of a numerical beach [34],
however, this induces the need to extend the flow domain downstream of a studied object by at
least one wavelength.
To keep the domain as small as possible while minimizing reflections at boundaries, an Absorb-
ing Boundary Condition (ABC) is being developed [58]. Using thiscondition, the boundary
can be located closer to the object of interest. In case of one-phase flow, additional difficulties
arise near the outflow boundary since the velocity field is notcontinuous across the free surface.
For two-phase flow, this difficulty vanishes as the velocity field is then calculated in all flow
cells. Applying the Absorbing Boundary Condition reduces therequired number of grid cells,
making a finer resolution in the interesting flow areas possible.

1.5 Outline

The simulation method will be presented in more detail in thenext chapters, together with its
results for a number of test cases. Before describing the numerical discretisation, the Navier-
Stokes equations and the free surface evolution are formulated in Chapter 2. In this chapter also
the symmetry properties of the equations are investigated by means of a kinetic energy anal-
ysis. The ’basics’ of the discretisation of the two-phase flow model are described in Chapter
3. Again, the Navier-Stokes equations are given, but now in their discrete form. The mo-
mentum equation can be formulated conservative or nonconservative, having a major impact
on the stability of simulations, see section 3.2. The convective term, being part of the mo-
mentum equation, is formulated for different spatial discretisation schemes. In section 3.3, the
convective term is given for both a first-order and a second-order upwind scheme. For the dis-
cretisation in time, two time integration methods are used.Together with the Poisson equation
to calculate the pressure development in time they are described in section 3.5.
Chapter 4 is a follow up on the numerical discretisation, but in this chapter more attention is
paid to the sensitive aspects of the two-phase flow model: thefree surface and, directly re-
lated, the density. Some important aspects are the terms dueto compressibility in the Poisson
equation for the pressure (section 4.2), the mass conservation of both phases (section 4.3), the
density averaging method (section 4.4) and the descriptionof the free surface (section 4.5).
The numerical method has been validated for various test cases, and Chapter 5 shows the vali-
dation for test cases with different levels of complexity. The chapter starts with some test cases
for which the numerical results are compared with analytical solutions, followed by test cases
with more complex geometries and flows. Particular attention is paid to the validation with
the experiments that have been carried out within the COMFLOW-2 project. Finally, some
conclusions and suggestions for further research are givenin Chapter 6.



Chapter 2

Mathematical model

2.1 Governing equations

The fluid flow is governed by the Navier-Stokes equations. Forone-phase flow, the continu-
ity and momentum equation are used to describe the behaviourof the single Newtonian fluid.
These governing equations are only applied in the liquid-filled part of the domain, while the
remaining part of the flow domain is considered as void. For multiphase flow, the fluid be-
haviour is still governed by the Navier-Stokes equations, but for the description of the phases
several approaches are possible. In the present method, theaggregated-fluid approach is ap-
plied. Aggregated-fluid models treat both phases as one aggregated fluid with varying prop-
erties and use one continuity and one momentum equation for the mixture of both phases,
whereas segregated-fluid models use a continuity and momentum equation for each phase.
Most two-phase flow models are aggregated-fluid models, as that approach generally leads to
a continuous velocity field and a sharp interface between thefluids [59]. The continuity and
mass conservation equation are given below. For compressible two-phase flow an equation of
state is introduced that closes the system of equations.

2.1.1 Equations of fluid dynamics

Mass conservation is applied to an arbitrary partΩ of the flow domain with boundarySand an
outward directed normal vectorn. The mass conservation equation is then given by

∫

Ω

∂ρ
∂ t

dΩ+
∮

S
(ρu) ·ndS= 0, (2.1)

with u = (u,v,w)T the velocity andρ the density. Boldface symbols denote quantities with
values∈ R

3. For instance, the velocityu : Ω 7→ R
3, whereas the densityρ : Ω 7→ R. By

applying Gauss’ divergence theorem, the integral overS= dΩ can be written as the integral



12 Chapter 2. Mathematical model

over the volumeΩ. Therefore, mass conservation can also be written in the conservative partial-
differential form as

∂ρ
∂ t

+∇ · (ρu) = 0, (2.2)

or, in the nonconservative notation,Dρ
Dt +ρ∇ ·u = 0. When the velocity field is not divergence-

free (∇ · u 6= 0), this will result in a varying density (Dρ
Dt 6= 0). For incompressible flow, the

velocity field is always divergence-free, i.e.∇ ·u = 0.

Similar to the mass conservation equation, the momentum equation is applied to a partΩ of the
flow domain with boundaryS. It is given by

∫

Ω

∂ (ρu)

∂ t
dΩ+

∮

S
ρu(u ·n)dS+

∮

S
pndS

−
∮

S
(µ(∇u+∇uT)− 2

3
µ∇ ·u)ndS−

∫

Ω
ρFdΩ = 0, (2.3)

with pressurep, dynamic viscosityµ and external forceF. The terms in the momentum equa-
tion are characterized as the time derivative, the convective term, the pressure gradient, the
viscous term and the body force term. By applying Gauss’ theorem, also the momentum equa-
tion can be written in the conservative divergence form:

∂ (ρu)

∂ t
+∇ · (ρuu)+∇p−∇ · (µ(∇u+∇uT)− 2

3
µ∇ ·u)−ρF = 0 (2.4)

Compared with the mass conservation and momentum equation for one-phase flow, the as-
sumption of a constant density is no longer valid, making it impossible to put all densitiesρ
in (2.4) outside the divergence terms. This is in sharp contrast with the one-phase momentum
equation for incompressible flow, for which all terms of the momentum equation can be imme-
diately divided by the density [34]. However, the momentum equation can also be simplified
for compressible two-phase flow, although the velocity fieldis not divergence-free.
The nonconservative form of the momentum equation is obtained by substituting the continuity
equation (2.2) into the momentum equation (2.4). This removes the circumlined terms from the
momentum equation:

ρ
∂u
∂ t

+ u
∂ρ
∂ t

+ρ(u ·∇)u+ u∇ · (ρu) +∇p−∇ ·(µ(∇u+∇uT)− 2
3

µ∇ ·u)−ρF = 0 (2.5)

After dividing the remaining terms in the momentum equation(2.5) by the density, the conti-
nuity and nonconservative momentum equation are given by

∂ρ
∂ t

+∇ · (ρu) = 0 (2.6)

∂u
∂ t

+(u ·∇)u+
1
ρ

∇p− 1
ρ

∇ · (µ(∇u+∇uT)− 2
3

µ∇ ·u)−F = 0 (2.7)
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Given the variable densityρ in the mass and momentum equations (besides the variable ve-
locities u and pressurep), an additional equation has to be included to close the system of
equations. For isentropic flow, an energy equation (referred to as equation of state) of the type

ρ = f (p) (2.8)

is applied in the parts of the domain where the flow is treated as compressible. In this thesis

the polytropic equation of state, i.e.p
pre f

=
(

ρ
ρre f

)γ
, is used. The form of the equation of

state is discussed further in the discretisation of the density in Chapter 4, as the equation of
state is substituted into the Navier-Stokes equations during the time integration. The numerical
discretisation of the continuity and momentum equation will be described in sections 3.1 and
3.2.

2.1.2 Free surface

The free surface, separating the two phases, is kept sharp and moves as a result of the velocity
field. The free surface evolution is given by

Ds
Dt

=
∂s
∂ t

+(u ·∇)s= 0, (2.9)

wheres(x, t) = 0 describes the position of the free surface. For two-phase flow, the fluid dynam-
ics are calculated in all ’open’ grid cells, making the boundary conditions that are applied for
one-phase flow obsolete. The discretisation of the free surface displacement will be described
in section 4.5.

2.2 Energy conservation

2.2.1 Kinetic energy balance

The energy equation is not enforced separately, since thermodynamic variables such as tem-
perature are not determined in the numerical method. Instead of a distinct conservation law,
the energy equation is formulated as a consequence of the continuity and momentum equation.
The total energy equation may incorporate different types of energy such as kinetic and inter-
nal energy, but given the scales of typical applications of the numerical method, the focus is on
the kinetic energy only. This section formulates the kinetic energy balance for the governing
equations, including the effects of convection, pressure gradient, diffusion and gravity.

First the Navier-Stokes equations (2.2) and (2.4) are rewritten to include mass fluxes. The
mass flux is denoted by

m = ρu. (2.10)

The Navier-Stokes equations in terms of the mass flux are given by
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• Mass conservation:

∂ρ
∂ t

+∇ · (m) = 0 (2.11)

• Momentum conservation:

∂ (ρu)

∂ t
+∇ · (mu)+∇p−∇ · (µ(∇u+∇uT)− 2

3
µ∇ ·u)−ρF = 0, (2.12)

whereρu in the unsteady term has not been substituted to simplify theanalysis below. The
convective termmu in (2.12) concerns a dyadic product. The evolution of the kinetic (me-
chanical) energyρEk = 1

2ρu2 is obtained for all real values ofu by rewriting the energy term
first:

2
∂
∂ t

(ρEk) =
∂
∂ t

(ρu ·u) = u · ∂ρu
∂ t

+ρu · ∂u
∂ t

= u · ∂ρu
∂ t

+u · (∂ρu
∂ t

−u
∂ρ
∂ t

), (2.13)

or,

2
∂
∂ t

(ρEk) = 2u · ∂ρu
∂ t

−u2∂ρ
∂ t

. (2.14)

This shows a possible pathway to construct the equation for kinetic energy from the continuity
and momentum equationu∗momentum− 1

2u2∗mass:

∂
∂ t

(ρEk) = u · ∂ (ρu)

∂ t
− 1

2
u2∂ρ

∂ t

= −u ·∇ · (mu)+
1
2

u2∇ ·m−u ·∇p+u ·∇ ·
(

µ
(
∇u+∇uT)

− 2
3

µ∇ ·u
)

+uρ ·F (2.15)

The different terms in eq. (2.15) can now be analysed upon their contribution to the kinetic
energy balance.

The convective part (i.e. the first two terms in eq. (2.15)) isrewritten as

−u ·∇ ·(mu)+
1
2

u2∇ ·m =−
(

1
2

u2∇ ·m+mu∇ ·u
)

=−∇ ·
(

1
2

muu
)

=−∇ ·(mEk) (2.16)

When the convective term is integrated, keeping in mind Gauss’ theorem, it does not contribute
to the energy balance. By integrating the convective term, the symmetry properties are now
investigated:

0=
∫

Ω
∇ · (mEk)dΩ =

∫

Ω

(

u ·∇ · (mu)− 1
2

u2∇ ·m
)

dΩ =
∫

Ω

(

u(∇ · (mu)− 1
2

u∇ ·m)

)

dΩ

(2.17)
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For all real values ofu this holds. Therefore, the operator(∇ · (mu)− 1
2u∇ ·m) is a skew-

symmetric operator working onu. The symmetry properties of the convective term are further
analysed in section 2.2.2 to prepare a discrete requirementfor the convection.

The contribution of the pressure gradient term is

−
∫

Ω
(u ·∇p)dΩ = −

∫

Ω
(∇ · (up)− p∇ ·u)dΩ =

∫

Ω
p∇ ·udΩ. (2.18)

For incompressible flow this term would cancel from the kinetic energy balance, as∇ ·u = 0
[19]. For compressible flow this is not the case. As mentionedearlier, the total energy does not
incorporate the kinetic energy only, but also the internal energye. The equation for the internal
energy reads [3]

∂ (ρe)
∂ t

+∇ · (me) = −(∇ ·u)p. (2.19)

Integrating (2.19) and adding it to eq. (2.18), the term∇ · (up) appears in the pressure gra-
dient contribution. As this term is a divergence expression, it indicates that the total energy
Etot = Ek +e is fully conserved. This means physically that there is an exchange of kinetic and
internal energy during fluid compression or decompression.

In absence of (temperature-driven) viscosity variations in the second fluid [3], the viscous term
is given by

u ·∇ · (µ
(
∇u+∇uT)T − 2

3
µ∇ ·u) = u · (∇ · (µ∇u)+

1
3

∇(µ∇ ·u)) (2.20)

Considering this term, every component is a combination of one gradient and one divergence.
The viscous operator(∇ ·(µ∇u)+ 1

3∇(µ∇ ·u) working onu is negative symmetric. Integrating
the viscous term gives

∫

Ω
u ·∇ · (µ(∇u+∇uT)− 2

3
µ∇ ·u)dΩ =

∫

Ω
u · (∇ · (µ∇u)+

1
3

∇(µ∇ ·u))dΩ ≤ 0 (2.21)

Due to the negative symmetric property, the viscous term results in an energy decrease and has
to be included in the energy balance as in eq. (2.15).

The body force term in the kinetic energy balance is
∫

Ω
uρ ·FdΩ. (2.22)

After analysis of the different operators in the energy balance, eq. (2.15) reduces to
∫

Ω

∂ (ρEk)

∂ t
dΩ =

∫

Ω

(

p∇ ·u+u · (∇ · (µ∇u)+
1
3

∇(µ∇ ·u))+uρ ·F
)

dΩ (2.23)
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2.2.2 Symmetry properties in the energy balance

To analyse the symmetry properties of the governing equations, in order to be able to derive
a requirement for the discretisation of the convective term, the terms in (2.11) and (2.12) con-
taining mass fluxes need more attention. In order not to be distracted by the dissipative terms,
the energy balance will be set up for the Euler equations:

∂ρ
∂ t

+D(m) = 0 (2.24)

∂ (ρφ)

∂ t
+C(m)φ = −Gp (2.25)

The operatorsC(m) andD(m) distinguish between the mass flux terms in the continuity and
momentum equation. The variableφ is any of the three velocity components.G denotes the
gradient operator, transforming scalar functions into vector-valued functions. The requirements
on the operatorsC(m) andD(m) are different for the conservative and nonconservative form of
the momentum equation.

Conservative requirements
For the conservative momentum equation (2.4), the energy balance in the direction of velocity
φ is set up analogously to (2.15) as

∫

Ω

∂ (ρEk)

∂ t
dΩ =

∫

Ω
φ

∂ (ρφ)

∂ t
dΩ− 1

2

∫

Ω
φ2∂ρ

∂ t
dΩ

=
∫

Ω
(−φC(m)φ)dΩ+

∫

Ω
(−φGp)dΩ+

1
2

∫

Ω
(φ2D(m))dΩ (2.26)

These integrated spatial terms can also be written in inner product notation:

−〈φ ,C(m)φ〉−〈φ ,Gp〉+ 1
2
〈φ ,D(m)φ〉 = −〈φ ,(C(m)− 1

2
D(m))φ〉−〈φ ,Gp〉 (2.27)

For real values ofφ , the first term leads to the necessary and sufficient requirement [56] of
C− 1

2D to be skew-symmetric to satisfy〈φ ,(C(m)− 1
2D(m))φ〉 = 0.

The second term in (2.27) concerns the work done by the pressure when the fluid is compressed.
This term can also be written as

−〈φ ,Gp〉 = −〈GTφ , p〉 (2.28)

with GT the transpose of the gradient operator. For incompressibleflow the complete term
vanishes, as the transpose of the gradient is the divergence(apart from the sign) and∇ ·u = 0.

Nonconservative requirements
For the nonconservative momentum equation (2.7), the evolution of the kinetic energy equation
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is formulated analogously to (2.13) and (2.14) as∂
∂ t (ρEk) = 1

2
∂
∂ t (ρuu) = 1

2(2ρu · ∂u
∂ t +u2∂ρ

∂ t ).
The convective operatorC reduces tõC and the energy equation is now given by

∫

Ω

∂ (ρEk)

∂ t
dΩ =

∫

Ω
φ

∂ (ρφ)

∂ t
dΩ+

1
2

∫

Ω
φ2∂ρ

∂ t
dΩ

=
∫

Ω
(−φ C̃(m)φ)dΩ+

∫

Ω
(−φGp)dΩ+

1
2

∫

Ω
(−φ2D(m))dΩ (2.29)

Note the changes in sign in comparison with (2.26) due to the change of the time derivative in
the momentum equation toρ ∂φ

∂ t . The spatial terms in eq. (2.29) can be written again in inner
product notation:

−〈φ , C̃(m)φ〉−〈φ ,Gp〉− 1
2
〈φ ,D(m)φ〉 = −〈φ ,(C̃(m)+

1
2

D(m))φ〉−〈φ ,Gp〉 (2.30)

The first term in (2.30) leads to the requirement ofC̃+ 1
2D to be skew-symmetric.

The requirement on the pressure gradient remains the same (2.28) as for the conservative mo-
mentum equation.





Chapter 3

Numerical model

After formulating the governing equations in the mathematical model, there are many options
for implementing them in a numerical method. In this chapter, the discretisation of the govern-
ing equations in both space and time is presented. The continuity and momentum equation are
described in section 3.1 and section 3.2, respectively. Themomentum equation is worked out
further in sections 3.3 and 3.4. The discretisation in time is addressed in section 3.5 with special
attention for the pressure iteration and different time integration methods. Specific two-phase
flow aspects of the discretisation will be discussed in Chapter 4.

3.1 Continuity equation

The continuity equation is discretised in time, with first-order accuracy, as

ρn+1−ρn

dt
+un ·∇ρn +ρn∇ ·un+1 = 0 (3.1)

The first two terms concern the compressibility of the fluid. The last term in eq. (3.1) does not
follow automatically from the analytical continuity equation (2.2), as it contains the velocity
un+1, i.e. the velocity on the new time level. The reason for this velocity on the new time level
n+1 is the pressure iteration, for which the velocityun+1 from the momentum equation has to
be substituted into the continuity equation to formulate the Poisson equation (see eq. (3.50)).
The finite volume method is used for the discretisation of thecontinuity and momentum equa-
tions in space. The discretisation of the continuity equation (2.2) is shown for a 2D grid cell
in figure 3.1. In this figure, the horizontal velocitiesuw andue are defined in the center of
the open part of the ’west’ and ’east’ cell edges. Analogously, the vertical velocitiesvn and
vs are positioned in the center of the open part of the ’north’ and ’south’ edges. The apertures
Ax,w,Ax,e,Ay,s,Ay,n denote the fraction of a cell edge open for flow. For the continuity cell in
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Figure 3.1:Conservation cell (2D) for the continuity equation. The shaded part indicates the
area that is not open for flow.

figure 3.1, eq. (3.1) is given with first-order accuracy as

Fbdxdy

(
ρn+1

c −ρn
c

dt
+un

c · (∇ρ)n
c

)

︸ ︷︷ ︸

compressible terms

+ρn
c (un+1

e Ax,edy+vn+1
n Ay,ndx−un+1

w Ax,wdy−vn+1
s Ay,sdx) = 0 (3.2)

with c the center of the open part of the grid cell. For the discretisation in time (see section
3.5), the edge velocitiesue, uw, vn andvs are substituted by the corresponding velocities from
the momentum equation. In section 4.2, more attention will be paid to the first two terms in
(3.2), applying for compressible flow. Clearly visible is that the sum of these ’compressible’
terms is equal to zero as long as the velocity field in the grid cell in figure 3.1 is divergence-free
(i.e. ∇ ·un+1 = 0).

3.2 Momentum equation

In contrast with the continuity equation, the momentum equation (2.4) is defined at cell edges.
This implies that control volumes are located around the different edges of a grid cell for the
different flow directions. Figure 3.2 shows the control volume inx-direction for uncut and cut
cells. For thevc andwc-velocities iny- andz-direction, the control volume is defined in a simi-
lar way. The velocityuc is positioned at the center of cell edgei. When two adjacent fluid cells
contain a mixture of the two fluids, the locally varying density will affect the momentum bal-
ance. The effect of the density ratio on the progress of a simulation depends on the conservation
properties in the formulation of the momentum equation and will be discussed below.
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Figure 3.2:Control volume for the momentum equation in x-direction for uncut (left) and cut
(right) cells.

3.2.1 Conservative or nonconservative?

The momentum equation as shown in its mathematical form in section 2.1 can be discretised
in different ways for two-phase flow. Two time integration methods (Forward Euler, Adams-
Bashforth) will be discussed in section 3.5.2. Discretisingthe conservative form (2.4) according
to the first-order Forward Euler method and dividing all terms by the densityρn, the momentum
equation reads

1
ρn

ρn+1un+1−ρnun

dt
+

1
ρn∇ · (ρnunun)+

1
ρn∇pn+1

− 1
ρn∇ · (µn(∇un +(∇un)T)− 2

3
µn∇ ·un)−Fn = 0 (3.3)

with old time leveln and new time leveln+1. Note that three variables (pressure, velocity and
density) need to be calculated on the new time level. To relate pressure and density, an equation
of state is introduced in section 4.2.2.
When discretising the nonconservative form (2.5) and dividing all terms again by the density
ρn, the momentum equation reads

un+1−un

dt
+un ·∇ ·un+

1
ρn∇pn+1− 1

ρn∇ ·(µn(∇un+(∇un)T)− 2
3

µn∇ ·un)−Fn = 0 (3.4)

Comparing the conservative (3.3) and nonconservative (3.4)form of the momentum equation,
the nonconservative form is simpler and appears to be more attractive. The effect of the density
in the convective term (present in (3.3) but not in (3.4)) will be discussed in section 3.3.4.
Other numerical methods are not solely using the conservative or nonconservative forms. Some
models argue to need the conservative discretisation [43, 53], while other methods are satisfied
with the nonconservative form [51]. One clear prerequisitefor using the nonconservative form
of the momentum equation is a continuous velocity field. For adiscontinuous velocity field,
related to the presence of shock waves, the conservative form must be used.
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3.2.2 Sequence of variable calculation

During each time step, the pressure, velocity, density and free surface position are computed.
The sequence for the calculation of the main flow variables isshown in figure 3.3. Every time

un+1 Fs
n+1

un~Fs
n p n+1

displacement

free surface

convection

diffusion
velocity

density

pressure 

ρn+1

Figure 3.3:Calculation sequence of main flow variables for compressibletwo-phase flow dur-
ing a time step. After the pressure iteration, the density, velocity and liquid fraction are calcu-
lated.

step, the information of the ’old’ pressure, density, velocities and liquid fraction on time leveln
is used to calculate an intermediate ’tilde’ velocity ˜u first, being the resulting ’velocity’ due to
the convective, diffusive and external force effects. This’tilde’ velocity does not have a physical
meaning. After that, the pressure is iterated until the residual error is small enough (see section
3.5.2). The density value for every grid cell is calculated using the local liquid fractionFn

s ,
and, for cells containing gas, by applying the equation of state on the pressurepn+1. With the
information about the iterated pressurepn+1 and the densityρn+1, the new velocity fieldun+1

is calculated, after which the free surface is displaced using the displacement algorithm (see
section 4.5).
The convective term, pressure gradient, diffusive term andforce term will be described in
sections 3.3 and 3.4.

3.2.3 Density and mass flux positioning

The requirements for the operatorsC(m) andD(m) as determined in (2.27) and (2.30) make
it necessary to study the discrete version of the kinetic energy equation more thoroughly. To
that end, the staggered grid properties have to be taken intoaccount. In a staggered grid, the
continuity equation is applied at pressure points (cell centers) and the momentum equation is
applied at velocity points (cell edges). The control volumes of the continuity and momentum
equation are a pressure and a velocity cell respectively (see figure 3.4).
Aside from the pressure and velocity there are two more variables that need to be positioned in
the grid: densityρ and mass fluxm. Regarding the density, the time derivative of the density
itself dρ

dt is present in the continuity equation. Therefore, the density should be defined in cell
centers. In the momentum equation, the density is present incombination with velocitiesu,
this combinationρu has been defined as mass flux,m = ρu.
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i i+1/2i

Pressure cell Pressure cell

Velocity cell

i−1/2

u/mu/m u/m

Figure 3.4:Staggered Cartesian grid in 1D. Pressures and densities are defined in cell centers
and velocities at cell edges. The continuity equation is calculated in pressure cells (top), the
momentum equation in velocity cells (down). Mass fluxes in cell centers (for the momentum
equation) and densities at cell edges need to be interpolated.

Concentrating on the conservative equations, the mass flux can be found in the time deriva-
tive and as part of the convection in the momentum equation. Furthermore, its divergence is
taken in the continuity equation. This leaves no other choice than defining the mass flux at
cell edges. However, the divergence of the mass flux in the convective term requires a mass
flux value in cell centers. As the mass flux has just been definedat cell edges, an interpola-
tion between cell edges is necessary. For the right edge of a control volume inx-direction, for
example, there are two options for this mass flux interpolation:

• Interpolate only the velocity and use the density at a pressure point:
mi+ 1

2
= 1

2ρi+ 1
2
(ui +ui+1)

• Interpolate the mass flux:
mi+ 1

2
= 1

2(mi +mi+1) = 1
2(ρiui +ρi+1ui+1)

The fulfillment of the energy criterion as formulated in eq. (2.27) is now investigated.

For the momentum cell sketched in figure 3.4, the operatorsC (from the momentum equation,
see eq. (2.25)) andD (from mass conservation, see eq. (2.24)) are given by

Cφ = (mi+ 1
2
φi+ 1

2
−mi− 1

2
φi− 1

2
) (3.5)

1
2

Dφ =

(
1
2

φi+ 1
2
(mi+1−mi)+

1
2

φi− 1
2
(mi −mi−1)

)

(3.6)

The velocitiesφi+ 1
2

andφi− 1
2

are interpolated asφi+ 1
2
= 1

2(φi +φi+1) andφi− 1
2
= 1

2(φi +φi−1).
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The mass flux is also interpolated. When the mass flux is determined bymi+ 1
2
= 1

2(mi +mi+1),

the central coefficient of bothC and 1
2D is equal toφi

(1
4(mi+1−mi−1)

)
. Subtracting both op-

erators (3.5) and (3.6), the central coefficient cancels, which is required for skew-symmetry.
The requirement ofC− 1

2D to be skew-symmetric is not fulfilled when only the velocity is
interpolated, since the central coefficient does not cancelin that case.

Note that mass flux interpolation is not an issue for a nonconservative discretisation, as for
that approach the density has been divided away analytically from the convective term (see eq.
(2.5)). Both interpolations have been compared in figure 3.5 for a sloshing test example. The
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Figure 3.5:Sloshing test example to show the effect of mass flux interpolation on the water
height development. Interpolating both velocity and density leads to a slightly larger water
height amplitude, but the differences between both options are marginal.

differences in run-up against the tank wall are small but visible. Interpolating only the veloc-
ity instead of the mass flux does not satisfy energy conservation, which is indeed visible in a
slightly dampened sloshing motion.
Summarizing, the consequences of the staggered grid and theenergy balance are:

• Densityρ is defined in cell centers

• Mass fluxm = ρu is defined at cell edges

• Mass flux is interpolated between cell edges asmi+ 1
2
= 1

2(mi +mi+1)
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3.3 Discretisation of convection

The convection is one of the terms affected by the formulation of the momentum equation. The
convection is first discussed in its conservative form (2.4). After that this form is evaluated and
the nonconservative form (according to eq. (2.5)) is described as well.
The convective terms in the conservative momentum equation,

1
ρ

∫

∂Vf

u(ρu ·n f )d Sf (3.7)

are discretised for the control volumeVf as in figure 3.6. The convective terms (3.7) represent
the advection of the mass fluxρu by the transporting velocityu through the boundary∂Vf of
Vf . The factor1

ρ means that the integrated term is divided by the density in the center of control
volumeVf .
To keep the convective discretisation transparent and to avoid confusion between momentum
and mass flux, the mass flux is denoted bym = ρu and the momentum velocity is indicated by
the vectorφ = u. The convective term can now be written as

1
ρ

∫

∂Vf

φ(m ·n f )dSf (3.8)

For the control volume in figure 3.6, the discrete convectiveterm inx-direction is given by

(i,j)

(i,j−1/2)
D

R
(i+1/2,j)(i−1/2,j)

L

U

(i,j+1/2)

Figure 3.6:Conservation cell Vf in x-direction; the center is indicated by (i,j), the edges of the
conservation cell by i±1/2 and j±1/2.

1
ρ

∫

∂Vf

φ(m ·n f )dSf =
1
ρ

(−ml φx,l dy−mdφx,ddx+mrφx,rdy+muφx,udx) (3.9)
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The formulation of the mass fluxm requires more attention asρ andu are defined at different
locations in a grid cell, while the momentum velocityφ depends on the used spatial discretisa-
tion.

Mass fluxm
As visible in eq. (3.9), the mass fluxm has to be calculated at the edges of the control vol-
ume. The mass flux is defined asm = ρu, but for a nonconservative discretisation (see section
3.5.1), the mass flux is divided by the same densityρ, leading to the simplified convective term
1
ρ m = u. The numerical advantages of a nonconservative discretisation are described at the end
of this section.

For the conservative momentum equation, however, the two densities do not cancel. This im-
plies that the product of density and velocitym = ρu has to be calculated at every edge of the
momentum control volume, inducing the need for interpolation of the mass flux. This interpo-
lation has been discussed in section 3.2.3, and based on the energy balance, the interpolation
mi+ 1

2
= 1

2(ρiui + ρi+1ui+1) is used. An additional issue is the averaging of the densityρ at
cell edges between the adjacent cell centers. This averaging will be discussed extensively in
section 4.4. The mass fluxes at the upper edgeU and lower edgeD are calculated by inter-
polating between the mass fluxes at the momentum cell corner pointsmi+ 1

2 , j+ 1
2
/mi− 1

2 , j+ 1
2

and

mi+ 1
2 , j− 1

2
/mi− 1

2 , j− 1
2

respectively.

Momentum velocity φ
As visible in eq. (3.9), the momentum velocityφ is defined at the edges of the momentum
conservation cell, just as the mass flux. However, not only the momentum velocity itself but
also its divergence plays a role in the discretisation of theconvection. For the spatial discreti-
sation of terms such as∂∂x(mφ), different schemes are possible. Three of them are the central
scheme, the first-order upwind (B2, two-point backward) scheme and the second-order upwind
(B3, three-point backward) scheme, see figure 3.7. Using the central scheme quickly leads to
stability problems, so this scheme will not be described here in detail. For the first-order (B2)
and second-order upwind (B3) schemes the stability properties are better (see section 3.5.2)
and these schemes are described in sections 3.3.1 and 3.3.2.Figure 3.7 shows a schematic
sketch of the stencil width in one dimension for a central, first-order and second-order upwind
discretisation. When evaluating the terms of the upwind schemes, the mass fluxes are ordered
in such a way that only the ’upstream’ information is taken into account for the convection
calculation. In the case of figure 3.7, with a flow velocity from left to right, only information
from pointsφi/φi−1 (first-order upwind, section 3.3.1) orφi/φi−1/φi−2 (second-order upwind,
section 3.3.2) is taken into account.

3.3.1 First-order upwind discretisation

The first-order upwind (B2) scheme is much more stable than thecentral scheme [56], however
there is one main disadvantage: artificial diffusion. The artificial diffusion, given byka =
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i−2 i−1 i i+1

First−order upwind scheme

Second−order upwind scheme

Central scheme

Figure 3.7: Schemes for spatial discretisation.dφi
dx = f (φi−1,φi) for first-order upwind and

dφi
dx = f (φi−2,φi−1,φi) for second-order upwind.

1
2|m|h, with velocityu and grid spacingh, is added to the diffusion coefficientk in the centrally
discretised steady convection-diffusion equation:

dmφ
dx

− d
dx

(

(k+ka)
dφ
dx

)

=
d
dx

(

m− 1
2
|m|h d

dx

)

φ − d
dx

k
dφ
dx

(3.10)

The artificial diffusion leads to artificial damping of the fluid motion which may result in a less
accurate simulation. After formulating the convective fluxes, the convection will be arranged
to show the contribution of the different spatial points. This will be done for both the primary
and secondary flow direction.

Fluxes in primary direction
For the first-order upwind (B2) spatial discretisation, the mass flux inx-direction is written as
m= ρu and|m|= ρ|u|. The discrete convective flux function on the edge of a conservation cell
with grid sizehx is written as:

FB2(φ) = mφ − 1
2
|m|hx

dφ
dx

(3.11)

For conservation celli the transported mass flux is written asmi = ρiui and|m|i = ρi|u|i. This
means that the fluxes for the right and left edge are given by

FB2
i+ 1

2
= mi+ 1

2
φi+ 1

2
− 1

2
|m|i+ 1

2
(∆φi+ 1

2
) (3.12)

and

FB2
i− 1

2
= mi− 1

2
φi− 1

2
− 1

2
|m|i− 1

2
(∆φi− 1

2
) (3.13)
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The flux function is rewritten using the entitiesφi+ 1
2

= 1
2(φi + φi+1), φi− 1

2
= 1

2(φi + φi−1),
∆φi+ 1

2
= φi+1−φi and∆φi− 1

2
= φi −φi−1. This gives the following flux functions:

FB2
i+ 1

2
=

1
2

mi+ 1
2
φi +

1
2

mi+ 1
2
φi+1−

1
2
|m|i+ 1

2
φi+1 +

1
2
|m|i+ 1

2
φi (3.14)

and

FB2
i− 1

2
=

1
2

mi− 1
2
φi +

1
2

mi− 1
2
φi−1−

1
2
|m|i− 1

2
φi +

1
2
|m|i− 1

2
φi−1 (3.15)

Fluxes in secondary direction
The mass flux is now written asm= ρv and|m| = ρ|v|. The discrete convective flux function
on the upper and lower edge of a conservation cell is written as:

FB2(φ) = mφ − 1
2
|m|hy

dφ
dy

(3.16)

For conservation celli this means that the fluxes for the upper and lower edge are given by

FB2
j+ 1

2
= mj+ 1

2
φ j+ 1

2
− 1

2
|m| j+ 1

2
(∆φ j+ 1

2
) (3.17)

and

FB2
j− 1

2
= mj− 1

2
φ j− 1

2
− 1

2
|m| j− 1

2
(∆φ j− 1

2
) (3.18)

The flux function is rewritten using the entitiesφ j+ 1
2

= 1
2(φ j + φ j+1), φ j− 1

2
= 1

2(φ j + φ j−1),
∆φ j+ 1

2
= φ j+1−φ j and∆φ j− 1

2
= φ j −φ j−1. This gives the following flux functions:

FB2
j+ 1

2
=

1
2

mj+ 1
2
φ j +

1
2

mj+ 1
2
φ j+1−

1
2
|m| j+ 1

2
φ j+1 +

1
2
|m| j+ 1

2
φ j (3.19)

and

FB2
j− 1

2
=

1
2

mj− 1
2
φ j +

1
2

mj− 1
2
φ j−1−

1
2
|m| j− 1

2
φ j +

1
2
|m| j− 1

2
φ j−1 (3.20)

Convection in primary direction
Referring back to (3.9), the convection in the primaryx-direction is calculated by subtracting
the flux at the left edge of the control volume from the flux at the right edge of the control
volume:

FB2
i+ 1

2
(φ)−FB2

i− 1
2
(φ) = φi+1 (

1
2

mi+ 1
2
− 1

2
|m|i+ 1

2
)

+φi−1 (−1
2

mi− 1
2
− 1

2
|m|i− 1

2
)

+φi (
1
2

mi+ 1
2
+

1
2
|m|i+ 1

2
− 1

2
mi− 1

2
+

1
2
|m|i− 1

2
) (3.21)
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The upwind properties are clearly visible in (3.21): depending on the sign of the velocity either
theφi+1 or φi−1 term cancels.

Convection in secondary direction
In the secondaryy-direction the convection is calculated analogously to theprimary direction:

FB2
j+ 1

2
(φ)−FB2

j− 1
2
(φ) = φ j+1 (

1
2

mj+ 1
2
− 1

2
|m| j+ 1

2
)

+φ j−1 (−1
2

mj− 1
2
− 1

2
|m| j− 1

2
)

+φ j (
1
2

mj+ 1
2
+

1
2
|m| j+ 1

2
− 1

2
mj− 1

2
+

1
2
|m| j− 1

2
) (3.22)

Just as for thex-direction, either theφ j+1 or φ j−1 term cancels, depending on the flow direction.

3.3.2 Second-order upwind discretisation

Compared to the first-order scheme, the second-order upwind scheme leads to less artificial
diffusion, which generally leads to more accurate results.The disadvantage are the worse
stability properties, while the first-order B2 scheme still needs to be used near the boundaries
of the flow domain, as the velocity at the second upstream point is not defined near boundaries.
For the second-order upwind (B3) discretisation, the convection is defined by

dmφ
dx (3.23a)

−1
2

d
dx

(

h d
dx

(

mhdφ
dx

)

− 1
2hdm

dxhdφ
dx

)

(3.23b)

−1
2

d
dx

(

h d
dx

(

−1
2|m|hdφ

dx

)(

hdφ
dx

))

(3.23c)

The convection can be regarded as the sum of a first-order central contribution (3.23a), a
third-order skew-symmetric dispersive contribution (multiplied by the squared grid spacing
h2, (3.23b)) and a fourth-order diffusive contribution (multiplied byh3, (3.23c)).

Fluxes in primary direction
Distinguishing between the different contributions to theconvection, the convective flux func-
tion in the primary flow direction reads

FB3(φ) = mφ (3.24a)

−1
2(hx

d
dx(mhx

dφ
dx)− 1

2hx
dm
dx hx

dφ
dx) (3.24b)

−1
2hx

d
dx(−1

2|m|hx
dφ
dx)(hx

dφ
dx) (3.24c)

The symmetry properties of this flux function are investigated later on, after formulating the
discrete flux functions.
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The discrete flux function on the right edge of conservation cell i is written as:

FB3
i+ 1

2
= mi+ 1

2
φi+ 1

2

−1
2(mi+1∆φi+1−mi∆φi − 1

2(mi+1−mi)∆φi+ 1
2
)

+1
4(|m|i+1(∆φi+ 3

2
−∆φi+ 1

2
)−|m|i(∆φi+ 1

2
−∆φi− 1

2
)) (3.25)

The discrete flux function on the left edge of conservation cell i is written as:

FB3
i− 1

2
= mi− 1

2
φi− 1

2

−1
2(mi∆φi −mi−1∆φi−1− 1

2(mi −mi−1)∆φi− 1
2
)

+1
4(|m|i(∆φi+ 1

2
−∆φi− 1

2
)−|m|i−1(∆φi− 1

2
−∆φi− 3

2
)) (3.26)

The fluxes on the right and left cell edges of conservation cell i are rewritten using entities of
the typeφi+ 1

2
= 1

2(φi + φi+1), ∆φi = 1
2(∆φi+ 1

2
+ ∆φi− 1

2
) and∆φi+ 1

2
= φi+1− φi. Rearranging

them to distinguish the contribution of the different mass fluxes, this gives the following flux
functions on the right and left cell edge:

FB3
i+ 1

2
= 1

2mi+ 1
2
(φi+1 +φi)

−1
4mi+1(φi+2−φi+1)+ 1

4|m|i+1(φi+2−2φi+1 +φi)

+1
4mi(φi −φi−1)− 1

4|m|i(φi+1−2φi +φi−1) (3.27)

FB3
i− 1

2
= 1

2mi− 1
2
(φi +φi−1)

−1
4mi(φi+1−φi)+ 1

4|m|i(φi+1−2φi +φi−1)

+1
4mi−1(φi−1−φi−2)− 1

4|m|i−1(φi −2φi−1 +φi−2) (3.28)

Fluxes in secondary direction
For the second-order upwind (B3) discretisation, the discrete flux function in secondary direc-
tion is given by:

FB3(φ) = mφ
−1

2(hy
d
dy(mhy

dφ
dy)− 1

2hy
dm
dyhy

dφ
dy)

−1
2hy

d
dy(−1

2|m|hy
dφ
dy)(hy

dφ
dy) (3.29)

Analogous to the fluxes in primary flow direction, the discrete flux function for the upper edge
of conservation celli reads:

FB3
j+ 1

2
= 1

2mj+ 1
2
φ j +

1
2mj+ 1

2
φ j+1

−1
4mj+1(φ j+2−φ j+1)+ 1

4|m| j+1(φ j+2−2φ j+1 +φ j)

+1
4mj(φ j −φ j−1)− 1

4|m| j(φ j+1−2φ j +φ j−1) (3.30)
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and for the lower edge of conservation celli:

FB3
j− 1

2
= 1

2mj− 1
2
φ j−1 + 1

2mj− 1
2
φ j

−1
4mj(φ j+1−φ j)+ 1

4|m| j(φ j+1−2φ j +φ j−1)

+1
4mj−1(φ j−1−φ j−2)− 1

4|m| j−1(φ j −2φ j−1 +φ j−2) (3.31)

Convection in primary direction
For the second-order upwind discretisation, thex-convection in conservation celli is given by
subtracting the left edge fluxes from the right edge fluxes:

FB3
i+ 1

2
(φ)−FB3

i− 1
2
(φ) = φi+2 (−1

4
mi+1 +

1
4
|m|i+1)

+φi+1 (
1
2

mi+ 1
2
+

1
4

mi+1 +
1
4

mi −
1
2
|m|i+1−

1
2
|m|i)

+φi (
1
2

mi+ 1
2
− 1

2
mi− 1

2
+

1
4
|m|i+1 + |m|i +

1
4
|m|i−1)

+φi−1 (−1
2

mi− 1
2
− 1

4
mi−1−

1
4

mi −
1
2
|m|i−1−

1
2
|m|i)

+φi−2 (
1
4

mi−1 +
1
4
|m|i−1) (3.32)

The symmetry properties of eq.(3.32) will be investigated in section 3.3.3.

Convection in secondary direction
The convection in the secondaryy-direction is given in the same way for the second-order
upwind discretisation:

FB3
j+ 1

2
(φ)−FB3

j− 1
2
(φ) = φ j+2 (−1

4
mj+1 +

1
4
|m| j+1)

+φ j+1 (
1
2

mj+ 1
2
+

1
4

mj+1 +
1
4

mj −
1
2
|m| j+1−

1
2
|m| j)

+φ j (
1
2

mj+ 1
2
− 1

2
mj− 1

2
+

1
4
|m| j+1 + |m| j +

1
4
|m| j−1)

+φ j−1 (−1
2

mj− 1
2
− 1

4
mj−1−

1
4

mj −
1
2
|m| j−1−

1
2
|m| j)

+φ j−2 (
1
4

mj−1 +
1
4
|m| j−1) (3.33)

3.3.3 Symmetry properties of convection and B3

From the energy analysis in section 2.2.2 the requirement was formulated for the termC− 1
2D

to be skew-symmetric. The symmetry properties of the convection for the first-order upwind
scheme have been analyzed in [56]. As the convection (represented inC) now has been formu-
lated for the second-order upwind scheme, the fulfillment ofthis condition has to be checked.
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To this end, the symmetry properties of the convective partsrelated to the flux function (3.24a)-
(3.24c) are investigated.
The first term of the flux function, (3.24a), concerns the product of mass fluxm and momentum
velocity φ in the control volume center. The contribution of the first-order term (3.24a) to the
convection in eq. (3.32) is

(
1
4

mi +
1
4

mi+1)φi+1 +(
1
4

mi+1−
1
4

mi−1)φi +(−1
4

mi −
1
4

mi−1)φi−1 (3.34)

The third-order term (3.24b) of the flux function covers morevelocity points and gives a con-
tribution to the convection in eq. (3.32) of

−1
4

mi+1φi+2 +(
1
4

mi +
1
4

mi+1)φi+1 +(−1
4

mi−1−
1
4

mi)φi−1 +
1
4

mi−1φi−2 (3.35)

Since the coefficient ofφi canceled and the coefficients ofφi−1 andφi−2 have the opposite sign
as the coefficients ofφi+1 andφi+2, the third-order term is clearly skew symmetric for all values
of m.

The remaining term (3.24c) in the flux function concerns the diffusive term, containing ab-
solute values of mass fluxes. The total contribution of this fourth-order term to the convection
is the sum of all modulus-type components of eq. (3.32):

1
4
|m|i+1φi+2−|m|i+ 1

2
φi+1+

1
4
(|m|i+1+4|m|i + |m|i−1)φi −|m|i− 1

2
φi−1+

1
4
|m|i−1φi−2 (3.36)

The symmetry of this term is immediately visible. However, also the negative definite prop-
erties of this term have to be proven. To show these properties, the diffusive term (3.36) is
reconstructed from the expression

1
4

S|M|Sφ , (3.37)

with a tridiagonal matrixS= tridiag[1,−2,1] and a diagonal matrix|M| that is filled with
entries|m|i. To acquire eq. (3.36), the mass flux is averaged as|m|i+ 1

2
= 1

2(|m|i + |m|i+1), see

section 3.2.3. Since both tridiagonal matrices in (3.37) are symmetric(ST = S) and |M| is a
positive diagonal matrix, it is proven [11] that the diffusive term (3.36) is symmetric negative
definite.

3.3.4 Density ratio in the convection

The convective terms as formulated for the first-order and second-order upwind scheme were
based on the conservative form of the momentum equation. Theeffect of the density ratio as-
sociated with the conservative formulation is now shown fora density ratio of 1 : 1000 around
the free surface.
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Figure 3.8:1D (left) and 2D (right) examples of fluid configurations with astrong effect on
the density ratio. The shaded region indicates water(ρ = 1000), the blank region indicates
air (ρ = 1). The fluid configuration in the left picture leads to a strong amplification of the
convective coefficient at the edge i+ 1

2. In the right picture, the horizontal velocity ui in the gas
phase is very sensitive to (secondary) vertical velocity components.

Effects in primary direction
A 1D example with fluid configuration as shown left in figure 3.8 is considered first. For this
case only the coefficients in the primary flow direction play arole. The convective terms at the
right and left boundaries of the control volume (see eq. (3.21)) are given for the left figure by

1
ρi

mi+ 1
2
φi =

1
ρi

ρi+ 1
2

ui +ui+1

2
ui ≈ 500(ui+ 1

2
ui)

1
ρi

mi− 1
2
φi =

1
ρi

ρi− 1
2

ui +ui−1

2
ui ≈ 1(ui− 1

2
ui)

For this fluid configuration, the density ratioρi+ 1
2
/ρi leads to a multiplication of the convec-

tive coefficient in the water by a factor of 500! The convection is the dominating term in
the momentum equation (3.3) for many fluid configurations. The increased convective coef-
ficient 1

ρn ∇ · (ρnunun) may lead to high flow velocitiesun+1 and therefore the CFL number

(CFL = u∆t
∆x) may strongly increase as well. As the CFL number has to be smaller than 1

for stability, this requires the time step∆t to be lowered, leading to much longer calculation
times. When applying the nonconservative form of the momentum equation (3.4), the described
density ratio is not present anymore in the convective coefficientun∇ ·un, leading to a strong
reduction in calculation time.

Effects in secondary direction
For a 2D or 3D fluid configuration, not only the convective coefficients in primary flow direc-
tion are highly sensitive to the density ratio, but also the coefficients in secondary direction.
Consider the fluid configuration sketched in the right of figure3.8. The convective coefficient
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for the lower edgej − 1
2 of the control volume in figure 3.8 is given by

1
ρi

mj− 1
2
φ j =

1
ρi

ρ j− 1
2
v j− 1

2
φ j ≈ 500(v j− 1

2
v j) (3.38)

The result is that the contribution of velocities in secondary direction is strongly amplified in
the calculation of the primary velocity just above the free surface. The common free surface
configuration as in the right of figure 3.8 leads, due to this effect in secondary direction, to high
flow velocities inx-direction just above the free surface. These high velocities in the air require
a decrease of the time step because of the CFL restriction. Thecorresponding longer calculation
times motivate to apply the nonconservative form of the momentum equation instead of the
conservative form.

3.4 Discretisation of diffusion, pressure and gravity

3.4.1 Diffusive term

The discretisation of the diffusive term in the momentum equation (2.5),

1
ρ

∮

∂Vf

(µ(∇u+∇uT)− 2
3

µ∇ ·u) ·n f dSf , (3.39)

requires the local value of the dynamic viscosityµ. This contrasts with the one-phase formula-
tion, in which the dynamic viscosityµ has a constant value and can be put outside the integral.
To prevent instabilities in case of cut cells with small volumes, the geometry is handled in a
’staircase’ way to discretise the diffusion [34]. This method is less accurate, but it hardly in-
fluences the calculations for convection driven simulations. The diffusive term is rewritten to a
volume integral first:

1
ρ

∮

∂Vf

(µ(∇u+∇uT)− 2
3

µ∇ ·u) ·n f dSf =
1
ρ

∫

Vf

∇ · (µ(∇u+∇uT)− 2
3

µ∇ ·u)dVf (3.40)

Discretising eq. (3.40) directly requires values of the viscosity µ at velocity locationsun, ue,
us anduw (see figure 3.9) to compute∇uT , so outside the momentum cell that is considered.
These values can clearly deviate from the viscosities within the momentum cell, especially near
the free surface. This is the reason to take only the viscosity values within the momentum cell
into account. Applied to eq. (3.40), this means that only theincompressible part of the diffusive
term is considered:

1
ρ

∫

Vf

∇ · (µ(∇u+∇uT)− 2
3

µ∇ ·u)dVf =
1
ρ

∫

Vf

∇ · (µ∇u)dVf (3.41)

For the diffusive term in horizontal direction, the midpoint rule is used to write this integral as
the sum of the second order horizontal and vertical derivatives of the horizontal velocityu. The
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Figure 3.9:Control volume for the discretisation of the diffusive term in the 2D xy-plane.

first-order derivatives are positioned in the center of the grid cells to prevent division by short
distances in case of cut cells. The second-order derivativeis calculated at the position ofuc,
see figure 3.9. The sum of the divergences for all edges of the control volume as sketched in
figure 3.9 is then given by

∇ · (µ∇u) =
1

hx,c
(µr

ue−uc

hx,r
−µl

uc−uw

hx,l
)+

1
hy,c

(µu
un−uc

hy,n
−µd

uc−us

hy,s
) (3.42)

with hx,c = 1
2(hx,l +hx,r) andhy,c = 1

2(hy,l +hy,r).
The viscosity valuesµnw, µne, µsw and µse at the corner (i.e. velocity) points of the control
volume are calculated by applying harmonic averaging (see section 4.4.1) for the viscosities
between the adjacent pressure points. The viscosity terms at the upper and lower boundaries of
the control volume are found by interpolating between thesecorner points:

µu =
µnwhx,r + µnehx,l

hx,r +hx,l
andµd =

µswhx,r + µsehx,l

hx,r +hx,l
.

Using this viscosity averaging, the diffusive term (3.41) is given by

1
ρc

∮

∂Vf

µ∇u·nf =
1
ρc

Fb,chx,chy,c(uw

(
µl

hx,l hx,c

)

+ue

(
µr

hx,rhx,c

)

+un

(
µnwhx,r + µnehx,l

hx,r +hx,l

1
hy,chy,n

)

+us

(
µswhx,r + µsehx,l

hx,r +hx,l

1
hy,chy,s

)

(3.43)
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+uc

(

− µr

hx,rhx,c
− µl

hx,l hx,c
− µnwhx,r + µnehx,l

hx,r +hx,l

1
hy,chy,n

− µswhx,r + µsehx,l

hx,r +hx,l

1
hy,chy,s

)

)

Just as for the case of one-phase flow, the matrix containing the diffusive coefficients is sym-
metric. The diagonal entries, corresponding touc, are always negative, while the off-diagonal
entries are positive. The sum of the off-diagonal entries equals the diagonal entry, apart from
the minus sign. This leads to the conclusion that the discrete diffusive operator is a symmetric
negative-definite matrix [20]. To calculate the cell edge densityρc, an interpolation between the
adjacent cell centers is necessary. The different options for this density averaging are described
in section 4.4.2. For hydrostatic flow conditions the averaged densityρc needs to be consistent
with the external force termF (see section 3.4.3).

3.4.2 Pressure term

The pressure term in the momentum equation (2.5) is discretised as

1
ρ

∫

Vf

∇p dVf =
1
ρ

∮

∂Vf

pnf dSf (3.44)

with the density valueρ = ρc at the center of the control volume (see section 4.4.2 for the
calculation of this density).
The integrand in eq. (3.44) is evaluated over the different segments of the control volume, see
also [34]. For the control volume inx-direction in thexz-plane, with control volume centerc
between western grid cellw and eastern grid celle, the pressure term is given by

1
ρc

∮

∂Vf

pnxdS=
1
ρc

(pe− pw)Ax,c∆z (3.45)

Note that the coefficientAx,c is used for both the western and eastern contributions to satisfy
the analytic property∇ = −(∇·)T [34].

3.4.3 External force - Gravity term

As the momentum equation (2.5) is defined at the cell edges, the most natural choice for the
external force is to locate it at the cell edges as well. The total external force includes gravity.
When the external force is indeed defined at control volume center c, the force term can be
written as

∫

Vf

FdVf (3.46)

Note that the density does not appear in (3.46), as the cell edge density has been divided by
itself in the nonconservative momentum equation. Given themomentum equation, there are
two conditions the gravity term should satisfy:
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• ’Gravity-consistent requirement’ - following from the nonconservative momentum equa-
tion (2.5). In absence of convection and diffusion (hydrostatic equilibrium conditions),
the pressure gradient1ρ ∇p should match the gravity vectorg. When this requirement
is not fulfilled, spurious velocities occur around the free surface, which is discussed in
section 4.4.2.

• ’Pressure gradient match’ - the gravity term has to be discretised in the same way as the
pressure gradient [27]. For a gravity vector pointing inz-direction (see eq. (3.47)), the
pressurep in eq. (3.44) has to matchgzzc.

Both conditions impose a restriction on the cell edge densityρc for two-phase flow. Different
density averaging methods are described in section 4.4.2.
Before evaluating the given requirements, eq. (3.46) is given for the vector(0,0,−gzzc) using
Gauss’ divergence theorem:

∫

Vf

FdVf =
∫

Vf

∇(−gzzc)dVf =

∮

∂Vf

(−gzzc)ndSf =
∮

∂Vf

−gzzcndSf = −Az,c∆xgz(zn−zs) (3.47)

with Az,c the aperture at cell edgec and∆x the cell width. This term indeed matches with the
pressure gradient as discretised in eq. (3.45).

3.5 Discretisation in time

The convective, diffusive and pressure gradient terms shown in the previous sections can all
be determined on the old time level. The first variable to be calculated on the new time level
n+ 1 is the pressurep. This section starts with the formulation of the Poisson equations (in
a conservative and a nonconservative way) and continues with the description of two possible
time integration methods.

3.5.1 Formulation of the Poisson equation

Conservative discretisation
The Poisson equation is required to calculate the pressurepn+1 at the new time level. The
equation is formulated by substituting the momentum equation into the continuity equation.
The momentum equation (3.3) is the starting point to obtain arelationship forpn+1. Splitting
up the time derivative in (3.3) and assuming ’incompressibility’ for the diffusive term gives

un+1−un

dt
+

1
ρn

unρn+1−unρn

dt
+

1
ρn∇pn+1+

1
ρn∇ · (ρnunun)− 1

ρn∇ · (µn∇un)−Fn = 0,

(3.48)
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so the new velocity is

un+1 = un− un

ρn(ρn+1−ρn)−dt

(
1

ρn∇pn+1 +
1

ρn∇ · (ρnunun)− 1
ρn∇ · (µn∇un)−Fn

)

(3.49)

The expression for the new velocityun+1 will be substituted in the continuity equation. First,
the divergence of the new velocityun+1 is taken:

∇ ·un+1 = ∇ ·un−∇ ·
(

un

ρn(ρn+1−ρn)

)

−dt∇ ·
(

1
ρn∇ · (ρnunun)

)

−

dt∇ ·
(

1
ρn∇pn+1

)

+dt∇ ·
(

1
ρn∇ · (µn∇un)

)

+dt∇ ·Fn (3.50)

Substituting this equation into mass conservation (3.1) gives

0 =
1

ρn

ρn+1−ρn

dt
+

un

ρn ·∇ρn +∇ ·un+1

=
1

ρn

ρn+1−ρn

dt
+

un

ρn ·∇ρn +∇ ·un−∇ ·
(

un

ρn(ρn+1−ρn)

)

−dt∇ ·
(

1
ρn∇ · (ρnunun)

)

−dt∇ ·
(

1
ρn∇pn+1

)

+dt∇ ·
(

1
ρn∇ · (µn∇un)

)

+dt∇ ·Fn

=
1

ρn

ρn+1−ρn

dt
+

un

ρn ·∇ρn−∇ ·
(

un

ρn(ρn+1−ρn)

)

+∇ · ũn−dt∇ · ( 1
ρn∇pn+1) (3.51)

This gives the following pressure Poisson equation:

dt∇ · ( 1
ρn∇pn+1) =

1
ρn

ρn+1−ρn

dt
+

un

ρn ·∇ρn−∇ · (un

ρn(ρn+1−ρn))+∇ · ũn, (3.52)

with ũ the ’intermediate’ velocity including the convective, diffusive and force effects. Com-
paring this equation with the Poisson equation for one-phase flow [35], additional terms appear.

The terms 1
ρn

ρn+1−ρn

dt and un

ρn ·∇ρn in (3.52) originate from the continuity equation (3.1). The

other ’density term’∇ · ( un

ρn(ρn+1−ρn)) stems from the momentum equation. This last term
contains density values inside the divergence as the discretisation is kept conservative. Using
a nonconservative discretisation, as will be shown below (3.57), the term∇ · ( un

ρn(ρn+1−ρn))
disappears.
After rewriting the Poisson equation for compressible flow,which will be described in section
4.2, the pressure is solved using the MILU (Modified Incomplete LU factorization) method. For
one-phase flow, the pressure was solved using the SOR (Successive Over Relaxation) method
where the optimal relaxation parameter is determined during the iterations [5]. Application of
the SOR method also for two-phase simulations leads to much longer calculation times due to
the weak convergence behaviour as a result of large variations in density. Therefore, the MILU
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method has been introduced as pressure solver in the numerical method to improve the conver-
gence behaviour for two-phase flow simulations.

Alternative non-conservative discretisation
The nonconservative variant of the Poisson equation is formulated by substituting the noncon-
servative momentum equation into the continuity equation.As described in section 3.3.4, this
cancels the density ratio in the convective term. The drawback is that the convection does not
fully satisfy energy conservation anymore, since the requirement of the operatorC+ 1

2D to be
skew-symmetric (2.30) is no longer fulfilled. Both operatorsare now given by

Cφ = mi(φi+ 1
2
−φi− 1

2
) (3.53)

1
2

Dφ =
1
2

(
1
2

φi+ 1
2
(mi+1−mi)+

1
2

φi− 1
2
(mi −mi−1)

)

(3.54)

The velocitiesφi+ 1
2

andφi− 1
2

are interpolated asφi+ 1
2

= 1
2(φi +φi+1) andφi− 1

2
= 1

2(φi +φi−1).
Interpolation of the mass flux does not play a role for the nonconservative discretisation, as
has been addressed in section 3.2.3. Summing both operators(3.53) and (3.54), only the mass
conservation coefficient (3.54) contains a central coefficient equal toφi(

1
4(mi+1−mi)), which

does not cancel. Therefore, the requirement ofC+ 1
2D to be skew-symmetric to satisfy energy

conservation (2.30) is not fulfilled.
However, due to the very long calculation times as a result ofdensity variations in the conserva-
tive approach (see section 3.3.4), there is no other choice rather than using the nonconservative
form. Rewriting the nonconservative momentum equation (3.4), the velocityun+1 on the new
time level reads

un+1 = un−dt

(
1

ρn∇pn+1 +un∇ ·un− 1
ρn∇ · (µn∇un)−Fn

)

. (3.55)

Comparing this equation for the new velocity with the conservative variant (3.49), the convec-
tive term does not include densities anymore and the convective density termun

ρn(ρn+1−ρn)
vanishes for the nonconservative form.
Now the divergence∇ ·un+1 of the new velocity is taken and this expression is substituted into
the continuity equation (3.1), so the term∇ ·un+1 is replaced:

1
ρn

ρn+1−ρn

dt
+

un

ρn ·∇ρn +∇ ·un−dt∇ · (un∇ ·un)

−dt∇ ·
(

1
ρn∇pn+1

)

+dt∇ ·
(

1
ρn∇ · (µn∇un)

)

+dt∇Fn = 0 (3.56)

The pressure on the new time levelpn+1 is still unknown and will be solved with the Poisson
equation. The pressure Poisson equation now reads

dt∇ ·
(

1
ρn∇pn+1

)
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=
1

ρn

ρn+1−ρn

dt
+

un

ρn ·∇ρn+∇ ·un−dt∇ · (un∇ ·un)+dt∇ ·
(

1
ρn∇ · (µn∇un)

)

+dt∇Fn

=
1

ρn

ρn+1−ρn

dt
+

un

ρn ·∇ρn +∇ · ũn (3.57)

with pn andρn calculated in the cell centers. The intermediate ’tilde’ velocity ũn has already
been calculated before the start of the pressure iteration.Comparing the nonconservative (3.57)
with the conservative (3.52) Poisson equation, the convection is ’simpler’ while the convective
density term canceled.

Irrespective of the conservation properties, the right-hand side of the pressure Poisson equa-
tion contains aρn+1−term originating from the continuity equation. An equationof state is
necessary to replace the new density valueρn+1. The handling of this term in combination
with the second (density gradient) term requires more attention and will be discussed in section
4.2.

3.5.2 Time integration method

To discretise the governing equations in time, two time integration methods have been consid-
ered.

The first-order Forward Euler method, as used thus far, only uses information from the pre-
vious time leveln to calculate a variableφ on time leveln+1. In order to discretisedφ

dt = f (φ),
the first-order Forward Euler method reads

φn+1 = φn +∆t f (φn) (3.58)

An alternative for the Forward Euler Method is the second-order Adams-Bashforth time inte-
gration method. For this method, the older time leveln−1 is considered as well in the time
integration:

φn+1 = φn +∆t f (
3
2

φn− 1
2

φn−1) (3.59)

Both time integration methods are limited in their stabilityby two quantities: the CFL number
η = u∆t

∆x and the diffusive numberd = 2k∆t
(∆x)2 .

The stability limits for the described time integration methods are worthwhile to investigate.
Aside from the time integration, the stability limit also depends on the spatial discretisation.
Four different combinations of spatial discretisations (first- and second-order upwind) and time
integration methods (Forward Euler and Adams-Bashforth) are applied below to the unsteady

convection-diffusion equation∂φ
∂ t +u∂φ

∂x = k∂ 2φ
∂x2 .

Forward-Euler and First-order upwind
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The first-order upwind (B2) scheme gets its upwind propertiesby adding an artificial diffusion
coefficientka = uh

2 to the diffusion coefficientk (see eq. (3.10)), for positive velocities leading
to a discretised convection-diffusion equation of the form

φn+1
j −φn

j

dt
+u

φn
j −φn

j−1

h
−k

φn
j+1−2φn

j +φn
j−1

h2 = 0, (3.60)

or,

φn+1
j = φn

j −η(φn
j −φn

j−1)+
d
2

(
φn

j+1−2φn
j +φn

j−1

)
(3.61)

To study the amplification behaviour,φn
j = cn

θ ei j θ is substituted, giving an amplification on the
new time level of

Cn+1
θ
Cn

θ
= g(θ) = (1−η(1−cosθ + isinθ)+d(cosθ −1)) (3.62)

The modulus of the amplification factorg(θ) needs to have a value equal to or lower than 1.0
to warrant numerical stability. The value of this amplification factor is determined as square
root of the sum of the squared real and imaginary parts of eq. (3.62):

|g(θ)| =
(
(1−η(1−cosθ)−d(1−cosθ))2 +η2sin2θ

) 1
2 ≤ 1 (3.63)

From this condition it appears that the value ofθ = π is the most restrictive one, giving the
condition

θ = π : 0≤ η +d ≤ 1 (3.64)

In absence of any convection (i.e.η = 0), this means that the diffusive limit needs to remain
smaller than 1.0, d ≤ 1. As soon as there is any convection,d is limited by d ≤ 1−η . To
illustrate the restriction forθ = π, the stability limit forθ = π is sketched in figure 3.10.

Forward-Euler and Second-order upwind
For the second-order upwind (B3) scheme, information from two upstream points is taken into
account for the convective term. The diffusion is as always discretised using the central scheme,
giving

φn+1
j −φn

j

dt
+u

3
2φn

j −2φn
j−1 + 1

2φn
j−2

h
−k

φn
j+1−2φn

j +φn
j−1

h2 = 0, (3.65)

or,

φn+1
j = φn

j −η
(

3
2

φn
j −2φn

j−1 +
1
2

φn
j−2

)

+
d
2

(
φn

j+1−2φn
j +φn

j−1

)
(3.66)
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Figure 3.10:Plot of theη −d relationship for some values ofθ for a first-order upwind scheme
(left) and a second-order upwind scheme (right) in combination with Forward Euler time inte-
gration. Note the low limit on the CFL number for small values ofd in the right figure.

By substitutingφn
j = cn

θ ei j θ and rearranging (3.66) into a real and an imaginary part, theam-
plification factor is now given by

|g(θ)| =
(
(d(cosθ −1)−η(cosθ −1)2 +1)2 +η2sin2θ(cosθ −2)2)

1
2 (3.67)

As the derivative of (3.67) has no zero values for the range 0≤ θ ≤ π, it is sufficient to consider
the boundary valuesθ = 0 andθ = π to study the extreme values ofg(θ). This gives the
following limit on the CFL number:

{

θ = 0 : η ≤
√

d
θ = π : 0≤ 2η +d ≤ 1

(3.68)

The first limit,η ≤
√

d, is very restrictive, especially for low values ofd. Restricted by the limit
for θ = π, the diffusive numberd has to remain smaller than one. Figure 3.10 shows the CFL
number limit depending on the value ofd. For higher values ofd the limit 0≤ 2η +d ≤ 1 is
more restrictive. The low limit on the CFL numberη ≤

√
d induces the need to use an alterna-

tive time discretisation when the second-order upwind scheme is used for spatial discretisation.
Therefore, the Adams-Bashforth time discretisation has been introduced.

Adams-Bashforth time integration (B2/B3)
In contrast with the Forward Euler time integration method,considering only the previous time
level n, the Adams Bashforth method also uses information from the earlier time leveln−1
(see eq. (3.59)). For the first-order upwind scheme this implies that

φn+1
j = φn

j −
3
2

η(φn
j −φn

j−1)+
3
4

d(φn
j+1−2φn

j +φn
j−1)

+
1
2

η(φn−1
j −φn−1

j−1 )− 1
4

d(φn−1
j+1 −2φn−1

j +φn−1
j−1 ), (3.69)
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and for the second-order upwind scheme:

φn+1
j = φn

j −
3
2

η(
3
2

φn
j −2φn

j−1 +
1
2

φn
j−2)+

3
4

d(φn
j+1−2φn

j +φn
j−1)

+
1
2

η(
3
2

φn−1
j −2φn−1

j−1 +
1
2

φn−1
j−2 )− 1

4
d(φn−1

j+1 −2φn−1
j +φn−1

j−1 ) (3.70)

Again,φn
j = cn

θ ei j θ is substituted. However, alsoφn−1
j = cn−1

θ ei j θ should be substituted to solve
(3.69) and (3.70). As both equations are related to each other, a matrix-vector system has to be
set up:

[
cn+1

θ
cn

θ

]

=

[
3
2atot +1 −1

2atot

1 0

][
cn

θ
cn−1

θ

]

(3.71)

with the parameteratot depending on the order of the upwind scheme and the factors3
2 and−1

2
coming from eq. (3.59). The eigenvalues of (3.71) are given by

λ =
1+ 3

2atot ±
√

9
4a2

tot +atot +1

2
(3.72)

By working out the parameteratot, using (3.69) and (3.70) for the B2 and B3 scheme re-
spectively, the matrix-vector system is computed. The values of atot for the first-order and
second-order upwind scheme are:

aB2
tot = (η +d)(cosθ −1)− iηsinθ (3.73)

aB3
tot = (2η +d)(cosθ −1)+η(1−cos2θ)+ iηsinθ(cosθ −2) (3.74)

For stability, the eigenvalues of (3.71) are limited by|λ |< 1. According to eq. (3.72), this leads
to the requirement of−1≤ atot ≤ 0. The value ofθ = π is the most restrictive one; inserting
this value into (3.73) and (3.74) gives the following stability limits:

{
B2, θ = π : 0≤ η +d ≤ 1

2
B3, θ = π : 0≤ η + 1

2d ≤ 1
4

(3.75)

Evaluation
For most offshore test cases convection dominates the solution and in practice the CFL number
η controls the stability limit. Also, the diffusive parameter d has to be smaller than one to
have a stable solution for zero (or low) flow velocities, but this is mostly easily satisfied. In
table 3.1, the limits on the CFL number are summarized for bothtime integration methods in
combination with two upwind schemes. As clear from table 3.1, the Forward Euler method
allows a larger time step than Adams-Bashforth as long as the first-order upwind scheme is
used. For the second-order upwind scheme the Forward Euler method is less suitable, while
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CFL number limitηmax B2 upwind B3 upwind
Forward Euler 1−d ≈ 1

√
d ¿ 1

Adams Bashforth 1
2 −d ≈ 1

2
1
4 − 1

2d ≈ 1
4

Table 3.1: Limit on CFL number for different spatial upwind and time integration methods,
when the diffusive numberd is assumed to be small,d ¿ 1.

the Adams-Basforth method allows a larger time step for this spatial scheme. The lower stabil-
ity limit for the B3 upwind scheme seems to be a major disadvantage. However, the B3 scheme
is needed in situations where the B2 scheme results in an undesired amount of damping of the
fluid motion due to artificial viscosity. Applying the B3 scheme results in a reduced amount of
artificial damping compared with the B2 scheme (see section 3.3). In Chapter 5 more attention
will be paid to this issue.



Chapter 4

Free surface & density

The free surface is the location in the flow field where the density has a jump. For a mixture
of air and water, the density may vary up to a factor 1000 between two adjacent computational
cells. This density jump, which is also present near entrapped air pockets and water droplets, is
a challenge with respect to numerical stability, as the density is present in several terms of the
Navier-Stokes equations.
In this chapter, the focus is on various aspects of compressibility and other density consider-
ations. After a brief introduction of the used cell labeling, the compressibility terms in the
Poisson equation are determined and rewritten into a more convenient form in section 4.2.
More aspects concerning the gas density, being coupled to the gas pressure by the equation of
state, are described in section 4.3. For some terms in the Navier-Stokes equations the density
has to be calculated at the edges of grid cells. To do this, several density averaging methods can
be used. These methods are presented in section 4.4 togetherwith their effect on the velocity
field. The displacement of the free surface is discussed in the last section.

4.1 Cell labeling

4.1.1 Geometry labeling

Information about the solid geometry is stored for every Cartesian grid cell to distinguish be-
tween the flow area and the solid geometry. For every grid cellthe fraction of solid geometry
and the open fraction of each cell face is stored. The valueFb denotes the volume fraction of a
grid cell that is open for flow, while the edge apertures (Ax, Ay andAz) define the part of a cell
face open for flow. The volume and edge apertures are calculated using a sub-grid of so-called
integration points, this method has been described in [24].Grid cells are labeled asFlow cells,
where the flow equations are computed,Boundary cells, where boundary conditions are pre-
scribed, or eXterior cells, where nothing is computed.F cells are defined as cells withFb > 0,
B cells are all cells adjacent toF cells andX cells are all remaining cells.
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Figure 4.1:Geometry (left) and free surface (right) labeling.

4.1.2 Free surface labeling

To distinguish between the two fluids, an indicator functionFs is introduced to indicate the
fraction of a cell that is occupied by the liquid phase. All flow cells are given a free surface
label to register the location of the interface between bothphases.Empty cells have a zero
liquid filling ratio (Fs = 0), Surface cells are all cells adjacent to E-cells andFluid cells are
all remaining cells (see figure 4.1). Note that the liquid filling ratioFs in F-cells can have any
value between 0 andFb.
In contrast with one-phase flow simulations, the Navier-Stokes equations are solved in all Flow
cells by the two-phase flow model. As only one set of equationsis used for both fluids together
(the averaged-fluid approach), the liquid and gas can be regarded as one aggregated fluid with
varying density. Given the open cell fractionFb and the liquid cell fractionFs, the average
density in a grid cell is calculated by simple averaging, seeeq. (4.19). An advantage of the
two-phase flow approach is that the use of pressure and velocity boundary conditions at the
free liquid surface is no longer necessary, as the velocity field is now continuous across the
free surface. Moreover, the physics in case of air entrapment is described more accurately. The
displacement of the free surface will be described in section 4.5.

4.2 Compressibility in the Poisson equation

The Poisson equation has been described in section 3.5.1 forboth a conservative and a non-
conservative discretisation. In this section more attention will be paid to the terms containing
density variations in space and time. The pressure Poisson equation contains a number of terms
that have to be calculated on the new time level. Its conservative form (see eq. (3.52)) reads

∆t∇ ·
(

1
ρn∇pn+1

)

=
1

ρn

ρn+1−ρn

∆t
+

un

ρn ·∇ρn−∇ ·
(

un

ρn(ρn+1−ρn)

)

+∇ · ũn (4.1)

In the following sections, the first three terms in the right-hand side will be distinguished as:
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• Unsteady density term:1ρn
ρn+1−ρn

∆t

• Density gradient term:u
n

ρn ·∇ρn

• Convective density term:∇ · ( un

ρn(ρn+1−ρn))

For a nonconservative system of equations, the convective density term drops out of the Poisson
equation (see eq. (3.57)), as the convection does not contain any densities for that approach.
Keeping in mind that the density may vary up to a factor of 1000in space or time, each of the
three density terms can become large. In particular in case of small time steps, the unsteady
density term appears to ’dominate’ the other terms in the Poisson iteration. To handle the
unsteady and density gradient terms (together they can be written as 1

ρ
Dρ
Dt ), these two terms

will be rewritten in section 4.2.1 by applying the incompressibility of the liquid phase (i.e.
Dρl
Dt = 0). After reducing the unsteady and density gradient terms,the new gas densityρn+1

g is
transferred to the LHS of the Poisson equation using the equation of state (section 4.2.2) and a
linearization (section 4.2.3). The convective density term will be written out in section 4.2.4.

4.2.1 Reduction of unsteady and density gradient terms

The first and the second term of the RHS of eq. (4.1) can be recognized as the Lagrangian
form 1

ρ
Dρ
Dt of the density, which should be equal to zero for incompressible flow. Especially the

first (unsteady) term in the RHS of (4.1) may fluctuate strongly, as the densityρ varies up to a
factor of 1000 and the local time step∆t is generally small. By rewriting the Lagrangian form
Dρ
Dt analytically, it is possible to reduce both density terms:

Dρ
Dt

=
D( f̂ ρl +(1− f̂ )ρg)

Dt
=

D
Dt

( f̂ ρl )+
D
Dt

((1− f̂ )ρg)

= ρl
D f̂
Dt

︸︷︷︸

=0

+ f̂
Dρl

Dt
︸︷︷︸

=0

+(1− f̂ )
Dρg

Dt
+ρg

D(1− f̂ )
Dt

︸ ︷︷ ︸

=0

(4.2)

In these analytical equations,f̂ is the flow-induced liquid volume fraction and 1− f̂ is the gas

volume fraction in a grid cell. The constant liquid densityρl and the relationD f̂
Dt = 0 for the

free surface position (see eq. (2.9)) make it possible to cancel three of the four terms in eq.
(4.2), giving

Dρ
Dt

= (1− f̂ )
Dρg

Dt
= (1− f̂ )

(
∂ρg

∂ t
+u ·∇ρg

)

(4.3)

The fluctuations in the gas densityρg (up to a few times) are much smaller than the fluctuations
in the total density (up to a factor of 1000). This variation of the gas density can be regarded
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as the ’breathing’ of the compressible gas. Using (4.3), thenumerical form of the Poisson
equation (4.1) reduces to

∆t∇ ·
(

1
ρn∇pn+1

)

=
(Fn

b −Fn
s )

Fn
b

1
ρn

(

ρn+1
g −ρn

g

∆t
+un ·∇ρn

g

)

−∇ ·
(

un

ρn(ρn−ρn+1)

)

+∇ · ũn (4.4)

Note that the liquid volume fraction̂f is written asFS
Fb

in the numerical form of the Poisson
equation to take only the open parts of grid cells into account. As mentioned above, the con-
vective density term drops out in the nonconservative form of eq. (4.4).

4.2.2 Equation of state

Because of the termρn+1
g at the new time level, the compressibility in the numerical method

requires the substitution of some equation of state of the form ρg = f (p) into the time derivative
in the Poisson equation (4.4):

Fn
b −Fn

s

Fn
b

1
ρn

ρn+1
g −ρn

g

∆t
=

Fn
b −Fn

s

Fn
b

1
ρn

f (pn+1)−ρn
g

∆t
(4.5)

A suitable value for the pressurep should be taken, as the equation of state is only applied in
gaseous parts of the domain (Fs < Fb). More attention to the difference between the gas pres-
sure and the local cell pressurep will be paid in section 4.3. The transfer of the (gas) pressure
pn+1 to the LHS of the Poisson equation will be described in section 4.2.3.

Before inserting an equation of state (EOS) into the model, itis worthwhile to consider several
equations of state that are used in other numerical methods for hydrodynamic applications:

• Ideal gas law:pn+1 = ρn+1RT, with gas constantR and for many cases a constant tem-
peratureT [23, 44].

• Polytropic energy equation:pn+1 = pre f

(
ρn+1

ρre f

)γ
, with reference pressure and density

values [22, 29, 50, 66]. The choice of the reference valuespre f andρre f is discussed
below.

• Sound propagation EOS:dp = a2dρ , with the speed of sounda relating pressure and
density differences [33, 40].

• Energy-associated EOS:pn+1 = (γ −1)ρn+1en+1, with internal energye [12].

In the present method, the polytropic equation of state is used to relate the gas pressure and
gas density. Compared to using the sound propagation EOS, theadvantage of the polytropic
relationship is that the variablesp andρ are input to the EOS instead of their gradients in space
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or time. Furthermore, the speed of sound is highly variable depending on the composition
and temperature of the fluid [40]. Heat effects are of minor importance in large-scale offshore
simulations, so an energy-associated EOS is not needed.
The value of the polytropic coefficientγ depends on the gas properties, generally a valueγ = 1.0
is adopted for an ideal gas, while a valueγ = 1.4 is associated with pure air. Another aspect of
the polytropic equation of state is the choice of the reference pressure and density values. The
two straightforward options are either to use the valuespn andρn from the previous timestep
or to use the atmospheric reference valuespatm andρ0. Figure 4.2 shows the effect of both
approaches on the pressure signal for an example test case, asloshing test with 95 percent
filling ratio (see Chapter 5). In this example, the amount of compressible gas is relatively
small. The choice of the atmospheric pressure as reference value seems to be preferable, while

(a) Polytropic EOS withpre f = pn andρre f = ρn (b) Polytropic EOS withpre f = patm andρre f = ρ0

Figure 4.2:Pressure development for a sloshing simulation with reference pressure chosen as
pn and patm. Notice the pressure ’drift’ in the left figure.

using the pressure from the previous timestep leads to pressure ’drift’ due to the propagation of
small errors (’telescope’ effect) in the pressure iteration.

4.2.3 Linearization of unsteady density term

With the equation of stateρn+1
g = f (pn+1) specified, it is possible to transfer the term propor-

tional to pn+1 in the unsteady density term to the LHS of the Poisson equation (4.4). The term
proportional topn in the unsteady density term and the other density terms remain at the RHS
of the Poisson equation.

Before transferring the termρg(pn+1) to the LHS of the Poisson equation, it has to be lin-
earized to eliminate the exponent1

γ stemming from the polytropic relationship. To this end, a
Newton approximation is used.



50 Chapter 4. Free surface & density

A Newton approximation uses the direction coefficient of a function from the old timestep
to estimate the function value at the new timestep, so in general:

f (x1) = f (x0)+(x1−x0) f ′(x0) (4.6)

Notice that the intervalx1−x0 should be small enough to generate a good estimate by the lin-
earization.

The gas density valueρn+1
g depends on the new (physical) pressure valuepn+1. Since the new

pressure valuepn+1 is not yet known when its gradient is determined by the Poisson solver, the
new density value is estimated by

ρn+1
g = ρg(pn+1) = ρg(p∗)+(pn+1− p∗)

dρg

dp
(p∗), (4.7)

with p∗ the ’old’ pressure value. This ’old’ pressure value could betaken from the previous
timestep or from the previous pressure iteration. During violent flow conditions, the pressure
value in a grid cell can increase or decrease rapidly with a lot of pressure iterations within one
timestep. The Newton approximation assumes a direction coefficient dρg

dp (p∗), but for violent
flow conditions and in particular for low pressure values (close to vacuum conditions), consid-
erable linearization errors can occur due to the approximation (see section 4.2.5). Decreasing
the intervalpn+1− p∗ would help. An option is to take forp∗ the pressure value of the previous
pressure iteration instead of the pressure valuepn from the previous timestep.

Using the recent pressure valuep∗ and (4.7), the new density value is linearized as

ρn+1
g = ρg(pn+1) = ρg(p∗)− p∗

dρg

dp
(p∗)+ pn+1dρg

dp
(p∗) (4.8)

The last term in eq. (4.8), corresponding to the new pressurepn+1 is transferred to the left-
hand side of the Poisson equation (4.1) and calculated implicitly. Thanks to the sign of this
term dρg

dp (p∗) > 0, this ’compressible’ contribution to the pressure gradients amplifies (and, ad-
vantageously, improves) the diagonal of the pressure Poisson matrix. The other terms in eq.
(4.8) remain in the right-hand side of the Poisson equation,as they concern known information
from the old pressurep∗.

To show the linearization, the polytropic relationship is applied as equation of state. For this
polytropic relationship, the new gas density and its derivative are given by

ρg(p∗) =
ρ0

patm
1
γ
(p∗)

1
γ and

dρg

dp
(p∗) =

ρ0

patm
1
γ

1
γ
(p∗)

1
γ −1,

resulting in a linearized new density of (see eq. (4.7))

ρn+1
g =

ρ0

patm
1
γ
(p∗)

1
γ +(pn+1− p∗)

ρ0

patm
1
γ

1
γ
(p∗)

1
γ −1 (4.9)
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Inserting the linearized new density into the Poisson equation, the first compressible term of
the Poisson equation (4.4) is given by

Fn
b −Fn

S

Fn
b

1
ρn

ρn+1
g −ρn

g

∆t
=

Fn
b −Fn

S

Fn
b

1
ρn

1
∆t

(

1
γ

ρ0

patm
1
γ
(p∗)

1
γ −1(pn+1− p∗)−ρn

g

)

(4.10)

4.2.4 Density gradient and convective density term

The density gradient termu
n

ρn ·∇ρn in the Poisson equation (4.4) consists of known values and
does not require modification or a special treatment.

The convective density term in eq. (4.4) is only present for aconservative discretisation and is
given by−∇ · ( un

ρn(ρn+1−ρn)). The term with the new densityρn+1 could be transferred to the
LHS of the Poisson equation at a first glance and solved implicitly. However, in contrast with
the unsteady density term, there is no timestep present in the denominator of this term. During
the pressure iteration, the intermediate density valueρ∗ = ρg(p∗) from the previous pressure
iteration is taken as an estimate for the densityρn+1. By using this assumption, substituting
the density by eq. (4.19) and applyingF∗

b = Fn
b (note thatFb is only time-dependent in case of

moving bodies) andF∗
s = Fn

s , the convective density term can be written as a function of the
gas density:

∇ ·
(

un

ρn

(
ρn+1−ρn)

)

= ∇ ·
(

un

ρn

(
Fn

b −Fn
s

Fn
b

)
(
ρ∗

g −ρn
g

)
)

(4.11)

4.2.5 Treatment of negative pressures

The pressure usually has a value around or above the atmospheric pressure. Although COM-
FLOW has not been developed to simulate near-vacuum flow conditions, very low pressure
values may occur, for instance during the iterations required to solve the Poisson equation.
As long as cells are completely filled with liquid, low pressure values are not a problem as an
equation of state is not solved in those cells. However, whena cell is partly or completely filled
with the compressible second phase, low pressure values will result in low gas densities. Ap-
plying the polytropic equation of state, negative pressurevalues result in imaginary densities,
which is unphysical. These densities lead to immediate breakdown of simulations and should
be prevented. To prevent imaginary densities, two approaches can be distinguished:

• Limiting of the gas pressure, preferably by modifying the equation of state

• Limiting of the gas density, also by modifying the equation of state

The first approach appears to be more attractive, as pressurevalues below zero (vacuum con-
ditions) have no physical sense in gases. However, the implementation of this method is rather
complex and certainly less robust, as pressure gradients∇p are calculated during a simulation
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instead of the pressure itself (see eq. (4.1)). Hence, this method requires a treatment of the pres-
sure within the pressure iteration, which ’damages’ the Poisson matrix. Additional difficulties
arise during the transition from an incompressible liquid cell, without any limit on pressure or
density, into a compressible gas cell.
Correcting the gas density for low pressure values does not lead to undesirable modifications of
the Poisson matrix, as the gas density is calculated after the pressure gradient. By correcting the
gas density for pressure values well below the atmospheric pressure with a suitable equation,
zero and imaginary density values are prevented. For this purpose, the polytropic equation of

stateρg(p∗) = ρ0

(
p∗

patm

) 1
γ

is modified in the following way:

ρ̃g(p∗) = ρ0

(

1+
2
π

arctan

(
π
2

(p∗− patm)

patm

)) 1
γ

(4.12)

The pressure-density relationship for this modified equation of state (4.12) is shown forγ = 1.0
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Figure 4.3:Polytropic pressure-density relationship forγ = 1.0 (left) andγ = 1.4 (right). The
density approaches zero without correction (dashed line), while zero density values are pre-
vented by the correction introduced in eq. (4.12) (solid line).

andγ = 1.4 in figure 4.3. Note that the modified equation of state (4.12)is only applied for
subatmospheric pressure values (p∗ < patm), while the ordinary polytropic equation of state is
used whenp≥ patm. In practice, negative pressure values occur only rarely, and when they do,
they do not lead to negative densities (see the solid line in figure 4.3).

4.3 Gas pressure and gas density

The pressure and density are coupled by the equation of statefor compressible two-phase flow.
This coupling is only applied in the gaseous parts of the domain (open cells that are not com-
pletely filled with liquid), so in fact the gas pressure is coupled to the gas density. For flows
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in closed domains, i.e. confined flows, the total liquid and gas mass have to remain constant,
emphasizing the need to calculate the gas density, and indirectly the gas pressure, properly.
The overall gas mass conservation and the gas pressure calculation in free surface cells require
special attention and are described in sections 4.3.1 and 4.3.2, respectively.

4.3.1 Phase conservation in closed domains

The continuity equation (2.2) implies mass conservation for the entire flow domain. As one set
of equations is used for both phases together, i.e. the Navier-Stokes equations are aggregated,
the sum of the total liquid and gas mass remains constant in time for a closed flow domain.
The conservation of the total fluid mass is satisfied automatically by a consistent discretisation.
However, the free surface displacement algorithm, which will be described in section 4.5, leads
to slight numerical mass losses in the liquid phase. These liquid mass losses have a pronounced
effect on the compressible second phase. To show this effectfor a closed domain, an example
of a high filling ratio sloshing tank is described.

Example - mass losses in high filling ratio sloshing tank
For the example of a high filling ratio sloshing tank, the gas volume is much smaller, typically
one order of magnitude, than the liquid volume. The sloshingtank is regarded as a closed
domain with solid boundaries. During a simulation, mass losses in the liquid phase can be
regarded as numerical mass losses, which reappear as mass gains in the gas phase. Physically,
the liquid mass losses could be associated with liquid evaporation, but there is no intention
to model this effect. Since the total gas mass is much smallerthan the total liquid mass, the
mass gain in the gas phase is relatively much more significantthan the mass loss in the liquid
phase. In figure 4.4, it is shown that the air mass increases considerably as long as there is
no correction for numerical mass losses. Aroundt = 9s, a small liquid mass loss is clearly
visible as a significant mass gain in the gas phase of around 5 percent. As the equation of state
is involved in the compressible gas phase, the increase in average gas density directly results
in an increased average pressure in the gas phase. Given the polytropic equation of state with
γ = 1.4, the artificial rise in average pressure att = 9s will be about 10 percent. This artificial
increase of the gas pressure should be prevented as an artificial rise in gas pressure of the order
of 104Pa (as for the example in figure 4.4) can not be neglected. The method to cope with gas
mass ’gains’ will be described below.

Density correction method for mass losses
The gas density is corrected to prevent problems due to smallliquid mass losses. The time-
dependent average gas density is determined by dividing thetotal gas mass by the total gas
volume. These are calculated by subtracting the total liquid massMl and liquid volumeVl from
the total initial mass and volume:

ρ̄g =
Mg

Vg
=

M0−ρlVl

V0−Vl
, (4.13)
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Figure 4.4:Conservation of water mass and air mass for a high filling ratio sloshing experi-
ment. Without correction for (numerical) mass losses in theliquid phase, a gradual mass gain
(in this case) or loss for the gas phase is inevitable.

with the initial total massM0 and volumeV0 determined at the start of a simulation. The local
gas densityρg is corrected by using the average gas densityρ̄g as reference density in the
equation of state. For the polytropic equation of state thisgives

ρg = ρ̄g

(
p

patm

) 1
γ

(4.14)

Applying this corrected equation of state (4.14), the artificial rise in total gas mass and average
gas pressure is prevented. For the example case of the high filling ratio sloshing tank, the effect
of this correction is shown in figure 4.4.

4.3.2 Gas pressure in surface cells

The equation of state for the compressible second phase is applied in all open cells that are
not completely filled with liquid. Hence, not only in empty cells, but also in surface cells the
correct gas pressure and gas density have to be coupled.
When the cell pressure in cellk (see figure 4.5) is considered as the gas pressure, the following
may happen in case of a gravity vectorg pointing in negativez-direction:

• The pressure in cell centerk includes the hydrostatic effect of liquid layerβ (see figure
4.5), since the gravity vector is pointing downwards.

• Therefore, when the cell center is in water as in figure 4.5, the gas pressurepg in cell k is
overestimated byρl gzβ .
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• The equation of state couples the overestimated gas pressure pg(k) to an overestimated
local gas densityρg(k).

• Due to mass conservation (see section 4.3.1), this leads to underestimated gas densities
and gas pressures elsewhere in the compressible parts of theflow domain.

The overestimated gas pressure can be corrected by means of an interpolation method, as de-
scribed below. Note that this gas pressure interpolation isonly necessary in cells where the
gravitational forcing has a component perpendicular to thefree surface. In other cases, when
the hydrostatic effect does not lead to an overestimated gaspressure, the interpolation is not
necessary. The interpolation method will now be formulatedfor uncut and cut cells.

Pressure interpolation in uncut cells
Consider the surface cell(i, j,k) and the adjacent empty cell(i, j,k+1) as sketched in figure
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Figure 4.5:Geometry for calculation of gas pressure in surface cell. The shaded area in the
left figure indicates the water level in cell k.

4.5. To prevent an overestimated gas pressure in cell(i, j,k), an interpolation between the pres-
sure valuesp(i, j,k) andp(i, j,k+1) is a better option to calculate the gas pressurepg(i, j,k)
rather than assumingpg(i, j,k) = p(i, j,k).

First the pressurepk
FS at the free surface is estimated:

pk
FS =

αρgpk +βρl pk+1

αρg +βρl
(4.15)

with α = 1.5−Fs(i, j,k) andβ = Fs(i, j,k)−0.5.
The average gas pressure in the surface cell is then calculated by interpolating between the free
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surface and cell center(i, j,k+1):

pk
g =

α2pk+1 +α1pk
FS

α1 +α2
(4.16)

with α1 = 1.0− 0.5Fs(i, j,k) and α2 = 0.5− 0.5Fs(i, j,k). The given interpolations are not
necessary when the filling ratioFs(i, j,k) is smaller than 0.5. The cell center is then located in
the gaseous part of the cell, allowingpg(i, j,k) = p(i, j,k) as a reasonable guess.

Pressure interpolation in cut cells

p k+1

p k

G
p

p
FS

α
1

2α

α

β
0.5*dzp(k)

Fb = 0.8
Fs = 0

Fs = 0.4
Fb = 0.6

(k)

(k+1)

� � � � � � � �� � � � � � � �	 	 	 	 	 	 	 		 	 	 	 	 	 	 	


 
 
 
 
 
 
 

 
 
 
 
 
 
 

 
 
 
 
 
 
 

 
 
 
 
 
 
 


� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �

Figure 4.6:Geometry for gas pressure interpolation in cut cells. The dark area in the left figure
indicates solid geometry, the shaded area indicates water.

For cut cells the interpolation approach is similar, although the distancesα andβ are dif-
ferent due to the reduced open cell fractions. The pressure at the free surface is again estimated
by

pk
FS =

αρgpk +βρl pk+1

αρg +βρl
, (4.17)

but now withα = 0.5Fb(i, j,k+1)+Fb(i, j,k)−Fs(i, j,k) andβ = Fs(i, j,k)− 0.5Fb(i, j,k).
The average gas pressure in the surface cell is then calculated with the interpolation:

pk
g =

α2pk+1 +α1pk
FS

α1 +α2
(4.18)

with α2 = 0.5Fb(i, j,k)−0.5Fs(i, j,k) andα1 = α −α2. The gas pressure interpolation is not
necessary when the filling ratioFs(i, j,k) is smaller than 0.5Fb(i, j,k), as the cell center is then
located in the gaseous part of the cell, allowingpg = p(i, j,k) as a reasonable guess. For
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the fluid configuration of the example in figure 4.6, the distances areα = 0.6,β = 0.1,α2 =
0.5,α2 = 0.1.

Conditions for interpolation
The orientation of the free surface in figure 4.5 is the most widespread one, but obviously more
free surface orientations occur. Figure 4.7 shows some other possibilities, the main orientation
of the free surface in a surface cell is always registered with the local variabledir. The value
of dir is determined by scanning the surrounding cells (i −1, i +1, j −1, j +1,k−1,k+1) for
the largest contrast in relative filling ratioFs

Fb
between the neighbouring cells. This concept to

determinedir through a local height function is described in [27, 34, 55].The gas pressure is
not interpolated across a boundary of the flow domain.

k

k+1

i i+1

jj−1

k−1

k
dir = −3

dir = 3

dir = −1

dir = 2

Figure 4.7:Different orientations of the free surface.

4.4 Density averaging method

4.4.1 Density in cell centers

As the mass conservation equation (2.2) is defined in cell centers, the density automatically
needs to be positioned in cell centers as well. The staggeredgrid implies that both pressure
(see section 3.2.3) and density are located in cell centers,while velocities are defined at cell
edges. Another advantage of positioning the density in cellcenters is the possibility to couple
it directly to the cell filling ratio. To relate the cell-averaged density to the cell filling ratio,
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different methods are possible. The simple averaging method calculates the density by

ρ =

(
Fs

Fb

)

ρl +

(
Fb−Fs

Fb

)

ρg (4.19)

with liquid densityρl and gas densityρg. When harmonic averaging is used, the average density
is given by

ρhar =

(
Fs

Fb

1
ρl

+

(
Fb−Fs

Fb

)
1
ρg

)−1

=
ρl ρg

Fs
Fb

ρg +
(

Fb−Fs
Fb

)

ρl

(4.20)

Both averaging methods can be evaluated on the criterium of a constant pressure gradient, i.e.
the equilibriump= ρgzzshould hold. This means that the value of1

ρ ∇p should be equal in the
liquid and gas part of a grid cell and also in the total grid cell (with the averaged density value).
To check both averaging methods on this criterium, a half-filled grid cell (Fs = 0.5) is con-
sidered with a gravity vectorg with gz = −10ms−2. Table 4.1 shows that the condition of a

Pressure gradient1ρ ∇p Liquid part Gas part Cell-averaged

Simple averaging 1
1000·10000= 10 1

1 ·10= 10 1
500 ·5000= 10

Harmonic averaging 1
1000·10000= 10 1

1 ·10= 10 1
2 ·5000= 2500

Table 4.1: Pressure gradient1ρ ∇p for both phases separately and averaged for a grid cell,

applying two average methods, based on gz = −10ms−2. Fs = 0.5, ρl = 1000 kg m−3 and
ρg = 1 kg m−3. The pressure gradient only remains constant for a simple averaging method.

constant pressure gradient1
ρ

dp
dz = gz only holds for the simple averaging method. Applica-

tion of the harmonic averaging method leads to an incorrect density value ofρhar = 2 kg m−3.
Therefore, the simple averaging method is used to calculatethe cell-averaged density.

4.4.2 Density averaging at cell edges

Based on the staggered grid, the density is positioned in cellcenters. Solving the pressure Pois-
son equation (3.57), however, the density has to be used at the cell edges as well. This is the
case for the pressure gradient and the diffusive term, sinceboth the pressure gradient and the
velocities are calculated at cell edges. For the conservative form of the Poisson equation (3.52),
also the convective term(∇ · (ρuu)) requires the calculation of the density at cell edges. The
calculation of the density at cell edges is a major point of attention, as serious errors (spurious
velocities, see figure 4.9) may be generated due to an inconsistent averaging method.
A main issue for the density averaging is the width of the averaging stencil. Considering a cell
edge ati + 1

2 (see figure 4.8), the question is whether it is necessary to take the complete grid
cells i and i + 1 into account or if it is sufficient to consider only the righthalf of cell i and
the left half of celli + 1. Two averaging methods (weighted and gravity-consistent) will be
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presented below; these methods use a wide and narrow stencilrespectively.

Cell-weighted averaging
The most obvious averaging method is cell-weighted averaging. The average density is calcu-
lated with the densities of the complete left and right grid cells ρi andρi+1, which have been
calculated by simple averaging (4.19):

ρ̂i+ 1
2
=

Fb,ihx,iρi +Fb,i+1hx,i+1ρi+1

Fb,ihx,i +Fb,i+1hx,i+1
(4.21)

with open cell fractionFb and cell widthhx. This averaging method does not require any in-
formation of the orientation of the free surface. Only the cell center densities, which have been
calculated during a time cycle before the density averaging, are required.

Gravity-consistent averaging method
Before formulating this averaging method in more detail, it is worthwhile to describe the back-
ground of developing this alternative averaging method. InCOMFLOW, spurious velocities
around the free surface are observed when the weighted averaging method is used to average
the density, see figure 4.9. These unphysical spurious velocities are observed as velocities in
the second phase, just above the free surface. They act parallel to the interface in the first layer
of grid cells above the free surface, irrespective of grid refinement.
Many other numerical methods are also encountering problems with these spurious velocities
(sometimes also called ’parasitic currents’ or ’anomalouscurrents’) at the free surface. The ori-
gin of spurious velocities is strictly numerical, as the velocity field at the free surface is rather
smooth in the physical reality. Spurious velocities are theresult of an inconsistent discreti-
sation. Possible causes addressed in papers are discontinuities in the pressure gradient [16],
incorrect surface force calculations [43, 47, 51] or decoupled pressure and velocity fields [53].
Many numerical methods are able to reduce spurious velocities in some way, but preventing
these anomalies appears to be much more difficult.
To study the spurious velocities that were observed when applying cell-weighted averaging in
COMFLOW, a hydrostatic fluid configuration (which should not lead to any flow) is defined.
In the absence of any flow the momentum equation greatly reduces:

½
½

½
½
½1

ρ
∂ (ρu)

∂ t
+

1
ρ

∇p+
©

©
©

©
©©1

ρ
∇ · (ρuu)+

©
©

©
©

©
©1

ρ
∇ · (µ∇u)+F = 0, (4.22)

so only the pressure gradient and the body force remain in themomentum equation. This means
that the pressure gradient should be in balance with the gravitational force. According to eq.
(4.22), the pressure gradient and body force should balance, i.e. ∇p= ρF. Therefore, to ensure
the balance between the pressure gradient and body force, the condition

∇× (ρF) = 0 (4.23)
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should be fulfilled, since∇×∇ = 0. This provides a condition for the discrete average of the
density.

Test case: skewed free surface
To study condition (4.23), as an example the fluid configuration of figure 4.9 is considered. The
gravity vector acts perpendicular to the free surface and both are not aligned with the grid. As
visible in figure 4.9, the free surface is modeled as a straight line making an angle of 26.6◦ with
thex−axis. Considering a 1D-geometry, the normal distancesd1 andd2 (see figure 4.8(a)) are

d1

xxh h

(i+1)(i)

(i+1/2)

d2

(a) 1D averaging

(i,k) (i+1,k)(i−1,k)

(i−1,k+1)

DC

A B
(i,k+1) (i+1,k+1)

(b) 2D averaging

Figure 4.8:The gravity-consistent averaging method uses the normal distances d1 and d2 be-
tween the cell centers and the free surface. Only the momentumcell, i.e. the area between both
cell centers (within the dashed square) is considered.

calculated with the information from the liquid fraction distribution,n = ∇Fs/|∇Fs|, see [34].
When the normal distancesd1 andd2 have been determined, the edge density in figure 4.8(a) is
calculated as

ρi+ 1
2
=

d1ρi +d2ρi+1

d1 +d2
(4.24)

The geometry of figure 4.9 is sketched schematically for a fewgrid cells in figure 4.8(b), show-
ing a stationary case with a gravity vector(gx,gz)

T = (5,−10)T . To check whether condi-
tion (4.23) is fulfilled, the contour integral

∮
∇p should be equal to zero, or in other words

∫

ABD
∇p = − ∫

ACD
∇p. Table 4.2 shows the cell edge densities between cell centers A,B,C and D

together with the pressure gradients from cell center A to D over B and C respectively. Only
the gravity-consistent averaging method shows the same pressure gradient irrespective of the
’pathway’ followed, while the wider stencil conflicts with the requirement of a zero contour
integral. When the zero contour integral requirement is not satisfied, the pressure gradient∇p
and body forceρF are not equal. This is the case when the cell-weighted averaging method is
applied. The result is a nonzero unsteady term in the momentum equation, leading to spurious
velocities. This is indeed confirmed by figure 4.9, showing the (spurious) velocity field after
1 second of simulation, while these spurious velocities arehardly present when the gravity-
consistent averaging method is used. Also for more realistic test cases, such as the sloshing
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Variable Cell-weighted Gravity-consistent

ρAB 125 1
ρAC 375 250
ρBD 625 750
ρCD 875 1000
∫

ABD
∇p 6875 7500

∫

ACD
∇p -8125 -7500

Table 4.2:Cell edge densities and pressure gradients for cell-weightedand gravity-consistent
averaging methods. See figure 4.8 for the geometry. Only the gravity-consistent averaging
method yields a pressure gradient between A and D that is independent from the pathway
followed.

Figure 4.9:Spurious velocities at t= 1.0s due to cell-weighted density averaging (left). The
condition∇× (ρF) = 0 holds for the gravity-consistent density averaging (right). The oblique
line represents the free surface.

motion of fluid inside a tank (which is described in more detail in section 5.7), the spurious
velocities disappear and the description of the free surface improves, see figure 4.10. The sim-
ple density averaging method leads to an unphysically irregular free surface, while many small
droplets are visible in the air above the free surface, see figure 4.10(a). Furthermore, velocities
in the enclosed air above the free surface are relatively high compared with the flow velocities
in the liquid phase. When applying the gravity-consistent averaging method, the free surface is
smoother, see figure 4.10(b), and agrees much better with experimental results.
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(a) Simple density averaging.

−1.5 −1 −0.5 0 0.5 1 1.5
0

0.5

1

1.5

2

2.5

cfmat0510.dat (time is 5.1000e+01)

x−axis

z−
ax

is

(b) Gravity-consistent averaging

Figure 4.10:Effect of the density averaging method on the free surface for a regular sway
sloshing experiment with10%filling ratio.

4.5 Free surface description

As the free surface position is changing in time, the liquid filling ratiosFs and the free surface
labels have to be recomputed for every computational timestep. In principle, the free surface is
described by the equationFs(x, t) = 0, with the motion described by

DFs

Dt
=

∂Fs

∂ t
+u ·∇Fs = 0 (4.25)

The displacement of the free surface is done in two steps, first the free surface is reconstructed
and after that it is advected to the new position. For both steps the used approach is described
together with a few alternative methods. The displacement of the free surface for two-phase
flow is done in exactly the same way as for one-phase flow (see [34]).

4.5.1 Overview of description methods

Before describing the free surface reconstruction and advection in more detail, figure 4.11
shows a categorization of different interface descriptionmethods, based on [48]. Using the Eu-
lerian approach, the construction of the air-water interface is performed on a fixed grid [48, 59].
For Eulerian-Lagrangian methods, the interface is trackedusing a Lagrangian component.
Riemann solvers use an energy-type formulation to handle discontinuities such as density jumps
[36, 44]. The Riemann approach is particularly interesting for the simulation of flow effects on
small scales (where heat effects are important) and for the simulation of flows with the pres-
ence of shock waves. Concerning the Navier-Stokes equations, the discretisation needs to be
conservative (see section 3.2.1) to simulate flows where these discontinuities may occur.
VOF models use a Volume-Of-Fluid function to track the interface, see [32]. In COMFLOW,
a local height function is used to prevent flotsam and jetsam (unphysical droplets) during the
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Interface models

Eulerian Eulerian-Lagrangian

Riemann solvers VOF

DIM SIM

GFM Particle MethodsImmersed Boundary Level-Set

? ?

? ?

? ?

??? ?

Figure 4.11: Overview of different interface model categories.



64 Chapter 4. Free surface & density

free-surface advection (see section 4.5.2).
DIM (Diffusive Interface Method) models are smearing out the interface over more than one
grid cell, to create a smooth transition zone and to prevent discontinuities at the interface.
One of the DIM methods is the Immersed Boundary Method. The Immersed Boundary Method
considers an interface of a small non-zero thickness. At each timestep, the interface position
is advected in a Lagrangian way and a procedure to enforce mass conservation of the air phase
is applied [53, 37, 48]. Level-set methods [46] smear out theinterface and generate smooth
interfaces. The principal problem of level-set methods is their inability to ensure mass conser-
vation. Furthermore, level-set methods are not able to properly handle strongly distorted free
surfaces (wave breaking, aerated water), as a number of cells has to be used on both sides of
the free surface.
In contrast with Diffuse Interface Methods, Sharp Interface Methods (SIM) consider the inter-
face as a discontinuity separating two materials. Using theGhost Fluid Method (GFM), the
variables in each phase are extrapolated onto fictious ghostnodes located in the other phase,
after which the governing equations are solved in both phases separately [23]. Although prob-
lems with slow convergence of the pressure iteration due to the high liquid/gas density ratio are
reduced by using the GFM, the velocity extrapolation of the grid points near the interface in the
gas phase increases calculation times, keeping the computational costs at the same level [29].
Particle Methods seem to give good results for waves trapping air pockets [15], but they are
computationally very demanding as the number of particles needs to be very large to acquire a
solution accurate enough, especially in 3D cases.

In COMFLOW the Volume-Of-Fluid method is used because of the wide range of applications
and the demand for a sharp interface between both phases. This sharp interface is necessary to
accurately simulate two-phase flow phenomena like wave breaking and aerated water in case
of violent flow conditions, while still using a rather coarsegrid to limit computation times.

4.5.2 Free surface reconstruction

For the reconstruction of the free surface, a balance between the accuracy of the free surface
and the computational costs involved has to be maintained. Anumber of reconstruction meth-
ods are described below.

SLIC
The original VOF method as introduced by Hirt and Nichols [32] includes no explicit recon-
struction of the interface. Using Simple Linear Interface Calculation (SLIC) the interface only
consists of line segments that are constructed parallel or perpendicular to the major flow axes
(see the sketch in figure 4.13). With this approach there exist discontinuities of the free surface.
SLIC is used by a limited number of other two-phase flow methods such as [17, 31].

Local height function
A characteristic drawback of the SLIC method is the unphysical creation of flotsam (’floating
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wreckage’) and jetsam (’jettisoned goods’). These terms are appropriate for isolated, submesh-
size droplets disconnected from the free surface because oferrors induced by the free surface
reconstruction [41]. To prevent this flotsam and jetsam, a local height function has been in-
troduced earlier [27]. For the original VOF method without height function, the VOF-values
are rounded off at the end of the displacement algorithm (values below zero are reset to zero
and values above one are reset to one), leading to significantlosses in liquid mass. For the
dambreak experiment shown in section 5.6, for example, these losses are about 7% of the ini-
tial water mass [34].
To determine the local height function, first the orientation of the free surface is determined
(horizontal or vertical), depending on the values ofFs in the surrounding block of cells. After
that, the horizontal or vertical local height in each row or column in this block is determined
by summing the VOF fractions (see figure 4.12). The local height function is applied in a 3×3

0.0 0.0 0.0

0.0 0.2 0.7

0.6 0.9 1.0

h  = 1.1

h  = 1.7

h  = 0.6w

c

e

Figure 4.12: Construction of the local height function in a 3x3 block for a central S-cell.

block (in 2D) or a 3×3×3 block (in 3D) of cells surrounding a surface cell. Althoughother
numerical methods take more grid cells (e.g. 3×5 or 3×7 in [1]) into account to determine
the height function, using a 3×3(×3) block is sufficient in the current numerical method. This
is because the free surface is always captured in one grid cell (the central grid cell in figure
4.12). In figure 4.12, the orientation of the free surface is horizontal. When the free surface
would cut the upper and lower edge of the central grid cell in figure 4.12, the height function
is constructed in the horizontal instead of in the vertical direction. By using the local height
function, flotsam and jetsam are no longer present. Also, theloss of water is much smaller than
with the original VOF method [34].

PLIC
With Piecewise Linear Interface Calculation (PLIC) the interface is not constructed as a strictly
horizontal or vertical line, but as a straight line with a constant slope. In three dimensions, the
interface is represented by oblique planes. Using the piecewise linear reconstruction method,
introduced by Youngs [65], there are still free surface discontinuities at the cell edges and there
is a jump in the free surface angle at each cell edge. Implementation details can be found in
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[27]. Figure 4.13 shows the SLIC and PLIC method in the 2D plane. In three dimensions, the

SLIC

SLIC
PLIC

PLIC

Figure 4.13: Simple Linear Interface Calculation (SLIC) and Piecewise Linear Interface Cal-
culation (PLIC) for two adjacent grid cells.

implementation of the PLIC method is much more complicated than the SLIC method. The
merits of the PLIC method are in the improved preservation ofthe free surface for analytical
test problems such as e.g. a simple translation and the rotation of a slotted disk [34]. Although
the PLIC method has been implemented in 3D, the benefits of this reconstruction method in
terms of accuracy are too small compared to the much longer calculation times that are re-
quired for the reconstruction of the free surface. For this reason, the SLIC method is used in
combination with a local height function to reconstruct thefree surface.

Higher-order interpolation
Besides the SLIC and PLIC methods, there are more possibilities to reconstruct the free surface.
Based on the piecewise linear interface it is possible to use parabolic interpolation, cubic-spline
interpolation [28] or other higher-order interpolation methods to make the interface smooth. For
cubic spline interpolation the cell-centered value of the PLIC interface is used together with the
cell edge value to reconstruct a smooth interface without jumps in (the angle of) the free surface.

CIP method
The Constrained Interpolation Profile (CIP) method calculates the advection of the free surface
based on not only the transport equation for the fluid fraction, but also the transport equation
of its spatial gradient [33, 64]. This means that the interface is kept just as sharp as with other
methods. The interface shape is curved, depending on the direction of the interface displace-
ment.

4.5.3 Free surface advection

After reconstruction of the free surface, the new VOF function Fn+1
s is determined by cal-

culating fluxes over every cell face using a donor-acceptor method [32]. In principle, the flux
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through a cell face is calculated as the velocity times the area of the cell faceA and the timestep:

∆Fs = Fsu ·nA∆t (4.26)

This flux has to be corrected based on upstream and downstreamFs values as described in [32].
After the flux calculation, the VOF function is updated from time leveln to time leveln+ 1
using explicit time integration. For a 2D case this gives

Fn+1
s = Fn

s +
∆Fse +∆Fsn −∆Fsw −∆Fss

∆x∆y
, (4.27)

wheree, n, w ands refer to the east, north, west and south cell edges. For completely filled cells
and for empty cells away from the free surface, the sum of the fluxes is equal to zero leading to
unchanged VOF-values in eq. (4.27).

4.5.4 Aerated cells

Especially in case of more violent flow conditions, there maybe quite a lot of air present under
the free surface (see section 1.2), not only in simulations but also in model experiments and in
full scale situations. In most cases, this presence of air concerns small bubbles of subgrid size.
Refining the grid sufficiently to resolve the dynamics of individual air bubbles would be com-
putationally too expensive [38]. The cells located underneath the free surface containing small
bubbles are referred to as aerated cells. Aerated cells are labeled as Fluid (F−)cells and are
partially filled with the compressible second phase. While the free surface can be reconstructed
relatively easy for Surface (S−)cells (see section 4.5.2), the interface cannot be reconstructed
analogously for aerated Fluid cells. The filling ratio indicates the presence of (a number of)
bubbles that are smaller than a computational cell. The lackof information about the size and
position of the individual bubbles implies that no free surface can be distinguished inside the
cell. Figure 4.14 shows an example of aerated flow and sketches of an aerated cell. In fluid cells
the displacement algorithm in COMFLOW does not distinguish a free surface, and bubbles in
aerated cells are therefore not displaced. Using only the ordinary displacement algorithm, the
bubbles in aerated cells are not transported unless the freesurface is going through the cell. To
solve this problem, a useful approach is to regard the aerated cells as cells with one aggregated
bubble and subsequently advect this aggregated bubble withthe flow, taking the buoyancy ef-
fect of the bubbles into account.

Physical model

The dynamics of small bubbles is mainly affected by the localflow velocity u of the water in
the center of the grid cell where the bubble is located. For the position of a bubble at the new
time n+1 level this means that:

xn+1 = xn +u∆t (4.28)



68 Chapter 4. Free surface & density

(a) Highly aerated sloshing
flow

(b) Modeling many small
bubbles

(c) ...or modeling a single
aggregated bubble....

Figure 4.14: The number and location of bubbles in aerated cells cannot beestimated, as
individual bubbles are smaller than grid cells and only the overall liquid fraction Fs of the
cell is a known variable. Therefore, the bubbles are modeled in 3D as one aggregated cubical
bubble.

with xn+1 the new position,xn the old position and∆t the timestep.
Aside from the local (water) flow velocity, the buoyancy effect needs to be taken into account
[49]. Air bubbles have a much lower density than water and therefore are affected by a buoy-
ancy force, which only acts in the direction opposite to the gravity force. Without taking this
buoyancy into account, air bubbles would not move upwards ina water column in absence of
any liquid flow. To describe this effect an additional buoyancy term is added to eq. (4.28):

xn+1 = xn +u∆t − 1
2

g
ρl −ρg

ρl
∆t2 (4.29)

with g the gravity vector,ρl the liquid density andρg the gas density. The local gas densityρg

is related to the local gas pressure by the equation of state.
Including the local flow velocity and the buoyancy effect in the model for the bubble dynam-
ics does not represent the complete bubble dynamics. Drag effects and deviations from the
assumed cubical bubble shape are not included in the bubble model. It is assumed that this
is allowed as long as only the macroscopic bubble behaviour is of major interest for the flow
dynamics.

Numerical implementation: bubble detection

To detect bubblenb in a cell for the first time and to add this bubble to the list of bubbles, four
prerequisites need to be fulfilled:

• The cell needs to be a Fluid cell

• The air fraction needs to be significant, i.e.Fs(i, j,k) < Fb(i, j,k).

• No Surface cells are allowed adjacent to the current cell
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• No existing bubble is present in the current cell

x

y

xnb

nb
y

rnb

Figure 4.15: For every aerated cell the position of the bubble center and bubble width of bubble
nbare registered.

When a bubble is detected, the bubble center receives the coordinates(xnb,ynb,znb) of the center
of the current cell. The bubble is assumed to have a cubical shape to enable a proper displace-
ment through the Cartesian grid. The bubble width (rnb, see figure 4.15) is determined with the
value of the liquid fractionFs in the current cell:

rnb =
1
2
Vcell(i, j,k)(Fb(i, j,k)−Fs(i, j,k))

1
ndim (4.30)

with Vcell(i, j,k) the cell volume (or area for 2D simulations) of the grid cell(i, j,k) andndim

the number of dimensions of the simulation.

Numerical implementation: bubble displacement

After detection of a bubble it is advected by the flow. The average flow velocity in the grid
cell is interpolated between the flow velocities at the cell edges. Using eq. (4.29), the new
coordinates of the bubble center are calculated. The size ofthe bubble is assumed to remain
constant, however it is possible that part of the bubble is already advected into a neighbouring
cell (see figure 4.16 for a 1D-case). To calculate the proper liquid distribution over the current

hx(1) hx(2) hx(2) hx(3)hx(2)

Figure 4.16:Possible bubble locations in x-direction for a1D-case. The three-point array hx
registers the bubble fraction in the current and the two neighbouring cells.

cell and the neighbouring cells, the distanceshx(1), hx(2) andhx(3) are introduced (analogous
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for y- andz-direction) to correct theFs values for the moving bubble. To retain the volume of
the cubical bubble, the conditionrnb = 1

2(hx(1)+hx(2)+hx(3)) remains to be fulfilled.
For the other directions, the bubble displacement is treated in the same way. In some cases grid
cells can become overfilled (liquid fractionFs exceeds open fractionFb) or underfilled (subzero
liquid fractionFs). For overfilled cells the liquid is, when possible, advected to a neighbouring
cell. The choice of the neighbouring cell depends on the signand magnitude of the local flow
velocity. For underfilled cells, liquid is advected from oneof the neighbouring cells towards
the current cell by the displacement algorithm. As this advection strategy does not work in all
flow cases (for example near solid boundaries), the resulting mass losses or mass gains are an
undesirable side-effect of the displacement of individualbubbles.

Numerical implementation: bubble merging

The treatment of aerated cells is further complicated when (part of) a bubble enters a compu-
tational cell that already contains another bubble. Consider the situation when bubble 1 with
width r1 at positionx1 merges with bubble 2 with widthr2 at positionx2. When both bubbles
are advected to the same cell , they will merge and the new width rtot and positionxtot of the
aggregated bubble are given by

rtot =
1
2
((2r1)

ndim +(2r2)
ndim)

1
ndim (4.31)

xtot =
(2r1)

ndim

(2rtot)ndim
x1 +

(2r2)
ndim

(2rtot)ndim
x2 (4.32)

After merging, the second bubble is removed from the list of bubbles and the first bubble adopts
rtot andxtot.

Numerical implementation: bubble dissolution

Bubbles may be dissolved by deleting them from the list of bubbles. Bubbles are deleted when
at least one of the following conditions is fulfilled:

• The current cell is no longer a Fluid cell

• At least 3 neighbouring cells are Surface cells

• The air fraction is nearly zero, i.e.Fb(i, j,k) ≈ Fs(i, j,k).

• The number of bubbles in the current cell is larger than 1 (bubble merging)

The treatment of aerated cells by tracking individual bubbles in a list considerably increases
the computational costs of a simulation. For test cases where the behaviour of aerated cells
is problematic, it is worthwhile to apply the described method. Results of the aerated cell
treatment are shown for the test case of a rising bubble in section 5.3.
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4.6 Open boundaries

Thus far, the two-phase flow modeling has been described mainly for confined flows within
solid geometries. For many offshore applications, however, inflow and/or outflow boundary
conditions have to be specified. When waves enter the domain, some time-varying signal has
to be prescribed on a boundary. Imposing long-crested waveson a numerical domain has
been investigated earlier and in the COMFLOW program a number of options for wave input
according to regular wave theory have been implemented. Whenpropagating waves reach the
outflow boundary of the flow domain, they will partly reflect, forming an irregular wave pattern,
unless specific measures are taken to prevent reflection.

4.6.1 Inflow and outflow boundary conditions

The incoming wave at the inflow boundary is specified by prescribing the flow velocity and the
VOF function in the grid columnimin−1 ’upstream’ of the flow domain, see figure 4.17. The
inflow velocity u is prescribed by the Dirichlet boundary condition. Insteadof prescribing the
flow velocity of the incoming wave only, it is also possible toconstruct a user-defined incoming
wave as a superposition of cosines. Each of the components ofthis superpositioned wave is
characterized by amplitude, frequency, wave number and phase.

At the outflow boundary, the velocity in the grid columnimax+ 1 downstream of the flow

INFLOW OUTFLOW

v

u

p

u

v

imin−1

imin−1 imax+1

imax+1

imax+1

DOMAIN

Figure 4.17:Positioning of velocities at the inflow and positioning of velocities and pressures
at outflow.

domain has to be prescribed as well. Since this velocity is not positioned at the dashed line in
figure 4.17, but one cell width downstream from this actual boundary of the flow domain, the
pressure is needed as well in the outflow cellimax+1.
For the outflow boundary a number of boundary conditions can be applied. Using the straight-
forward Neumann boundary condition, the velocities, pressures and VOF functions are all de-
fined in the column of grid cells ’downstream’ of the flow domain.
Other outflow boundary conditions can be based on the wave equation:

∂φ
∂ t

+c
∂φ
∂x

= 0, (4.33)
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whereφ is any quantity that travels wave-like, such as velocity or pressure, andc is the wave
velocity. For the Sommerfeld outflow boundary condition, the wave velocityc at the outflow
boundary is chosen a priori, which is a suitable method for regular waves. For irregular waves
or waves which are deformed by an object, however, the Orlanski method is a better alternative
for the Sommerfeld method. Using this method, the wave velocity is calculated during every
timestep based on the local wave kinematics near the outflow boundary. This wave velocity is
calculated by averaging velocities over the water depth, making the Orlanski method a rather
inaccurate method [34].
An alternative for prescribing the wave velocity at the outflow is the use of a ’numerical beach’.
For this method a damping zone is created near the outflow boundary where the wave energy
is dissipated. To prevent Stokes drift [21], a hydrostatic pressure distribution is prescribed at
the outflow boundary. A numerical beach is a suitable method to prevent wave reflections, but
it enhances the domain by a number of wavelengths and therebythe required number of grid
cells. To overcome this disadvantage, a nonreflecting boundary condition is under development
at Delft University of Technology [58], as described below.

4.6.2 Absorbing boundary condition

For irregular waves, each outgoing wave component propagates with a different phase velocity,
since water is a dispersive medium. As mentioned above, the Sommerfeld method prescribes
the total phase velocityc at the outflow boundary (see eq. (4.33)), while the Orlanski method
uses a ’dynamic’ (but rather unstable) approach to determine the phase velocity.
To create an absorbing (nonreflecting) boundary condition,the phase velocityc is not deter-
mined dynamically, but it is resolved by using a combinationof derivatives of the velocity and
dynamical pressure along the vertical and an approximated dispersion relation [58]. The phase
velocity is estimated in three steps:

• Approximation of the phase velocity of each wave component:

ci =
√

gh

√

tanh(kih)

kih
≈

√

gh
1+α(kih)2

1+β (kih)2 (4.34)

with wave numberki, water depthh and adjustable parametersα andβ .

• Introduction of second derivatives of the horizontal velocity and dynamic pressure, as-
suming an exponential decrease from the free surfaceu ekiz, allows to compute the wave
number by means of

k2
i ui =

∂ 2ui

∂z2 (4.35)

• Substitution of these second derivatives into eq. (4.34) toapproximate the phase velocity
ci of each wave component.



4.6 Open boundaries 73

After the third step, the phase velocities of all wave componentsi are substituted in the outflow
boundary condition of type (4.33). The absorbing boundary condition is applied to minimize
reflections against outflow boundaries, making it possible to locate the outflow boundary close
to the flow area of interest.





Chapter 5

Results for offshore applications

5.1 Introduction

Before the numerical method can be used for offshore applications, it has to be validated for a
wide range of test cases. The model has already been tested for a number of offshore test cases
considering one-phase flow [34]. Examples of these test cases are green water loading, bow
slamming and wedge entry. For all these applications, two-phase flow effects may be important
to take into account in the numerical simulation. The secondphase influences the fluid flow
by air entrapment and air entrainment, while modeling air instead of vacuum as a viscous and
’heavy’ medium also affects the flow pattern near the free surface in case of calm flow condi-
tions. The relevance of the second phase strongly depends onthe geometry and scale of the test
case and will be determined for a number of test problems in this chapter.

The approach in this chapter is to start with some relativelysimple verification tests. After
that, the physical complexity of the test cases is graduallyincreased. The last sections concern
the validation employing results of model experiments thathave been carried out within the
COMFLOW2-project.
The first test case, a 1D water piston, is one of the simplest two-phase flow test cases. The fluid
configuration during this test can easily be compared with the analytical solution.
For the second test case, a rising bubble, the analogy with analytical formulas still holds to
some extent. However, this is a 3D test case for which the bubble flow physics strongly de-
pends on the Reynolds and Eötvös numbers.
A test case including a moving object is the entry of a circular disc into water. After entry of the
disc into the water, a large air bubble develops, requiring an accurate two-phase flow descrip-
tion. For this test case, a visual comparison between simulation and experimental photographs
is made.
As has been mentioned earlier, liquid motion damping due to artificial viscosity is an important
issue, especially for wave propagation. The propagation ofa nonlinear Rienecker-Fenton wave
is investigated for different numerical schemes.
A number of test cases have been compared with experimental data from tests on model scale.
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The classical dambreak experiment was already described in[34]. In the present study, also the
two-phase flow simulations are validated with results of this model experiment. The effect of
the second phase is investigated by varying geometry and discretisation.
Sloshing experiments show a more complex mixture of the two phases. These experiments
have been carried out on a large 1:10 scale, and the simulations have been validated for dif-
ferent tank filling ratios and motion time series. Besides thefluid configurations, particular
attention is paid to the pressure development at the tank walls in relation with two-phase flow
phenomena like air entrapment and air entrainment.
Another experimental test case is the run-up against a semi-submersible structure. For differ-
ent prescribed waves, the water heights around and the pressure levels on this structure are
compared with the values of the model experiment.

5.2 1D Water piston

As a first test case for the two-phase flow model, a one-dimensional fluid configuration is
considered. Due to the gravity vector pointing downwards, awater mass, initially at rest,
accelerates downwards while entrapping a volume of air, seefigure 5.1. The top boundary of
the flow domain is open. Due to the large dimensions the test case is momentum-driven. Hence,

4 m

2 m

10 m

4 m

gz

Figure 5.1:1D schematisation of a falling water mass.

diffusive effects and surface tension forces can be neglected in the analysis.
After releasing the water mass, the air below it is compressed until the pressure in the entrapped
air equals the pressure at the lower edge of the water mass. Although this is the physical
behaviour of a falling water mass, the numerical behaviour strongly depends on the properties
of the second phase in the model. The simulation has been carried out on a grid of 10 cells for
one-phase flow, incompressible two-phase flow and compressible two-phase flow, giving the
following results:

• One-phase flow: second phase is vacuum, water mass falls towards bottom.

• Incompressible two-phase flow: second phase is incompressible, water position does not
change at all, hydrostatic pressure distribution as in the left of figure 5.2.
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• Compressible two-phase flow: oscillatory motion of the watermass compressing the air
(see the right of figure 5.2).

For compressible two-phase flow the air below the water mass is compressed due to the hy-
drostatic pressure at the lower boundary of the water mass. On the long term, the pressure
in the entrapped air will be equal to the (hydrostatic) pressure at the lower boundary of the
water mass and the water mass will be at rest. Before having this equilibrium, an oscillatory
behaviour of the water mass is visible, as shown in the right of figure 5.2. The oscillation am-
plitude gradually decreases in time due to both the physicaland the artificial viscosity of the air
as a result of the applied first-order upwind scheme. The finalposition of the water mass in the

Figure 5.2:Pressure development(p− patm) over the water depth for the incompressible two-
phase flow simulation (left) and height of the lower water boundary for the compressible two-
phase flow simulation (right),γ = 1.

right of figure 5.2 is confirmed by the lawpVγ
air =constant for isentropic flow of an ideal gas,

as the pressure in the entrapped air is eventuallypair = patm+40kPa= 140kPa for a volume
of

(100
140

)
Vair,0 =

(100
140

)
4≈ 2.8 m3.

5.3 Rising bubble

Rising bubbles are subject of research in many numerical and experimental studies [49, 52].
For offshore applications, the behaviour of larger bubblesand air pockets is of particular inter-
est. To study the dynamic behaviour of an air pocket in relatively simple circumstances, an air
pocket is released under water to rise upwards towards the free surface. The spherical bubble
is defined in the numerical model analogous to a solid spherical object. The initial bubble ge-
ometry is shown in figure 5.3.
The bubble has a diameter of 0.5m and is released from a position 1.5m below the mean water
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level. The densities of both phases areρ1 = 1000kgm−3 andρ2 = 1 kgm−3, while the viscosi-
ties areµ1 = 1.0 ·10−3 kgm−1s−1 andµ2 = 1.7 ·10−5 kgm−1s−1, respectively. A realistic sur-
face tension value ofσ = 7.3 ·10−2 Nm−1 is used. Using these values for the physical proper-
ties of both fluids, it is clear that inertial effects dominate viscous effects, as the Reynolds num-
ber isO(106), based on velocities deduced from figure 5.4. Furthermore, gravitational forces

are much larger than surface tension forces, since the Eötvös number isEo= ρl gd2

σ = O(105),
with bubble diameterd. For these numbers, the spherical bubble should get a skirted spherical-
cap shape when rising towards the free surface [13]. The simulation is carried out for incom-

Figure 5.3:Initial fluid configuration (3D and 2D cross-section) for therising bubble test case.

pressible two-phase flow on a grid of 40×40×120 cells. Taking compressibility effects into
account, it would be necessary to increase the surface tension to a value far from realistic in
order to prevent the bubble from being fragmented and compressed instantly. Figure 5.4 shows
some snapshots of the rising bubble.
As visible in figure 5.4, the spherical bubble shape gradually changes into a skirted shape. The
buoyancy effect, as described for aerated cells in section 4.5.4, is the physical phenomenon
causing the bubble to move upwards. Comparing the bubble center positions in the snapshots
in figure 5.4 with eq. (4.29), the upward motion of the bubble can indeed be attributed to the
buoyancy effect. As soon as the skirted bubble approaches the free surface it decelerates (drag
effect), as visible in the last snapshots in figure 5.4. An approach for the treatment of aerated
cells has been introduced in section 4.5.4. The rising bubble test is a typical case that could
benefit from this aerated cell treatment. In the last two snapshots in figure 5.4 it is visible that
small pieces of air leave behind in the wake of the rising bubble. These ’static’ pieces of air,
which are smaller than one grid cell, are not advected by the ordinary displacement algorithm.
Figure 5.5(a) shows that there are quite a lot of aerated cells present in the wake of the rising
bubble.
The treatment of aerated cells as described in section 4.5.4advects these aerated cells with the
flow, taking the buoyancy effect into account. All bubbles are registered in a list, where they
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(a) t = 0.0s (b) t = 0.1s (c) t = 0.2s (d) t = 0.3s

(e) t = 0.4s (f) t = 0.5s (g) t = 0.6s (h) t = 0.7s

Figure 5.4:Snapshots of the rising bubble test case, t= 0.0s to t= 0.7s.

are regarded as individual entities. The positive effect ofthe aerated cell treatment is shown
in figure 5.5(b). The aerated cells are no longer static and gradually move upwards, together
with the rising bubble. The administration of all bubbles isonly worthwhile when the static
behaviour of aerated cells is regarded as a significant problem. The advection of aerated cells
is especially difficult (and therefore less robust) around cut cells, while the major increase in
computational effort is an important drawback of the application of the aerated cell treatment.

5.4 Disc entry

Another (but very different) bubble case is the entry of a solid disc moving downwards through
the free surface in a box filled with water. The experimental results of this case have been
described in Bergmann et al. [4]. A solid disc with a radius of 30mmmoves with a prescribed
constant velocity of 1.0ms−1 downwards from an initial position just above(5mm) the free
surface. The squared box limiting the flow domain measures 0.48× 0.48m and has a water
depth of 0.5m. By quickly pulling the disc through the free surface, an air pocket develops
behind the disc, which creates an upward and a downward jet after collapse. Measurement data
(snapshots and movie) of this experiment have been obtainedfrom the University of Twente
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(a) without aerated cell
treatment

(b) with aerated cell
treatment

Figure 5.5:Cell filling ratio for the rising bubble at t= 0.7s. Advecting aerated cells results in
less ’static’ mixed cells in the wake of the rising bubble (see5.5(b)).

[4].
Some interesting stages in the experiment are shown in figure5.6:

• Just before the disc touches the free surface, the air in the gap between disc and free
surface has to move away rapidly in horizontal direction (figure 5.6(a))

• After touching the free surface, the free surface develops towards a wedge shape (figure
5.6(b))

• Surface tension is not able to sustain this wedge and after some time a ’neck’ shape is
clearly visible (figure 5.6(c))

• The neck breaks and the entrapped air pocket behind the disc moves downwards with the
disc (figure 5.6(d))

• Soon after breaking the neck, a downward jet inside the air pocket and an upward jet at
the free surface are clearly visible (figure 5.6(e))

As only snapshots are available from the experiment, a visual comparison between simulation
and experiment has been made. The second part of figure 5.6 shows the free surface for the
corresponding 3D simulation. The simulation has been carried out on a grid of 100×100×100
cells, associated with a horizontal and vertical grid spacing of 5mm. The agreement between
the snapshots of experiment and simulation in figure 5.6 is reasonably good and there is hardly
a lag in time between the interesting flow phenomena in experiment and simulation (compare
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(a) t = 0.005s (b) t = 0.025s (c) t = 0.106s (d) t = 0.132s (e) t = 0.204s

(f) t = 0.005s (g) t = 0.024s (h) t = 0.104s (i) t = 0.130s (j) t = 0.144s

Figure 5.6:Snapshots of the disc entry experiment and the corresponding numerical simulation.
Note that the last experimental snapshot has been zoomed out to visualize the upward liquid
jet.

figure 5.6(a)-5.6(d) with figure 5.6(f)-5.6(i)). Only afterbreakup of the air neck (figure 5.6(e)
and figure 5.6(j)), the air pocket dissolves much quicker in the simulation than in the experi-
ment. High velocities in the air are present just before the disc touches the free surface (figure
5.6(f)) and just before the air neck breaks (figure 5.6(i)). The velocity fields for these fluid
configurations are shown in figure 5.7. The horizontal velocities in the air gap between the

Figure 5.7:Examples of velocity fields in a xz cross-section (y= 0.0) for the disc entry case:
high horizontal velocities in the air gap between disc and free surface (left, t= 0.003s) and
high vertical velocities just before breaking of the air ’neck’ (right, t = 0.13s).
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disc and the free surface rise to about 6ms−1. The velocities in the air gap are not high enough
to generate shock effects, because of the moderate velocityof the disc and the 3D grid. The
velocities in the air ’neck’ are also high (up to 20ms−1), showing a rapid escape of air from the
air pocket through the neck towards the free surface. The upward jet a short time later, visible
in figure 5.6(j), is an indirect result of these high velocities in the neck.
The simulation of the disc entry has also been carried out as the entry of a flat plate on a 2D
grid of 100×1×100 cells. Neglecting the third dimension is apparently nota good choice for
this test problem, as the results of this 2D simulation are very different from the results of the
3D simulation. For the 2D calculation, there is a significanttime lag between simulation and
experiment (flow phenomena in the simulation occur too late). Furthermore, the air velocities
are much higher (≈ 20ms−1) just before the disc touches the free surface (in comparison with
the left of figure 5.7) and much lower (≈ 6ms−1) in the air neck (in comparison with the right
of figure 5.7).
To study the importance of two-phase flow effects, a 3D simulation has also been carried out

(a) t = 0.005s (b) t = 0.020s (c) t = 0.024s (d) t = 0.030s

Figure 5.8: Snapshots of the single-phase simulation of the disc entry case. Note that the
vacuum in the wake of the disc is filled with liquid almost immediately after water entry of the
disc.

for one-phase flow. Some snapshots of the corresponding one-phase flow simulation are shown
in figure 5.8. Just after water entry of the disc, a bump in the free surface is visible in figure
5.8(b). However, this bump in the wake of the disc is not sustained during the simulation and
the vacuum behind the disc is very quickly replaced by liquid, see figure 5.8(c). After that,
the disc continues its downward movement, while the free surface is again horizontal (see fig-
ure 5.8(d)). Therefore, it is necessary to perform a two-phase flow simulation to be able to
reproduce the experimental results of the disc entry experiment.

5.5 Wave propagation: Rienecker-Fenton wave

The preceding test cases concerned confined flows within a closed domain. However, many off-
shore test problems require open boundaries for the propagation of waves through the domain.
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To test the wave propagation properties of the two-phase flowmodel, a nonlinear Rienecker-
Fenton wave is modeled. This wave is constructed by using a finite Fourier series to give
a set of equations that can be solved using Newton’s method [42]. The only approximation
for a Rienecker-Fenton wave is the truncation of this Fourierseries. The advantages of the
Rienecker-Fenton wave compared to other wave theories are its applicability to all wavelengths
and the possibility to describe the propagation of steep nonlinear waves.
To test the propagation of a Rienecker-Fenton wave in COMFLOW, a domain length of 2500m
is chosen in combination with a water depth of 30.0m. By using 2500×1×45 grid cells, the
grid spacing is 1.0m on average. The grid is stretched inz-direction starting from the free sur-
face with a stretching factor of 1.1. In this way, the wave is covered by 12−15 grid cells in
z-direction. The wave height is 3.0m and the wave period is 6.0s. Increasing the amplitude of
the Rienecker-Fenton wave is allowed to some extent, as long as the wave does not break. Sim-
ulations have been carried out for breaking Rienecker-Fenton waves, but then the wave height
and wave energy decrease considerably after wave breaking.The nonlinear wave is multiplied
by a ramp function, resulting in a zero wave height during thefirst two seconds of the simula-
tion, after which it takes 3 wave periods to reach the full wave height. The simulation finishes at
t = 200s to prevent from disturbances due to reflections at the outflowboundary. Since this test

Figure 5.9: Wave geometry near the inflow boundary for the two-phase flow simulation at
t = 150s (left), and wave height development at the inflow (right).

case can be regarded as shallow-water flow, the fastest-traveling wave component propagates
by c =

√
gh≈ 17ms−1 through the flow domain. The domain length has been chosen in such

a way that this fastest traveling wave component does not disturb the flow at the locations that
are studied.
Figure 5.9 shows a plot of the free surface near the inflow boundary during the simulation
and a time series of the incoming wave. As the wave motion at the inflow boundary is peri-
odic with constant wave height (see the right of figure 5.9), the wave height as a function of
space physically should only decrease due to the (physical)fluid viscosity. Since the flow is
momentum-driven, this damping due to the viscosity should remain small.
In figure 5.10(a), the wave height is displayed on log scale for different simulations as a func-
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tion of the distance from the inflow boundary. As long as a stretched grid is used inz-direction,
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Figure 5.10:Wave height development for a Rienecker-Fenton wave on a stretched grid (a) and
wave energy content as a function of distance from the inflow (b).

the wave damping properties are acceptable for one-phase flow simulations and for a two-phase
flow simulation using the B3 scheme. When the first-order B2 scheme is used for a two-phase
flow simulation, the artificial viscosity of the air, which isproportional touh

2 , leads to a strong
damping of the wave motion. According to figure 5.10(a), the wave damping is reduced con-
siderably by reducing the artificial diffusion. Another reason for wave damping might be the
free surface displacement algorithm, which has been described in section 4.5.
Monitoring the kinetic energy evolution instead of the waveheight only is an alternative method
to study the wave damping properties. Figure 5.10(b) shows the wave energy as a function of
space. Moving away from the inflow boundary, the wave energy decreases for all simulations.
Again, applying the first-order B2 scheme for two-phase flow results in more wave damping.

5.6 Dambreak experiment

As a first experimental test case, the numerical method has been validated on experimental re-
sults of dambreak flows. The experiments have been carried out at MARIN. Dambreak flows
can be regarded as a simple model of green water flow on the deckof a ship. The measurement
setup consists of a tank of 3.22 by 1.0 by 1.0 meter with an open roof [35]. The right part of the
tank is first closed by a door. Behind the door, 0.55 meter of water is waiting to flow into the
tank when the door is opened. This is done by releasing a weight, which almost instantaneously
pulls up the door. In the tank a box has been placed representing a scale model of a container
on the deck of a ship. During the experiments, measurements have been performed of water
heights, pressures and forces. To measure the water height,four vertical wave probes are used
(see figure 5.11(a)). The small box is covered by eight pressure sensors, four on the front of the
box and four on the top (see figure 5.11(b)). After pulling up the door, the water flows quickly
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(a) Water height probes (b) Pressure sensors

Figure 5.11:Positioning of water height probes and pressure sensors for the dambreak experi-
ment.

towards the box. The small box is flooded and a significant run-up against the left tank wall
(x = 0.0m) is visible. After running up against the left tank wall, the water ’front’ is moving
back and forth, showing a gradual tendency towards a steady situation with a horizontal free
surface. The numerical simulations have been carried out for a period of 6.0s real time. A rela-
tively fine grid of 236×76×68 has been used. Some snapshots of simulation and experiment
are shown in figure 5.12.
These snapshots of the simulation have been compared with the experimental snapshots, show-
ing a good agreement. The ripples on the free surface, visible in the snapshots of the simulation,
are caused by postprocessing.
In terms of air entrapment, the role of the second phase in thephysics of the dambreak experi-
ment is relatively small. No significant amount of air is entrapped at the left tank wall, while the
roof of the tank is open, resulting in a large volume of air present above the breaking dam flow.
Figure 5.13 shows a comparison of the water height development for the experiment and differ-
ent simulations in the water reservoir (H4) and just in frontof the box (H2), see figure 5.11(a)
for the positions. For the spatial discretisation, in the one-phase flow simulation the first-order
upwind scheme is used, while the two-phase flow version has been run with both a first- and
second-order upwind scheme. Comparisons between a previousone-phase version and the ex-
periment for the same wave probes have been described in [34]. With respect to the water
heights, the overall agreement of simulation and experiment in figure 5.13 is good, although
there are significant differences between the various simulations. The dambreak front moves
slightly slower towards the box in the two-phase flow simulation with the first-order upwind
(B2) scheme, compared to the one-phase flow simulation and theexperiment. This slower
movement of the dambreak front is related to the presence of air around the dambreak front.
The air as a second fluid in two-phase flow simulations is more viscous and heavier than the
vacuum in single-phase simulations. The deceleration of the dambreak front by the air phase
could be addressed to both inertial and viscous effects. To further investigate the deceleration
of the dambreak front, the dambreak simulation has been carried out again with either a lower
air density (ρ = 0.1kgm−3) or a lower physical air viscosity (µ2 = 1.7 ·10−8kgm−1s−1). The
effects of the air density and the (physical) air viscosity on the wave front velocity appeared to
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(a) t = 0.0s (b) t = 0.72s

(c) t = 1.14s (d)

Figure 5.12:Snapshots of the dambreak experiment. Initial liquid configuration (a), run-up
against the block for simulation (b), run-up against the left tank wall (c) and experiment (d).
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Figure 5.13:Water height development in front of the box (H2) and in the reservoir (H4).

be very small.
However, the air viscosity in the two-phase flow simulation is strongly enhanced due to the
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upwind spatial discretisation, which has been described insection 3.3. For the two-phase flow
simulation applying the first-order upwind scheme, the diffusion coefficient in the air increases
by the artificial diffusion coefficientka = uh

2 . This leads to an increase of the viscosity in the
second phase to a value that may outnumber the physical viscosity of the air. The effect of

0 1 2 3 4 5 6 7
−1

0

1

2

3

4

5
x 10

4

P
re

ss
ur

e 
le

ve
l (

P
a)

time (s)

Pressure level in probe P01, dambreak

 

 

1 phase B2
2 phase compressible B2
2 phase compressible B3
experiment

0 1 2 3 4 5 6 7
−2000

0

2000

4000

6000

8000

10000

12000

P
re

ss
ur

e 
le

ve
l (

P
a)

time (s)

Pressure level in probe P03, dambreak

 

 

1 phase B2
2 phase compressible B2
2 phase compressible B3
experiment

1 2 3 4 5 6

−1000

0

1000

2000

3000

4000

5000

P
re

ss
ur

e 
le

ve
l (

P
a)

time (s)

Pressure level in probe P05, dambreak

 

 

1 phase B2
2 phase compressible B2
2 phase compressible B3
experiment

1 2 3 4 5 6

−1000

0

1000

2000

3000

4000

5000

P
re

ss
ur

e 
le

ve
l (

P
a)

time (s)

Pressure level in probe P07, dambreak

 

 

1 phase B2
2 phase compressible B2
2 phase compressible B3
experiment

Figure 5.14:Pressure signals for four of the transducers on the box (P1, P3, P5, P7).

this artificial viscosity on the deceleration of the dambreak front seems to be more important
than the physical air viscosity. To test this, the results ofthe simulation based on the first-
order upwind scheme are compared with the results of the corresponding simulation based on
the second-order upwind scheme. The second-order upwind (B3) scheme, which is character-
ized by less artificial diffusion than the first-order (B2) upwind scheme, shows a significantly
smaller ’time lag’ between simulation and experiment, see figure 5.13. This indicates that arti-
ficial viscosity plays a much more important role in damping the air motion than the physical
viscosity and density.

Not only the water heights, but also the pressure development around the box is investigated.
Figure 5.14 shows the pressure development for different transducers on the box in the dambreak
flow. Pressure spikes are visible at all transducers, however, the two-phase flow simulations
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only show a clear pressure spike at pressure transducerP1 during the initial wave impact. The
one-phase flow simulation shows much more pressure spikes for all transducers. At least some
of these spikes are caused by rapid changes in cell labeling in the numerical method.
To clarify the effect of cell labeling on pressure spikes, the spike att ≈ 1.32s in figure 5.14
(clearly visible forP3, P5 andP7) has been studied in more detail [60]. Figure 5.15 shows the
pressure values in a 2D cross-section(y= 0.0m) around the small box, one timestep before and
at the instant of the pressure spike. Due to the violent fluid motion, many topological changes
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Figure 5.15:The pressure spike at t= 1.3286s visible in snapshot2214is caused by the changes
in cell labeling one time step before. The transition from timestep2212to timestep2213gener-
ates mass conservation problems, resulting in a pressure spike. The symbols F, S and E denote
Fluid, Surface and Empty cells, see section 4.1.2.

occur within a single timestep (att = 1.3278s) in the numerical simulation. For the Empty and
Surface cells in the one-phase flow model, mass conservationis not required by the numerical
algorithm. Due to the rapid transition from Empty cells and Surface cells to Fluid cells (see the
circumlined air bubble in figure 5.15), the pressure has to ’work’ to achieve mass conservation
in the newly created Fluid cells. This ’work’ manifests itself in a spike in the pressure signal
of the one-phase flow model att = 1.3286s. For the two-phase flow model with compressible
air, mass conservation is also applied to the Empty and Surface Cells. This prevents the model
from generating pressure spikes as a result of changing celllabels.

Regarding the snapshots shown in figure 5.12, the assumption could be made that, although
the flow is violent, the effect of air entrapment is relatively small compared to other sloshing



5.7 Sloshing experiment 89

tests (see section 5.7). To test the importance of entrappedair, a grid refinement study is carried
out and the effect of raising the ceiling (to create more air cells above the dambreak flow) is
studied.
Figure 5.16(a) shows the effect of the grid spacing on the pressure signal in the numerical sim-
ulation. Using a very coarse grid of 59×19×17 cells gives inaccurate results since the water
front reaches the pressure transducer 0.2s later than in the experiment and the pressure peak is
too low. The second pressure peak, observed in the experiment att = 4.7s, is almost one second
later in the simulation. Refining the grid to 118×38×34 cells already helps to improve the
agreement between simulation and experiment, but there is still a time lag of 0.1s for the first
and a time lag of 0.5s for the second pressure peak. Further grid refinement slightly reduces
these time lags, but they do not fully disappear, while the initial pressure peak increases to
values above the experimental values.
Using the B3 scheme reduces the time lags between simulation and experiment. Even for the
relatively coarse grid of 118×38×34 cells, this time lag decreases to 0.06s for the first pres-
sure peak and to 0.2s for the second pressure peak (see also figure 5.14). The effect of raising
the ceiling (with no-slip boundary condition) from 1.0m to 2.0mor 4.0m is hardly visible in the
pressure signal of transducerP1, see figure 5.16(b). Therefore, the air seems to have enough
space to ’breath’ and the effect of the dynamics of the air above the dambreak flow on the
dambreak flow itself is small. So it is sufficient to keep the top boundary of the calculation
domain at 1.0m to model the dynamic behaviour of the compressible air properly.
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Figure 5.16:Effects of grid refinement (a) and raising of the tank ceiling(b) on the pressure
level at transducer P1.

5.7 Sloshing experiment

In this section the validation of the numerical model on sloshing in LNG tanks is described.
First results of this validation study have been published in [61, 62]. The fluid behaviour in
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partially-filled LNG tanks needs investigation, as the fluidmotion may lead to high impact
loads on the tank walls. To study this sloshing behaviour, both numerical simulations and
model scale experiments have been carried out within the COMFLOW-2 project.

Sloshing test setup
The model experiments use water as liquid phase instead of LNG, since the primary goal of
the model experiments is to generate validation material for COMFLOW. To match simulation
and experiment, the numerical simulations are carried out on the same scale (1:10) as the model
experiments. The experimental setup has been designed to resemble a 30cmwide cross-section
of an LNG tank. Prior to the tests at DNV (Det Norske Veritas) in Oslo, the entire test setup
(except the oscillator to move the tank) has been built and verified at MARIN [10].
The sloshing tank model was based on an LNG tank inside a No. 96LNG carrier. The inner
side of the tank (the part open to fluid) has a width of 3897mmand a height of 2697mmon
model scale. The tank is filled with water, while the front side and back side are made of per-
spex to enable visualisation of the fluid motion inside the tank. As visible in the left of figure

L = 3.9 m

H = 2.697 m

0.4384 m

0.4384 m

0.8384 m

0.8384 m

x
y

z

Figure 5.17:Picture of the setup for the sloshing model experiments and location of the mea-
surement panels for the pressure transducers.

5.17, the side walls of the sloshing tank are equipped with a number of measurement panels
for a total of 14 pressure transducers with a sampling rate of10kHz. Depending on the tank
filling ratio, the transducers were placed in different positions. The water height in the tank is
measured by means of 12 resistance type wave probes (sampling rate 100Hz), which are glued
to the perspex side wall of the tank. Besides water heights andpressures, also accelerations
(input for the simulations) and the water temperature were measured in the tank. The tests
were visualized using a high-speed camera (100/200Hz) and a digital colour camera (25Hz).

Test program
A total number of 27 tests has been carried out to measure the sloshing motion for different
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types of tank motion and tank filling ratios. Each test was conducted for about 20 minutes
to minimize statistical uncertainties for regular motion time traces and to detect and measure
exceptional fluid behaviour and loadings for irregular motion time traces. The irregular global
time traces, being input to the control system of the sloshing tank, are based on theoretical mo-
tion response functions of the LNG carrier in beam seas. Heave motions could not be generated
by the oscillator, but these are less important for sloshing. The treatment of the motion time
traces as an input for the simulations will be discussed below.
The global motion time traces are characterized as either regular sway, regular roll, regular sway
and roll or irregular sway and roll. The oscillation periodson full-scale vary fromTp = 3.1s to
Tp = 16.2s, covering a wide range of wave conditions. The results of simulations and experi-
ments for low-filling ratios (10% and 25%) and for high fillingratios (70% and 95%) will be
discussed below.

Motion time traces
During the model experiments, sway and roll motion of the sloshing tank are measured at the
tank rotation point, 1035mmabove the tank bottom. These global motion time traces of thetank
are used as input for the simulations. The global motion of the tank is modeled as a moving
coordinate frame in the simulations to ensure similar conditions for simulation and experiment.
For the simulations, not only the position but also the tank velocity and acceleration (both lin-
ear and angular) are required as input for COMFLOW. Considering a measurement time series
consisting ofi points with horizontal tank positionxi, a straightforward method is to differenti-
ate the tank position centrally to acquire the velocity and acceleration time series:

ui =
xi+1−xi−1

2dt
, ai =

xi+1−2xi +xi−1

dt2
(5.1)

with velocity u, accelerationa and measurement frequency 1/dt. The advantage of a narrow
differentiation stencil is that all physical oscillationsin the displacement time series are still
visible in the velocity and acceleration time series. However, artificial oscillations will also
develop due to the differentiation, in particular for the acceleration time series. This is clearly
visible in figure 5.18(a), showing a spiky acceleration signal for a relatively smooth motion
signal. To test whether the oscillations in the acceleration signal are physical, the Fourier spec-
trum of the signal has been determined by a Fast Fourier Transformation. The Fourier spectrum
in figure 5.18(b) shows 4 clear low-frequent peaks, while there are also many smaller high-
frequent peaks present. Note that the high-frequent oscillations of the motion time series have
been cut off at a frequency of 16Hz in the experimental data to get rid of point-to-point oscilla-
tions. The spiky acceleration signal shown in figure 5.18(a)results in an artificially ’pulsating’
virtual body force on the sloshing tank in the simulation. Extending the differentiation stencil
is a way to damp the artificial spikes in the acceleration signal. Some guidelines for extending
the differentiation stencil have been given in Anderssen [2]. According to these guidelines, the
velocity time series is defined by

ui =
∑r

k=−r kxi+k

2dt∑r
k=1k2 (5.2)
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Figure 5.18:(a) Motion signal of the sloshing tank for a typical period inthe37820001 038
test. The short-period oscillations in the acceleration signal appear to be artificial. (b) Fourier
spectrum for the3-point central differentiation stencil. The spectrum has been cut off at16Hz
by filtering and shows many small high-frequent peaks.

with the value ofr depending on the width of the stencil. For an eleven-point stencil, for exam-
ple, r = 5. This stencil is first used to determine the velocity time series, after that the acceler-
ation time series is derived from the velocity time series inthe same manner. The effect of the
11-point stencil on the motion signal is shown in figure 5.19(a). The strong oscillations in the
acceleration, present for a narrow stencil, are hardly visible anymore. The Fourier spectrum for
this stencil is given in figure 5.19(b). The height of the low-frequent peaks is almost unchanged,
while the high-frequent oscillations have almost vanished. Further widening the differentiation
stencil makes the acceleration signal even more smooth, butthen the low-frequent (physical)
oscillations are considerably damped as well. Extending the stencil from 9 to 11 points hardly
reduces the low-frequent peaks, but going from an 11-point to a 13-point stencil reduces the
four low-frequency peaks in figure 5.19(b) by a factor 2. Therefore, an 11-point differentiation
stencil is applied to generate the velocity and acceleration time series.

Fluid behaviour for regular sway motion - filling ratio 10%
A number of experiments have been carried out for the lowest filling ratio of 10%. The fluid
motion for this filling ratio has been investigated by experiment and simulation for the cases
of regular sway motion, which will be described first, and forirregular sway and roll motion,
which will be described later. The regular sway motion of thetank is not completely harmonic
(although the motion input to the oscillator was harmonic),due to the hydraulic system of the
oscillator and due to the large inertial forces applied by the liquid containment system on the
oscillator [10]. In the simulation, the measured time traces of the oscillator are used as input,
so the non-harmonic motion provides no additional difficulties when comparing simulation and
experiment. The oscillation period for the regular sway case 37820002 009 is 11.0s on full
scale and about 3.0s in the experiment, resulting in about 400 impacts on each side wall during
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Figure 5.19: (a) Motion signal for 11-point differentiation. The high-frequency oscillations
in acceleration are not visible anymore. (b) Fourier spectrum for the11-point stencil. The
higher-frequency peaks are much lower compared to figure 5.18, while the height of the first
four peaks hardly decreased.

the 20-minute experiment. Figure 5.20 shows two video frames of the high-speed camera for

(a) (b)

Figure 5.20: Video frames of10% filling ratio regular sway test37820002 009: (a) bore
(frame4614) and (b) wave run-up (frame5971).

this 10% filling ratio test. Compared to other tests with higher filling ratios and/or irregular
tank motion, the fluid motion is less violent. The regular sway tank motion induces a bore after
reversing the direction of motion (fig. 5.20(a)), while run-up against the tank wall is clearly
visible as well (fig. 5.20(b)).
The experimental data have been compared with numerical simulations on a grid of 195×1×
135 cells, i.e. a grid spacing of 2.0cm. The effect of the grid spacing on the water height predic-
tion will be described below. Computation times vary considerably depending on the number
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of phases in the model and the applied spatial discretisation scheme. Typical time steps are
of the order of 1.0 · 10−3s. On a 1GB 2.8GHz Pentium4 machine it takes about 2 hours to
simulate one minute of sloshing when the 1-phase B2 scheme is applied. For two-phase flow
the computation time increases to 5 hours (2-phase B2) or 10 hours (2-phase B3). Figure 5.21
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Figure 5.21:Water height development for10%filling ratio regular sway test37820002 009
at the tank wall (WH01, x= 1.8885m) and near the center of the tank (WH09, x=−0.8605m).
The fluid motion is damped too much in the B2 two-phase flow simulation.

shows the water height development near the right tank wall(WH01) and near the center of
the sloshing tank(WH09). At both positions, the start-up effect during the first 10 seconds is
clearly visible. After that, the fluid motion is more regularwith slight variations in run-up at
wave probeWH01. The predicted wave heights are close to the experimentalvalues except for
the two-phase flow simulation with the first-order upwind (B2)scheme. The artificial damping
inherent to the first-order upwind scheme seems to hamper thewater motion, in the same way
as for the dambreak experiment (see section 5.6). This is particularly visible near the tank walls
(see figure 5.21(a)), where the run-up for the two-phase B2 simulation is much lower than in
the experiment.

Besides the upwind scheme, also the grid spacing has an effecton the wave run-up against
the tank wall. Using a too coarse grid reduces the wave run-upat positionWH01, which is re-
lated to the higher artificial viscosity and the displacement algorithm in the numerical method
being unable to advect the water quickly enough against the tank wall during run-up.
To test the effect of the mesh size on the water height prediction, a grid convergence study has
been carried out for both one-and two-phase flow simulations, applying the first-order upwind
scheme. Figure 5.22 shows the run-up against the tank wall atWH01 (5.22(a),5.22(b)) and
the water height development near the center of the tank atWH09 (5.22(c),5.22(d)). For the
one-phase flow simulations there is only a minor improvementin the water height prediction
when the grid is refined. For the two-phase flow simulation, however, there are major differ-
ences in run-up prediction between the simulations (see figure 5.22(b)). A rather fine grid of
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Figure 5.22:Grid convergence study for10%filling ratio regular sway test37820002 009for
one-phase flow (a,c) and two-phase flow (b,d) simulations at WH01 (x= 1.8885m) and WH09
(x = −0.8605m).

390×1×270 results in much more run-up and is required to improve thewater height predic-
tion when the B2 scheme is applied. However, this grid refinement increases the computational
costs by one order of magnitude due to the increased number ofgrid cells and the necessary
reduction of the time step. Further refinement to a very fine grid of 780×1×540 only slightly
improves the prediction of the run-up, and is hardly worth the increased computational effort.
An alternative for refining the grid to 390×1×270 or even to 780×1×540 cells is the use
of the second-order upwind scheme. Comparing the water height for this B3 scheme with the
results of the grid refinement for the B2 scheme in figure 5.22(b), the run-up prediction by the
B3 scheme on the coarse grid is still better. Hence, although applying the B3 scheme on the
coarse grid leads to relatively high computational costs due to the lower CFL limit, it is still a
’cheaper’ approach to predict the wave run-up for this test case than applying grid refinement
for the B2 scheme. The pressure developments in figure 5.23 show a pattern that is related to
the patterns visible for the water height development. After starting up, the pressures for the B2
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Figure 5.23:Pressure development for regular sway10%filling ratio tests at transducers P01
(x= 1.656m,z= 0.152m) and P06 (x= 1.948m,z= 0.531m). The enhanced fluid motion damp-
ing width the first-order upwind scheme is reflected by reduced pressure levels.

two-phase flow simulation remain at a level that is clearly lower than the experimental values.
For this case of regular sway motion, the differences between the B2 one-phase flow simula-
tion and the B3 two-phase flow simulation are relatively smalland both simulations agree quite
well with the experimental pressure values. These small differences between the B2 one-phase
flow and the B3 two-phase flow simulation can be addressed to thenature of this regular sway
test case. The liquid motion is hardly affected by the dynamics of the compressible air above,
and no air entrapment has been detected during the experiments. Therefore, performing a one-
phase flow simulation is sufficient for this low-filling ratiocase with regular sway motion. For
higher filling ratios and less repetitive motion time traces, it will be shown that the dynamics of
the compressible second phase are much more important.

Fluid behaviour for irregular sway and roll motion - filling r atio 10%
For the irregular sway and roll motion case 37820003 010, the oscillation period is 10.6s on
full scale and 3.2s on model scale. Compared to other tests with higher filling ratios, the fluid
motion is less violent, although complex flow physics including air entrapment are sometimes
visible during run-up at the side walls. The fluid motion is less repetitive than for the regular
sway case, and wave breaking and air entrapment occur occasionally. An example of a typical
fluid configuration with air entrapment will be described below. During the first periods of
this irregular motion case, the water height development isless predictable than for the regular
sway case, see figure 5.24. Simulation and experiment are in phase, but the one-phase flow
simulation overestimates the run-up against the tank wall.This discrepancy might be related
to the water motion that is not damped at all by the second vacuum phase. The second phase
is more viscous and heavier in the two-phase flow simulations, leading to a better agreement
between the numerical and experimental water heights. Hence, for this irregular motion case,
the wave run-up is predicted more accurately by the B2 and B3 two-phase flow simulations.
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Figure 5.24:Water height development for10% filling ratio irregular sway and roll motion
test37820003 010at WH01 (x= 1.8885m) and WH09 (x= −0.8605m). The one-phase flow
simulation overestimates the run-up against the tank wall.

Two-phase flow phenomena such as air entrapment and air entrainment are not yet clearly ob-
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(b)

Figure 5.25:Pressure development for the irregular10%filling ratio test at transducers P01
(x = 1.656m,z= 0.152m) and P08 (x= 1.948m,z= 0.695m). The fluid motion damping for
the first-order upwind scheme is also visible in the reduced pressure levels.

served in the first periods of the experiment, but these effects play a more important role later
on in the experiment. The simulation of these phenomena willbe described for a typical wave
run-up example where an air pocket is entrapped.
Before describing air entrapment in more detail, the pressure development at the tank wall
is investigated. As there is more wave run-up for this irregular test case than for the regular
sway case, the pressure development is also considered at transducerP08, which is located
at a higher position on the tank wall than transducerP06. For pressure transducerP01, close
to the tank bottom, the pressure is overestimated (just as the water height) by the one-phase
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flow simulation, see figure 5.25(a). The two-phase flow simulations (B2 and B3) show a better
agreement with the experimental data, although short-during pressure spikes occur as well in
these two-phase flow simulations. For pressure transducerP08, at the vertical side wall of the
tank, the measured pressure signal agrees well with the pressure development in the two-phase
flow simulations, especially for the B3 scheme. The one-phaseflow simulation, which also
overestimates the run-up at wave probeWH01, overestimates the pressure in cases of limited
run-up and underestimates the pressure in case of high run-up, see figure 5.25(b).

Thus far, only the first wave periods have been studied for validation. Two-phase flow effects
such as air entrapment do not clearly occur in the first 30 seconds of the experiment, but later
on they are occasionally visible for the irregular sway and roll motion case 37820003 010.
As mentioned, the sloshing motion is very irregular resulting in periods with an almost flat
horizontal free surface and periods with violent flow conditions. To study the effects of air
entrapment and the ability to simulate these effects, one typical impact att = 140s is selected
to be studied in more detail. Figure 5.26 shows some video frames of the experiment before,

Figure 5.26:Video frames of irregular10%filling ratio test37820003 010around t= 140s:
just prior, during and after air entrapment at the tank wall.

during and just after air entrapment. The entrapped air pocket with a diameter ofO(10−1)m is
only present during a short period ofO(10−1)s, being compressed quickly by the water that is
running up against the tank wall. The pressure development is considered again for transducers
P01, well below the entrapped air pocket, andP08, just above the pocket. For transducerP01,
the one-phase flow simulation shows a number of pressure spikes that are present in neither
the two-phase flow simulations nor the experiment, see figure5.27. Furthermore, there is a
(small) time lag between the B2 simulations and the experiment, while the B3 two-phase flow
simulation shows a pressure peak simultaneously with the pressure peak in the experiment. The
same type of pressure development as forP01 is also visible for pressure transducerP08. The
water front reaches the transducer ’in time’ for the B3 two-phase flow simulation, while the
simulation lags behind on the experiment for the B2 (one-phase and two-phase) simulations.
Also, the magnitude of the impact pressure peak is predictedbetter by the B3 two-phase flow
simulation.
The time lag between the B2 simulations and the experiment at both transducers is also visible
in the snapshots of the local pressure distribution close tothe tank bottom att = 139.8s in figure



5.7 Sloshing experiment 99

139 139.5 140 140.5 141 141.5 142

0

5000

10000

15000

pr
es

su
re

 (
P

a)

time (s)

pressure P1, sloshing 10% irregular, 195x1x135 grid

 

 

1 phase B2 ComFLOW
2 phase B2 ComFLOW
2 phase B3 ComFLOW
experiment

139.5 140 140.5 141 141.5
−1000

0

1000

2000

3000

4000

5000

6000

7000

pr
es

su
re

 (
P

a)

time (s)

pressure P8, sloshing 10% irregular, 195x1x135 grid

 

 

1 phase B2 ComFLOW
2 phase B2 ComFLOW
2 phase B3 ComFLOW
experiment

Figure 5.27:Pressure development for transducers P01 (x = 1.656m,z = 0.152m) and P08
(x = 1.948m,z= 0.695m) during the air entrapment shown in figure 5.26.

5.28, just before the impact at the right tank wall. In the B3 two-phase flow simulation an air
pocket is going to be entrapped (figure 5.28(c)). In the B2 simulations, the water front hits the
wall slightly later, which is followed by run-up only, see figures 5.28(a) and 5.28(b). Since

(a) (b) (c)

Figure 5.28:Pressure field in the lower corner of the sloshing tank at t= 139.8s for different
simulations of irregular test37820003 010: (a) 1-phase B2, (b) 2-phase B2 and (c) 2-phase
B3.

an air pocket seems to become entrapped soon after the fluid configuration in figure 5.28(c),
additional snapshots have been written for the B3 two-phase flow simulation.
Figure 5.29 shows the fluid configuration immediately beforeand after entrapment of the air
pocket, together with the local velocity field, in the lower tank corner. The air pocket is going
to be entrapped against the vertical side wall of the tank, while there is a strong upward motion
(vertical velocities around 20ms−1) in and just above the air pocket.
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(a) t = 139.850s (b) t = 139.858s (c) t = 139.865 (d) t = 139.870s

Figure 5.29:Snapshots of the velocity field in the lower corner of the sloshing tank during the
2-phase B3 simulation of irregular test37820003 010. The air pocket is entrapped against
the side wall at t= 139.85s. After entrapment there is an upward velocity field visible while
the air pocket is compressed.

The entrapment of the air pocket is particularly visible forpressure transducerP08. For the B3
two-phase flow simulation the pressure development agrees well with the experimental values.
The agreement between the pressure in the (one-phase and two-phase) B2 simulations and the
measured pressure development is worse, and there is a time lag between the measured and
simulated pressure peaks. This might be related to the air pocket not being entrapped in these
B2 simulations.
Considering both pressure transducersP01 andP08, the magnitude and development of the
pressure is predicted better by the two-phase flow simulations. Also, the pressure signals of the
two-phase flow simulations are much smoother. Therefore, the air entrapment effect should be
simulated by a two-phase flow simulation, preferably in combination with the B3 scheme.

Fluid behaviour for low filling ratio - 25%
Compared to the 10% filling ratio case, the model experiments with a filling ratio of 25% show
a more violent fluid motion with more run-up against and higher impacts on the tank walls.
Figure 5.30 shows video frames of the irregular sway and rollexperiment 37820002 002. The
oscillation period for this case isTp = 10.6s, which is about 3s on model scale. The first two
frames in figure 5.30 show the wave front just before impact onthe left tank wall. Due to the
higher mean water level in the tank compared to the 10% fillingratio case, the wave front now
hits the vertical side wall instead of the lower left corner,creating more wave run-up against
the side wall, and even leading to pressure loading on the upper corner of the tank. The third
frame in figure 5.30 shows the free surface 1.0s after the impact, when the wave front retreats
to the right direction, leading to air entrainment in the lower left tank corner. The water level
development near the tank wall and near the center of the tankis shown in figure 5.31. Wave
probeWH01 measures the run-up against the right tank wall. This run-up is estimated quite
well by both the one-phase flow simulation and the B3 two-phaseflow simulation. Only the
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Figure 5.30:Video frames of25% filling ratio test 37820002 002: just prior (frame12286)
and at (frame12290) a severe impact. The third frame (12386) shows the free surface1.0s
later, with air entrainment and a retreating wave front.
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Figure 5.31:Water height development for25%filling ratio tests at WH01 (x= 1.8885m) and
WH09 (x= −0.8605m).

more-dissipative two-phase B2 simulation underestimates the run-up, which was also visible
for the 10% filling ratio case. Near the center of the tank, at wave probeWH09, there is also a
good agreement between the values of the simulations and theexperiment. The pressure signals
as shown in figure 5.32 are in good agreement with the experimental values. The flow during
the first 30 seconds of the experiment is relatively smooth without entrapment of air against
the tank walls. Zooming in on the pressure development in theone-phase flow simulation, the
pressure signal is somewhat spiky, while the two-phase pressure signals are smooth. However,
these one-phase spikes are much smaller than the experimental pressure variations.

Fluid behaviour for high filling ratio - 70%
For a filling ratio of 70% the two-phase flow effects are clearly more complex than for lower
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Figure 5.32: Pressure development at transducers P01 (x = 1.656m,z = 0.152m) and P06
(x = 1.948m,z= 0.531m).

filling ratios. The dynamics of the compressible air are now seriously affecting the water mo-
tion, as there is less space left for the air in the tank. Instead of running up against the tank
wall, the wave front almost hits the tank ceiling immediately after wave impact. Furthermore, a
layer of water is frequently flowing along the ceiling of the tank. An example of a typical wave

Figure 5.33:Video frames of70%filling ratio regular sway test37820003 004: movement of
the free surface to the left wall (frame1275), just before wall impact (frame1300) and just after
impact (frame1320). Entrained air and spray are widely present throughout the experiment.

impact is shown in figure 5.33. The air in front of the wave is compressed against the tank wall,
while there is a lot of spray and entrained air visible after retreat of the wave in right direction.
For the 70% filling ratio, the regular sway experiment 37820003 004 has been selected for
simulation. The oscillation period of this case isTp = 8.8s on full scale, which is about 2.7s
on model scale. The complex free surface flow with a lot of spray and air entrainment is also
visible when monitoring the water heightWH01 at the right tank wall, see figure 5.34. This
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Figure 5.34:Water height development for70%filling ratio tests at WH01 (x= 1.8885m) and
WH09 (x= −0.8605m).

wave probe is fully submerged in case of a flat horizontal freesurface, while the water height
temporarily decreases for fluid configurations as in the firsttwo frames of figure 5.33. Given
the amount of spray and air entrainment, there is quite a lot of uncertainty in both the numer-
ical and experimental water heights at probeWH01. All simulations tend to overestimate the
decrease in water level. For wave probeWH09, near the center of the tank, the agreement
between all simulations and the experimental results is quite good. This is due to the much
lower spray and aeration levels close to the center of the sloshing tank. The computational
costs for the 70% filling ratio case are much higher than for the lower filling ratio cases. The
two-phase B2 simulation on a grid of 195×1×135 cells requires about 25 hours to simulate
one minute of sloshing. The calculation time is even slightly higher for the one-phase B2 sim-
ulation, which may be related to the violence of the fluid motion. The MILU pressure solver,
calculating the full domain for the two-phase flow simulations, seems to be more efficient than
the SOR method (used for the one-phase flow simulations) calculating only the liquid phase
(see section 3.5.1).
The filling ratio of 70% is associated with higher impact loads on the tank walls than the lower
filling ratios. These higher impact loads are particularly visible at the upper part of the side
tank walls. Pressure transducerP08 is positioned at the upper right tank corner, close to the
ceiling (x = 1.174m,z= 2.636m). Figure 5.35 shows the pressure development in time for this
transducer together with a zoom on the pressure peak att = 15s. The fluid motion and pressure
development for the B2 two-phase flow simulation aroundt = 15.0s at the upper right tank
corner (transducerP08) are now investigated in more detail. The oscillation of the tank forces
the fluid near the right edge of the tank to move upwards. This upward fluid movement along
the right wall is quite violent, as visible in figure 5.36. Note that the time interval between the
first and last velocity plot is only 0.1s, indicating a rapid fluid motion. The flow configuration
at t = 15.0s in figure 5.36 shows a longer lasting enhancement of the pressure level near the
wall in figure 5.35.
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(a) (b)

Figure 5.35:(a) pressure development for transducer P08 (x = 1.174m,z= 2.636). (b) zoom
on the pressure peak at t= 15s.

The velocities in the air surrounding the water front are at least as high as in the water itself.
Around t = 15.0s, an air pocket is entrapped near the tank corner(x ≈ 0.9m,z≈ 2.6m) and
quickly compressed, with enhanced pressure levels around the entrapped air pocket. The pres-
sure plots in figure 5.37 show local high pressure concentrations in space and time. Pressure
transducerP08 is located at the skewed wall, a few grid cells from the top right corner of the
tank. The pressure level along the wall increases by an average of 20% (compared with the
atmospheric pressure) during all snapshots. Further high pressure concentrations are visible at
the tank corner and around the entrapped air pocket in figures5.37(e) and 5.37(f). The equation
of state relates an increase in pressure level to an increasein gas density. This relation is clearly
visible in figure 5.38. No gas density is addressed to liquid cells, but the density in other flow
cells (fully or partially filled with air) follows from the pressure by the polytropic relationship,
see section 4.2.2. The peak pressure levels of around 3·104Pa(30% higher than the atmospheric
pressure) result in an increase in gas density of about 20%, see figure 5.38. The analysis by the
snapshots in figure 5.37 of the pressure peak for the B2 two-phase flow simulation observed
in figure 5.35(b) shows that this pressure peak is not a numerical spike but a result of complex
local flow physics. The agreement between the experimental and simulated pressure values
in figure 5.35 is certainly not perfect, as there are many factors (air compressibility being only
one of these) affecting the pressure loading on transducerP08 due to the complexity of the flow.

Fluid behaviour for high filling ratio - 95%
The fluid behaviour for a filling ratio of 95% is different fromthe other tests as there is a much
smaller volume of air present, which is, forced by the tank motion, moving through the upper
part of the tank. For this high filling ratio there is no movingwave front visible as for lower
filling ratios. The dynamics of the compressible air now determines the impact loads on the
tank walls, although these impacts are lower than for the 70%filling ratio case. The relatively
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(a) t = 14.96 s (b) t = 14.98 s

(c) t = 15.00 s (d) t = 15.03 s

Figure 5.36:Velocity field in the upper right tank corner for regular sway test37820003 004
around t= 15.0s.

low impacts are related to the lack of space for the water to build up momentum. Figure 5.39
shows some video frames of the regular sway test case 37820001 038. Besides the volume of
air moving along the ceiling and through the upper part of thetank, a lot of air entrainment is
visible just below the free surface. Due to the short oscillation period, this air entrainment is
almost constantly visible, as time is too short for all smallbubbles to float upwards to the free
surface within one period.
Regarding the water height measurements, the long time intervals of maximum water height
(i.e. a fully filled wave probe) are characteristic for this test case. Figure 5.40 shows the water
height for wave probesWH03 andWH09. The ’troughs’ in water height at these probes are
related to the air pocket passing by. The experimental waterheights agree reasonably well with
the simulations, although the one-phase B2 and two-phase B3 simulations somewhat overpre-
dict the ’troughs’ in water height. The considerable amountof aeration in the flow increases
the local variations in water height measurements and henceno firm conclusions can be drawn
based on these small differences in water height.
The pressure development for the 95% filling ratio is more interesting, since local high pressure
peaks occur in both simulation and experiment. The pressuredevelopment for transducerP01
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(a) t = 14.98 s (b) t = 14.99 s

(c) t = 15.00 s (d) t = 15.01 s

(e) t = 15.02 s (f) t = 15.03 s

Figure 5.37: Pressure development in the upper right tank corner for test37820003 004
around t= 15.0s.

(x = 1.174m,z = 2.636m) is shown in figure 5.41. The pressure development in figure 5.41
has been split up to compare both the B2 two-phase flow simulation and the B3 two-phase flow
simulation with the B2 one-phase flow simulation. Applying the B2 scheme (left part of fig-
ure 5.41), most pressure spikes disappear when the two-phase flow model is used. This might
be related to the continuity of the velocity field, which has been addressed for the dambreak
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(a) t = 15.00 s (b) t = 15.03 s

Figure 5.38:Gas density field in the upper right tank corner for test37820003 004 around
t = 15.0s.

Figure 5.39:Video frames of95%filling ratio test37820001 038: movement of the free sur-
face to the left wall (frame785), close to wall impact (frame811) and after impact (frame864).
The third picture shows the wave front moving along the top wall and highly aerated flow near
the left tank wall, with increased aeration just after wave impact.

test case in section 5.6. When examining the B3 two-phase flow simulation, many numerical
pressure spikes are still visible, which are not present in the experiment. Besides these pres-
sure spikes, all simulations agree quite well with the experimental pressure signal. The pattern
shown for transducerP01 in figure 5.41 is also visible at other pressure transducers for the 95%
filling ratio case.

Conclusions on sloshing
The sloshing experiments provide valuable validation material for both one- and two-phase
flow simulations with COMFLOW. The flow physics is very complex to simulate in most test
cases, however, there is a good agreement between simulation and experiment in many cases.
The low filling ratio test cases show a reasonable agreement between experiment and both the
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Figure 5.40:Water height development for95%filling ratio test37820001 038at wave probes
WH03 (x = 1.2025m) and WH09 (x = −0.8605m).
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Figure 5.41:Pressure development at transducer P01 (x = 1.174m,z= 2.636m) for B2 (left)
and B3 (right) scheme.

B2 one-phase and the two-phase B3 simulations. Due to excessive numerical damping in the
air region, the two-phase B2 simulations underestimate the liquid motion. Also, one-phase flow
simulations overestimate the run-up against the tank walls, because the second vacuum phase
does not influence the liquid motion at all. For higher fillingratios, two-phase flow physics
is much more important. Then, the fluid distribution shows a complex mixture of water and
compressible air with frequent air entrapment and air entrainment. The artificial viscosity in
the air has less effect on the damping of the water motion thanfor lower filling ratios. This
might be related to the smaller amount of air present in the flow domain. Therefore, the B2
scheme is a good option for two-phase flow simulations with high filling ratios.
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5.8 Wave run-up tests

The dambreak and sloshing experiments are typical examplesof confined flows with solid
boundaries. The effects of two-phase flow with respect to thepropagation of waves in a domain
with open boundaries are also worthwhile to investigate. Wave run-up model experiments have
been carried out at MARIN to provide validation material for the following aspects of the
numerical method:

• Generation of steep (undisturbed) waves

• Prediction of wave run-up effects and impact loads on a typical offshore construction

• Prediction of shallow water flow around submerged pontoons and standing waves be-
tween columns of a typical offshore construction

• The quality of several types of absorbing boundary conditions

The focus in this section will be mainly on the wave run-up effects and impact loads, while the
wave generation and absorbing boundary conditions have been studied in greater detail at Delft
University of Technology [58].

Setup of wave run-up tests
The setup of the wave run-up model experiment is sketched in figure 5.42. The experiment
is carried out on a scale of 1 : 50. A half semi-submersible with a typical (but simplified) ge-
ometry is located in the center of the flow domain. On full scale, it has a length of 144.5m, a
width of 17.5m, a height of 28.0m and a draft of 16.0m. The semi-submersible consists of two
columns, one pontoon and an (extended) deck box. The model isconstructed as a rigid object
made of wood. The waves in the experiment are generated by a flap-type wave generator, cre-

WH01 WH09 WH17 WH19

P11

P15

Figure 5.42:Schematisation of the wave run-up test setup (left) and position of selected wave
probes and pressure transducers (right).

ating waves by rotational motion. The basin width is 4m, which is equivalent to 200m on full
scale, with solid side walls. A beach is located downstream of the object to damp the motion
of outgoing waves and to reduce reflections.
To measure the wave elevation at several positions, an arrayof wave probes is placed in the
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basin. Most of the 24 water height probes are located in frontof and between the columns,
while some are located between the semi and the side walls of the basin. The numerical and
experimental wave height will be compared for the incoming wave, in front of the first column,
between the columns and in front of the second column.
The pressure is monitored by 28 transducers that are fitted onthe semi-submersible. Figure
5.42 shows the wave probe and pressure transducer locationsthat will be used for validation in
this study.

Wave prescription
To describe the wave motion in the simulation, the real wavesgenerated by the wave maker
in the experiment preferably should be the input of COMFLOW. However, the size of the ex-
periment imposes a challenge for simulation of the completedomain. The experimental basin
measures 200×4.0×3.6m, which is equivalent to 10000×200×180mon full scale. Therefore,
it is not possible to simulate the entire flow domain accurately with a reasonable number of grid
cells. The outflow boundary in the simulation is positioned closer to the semi-submersible than
the beach in the model experiment. To decrease the distance between the wave maker and the
semi-submersible in the simulation, the incoming waves forthe various experiments have been
analyzed by wave calibration tests (without semi-submersible in the flow) to establish a repre-
sentative incoming wave. The generated incoming wave is modeled as a 5th order Stokes wave
with wave parameters depending on the experiment. The Sommerfeld boundary condition is
applied at the outflow boundary. To prevent from disturbances of the flow field due to wave
reflections at the outflow boundary, the simulations are carried out for only three wave periods.
A suitable time window in the experiment has to be selected for comparison with this 5th order
Stokes wave. During the experiment, high-speed images are generated during a few ’typical’
wave periods. The simulations are compared with these wave periods of the experiment.
Two experiments are now described together with their corresponding simulations: test 202002
with an incoming full scale wave height of 7.6mand test 202003 with a higher incoming wave
height of 15.0m. The simulations have been carried out on a grid of 182×83×55 cells, result-
ing in an average grid spacing of 2.2mon full scale and 4.4cmon model scale.

Run-up at semi-submersible: test 202002
The incoming wave for test 202002 has a wave height of 7.61m and a wave period of 9.0s.
Figure 5.43 shows two high-speed images of the wave run-up atthe first column of the semi-
submersible. The second image shows the run-up fluid configuration, which is associated with
peak pressure levels at the column.
Besides the first column, the wave run-up is of interest at morelocations around the semi-
submersible. Figure 5.44 shows the water height development before (wave probeWH01)
and in the immediate vicinity of (WH09,WH17 andWH19) the columns. The calibrated 5th
order Stokes wave is compared with a selected time interval of the experiment (t = 1108s to
t = 1135s), when high-speed video images of the experiment are available. The calculation
time for the simulations shown in figure 5.44 strongly depends on the applied spatial discretisa-
tion scheme. Using the B2 scheme results in a typical time stepof 0.02sand a calculation time
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(a)

(b)

Figure 5.43:High-speed images of the run-up at the first column for experiment202002: (a)
calm water, t= 1109s and (b) run-up against the first column, t= 1114s. Right of the high-
speed images, the pressures on the columns and the disturbedand undisturbed wave profiles
are shown.

of about 8 hours (for both the one-and two-phase flow simulation) on a 1GB2.8GHzPentium4
machine. Application of the B3 scheme leads to a smaller computational time step of 0.0025s
and a calculation time of 40 hours. This increase in calculation time is within the expected
range (see section 3.5.2), since the CFL limit has been reduced by a factor 5 to perform a stable
simulation with the second-order upwind scheme.
Comparing the various wave heights for the incoming wave in figure 5.44, the experimental
wave amplitudeWH01 is smaller than in the simulation. This difference is the result of the 5th
order Stokes wave that is calibrated on a location closer to the structure. Regarding the run-up
at the first column in figure 5.44(b), there are only small differences between the simulations.
Between the columns (figure 5.44(c)) and at the second column (figure 5.44(d)), the two-phase
B3 and one-phase B2 simulations result in higher wave amplitudes. Although the wave probes
WH09,WH17 andWH19 are covered by only 12 grid cells, there is a fairly good agreement
between the wave heights in the simulations and the experiment.
The peak pressure level during the run-up conditions shown in figure 5.43 is also visible in the
signals of the pressure transducers. Figure 5.45 shows the pressure development for pressure
transducersP11 andP15 at the bottom and top of the first column. The pressure development
at transducerP11 (see figure 5.45(a)), near the bottom of the column, shows agood agreement
between simulation and experiment. The two-phase B3 simulation shows a clear pressure peak
during the initial wave impact at the transducer, although this peak is not as high as in the ex-
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Figure 5.44: Wave height development for the semi-submersible wave run-up experiment
202002 (wave height7.61m, wave period9.0s) at various locations between t= 1108s and
t = 1137s: (a) incoming wave: x= −61.16m, (b) run-up at first column: x= −39.76m, (c)
wave height between columns: x= 5.31m and (d) run-up at second column: x= 21.24m.

periment. At transducerP15, near the top of the column, the peak pressure levels during wave
impact are one order of magnitude lower than near the bottom.This is because the impacting
wave has already lost a major part of its momentum when hitting the transducer at the bottom
of the deck. All simulations show a much lower peak pressure level atP15 than the experiment.
The wave front hardly touches the pressure transducer in thesimulations due to the artificial
viscosity and, in particular, the limited number of grid cells. In the experiment, there is a lot of
spray and a thin water layer visible around the pressure transducer during run-up.

Run-up at semi-submersible: test 202003
For test 202003, the incoming wave is much higher, with a fullscale wave height of 15.0m
and a wave period of 11.0s. To validate the simulations, the time interval betweent = 944s
andt = 970sof the experiment is selected, since high-speed video frames are available for this
time window. The first image in figure 5.46(a) shows the fluid configuration at wave impact.
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Figure 5.45:Pressure development for the semi-submersible wave run-up experiment 202002
(wave height7.6m, wave period9.0s) at the first column (x= −39.5m): (a) bottom and (b) top
of the first column.

During wave impact, the first column is completely covered byliquid, while also the bottom
of the extended deck is hit by the impacting wave. The large amount of spray complicates
the recognition of the free surface position in the experiment. Figure 5.47 shows the wave

(a)

(b)

Figure 5.46:High-speed images of the run-up at the first column: (a) violent impact against
first column and deck bottom, t= 949.7s and (b) falling water level after impact, t= 953.5s.

height development for the incoming wave (probeWH01), at the first column (probeWH09),
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between the columns (probeWH17) and at the second column (probeWH19). The overall
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Figure 5.47: Wave height development for the semi-submersible wave run-up experiment
202003 (wave height15.0m, wave period11.0s) at various locations between t= 944s and
t = 970s: (a) incoming wave: x= −61.16m , (b) run-up at first column: x= −39.76m, (c)
wave height between columns: x= 5.31m and (d) run-up at second column: x= 21.24m.

agreement between the wave heights in the simulations and the experiment is quite good. The
wave heights in figure 5.47 show a periodic variation betweenzero and maximum filling ratios
at the columns of the semi-submersible. For the incoming wave, there is a considerable dif-
ference between the wave heights of simulations and experiment. Between the two columns
of the semi-submersible, the wave height in the two-phase B3 simulation is higher than in the
one-phase flow simulation.
Compared to the previous test case 202002, the pressure impact on the transducers at the first
column is much higher. The pressure development near the bottom (P11) and the top (P15) of
the first column of the semi-submersible is shown in figure 5.48. The maximum pressure levels
for transducersP11 andP15 are about twice as high as for the lower-amplitude test 202002.
For transducerP11, the short-lasting pressure spikes of the experiment arealso visible in all
simulations, but not as high. Near the top of the first column,at transducerP15, there are more
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Figure 5.48:Pressure development for the semi-submersible wave runup experiment 202003
(wave height15.0m, wave period11.0s) at the first column (x= −39.5m): (a) bottom of the
first column and (b) top of the first column.

pronounced differences between the different simulationsand the experiment. The peak pres-
sure value is higher for the one-phase flow simulation than for the two-phase flow simulations.
This difference can be attributed to the cushioning effect of the air between the wave front and
the semi-submersible, reducing the peak pressure level. For one-phase flow, the water is not
decelerated by the compressible phase, leading to a slightly earlier and higher impact on the
pressure transducer.





Chapter 6

Conclusions

The numerical method presented in this thesis makes it possible to simulate two-phase flow
physics in offshore environments. Since the air-water interaction is especially important for
violent flow conditions, modeling two-phase flow is an insightful instrument to study hydro-
dynamic wave impact. The numerical method was originally developed as a one-phase flow
method, modeling only the dynamics of the incompressible liquid phase. To improve the accu-
racy of the simulation of the air-water interaction, the one-phase flow model has been extended
to a two-phase flow model, including compressibility of the second phase, to be able to model
the compression and expansion of entrapped air properly.

Two-phase model ingredients

In comparison with a one-phase flow approach, several aspects of the numerical method be-
come more complex for two-phase flow. On the other hand, less boundary conditions are
required at the free surface. The fluid flow is modeled based onthe Navier-Stokes equations.
These governing equations are solved aggregated, meaning that both phases are considered as
one aggregated fluid with varying properties, such as density and viscosity. One phase is mod-
eled as an incompressible liquid, as before. The second phase is modeled as a compressible
medium to have a realistic simulation of its dynamics. For this compressibility, an equation of
state has been introduced and additional terms are includedin the continuity and momentum
equation.
The calculation domain consists of finite volumes, forming astaggered Cartesian grid with the
possibility of stretching. The use of a regular Cartesian grid simplifies the modeling of the free
surface and of fixed or moving solid objects cutting through the flow domain. During every
timestep, the pressure is calculated implicitly, while theother flow variables such as velocity,
density and liquid fraction are calculated explicitly. This is allowed since the used time step is
typically much smaller than the time scale on which physicalphenomena occur. The integra-
tion in time is based on either the Forward Euler method or theAdams-Bashforth method.
Many applications in offshore environments are momentum-driven, where convection domi-
nates. Diffusive effects play a minor role in these applications. Therefore it is not necessary
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to accurately resolve the boundary layers, which reduces the required number of grid cells.
Several spatial discretisation schemes have been applied to model the convection. Besides the
marginally stable central discretisation, a first-order and a second-order upwind scheme have
been implemented. The first-order upwind scheme is more stable than the central scheme, but
it is highly dissipative due to the large amount of artificialdiffusion. For test cases in which
this artificial diffusion leads to an undesired amount of damping, the less dissipative second-
order upwind scheme is recommended. However, this method isless stable than the first-order
scheme and leads to increased computational costs due to itslower stability limit on the time
step.
The boundary of the flow domain should be located as close to the flow area of interest as
possible to reduce the computational costs. As an alternative for a numerical beach requiring
many additional grid cells, an Absorbing Boundary outflow Condition is being developed that
facilitates to place the boundary closer downstream of offshore structures. Application of this
boundary condition leads to less reflections and less-disturbed waves.

Numerical challenges

The density in a grid cell depends on the liquid cell fractionand the local gas properties and
varies up to a factor of 1000 throughout the flow domain. Around the free surface, the intention
is to keep the interface sharp, corresponding to a density ’jump’ in one grid cell only. This
sharpness of the interface is especially important for highly-distorted complex free surfaces.
Many alternative methods for VOF, such as Level-Set, require more grid cells to describe the
free surface.
The density of the second phase, the gas density, varies muchless than the total density. This
is the reason for rewriting the Lagrangian time derivative of the density in the pressure Poisson
equation into the Lagrangian time derivative of the gas density only. This gas density is related
to the pressure by the polytropic equation of state. Shock effects are not included in the com-
pressible flow model since local flow velocities hardly exceed the speed of sound. When the
time derivative of the convection term has been rewritten, there remain ’challenging’ terms in
the momentum equation. This holds in particular for the convection term, in which densities
at different locations in a momentum cell are divided by eachother. When the conservative
momentum equation is applied, this density ratio requires astrong reduction of the time step,
which clearly results in much longer calculation times. Forthis reason, the nonconservative
form of the momentum equation is applied. Although this formdoes not fully satisfy discrete
energy conservation, it is applied to keep computational costs acceptable. Large density ra-
tios are not present in the convection term only, but also in the pressure gradient term in the
momentum equation. To overcome convergence problems due tothese density ratios for two-
phase flow simulations, the Poisson equation is solved by means of the MILU method instead
of the thus far used SOR method. When the liquid phase only fillsa minor part of the flow
domain, the computation times for two-phase flow simulations are considerably longer than
for one-phase flow. However, when the liquid phase occupies amajor part of the flow domain,
computational costs for two-phase flow simulations are not much longer (and occasionally even
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shorter) than for single-phase simulations.
Due to the staggered grid, information of the density is not only required in cell centers, but
also at cell edges, in the center of momentum cells. To this end, a gravity-consistent averaging
method has been applied, taking only the area of the momentumcell into account to compute
the density in the momentum cell center. Using the alternative and intuitive (but incorrect)
cell-weighted averaging method, for which two grid cells are considered to calculate the edge
density, results in serious spurious velocities.
Especially for confined flows, the distribution of pressure and density over the complete flow
domain deserves attention. Conservation of total mass (liquid and gas) is ensured by the con-
tinuity equation, but numerical liquid mass losses lead to equal gas mass gains and therefore a
correction of the gas density is required. By applying this correction and by interpolating the
gas pressure at the free surface, the average pressure in thegas is kept at the physical value.
On a local scale, decreasing pressure values (down to zero),associated with vacuum condi-
tions, may occur during the iteration process. By limiting the density in the equation of state,
instabilities due to these numerical and short-lasting pressure variations are prevented.

Two-phase flow in offshore applications

Two-phase flow effects are particularly important for violent flow conditions with complex
mixtures of air and water. The dynamics of entrapped air pockets can be modeled as long as
the grid is fine enough. Grid refinement helps to model more andsmaller air pockets properly,
but entrained air bubbles, which cannot be tracked individually due to their subgrid length scale,
remain frequently present in the flow domain.
To evaluate the ability of the numerical method to simulate two-phase flow and to validate the
numerical results, a number of model experiments have been carried out within the project.
Before these validation tests, verification tests have been conducted to compare the numerical
results with analytical solutions. A number of tests described in this thesis, such as the water
piston, rising bubble and disc entry, are only feasible by modeling two-phase flow in these test
cases. The effect of gas on the liquid flow behaviour cannot bemodeled by replacing the gas
by vacuum.
For more complex offshore test cases, such as the dambreak experiment, sloshing tests and
wave run-up tests, the prediction of water heights and pressure levels improves with a two-phase
flow model when two-phase phenomena such as air entrapment are clearly present. Pressure
spikes occured in one-phase flow simulations, partly as a result of discontinuous changes in
cell labels. In two-phase flow simulations, the number of pressure spikes is reduced and the
spikes due to changed cell labels are not present anymore since mass conservation is applied in
all grid cells that are open for flow.
For the sloshing tests, the spatial discretisation scheme is an important factor in the prediction
of wave heights and pressure values. Applying the first-order upwind scheme in two-phase flow
simulations leads to much artificial diffusion in the second(gas) phase, resulting in too much
liquid motion damping. On the other hand, the liquid motion in one-phase flow simulations is
not damped at all by the (absent) second-phase, resulting inan overestimation of wave run-up
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against obstacles. A better prediction of wave run-up and pressure levels is obtained in many
sloshing test cases by applying the less-dissipative second-order upwind scheme for two-phase
flow. Using this scheme results in less liquid motion dampingby the second phase, improving
the agreement with experimental results.
The numerical dissipation also has an effect on the propagation of waves. For a nonlinear
Rienecker-Fenton wave, the wave height and wave energy are affected by the displacement
algorithm and in particular by the upwind discretisation used for the convection term. A first-
order upwind discretisation in combination with two-phaseflow leads to a strongly enhanced
level of wave damping. Using a second-order upwind scheme leads to less wave damping,
though further research remains required as these simulations still show too much damping.

Research outlook

With the two-phase flow model being implemented, many simulations benefit from the possi-
bility to model the behaviour of compressible air. By modeling compressible air it is possible
to simulate two-phase flow phenomena such as air entrapment.For many offshore test cases
the flow is momentum-driven with large solid structures subject to violent flow conditions.
These flow conditions are related to wave motion, sloshing fluids or dambreak flows. In partic-
ular for propagating waves, the fluid motion damping is exaggerated by the numerical method.
The damping due to the artificial viscosity inherent to the first-order upwind scheme has been
reduced, but also the damping effect of the free surface displacement algorithm should be in-
vestigated more thoroughly.
The computational effort is large in many cases and remains amajor point of attention. Al-
though a faster Poisson solver has been introduced for two-phase flow simulations, alternative
methods to solve the Poisson equation should be considered as well. Also other approaches to
decrease the computational effort, such as parallelisation and local grid refinement, are worth-
while to investigate.
Solid objects in the flow are either fixed or moving. In case of amoving object it is currently
possible to prescribe the motion of one object. Modeling theinteractive body motion of one or
several moving objects causes additional difficulties and is subject of further research.
The focus in this thesis has been mainly on the description ofthe fluid flow in the interior of
the flow domain. Another subject of ongoing research is the implementation of an absorbing
boundary condition. This boundary condition prevents wavereflections against the outflow
boundary, which is especially useful for the simulation of long periods, and is expected to be
computationally more efficient than using extensive damping zones.
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Samenvatting

Golfbelasting en tweefasenstroming
Op volle zee zijn de weersomstandigheden dikwijls heftig, wat gepaard gaat met hoge golven.
Niet alleen de scheepvaart, maar ook de offshore industrie heeft met zwaar weer en hoge golf-
slag te maken. In uitzonderlijke gevallen kan het voorkomendat golven hoog genoeg zijn om
het dek van een schip te bereiken en daar schade aan te richten. Maar ook bij lagere golven
kunnen de belastingen op schepen en offshore constructies al hoog oplopen. Vaak is het moeil-
ijk om bij zware weersomstandigheden een duidelijk onderscheid te maken tussen water en
lucht. Het vrije oppervlak, dat de scheiding vormt tussen water en lucht, is duidelijk zichtbaar
bij een vlakke zee en wordt bij hogere golven omringd door veel schuim en grotere en kleinere
luchtbellen. Wanneer grote hoeveelheden lucht worden ingesloten onder een overslaande golf
is het belang van het dynamische gedrag van zo’n luchtinsluiting voor de golfbeweging evident.

Schuim

Luchtinsluiting

Luchtbellen

Figure 6.1: Water-lucht interactie.

Luchtinsluitingen bestaan maar kort en ve-
randeren al snel in een grote wolk van schuim
en luchtbellen. Wanneer een constructie door
een golf geraakt wordt zal de aanwezige lucht
de golfbelasting in meer of mindere mate
beinvloeden. De lucht kan als een kussen
fungeren, waardoor de maximale druk op de
constructie afneemt, aan de andere kant kan
dit ’luchtkussen effect’ ook betekenen dat
het hoge drukniveau langer aanhoudt. Voor
het effect van de tweede (gasvormige) fase
op het drukverloop zijn nauwelijks algemene
richtlijnen te geven. Het uitvoeren van mod-
elexperimenten om de golfbelasting en het
effect van de tweede fase daarop te bepalen is erg kostbaar entijdrovend. Dit onderstreept het
belang van het uitvoeren van numerieke simulaties waarbij het effect van diverse soorten gol-
ven op offshore constructies zo nauwkeurig mogelijk bepaald dient te worden. Dit proefschrift
beschrijft een numerieke methode die zich onderscheidt meteen nauwkeurige bescrhijving van
het vrije oppervlak en met een grote vrijheid in het modelleren van offshore constructies en de
beschrijving van golven. Naast de fysica die een rol speelt wordt vooral de numerieke methode
beschreven die gebruikt wordt om de waterbeweging en de luchtbeweging te simuleren. Daar-
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voor wordt allereerst het wiskundige model, gebaseerd op deNavier-Stokes vergelijkingen,
opgezet. Vervolgens wordt dit wiskundige model vertaald ineen numeriek model in hoofdstuk
3. Hierbij zijn vooral het rekenrooster en de discretisatiein tijd en ruimte belangrijke aspecten.
Hoofdstuk 4 beschrijft de behandeling van het vrije oppervlak. Juist rondom het vrije oppervlak
zijn de stroomsnelheden dikwijls het hoogst en bovendien treedt daar lokaal een grote sprong in
de dichtheid op. De validatie van de numerieke methode aan dehand van modelexperimenten
wordt beschreven in hoofdstuk 5. Daarbij is uitgebreid aandacht voor de simulatie van een
damdoorbraak, de klotsbeweging in tanks en voor de golfvoortplanting rondom een drijvend
offshore platform.

Numerieke simulatie van twee fasen

De wiskundige basis voor het model wordt in hoofdstuk 2 gelegd. Deze wiskundige basis is
gebaseerd op de Navier-Stokes vergelijkingen, die de stroming beschrijven en uitgaan van be-
houd van massa en impuls binnen het stromingsgebied. De Navier-Stokes vergelijkingen kun-
nen alleen voor sterk vereenvoudigde problemen analytischuitgewerkt worden. In de praktijk
is het echter gebruikelijḱen noodzakelijk om deze vergelijkingen numeriek op te lossen. In het
twee-fasen model worden beide fasen alséén medium beschouwd met variërende eigenschap-
pen, zodat nabij het vrije oppervlak geen dubbele vergelijkingen opgelost hoeven te worden.
Hierbij heeft de incompressibele vloeibare fase een veel grotere dichtheid en viscositeit dan de
compressibele gasvormige fase.
Na het opstellen van de Navier-Stokes vergelijkingen wordthet wiskundige model in hoofd-
stuk 3 vertaald in een numeriek model. Het numerieke model iszodanig geconstrueerd dat het
bruikbaar is voor een groot aantal offshore toepassingen. Met het oog op deze brede toepass-
ing is gekozen voor een eenvoudig te genereren Cartesisch rooster, bestaande uit rechthoekige
cellen. In elke cel van het rooster worden druk, dichtheid ensnelheden berekend om het gedrag
van de stroming te bepalen. Door een fijner rooster te gebruiken is het mogelijk om meer de-
tails, bijvoorbeeld kleinere luchtbellen, in de stroming weer te geven.
Ook in de tijd worden de vergelijkingen discreet opgelost, dit gebeurt in principe met behulp
van de Forward Euler methode. Gedurende elke tijdstap worden in iedere cel achtereenvolgens
de druk, de dichtheid, de snelheden in de verschillende richtingen en de vloeistof vullingsgraad
bepaald. Voor de ruimtelijke discretisatie wordt de eindige volume methode gebruikt. Hier-
bij kan gekozen worden voor het eerste orde of het tweede ordeupwind schema. Het eerste
orde upwind schema gebruikt informatie vanéén stroomopwaarts punt. Door het toevoegen
van artificïele diffusie is het mogelijk om het eerste orde schema stabiel te krijgen. Hierdoor
levert dit schema een hogere dan fysische viscositeit op, waardoor de waterbeweging afgeremd
kan worden. Een van de gevolgen hiervan is dat de amplitude van een zich voortbewegende
golf te sterk afneemt. Het alternatieve tweede orde upwind schema neemt informatie van twee
stroomopwaartse punten mee, waardoor minder artificiële diffusie toegevoegd hoeft te worden
om stabiliteit te kunnen garanderen. Het gebruik van dit schema leidt echter wel tot langere
rekentijden.
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Twee fasen rondom het vrije oppervlak
Hoofdstuk 4 gaat dieper in op de behandeling van het vrije oppervlak, waarbij vooral aandacht
geschonken wordt aan de lokaal sterk varierende dichtheid.Het vrije oppervlak scheidt de
zware vloeibare fase van de lichte gasvormige fase en is de omgeving waar de stroming vaak
het heftigst is. De dichtheid kent een grote sprong bij het vrije oppervlak, die kan oplopen tot
een factor 1000. Het is dan ook belangrijk om het numerieke model zodanig te construeren dat
de stroomsnelheden rondom het vrije oppervlak overeen komen met de fysische werkelijkheid.
Een belangrijk onderdeel van het numerieke model is de herkenning van het vrije oppervlak.
Voor elke cel is slechts informatie over de vloeistof vullingsgraad beschikbaar om het vrije op-
pervlak te reconstrueren. Het SLIC (Simple Linear Interface Calculation) algoritme modelleert
het vrije oppervlak als een rechte lijn in een van de stromingsrichtingen. Om te voorkomen
dat veel druppels loslaten van het vrije oppervlak en langdurig door de lucht zweven (’flot-
sam’ en ’jetsam’) wordt de SLIC methode gecombineerd met eenlokale hoogtefunctie. Door
het gebruik van een lokale hoogtefunctie inéén van de hoofdrichtingen is het vrije opper-
vlak gladder en nemen de massaverliezen van de vloeibare fase af tot zeer lage waarden.
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Figure 6.2: Reconstructie van het vrije opper-
vlak met een lokale hoogte functie.

De compressibiliteit van de gasvormige
fase wordt gemodelleerd met een polytrope
toestandsvergelijking. Hierbij worden de
dichtheid en druk van het gas rechtstreeks
aan elkaar gerelateerd, waarbij de atmos-
ferische waarden van druk en dichtheid als
referentie dienen. De compressibiliteit van
het gas speelt een belangrijke rol bij de
oplossing van de druk via de Poisson vergeli-
jking. De oplossing van deze vergelijking
wordt gecompliceerder, aangezien zowel de
nieuwe druk als de nieuwe dichtheid gelijkti-
jdig bepaald moeten worden. Om het nieuwe
drukveld te kunnen uitrekenen wordt de druk
eerst bepaald met behulp van een gelineariseerde dichtheid, vervolgens wordt na afloop van de
drukiteratie de nieuwe dichtheid bepaald als functie van dezojuist bepaalde druk. De dichtheid
die hiermee bepaald is betreft de dichtheid van het gas, die veel minder sterk varieert dan de to-
tale dichtheid in een cel. De totale dichtheid speelt niet alleen een rol in het middelpunt van een
roostercel, maar ook op de randen van een cel, aangezien de snelheden daar gedefinieerd zijn
in het numerieke model. De dichtheid op een snelheidspositie moet dan ook gemiddeld wor-
den tussen twee roostercellen. Deze middeling van de dichtheid dient zorgvuldig te gebeuren,
aangezien een verkeerde middeling kan leiden tot een ’kunstmatig’ snelheidsveld. Door ge-
bruik te maken van een middeling die consistent is met de zwaartekracht blijven het vrij opper-
vlak en het snelheidsveld behouden.
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Modelproeven en offshore toepassingen

De bruikbaarheid van de numerieke methode voor een breed toepassingsveld kan pas gegaran-
deerd worden als de methode uitgebreid getest is. De validatie van de numerieke methode
aan de hand van modelproeven wordt beschreven in hoofdstuk 5. Hierbij wordt begonnen met
enkele eenvoudige testsommen, waarna de complexiteit van de fysica geleidelijk wordt opgevo-
erd. Pas met het modelleren van de stroming van beide fasen isde numerieke methode in staat
om testproblemen als een opstijgende luchtbel en een luchtinsluiting achter een door het wa-
teroppervlak bewegende schijf op realistische wijze te beschrijven.

Figure 6.3: Opstelling van de klotstank.

In het voorgaande onderzoeksproject zijn metin-
gen op modelschaal gedaan aan een damdoor-
braak. Hierbij wordt een blokje stroomafwaarts
van een muur van water gepositioneerd als
model voor een container die blootgesteld wordt
aan groen water op het dek van een schip. De
krachten op en de waterbeweging rondom het
blokje zijn gemeten. De waterbeweging na de
damdoorbraak is zeer heftig en met name de
voorspelling van de druk door de numerieke
methode verbetert dankzij het modelleren van
de stroming van beide fasen.
De eerste serie modelproeven binnen het
COMFLOW-2 project betreft de klotsbeweging
in LNG tanks. Deze brandstoftanks zijn dikwijls
gedeeltelijk gevuld, waardoor de klotsbeweging
van de vloeistof kan leiden tot hoge belastingen
op de tankwand en zelfs de scheepsbeweging aanzienlijk kan beinvloeden. De modelproeven
zijn uitgevoerd voor een dwarsdoorsnede van een LNG tank bijdiverse vulgraden en voor di-
verse tankbewegingen (translatie en/of rotatie) op een schaal van 1:10. Om praktische redenen
is tijdens de experimenten water in plaats van LNG als vloeistof gebruikt. Tijdens de proeven
zijn video opnamen gemaakt en daarnaast zijn waterhoogten in de tank en drukken op de wan-
den van de tank gemeten. Voor de lagere vulgraden en een relatief regelmatige klotsbeweging
zijn de simulaties goed in staat om waterhoogten en drukken te voorspellen. Wel wordt de wa-
terbeweging te veel afgeremd door de lucht wanneer het eerste orde upwind schema gebruikt
wordt voor een twee-fasen simulatie. Voor hogere vulgradenis de klotsbeweging ook in de
modelexperimenten veel onregelmatiger waardoor de vergelijking van simulatie en experiment
een stuk moeilijker is.

Om de golfbeweging rondom en de krachten op een typische offshore constructie te anal-
yseren is een tweede serie modelproeven uitgevoerd. Hierbij is een model (schaal 1:50) van
een drijvend platform blootgesteld aan diverse golven. De golven in het experiment worden
opgewekt door een golfschot en dempen stroomafwaarts van het platform uit op een strand. In
de simulaties wordt slechts het gedeelte van het domein rondom de constructie gemodelleerd,
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Figure 6.4: Golfbeweging rondom en belasting op een drijvende offshore constructie

waarbij de golfbeweging wordt voorgeschreven met behulp van eenvoudige golftheorie. Voor
de waterbeweging rondom en vooral voor de voorspelling van de golfkrachten op de constructie
is het van groot belang om een fijn rooster te gebruiken. Steile inkomende golven bewegen in
het experiment omhoog langs de eerste kolom en raken vervolgens de onderzijde van het dek
van het platform. Dit is eveneens zichtbaar in de simulaties, waar zeker bij het gebruik van een
fijn rekenrooster ook vergelijkbaar grote belastingen op deconstructie berekend worden.
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