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Chapter 5

Lorentz symmetry breaking in kaon
and pion decay

In the previous chapter we discussed the possibilities to search for Lorentz symmetry
breaking in β decay and electron capture. Here we discuss Lorentz symmetry breaking
in nonleptonic decays, in particular kaon decay, and in pion decay. We consider for both
Lorentz violation in the weak sector, as discussed previously in Section 2.6 and Chapter
4. Pion decay also offers the possibility to search for Lorentz violation in the muon sector
and the quark sector, which we also address.

5.1 Exploration of Lorentz violation in neutral-kaon
decay

The KLOE collaboration recently reported bounds on the directional dependence of the
lifetime of the short-lived neutral kaon K0

S with respect to the dipole anisotropy of the
cosmic microwave background. We interpret their results in an effective field theory
framework developed to probe the violation of Lorentz invariance in the weak interaction
and previously applied to semileptonic processes, in particular β decay. In this approach
a general Lorentz-violating tensor χµν is added to the standard propagator of the W
boson. We perform an exploratory study of the prospects to search for Lorentz violation
in nonleptonic decays. For the kaon, we find that the sensitivity to Lorentz violation is
limited by the velocity of the kaons and by the extent to which hadronic effects can be
calculated. In a simple model we derive the K0

S decay rate and calculate the asymmetry
for the lifetime. Using the KLOE data, limits on the values of χµν are determined.

5.1.1 Introduction
The KLOE collaboration recently reported a precision measurement of the lifetime of the
short-lived neutral kaon K0

S [234, 235]. In addition, a search was made for the dependence
of the lifetime on the direction of the K0

S with respect to the dipole anisotropy of the
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94 LORENTZ SYMMETRY BREAKING IN KAON AND PION DECAY

Cosmic Microwave Background (CMB). The asymmetry in the lifetime was measured to
be less than about 10−3. In this section we interpret the KLOE findings in a general
effective field theory framework developed in Ref. [17] to study the possibility of Lorentz
violation in the weak interaction, in particular in neutron and allowed nuclear β decay. A
broad class of Lorentz-violating effects was considered, in which the standard low-energy
propagator of the W -boson is modified to⟨

W µ+(q)W ν−(−q)
⟩

= −i (gµν + χµν)/M2
W , (5.1)

where the complex tensor χµν describes the effects of Lorentz violation in the weak in-
teraction. In particular, such a tensor arises in the Standard Model Extension (SME) of
Kostelecký and collaborators [16, 37], an effective field theory describing Lorentz viola-
tion at low energies. The new Lorentz-violating terms could originate from spontaneous
Lorentz violation in, for instance, unifying theories of quantum gravity [26].

Taking the KLOE measurement as an example to study Lorentz violation of the form
of Eq. (5.1) in nonleptonic decays, we explore to which extent nonleptonic decays can
compete with the bounds from semileptonic decays, in particular forbidden β decay [21]
(Sec. 2.6). The contributions of QCD (gluon) corrections in nonleptonic decays are not
fully understood theoretically. It has been claimed that QCD effects cause an enhance-
ment of the ∆I = 1/2 decay modes and that this is at least partly due to so-called
“penguin diagrams.” On the other hand, recent lattice QCD results [236] shed doubt on
the importance of penguin diagrams. Since in this work we aim to explore the generic
features of Lorentz violation in nonleptonic decays, it is beyond our scope to derive the full
effective weak Hamiltonian that includes Lorentz violation. We calculate the contribution
of tree-level W exchange and show how this constrains χµν . We find that the asymme-
try is proportional to γ2

r , where γr is the Lorentz boost factor, favoring experiments with
high-velocity kaons. In Appendix 5.A, we demonstrate that the penguin diagram does not
contribute to the Lorentz-violating part of the K0

S decay rate. Therefore, the sensitivity
of the K0

S lifetime to Lorentz violation is further reduced by an amount which depends
on the relative contribution of the penguin diagram.

5.1.2 Nonleptonic neutral-kaon decay
First, we briefly review the calculation of the K0

S decay rate into two pions in the SM
[237] and we discuss the ∆I = 1/2 rule. The neutral-kaon system is described not by the
mass eigenstates, but by the CP eigenstates

K0
1 ≡ K0 + K̄0

√
2

∼ K0
S and K0

2 ≡ K0 − K̄0
√

2
∼ K0

L . (5.2)

The short-lived and long-lived kaons, K0
S and K0

L, are approximately equal to the CP
eigenstates K0

1 and K0
2 . We neglect the small effect of CP violation and set K0

S ≡ K0
1 .

The short-lived kaon decays into two pions, K0
S → π+π−, π0π0, a strangeness-changing

transition with ∆S = 1. The two pions in the final state can have isospin I = 0, a
∆I = 1/2 transition, and I = 2, a ∆I = 3/2 transition. Experimentally it is found that
the first transition is enhanced compared to the latter. The origin of this enhancement is
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an open standing problem and is referred to as the ∆I = 1/2 rule. If this were an exact
rule only the ∆I = 1/2 transition would be allowed in the SM, the ratio of the decay
rates of the two final states would be

W (K0
S → π+π−)

W (K0
S → π0π0)

= 2 . (5.3)

From experiments this ratio is found to be 2.26, implying a small contribution from the
∆I = 3/2 transition. To quantify the ∆I = 1/2 enhancement, we can express the K0

S

decay amplitudes in terms of A0, the amplitude for the I = 0 final state, and A2, the
amplitude for the I = 2 final state. Using the experimental value for the ratio in Eq. (5.3),
we find

Re A2

Re A0
≃ 4.4% , (5.4)

which shows the large enhancement of the ∆I = 1/2 transition.
In the SM, nonleptonic ∆S = 1 decays are usually described theoretically by an

effective interaction, which is obtained by dressing the weak Hamiltonian with hard-
gluon corrections. These corrections change the coefficients and the operator structure
of the Hamiltonian. The hard-gluon corrections then also induce a ∆I = 3/2 operator.
Calculations with this effective Hamiltonian show an enhancement of the ∆I = 1/2
transition, though insufficient to explain the experimental data. The effective Hamiltonian
contains six operators and their Wilson coefficients [238]. Schematically,

Heff ∼ 4GF

2
√

2
cos θC sin θC

6∑
i=1

ciOi , (5.5)

where GF is the Fermi constant, θC is the Cabibbo angle, and ci are the Wilson coefficients
of the operators Oi. They can be found in Ref. [238]. The dominant contributions to the
∆I = 1/2 transition are given by O1 and O5,

O1 = d̄LγµuLūLγ
µsL − ūLγµuLd̄Lγ

µsL , (5.6a)
O5 = d̄Lγµt

asL (q̄Rγ
µtaqR) , (5.6b)

where the subscript L,R denotes the chirality of the quark and ta are the Gell-Mann
matrices. Operator O1 arises from hard-gluon corrections to the tree-level diagram. The
running of QCD logarithms gives a large coefficient c1.

QCD enhancements also requires the inclusion of the so-called “penguin diagram”.
The penguin diagram can be written as an effective interaction that generates O5, where
gluon exchange makes it possible to couple to right-handed quarks. This results in an
enhancement of the hadronic matrix elements.

The combination of O1 and O5 gives the largest contribution to the decay rate, al-
though even optimistic estimates of the matrix elements still find an amplitude that is a
factor 5 too small compared to experimental data [239].

In the SM, all operators of the effective Hamiltonian can be related to the form of O1
by Fierz transformations and Dirac algebra. The amplitude for K0 decay into π+π− in
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the SM can thus be written as⟨
π+π−|Heff|K0

⟩
= CSM

⟨
π+|ūLγ

µdL|0
⟩ ⟨
π−|s̄LγµuL|K0

⟩
= 1

4
CSMfπ(p+ · pK + p+ · p−) = 1

4
CSMfπ(m2

K −m2
π) , (5.7)

where pK , p+, and p− are the K0, π+, and π− momenta, respectively, and fπ ≃ 0.95mπ

is the pion decay constant. To find the second equality we use that the K0 − π− matrix
element is proportional to f+(pK + p−)µ + f−(pK − p−)µ, where the latter term can be
neglected, since experiments give f− ≪ f+ ∼ 1. The coefficient CSM contains factors
from Fierz transformations and Dirac algebra. The matrix element for K̄0 decay is the
complex conjugate of the matrix element for K0 decay, with the same CSM.

When we include Lorentz violation, we can no longer separate the amplitude into two
matrix elements, as in Eq. (5.7), which are contracted with the W boson propagator.
Mixing between the different operators and new structures from Fierz transformations
complicate the Lorentz-violating case even further. For a complete analysis the effec-
tive Hamiltonian with Lorentz violation should be calculated, this is however beyond
the scope of our present work since we only wish to explore the possibilities for testing
Lorentz-violation in nonleptonic decays. We shall instead use a theoretical model in which
we consider tree-level W exchange. In Appendix 5.A we discuss the Lorentz-violating con-
tribution to operator O5.

5.1.3 Theoretical model
We will derive the decay rate of K0

S into π+π− in a tree-level W -exchange model. For the
Lorentz-violating amplitude of K0 decay the modified W -boson propagator from Eq. (5.1)
is inserted between the matrix elements in Eq. (5.7),⟨

π+π−|H|K0
⟩

= 2
√

2GF cos θC sin θC

⟨
π+|ūLγµdL|0

⟩
(gµν + χµν∗)

⟨
π−|s̄LγνuL|K0

⟩
,

(5.8)
where the Hamiltonian only contains the tree-level operator. The differential decay rate
of K0

S in the laboratory frame is given by
dW

dE+
= 8G2

F cos θ2
C sin θ2

Cf
2
π

128π|p⃗K |EK

(m2
K −m2

π)
[
(m2

K −m2
π)

+χ00
r (E2

K + 2EKE+ − 2E2
+) − (χi0

r + χ0i
r )pi

K (EK + E+) + χij
r p

i
Kp

j
K

+
[
−(χi0

r + χ0i
r )(EK − 2E+)pi

K + 2χij
r p

i
Kp

j
K

] 2EKE+ −m2
K

2|p⃗K |2

−
(
χ00

r − χij
r

pi
Kp

j
K

|p⃗K |2

)
(E2

+ −m2
π) −

(
3χij

r

pi
Kp

j
K

|p⃗K |2
− χ00

r

)(
2EKE+ −m2

K

2|p⃗K |

)2 ]
,

(5.9)

where χµν
r is the real component of χµν , we sum over repeated indices, and Latin indices

run over 1, 2, 3. The total decay rate is found by integrating over the pion energy between
the boundaries

E+ = 1
2
EK ± 1

2
|p⃗K |

√
1 − 4m2

π

m2
K

. (5.10)
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We find

W = 8G2
F cos θ2

C sin θ2
Cf

2
π

128πEK

(m2
K −m2

π)
√

1 − 4m2
π

m2
K

×
[
(m2

K −m2
π) + 4

3
χµν

r (pK)µ(pK)ν

(
1 + m2

π

2m2
K

)]
. (5.11)

In general, the tensor χµν in Eq. (5.1) can depend on the W -boson momentum q, where
for K0 decay q = p+ and for K̄0 decay q = p−. A momentum-dependent χµν complicates
the integrals over the angle between the directions of the K0

S and the π+, as discussed in
Appendix B of Ref. [17]. Here, we have restricted ourselves to a momentum-independent
χµν , because momentum-dependent parts are suppressed by powers of the W -boson mass.
This can be shown explicitly in the minimal SME (mSME), the subset of the SME that
is renormalizable and only contains terms up to mass dimension four [16]. In the mSME
the W-boson propagator, in the unitarity gauge and to first order in Lorentz violation,
reads [17]

⟨
W µ+(q)W ν−(−q)

⟩
= −i

q2 −M2
W

{
gµν − qµqν

M2
W

+ M2
W

q2 −M2
W

(kµν
ϕϕ + i

2g
kµν

ϕW )

− 1
q2 −M2

W

[
2kρµσν

W qρqσ + qµqρ(kρν
ϕϕ + i

2g
kρν

ϕW )

+qνqρ(kρµ
ϕϕ + i

2g
kρµ

ϕW )
]

+
kρσ

ϕϕqρqσq
µqν

M2
W (q2 −M2

W )

}
, (5.12)

where kϕϕ, kϕW and kW are SME parameters [16], and g is the SU(2) electroweak cou-
pling constant. Comparing this to the low-energy propagator in Eq. (5.1) and neglecting
momentum-dependent terms one finds [17]

χµν = −(kϕϕ)µν − i

2g
(kϕW )µν . (5.13)

Following the discussion in Ref. [17] we remark that Eq. (5.13) agrees with the low-
energy limit for the massive photon propagator [240] and with Ref. [161]. Furthermore,
a Lorentz-violating correction to the quark-quark-W vertex gives the same structure for
the effective interaction as Eq. (5.1) gives, but is more involved due to corrections to
external quark states [17]. The tensor χµν can be both CPT-odd and CPT-even, but
when considering only momentum-independent terms it is CPT-even. Since we only
consider momentum-independent modifications to the W -boson propagator, hermiticity
of the Lagrangian implies that χµν∗ = χνµ [17].

5.1.4 Constraints on Lorentz violation from the KLOE data
With the KLOE detector at DAΦNE, decay branching ratios of kaons [241] were measured
to determine the value of the element Vus of the quark-mixing matrix. The K0

S mesons
were created in the strong decay ϕ → K0

LK
0
S, where the long-lived K0

L is not detected.
The K0

S lifetime was measured with high precision [234]. The collaboration also measured
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{ℓ, b} Acone × 103

CMB0 = {264◦, 48◦} −0.2 ± 1.0 [234]

CMB0 = {264◦, 48◦} −0.13 ± 0.4 [235]

CMB1 = {174◦, 0◦} 0.2 ± 1.0 [234]

CMB2 = {264◦,−42◦} 0.0 ± 0.9 [234]

Table 5.1: Observed K0
S lifetime asymmetry [234, 235], where {ℓ, b} are the galactic

coordinates. CMB0 is the direction of the dipole anisotropy in the CMB and CMB1 and
CMB2 are two perpendicular directions. The errors are mainly statistical.

the difference in the K0
S lifetime parallel (τ+) and lifetime antiparallel (τ−) to a direction

fixed in space, with the asymmetry defined as

A = τ+ − τ−

τ+ + τ− . (5.14)

The K0
S momenta in the laboratory frame were transformed event-by-event to galactic

coordinates [242] specified by {ℓ, b}, where ℓ is the galactic longitude and b is the galactic
latitude.

The asymmetry was measured in three different directions in the CMB rest frame. The
first direction, {264◦, 48◦}, is the direction of the CMB dipole anisotropy. The directions
labeled CMB1 and CMB2 are two perpendicular directions. Only events inside a cone of
30◦ opening angle were used, resulting in a difference between the cone asymmetry and
the asymmetry for one specific direction n⃗,

Acone ≃ 0.93 An⃗ . (5.15)

The KLOE results for Acone for the different directions are listed in Table 5.1.
In our framework, the K0

S lifetime asymmetry can be constructed from the decay rate
in Eq. (5.11). The KLOE collaboration measured charged pions coming from K0

S decay in
different directions, and derived from this the total decay rate. In the quoted asymmetry
we thus need the total K0

S lifetime, which includes the decay into two neutral pions. We
found that the neutral decay does not acquire additional Lorentz-violating contributions,
and the ratio between the two main decay modes in Eq. (5.3) is therefore not altered. We
find

An⃗ =
4
3 + 2

3
m2

π

m2
K

m2
K −m2

π

(χi0
r + χ0i

r )EKp
i
K

=
4
3 + 2

3
m2

π

m2
K(

1 − m2
π

m2
K

) γ2
r χ

i0
S β

i
K , (5.16)

where χi0
S ≡ χi0

r + χ0i
r , and βK is the velocity of the K0

S. Because the K0
L and K0

S

originate from a ϕ-meson created nearly at rest in e+e− collisions, such that βK=0.217
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and γr = 1.02, this gives
An⃗ = 0.34χi0

S β̂
i
K , (5.17)

where β̂K is the direction of the K0
S velocity.

Several observations about this result should be made. The asymmetry in Eq. (5.16)
shows a γ2

r enhancement, and a dependence on the real and symmetric part of χµν that
transforms as a vector under rotations. This is a general result, i.e. the most advantageous
way to measure Lorentz-violating effects in weak decays is from a fast-moving decaying
particle. Only then can one compete with the results from forbidden β decay [21], which
profited from the high statistics one can obtain with a high-intensity source. Considering
the contribution of the O5 operator discussed in Appendix 5.A, we find no dependence
on χµν when evaluating the dependence of the transition strength on the decay direction.
Assuming that indeed the dominant contributions to the decay rate are from O1 and O5,
the actual dependence on χµν in Eqs. (5.16) and (5.17) is reduced. The precise reduction
depends on the relative amplitudes of the two operators and its evaluation is complicated
by theoretical uncertainties in the hadronic effects. In this respect, semileptonic decays
are at this moment theoretically favorable for Lorentz-violation tests.

To see what type of limits one may obtain, we ignore these caveats. From the KLOE
data, we can then put a 95% confidence limit (C.L.) bound on χi0

S in the CMB direction
of

|χCMB0,0
S | < 2.9 × 10−3 . (5.18a)

For the other two directions we find at 95% C.L.

|χCMB1,0
S | < 6.8 × 10−3 , (5.18b)

|χCMB2,0
S | < 5.5 × 10−3 . (5.18c)

For completeness and comparison between experiments, we transform the bounds from
the KLOE asymmetries to the Sun-centered frame [37], in which Ẑ is parallel to Earth’s
rotational axis, X̂ points to the vernal equinox at time t = 0, and Ŷ completes the right-
handed coordinate system. To evaluate the bounds in the Sun-centered frame we first
transform the galactic coordinates {ℓ, b} to equatorial coordinates (α, δ) via

δ = sin−1 [cos b cos(27.4◦) sin(ℓ− 33◦) + sin b sin(27.4◦)] , (5.19a)

α = tan−1
[

cos b cos(ℓ− 33◦)
sin b cos(27.4◦) − cos b sin(27.4◦) sin(ℓ− 33◦)

]
+ 192.25◦ , (5.19b)

where α is the right-ascension and δ is the declination. The equatorial coordinates can
then be transformed to the Sun-centered frame {T,X, Y, Z} ≡

{
T, I⃗

}
by using I⃗ =

(cos δ cosα, cos δ sinα, sin δ). For the CMB directions this gives

χCMB,0
S = −0.97XXT

S + 0.22XY T
S − 0.11XZT

S , (5.20a)
χCMB1,0

S = 0.12XXT
S + 0.82XY T

S + 0.56XZT
S , (5.20b)

χCMB2,0
S = 0.22XXT

S + 0.52XY T
S − 0.82XZT

S , (5.20c)
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where Xµν
S ≡ Xµν

r + Xνµ
r are the Lorentz-violating quantities in the Sun-centered frame.

For the values in the Sun-centered frame we then find at 95% C.L.

|XXT
S | < 3.3 × 10−3 , (5.21a)

|XY T
S | < 6.3 × 10−3 , (5.21b)

|XZT
S | < 6.0 × 10−3 . (5.21c)

5.1.5 Summary and outlook
In this section, we explored the possibilities to test Lorentz violation in nonleptonic decays,
taking the KLOE K0

S lifetime asymmetry measurement as an example. We used the
framework developed in Ref. [17], in which Lorentz violation in the weak interaction is
studied by introducing a general Lorentz-violating tensor χµν , which modifies theW -boson
propagator. We discussed the difficulties concerning nonleptonic decays within the SM
and restricted ourselves to a simplified model. We calculated the directional asymmetry
of the K0

S lifetime, defined by the difference in lifetime between the K0
S decaying parallel

and antiparallel to a specific direction in space. The KLOE collaboration measured this
asymmetry with a precision of 10−3 in the direction defined by the CMB dipole. For this
direction χ0i

S is constrained to be less than 10−3. Our results put constraints on the SME
parameters, for example kϕϕ, by relating our χµν to Eq. (5.13) [17, 21]. We find at 95%
C.L.

|(kϕϕ)XT
S | < 3.3 × 10−3 , (5.22a)

|(kϕϕ)Y T
S | < 6.3 × 10−3 , (5.22b)

|(kϕϕ)ZT
S | < 6.0 × 10−3 . (5.22c)

The long-standing problem of the ∆I = 1/2 rule shows the challenges of nonlep-
tonic decays. In the usual effective Hamiltonian description the penguin diagram gives a
large contribution, but we showed that the Lorentz-violating contribution to this penguin
diagram vanishes. This would further reduce the sensitivity of the lifetime to Lorentz
violation, which would worsen our bounds in Eq. (5.22). From a theoretical point of view,
semileptonic and leptonic decays are at this point preferable for Lorentz-invariance tests.
As far as the weak interaction is concerned bounds already exist from allowed [173, 38]
and forbidden [21] β decay (Sec. 2.6) and from pion decay [175]. Possibilities to comple-
ment and/or compete with these bounds lie in exploiting the γ2

r enhancement that occurs
in asymmetries in experiments with high-energy hadrons.

Appendix 5.A Penguin diagram
The penguin diagram generates O5 and can be written as an effective vertex by integrating
out the W boson [243]. The Lorentz-violating (LV) operator is found by calculating this
effective vertex with our modified W -boson propagator,

OLV
5 = −1

2
d̄Lt

a
[
χµν + χνµ + iϵαβµνχαβ

]
γνsL (q̄Rt

aγµqR)

−1
2
s̄Lt

a
[
χµν∗ + χνµ∗ + iϵαβµνχ∗

αβ

]
γνdL (q̄Rt

aγµqR) . (5.23)
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To calculate the matrix elements we use the vacuum-saturation method, in which we insert
a complete set of states between the initial and final state. Using Fierz transformations
and Gell-Mann matrix algebra we can write Eq. (5.23) in a more convenient form. For
the Lorentz-violating case these transformations are more involved than in the SM, as the
Dirac matrices are no longer contracted with gµν . The Fierz transformations now give
additional Lorentz scalar and tensor structures. Due to parity constraints some of these
structures do not contribute. We find⟨

π−π+
∣∣∣OLV

5

∣∣∣ K̄0
⟩

= −1
2
[
χµν + χνµ + iϵαβµνχαβ

] ⟨
π−π+

∣∣∣d̄Lγνt
asLq̄Rγµt

aqR

∣∣∣ K̄0
⟩

= i

8
Bµν

⟨
π−

∣∣∣d̄γ5u
∣∣∣ 0⟩ ⟨π+ |ūσµνs| K̄0

⟩
, (5.24)

where
Bµν ≡ χµν − χνµ − iϵαβµνχαβ , (5.25)

and the matrix element
⟨
π−

∣∣∣d̄γ5u
∣∣∣ 0⟩ = ifπm

2
π/(mu +md) [239],

⟨
π+(p) |ūσµνs| K̄0(k)

⟩
=

(pµkν −kµpν)2fT/(mK +mπ), with fT = 0.417 [244]. We can now calculate the amplitude
for K0

S decay with OLV
5⟨

π−π+
∣∣∣OLV

5

∣∣∣K0
S

⟩
= i√

2
CLV

(
Bµνp

µ
+p

ν
K + B̃µνp

µ
−p

ν
K

)
, (5.26)

where CLV contains numerical Fierz and matrix element factors and B̃µν ≡ Bµν(χµν →
χ∗

µν). The interference of the amplitude in Eq. (5.26) and MSM ≡ ⟨π+π−|Heff|K0
S⟩ =√

2 ⟨π+π−|Heff|K0⟩, given in Eq. (5.7), gives for the LV contributions to the differential
decay rate

dW LV
5

dE+
= 1

16π|p⃗K |EK

{
iCLV√

2
MSM

[
(B0ν −B∗

0ν − B̃0ν + B̃∗
0ν)E+p

ν
K

+(Biν −B∗
iν − B̃iν + B̃∗

iν)p̂i
Kp

ν
K

2EKE+ −m2
K

2|p⃗K |
+ (B̃µν − B̃∗

µν)pµ
Kp

ν
K

]}
.

(5.27)

Performing the integration over E+, we find that the contribution to the total decay
rate of OLV

5 vanishes. This is anticipated since Bµν is antisymmetric, while the K0
S four-

momentum is the only non-LV variable the decay can depend on. The decay rate, which
is observer Lorentz invariant, can thus only depend on Bµνp

µ
Kp

ν
K = 0.
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5.2 Limits on Lorentz violation from charged pion
decay

Charged-pion decay offers many opportunities to study Lorentz violation. Using an ef-
fective field theory approach, we study Lorentz violation in the lepton, W -boson, and
quark sectors and derive the differential pion-decay rate, including muon polarization.
Using coordinate transformations we are able to relate the first-generation quark sector,
in which no bounds were previously reported, to the lepton and W -boson sector. This
facilitates a tractable calculation, enabling us to place bounds on the level of 10−4 on
first-generation quark parameters. Our expression for the pion-decay rate can be used to
constrain Lorentz violation in future experiments.

5.2.1 Motivation
Many quantum-gravity theories predict scenarios in which Lorentz symmetry is (spon-
taneously) broken [26, 27]. This breakdown of Lorentz symmetry is often studied in
the context of the Standard-Model Extension (SME) [16]. The SME is an effective field
theory containing all possible Lorentz-violating terms that are singlets under the gauge
group of the Standard Model (SM) of particle physics. These terms are built out of SM
fields contracted with tensor coefficients that parametrize Lorentz violation. Many of
these SME coefficients have been constrained with high precision [37], but weak decays
still offer interesting possibilities to obtain new bounds, or to improve existing bounds
[17, 21, 216, 39].

In this section we investigate Lorentz violation in the charged-pion decay π → µ+ νµ.
In our analysis we consider Lorentz violation in the lepton sector, the quark sector, and
in the W -boson propagator. Lorentz violation in the lepton and quark sector is described
by the SME [16], which we discussed in Sec. 2.2.2. The SME is an EFT which contains
all possible Lorentz-violating terms that are singlets under the gauge group of the SM.
We treat the quark-sector parameters by using coordinate redefinitions, while we study
the effects of Lorentz violation on the W -boson propagator as in Eq. (5.1). We derive the
Lorentz-violating differential decay rate, including the dependence on the direction of the
outgoing muon and its polarization, which extends previous work [245, 175]. Our results
lead to many possibilities to constrain Lorentz-violating effects in future pion experiments.
Using existing data we obtain bounds on first-generation quark coefficients in the SME.

5.2.2 Lepton parameters
We start from the Lorentz-violating Lagrangian density for second-generation leptons,
which contains the dimensionless and traceless coefficient cµν ,

LLV
leptons = cµν

[
iℓ̄γµ∂νℓ+ iν̄γµ∂νν + ℓ̄LW

ν−γµνL + ν̄LW
ν+γµℓL

]
, (5.28)

where ℓ is the charged-lepton field, ν is the neutrino field of the corresponding flavor, and
ψL = 1

2(1 − γ5)ψ. We assume for simplicity that the coefficients for the left-handed and

Published: J. P. Noordmans and K. K. Vos, Phys. Rev. D 89, 101702(R) (2014).
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right-handed fields are equal. Gauge invariance then dictates the equality of the neutrino
and charged-lepton coefficients. To calculate the pion-decay rate from Eq. (5.28) we follow
the procedure developed in Ref. [246].

The Lagrangian density in Eq. (5.28) contains additional, unconventional, time-derivative
terms, which cause the Hamiltonian to be non-Hermitian in general. To remove these
terms, we apply a field redefinition for both the neutrino and the charged lepton. This
field redefinition is, to first order in Lorentz violation, given by [247]

ψ = Aχ =
(
1 − 1

2cµ0γ
0γµ

)
χ , (5.29)

where χ is the new physical field. Written in terms of χ the time-derivative term is
conventional and the Hamiltonian is Hermitian. In terms of the redefined fields, which
we will write again as ℓL and νL, the interaction term becomes

L = W−
ν ℓ̄L(gµν + Cµν)γµνL = W−

ν ℓ̄Lγ̆
ννL , (5.30)

with

γ̆µ = (gµν + Cνµ)γν , (5.31a)
Cµν = cµν − cµ0g0ν + cν0g0µ − c00gµν . (5.31b)

Hence, Cµ0 = 0, which shows that the extra
time-derivative terms have been removed by the field redefinition. From Eq. (5.30) we see
that the vertex is now proportional to γ̆µ, while it was proportional to γµ + cνµγν before
the redefinition.

From the Dirac equation, the dispersion relation and the spinor solutions can be ob-
tained. When cµν is the only nonzero Lorentz-violating coefficient, the dispersion relation
can be written as p̃2 − m̃2

l = 0, with p̃µ = pµ + Cµνpν , m̃l = ml(1 − c00) and ml is the
lepton mass. The energy of both the particle and the antiparticle of either spin state is,
to first order in Lorentz violation, given by E(p⃗) = p̄0 − cµν p̄

µp̄ν/p̄0, where we introduced
the convenient notation p̄ = (p̄0, p⃗) with p̄0 =

√
p⃗2 +m2

l . From the Dirac equation we
determine that

us(p⃗)ūs(p⃗) = (/̃p+ m̃l)(1 + γ5/̃s)/4p̃0 ,

vs(p⃗)v̄s(p⃗) = (/̃p− m̃l)(1 + γ5/̃s)/4p̃0 , (5.32)

with
s̃ =

(
⃗̃p · ŝ
m̃l

, ŝ+ (⃗̃p · ŝ)⃗̃p
m̃l(m̃l + p̃0)

)
, (5.33)

where ŝ the muon spin in its restframe, and the spinors are normalized to unity [211].
This results from explicit calculation or can be understood because (/̃p− m̃l)χ = 0, which
is just the normal Dirac equation with p → p̃ and ml → m̃l. We can now determine
the squared matrix element for pion decay. After summing over neutrino spin and using
momentum conservation, it is given by

∑
ν spin

|M|2 = m̃2
lG

2
Ff

2
π

k̃0p̃0
(p̃± m̃ls̃) · k̃ , (5.34)
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where p and k are the muon and neutrino momentum, respectively, GF is the Fermi
coupling constant, fπ ≃ 92 MeV is the pion decay constant, and the upper (lower) sign
applies for π− (π+) decay. The matrix element is proportional to the muon mass. This
can be understood by the usual spin-balance argument for pion decay, which shows that,
in the pion restframe, the outgoing leptons should have the same helicity, while the weak
interaction only couples to the chiral component of the charged-lepton field that is of
the opposite handedness. Interestingly, the Lorentz-violating spinors are eigenvectors of
the operator Σ⃗ · ⃗̃p instead of the usual helicity operator. Also, in the pion restframe,∑

ν spin |M|2 ∝ (1 ± ˆ̃p · ŝ), with ˆ̃p = ⃗̃p/|⃗̃p|. This shows that the muons are polarized in
the ±⃗̃p-direction, instead of in the normal ±p⃗-direction. This influences experiments that
depend on pion decay for their polarized muons, such as g− 2 [248] or TWIST [249]. The
first could detect the discussed effect, for example in the phase of the muon polarization,
varying over the course of a sidereal day. Based on the current precision of the experiment
a statistical precision of 10−6 seems attainable.

The differential decay rate is given by

dΓ = 1
2mπ

d3p

(2π)3
d3k

(2π)3

∑
ν spin

|M|2(2π)4δ4(q − p− k) , (5.35)

where q is the pion momentum. By using the dispersion relations and momentum con-
servation repeatedly, we find for the differential pion decay rate in the pion restframe

dΓ
dΩ

= G2
Ff

2
π

8π2 M̃2
−

(
M̃+ − M̃−

) (
1 + 3c00 + 3cij p̂ip̂j

) (
1 ± ˆ̃p · ŝ

)
, (5.36)

where ˆ̃pi = p̃i/|⃗̃p| = p̂i(1+ cjkp̂j p̂k)+ cij p̂j, M̃+ = (m2
π + m̃2

l )/2mπ, M̃− = (m2
π − m̃2

l )/2mπ,
and Latin indices run over space indices only. We see that indeed the π− (π+) decay rate
vanishes if the muon spin is antiparallel (parallel) to ˆ̃p. We can write Eq. (5.36) more
explicitly as

dΓ
dΩ

= G2
Ff

2
π

8π2 M2
−(M+ −M−)

1 + c00 2M+ −M−

M−
+ 3cij p̂ip̂j

±(p̂ · ŝ)
(

1 + c00 2M+ −M−

M−
+ 4cij p̂ip̂j

)
∓ cij ŝip̂j

 , (5.37)

where M+ = (m2
π + m2

l )/2mπ and M− = (m2
π − m2

l )/2mπ. This formula corrects the
decay rate in Ref. [245], which misses a factor (1 − c00)2. This factor can be traced to the
field redefinition in Eq. (5.29) and the corresponding normalization of the fields. There
are no terms proportional to c0j p̂j or cj0p̂j in Eq. (5.37). This implies that there will be
no difference in rate for muons going in opposite directions, when the polarization of the
muons is not detected. Notice also that the decay rate, integrated over muon direction,
does not depend on the muon spin, i.e. Γ(↑) − Γ(↓) = 0. We expect this to be no longer
the case when the coefficients for left-handed and right-handed fields are taken to be
different. The energies of the two spin states are then no longer degenerate, and the form
of the operators us(p⃗)ūs(p⃗) and vs(p⃗)v̄s(p⃗) is considerably more involved [211, 250].
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5.2.3 W -boson parameters
Lorentz violation in pion decay can also result from the modified W -boson propagator⟨

W µ+W ν−
⟩

= −i(gµν + χµν)/M2
W , (5.38)

where χµν parametrizes a broad class of Lorentz-violating effects in the SME [17]. The
difference with the conventional Lorentz-invariant calculation resides only in the matrix
element, because there are no external W bosons present. To first order in Lorentz
violation

∑
ν spin

|M| = G2
Ff

2
π

2p0k0 (gµνgρσ + χµνgρσ + gµνχ
∗
ρσ)qµqρ Tr

[
(/p∓ml/s)γν/kγσ(1 − γ5)

]
, (5.39)

where s is defined as s̃ with the replacements m̃l → ml and ˜̂p → p̂. Using Eq. (5.35) and
performing the integrals over k⃗ and |p⃗| results in

dΓ
dΩ

= G2
Ff

2
π

8π2 M2
−(M+ −M−)

(1 ± p̂ · ŝ)(1 + 2χ00
r − 2χ0j

r p̂j)

∓mπ

ml

[
2χ0j

r (ŝj − (p̂ · ŝ) p̂j) + 2χ0j
i (p̂× ŝ)j

]  , (5.40)

where χµν
r and χµν

i denote the real and imaginary parts of χµν , respectively.
The differential decay rate with polarized muons in terms of cµν and χµν is now given

in Eqs. (5.37) and (5.40), respectively. For cµν there are no terms proportional to c0j p̂j,
while for χµν there are no terms proportional to χij p̂ip̂j. For cµν one has to search for a
higher-order multipole asymmetry, while for χµν there will be a nonzero dipole asymmetry
in the muon direction. Another difference between cµν and χµν is the enhancement factor
mπ/ml for the spin-dependent terms in Eq. (5.40), which is not present in Eq. (5.37).
For the dominant branching fraction π → µ + νµ this is of order unity. However, if one
would measure the electron spin in π → e + νe decay, this gives a sizable enhancement.
We point out that χµν , in contrast with cµν , produces a nonzero asymmetry in the spin
of the muon:

Γ(↑) − Γ(↓)
Γ(↑) + Γ(↓)

= ±2
3

(2mπ +ml

ml

)
χ0z

r , (5.41)

where we chose the quantization axis in the z-direction. Finally, we notice that the decay
rate in Eq. (5.37) has its maximum if ŝ = ± ˆ̃p. To first order in Lorentz violation Eq. (5.40)
is proportional to 1±V⃗ℓ·ŝ, with V⃗ℓ given by V l

ℓ = p̂l+2mπ

[
χ0l

r + p̂l(χ0j
r p̂j) − ϵljkp̂j(χi)0k

]
/ml.

Both cµν and χµν thus influence the polarization of the outgoing muons.

5.2.4 Coordinate choices
It is known [251, 252, 253], that some (combinations of) SME coefficients are physically
unobservable. At the level of the Lagrangian, this can be shown by using field or co-
ordinate redefinitions to bring the Lagrangian with the apparent Lorentz violation to a
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conventional Lorentz-symmetric form. Since the physics does not depend on a choice of
coordinates or fields, the coefficients that can be removed are unobservable in experiments.
In many cases interactions between different sectors of the SME prevent the full removal
of the Lorentz-violating coefficients.

As an example of this, we look at a cµν parameter for a fermion field of a particular
species, such as in Eq. (5.28). According to Refs. [251, 252], a Lagrangian with a nonzero
cµν parameter is equivalent to a conventional Lagrangian in a skewed coordinate system.
The cµν can be removed by a coordinate transformation xµ → x′µ = xµ + cµνxν . However,
this transformation introduces −cµν in the other fermion sectors, while for the gauge field
sector W µνWµν → W µνW ρσ (ηµρηνσ + 2ηµρcνσ + 2ηνσcµρ). The latter has the same form
as a partly nonzero kµνρσ

W parameter in the gauge field sector.
If we only consider cµν coefficients for fermions and the relevant parts of the kµνρσ

W

coefficients for gauge fields, we can always make one sector of the SME conventional
by means of a coordinate transformation. Notice that this is not a general coordinate
transformation, in the usual sense. This is because we do not transform the metric, but
reinterpret the coordinates with respect to the metric. This means that we make a choice
which sector of the Lagrangian defines the clocks and measuring rods, and is therefore
the conventional sector. The choice as to which sector is conventional depends on the
experimental setup.

5.2.5 Quark parameters
We now turn to the quark sector of the SME. Although there are strict bounds for effective
parameters from meson oscillations and measurements on the neutron and the proton [37],
the best bounds on actual quark parameters are in the top quark sector and they are at
the 10−1-10−2 level [254]. Bounds on parameters for the other generations are lacking1.
Using coordinate transformations, we calculate the effects of quark parameters in leptonic
pion decay.

The SM first-generation quark Lagrangian is given by

Lquark = ū(i/∂ −mu)u+ d̄(i/∂ −md)d+ g√
2
Vud

[
ūL /W

+
dL + d̄L /W

−
uL

]
, (5.42)

where g is the SU(2) coupling constant and Vud is the relevant entry of the CKM matrix.
The corresponding Lorentz-violating part of the SME Lagrangian is

LLV
quark = icµν ūγ

µ∂νu+ icµν d̄γ
µ∂νd+ g√

2
Vud

[
cµν ūLγ

µW ν+dL + cµν d̄Lγ
µW ν−uL

]
, (5.43)

where we assume that Lorentz violation is equal for left-handed and right-handed quarks
and that cµν is diagonal in flavor space. Gauge invariance then forces the parameters to
be equal for up and down quarks.

As mentioned above, a coordinate transformation xµ → x′µ = xµ + cµνxν brings the
quark Lagrangian to its conventional, Lorentz-symmetric, form. The coordinate trans-
formation results in a low-energy W -boson propagator of the form in Eq. (5.38) with

1Indirect limits have been reported in Ref. [255]
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Figure 5.1: The effect of the coordinate transformations on pion decay. Blobs represent
Lorentz violation.

χµν = 2cµν and a −cµν coefficient for the second generation leptons. The effect of the
coordinate transformations is depicted in the diagrams in Fig. 5.1. Notice that the trans-
formation also changes the other sectors of the SME. It depends on the experimental
conditions if this is relevant. In practice observables always depend on differences be-
tween Lorentz-violating parameters of the involved particles. Pion decay thus actually
depends on differences between quark, lepton, and W -boson parameters. We will focus
on the quark parameters the remainder of this section.

The calculation of the decay rate in terms of quark parameters can now be split in two
parts, one dealing with Lorentz violation in the lepton kinetic terms and interaction vertex
and one dealing with the Lorentz violation in the W -boson propagator. The former part of
the calculation exactly parallels the calculation above, with the substitution cµν → −cµν .
The latter part, with a modified W -boson propagator, is treated by putting χµν = 2cµν .
Since we treat Lorentz violation to first order, we can simply combine the results in
Eqs. (5.37) and (5.40), resulting in

dΓ
dΩ

= G2
Ff

2
π

8π2 M2
−(M+ −M−)

1 + c00 5M− − 2M+

M−
− 3cij p̂ip̂j − 4c0j p̂j

±(p̂ · ŝ)
[
1 + c00 5M− − 2M+

M−
− 4cij p̂ip̂j + 4

(
mπ

ml

− 1
)
c0j p̂j

]

∓4mπ

ml

c0j ŝj ± cij ŝip̂j

 . (5.44)

To first order in Lorentz violating parameters, this decay rate is proportional to 1 ± V⃗q ·
ŝ, with V l

q = p̂l
(
1 − cjkp̂j p̂k

)
− clkp̂k + 4mπ

[
c0l + p̂l(c0j p̂j)

]
/ml, which summarizes the

way the quark parameters will influence the polarization of the outgoing muons. The
expression in Eq. (5.44) offers many opportunities for future experiments to constrain the
cµν quark coefficient, by observing the muon direction or spin in pion decay.

Integrating Eq. (5.44) over muon directions and summing over spin gives the total
decay rate

Γ/Γ0 = 1 + (4M− − 2M+)c00/M− ≃ (1 − 3.4c00) . (5.45)
Since this expression holds in the restframe of the pion, the sensitivity to Lorentz-violating
effects in the decay rate is enhanced by a γ2

π dependence for pions in flight. Our result
can be compared with the result in Refs. [245] and the bounds in Refs. [216, 175], derived
from MINOS data [256, 257]. The translation of these bounds is complicated by possible
Lorentz-violating effects in the detection system. As noted in Ref. [175], we expect from
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Coefficient Bound

|c(T X)|, |c(T Y )| 4 × 10−5

|cXX − cY Y |, |c(XY )| 9 × 10−5

|c(XZ)|, |c(Y Z)| 7 × 10−5

Table 5.2: 3σ bounds on u, d quark parameters from the analysis in Ref. [216], which
uses MINOS data [256, 257]; c(T J) ≡ cT J + cJT .

energy conservation that the processes in the detector are at least 4 times less sensitive
to Lorentz violation. Neglecting the effects of these processes and using the analysis
in Ref. [216] together with Eq. (5.45), we derive order-of-magnitude bounds on quark
coefficients. These are listed in Table 5.2. The capital indices on e.g. cT J denote time
and space components in the standard Sun-centered inertial reference frame [37].

From Eq. (5.45) bounds on the isotropic components of the quark tensor cµν can also
be found, by using the ratio of the decay rates for π → e + νe and π → µ + νµ. For the
π → e + νe rate, we need to remember that the electron sector is also modified by the
coordinate transformations. This results in a decay rate as in Eq. (5.45) with the electron
mass replacing the muon mass. The ratio then becomes

Rπ ≡ Γ(π− → e−ν̄e)
Γ(π− → µ−ν̄µ)

= (1 + 5.4cT T )RSM
π , (5.46)

where RSM
π = 1.2352(1) × 10−4 is the theoretical SM value [83] and Rπ = 1.230(4) × 10−4

is the experimental value [56]. By attributing the deviation from the SM value to cT T we
find

cT T = −8(6) × 10−4 . (5.47)

For the muon cT T coefficient the method gives a value of cT T = 6(4) × 10−4, which, to our
knowledge, is the first bound on this parameter.

5.2.6 Discussion
In this section we obtained bounds on first-generation quark parameters, summarized in
Table 5.2 and Eq. (5.47). We calculated the Lorentz-violating differential pion decay rate
with polarized muons. The results for Lorentz violation in the lepton sector, the W -boson
propagator, and the quark sector are given in Eqs. (5.37), (5.40), and (5.44), respectively.
These offer many experimental opportunities to improve bounds on Lorentz violation. We
also noted some qualitative differences between the influence of the different parameters
on the pion decay rate. These pertain to asymmetries in muon and muon-spin directions,
enhancements of spin effects for π → e + νe, and unusual polarization directions of the
outgoing muons.

Weak decays have been used in the past to obtain direct bounds on Lorentz violation
in the lepton and gauge sector. Bounds on χµν , derived from forbidden β decay, are at
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the 10−6 level on χT T and χT J , and are on the order of 10−8 for χJK [21]. The analysis
of pion decay using MINOS data [256, 257] limits cT J and cJK to the level of 10−5 [216].

A dedicated experiment for pion decay that measures the muon direction can provide
improved bounds, in particular on χT J and cµν for both the lepton and the quark sector.
Such an experiment should preferably benefit from the γ2

π dependence, as this increases
the sensitivity of the measurement to Lorentz-violating effects and reduces uncertainties
arising from possible Lorentz violation in the detection mechanism. We can estimate the
reachable precision of such an experiment. Pion beams with an intensity of 1010/s are
available at modern facilities, suggesting a reachable precision on muon flux asymmetries
of 10−4√s or better. A statistical precision of the order of 10−6 on various lifetime asym-
metries thus seems attainable, enabling a dedicated experiment to put competitive or new
bounds on the Lorentz-violating parameters in lepton, quark, and gauge sectors of the
SME.
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