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Chapter 1

Introduction

1.1 Motivation and setting

This work deals with non-linear parameter dependent dynamical systems exhibiting reso-
nance. This phenomenon occurs if oscillatory subsystems interact, while the corresponding
frequencies are rationally related. Such a situation appears in many real-world scenarios,
e.g., coupled pendula, the moon-earth system, and electric circuits. The main goal is to
understand the parameter dependence of the qualitative behavior of the dynamics. To this
end, we apply dynamical systems and singularity theory, which we both extend as needed.

Dynamical systems theory. The general background of the current study is the the-
ory of non-linear dynamical systems as it evolved since Poincaré [Poi87], Smale [Sma67],
Thom [Tho75] and many others. The main aspect of this development is a shift in interest
from explicit computations of individual evolutions, or solutions, to the entire state space.
Also increasing importance is given to the geometry of invariant manifolds associated with
equilibria, periodic evolutions and tori.

Another part of this programme is to take the dependence of parameters into account. Here
the focus is on generic dynamical properties, which are persistent under perturbations, on
the one hand, and on bifurcations, which correspond to changes in the qualitative behavior
of the dynamics, on the other hand.

During the last 60 years computers have become more important for studying dynamical
systems. Increased computing power provides a powerful tool for the numerical approxi-
mation, or simulation, of individual evolutions and invariant manifolds. Also underlying
dynamical characteristics, like fractal dimensions, bifurcation diagrams, singularities, and
discriminant sets, can be handled more easily. Moreover, computers are used to visualize
dynamical features of a given system. Apart from numerical computations also symbolic
computations and computer algebra play a role.



2 Chapter 1. Introduction

Contribution. In the present work resonance phenomena are studied, utilizing and adapt-
ing the mathematical and computational tools mentioned above [Arn82, Tak74a, BGV03].
More specifically, we present a novel algorithmic procedure to deal with the bifurcational
geometry related to resonance in a given family of systems. In cases of low degeneracy, we
obtain polynomial normal forms representing classes of families with diffeomorphic geome-
tries. The main tools to determine such normal forms are Lyapunov-Schmidt reduction and
singularity theory [BGV03]. These also allow us to handle the accompanying recognition
problem, which is solved by explicitly characterizing the families that belong to a certain
class.

Besides a geometric study, we also provide a numerical analysis and a visualization of the
dynamics that is typically found in the classes of families considered. The main tools for the
latter study are given by the Poincaré-Takens normal form procedure [Tak74a,BV08] and
standard (numerical) methods from bifurcation theory.

1.2 Case study

Throughout this work the application of our results is illustrated in several case studies.
Continuous systems that typically give rise to resonance are given by, e.g., coupled oscillators,
cell-networks, high dimensional autonomous systems, and periodically forced oscillators. To
fix thoughts we consider an example of the latter type: A periodically forced generalized
Duffing-Van der Pol oscillator [BNR+07,SKT04] given by

ü+ (ν1 + ν3u
2)u̇+ ν2u+ ν4u

3 + u5 = ε(1 + u6) cos(2πt), (1.1)

where u ∈ R, t ∈ R, ε is a small positive real constant and ν = (ν1, ν2, ν3, ν4) ∈ R4 is a
multi-parameter. We note that a necessary requirement for (1.1) to exhibit resonance is that
ν1 < 0 and ν2 > 0. Furthermore, including the terms of degree 5 and 6 in u turns out to be
one of the simplest generalizations of the standard Duffing-Van der Pol oscillator ensuring
that (1.1) does not exhibit too degenerate resonance phenomena. Both Duffing and Van der
Pol type oscillators originate from electrical circuits [vdPvdM27,Duf18].

Resonance. To obtain an appropriate form for investigating resonant dynamics in the
Duffing-Van der Pol family, we write (1.1) as a system,





u̇ = v,
v̇ = −(ν1 + ν3u

2)u̇− ν2u− ν4u
3 − u5 + ε(1 + u6) cos(2πt),

ṫ = 1,
(1.2)

where (u, v, t) ∈ R2 × R/Z. For ε = 0 and without the t-component the system has an
equilibrium at (u, v) = (0, 0). Since t runs over a circle, including the t-component causes this
equilibrium to become a periodic evolution of (1.2) that goes through (u, v, t) = (0, 0, 0), see
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Figure 1.1: Left: Sketch of (u, v, t) state space showing a section with t constant, a periodic
evolution (thick curve) and a subharmonic of order 7 (thin curve). Right: Sketch of the
section with t constant in the left panel, indicating a fixed point and a 7-periodic orbit of
the Poincaré map Pν on an invariant circle.

Figure 1.1. To study the dynamics near this periodic evolution we focus on a section of state
space with a constant t-value and on the corresponding discrete dynamics induced by the
period-1-map, or Poincaré map, Pν of the flow of (1.2). The periodic evolution of (1.2) leads
to a fixed point of Pν , which for small positive values of ε is given by (u, v) = (0, 0) +O(ε).
Since system (1.1) consists of two oscillatory subsystems, given by the periodic forcing and
the Duffing-Van der Pol oscillator, we expect that for certain ν-values resonant dynamics
occurs. For Pν this phenomenon shows itself as q-periodic orbits near the fixed point,
see Figure 1.1. The evolution of (1.2) that gives rise to such periodic orbits are called
subharmonics of order q. As the q-periodic orbits are typically situated on an invariant circle,
the corresponding subharmonics close after going p times around in a direction transversal
to the t-direction and q times around in the t-direction on an invariant torus. In this case
we speak of p : q-resonance.

We are especially interested in resonance sets, i.e., regions in parameter space for which q-
periodic orbits of the Poincaré map occur. On the boundary of these sets the number of these
orbits typically changes through a saddle-node bifurcation. Depending on the degeneracy
several geometries are possible for the resonance set.

1.2.1 Classical non-degenerate resonance

Our approach recovers that the simplest resonance scenario is given by the weakly resonant
(q ≥ 5) non-degenerate case. In this situation the resonance set is formed by a well-known
tongue shaped region, the so-called Arnol’d resonance tongue [Arn82]. Upon passage of
the corresponding boundaries a pair of subharmonics appears or merges in state space,
see Figure 1.2. The tip of the tongue is called a resonant Hopf-Nĕımarck-Sacker (HNS)
bifurcation point, since at this parameter value the resonance set is attached to a set of Hopf-
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Nĕımarck-Sacker (HNS) bifurcations. If the latter set of bifurcations is crossed transversally
in parameter space, then a fixed point of the Poincaré map undergoes a change in stability
causing an invariant circle to branch off or merge with the fixed point, again see Figure 1.2.

Recognition problem. One of our main aims is to provide a ‘quick’ method that allows
us to detect the parameter values for which a p : q-resonant HNS bifurcation occurs. A
first condition such parameter values should satisfy is that the linear part of the Poincaré
map at a fixed point has a pair of eigenvalues of the form e±2πip/q with 0 < |p| < q ∈ N

and gcd(p, q) = 1. Secondly, the degeneracy of the bifurcation depends on higher order
derivatives at the central bifurcation point. In this work we provide an explicit set of
polynomial conditions in finite order coefficients of the series expansion of a given family that
determine which parameter values correspond to a non-degenerate resonant HNS bifurcation.
For example, for the system given in (1.2), with (p, q) = (1, 7), we obtain that the tip of the
Arnol’d tongue is located on the following 2-dimensional subset of parameter space:

{
ν ∈ R

4 | ν1 = 0, ν2 = 4
49
π2, ν2

3 + ν2
4 6= 0

}
. (1.3)

The equalities ν1 = 0 and ν2 = 4
49
π2 ensure that the critical eigenvalues of the Jacobian

of the Poincaré map at the central fixed point are of the form e±2πi/7 and the inequality
ν2

3 + ν2
4 6= 0 causes appropriate higher order coefficients in a series expansion of (1.2) to be

non-zero. We note that all these conditions are computed up to order O(ε).

Central questions. The dynamics of the forced Duffing-Van der Pol system described
above occurs in all generic 2-parameter families of smooth (Poincaré) maps undergoing a
non-degenerate resonant HNS bifurcation. This is a classical result, so we are more interested
in a next case corresponding to mildly degenerate weakly resonant (q ≥ 7) HNS bifurcations.
This situation is encountered in generic 4-parameter families. To be more precise, the main
part of the current work deals with the following central questions:

1. How to detect, or recognize, a mildly degenerate resonant HNS bifurcation in a given
family of smooth (Poincaré) maps?

2. What is the generic local geometry of the resonance set attached to a mildly degenerate
resonant HNS bifurcation?

3. What is the generic local bifurcation diagram near a mildly degenerate resonant HNS
bifurcation?

We note that the resonance set only gives information on bifurcations of q-periodic orbits of
maps, while the bifurcation set also incorporates other types of bifurcations involving, e.g.,
invariant circles and stable and unstable manifolds.

To solve the first two central questions we apply Lyapunov-Schmidt reduction, which maps
a family of maps near p : q-resonance to a family of Zq-equivariant maps, such that the
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Figure 1.2: Sketch of the bifurcation diagram of a Poincaré map of the forced Duffing-Van
der Pol system given in (1.2) for q = 7 and fixed non-zero values of ν3, ν4 and ε. The
bifurcation set, a subset of parameter space given by parameter values for which there is
a qualitative change in the dynamics, consists of the cusp-shaped boundary of an Arnol’d
resonance tongue and a dashed Hopf-Nĕımarck-Sacker (HNS) line. The phase portraits show
that for region 1 there are two 7-periodic orbits of the Poincaré map on an invariant circle
that merge at the boundary. Moreover, the invariant circle merges with the central fixed
point if the HNS-line is crossed from left to right.

zeros of the latter family correspond to periodic orbits of the former family. Then Zq-
equivariant contact-equivalence singularity theory is utilized to obtain recognition conditions
and the geometry of the resonance set for the mildly degenerate case. To answer the third
central question we apply the Poincaré-Takens normal form procedure, which provides an
approximating family of vector fields for the family of (Poincaré) maps. The dynamics of the
latter family is investigated by studying the vector field family using (numerical) methods
from bifurcation theory.

1.2.2 Mildly degenerate resonance

We continue discussing mildly degenerate resonant HNS bifurcations in the Duffing-Van
der Pol family given in (1.2). In particular, we focus on a 1 : 7-resonance, since this is
the strongest mildly degenerate weak resonance. We note that the geometry and dynamics
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described here is generic and, therefore, occurs in all families of smooth (Poincaré) maps
undergoing a mildly degenerate HNS bifurcation.

Recognition problem. We start with the solution of the recognition problem. By apply-
ing the tools developed in this work, which consist of checking a set of polynomial conditions
in finite order coefficients of a series expansion of (1.2), we arrive at the following result.
System (1.1) undergoes a mildly degenerate 1 : 7-resonant HNS bifurcation for the following
0-dimensional subset of parameter space:

{
ν ∈ R

4 | ν1 = 0, ν2 = 4
49
π2, ν3 = 0, ν4 = 0

}
. (1.4)

This set is computed up to order O(ε). The difference with the recognition conditions for
the non-degenerate case given in (1.3) is that here ν3 and ν4 are both equal to 0.

The boundary of the resonance set attached to the parameter value given in (1.4) is diffeo-
morphic to the discriminant set of a 4-parameter normal form family, see the next section.
To display the geometry of this set we take 2-dimensional cross-sections of parameter space,
see Figure 1.3, which indicates the presence of cusps and a swallowtail. The normal form
family also provides a skeleton for the local dynamics. To understand this we first explain
the Poincaré-Takens normal form procedure.

Poincaré-Takens normal form. The Duffing-Van der Pol system given in (1.2) is of
the appropriate form to apply Poincaré-Takens reduction. In fact, every periodically forced
oscillator of the form

{
ẏ = hµ(y) + εHµ(y, t),
ṫ = 1

(1.5)

fits the framework explained in the current work. We note that hµ and Hµ depend smoothly
on both the multi-parameter µ = (µ1, . . . , µn) ∈ Rn and the coordinates y ∈ C or (y, t) ∈
C × R/Z, respectively (for convenience we identify R2 with C). Moreover, we assume that
ε is a small positive real constant, h0(0) = 0, Dyh0(0) = 2πip/q, and that several other
non-degeneracy conditions hold (see Chapter 4). Under these assumptions system (1.5)
exhibits a p : q-resonant HNS bifurcation near µ = 0. By applying appropriate near-
identity transformations and a Van der Pol transformation, the Poincaré-Takens normal
form procedure yields a system with a Zq-symmetric and t-independent (q−1)-jet [BGV07].
If the vector field corresponding to the (q−1)-jet of the planar first component of this normal
form is denoted with Nµ, then a Poincaré map of (1.2) is given by

Pµ(y) = Ωp/q ◦N1
µ(y) +O(|y|q), (1.6)

up to a diffeomorphism [BV08, BGV07, Tak74a, Tak74b]. Here Ωp/q is the rotation over
2πp/q around the origin and N1

µ is the time-1-map of Nµ. The dependence of Nµ on ε is
not explicitly indicated, since ε is a constant. An important feature of the Poincaré-Takens
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−0.01

−0.015
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Figure 1.3: The generic geometry of the boundary of the resonance set in the mildly de-
generate case for q = 7 is depicted in several 2-dimensional cross-sections of 4-dimensional
parameter space. To be precise, the displayed boundary is obtained as the discriminant
set of the 4-parameter normal form Gσ,τ , with (σ, τ) = (σ1 + iσ2, τ1 + iτ2), given later on
in (1.8). Because of a symmetry of Gσ,τ , only cross-sections for positive τ2-values are given.
Moreover, only one positive τ1-value is considered, since for all small positive τ1-values the
boundary of the resonance set is cusp-shaped. The top left panel indicates the presence of
a swallowtail-geometry. Concerning the number of periodic orbits, we have that for param-
eter values inside the displayed triangular regions four local 7-periodic orbits exist of which
two merge on the corresponding boundary. If next also the outer boundary is crossed in
parameter space, then the remaining pair of local 7-periodic orbits merges.

normal form system is that it still exhibits dynamical properties of the original system.
Moreover, by (1.6) the local q-periodic orbits of Pµ are approximately given by the local
equilibria of Nµ.

We focus on the (q − 1)-jet of the Poincaré-Takens normal form, since only this jet appears
in (1.6). In the non-degenerate case the polynomial vector field Nµ can be simplified to the
system ż = Fσ(z) with

Fσ(z) = z(σ + |z|2) + zq−1, (1.7)

where σ = σ1 + iσ2 ∈ C, by a locally diffeomorphic transformation of state space and a
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submersive reparametrization of the multi-parameter. In the mildly degenerate case Nµ can
be simplified to the system ż = Gσ,τ (z) with

Gσ,τ (z) = z(σ + τ |z|2 + |z|4) + zq−1, (1.8)

where (σ, τ) = (σ1 + iσ2, τ1 + iτ2) ∈ C2. For details see the next section. We note that the
systems ż = Fσ(z) and ż = Gσ,τ (z) may not be structurally stable.

Local dynamical features of a Poincaré map only depend on a finite order jet, so all such
features of (1.5), see Table 1.1, are determined by Fσ, if the system is non-degenerate, and
by Gσ,τ , if the system is mildly degenerate. On the other hand, more global phenomena, like
heteroclinic connections, do not translate one-to-one between maps and approximating vec-
tor fields, since such dynamics also depends on higher order terms. Nevertheless, parameter
values for which homoclinic or heteroclinic connections occur generically do turn into open
regions corresponding to homoclinic or heteroclinic tangles, see [Arn82,GH83,Kuz95].

Remarks 1.2.1.

1. By computing a Poincaré map for (1.5), utilizing the Poincaré-Takens normal form
procedure, we encounter a ‘simple’ approximating planar Zq-symmetric vector field
Nµ of which the bifurcation diagram provides topological information on the dynamics
of the original system.

2. We can also consider the procedure the other way around: For a given family of planar
diffeomorphisms undergoing a resonant bifurcation, the normal form Nµ provides a
vector field approximation. The latter point of view is useful for studying the dynamics
in families of diffeomorphisms near resonance.

3. The form (1.5) also appears when periodic evolutions of autonomous systems are stud-
ied using center manifold reduction [Kuz95].

Bifurcation diagram of ż = Gσ,τ (z). The bifurcation diagram of ż = Fσ(z) is already
given in Figure 1.2. So we proceed with briefly demonstrating the complexity of the bifur-
cation diagram in the mildly degenerate case by considering an interesting 2-dimensional
cross-section of the bifurcation set corresponding to ż = Gσ,τ (z) for q = 7. More specifi-
cally, Figure 1.4 displays such a section for (τ1, τ2) = (−0.1, 0). The following codimension
1 bifurcation curves occur:

1. The curve Ho of Hopf bifurcations. Crossing this curve transversally from σ1 < 0 to
σ1 > 0 causes the central equilibrium to loose stability.

2. The curves (A2)k, with k = 1, . . . , 5, of saddle-node bifurcations of equilibria.

3. The curves L± of saddle-node bifurcations of limit cycles.
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Approximating vector field Poincaré map

equilibrium fixed point
q different equilibria invariant under Ωp/q q-periodic orbit

(degenerate) Hopf bifurcation (degenerate) HNS bifurcation
saddle-node bif. of q different equilibria saddle-node bif. of q-periodic orbit

cusp bif. of q different equilibria cusp bifurcation of q-periodic orbit

homoclinic connection homoclinic tangle
heteroclinic connection heteroclinic tangle

Table 1.1: Relations between the dynamics of vector fields determined by Fσ given in (1.7)
or Gσ,τ given in (1.8) and corresponding Poincaré maps they approximate. The first five
rows give the relations between local dynamical properties, while the latter two rows give
generically expected relations between more global features.

4. The curves H±
1,2 of heteroclinic bifurcations of equilibria. The heteroclinic connections

taking place for parameter values on the curves H±
1 form heteroclinic cycles [Kuz95,

Section 9.5].

Moreover, the following codimension 2 bifurcation points occur:

1. The points A±
3 of cusp bifurcations of equilibria.

2. The points DH± of degenerate heteroclinic bifurcations of equilibria, where the curves
L± are attached to the curves H±

1 .

3. The points (A2H)±1,2 of degenerate heteroclinic bifurcations of equilibria. At (A2H)±1
two curves of heteroclinic bifurcations are attached to an A2 curve. At (A2H)±2 the
curves H±

2 end on (A2)4.

Although the cross-section of parameter space with (τ1, τ2) = (−0.1, 0) does not contain any
homoclinic bifurcations, they do occur in cross-sections corresponding to other values of τ .

The above bifurcation curves induce a subdivision of the (σ1, σ2)-parameter plane into 16
regions. If (σ1, σ2)-parameter values are varied within a region, then the corresponding
phase portraits remain topologically equivalent. On the other hand, if the boundary of a
region is crossed transversally, then the corresponding topology changes at the crossing. We
only present phase portraits for regions 1-10 (see Figures 1.5, 1.6 and 1.7), since if τ = τ
(in particular, if (τ1, τ2) = (−0.1, 0)), then the system ż = Gσ,τ (z) is invariant under the
transformation

σ 7→ σ, z 7→ z. (1.9)
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Figure 1.4: Bifurcation set of the planar Poincaré-Takens normal form system ż = Gσ,τ (z)
given in (1.8) for τ = (−0.1, 0) and q = 7, with two subsequent magnifications in the (σ1, σ2)-
parameter plane near interesting regions. See Section 1.2.2 for the meaning of the symbols.
The curves of type A2 are fatter to facilitate the identification of the resonance set.

Remark 1.2.1. Equilibria in the phase portraits in Figures 1.5, 1.6 and 1.7 are plotted dif-
ferently according to their stability properties: Attractors, repellors and saddles are plotted
with small disks, squares and triangles, respectively.

1.3 Main tools

Here we explain the main tools, i.e., Lyapunov-Schmidt reduction and singularity theory,
for showing what types of geometry of the resonance set occur in the non-degenerate and a
mildly degenerate case. Moreover, we provide the solution of the accompanying recognition
problem. To this end we focus on the general setting of resonant families of diffeomorphisms.
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Figure 1.5: Phase portraits of the system ż = Gσ,τ (z). The values of σ1, σ2 and τ2, as well
as the corresponding region in the parameter plane (see Figure 1.4), are indicated on top
of each plot. From region 1 to 2 the central equilibrium undergoes the Hopf bifurcation
Ho. In these regions there is also an unstable phase-locked invariant cycle surrounding the
origin. When parameters are moved from region 2 to 3 the attracting limit cycle turns into a
heteroclinic cycle at the heteroclinic bifurcation H−

1 and disappears. Between region 3 and 4
the saddle-node bifurcation L− of limit cycles occurs. For bifurcations between neighboring
regions that are not yet discussed we refer to Figure 1.4.

1.3.1 Lyapunov-Schmidt reduction

Our method to determine resonance sets for discrete systems proceeds as follows. Obtain
parameter values for which a family of smooth diffeomorphisms Pµ : Rm → Rm, with 2 ≤
m ∈ N and µ near 0 ∈ Rn, has q-periodic orbits, i.e., solve the equation Pµ(x) = x. Utilizing
a method due to Vanderbauwhede [Van92], we can solve for such orbits by Lyapunov-Schmidt
reduction. More precisely, a q-periodic orbit consists of q points x1, . . . , xq, where

Pµ(x1) = x2, . . . , Pµ(xq−1) = xq, Pµ(xq) = x1.



12 Chapter 1. Introduction

-0.4

-0.2

 0

 0.2

 0.4

-0.4 -0.2  0  0.2  0.4

Region 5 0.00228,-0.00234,0

-0.4

-0.2

 0

 0.2

 0.4

-0.4 -0.2  0  0.2  0.4

Region 6 0.0031,-0.0021,0

-0.4

-0.2

 0

 0.2

 0.4

-0.4 -0.2  0  0.2  0.4

Region 7 0.00198,-0.0001,0

-0.4

-0.2

 0

 0.2

 0.4

-0.4 -0.2  0  0.2  0.4

Region 8 0.0021443,-0.0001872,0

Figure 1.6: Continuation of Figure 1.5. For region 8, two subsequent magnifications near
one of the saddles have been added in the boxes. Between regions 5 and 6 there is the
saddle-node bifurcation L− of limit cycles. Changing parameters from region 7 to regions
8 causes the ‘inner cycle’ and ‘outer cycle’ in region 7 to be broken up by the heteroclinic
bifurcation H−

2 . For bifurcations between neighboring regions that are not yet discussed we
refer to Figure 1.4.

These orbits are the zeros of the family P̂µ : (Rm)q → (Rm)q given by

P̂µ(x1, . . . , xq) = (Pµ(x1)− x2, . . . , Pµ(xq)− x1).

This map is Zq-equivariant. More specifically, if we define ξ : (Rm)q → (Rm)q, which
generates a Zq-action on (Rm)q, as follows,

ξ(x1, . . . , xq) = (x2, . . . , xq, x1),

then

ξ ◦ P̂µ = P̂µ ◦ ξ.

Notice that by considering P̂µ the Zq-symmetry of q-periodic points of Pµ has become a full
symmetry.
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Figure 1.7: Continuation of Figure 1.6. Phase portraits for regions 11-16 are not included
because, thanks to the symmetry in (1.9), up to mirroring in the x-axis they are the same
as the phase portraits for regions 2, 4, 5, 8, 9 and 10, respectively. Moving parameters from
region 10 to region 9 the saddle-node bifurcation (A2)1 between two sets of Z7-symmetric
equilibria occurs. For bifurcations between neighboring regions that are not yet discussed
we refer to Figure 1.4.

Assuming that Pµ(0) = 0 and that the map DxP0(0) has only two critical eigenvalues of

the form e±2πip/q implies that the kernel of DyP̂0(0), with y = (x1, . . . , xq), is 2-dimensional.

Hence, the implicit function theorem cannot be used to solve P̂µ(y) = 0 near µ = 0. However,
Lyapunov-Schmidt reduction allows us to reduce the latter equation to finding zeros of a
reduced map from R

2 to R
2. Identifying R

2 with C, we need to obtain the zeros of a reduced
family Gµ : C→ C with Gµ(0) = 0 andDzG0(0) = 0. This family also inherits the symmetry

of P̂µ, i.e., let ω be a critical eigenvalue of DxP0(0), then

Gµ(ωz) = ωGµ(z).

As ω generates an action of the group Zq on C, we have that Gµ is Zq-equivariant. Due
to this symmetry and the property that G0 has a singular zero at z = 0, Zq-equivariant
contact-equivalence singularity theory provides a natural setting for the study of Gµ.

1.3.2 Zq-equivariant contact-equivalence singularity theory

In this subsection we derive normal forms for the families Gµ by applying singularity theory.
To begin with, we present a standard form for a family of planar Zq-equivariant smooth
(non-analytic) germs, which is given by

Gµ(z) = Kµ(u, v)z + Lµ(u, v)z̄q−1, (1.10)

where u = |z|2, v = zq + z̄q and Kµ, Lµ are uniquely defined complex-valued Zq-invariant
map germs [BGV03].
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Contact-equivalence Contact-equivalence singularity theory approaches the study of ze-
ros of a family by implementing coordinate changes that transform the family to a ‘simple’
normal form and then solve the normal form equation. To make this precise we intro-
duce n-parameter Zq-contact-equivalence transformations, which are given by a pair of the
form (Sµ, Zµ), where Sµ : C → C\{0} is a smooth map germ satisfying S0(z) = 1 and
Sµ(ωz)ω = ωS(z), with ω = e2πip/q, and Zµ : C → C is a Zq-equivariant diffeomorphism
germ, with Z0(z) = z. We call the two planar Zq-equivariant families Hµ and Gµ Zq-contact-
equivalent if there is a Zq-contact-equivalence transformation (Sµ, Zµ), such that

Hµ(z) = Sµ(z)Gµ(Zµ(z)).

It follows that contact-equivalences preserve the zeros of a map up to a diffeomorphism.

Recognition conditions. Now we are in the position to characterize two classes of Zq-
equivariant families. The non-degenerate case corresponds to families of which only the linear
part becomes zero for µ = 0, while in the mildly degenerate case all coefficients of terms up
to third order become zero for µ = 0. More specifically, consider (1.10), with K0(0, 0) = 0,
since DzG0(0) = 0 for the Lyapunov-Schmidt reduced function, and L0(0, 0) 6= 0, which we
impose to avoid high degeneracies, then the following results hold.

1. If DuK0(0, 0) 6= 0, q ≥ 5 and if

µ 7→ (Re(Kµ(0, 0)), Im(Kµ(0, 0))) (1.11)

is a submersion at µ = 0, then Gµ is Zq-contact-equivalent to the normal form for the
non-degenerate case given by Fσ(µ) in (1.7). Here the notation σ(µ) indicates that be-
sides a contact-equivalence transformation also a smooth submersive reparametrization
of parameter space is needed to obtain the normal form.

2. If DuK0(0, 0) = 0, D2
uK0(0, 0) 6= 0, q ≥ 7 and if

µ 7→ (Re(Kµ(0, 0)), Im(Kµ(0, 0)),Re(DuKµ(0, 0)), Im(DuKµ(0, 0))) (1.12)

is a submersion at µ = 0, then Gµ is Zq-contact-equivalent to the normal form for
the mildly degenerate case given by Gσ(µ),τ(µ) in (1.8). Here the notation σ(µ) and
τ(µ) indicates that again a smooth submersive reparametrization of parameter space
is needed to obtain the normal form.

Remarks 1.3.1.

1. The latter recognition conditions on Kµ and Lµ distinguishing between the non-
degenerate and mildly degenerate case can also be applied to the Zq-equivariant (q−1)-
jet of the Poincaré-Takens normal form vector field of the previous section.
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2. The normal forms Fσ and Gσ,τ are universal unfoldings of the degenerate germs F0

and G0,0 respectively. This means that every Zq-equivariant parameter dependent de-
formation of F0 is Zq-contact-equivalent to Fσ up to a reparametrization of parameter
space and, additionally, the number of parameters is minimal for this property to be
satisfied. This minimal number of parameters is the codimension of F0. The same
relations hold between G0,0 and Gσ,τ .

3. Gradual violation of degeneracy conditions, like L0(0, 0) 6= 0, gives rise to a familiar
endless sequence of cases with ever higher codimension.

Resonance sets. Finally, we are in the position to determine the geometry of generic
resonance sets. To this end we consider the corresponding boundaries, which are given by
parameter values for which the number of q-periodic orbits of Pµ, or zeros of Gµ, changes.
These changes occur when Gµ has a singular zero, i.e., for parameter values on the discrim-
inant set of Gµ given by

{µ ∈ R
n | there exists a z such that Gµ(z) = 0 and det(DzGµ(z)) = 0}.

We observe that discriminant sets are preserved by contact-equivalences. Hence, in the non-
degenerate case the boundary of the resonance set is diffeomorphic to the Cartesian product
of Rn−2 and the discriminant set of Fσ. In the mildly degenerate case the boundary is
diffeomorphic to the Cartesian product of Rn−4 and the discriminant set of Gσ,τ .

1.4 Concluding remarks

Resonant families of vector fields. The family given in (1.5) appears in more general
systems than periodically forced oscillators. To explain this we consider a family of vector
fields with a periodic orbit. To obtain a map that incorporates all dynamical features near
this orbit, we define a Poincaré map on a corresponding transversal section. If we next
assume that at a resonant HNS bifurcation the Poincaré map has only one pair of critical
eigenvalues, then we may restrict ourselves to a 3-dimensional center-manifold, given by a
reduced tubular neighborhood of the periodic orbit, cf. Figure 1.1. On the center manifold
the family takes the form given in (1.5), see [Hal80,Kuz95].

Number of parameters. In this work families of (Poincaré) maps undergoing a non-
degenerate or mildly degenerate resonant HNS bifurcation are distinguished by utilizing
singularity theory. In the non-degenerate case the linear part of the Lyapunov-Schmidt
or Poincaré-Takens reduced families is zero at the origin for the critical parameter value,
while the third order coefficient in a corresponding series expansion is non-zero. It turns out
that two parameters are required to unfold the linear part. For the original family one of
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these parameters controls the stability of the central fixed point and the other is a detuning
parameter.

In the next case, given by a mildly degenerate resonant HNS bifurcation, besides the linear
part of the reduced family also the third order coefficient becomes zero, while the fifth order
coefficient remains non-zero for the critical parameter value. By singularity theory four
parameters are required to unfold this case, two for the linear part and another two for the
third order part.

The question arises why the codimension 3 case does not appear in a classification of planar
Zq-equivariant germs at 0 ∈ C of the form

g(z) = k(u)z + ℓz̄q−1 +O(|z|q), (1.13)

with u = |z|2, k(0) = 0, D2
uk(u) 6= 0, ℓ 6= 0 and q ≥ 7. To elaborate on this we observe

that if such a codimension 3 germ would exist, it would be equivalent to Gσ,τ given in (1.8)
for a certain non-zero value of (σ, τ) ∈ C2. More precisely, the possible (σ, τ)-values are
given by points on codimension 3 strata of the discriminant set of Gσ,τ . For those parameter

values, zeros of multiplicity greater than 3 only occur at a distance O(τ1, τ
2/(q−2)
2 ) from z = 0

(see Appendix A.1.4). Hence, any generic 3-parameter Zq-equivariant deformation of (1.13)
only exhibits codimension 3 phenomena at a non-zero distance from z = 0 and, therefore,
codimension 3 germs of the form (1.13) do not exist. We note that if a germ is considered at
a point where a codimension 3 phenomenon of a generic 3-parameter deformation of (1.13)
occurs, it would not be Zq-equivariant.

Computer algebra. As both Poincaré-Takens reduction and Lyapunov-Schmidt reduc-
tion are algorithmic procedures, the recognition conditions in Section 1.3 can be pulled back
to the original families. We implemented these algorithms using Mathematica [Wol08] and
C++ to actually perform this computation.

1.5 Overview

We start with the investigation of the general setting of Hopf-Nĕımarck-Sacker families of
diffeomorphisms in Chapters 2 and 3, which is followed by a study of HNS families of
periodically forced oscillators in Chapter 4. Throughout we return to the investigation of
families of Zq-equivariant maps.

Chapter 2, based on [BHV08], is concerned with resonance in HNS families of diffeomor-
phisms. The main contribution is providing a method to detect, or recognize, non-degenerate
and a mildly degenerate resonance in HNS families of diffeomorphisms. The procedure for
detecting resonances boils down to checking polynomial equalities and inequalities in deriva-
tives of the considered family at the central bifurcation point. As an illustration the results
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are applied in several case studies. For example, we study resonance in a family with a
central Hopf-saddle-node bifurcation, cf. [BSV08].

Chapter 3, based on [BHVV09], supplements Chapter 2 with a detailed investigation of
the geometry of the resonance set and the dynamics near mildly degenerate resonant HNS
bifurcations in families of diffeomorphisms. We use catastrophe theory [Arn82,Brö75,PS96]
and 2- and 3-dimensional cross-sections of parameter space to explain the geometry. In order
to obtain a good description of the dynamics, a Poincaré-Takens vector field approximation
for the mildly degenerate case is considered. The latter family is investigated by applying
standard (numerical) methods from bifurcation theory [Arn82,Dev89,GH83,Kuz95,Tho75].

Chapter 4, based on [BHV09], deals with HNS families of periodically forced oscillators. The
main aim here is to explicitly derive corresponding families of Poincaré maps by utilizing the
Poincaré-Takens normal form procedure. As a consequence, all results for discrete systems
given in Chapters 2 and 3 can be applied to periodically forced oscillators. It is expected
that these applications can be extended to the general case of a Poincaré map near a periodic
solution of an autonomous system.
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Glossary1 for Chapter 1

Arnol’d resonance tongue [Arn82, BGV03]. Resonance set of 2-parameter families of
diffeomorphisms undergoing a non-degenerate resonant Hopf-Nĕımarck-Sacker bifur-
cation. The set is tongue-shaped, since the corresponding boundary is a cusp.

Contact-equivalence [GSS85, GS88]. Let f, g : Rk → Rk be germs with the origin as
base point, then f and g are contact-equivalent if there exist a diffeomorphism germ
Z : Rk → Rk with Z(0) = 0 and a smooth map S : Rk → GL(Rk), such that
f(x) = S(x)g(Z(x)) for all x near the origin.

Cusp [PS96,BGV03]. The k/2-cusp is any set, which is locally diffeomorphic to the set
given by xk = y2, with (x, y) ∈ R2 near (x, y) = 0.

Discriminant set [Arn82]. The set of parameter values for which a family of maps has
a singular point, i.e., given the family Fµ : Rk → Rk with µ ∈ Rn a multi-parameter,
then the corresponding discriminant set is given by

{µ ∈ R
n | Fµ(x) = 0 and rank(DxFµ(x)) is not maximal for some x in R

k}.

Equivariance [GSS85,GS88]. Given the group G, which acts on Rk, then f : Rk → Rk is
G-equivariant if g ◦ f = f ◦ g for all g ∈ G.

Germ [Brö75,Gib79]. Two maps f, g : Rk → Rℓ are germ equivalent at 0 ∈ Rk if there
exists a neighborhood U of 0 ∈ Rk, such that f |U = g|U . The corresponding equivalence
classes are called germs.

Jet [Brö75,Gib79]. Two smooth maps f, g : R
k → R

ℓ are m-jet equivalent at 0 ∈ R
k if

f(x)− g(x) = O(|x|m+1). The corresponding equivalence classes are called m-jets. A
canonical representative of the m-jet of the smooth map f : Rk → Rℓ is given by the
Taylor-series expansion of f at 0 modulo terms of order O(|x|m+1).

Lyapunov-Schmidt reduction [Van00, GSS85, BGV07]. Given F : Rk → Rk with
F (0) = 0, DxF (0) semi-simple and dim(ker(DxF (0))) = ℓ 6= 0, then Lyapunov-
Schmidt reduction reduces the study of the zeros of F to that of the zeros of a map
from Rℓ to Rℓ. For details see Sections 1.3 and 2.3.

Normal form [Arn82]. A ‘simple’ mathematical object, e.g., a dynamical system, repre-
senting a class of equivalent mathematical objects.

1Descriptions are given as general as needed for the current work.
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Poincaré-Takens normal form [Tak74a,BV08]. Given a system of the form

ẏ =(iω + h10(µ))y +

q−1∑

j+k=2

hjk(µ)yjyk

+ ε

q−1∑

j+k=1

Hjk(t;µ)yjyk +O(|z|q),

where y ∈ C, t ∈ R/Z, ω = 2πp/q, h10(0) = 0, µ ∈ R
n is a multi-parameter and ε is

a small positive real constant. Here the order O(|z|q) terms may depend on t as well.
Then a corresponding Poincaré-Takens normal form is given by

ż = iωz + z

⌈ q−3
2

⌉∑

k=0

ℓk(µ)|z|2k + γµz
q−1 +O(|z|q),

where O(|z|q) may depend on t. The dependence of the coefficients in this normal form
on ε is not explicitly indicated, since ε is a constant. For details see Sections 1.2.2
and 4.4.

Recognition problem [GSS85]. Given a class C of equivalent mathematical objects, then
the corresponding recognition problem is to obtain necessary and sufficient conditions
for any object to belong to C.

Resonance set [BGV03, Kuz95]. Region in parameter space for which q-periodic orbits
occur near a resonant Hopf-Nĕımarck-Sacker bifurcation of a (Poincaré) map.

Resonant Hopf-Nĕımarck-Sacker (HNS) bifurcation [Kuz95,Arn82]. A fixed point
of a family of diffeomorphisms undergoes a resonant HNS bifurcation if correspond-
ing critical resonant eigenvalues are of the form e±2πip/q with 0 < |p| < q ∈ N and
gcd(p, q) = 1. At such a bifurcation typically q-periodic orbits bifurcate from the fixed
point.

Swallowtail [PS96, Brö75]. Any set locally diffeomorphic to the discriminant set of the
3-parameter family of real polynomials given by x4 + ax2 + bx+ c, where a, b and c are
small real parameters and x is a small real variable. This set is displayed in Figure 3.11
(Section 3.2.2).

Unfolding [Brö75,GSS85]. The n-parameter family of germs Gµ : Rk → Rℓ is an unfolding
of the germ g : R

k → R
ℓ at 0 ∈ R

k if G0 is germ equivalent to g.

• Contact-equivalence of unfoldings is defined similar to that of individual germs.

• An unfolding Gµ of a given germ g is versal under contact-equivalence if Gµ is
contact-equivalent (up to a smooth reparametrization of parameter space) to an
arbitrary unfolding of g.
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• An unfolding is universal if it is versal with a minimum number of parameters.
This minimum number is called the codimension of the unfolded germ g.

Zq-equivariant contact-equivalence normal form families [BGV03]. These normal
forms are given by universal unfoldings under Zq-equivariant contact-equivalence of
planar Zq-equivariant map germs. In the non-degenerate case the normal form is given
by

Fσ(z) = z(σ + |z|2) + zq−1,

where z ∈ C and σ ∈ C. In the mildly degenerate case the normal form is given by

Gσ,τ (z) = z(σ + τ |z|2 + |z|4) + zq−1,

where z ∈ C and (σ, τ) ∈ C2. For details see Sections 1.3 and 2.2.2.
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Libraire Scientifique et Technique Albert Blanchard, 1987.

[PS96] T. Poston and I. Stewart. Catastrophe theory and its applications. Dover
publications, Dover, 1996.

[SKT04] M. Siewe, F.M. Kameni, and C. Tchawona. Resonant oscillation and homo-
clinic bifurcation in a Φ6-van der pol oscillator. Chaos, Solitons and Fractals,
24(4):841–853, 2004.

[Sma67] S. Smale. Differentiable dynamical systems. Bull. Amer. Math. Soc., 73:747–
817, 1967.

[Tak74a] F. Takens. Forced oscillations and bifurcations. In Applications of Global Anal-
ysis I, volume 3, pages 1–59. Communications of the Mathematical Institute of
the University of Utrecht, 1974. Reprinted in: H.W. Broer, B. Krauskopf and
G. Vegter, editors, Global Analysis of Dynamical Systems. Festschrift Ded-
icated to Floris Takens for his 60th Birthday (Leiden, 2001), Inst. Physics,
Bristol (2001), 1-61.

[Tak74b] F. Takens. Singularities of vector fields. Publ. Math. IHES, 42:48–100, 1974.



Bibliography for Chapter 1 23

[Tho75] R. Thom. Structural Stability and Morphogenesis. Benjamin-Addison Wesley,
New-York, 1975.

[Van92] A. Vanderbauwhede. Branching of periodic solutions in time-reversible systems.
In H.W. Broer and F. Takens, editors, Geometry and Analysis in Non-linear
Dynamics, volume 222 of Pitman Research Notes in Mathematics, pages 97–
113. Pitman London, 1992.

[Van00] A. Vanderbauwhede. Subharmonic bifurcation at multiple resonances. In
S. Elaydi et al, editor, Proceedings of the Mathematics Conf., pages 254–276.
Singapore: World Scientific, 2000.

[vdPvdM27] B. van der Pol and J. van der Mark. Frequency demultiplication. Nature,
120:363–364, 1927.

[Wol08] Wolfram Research, Inc. Mathematica, Version 7.0. Wolfram Research, Inc.,
Champaign, Illinois, 2008.





Chapter 2

Recognition problem: Map case

2.1 Introduction

Resonance. Here we focus on resonance sets and their boundaries near non-degenerate and
mildly degenerate Hopf-Nĕımarck-Sacker bifurcations in families of diffeomorphisms. Such
bifurcations occur if one of the maps in such a family, which we call the central singularity1,
has a fixed point at which the eigenvalues are on the unit circle. The present study zooms in
on the case where this occurs at a q-th root of unity. Recall that resonance sets are regions
in parameter space corresponding to the occurrence of q-periodic orbits near the fixed point
of the central singularity, and the boundaries of these sets correspond to the appearance
or disappearance of such periodic orbits, typically through a saddle-node bifurcation. In
the non-degenerate case of weak resonance, i.e., when q ≥ 5, a pair of q-periodic orbits
appears or disappears upon passage of the boundary of an Arnol’d resonance tongue. Such
bifurcations occur in generic 2-parameter families. If q ≥ 7 we encounter a more degenerate
situation, which gives rise to the appearance or disappearance of up to four q-periodic orbits
near the HNS bifurcation. These bifurcations occur in generic 4-parameter families.

Main results and outline of the chapter. In [BGV03] normal forms for such families of
maps are obtained by applying Zq-equivariant contact-equivalence singularity theory. These
normal forms, depending on two and four parameters, respectively, determine the geometry
of the resonance sets in generic families. In this chapter we solve the recognition problem
for families of maps exhibiting a weak resonance, i.e., we derive a finite set of conditions
distinguishing families of maps with diffeomorphically different resonance sets. As usual,
these conditions are polynomial equalities and inequalities in finite order derivatives of the
map at the bifurcation point. These conditions are obtained via Lyapunov-Schmidt reduction,
a procedure mapping a family of maps near p : q-resonance to a family of Zq-equivariant

1We use the term central singularity for such a map, since it corresponds to a parameter value, which is
the (local) central singularity in parameter space.
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functions, such that the zeros of the latter family correspond to fixed points or periodic
orbits of the former family. The discriminant set of the reduced family is a stratified subset
of parameter space, separating open regions in parameter space corresponding to different
numbers of zeros. Therefore, this set also separates open regions corresponding to different
numbers of q-periodic orbits of the family of maps, so it coincides with the boundaries of
the resonance set.

Our main contribution is two-fold:

1. The derivation of an algorithm that computes explicit expressions for the Lyapunov-
Schmidt reduction of a given resonant family of maps;

2. Using these expressions to solve the recognition problem, based on Zq-equivariant
contact-equivalence singularity theory along the lines of [GSS85,GS88].

The main results are presented in Section 2.2, in which we also present several case studies
illustrating our approach. Section 2.3 contains the details of the Lyapunov-Schmidt reduction
algorithm, and the output in a characteristic case. Finally, in Section 2.4 we apply Zq-
equivariant contact-equivalence singularity theory to derive conditions characterizing a class
of generic and mildly degenerate families of planar diffeomorphisms, and, therefore, solving
the recognition problem for such families. In Chapter 3 we analyze the complete geometry
of the resonance set of this mildly degenerate family via 2- and 3-dimensional tomograms,
i.e., using 2- and 3-dimensional cross-sections of 4-dimensional parameter space.

Related work. In many applications, the family of planar diffeomorphisms is obtained
from a family of vector fields by taking a suitable Poincaré map corresponding to a section
transverse to a periodic orbit. The eigenvalues of the derivative of the Poincaré map then are
the Floquet exponents of the periodic orbit. The corresponding bifurcation of the periodic
orbit, in particular related to subharmonic periodic solutions and invariant tori, usually is
referred to as a Hopf-Nĕımark-Sacker bifurcation, compare with [Kuz95]. This approach also
works for non-autonomous systems of differential equations, depending periodically on time.

The kind of resonance scenario discussed here, occurs in many other situations as well. A
toy model for the array of tongues of the Hopf-Nĕımark-Sacker bifurcation is formed by the
Arnol’d family of circle maps [Arn82], given by x 7→ x + 2πα + β sin x. Here in the (α, β)-
plane tongues appear with their tips in (α, β) = (p

q
, 0) and stretching out into the regions

β 6= 0, see Figure 2.1. Also compare with [Dev89,BGV03,BGV07].

The research program of Peckham et al. reflected in [PK02, MP96, MP95, PFK95, PK91]
views the boundary of resonance sets as projections on the parameter plane of (saddle-node)
bifurcation sets in the product of parameter and phase space. This approach has the same
spirit as ours and many interesting geometric properties of ‘resonance sets’ are discovered and
explained in this way. We note that the earlier result [PK91] on higher order degeneracies
in a period-doubling uses Z2-equivariant singularity theory.
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Figure 2.1: Resonance tongues in the Arnol’d family [BST98].

Particularly, we like to mention the results of [PK02] concerning a class of oscillators with
doubly periodic forcing. It turns out that these systems can have coexistence of periodic
attractors (of the same period), giving rise to ‘secondary’ saddle-node lines, sometimes en-
closing a flame-like shape.

In [Che88,Che85a,Che85b] Chenciner considered a 2-parameter unfolding of a degenerate
Hopf bifurcation. Strong resonances to some finite order are excluded in the ‘rotation num-
ber’ ω0 at the central fixed point. In [Che85b] for sequences of ‘good’ rationals pn/qn tending
to ω0, corresponding fixed points are studied with the help of Zqn-equivariant normal form
theory. For a further discussion of the codimension k Hopf bifurcation see [BR01].

For background regarding weak and strong resonances we refer to Takens [Tak74a], New-
house et al. [NPT83], Arnol’d [Arn82], Krauskopf [Kra94] and Broer, Golubitsky and Veg-
ter [BGV03,BGV07] and [Hum79]. Resonance is also studied in Hamiltonian or reversible
settings, etc., compare with Broer et al. [BV92,BCKV93,BCKV95,BHLV03,BHLV98b,BL95,
BS00,BS98,BV92,BHLV98a], Vanderbauwhede [Van92] or [LM09].

For open problems concerning analytic families of maps on the complex plane, see [Ily08].

2.2 Universal deformations and recognition conditions

The main results of this chapter concern a Lyapunov-Schmidt reduction for the problem
of detecting q-periodic orbits and the precise formulation of the recognition conditions that
determine the classification of bifurcation diagrams. We also consider a few case studies.
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2.2.1 Lyapunov-Schmidt reduction

We consider a family of local diffeomorphisms on the plane, depending on a multi-parameter,
such that for a certain parameter value the diffeomorphism has a fixed point with a pair of
primitive q-th roots of unity as eigenvalues. Such a family may also originate from reduction
of a higher dimensional family to a 2-dimensional center manifold. For convenience we
identify the plane with C. If the eigenvalues of the linear part at the fixed point are of the
form ω and ω, with ω = e2πip/q, the family of diffeomorphisms can be brought into the form

Pµ(z) = (ω + a10(µ)) z +
∑

2≤i+j<q

aij(µ) zi zj +O(|z|q), (2.1)

after translating the fixed point of Pµ to the origin and after bringing the linear part of Pµ

at this fixed point into Jordan normal form. We assume that µ ∈ Rn and that ω = e2πip/q,
with 0 < |p| < q coprime. The coefficients aij are complex valued functions of µ. We note
that a10 measures detuning and change in stability from the resonant linear map z 7→ ωz.
Lyapunov-Schmidt reduction of the family Pµ yields a smooth, non-analytic, Zq-equivariant
family Gµ : C→ C of the form

Gµ(z) = z Bµ(u) + Cµ z
q−1 +O(|z|q), (2.2)

where Bµ is a polynomial in u = |z|2 of degree less than (q − 1)/2, with Bµ(0) = a10(µ).
(We discuss Lyapunov-Schmidt reduction in more detail in Section 2.3.) Since the q-periodic
points of the family of maps Pµ correspond to the zeros of the reduced family of functions
Gµ, the boundary of the resonance sets of the family of maps corresponds to the discriminant
set Σ(Gµ) of the family Gµ, i.e., the set of parameters for which there is a z ∈ C such that

Gµ(z) = 0 and det(DzGµ(z)) = 0.

Therefore, determining an explicit form of the Lyapunov-Schmidt reduced family Gµ is a
key step towards the explicit computation of the resonance sets. This is precisely the first
part of the main result in the present chapter, i.e., the computation of the functions Bµ and
Cµ in (2.2) as a function of the coefficients aij in (2.1).

Theorem 2.2.1. (Lyapunov-Schmidt reduction) Let Pµ : C → C be a family of
diffeomorphisms of the form

Pµ(z) = (ω + a10(µ)) z +Qµ(z), (2.3)

where ω = e2πip/q, with p and q relatively prime and q > 1, a10(0) = 0 and

Qµ(z) =
∑

2≤i+j<q

aij(µ) zi zj +O(|z|q). (2.4)



2.2 Universal deformations and recognition conditions 29

1. Lyapunov-Schmidt reduction turns q-periodic orbits of Pµ into zeros of the family Gµ

of Zq-equivariant maps, which is of the form

Gµ(z) = z Bµ(u) + Cµ z
q−1 +O(|z|q), (2.5)

where Bµ is a polynomial in u of degree less than (q − 1)/2 of the following form,

Bµ(u) = a10(µ) + b1(µ) u+ b2(µ) u2 +O(u3).

Expressions for Bµ and Cµ are computed by the Lyapunov-Schmidt reduction algorithm,
presented in Section 2.3. An example of these expressions is given at the end of that
section.

2. If Qµ(z) is Zq-equivariant in the sense that Q(ω z) = ωQ(z), then Lyapunov-Schmidt
reduction yields a Zq-equivariant family Gµ of the form

Gµ(z) = a10(µ) z +Qµ(z).

Section 2.3 contains the proof of this theorem. In fact, we will present an algorithm per-
forming Lyapunov-Schmidt reduction for families of the form (2.1).

Remarks 2.2.1.

1. With regard to the second part of the latter theorem note that equivariance of Qµ, at
least up to order O(|z|q), is equivalent to all coefficients aij being zero, except possibly
for j = i− 1 and (i, j) = (0, q − 1).

2. Lyapunov-Schmidt reduction ensures that the Zq-symmetry of the q-periodic of Pµ

becomes a full Zq-symmetry of the family Gµ.

2.2.2 The recognition problem

Zq-equivariant contact-equivalence. We use equivariant singularity theory to study
the zero set of Zq-equivariant families Gµ of the form (2.2) obtained by Lyapunov-Schmidt
reduction. In [BGV03] equivariant singularity theory is applied to obtain normal forms
for the simplest Zq-equivariant germs obtained from Lyapunov-Schmidt reduction. Here we
focus on the recognition problem for families of germs, i.e., we derive conditions guaranteeing
that a given family unfolds one of these simple germs, and does so ‘generically’. To this end
we first recall some notions and properties of equivariant singularity theory that we apply,
see also [GSS85, Chapter III].

We derive equivariant conditions characterizing the orbits of such families under the group of
Zq-equivariant contact-equivalence transformations. This group consists of all pairs (S, Z),
where Z : C→ C is a Zq-equivariant (local) change of coordinates, i.e.,

Z(ωz) = ωZ(z) (2.6)
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for all z, with ω = e2πip/q, and the smooth map germ S(z) : C→ C\{0}, satisfies

S(ωz)ω = ω S(z) (2.7)

for all z. The product of the two group elements (S, Z) and (T, Y ) is given by (S ·T, Z ◦Y ).
Moreover, this group acts on the ring of functions (or, rather, germs) as follows, (S, Z) maps
the germ g onto the germ h defined by

h(z) = S(z) g(Z(z)). (2.8)

In this case g and h are Zq-contact-equivalent. Note that Z maps the zero set of h to the
zero set of g, an important feature in our approach of resonances.

A n-parameter unfolding of a germ g : C → C is a family Gµ : C → C, such that G0(z) =
g(z). We call the germ g the central singularity of Gµ. Such an unfolding is Zq-equivariant if
every germ in the family Gµ is Zq-equivariant. Two n-parameter Zq-equivariant unfoldings
Gµ and Hµ of the germ g are called Zq-contact-equivalent if there is a smooth n-parameter
family (Sµ, Zµ) of Zq-equivariant contact-equivalence transformations mapping Gµ onto Hµ,
i.e.:

Hµ(z) = Sµ(z)Gµ(Zµ(z)),

such that S0(z) = 1 and Z0(z) = z.

Moreover, an m-parameter Zq-equivariant unfolding Hν of a Zq-equivariant germ g is induced
by a n-parameter Zq-equivariant unfolding Gµ of g if there is a smooth map ϕ : Rm → Rn,
with ϕ(0) = 0, and a Zq-contact-equivalence transformation (Sϕ(ν), Zϕ(ν)), such that

Hν(z) = Sϕ(ν)(z)Gϕ(ν)(Zϕ(ν)(z)).

In this case, Zϕ(ν) maps the (singular) zero set of Hν onto the (singular) zero set of Gϕ(ν) and
so the discriminant set Σ(Hν) is obtained by pulling back Σ(Gµ) through the reparametriza-
tion ϕ. Given the family Gµ, our strategy will be to compute a normal form, i.e., a ‘simple
family’ Zq-contact-equivalent to Gµ. Although not unique, such a normal form can usually
be chosen to be a low-degree polynomial family Hν , the discriminant set Σ(Hν) of which
can be determined by a straightforward calculation. This notion of ‘simple family’ is made
precise by considering versal unfoldings, i.e., unfoldings induced by any other unfolding of
the same germ. An unfolding is called universal if it is versal with a minimal number of
parameters. This minimal number of parameters is the codimension of the germ it unfolds.
Since resonance sets correspond to discriminant sets of Lyapunov-Schmidt reduced functions,
it is obvious why it is important to study (uni)versal unfoldings of these reduced functions.

Versal unfoldings of Zq-equivariant functions. The second part of the main result
of the current chapter consists of precise conditions characterizing Zq-equivariant families
with non-degenerate or mildly degenerate central singularities. These conditions solve the
recognition problem for such families.
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Theorem 2.2.2. (Recognition conditions) Let Gµ : C → C with the multi-parameter
µ ∈ Rn be a Zq-equivariant family of the form

Gµ(z) = z Kµ(u) + Lµ z
q−1 +O(|z|q),

with u = |z|2, K0(0) = 0 and L0 6= 0. Let g = G0 be the central singularity of the family Gµ.

1. If DuK0(0) 6= 0, q ≥ 5, then Gµ is a versal unfolding of g if

µ 7→ (Re(Kµ(0)), Im(Kµ(0))) (2.9)

is a submersion at µ = 0. Gµ is a universal unfolding if n = 2.

2. If DuK0(0) = 0, D2
uK0(0) 6= 0 and q ≥ 7, then Gµ is a versal unfolding of g if

µ 7→ (Re(Kµ(0)), Im(Kµ(0)),Re(DuKµ(0)), Im(DuKµ(0))) (2.10)

is a submersion at µ = 0. Gµ is a universal unfolding if n = 4.

Remark 2.2.1. Gradual violation of the degeneracy conditions like L0 6= 0 gives rise to a
familiar endless sequence of bifurcations of ever higher codimension.

We prove this result in Section 2.4, which also contains the corresponding results for the
strong resonances q = 3 and q = 4.

Theorem 2.2.2 allows us to derive explicit expressions for universal unfoldings of certain
Zq-equivariant germs.

Corollary 2.2.1. Let g be a Zq-equivariant germ of the form

g(z) = z k(u) + ℓ zq−1 +O(|z|q),

with k(0) = 0 and ℓ 6= 0. A universal unfolding of g is of the form

Gσ(z) = g(z) + σ z, if Duk(0) 6= 0; (2.11)

Gσ,τ (z) = g(z) + σ z + τ z |z|2, if Duk(0) = 0 and D2
uk(0) 6= 0, (2.12)

where the parameters σ = σ1 + iσ2 and τ = τ1 + iτ2 are complex.

Remark 2.2.2. In [BGV03] we also derived normal forms h(z) for the central singularity g
in these cases:

h(z) = z |z|2 + zq−1, in case (2.11);

h(z) = z |z|4 + zq−1, in case (2.12).

Germs of this kind, and their universal unfoldings, will show up in the case studies presented
in Section 2.2.3.
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The recognition problem for families of planar diffeomorphisms. We now apply
Theorem 2.2.2 on versality of general unfoldings of Zq-equivariant germs to obtain conditions
solving the recognition problem for families of planar diffeomorphisms of the form Pµ(z) =
(ω+a10(µ)) z+Qµ(z), where Qµ is of the form (2.4), with q-periodic orbits bifurcating from
a fixed point z = 0 at µ = 0. The reduced family Gµ(z) is of the form (2.5), i.e.,

Gµ(z) = zBµ(u) + Cµ z
q−1 +O(|z|q),

where u = |z|2 and
Bµ(u) = a10(µ) + b1(µ) u+ b2(µ) u2 +O(u3).

Corollary 2.2.2. Assume that the coefficient C0 of the term zq−1 in (2.5) is nonzero.

1. If a10(0) = 0, b1(0) 6= 0 and q ≥ 5, then the family Gµ(z) is a versal unfolding of the
germ G0(z) if

µ 7→ (Re(a10(0)), Im(a10(0))) (2.13)

is a submersion at µ = 0.

2. If a10(0) = b1(0) = 0, b2(0) 6= 0 and q ≥ 7, then the family Gµ(z) is a versal unfolding
of the germ G0(z) if

µ 7→ (Re(a10(0)), Im(a10(0)),Re(b1(0)), Im(b1(0))) (2.14)

is a submersion at µ = 0.

Proof. The condition C0 6= 0 is equivalent to assuming that L0 6= 0 in Theorem 2.2.2.

1. First consider the non-degenerate case, corresponding to b1(0) 6= 0 and q ≥ 5. As Bµ

corresponds to Kµ in Theorem 2.2.2, it follows that B0(0) = a10(0) and DuB0(0) =
b1(0) immediately imply Corollary 2.2.2.

2. In the mildly degenerate case, replacing Kµ in Theorem 2.2.2 with Bµ, where B0(0) =
a10(0), DuB0(0) = b1(0), D2

uB0(0) = b2(0) and taking q ≥ 7, immediately implies
Corollary 2.2.2.

2.2.3 Case studies

To illustrate our main result we present some examples in which we determine resonance
sets of planar families of diffeomorphisms a fixed point of which undergoes a Hopf-Nĕımark-
Sacker bifurcation with its characteristic array of resonance sets organizing the alternation of
periodic and quasi-periodic dynamics. We zoom in on the shape of one such set, as a subset
of the resonance bifurcation diagram, briefly reviewing the classical non-degenerate case,
but then turning to a next case of degeneracy. For further examples of such bifurcations we
refer to [BSV02,BSV08,BSV02,Kuz95].
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Figure 2.2: The non-degenerate resonance set of Pσ given in (2.15) in the σ-plane for q = 7
and b = d = ω (central picture), with phase portraits for various values of the parameter σ.
For σ in region 1 the map Pσ has a fixed point surrounded by two period-7 orbits. Curves
between the periodic points are their stable or unstable manifolds. If σ is changed such that
it crosses the boundary of the resonance set, the two period-7 orbits disappear in a saddle-
node bifurcation. Regions 2 and 2’ correspond to phase portraits with a single fixed point
enclosed in an invariant circle. The complete bifurcation diagram consists of the boundary
of the resonance set and a Hopf-line given by σ1 = 0. When the parameter crosses this line
into region 2 or region 2’ the invariant circle disappears.

Generic equivariant families. The first example is a non-degenerate planar family of
diffeomorphisms near a p : q-resonance with a Zq-equivariant (q− 1)-jet, i.e., a family Pσ(z)
given by

Pσ(z) = (ω + σ) z + b z |z|2 + dz̄q−1 + O(|z|q), (2.15)

where σ ∈ C is a complex parameter ranging over a neighborhood of 0 ∈ C and where b and
d are non-zero complex constants, and ω = e2πip/q, with p and q ≥ 5 coprime. Theorem 2.2.1,
and the subsequent observations, show that Lyapunov-Schmidt reduction yields the reduced
family

Gσ(z) = σ z + b z |z|2 + dz̄q−1 +O(|z|q).
A straightforward derivation along the lines of Appendix A.1.1 and A.1.2 shows that the
discriminant set of this family, and, hence, the resonance set boundary of the family (2.15),
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is a familiar (q − 2)/2-cusp in the σ-plane. The resonance set, and some characteristic
phase portraits, are plotted in Figure 2.2 for q = 7. The complete bifurcation set consists
of the boundary of the resonance set and a Hopf-line, corresponding to the appearance
or disappearance of an invariant circle. This Hopf-line is determined by other (standard)
methods from bifurcation theory. Further details are provided in the caption of Figure 2.2.

A higher dimensional example: Reduction to a center manifold. Our second
example is a family of diffeomorphisms in R

3, with two conjugate 5-th roots of unity as
eigenvalues, and a third real eigenvalue off the unit circle. We determine for which values
of the parameter resonances of order 5 may occur, and show how the resonance sets can be
determined by restricting to a 2-dimensional center manifold.

The example is inspired by a related system studied in [BSV08], where the resonance sets are
determined by first computing a Poincaré-Takens normal form for the family of maps. Then
the fixed points corresponding to this type of resonance are located, and finally an expression
for the boundary of the resonance set is obtained by looking for saddle-node bifurcations of
the points of period 5.

We follow an alternative approach by applying the methods developed in this chapter to
determine the resonance sets via Lyapunov-Schmidt reduction. The family of maps Fµ :
R×C→ R×C is given by

Fµ(x, z) = (F1(x, z), F2(x, z;µ)),

with

F1(x, z) = x+ b2 − x2 − |z|2,
F2(x, z;µ) = z (ω + µ− a x− x2) + d z4.

Here µ is a complex parameter, to be specified later on, b is a non-zero real constant, and
a and d are complex constants. Furthermore, ω = 2πip/5, with 0 < p < 5. The map has
fixed points at (±b, 0), with one real eigenvalue equal to 1− 2b, which is off the unit circle
since b 6= 0. We are interested in the occurrence of p : 5 resonances at these fixed points.
To this end we focus on the fixed point (b, 0), and impose the condition that the linear part
of Fµ of this fixed point also has two eigenvalues ω and ω lying on the unit circle. A short
calculation shows that this situation occurs for µ = a b + b2. For convenience we introduce
the parameter σ, defined by σ = µ− a b− b2, ranging over a neighborhood of 0 ∈ C. At the
fixed point (b, 0) the family Fσ has a center manifold of the form

x = ϕσ(z) = b+ cσ |z|2 +O(|z|3).

We determine the unknown real coefficient cσ from the invariance condition

F1(ϕσ(z), z) = ϕσ(F2(ϕσ(z), z; σ)).
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A straightforward calculation shows that

cσ =
1

1− 2b− |ω + σ|2 = − 1

2b
+O(|σ|).

Restricted to the invariant manifold the map Fσ is of the form

z 7→ F2(ϕσ(z), z; σ) = (ω + σ) z + (
a

2b
− 1 +O(|̺|)) z |z|2 + d z4 +O(|z|5).

Note that this family is of the form (2.15), provided a 6= 2b, so the analysis of the first case
applies to this system as well. It leads to a standard cusp shaped resonance set like the one
depicted in Figure 2.2.

Mildly degenerate equivariant families. As in the first case study, our third example
is a planar family Pσ,τ (z) in normal form, i.e.,

Pσ,τ (z) = (ω + σ) z + τ z |z|2 + c z |z|4 + dz̄q−1 +O(|z|q), (2.16)

where σ = σ1+iσ2 and τ = τ1+iτ2 are complex parameters ranging over a small neighborhood
of 0 ∈ C, and c and d are nonzero complex constants. Note that this family is slightly
more degenerate than (2.15), since also the coefficient τ of the third order term is a small
parameter. Furthermore, we require q ≥ 7, cf. Theorem 2.2.2. Lyapunov-Schmidt reduction
yields the reduced family

Gσ,τ (z) = σ z + τ z |z|2 + c z |z|4 + dz̄q−1 +O(|z|q). (2.17)

In Chapter 3 we present a full description of the resonance set, i.e., of the discriminant set of
the family Gσ,τ , which is now an algebraic hypersurface in 4-dimensional parameter space. In
Figure 2.3 we depict a 2-dimensional intersection of this parameter space for q = 7, together
with some phase portraits. Note that, again, the resonance sets do not represent all local
bifurcations of the family (2.16). In Chapter 3 we provide a more detailed description of the
bifurcation set.

Remark 2.2.3. The case studies presented in this section all start from a rather simple
expression (normal form) of the family of diffeomorphisms. The Lyapunov-Schmidt algo-
rithm, to be presented in Section 2.2.1, reduces arbitrarily complicated expressions. See the
example at the end of Section 2.2.1.

2.3 An algorithm for Lyapunov-Schmidt reduction

The algorithm for Lyapunov-Schmidt reduction performs three steps (A C++ implementation
of this algorithm, and some sample output, can be obtained from [Hol]). First it transforms
the problem of finding q-periodic orbits in a family of maps Pµ : C→ C, bifurcating from a
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σ2
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Figure 2.3: The resonance set for the mildly degenerate family (2.16) in a 2-dimensional
cross-section, with τ fixed, of (σ, τ)-parameter space for q = 7 (central picture), with phase
portraits for various values of the parameter σ in the complement of the resonance set
(regions 1, 2 and 3). The origin σ = 0 is at the tip of the triangular region 1. Regions 1, 2
and 3 correspond to the occurrence of 4, 2, and 0 period-7 orbits. The 4 period-7 orbits lie
on two disjoint invariant circles. If Im(σ) varies such that σ crosses the boundary of region
1, two period-7 orbits on the inner circle disappear in a saddle-node bifurcation. On the
other hand, if Re(σ) increases such that σ crosses boundary between region 2 and region
3, a periodic orbit of the inner circle and one of the outer circle disappear in a saddle-node
bifurcation, destroying both invariant circles. Crossing the boundary between region 2 and
3 yields another saddle-node bifurcation destroying the remaining periodic orbits.

fixed point, into the problem of finding zeros of an associated map P̂µ : Cq → Cq. Second,
under certain conditions on the linear part of Pµ at the fixed point, the problem is reduced
to finding the zeros of a reduced function Gµ : C → C. Third, it determines the function
Gµ to any desired finite order by successive approximation of the solution of an implicit
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equation.

Detecting periodic points. The first step of the algorithm is the construction of the
map P̂µ, the zeros of which correspond to the q-periodic orbits of Pµ : V → V , where V is
some finite dimensional vector space. In our setting V = C and Pµ is a family of maps given
by (2.1). To this end, let x1, . . . , xq be a q-periodic orbit of Pµ. This orbit is the zero of the

map P̂µ : V q → V q, defined by

P̂µ(x1, . . . , xq) = (Pµ(x1)− x2, . . . , Pµ(xq−1)− xq, Pµ(xq)− x1). (2.18)

We assume that the periodic orbit bifurcates from a fixed point at the origin, implying
P̂µ(0) = 0. Moreover, this family is Zq-equivariant, because it commutes with ξ : V q → V q,
defined by

ξ(x1, . . . , xq) = (x2, . . . , xq, x1).

Clearly, ξ generates an action of Zq on V q. The search for q-periodic orbits of Pµ is trans-

formed into computing the zeros of the Zq-equivariant map P̂µ locally near 0 ∈ V q.

An algorithm for Lyapunov-Schmidt reduction. Starting in a more general setting,
let Φ : W → W be a smooth map on a vector space V , having the origin as a fixed point.
(In our setting, Φ = P̂ and W = V q.) Moreover, assume that DxΦ(0) is semi-simple, i.e.,

W = ker(DxΦ(0))⊕ im(DxΦ(0)),

where ker(DxΦ(0)) is the kernel and im(DxΦ(0)) the range of DxΦ(0). Let E be the projec-
tion onto im(DxΦ(0)) Then I − E is the projection onto ker(DxΦ(0)). Using the variables
s ∈ ker(DxΦ(0)) and t ∈ im(DxΦ(0)), it follows that

Φ(s, t) = 0

if and only if
EΦ(s, t) = 0 and (I − E)Φ(s, t) = 0. (2.19)

The implicit function theorem implies there is a unique map s 7→ t(s) near s = 0, such that
EΦ(s, t(s)) = 0. The solution t(s) can be substituted in (I − E)Φ(s, t) yielding G(s) ≡
(I − E)Φ(s, t(s)). Consequently, the study of zeros of Φ : W → W has been reduced to
the study of zeros of G : ker(DxΦ(0)) → ker(DxΦ(0)). It should be noted that Lyapunov-
Schmidt reduction preserves any equivariance of Φ when appropriate coordinates are used,
cf. [GSS85, Chapter VII.3]. We use the coordinates on W in which DxΦ and the symmetry
generating map ξ are both diagonal.

To determine the reduced function G(s) = (I − E)Φ(s, t(s)) up to a required order, first
t(s) is determined by successive approximation of higher order terms. To this end, rewrite
E Φ(s, t) as

E Φ(s, t) = (As+Bt) +O2(s, t) + · · ·+Ok(s, t) +O(|s+ t|k+1),
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where A = EDxΦ(0)|ker(DxΦ(0)), B = EDxΦ(0)|im(DxΦ(0)) and Oℓ(s, t), 1 < ℓ ≤ k, denotes
the homogeneous part of EΦ(s, t) of total degree ℓ in s and t. A first order approximation
t(1)(s) of t(s) is given by

t(1)(s) = −B−1As.

Assume the algorithm has computed the approximation t(k−1)(s) of t(s) up to order O(|s|k),
i.e.,

t(s) = t(k−1)(s) +O(|s|k).
The approximation of t(s) up to order O(|s|k+1) is then given by

t(k)(s) = −B−1(As+O2(s, t
(k−1)(s)) + · · ·+Ok(s, t

(k−1)(s)))|k,

where . . . |k denotes truncation of all terms of order O(|s|k+1). Hence, the approximation of
the reduced function up to order O(|s|k+1) is given by

G(s) = (I − E)Φ(s, t(k)(s)) +O(|s|k+1).

Lyapunov-Schmidt reduction for planar families of diffeomorphisms. Now we
turn to the proof of Theorem 2.2.1, which is based on the application of the algorithm for
Lyapunov-Schmidt reduction to the family (2.1), i.e.,

Pµ(z) = (ω + a10(µ)) z +Qµ(z),

where a10(0) = 0 and

Qµ(z) =
∑

2≤i+j<q

aij(µ) zi zj +O(|z|q).

As before, ω = e2πip/q, with 0 < |p| < q coprime integers.

Proof. Here we prove Theorem 2.2.1.

1. As for the first part of the proof, observe the map P̂µ : Cq → Cq, defined by

P̂µ(z1, . . . , zq) = (Pµ(z1)− z2, . . . , Pµ(zq−1)− zq, Pµ(zq)− z1),

is of the form
P̂µ = L̂µ + Q̂µ,

where L̂µ : Cq → Cq is the linear map with matrix

L̂µ =




ω + a10(µ) −1 0 · · · 0 0
0 ω + a10(µ) −1 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · ω + a10(µ) −1
−1 0 0 · · · 0 ω + a10(µ)



,
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and Q̂ is the map defined by

Q̂µ(z1, . . . , zq) = (Qµ(z1), Qµ(z2), . . . , Qµ(zq) ).

Note that we abuse notation by denoting a linear map and its matrix by the same
symbol. The linear transformation A : Cq → Cq bringing L̂0 into diagonal form is the
Vandermonde map, with matrix entries

Aij = ω(i−1)j .

Using ωq = 1, it is easy to prove that its inverse has entries

A−1
ij = 1

q
ω(q−i)(j−1),

and that

A−1 L̂µA =




a10(µ)
ω − ω2 + a10(µ)

. . .

ω − ωq + a10(µ)


 . (2.20)

Using the linear map with matrix A yields convenient coordinates for solving equations
(2.19). To this end, let the map Φµ : C

q → C
q be defined by

Φµ = A−1 P̂µA.

For µ = 0 the linear part DzΦ0 at 0 ∈ Cq has matrix (2.20), so its kernel is

ker(DzΦ0) = {(z1, z2, . . . , zq) | z2 = · · · = zq = 0}.

Furthermore, the projection onto im(DzΦ0) is the map E : Cq → Cq−1, given by

E(z1, z2, . . . , zq) = (z2, . . . , zq).

Using these coordinates, a straightforward application of the successive approxima-
tion algorithm for Lyapunov-Schmidt reduction up to order O(|z1|q) yields an explicit
expression for the function Gµ, introduced in the first part of Theorem 2.2.1.

2. To prove the second part of Theorem 2.2.1, stating that Lyapunov-Schmidt reduction
of a family that is already Zq-equivariant is a trivial operation. We shall prove that

Φµ(z, 0, . . . , 0) = (a10(µ) z +Qµ(z), 0, . . . , 0). (2.21)

Assuming (2.21) holds, the system

E Φµ(z1, z2, . . . , zq) = (0, . . . , 0) ∈ C
q−1
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has solution z2 = · · · = zq = 0, locally near 0 ∈ Cq. According to the Implicit Function
Theorem this solution is locally unique. Therefore, Lyapunov-Schmidt reduction yields
the family Gµ : C→ C, given by

Gµ(z) = Φµ(z, 0, . . . , 0)1 = a10(µ) z +Qµ(z).

So it remains to prove (2.21). It follows from

Φµ = A−1 L̂µA + A−1 Q̂µA

and (2.20) that we only have to prove

A−1 Q̂µA(z, 0, . . . , 0) = (Qµ(z), 0, . . . , 0).

This identity follows from the following computation:

A−1 Q̂µA(z, 0, . . . , 0) = A−1 Q̂µ(z A(1, 0, . . . , 0))

= A−1 Q̂µ(z, ω z, . . . , ωq−1 z))

= A−1(Qµ(z), Qµ(ω z) . . . , Qµ(ω
q−1 z))

= A−1(Qµ(z), ω Qµ(z), . . . , ω
q−1Qµ(z))

= Qµ(z)A−1(1, ω . . . , ωq−1)

= Qµ(z) (1, 0, . . . , 0)

= (Qµ(z), 0, . . . , 0).

This concludes the proof of Theorem 2.2.1.

Example output of the Lyapunov-Schmidt algorithm. To show the kind of output
the algorithm generates we consider resonances of order 5, in a family of planar diffeomor-
phisms. More precisely, consider

Pµ(z) = (ω + a10(µ)) z +
∑

2≤i+j<5

aij(µ) zi zj +O(|z|5).

where ω = e2πip/5, with 0 < |p| < 4. Then the reduced function Gµ is of the form

Gµ(z) = Bµ(u) z + Cµ z
4 +O(|z|5, a10(µ)),

with u = |z|2, cf. Theorem 2.2.1. The Lyapunov-Schmidt reduction algorithm computes the
following expressions for Bµ and Cµ:

Bµ(u) = a10(µ) + u(a21(µ) + b1 a20(µ)a11(µ) + b2 |a11(µ)|2 + b3 |a02(µ)|2),
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with

b1 =1
5

(
6ω3 + 7ω2 + 8ω + 9

)
,

b2 =− 1
5

(
ω3 + 2ω2 + 3ω − 1

)
,

b3 =2
5

(
3ω3 + ω2 − ω + 2

)
,

and

Cµ = a04(µ) + c1a11(µ)a03(µ) + c2a02(µ)a30(µ) + c3a11(µ)2a02(µ)

+ c4a11(µ)a02(µ)a20(µ) + c5a02(µ)2a11(µ) + c6a02(µ)a20(µ)
2
,

with

c1 =1
5

(
4ω3 + 3ω2 + 2ω + 1

)
,

c2 =2
5

(
3ω3 + ω2 − ω + 2

)
,

c3 =2
5
(ω − 1)(ω + 1),

c4 =1
5

(
−4ω3 − 3ω2 − 2ω + 4

)
,

c5 =2
5

(
ω3 + ω2 + 3

)
,

c6 =1
5

(
−2ω3 + 8ω2 + 5ω + 9

)
.

2.4 Recognition problem for planar families

The (uni)versal unfolding theorem [BGV03,GSS85]. The germs considered in this
chapter are elements of E(Zq), the ring of all germs of Zq-equivariant functions from C to C

at 0 ∈ C.

The Zq-tangent space T (g) at a germ g ∈ E(Zq) consists of all germs of the form d
dt
gt(z)

∣∣
t=0

,
where gt is a 1-parameter family of germs E(Zq) that are Zq-contact equivalent to g0 = g. In
other words, there is a 1-parameter family (St, Zt) of Zq-equivariant contact transformations,
such that

gt(z) = St(z) g(Zt(z)),

with S0(z) = 1 and Z0(z) = z. Note that t 7→ gt is a curve in the orbit of g under the action
of the group of Zq-equivariant contact transformations.

The (uni)versal unfolding theorem states that an n-parameter unfolding Gµ of a germ g is
versal if

E(Zq) = T (g) + R { ∂Gµ

∂µ1

∣∣∣∣
µ=0

+ · · ·+ ∂Gµ

∂µn

∣∣∣∣
µ=0

},

and that Gµ is universal if also the number n of parameters in Gµ equals the codimension
of T (g), i.e., the dimension of the real vector space E(Zq) / T (g).
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By the Schwarz finitude theorem [GSS85], every g ∈ E(Zq) has a unique form:

g(z) = K(u, v) z + L(u, v) z̄q−1, (2.22)

where u = zz̄ and v = zq−1 + z̄q−1, and K, L are uniquely define complex-valued function
germs. Consequently, every g ∈ E(Zq) can be identified with the pair (K,L) ∈ E2

u,v, where
Eu,v is the ring of smooth complex-valued germs depending on the real variables u and v.
This identification is used in [BGV03] to determine the Zq-tangent space of the ‘simplest’
Zq-equivariant germs. These results will also be crucial in the proof of Theorem 2.2.2.

Proof. Here we prove Theorem 2.2.2. To this end, we consider Zq-equivariant families Gµ,
which are of the form

Gµ(z) = Kµ(u, v) z + Lµ(u, v) zq−1,

for parameter values µ near 0 ∈ Rn, with K0(0, 0) = 0 and L0(0, 0) 6= 0, unfolding the
central singularity g given by

g(z) = K0(u, v) z + L0(u, v) z
q−1.

To prove that Gµ is a versal unfolding of g under the conditions (2.9) and (2.10), respectively,
we use the (uni)versal unfolding theorem. In view of this theorem it is sufficient to show
that

E(Zq) = T (g) + R{ ∂Gµ

∂µ1

∣∣∣∣
µ=0

, . . . ,
∂Gµ

∂µn

∣∣∣∣
µ=0

} (2.23)

where T (g) is the Zq-tangent space of g.

Recall that we identify E(Zq) with E2
u,v, and g ∈ E2

u,v(Zq) with the pair (K0, L0) ∈ E2
u,v.

Since L0(0, 0) 6= 0, it follows that the second component of (K0, L0) generates Eu,v. Since
K0(0, 0) = 0, the first component belongs to the maximal idealM of Eu,v. So,

T (g) ⊂M
(

1
0

)
⊕ Eu,v

(
0
1

)
,

for all central singularities g we consider.

We now focus on the two kinds of families Gµ addressed in Theorem 2.2.2. Here we use
the results of [BGV03, Appendix A] regarding the Zq-tangent space T (g), for various Zq-
equivariant germs g.

1. If q ≥ 5 and K0(0, 0) 6= 0, then

T (g) =M
(

1
0

)
⊕ Eu,v

(
0
1

)
,

cf. [BGV03, Appendix A]. Therefore, a complement of T (g) is the 2-dimensional real
vector space V defined by

V = R

{(1
0

)
,

(
i
0

)}
.
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The projection Π : E2
u,v → V is given by

Π(M,N) =
(
Re(M(0, 0)), Im(M(0, 0))

)
,

since, for M ∈ Eu,v:

M(u, v) = Re(M(0, 0)) + i Im(M(0, 0)) modM.

Therefore, (2.23) holds if n ≥ 2, and there are two parameters, say, µ1 and µ2, such
that

det

(
∂(Re(Kµ(0, 0)), Im(Kµ(0, 0)))

∂(µ1, µ2)

)∣∣∣∣
µ=0

6= 0.

Equivalently, (2.23) holds if the map

µ 7→ (Re(Kµ(0, 0)), Im(Kµ(0, 0)))

is a submersion at µ = 0.

2. If q ≥ 7 and K0(0, 0) = 0, but DuK0(0, 0) 6= 0, then

T (g) =M2

(
1
0

)
⊕ Eu,v

(
v
0

)
⊕ Eu,v

(
0
1

)
,

cf. [BGV03, Appendix A]. Therefore, a complement of T (g) is the 4-dimensional real
vector space V defined by

V = R

{(
1
0

)
,

(
i
0

)
,

(
u
0

)
,

(
iu
0

)}
.

In this case, the projection Π : E2
u,v → V is given by

Π(M,N) =
(
Re(M(0, 0)), Im(M(0, 0)),Re(DuM(0, 0)), Im(DuM(0, 0))

)
,

since, for M ∈ Eu,v:

M(u, v) = Re(M(0, 0)) + i Im(M(0, 0)) + Re(DuM(0, 0)) u

+ i Im(DuM(0, 0)) u mod(M2 + 〈v〉).

Therefore, (2.23) holds if n ≥ 4, and there are four parameters, say, µ1, µ2, µ3 and µ4,
such that

det

(
∂(Re(Kµ(0, 0)), Im(Kµ(0, 0)),Re(DuKµ(0, 0)), Im(DuKµ(0, 0)))

∂(µ1, µ2, µ3, µ4)

)∣∣∣∣
µ=0

6= 0.

Equivalently, (2.23) holds if the map

µ 7→ (Re(Kµ(0, 0)), Im(Kµ(0, 0)),Re(DuKµ(0, 0)), Im(DuKµ(0, 0)))

is a submersion at µ = 0.
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This concludes the proof of Theorem 2.2.2.

Although we do not address the cases q = 3 and q = 4 in our leading examples, the versality
of unfoldings can also be established in these cases, based on the expressions for the Zq-
tangent space of the central singularity derived for these cases in [BGV03]. The precise
conditions, solving the recognition problem, are summarized in the following result.

Lemma 2.4.1.

1. If q = 3, the family Gµ is a versal unfolding of g if the map

µ 7→ (Re(Kµ(0, 0)), Im(Kµ(0, 0))) (2.24)

is a submersion at µ = 0, irrespective of Kµ, i.e., irrespective of whether DuK0(0, 0)
is non-zero or not.

2. If q = 4, the family Gµ is a versal unfolding of g if |DuK0(0, 0)/L0(0, 0)| 6= 0, 1, if
n ≥ 3, and if the map

µ 7→ (Re(Kµ(0, 0)), Im(Kµ(0, 0)),Re(DuKµ(0, 0))) (2.25)

is a submersion at µ = 0.

Proof.

1. If q = 3, we have T (g) =M
(

1
0

)
⊕ Eu,v

(
0
1

)
, irrespective of Kµ, that is, irrespective

of whether DuK0(0, 0) is non-zero or not. In this case the family Gµ(z) is a generic
unfolding of g if

det

(
∂(Re(Kµ(0, 0)), Im(Kµ(0, 0)))

∂(µ1, µ2)

)∣∣∣∣
µ=0

6= 0,

which is equivalent to (2.24).

2. The case q = 4 is interesting in the sense that a modulus parameter appears: The
Zq-tangent space is equal to

T (g) =M2

(
1
0

)
⊕M

(
0
1

)
⊕ R

{(
v
0

)
,

(
iv
0

)
,

(
0
i

)
,

(
au
1

)
,

(
iau
0

)}
,

with a = DuK0(0, 0)/L0(0, 0). If |a| 6= 0, 1 a complement of T (g) is the three-
dimensional real vector space V defined by

V = R

{(1
0

)
,

(
i
0

)
,

(
u
0

)}
,
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since, for M ∈ Eu,v:

M(u, v) = Re(M(0, 0)) + i Im(M(0, 0)) + Re(DuM(0, 0)) u modT (g).

Therefore, (2.23) holds if n ≥ 3, and there are three parameters, say, µ1, µ2 and µ3,
such that

det

(
∂(Re(Kµ(0, 0)), Im(Kµ(0, 0)),Re(DuKµ(0, 0)))

∂(µ1, µ2, µ3)

)∣∣∣∣
µ=0

6= 0,

which is equivalent to (2.25).

Lemma 2.4.1 yields explicit expressions for universal unfoldings of Zq-equivariant germs g of
the form

g(z) = z k(|z|2) + ℓ zq−1 +O(|z|q),
with k(0) = 0 and ℓ 6= 0, also for the cases q = 3 and q = 4. These are of the form

Gµ(z) = g(z) + (µ1 + iµ2) z, if q = 3;

Gµ(z) = g(z) + (µ1 + iµ2) z + µ3 z |z|2, if q = 4 and |Duk(0)/ℓ| 6= 0, 1.

Normal forms for Zq-equivariant germs. In [BGV03] we determined normal forms for
generic and mildly degenerate Zq-equivariant germs of functions from C to C. These normal
forms are low-degree polynomials in z and z. For completeness, we recall these results here.

The Zq-tangent space constant theorem states that, for g ∈ E(Zq), the germ g+tp is equivalent
to g for all p ∈ E(Zq) if

T (g + tp) = T (g),

for t ∈ [0, 1]. Using this theorem, in [BGV03] we obtained the following classification of the
simplest Zq-germs

g(z) = K(u, v)z + L(u, v)z̄q−1,

in case K(0, 0) = 0, and L(0, 0) 6= 0:

1. If DuK(0, 0) 6= 0, then a normal form of the germ g is:




z2, if q = 3;

a z |z|2 + z3, if q = 4, with a = |DuK(0, 0)/L(0, 0)| 6= 0, 1;

z |z|2 + zq−1, if q ≥ 5.

The parameter a in the case q = 4 is a modulus: The germs corresponding to different
values of this modulus have the same codimension. We refer to [BGV03] for further
details, and for a derivation of this fact.

2. If DuK(0, 0) = 0 and D2
uK(0, 0) 6= 0, then a normal form of g is:

z |z|4 + zq−1, if q ≥ 7.
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2.5 Conclusion and future work

The reduction algorithm, and the solution to the recognition problem presented in this chap-
ter allow for a classification of the resonance sets of non-degenerate and mildly degenerate
families of planar diffeomorphisms a fixed point of which undergoes a Hopf-Nĕımark-Sacker
bifurcation with its characteristic array of resonance sets organizing the alternation of pe-
riodic and quasi-periodic dynamics. With this approach the shape of the boundary of the
resonance set can be determined up to a diffeomorphism. More precisely, we are able to
determine a normal form for the family. The resonance sets appearing in normal forms of
generic families undergoing a non-degenerate resonant HNS bifurcation are easy to analyze,
see Figure 2.2. In the mildly degenerate case the boundary of the resonance set is a more
complicated algebraic subset of 4-dimensional space, which is analyzed in Chapter 3.

To determine the boundary of the resonance set of the actual family, and not just of its normal
form, our algorithm needs to be extended with a module computing the parametrization
involved in the transformation that brings the Lyapunov-Schmidt reduced family into normal
form under Zq-equivariant contact equivalence. Such an extension would bring our current
work under the same paradigm as [BHLV03], where fine-tuned Gröbner basis methods are
applied to compute both the normal form and the transformation bringing the system at
hand into this normal form. The current context, in which all germs are Zq-equivariant, is
more complicated, so further work needs to be done in order to fully solve the recognition
problem.



Chapter 3

Geometry and dynamics near mildly
degenerate resonance

3.1 Introduction

Setting. This chapter deals with the resonance set and the dynamics near a mildly de-
generate resonant Hopf-Nĕımarck-Sacker (HNS) bifurcation of families of planar diffeomor-
phisms. This means we go one step beyond the classical non-degenerate situation. Recall
that excluding strong resonances (q ≤ 4) a generic 2-parameter family has a tongue shaped
resonance set in the non-degenerate case [Arn82,BGV03,Kuz95]. Upon passage of the corre-
sponding boundaries a pair of q-periodic orbits appears or merges. For q ≥ 7 we encounter a
mildly degenerate scenario, which occurs in generic 4-parameter families. In this case there
are bifurcations of up to four q-periodic orbits for parameter values near the central resonant
HNS bifurcation.

The contribution of this chapter is twofold. The main issue is the description of the resonance
set of the mildly degenerate case for which we use the 4-parameter normal form family
determined in Chapter 2. This set has a Whitney stratification, which is explained by
presenting the corresponding incidence diagram and both 2-dimensional and 3-dimensional
tomograms, i.e., cross-sections of 4-dimensional parameter space. We also describe how the
resonance set is embedded in the bifurcation set by considering an approximating Poincaré-
Takens normal form family of vector fields for the mildly degenerate situation, see Chapter 4
and [BV92,BGV07,Tak74b].

Recovering the non-degenerate case. We first briefly reconsider the classical case of
weak resonance, i.e., when q ≥ 5. In the current approach a planar universal diffeomorphism
family is given by Pσ : C→ C (cf. Section 2.2.3) determined by

Pσ(z) = ω((1 + σ + |z|2)z + z̄q−1) +O(|σ|2, |z|q), (3.1)



48 Chapter 3. Geometry and dynamics near mildly degenerate resonance

where ω is a primitive q-th root of unity and σ = σ1 + iσ2 is a small complex parameter.
Here the plane R2 is identified with C. We focus on the set of q-periodic orbits of Pσ of
which each point satisfies P q

σ (z) = z. The number of these orbits changes at the boundary
of the resonance set. Applying generalized Lyapunov-Schmidt reduction and Zq-equivariant
contact-equivalence singularity theory, see Chapter 2, we obtain this boundary as the dis-
criminant set Σ(Fσ), where the planar Zq-equivariant polynomial Fσ is given by

Fσ(z) = (σ + |z|2)z + z̄q−1. (3.2)

By Appendix A.1.1 Σ(Fσ) coincides with Σ(rσ), where the real-valued polynomial rσ : R+ →
R is given by

rσ(u) = |σ + u|2 − uq−2. (3.3)

The number of local zeros of this polynomial equals the number of local q-periodic orbits of
Pσ and the corresponding discriminant set is a (q − 2)/2-cusp in the parameter plane given
by

σ2
2 = (−σ1)

q−2 +O(|σ1|2q−4). (3.4)

Hence, our approach recovers that in this case the resonance set is the standard Arnol’d
resonance tongue.

A study of the dynamics of Pσ is simplified by examining a Poincaré-Takens normal form
vector field approximation, which is given by the system ż = Fσ(z), cf. Chapter 4. More
precisely, the relation between Pσ and Fσ is given by

Pσ(z) = Ωp/q ◦ F1
σ(z) +O(|σ|2, |z|q), (3.5)

where Ωp/q is the rotation over 2πp/q around the origin, assuming ω = e2πip/q in (3.1), and
F1

σ is the time-1-map of the flow corresponding to ż = Fσ(z). Since Pσ is approximated by
the time-1-map of Fσ composed with a rotation, the dynamics of both families is closely
related, see also Table 3.1. The advantage of studying the approximating family of planar
vector fields instead of the universal family of diffeomorphisms is that vector fields provide
better visibility of the dynamics.

The bifurcation diagram of ż = Fσ(z) is presented in Figure 1.2. Perturbation arguments,
based on transversality theory, normally hyperbolic manifold theory and bifurcation the-
ory [Arn82,Dev89,GH83,Kuz95,Tho75], are used to recover the dynamics and bifurcations
of Pσ which are induced by those of Fσ. This is fully in line with the approach of, e.g.,
[BV92,BGV07,Kra94,Tak74a]. Non-degenerate features of Fσ are expected to persist gener-
ically in Pσ, a list is given in Table 3.1. We emphasize that all dynamical properties and
bifurcations displayed in Figure 1.2 (and listed in Table 3.1) are persistent under perturba-
tions. Therefore, the bifurcation diagram of Pσ straightforwardly follows from Figure 1.2: It
consists of a curve of saddle-node bifurcations of periodic orbits and a line of HNS bifurca-
tions of a fixed point.
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Pσ Fσ

fixed point equilibrium
q-periodic orbit q different equilibria invariant under Ωp/q

HNS bifurcation Hopf bifurcation
saddle-node bif. of q-periodic orbit saddle-node bif. of q different equilibria

Table 3.1: Relations between the dynamics of the universal family for the non-degenerate
case Pσ and its Poincaré-Takens normal form vector field approximation ż = Fσ(z). The
transformation Ωp/q is the rotation over 2πp/q around the origin.

Mildly degenerate resonance sets. The main focus of the current chapter is to under-
stand the resonance set of the mildly degenerate universal diffeomorphism family Pσ,τ : C→
C (cf. Section 2.2.3) given by

Pσ,τ (z) = ω((1 + σ + τ |z|2 + |z|4)z + z̄q−1) +O(|σ|2, |τ |2, |z|q), (3.6)

where σ = σ1 + iσ2 and τ = τ1 + iτ2 are small complex parameters and ω is a primitive q-th
root of unity, with q ≥ 7, assuming weak resonance. In this case we obtain the boundary of
the resonance set as the discriminant set Σ(Gσ,τ ), where the planar polynomial Gσ,τ is given
by

Gσ,τ (z) = z(σ + τ |z|2 + |z|4) + zq−1. (3.7)

By Appendix A.1.1 Σ(Gσ,τ ) coincides with Σ(p1,σ,τ ), where the real-valued polynomial p1,σ,τ :
R+ → R is given by

p1,σ,τ (u) = |σ + τu+ u2|2 − uq−2. (3.8)

Again the number of local zeros of p1,σ,τ corresponds to the number of local q-periodic
orbits of Pσ,τ . The discriminant set of p1,σ,τ is analyzed partially in [BGV03] by providing
a parametrization and an incomplete set of 2-dimensional tomograms, similar to Figure 1.3
(as in [BGV03, Figure 3], the value of τ = (τ1, τ2) is fixed in all 2-dimensional tomograms
of the resonance set presented in this chapter).

As we presently show, the family Pσ,τ exhibits several other types of bifurcations beyond
those of, e.g., saddle-node or cusp type belonging to the boundary of the resonance set.
As above, the study of these additional bifurcations is here undertaken by the classical
approach of examining a Poincaré-Takens normal form vector field approximation of the
universal model Pσ,τ given by the system ż = Gσ,τ (z). For this family we detect Hopf bi-
furcations, codimension 1 and 2 heteroclinic and homoclinic bifurcations of equilibria, as
well as codimension 2 degenerate Hopf and Bogdanov-Takens bifurcations. In this mildly
degenerate case, all local features of the bifurcation diagram of ż = Gσ,τ (z) (including the
local phenomena listed in Table 3.1) generically translate directly into corresponding phe-
nomena for Pσ,τ . On the other hand, global phenomena such as heteroclinic and homo-
clinic bifurcations are generically expected to yield regions in parameter space character-
ized by tangles, i.e., transversal heteroclinic or homoclinic intersections of invariant mani-
folds [Arn82,GH83,Kuz95,Kra94,Tak74a].
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Outline of the chapter. Section 3.2.1 contains a general description of Whitney strat-
ifications. In particular, it is explained how to obtain such a stratification for a certain
type of discriminant sets. Section 3.2.2 presents the first main result, which is the Whitney
stratification of the discriminant set of p1,σ,τ given in (3.8). Section 3.3 contains our second
main result, which consists of a bifurcation study of the Poincaré-Takens normal form family
of vector fields Gσ,τ given in (3.7), compare with Figure 1.2. All proofs of the theorems in
Section 3.2 are provided in Appendix A.1.

3.2 Analysis of the resonance set

As mentioned above, we aim to improve our understanding of the geometry of the discrimi-
nant set of p1,σ,τ defined in (3.8). We follow the catastrophe theory approach, which amounts
to determining the corresponding Whitney stratification [PS96,Brö75]. The presentation of
such a stratification usually involves providing parametrizations of the strata and showing
several tomograms. Because of the complexity of the studied discriminant set, we extend
such a presentation by displaying incidence relations between strata explicitly in incidence
diagrams. Before actually providing the results (see Section 3.2.2), we give a general defini-
tion of Whitney stratification in Section 3.2.1, where we also indicate how to obtain such a
stratification for a discriminant set.

3.2.1 Preliminaries

Whitney stratification. A stratification of a set V ⊂ R
n is a partition X of V into

smooth path-connected submanifolds, called strata, such that (i) every point in V has a
neighborhood in Rn which meets only finitely many strata and (ii) if X ∩ Y 6= ∅ with
X, Y ∈ X , then X ⊂ Y . We speak of a Whitney stratification if for all x ∈ X ⊂ Y with
X, Y ∈ X and for all yi ∈ Y with limi→∞ yi = x, the tangent space T = limi→∞ Tyi

Y
satisfies TxX ⊂ T [Arn93]. A consequence of this condition is that a neighborhood of every
point on a particular stratum is homeomorphic to a neighborhood of any other point on that
stratum [GWdPL76].

As an example we provide the Whitney stratification for the Whitney umbrella W [Brö75],
given by

W = {(x, y, z) ∈ R
3 | x2y + z2 = 0}. (3.9)

It is not hard to see that the Whitney stratification ofW contains two codimension 1 surfaces,
two codimension 2 half-lines and one codimension 3 point, where the Whitney umbrella is
pinched, see Figure 3.1.
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y

z

x

Figure 3.1: Whitney stratification of the Whitney umbrella W given in (3.9).

Whitney stratification of a discriminant set. We start with the definition of a dis-
criminant set of a family of polynomials pµ(x) with x ∈ R and µ = (µ1, . . . , µn) ∈ Rn, a mul-
tiparameter. To this end we consider the manifold M(pµ) = {(x, µ) ∈ R× Rn | pµ(x) = 0}.
The corresponding discriminant set Σ(pµ) consists of the singular values of the natural pro-
jection π : M(pµ) → Rn, see [Arn82]. This geometric point of view leads directly to the
algebraic definition of the discriminant set Σ(pµ) given by

Σ(pµ) =

{
µ ∈ R

n | pµ(x) = 0,
∂pµ

∂x
(x) = 0 for some x

}
. (3.10)

It follows that the discriminant set is an algebraic set, i.e., it coincides with the zeros of a
set of polynomials.

Strata of Σ(pµ) are determined by parameter values for which the multiplicity of one zero of
pµ remains constant and is greater than 1, or by parameter values where closures of strata
intersect transversally. Firstly, the strata for which one zero, say x0, has multiplicity m > 1
are of codimension m−1 and of type Am [Arn93], if (i) they are determined by the following
system of equations,

∂jpµ

∂xj
(x0) = 0, j = 0, . . . , m− 1 and

∂mpµ

∂xm
(x0) 6= 0, (3.11)

and (ii) for parameter values on these strata the following versality condition holds,

rank



∂
(
pµ,

∂pµ

∂x
, . . . , ∂m−2pµ

∂xm−2

)

∂(µ1, µ2, . . . , µn)
(x0)


 = m− 1. (3.12)

Conditions (3.11) and (3.12) are called recognition conditions for strata of type Am. We
note that strata of discriminant sets are semi-algebraic sets, because they are determined
by a set of polynomial equations and inequalities. Secondly, if closures of strata intersect
transversally, then the intersection points form a stratum of codimension equal to the sum
of the codimensions of the ‘intersecting’ strata. As usual, the set of intersection points of,



52 Chapter 3. Geometry and dynamics near mildly degenerate resonance

(A2)1

(A2)2
A3
b

x

b

a

(A2)2(A2)1

A3

Figure 3.2: Discriminant set of pa,b(x) = x3+ax+b and the corresponding incidence diagram.
The set Σ(pa,b) containing strata of type A2 and A3 is determined by the singular values of
π : M(pa,b) →{(a, b)|a, b ∈ R}.

(A2)1

(A2)2

R7

(A2)1(A2)2

R7

Figure 3.3: Arnol’d tongue for q = 7 and the corresponding incidence diagram, compare
with Figure 1.2.

e.g., closures of strata of type Am and An is denoted by AmAn if m 6= n and by A2
m if m = n.

Moreover, we distinguish labels corresponding to different strata of the same type by adding
an extra subscript, see, e.g., Figure 3.2.

We illustrate the above in Figure 3.2 for pa,b(x) = x3 + ax + b, with x, a and b small real
variables, yielding a singularity of type A3, i.e., the standard cusp [PS96]. More precisely,
Figure 3.2 depicts the 2-dimensional manifold M(pa,b) and points for which π : M(pa,b) 7→
{(a, b)|a, b ∈ R} is singular. By definition the image of these points under the projection π
is Σ(pa,b). The corresponding Whitney stratification consists of a stratum of type A3 and
of two strata of type A2, which are given by the image under the projection π of the points
where M(pa,b) folds. Figure 3.2 also depicts the incidence diagram of Σ(pa,b). Similarly,
the set Σ(rσ) with rσ given in (3.3) yields the boundary of the standard Arnol’d tongue.
The corresponding Whitney stratification is provided in Figure 3.3. As in this figure, from
now on we refer to the central singularity of Σ(rσ) as a singularity of type Rq. Also for
Σ(p1,σ,τ ) with p1,σ,τ as in (3.8) we can determine the stratification. Below we show that
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strata of codimension 1 up to and including 4 appear, which are usually named after their
local geometry, see Table 3.2.

Remarks 3.2.1.

1. The labels used for fold, cusp and swallowtail singularities are standard in catastrophe
theory [Arn93,PS96,Tho75].

2. For obvious reasons, we label the central singularities of the resonance sets encountered
in this chapter with Rq and we add a hat to refer to the mildly degenerate case. To
explain the geometry of Σ(p1,σ,τ ) we consider a closely related set below in Section 3.2.2,

whose central singularity does not dependent on q and is therefore labelled with R̂∞.

3. We apply a catastrophe theory approach to study the discriminant set of a real poly-
nomial, cf. [PS96]. Usually, this polynomial depends on an unrestricted variable, as
in the example of the singularity of type A3 above, where pa,b depends on x ∈ R.
However, the polynomials rσ and p1,σ,τ depend on u ∈ R+, leading to extra strata for
u = 0 that might not be there if u ∈ R. We say these extra strata are of boundary
type, since they are always part of the boundary of another stratum. They are labelled
by prefixing a ∂ to the type of stratum of which they form a part of the boundary.
An exception to this are the labels Rq, R̂q and R̂∞, which are in fact also of boundary
type.

4. We keep each graph with incidence relations clear by only displaying relations between
strata that differ by 1 in codimension, see Figures 3.5 and 3.7. In this case, the
incidence diagram is given by the corresponding transitive closure, which extends the
depicted graph G with edges between pairs of vertices that (i) correspond to strata
that differ by m > 1 in codimension and that (ii) are joined by a path of length m in
G.

3.2.2 Geometry and incidence relations of Σ(p1,σ,τ)

The geometry of Σ(p1,σ,τ ) is complicated. However, the polynomial p1,σ,τ as in (3.8) can be
regarded as a ‘singular perturbation’ of the polynomial p0,σ,τ : R+ → R given by

p0,σ,τ (u) = |σ + τu+ u2|2, (3.13)

which has a simpler discriminant set Σ(p0,σ,τ ). In fact, Σ(p1,σ,τ ) can be scaled to a neighbor-
hood of Σ(p0,σ,τ ) as follows.
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Cod. Type

1 A2 (fold)
2 A3 (cusp)
2 Rq (central singularity of Arnol’d resonance tongue)
3 A4 (swallowtail)
3 P (pinch point)

4 R̂∞ (central singularity of collapsed mildly degenerate resonance set)

4 R̂q (central singularity of q-dependent mildly degenerate resonance set)
m ∂Am (stratum of boundary type)

Table 3.2: Codimensions and names of strata of a particular type. The pinch point appeared
already in the Whitney umbrella (3.9) and the collapsed mildly degenerate resonance set is
introduced in Section 3.2.2. For more explanation on use of labels we refer to Remarks 3.2.1.

Relation between Σ(p1,σ,τ ) and Σ(p0,σ,τ ). We relate p1,σ,τ and p0,σ,τ by a scaling φε :
R+ × C2 → R+ × C2 given by

φε : (u, σ, τ) 7→ (εu, εσ, ε2τ), (3.14)

with ε ∈ R+. Using the notation p⋆(u; σ, τ) = p⋆,σ,τ (u) and defining pε = ε−4p1 ◦ φε, we
obtain pε,σ,τ : R+ → R given by

pε,σ,τ (u) = |σ + τu+ u2|2 − εq−6uq−2, (3.15)

which ‘interpolates’ between p1,σ,τ and p0,σ,τ . It follows that Σ(pε,σ,τ ) for ε 6= 0 is diffeo-
morphic to Σ(p1,σ,τ ) by the scaling φε. Moreover, the set Σ(pε,σ,τ ) for ε 6= 0 is a singular
perturbation of Σ(p0,σ,τ ), as is illustrated in Figure 3.4. More precisely, considering the
Hausdorff metric [Mun99] dH given by

dH(X, Y ) = max{sup
x∈X

inf
y∈Y

d(x, y), sup
y∈Y

inf
x∈X

d(x, y)}, (3.16)

where X, Y ⊂ Rn are bounded and d is the Euclidean metric, we obtain

dH(Σ(pε,σ,τ ),Σ(p0,σ,τ )) = O(ε(q−6)/2),

see Appendix A.1.2.

A useful property of pε,σ,τ and Σ(pε,σ,τ ) is that they have a Z2-symmetry, since they are
invariant under the involution t : R

4 → R
4 given by

t(σ1, σ2, τ1, τ2) = (σ1,−σ2, τ1,−τ2). (3.17)

Whitney stratification of Σ(p0,σ,τ ). We continue with an analysis of Σ(p0,σ,τ ), which
already demonstrates several features of Σ(pε,σ,τ ) for ε 6= 0.
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ε = 0.01

ε = 0.003

ε = 0.001

ε = 0

ε = 0.001

ε = 0.003

ε = 0.01

σ1

σ2

Figure 3.4: A 2-dimensional tomogram of Σ(pε,σ,τ ) for τ = (−0.1, 0.005) and varying ε.

∂A2
2 P

A2
2

A2

O

∂A2

Figure 3.5: Graph generating the incidence diagram of Σ(p0,σ,τ ) by taking the transitive
closure. The top row gives the codimension 3 strata, the second the codimension 2 strata
and the third the codimension 1 stratum. Moreover, the set O is the only connected open
region in R4. The central singularity is omitted, since it is incident to all other strata.

Theorem 3.2.1 (Whitney stratification of Σ(p0,σ,τ )). An implicit representation of Σ(p0,σ,τ )
is given by

{(τ1, τ2, σ1, σ2) ∈ R
4 | τ 2

2σ1 − τ1τ2σ2 + σ2
2 = 0, sign(σ2) = −sign(τ2)},

which is diffeomorphic to a subset of the product of the real line and the Whitney umbrella
W . The set Σ(p0,σ,τ ) contains the following strata.

cod.1 The codimension 1 stratum of type A2.

cod.2 Two codimension 2 strata of type A2
2 and ∂A2.

cod.3 Two codimension 3 strata of type ∂A2
2 and P . Both strata only occur for τ1 < 0.

cod.4 The codimension 4 stratum of type R̂∞, which is the central singularity situated at
(σ, τ) = (0, 0).
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σ1

σ2

τ2

∂A2

A2

∂A2
2

P
A2

2

τ1 = −0.1

∂A2

R4,∞

A2

τ1 = 0

∂A2

A2

τ1 = 0.1

Figure 3.6: Three 3-dimensional tomograms of Σ(p0,σ,τ ) showing its Whitney stratification
for −0.02 ≤ τ2 ≤ 0.02.

The incidence diagram of Σ(p0,σ,τ ) is the transitive closure of the graph displayed in Fig-
ure 3.5.

For a proof see Appendix A.1.3.

The stratification provided in Theorem 3.2.1 is illustrated by 3-dimensional tomograms of
Σ(p0,σ,τ ), see Figure 3.6. As in this figure, the value of τ1 is constant for every 3-dimensional
tomogram of Σ(pε,σ,τ ) displayed in this chapter (mostly the value τ1 = −0.1 is used). In
Appendix A.1.6 it is shown that any 3-dimensional tomogram of Σ(p0,σ,τ ) is diffeomorphic
to one of the tomograms depicted in Figure 3.6. The relation between the Whitney umbrella
and Σ(p0,σ,τ ) is clarified by comparing Figures 3.1 and 3.6.

Whitney stratification of Σ(pε,σ,τ ) for ε 6= 0. Now we present the Whitney stratification
of Σ(pε,σ,τ ) for ε 6= 0.

Theorem 3.2.2 (Whitney stratification of Σ(pε,σ,τ ) for ε 6= 0). Consider the stratification of
Σ(p0,σ,τ ), see Theorem 3.2.1. In general, the set Σ(pε,σ,τ ) is in an O(ε(q−6)/2)-neighborhood
of Σ(p0,σ,τ ) in the Hausdorff metric. In particular, for the strata of Σ(pε,σ,τ ) we have the
following.

cod.1 The five strata labeled with (A2)1, (A2)2, (A2)3, (A2)4 and (A2)5 are in an O(ε(q−6)/2)-
neighborhood of the stratum of type A2 of Σ(p0,σ,τ ).

cod.2 The stratum labeled with Rq coincides with the stratum of type ∂A2 of Σ(p0,σ,τ ). The two
pairs of strata labeled with (A2

2)
±
1 and (A2

2)
±
2 are in an O(ε(q−6)/4)-neighborhood and an

O(ε(q−6)/2)-neighborhood, respectively, of the stratum of type A2
2 of Σ(p0,σ,τ ). Finally,

the two pairs of strata labeled with (A3)
±
1 and (A3)

±
2 are in an O(ε(q−6)/4)-neighborhood

of the stratum P of Σ(p0,σ,τ ).

cod.3 The pair of strata labeled with (RqA2)
± is in an O(ε(q−6)/2)-neighborhood of the stratum

of type ∂A2
2 of Σ(p0,σ,τ ). The two pairs of strata labeled with (A4)

±
1 and (A4)

±
2 are in an

O(ε(q−6)/2)-neighborhood and an O(ε(q−6)/4)-neighborhood, respectively, of the stratum
of type P of Σ(p0,σ,τ ). Also for ε 6= 0 all codimension 3 strata only occur for τ1 < 0.
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(A4)
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1 (RqA2)

− (A4)
−
2 (A4)

+
1 (RqA2)
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Figure 3.7: Graph generating the incidence diagram of Σ(pε,σ,τ ) for ε 6= 0 by taking the
transitive closure. The top row gives the codimension 3 strata, the second the codimension
2 strata and the third the codimension 1 strata. The bottom row gives all connected open
components in the neighborhood of (σ, τ) = (0, 0). The central singularity is omitted, since
it is incident to all other strata.

cod.4 The central singularity, which is of type R̂q, coincides with the central singularity of

type R̂∞ of Σ(p0,σ,τ ).

For ε 6= 0 the set Σ(pε,σ,τ ) separates the neighborhood of (σ, τ) = (0, 0) in the 3 connected
open regions O1, O2 and O3, for which the polynomial pε,σ,τ given in (3.8) has zero, two and
four local zeros, respectively.

The incidence diagram of Σ(pε,σ,τ ) for ε 6= 0 is the transitive closure of the graph displayed
in Figure 3.7.

For a proof see Appendices A.1.4 and A.1.5. We note that Theorem 3.2.2 is valid for all
q ≥ 7, not only for q = 7, which is used in the figures.

The Z2-symmetry of Σ(pε,σ,τ ) for ε 6= 0 implies that several strata are similar. More precisely,
the map t as defined in (3.17) transforms every superscript plus in a superscript minus and
vice versa, for instance t((A4)

±
1 ) = (A4)

∓
1 . There is one exception, namely t((A3)

±
1 ) = (A3)

∓
2 .

The strata labeled without superscript are invariant under t.

Two generic 3-dimensional tomograms of Σ(p1,σ,τ ) are displayed in Figure 3.8. Indeed,
Appendix A.1.6 shows that any generic 3-dimensional tomogram of Σ(p1,σ,τ ) is diffeomorphic
to one of the tomograms in Figure 3.8. The features of the 3-dimensional tomogram for
τ1 < 0 are hard to distinguish, so we include Figures 3.9 and 3.10 that zoom in on the more
interesting parts of this tomogram. Because of the Z2-symmetry, we may restrict to the
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σ1

σ2

τ2

τ1 = −0.1 τ1 = 0.01

Figure 3.8: Two generic 3-dimensional tomograms of Σ(p1,σ,τ ) for −0.02 ≤ τ2 ≤ 0.02 and
q = 7. There are two shadings, if the corresponding 2-dimensional tomogram with fixed τ
has two disconnected components.

case τ2 < 0. More precisely, Figure 3.9 depicts the geometry near the codimension 3 strata
(A4)

−
1 and (R7A2)

− and Figure 3.10 depicts the geometry near the codimension 3 stratum
(A4)

−
2 . The relation between Figure 3.9 (a) and Figure 3.10 (a) is that by decreasing τ2 the

first continues into the latter, which can be read off from the τ2-values for both plots. A
consequence is that the 2-dimensional tomogram that follows on Figure 3.9 (g) is Figure 3.10
(b). For clarity, the standard geometry near a point of a stratum of type A4 is depicted in
Figure 3.11.

Finally, Figure 3.12 presents all possible types of 2-dimensional tomograms around τ = 0,
compare with Figure 1.3. The top panel in Figure 3.12 indicates the τ -values for which
the geometry of the tomograms changes. In Appendix A.1.6 it is shown that these values
correspond to the projections on the τ -plane of all codimension 3 strata and of the curves
T±. The curves T± are given by the parameter values for which a 2-dimensional tomogram
with τ fixed is tangent to (A2

2)
+
1 or (A2

2)
−
1 , respectively. Hence, these curves are not strata

in the Whitney stratification, so they do not correspond to an extra type of bifurcation of
Pσ,τ given in (3.6).
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Figure 3.9: A 3-dimensional tomogram of Σ(p1,σ,τ ) for q = 7, τ1 = −0.1 and −0.011 ≤ τ2 ≤
−0.006. Figures (b)-(g) give the corresponding 2-dimensional tomograms for decreasing
values of τ2. There are two shadings if the corresponding 2-dimensional tomogram with
τ fixed has two disconnected components. At a point on T− a 2-dimensional tomogram
with τ fixed is tangent to (A2

2)
−
1 . The importance of these points is discussed at the end of

Section 3.2.2 and in Appendix A.1.6.
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−
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Figure 3.10: A 3-dimensional tomogram of Σ(p1,σ,τ ) for q = 7, τ1 = −0.1 and −0.02 ≤ τ2 ≤
−0.011. In the Figures (b)-(d) the corresponding 2-dimensional tomograms are given for
decreasing fixed values of τ2. Figure (b) shows a wedge shaped region with vertices that are
points from the strata (A2

2)
−
1 , (A3)

−
1 and (A3)

−
2 and edges that are points from the strata

(A2)3, (A2)4 and (A2)5, see also Figure 3.9. Points inside the wedge area belong to O3. For
comparison, the standard geometry near a point of type A4 is given in Figure 3.11.

λ

κ
ρ

(a)

A4

A2
2

(A3)1 (A3)2

ρ

κ

(b)

Figure 3.11: Standard geometry near a point of type A4. This geometry is locally diffeo-
morphic to the geometry of Σ(p1,σ,τ ) near points of type A4, see Figure 3.9 and 3.10. The
transformation relating (ρ, κ, λ)-coordinates and (σ1, σ2, τ2)-coordinates is provided in Ap-
pendix A.1.5. Figure (b) shows the projections of codimension 2 and 3 strata of Figure (a)
on the (κ, ρ)-plane.
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Figure 3.12: Overview of 2-dimensional tomograms of Σ(p1,σ,τ ) for q = 7, compare with
Figures 3.9 and 3.10. The top panel contains a sketch of the τ -values for which the ge-
ometry of 2-dimensional tomograms changes. These values are given by the projections of
(A4)

±
1 , (A4)

±
2 , T

± and (R7A2)
± on the τ -plane, see Appendix A.1.6.
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3.3 Bifurcation diagram of a Poincaré-Takens normal

form

The analysis of the resonance set of Pσ,τ is now extended by a numerical bifurcation study
for a Poincaré-Takens approximating family of vector fields Gσ,τ . This study is contained in
Sections 3.3.1- 3.3.3 and is followed by a discussion of the features, which are expected to
persist in the universal family Pσ,τ (Section 3.3.4).

The Poincaré-Takens approximating family is derived in analogy with the non-degenerate
case presented in Section 3.1:

Pσ,τ (z) = Ωp/q ◦ G1
σ,τ (z) +O(|σ|2, |τ |2, |z|q), (3.18)

where z = x + iy, σ = σ1 + iσ2 and τ = τ1 + iτ2 are small complex numbers, Ωp/q is the
rotation over 2πp/q around the origin and G1

σ,τ is the time-1-map of Gσ,τ . For q = 7 and

taking ω = e2πi/7 in (3.7) yields

Gσ,τ (z) = z(σ + τ |z|2 + |z|4) + z6. (3.19)

Exploration of the bifurcation set by 2-dimensional tomograms. A full study of the
4-dimensional parameter space of Gσ,τ would be too cumbersome, due to a large number of
bifurcations occurring. We restrict to selected 2-dimensional tomograms (with τ fixed) that
do not contain codimension 3 and 4 bifurcations. More specifically, we aim to recover generic
tomograms of the resonance set by considering τ -values that are separated by projections of
codimension 3 strata on the τ -plane, see Figure 3.12. By Section 3.2, this leads us to focus
on the following three cases.

1. The parameter τ between the τ -plane projections of (A4)
+
1 and (A4)

−
1 : The 2-dimensional

tomograms of the resonance set consist of two disconnected parts, a detached ‘swal-
lowtail’, i.e., the wedge shaped region, and a stratum of type A2, see Figure 3.12 (a).
A representative tomogram with τ = (−0.1, 0) is analyzed in Section 3.3.1.

2. The parameter τ between the τ -plane projections of (A4)
−
1 and (A4)

−
2 : The 2-dimensional

tomograms of the resonance set consist of one connected part, which also contains a
‘swallowtail’, see Figure 3.12 (c). A representative tomogram with τ = (−0.1,−0.0339)
is analyzed in Section 3.3.2. By the Z2-symmetry in (3.17) this also represents tomo-
grams with τ -values between projections of (A4)

+
1 and (A4)

+
2 .

3. The parameter τ ‘outside’ the τ -plane projections of (A4)
+
2 and (A4)

−
2 : The 2-dimensional

tomograms of the resonance set consist of one connected cusp-shaped part, see Fig-
ure 3.12 (i). A representative tomogram with τ = (−0.1,−0.056) is analyzed in Sec-
tion 3.3.3.
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Remarks 3.3.1.

1. Within each tomogram the parameters σ1 and σ2 are used for the bifurcation study of
Gσ,τ , while τ1 is fixed throughout.

2. Since the τ -values are chosen not to coincide with strata of codimension 3 or higher,
only strata of type A2 and A3 are found in the tomograms. These strata are labelled
consistently with Section 3.2.2.

3. The τ -plane region between curves T± and (R7A2)
± is not explored, because it does

not contain more types of codimension 1 and 2 bifurcations, than those obtained in
Sections 3.3.1, 3.3.2 and 3.3.3.

4. The numerical methods of [Sim90] are used for the continuation of bifurcations and
for the computation of invariant manifolds. The Taylor integrator of [JZ05] is used to
compute the flow of the vector field Gσ,τ .

5. By [Kuz95] the central equilibrium of Gσ,τ undergoes a non-degenerate Hopf bifurcation
for σ1 = 0 if σ2 6= 0 and τ1 6= 0. This bifurcation is supercritical (subcritical) if τ1 is
negative (positive). Degenerate Hopf bifurcations [Kuz95] occur for (σ1, τ1) = (0, 0)
and σ2 6= 0. By the results of Section 2, the mildly degenerate resonance set is attached
to this set of codimension 2 bifurcations.

6. In [BHV08] the universal families Pσ as in (3.1) and Pσ,τ as in (3.6) are obtained
by applying Zq-equivariant contact-equivalences. These transformations, which do
not preserve stability, allow all constant non-zero coefficients to be scaled to 1 in Pσ

and Pσ,τ . By (3.5) and (3.18) the same holds for the corresponding Poincaré-Takens
normal form families. On the other hand, if normalizing transformations are used that
do preserve stability, not all constant coefficients can be scaled to 1, see, e.g., [Che85b].

3.3.1 Tomogram with detached swallowtail

We now extend the 2-dimensional tomogram of the resonance set in Figure 3.12 (a). For
τ = (−0.1, 0) the vector field Gσ,τ possesses the extra Z2-symmetry generated by

σ2 7→ −σ2, y 7→ −y, (3.20)

which is used to simplify the discussion of the corresponding bifurcation diagram.

Strata in the bifurcation set. The bifurcation set displayed in Figure 3.13 contains the
following curves:

1. A curve Ho of Hopf bifurcations;
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Figure 3.13: Bifurcation set of the planar Poincaré-Takens normal form vector field Gσ,τ given
in (3.19) for τ = (−0.1, 0), with two subsequent magnifications in the σ-parameter plane
near interesting regions, see Section 3.3.1 for the meaning of the symbols. The curves of
type A2 are fatter to facilitate identification of the resonance set as illustrated in Figure 3.12
(a).

2. Curves of saddle-node bifurcations of equilibria that correspond to points of type A2

strata of the resonance set;

3. Two curves L± of saddle-node bifurcations of limit cycles;

4. Four curves H±
1,2 of heteroclinic bifurcations of equilibria (see below for a definition).

Moreover, the following codimension 2 bifurcation points occur:

1. Two cusp bifurcations of equilibria corresponding to the strata (A3)
−
1 and (A3)

+
2 in the

resonance set;

2. Two points DH± of degenerate heteroclinic bifurcations of equilibria;
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-0.4

-0.2

 0

 0.2

 0.4

-0.4 -0.2  0  0.2  0.4

Region 1 -0.00025,-0.001,0

-0.4

-0.2

 0

 0.2

 0.4

-0.4 -0.2  0  0.2  0.4

Region 2 0.001,-0.001,0

-0.4

-0.2

 0

 0.2

 0.4

-0.4 -0.2  0  0.2  0.4

Region 3 0.0029,-0.001,0

-0.4

-0.2

 0

 0.2

 0.4

-0.4 -0.2  0  0.2  0.4

Region 4 0.00228,-0.00195,0

Figure 3.14: Phase portraits of the Poincaré-Takens normal form vector field Gσ,τ given
in (3.19). The top of each plot show the region in the σ-parameter plane (see Figure 3.13)
and the values of σ1, σ2 and τ2

3. Four points (A2H)±1,2 of degenerate heteroclinic bifurcations of equilibria.

The curves L± are tangent to the curves H±
1 at the points DH±, respectively (Figure 3.13,

top right panel). The curve H−
1 terminates at the point (A2H)−1 on the saddle-node curve

(A2)5 with a transversal intersection (Figure 3.13, bottom panel). The curve H−
2 is con-

tained in the interior of the wedge and joins the points (A2H)−1 and (A2H)−2 . Note that H−
2

is tangent to (A2)4 and transversal to (A2)5. We stress that the point (A2H)−1 is a codimen-
sion 2 bifurcation (see below) and is not just a projection-induced overlap. A symmetric
configuration is found in the upper half of the σ-parameter plane.

The above curves induce a subdivision of the parameter plane in 16 regions characterized
by topologically equivalent phase portraits. We only present phase portraits for regions 1-10
(see Figures 3.14, 3.15 and 3.16). Due to (3.20), phase portraits for regions 11 to 16 are
symmetric to those for regions 2, 4, 5, 8, 9, 10. For this reason, only the lower half of the
parameter plane is discussed here.
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Figure 3.15: Continuation of Figure 3.14. For region 8, two subsequent magnifications near
one of the saddles have been added in boxes.

Remarks 3.3.2.

1. Equilibria invariant under Ω1/7, which generates a Z7-symmetry, are from here on
referred to as Z7-symmetric equilibria.

2. In the phase portraits, equilibria are plotted with different shapes according to their
stability type: Attractors, repellors and saddles are represented by small disks, squares
and triangles, respectively.

3. Seven branches of unstable manifolds appear in Figures 3.15 and 3.16, coming from
outside of the plotted region. These are due to a family of Z7-symmetric equilibria lo-
cated outside of the neighborhood of the origin of our present interest. The bifurcations
induced by these saddles are not included in the current study.

A neighborhood of the origin consists of the four regions 1, 2, 7, 11. Here a repelling invariant
limit cycle exists, which is phase-locked in a 1:7-resonance. It consists of seven Z7-symmetric
repelling equilibria, seven Z7-symmetric equilibria of saddle type and the stable manifolds
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Figure 3.16: Continuation of Figure 3.15, see Figure 3.13 and the text in Section 3.3.1 for
details.

of the latter. The transitions between the regions entail the following phenomena (see the
corresponding phase portraits).

region 1 → 2 : An attracting limit cycle is created;

region 2 → 7 : The limit cycle enters a 1:7-resonance, where it consists of seven Z7-
symmetric attracting equilibria, seven Z7-symmetric equilibria of saddle type and the
unstable manifolds of the latter;

region 7 → 11 : Two sets of Z7-symmetric equilibria disappear through a saddle-node
bifurcation taking place on the limit cycle. Due to the symmetry (3.20), regions 11
and 2 only differ by the the orientation of the spiralling around the origin.

Heteroclinic bifurcations. Along curve H−
1 , an equilibrium of saddle type develops a

heteroclinic connection with another equilibrium of the same Z7-symmetric family, so a
heteroclinic cycle [Kuz95, Section 9.5] is formed (Figure 3.17, top left panel). Heteroclinic
cycles have various names in the literature, e.g., separatrix polygons [Rey80], separatrix
loops [Rou86] and polycycles [Mou91, IY95]. We adopt the latter terminology. By Reyn’s
definition [Rey80] polycycles are polygons, the corner points of which are saddle points, and
the sides are formed by the separatrices connecting these saddle points.

In the generic case, more than one periodic orbit may arise by perturbing polycycles consist-
ing of more than one equilibrium (see the above references). In the present Z7-symmetric
case, polycycles formed by Z7-symmetric saddles are phenomena of codimension 1 (if suitable
non-degeneracy conditions are assumed). Indeed, a Z7-symmetric polycycle for Gσ,τ corre-
sponds to a homoclinic saddle connection [GH83, Section 6.1] for the vector field induced
by Gσ,τ on the quotient space defined modulo the Z7-symmetry. For this reason, only one
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periodic orbit arises from the polycycle atH−
1 under parameter variation (assuming transver-

sality and non-degeneracy). The stability of the periodic orbit depends on a quantity, which
is a function of the eigenvalues of the equilibria in the polycycle [Rey80]. We refer to this
quantity as the saddle value (for analogy with the quotient case of saddle connections).

A degenerate polycycle (saddle value is zero) occurs atDH−
1 . This codimension 2 bifurcation

point splits H−
1 in two branches (Figure 3.13): In the upper (lower) branch, the saddle value

is negative (positive). The following transitions appear near DH−
1 :

region 2→ 3 (upper branch of H−
1 ) : The attracting periodic orbit (born at the Hopf

curve Ho) disappears by merging into an attracting polycycle;

region 2→ 4 (lower branch of H−
1 ) : From a repelling polycycle, a repelling periodic

orbit is created, which also persists in region 5;

region 4→ 3 (curve L−) : The repelling and attracting periodic orbits disappear at a
saddle-node bifurcation; L− is also the boundary between regions 5 and 6.

The heteroclinic bifurcations on curve H−
2 involve saddles E1 and E2 belonging to two

different families of Z7-symmetric equilibria. For parameters on H−
2 , a branch of W u(E1)

is connected to a branch of W s(E2), see Figure 3.17, top right panel. However, the other
branch of W u(E1) (W s(E2)) converges to an attracting (repelling) node, so no polycycle is
formed here.

A degenerate polycycle occurs at point (A2H)−1 . Here a family of Z7-symmetric saddle-
node equilibria appears along the connection, see Figure 3.17, bottom left panel. A family
E1, E3, . . . , E13 of Z7-symmetric hyperbolic saddles coexists with a family E2, E4, . . . , E14 of
Z7-symmetric saddle-node equilibria. One branch of W u(E1) and one branch of W s(E3) con-
verge to the two sides of the saddle-node equilibrium E2; The latter only has a 1-dimensional
invariant manifold, which is W s(E2). In other words, the polycycle is a center manifold for
the saddle-node bifurcation.

Another degenerate polycycle occurs at point (A2H)−2 . Here each of the saddle-node equilib-
ria E1, E3, . . . , E13 has a heteroclinic connection (via its one and only 1-dimensional invariant
manifold, which is a stable manifold) with the unstable manifold of the hyperbolic saddles
E2, E4, . . . , E14, see the bottom right panel of Figure 3.17.

3.3.2 Tomogram with attached swallowtail

Figure 3.18 shows the extended bifurcation set corresponding to the 2-dimensional tomogram
of the resonance set in Figure 3.12 (c), for τ = (−0.1,−0.0339). The phase portraits of
several parameter regions are topologically equivalent to regions described in Section 3.3.1
for τ = (−0.1, 0). The same labels are used, because this effectively identifies 4-dimensional
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Figure 3.17: Top left: A heteroclinic connection forming a polycycle, occurring for param-
eters on curve H−

1 . Top right: A heteroclinic connection for parameters on curve H−
2 (no

polycycle is formed here). Bottom left: Degenerate polycycle occurring at point (A2H)−1 .
The heteroclinic connection between W u(E1) and W s(E3) is interrupted by the occurrence
of a saddle-node equilibrium E2. Bottom Right: Degenerate heteroclinic connection oc-
curring at point (A2H)−2 . A heteroclinic connection involves a family E2, E4, . . . , E14 of
hyperbolic saddles and a family E1, E3, . . . , E13 of saddle-node equilibria, both families are
Z7-symmetric. Connections are emphasized by only plotting part of W u(E2) and W s(E3).

regions in (σ, τ)-parameter space. Phase portraits are deferred to Appendix A.2 and are
only shown for the new regions as compared to Section 3.3.1.

Many bifurcation curves and points occurring for τ = (−0.1, 0) (see Section 3.3.1) are also
present for τ = (−0.1,−0.0339). More precisely, the strata that reappear are the curves Ho,
L± andH+

1 , the saddle-node curves corresponding to points of type A2 strata in the resonance
set and the point DH+, where a polycycle with zero saddle value occurs. Additionally, the
bifurcation diagram now involves many new phenomena. We start from two organizing
centers HH1 and HH2, where codimension 2 polycycles occur.
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Figure 3.18: Bifurcation set of (3.19) for τ = (−0.1,−0.0339), with four subsequent magnifi-
cations in the σ-parameter plane near interesting regions. The curves of type A2 are fatter to
facilitate identification of the resonance set as illustrated in Figure 3.12 (c). See Section 3.3.1
and 3.3.2 for the meaning of the symbols. For phase portraits we refer to Figures 3.14, 3.15
and 3.16 in Section 3.3.1 and Figures A.1, A.2 and A.3 in Appendix A.2.

Organizing center HH1. Figure 3.19 (left) shows the phase portrait of region 21: Two
families E1, E3, . . . , E13 and E2, E4, . . . , E14 of Z7-symmetric saddles coexist. A perturba-
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Figure 3.20: Magnifications of the bifurcation set in Figure 3.18 near double heteroclinic
points HH1 (left panel) and HH2 (right panel).

tion argument suggests that five types of heteroclinic connections may develop for nearby
parameters. By Wi,j we denote a connection occurs between W u(Ei) and W s(Ej), where
(i, j) can be (1, 3), (1, 4), (2, 3) and (2, 4).
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Remarks 3.3.3.

1. By the Z7-symmetry, connection W1,2 also implies connection W3,4;

2. Connections W1,3 and W2,4 are codimension 1 polycycles, see Section 3.3.1.

At the bifurcation point HH1, all the above connections occur simultaneously, forming a
star-like polycycle, which involves two distinct families of Z7-symmetric saddles. Modulo the
Z7-symmetry (see Section 3.3.1), each family would correspond to one saddle in the quotient
space, yielding two in total, so we conclude that HH1 is a codimension 2 bifurcation. All
the five heteroclinic connections Wi,j listed above are detected near HH1. Denote as Hi,j

the parameter locus where connection Wi,j occurs:

H1,2 is the boundary between regions 21 and 7 and between 23 and 8;

H1,3 is the boundary between 24 and 22;

H1,4 is the boundary between 21 and 24;

H2,3 is the boundary between regions 7 and 8 and between 26 and 23;

H2,4 is the boundary between regions 18 and 19 and between 22 and 25.

The left panel in Figure 3.20 displays a qualitative sketch of a neighborhood of HH1. The
saddle value is always positive (negative) for the polycycles on bifurcation curve H1,3 (H2,4),
corresponding to the creation of a repelling (attracting) periodic orbit. The ‘corridor’ be-
tween W u(E2) and W s(E3) is rather narrow, see Figure 3.19. Hence, the unstable manifolds
W u(E1) and W u(E2) are very close to each other, as are the stable manifolds W s(E3) and
W s(E4). As a result, the curves H1,3 and H1,4 are extremely close to each other in the
parameter plane. What seems a single curve separating regions 21 and 22 in Figure 3.18, is
in fact a thin strip (region 24), bounded by H1,4 at the left and by H1,3 at the right, see the
left panel of Figure 3.20.

Actually, infinitely many other heteroclinic connections occur between H1,4 and H1,3. In-
deed, consider again the left panel in Figure 3.19 and denote the attracting nodes with
N1, . . . , N7. If H1,4 is crossed transversally from left to right, then W u(E1) crosses W s(E4)
and is ultimately attracted by the node N3 (not visible in the figure). For parameters near
H1,3, the unstable manifold W u(E1) approaches E3. However, before W u(E1) can connect
with W s(E3), it must subsequently cross W s(E6), W

s(E8) and so on. The bifurcation curves
corresponding to these connections have not been computed.

Topological arguments suggested by the numerical results indicate that curves H1,2 and
H2,3 have a transversal intersection across point HH1, whereas H1,3 and H1,4 terminate
at HH1 where they are tangent to H2,4. At the other endpoints, all these heteroclinic
connection curves are tangent to the saddle-node curve A2 corresponding to the resonance
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set in Figure 3.12 (c). One of these tangency points is close to a cusp, suggesting the
presence of a codimension 3 cusp-heteroclinic connection in (σ, τ)-parameter space. Curve
L− becomes very close to H2,4 near the point HH1. Since the saddle value along H2,4 is
negative, curve L− is not tangent to H2,4, and the only possibility is that it ends at HH1

as well. It has been impossible to verify this with sufficient accuracy, due the numerical
limitation of double precision computations.

Closeness in parameter space corresponds to closeness of invariant manifolds in phase space.
Hence, the two ‘star-like’ periodic orbits merging at L− are always ‘indistinguishably’ close to
each other in phase portraits for region 25, which is a very narrow subset of parameter space.
The configuration of the latter phase portraits is topologically the same as the configuration
for region 19, with the addition of seven repelling nodes and seven saddles created at a
saddle-node curve. Similarly, the topology corresponding to region 26 is the same as the one
corresponding to region 20 with the addition of seven nodes and seven saddles. The phase
portrait of region 24 is difficult to interpret, because various invariant manifolds are very
close to each other.

Organizing center HH2. The right panel in Figure 3.19 shows the phase portrait for
region 29, in which saddles are denoted consistently with the left panel. Repelling periodic
orbits surround Z7-symmetric attracting equilibria. By a perturbation argument, a hetero-
clinic connection is expected between the ‘downward’ branch of W u(E3) and the ‘upward’
branch of W u(E4) for nearby parameter values. This leads to connection W1,2 described
above. After this has taken place, a saddle homoclinic connection of E3 can occur. Another
route starts again from region 29. For nearby parameter values the left branch of W u(E4)
can have a heteroclinic connection W4,3 with the ‘downward’ branch of W s(E3). After this
has occurred, a homoclinic bifurcation of E4 is possible. At bifurcation point HH2 a codi-
mension 2 polycycle is formed by the two simultaneous connections W1,2 and W4,3. The
following bifurcation curves emerge from HH2.

H1,2 (also connected to HH1) forms the boundary between regions 23 and 8, between regions
29 and 30 and between regions 32 and 31;

H4,3 forms the boundary between region 8 and 35 and between 34 and 29;

Hom4 forms the boundary between regions 27 and 33 and between 28 and 3;

Hom3 forms the boundary between regions 30 and 35.

The right panel in Figure 3.20 presents a qualitative sketch of a neighborhood of HH2.
Two periodic orbits are created at the saddle-node bifurcation of limit cycles curve L2.
The attracting orbit disappears at Hom4, consistently with the saddle value of E4 being
negative [GH83, Kuz95]. Since the saddle value of E3 is positive along Hom3, a repelling
periodic orbit is created there, which is visible in the phase portraits of regions 27, 29, 30
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and 33. It has proved impossible to draw the phase portrait of region xx, since the curves
L2 and Hom4 are too close to each other to be resolved in double precision arithmetics.
In phase space, this corresponds to an extreme closeness of the repelling periodic orbit to
the homoclinic connection at Hom4. Region 34 is also very narrow, due to the narrowness
of the ‘corridor’ between the stable manifolds W s(E3) and W s(E4), see the right panel in
Figure 3.19.

The two branches Hom3 and Hom4 end at the two Bogdanov-Takens points BT1, belonging
to (A2)1, and BT2 belonging to (A2)2, respectively. These points are also connected by a
curve of Hopf bifurcations of equilibria. This Hopf curve is split into a supercritical and a
subcritical branch (Hosup and Hosub respectively) by a degenerate Hopf point DHop, where
curve L2 terminates, see the last panel of Figure 3.18. The repelling periodic orbit born at
the subcritical branch Hosup is the same as the one discussed above. The attracting periodic
orbit born at the supercritical branch Hosub disappears at Hom4. Additional degenerate
Hopf points might be searched for by computing the first Lyapunov coefficient [Kuz95,
Section 3.5]. Presently we have not done so, only relying on phase portraits and topological
reasoning.

3.3.3 Tomogram without swallowtail

This section deals with the extension of the 2-dimensional tomogram of the resonance set
in Figure 3.12 (i), for τ = (−0.1,−0.056). In this case, all of the bifurcation curves occur
for τ = (−0.1,−0.0339) as well, so the same notation as in the previous section has been
retained. However, the relative positions of these curves is different and this yields several
new regions in the parameter plane, see Figure 3.21. Specifically, regions 36-41 are new, see
Appendix A.2 for the phase portraits. We summarize the differences with the case described
in the previous section.

• A new organizing center HH3 appears, where the two homoclinic bifurcation curves
Hom3 and Hom4 intersect the curve H2,4 of heteroclinic connections. The lower left
panel in Figure 3.21 suggests that Hom3 meets H2,4 transversally and Hom3 seems to
intersect Hom4 transversally as well. The saddle value along both branches Hom3,4 is
negative. Indeed, an attracting periodic orbit is seen in regions 39 and 33 to approach
the saddle connection.

• Curve H2,4 crosses curve H+ past the intersection point HH3, see Figure 3.21, lower
left panel. The saddle value along H2,4 is always negative, implying that an attracting
periodic orbit is formed and that curve L− is not tangent toH2,4. It has been impossible
to compute L− slightly above HH3, since L− is to close to H2,4. Additional undetected
regions must occur, such as a strip between 39 and 40, bounded from above by L−

and from below by H2,4. Here a repelling periodic orbit coexists with an attracting
periodic orbit and the former bounds an area in which the latter is contained, similar
to the situation in region 19. Entering region 39 across H2,4, the attracting periodic
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Figure 3.21: Bifurcation set of (3.19) for τ = (−0.1,−0.056), with five subsequent mag-
nifications in the σ-parameter plane near interesting regions. The curves of type A2 are
plotted with fatter lines to facilitate identification of the resonance set as illustrated in Fig-
ure 3.12 (i). See Section 3.3.1, 3.3.2 and 3.3.3 for the meaning of the symbols. For phase
portraits we refer to Figures 3.14, 3.15 and 3.16 in Section 3.3.1 and Figures A.1, A.2, A.3
and A.4 in Appendix A.2.
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orbit disappears by merging with the heteroclinic cycle, whereas the repelling periodic
orbit persists, see the phase portrait of region 39. A similar transition occurs between
region 33 and 41.

• The saddle-node bifurcation of limit cycles curve L2 is attached to degenerate Hopf
points DHo1 andDHo2. Therefore, the Hopf curve is split into the pair of supercritical
branches Ho1

sup and Ho2
sup and the subcritical branch Hosub, bounded between DHo1

and DHo2.

3.3.4 Expectations for mildly degenerate universal family of dif-

feomorphisms

We now discuss the implications for the universal family of planar diffeomorphisms, Pσ,τ

given in (3.18), of the bifurcation diagram of the planar vector field family Gσ,τ , given in
(3.19), described in the previous sections. We recall that these families are related by

Pσ,τ (z) = Ωp/q ◦ G1
σ,τ (z) +O(|σ|2, |τ |2, |z|q).

First of all, local phenomena are persistent under O(|σ|2, |τ |2, |z|q) perturbations: This holds
for all hyperbolic equilibria, their linear type and corresponding local bifurcation strata. So,
for example, a hyperbolic equilibrium of Gσ,τ corresponds to a hyperbolic periodic point
of Pσ,τ and a saddle-node bifurcation of equilibria for Gσ,τ corresponds to a saddle-node
bifurcation of periodic orbits for Pσ,τ . A list of features which are expected to persist for
Pσ,τ with trivial (or, in any case, not too involved) modifications is summarized in the top
part of Table 3.3. The persistence properties of more degenerate local bifurcations of Gσ,τ

and Pσ,τ , which are excluded from Table 3.3 are easily deduced from the given information.

Heteroclinic and homoclinic connections of Gσ,τ do not persist generically for Pσ,τ . The
expectation is that they are generically replaced by heteroclinic and homoclinic tangles,
respectively, which are transversal heteroclinic or homoclinic intersections of invariant man-
ifolds [Arn82, GH83, Kuz95, Kra94, Tak74a]. Such transversal intersections are persistent
under small perturbations: Therefore, curves such as H−

1 in Figure 3.13 ‘split’ into open
domains within (σ, τ)-parameter space. Chaotic dynamics, due to the presence of horse-
shoes, may be expected in such domains [BV92, Kuz95] and chaotic attractors may occur
near the expected tangencies between invariant manifolds, which is a codimension 1 phe-
nomenon [PT87].

3.4 Conclusion and future work.

This chapter presents a study of the resonance set of a universal 4-parameter Hopf-Nĕımarck-
Sacker family of planar diffeomorphisms, providing a Whitney stratification and thereby
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Pσ,τ Gσ,τ

fixed point equilibrium
q-periodic orbit q different equilibria related by Ωp/q

(degenerate) HNS bifurcation (degenerate) Hopf bifurcation
saddle-node (A2) bif. of q-periodic orbit saddle-node (A2) bif. of q different equilibria
cusp (A3) bifurcation of q-periodic orbit cusp (A2) bif. of q different equilibria

homoclinic tangle homoclinic connection
heteroclinic tangle heteroclinic connection

Table 3.3: Relations between the dynamics of the universal family of the mildly degenerate
case Pσ,τ and its Poincaré-Takens normal form vector field approximation Gσ,τ . The first
five rows give the relations between local dynamical properties, while the latter two rows
give generically expected relations between more global features. Here Ωp/q is a rotation over
2πp/q around the origin. Combinations of the listed bifurcations also occur, see Section 3.3.1,
3.3.2 and 3.3.3.

yielding a better understanding of the corresponding geometry. Our approach consists of
analyzing the Whitney stratification by explicitly determining the incidence relations be-
tween the strata and taking appropriate 2- and 3-dimensional tomograms. This approach
serves as a paradigm for the investigation of other complicated higher dimensional (bifurca-
tion) sets.

We also show that the resonance set, up to a small diffeomorphic distortion, forms only a
small part of a more complicated bifurcation set, which is obtained using a Poincaré-Takens
normal form vector field approximation of the family of diffeomorphisms. The 2-dimensional
tomograms of parameter space investigated for this family of vector fields demonstrate a rich
variety of bifurcations including (degenerate) Hopf, homoclinic, heteroclinic and Bogdanov-
Takens bifurcations. A more complete study of the bifurcation set of both the mildly de-
generate universal family and the corresponding vector field approximation remain future
work.





Chapter 4

Recognition problem: Periodically
forced oscillators

4.1 Introduction

This chapter deals with resonant Hopf-Nĕımarck-Sacker (HNS) bifurcations in families of
periodically forced oscillators. In particular, we present a new procedure to detect such
bifurcations for the classical non-degenerate and a mildly degenerate case. By extending the
results of Chapter 2, which deals with families of diffeomorphisms, this procedure is reduced
to checking polynomial equalities and inequalities (semi-algebraic recognition conditions) in
finite order coefficients of the series expansion of the family at the bifurcation point. As a
consequence, a practical method for handling real-world examples is obtained. We note that
especially the investigation of the mildly degenerate resonant HNS bifurcation goes beyond
known results, since it corresponds to a ‘next case’ in the general program to recognize
bifurcations, cf. [Arn82,Kuz95].

Resonance: Flow case. To explain the generality of our approach we first expand on
families of smooth vector fields giving rise to resonance. These families appear in many dy-
namical systems, e.g., in coupled oscillators, feed-forward coupled cell networks and higher
dimensional autonomous systems. Heuristically, resonance occurs when oscillatory subsys-
tems with rationally related frequencies interact with each other. Parameter values giving
rise to this situation are typically located near a p : q-resonant HNS bifurcation of a periodic
orbit of a family of vector fields. Recall that at such a bifurcation a corresponding Poincaré
map has one pair of complex-conjugate eigenvalues of the form e±2πip/q with 0 < |p| < q ∈ N

and gcd(p, q) = 1.
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R2
t

0

Figure 4.1: A sketch of a 3-dimensional center manifold, which is given by a reduced tubular
neighborhood of a periodic orbit. The coordinate t acts as an angular coordinate [SVM07,
Hal80].

Periodically forced oscillators. The approach in [Hal80, Kuz95] reduces the study of
families of smooth vector fields with a periodic orbit, for which a Poincaré map has only one
pair of critical eigenvalues of the form e±2πip/q, to the study of periodically forced oscillators.
More specifically, if we restrict ourselves to a 3-dimensional center manifold given by a
reduced tubular neighborhood of a periodic orbit, see Figure 4.1, then the resulting family
is of the form,

{
ẏ = hµ(y) + εHµ(y, t),
ṫ = 1,

(4.1)

a standard form for a periodically forced oscillator, cf. Chapter 1. Here hµ and Hµ depend
smoothly on both the multi-parameter µ = (µ1, . . . , µn) ∈ Rn and the coordinates y ∈ C or
(y, t) ∈ C×R/Z, respectively (for convenience we identify R2 with C). Moreover, we assume
that ε is a small positive real constant, h0(0) = 0,Dyh0(0) = 2πip/q and that several versality
conditions are satisfied, see Section 4.2. Under these assumptions system (4.1) exhibits a
p : q-resonant HNS bifurcation point near µ = 0 [BV08].

For the family given in (4.1) we explain explicitly how the recognition conditions determine
the local geometry of the resonance set and the local dynamics near the central resonant HNS
bifurcation. To this end we introduce the vector field Nµ, which is the planar first component
of the (q−1)-jet of a Poincaré-Takens reduction of (4.1), see Section 4.4 and [BV08,BGV07,
Tak74a, Tak74b]. Then, up to a near identity diffeomorphism, the Poincaré map of (4.1)
near y = 0 is given by

Pµ(y) = Ωp/q ◦N1
µ(y) +O(|y|q), (4.2)

where Ωp/q is the rotation over 2πp/q around the origin and N1
µ is the time-1-map of Nµ.

The dependence of Nµ and Pµ on ε is not explicitly indicated, since ε is a constant.

If the non-degenerate or mildly degenerate case is considered, then the local geometry of
the resonance set of a HNS family of diffeomorphisms, like Pµ, is determined by the corre-
sponding (q − 1)-jet. In Chapter 2 corresponding recognition conditions are provided that



4.1 Introduction 81

determine the geometry. The main result of this chapter, namely Theorem 4.2.1, provides
the recognition conditions for (4.1) in an algorithmic way derived from the conditions in
Chapter 2.

Perturbation arguments, based on the theories of transversality, normally hyperbolic man-
ifolds and bifurcations [Arn82, Dev89, GH83, Kuz95, Tho75], indicate which dynamics and
bifurcations of Pµ are induced by those of Nµ [BV92, BGV07, Kra94, Tak74a]. All local
features of Nµ, e.g., saddle-node and Hopf bifurcations, translate into corresponding phe-
nomena of Pµ, see Table 3.3. On the other hand, more global phenomena, e.g., heteroclinic
and homoclinic bifurcations, are generically expected to ‘split’ into regions in parameter
space corresponding to tangles in phase space [Arn82, GH83, Kuz95, Kra94, Tak74a]. For
a detailed discussion of bifurcation diagrams of normal forms for planar Poincaré-Takens
vector fields, we refer to Chapter 3.

Case studies. As one case study we consider a periodically forced generalized Duffing-van
der Pol oscillator [BNR+07,SKT04] given by

ü+ (ν1 + ν3u
2)u̇+ ν2u+ ν4u

3 + u5 = ε(1 + u6) cos(2πt), (4.3)

where u ∈ R, ε is a small positive real constant and ν = (ν1, ν2, ν3, ν4) ∈ R
4 is a multi-

parameter. The higher order terms in (4.3) are required, otherwise the system does not
give rise to generic resonance phenomena, see Section 4.3. Duffing type oscillators arise in
models of forced vibrations of buckled beams and electrical circuits [HH81]. Van der Pol
type oscillators also originate from electrical circuits [vdPvdM27]. The coupling of the two
systems has been studied a lot, see [BNR+07, SKT04,DV94] and references therein, where
the focus usually is on the unperturbed system (ε = 0) or on strong resonances. For q = 5
and q = 7 we recover non-degenerate HNS bifurcations as indicated in [Yag96, HH81] for
periodically forced Duffing oscillators. For q = 7 system (4.3) also gives rise to the novel
mildly degenerate resonant HNS bifurcation.

The second case study is a parametrically forced generalized Volterra-Lotka system [BNRS06]
given by

{
u̇ = u (−κ1(1− u) + 1− v − κ3(1− v)3 + ε cos(2πt)) ,
v̇ = v (−κ2(1− u) + κ4(1− v)3) ,

(4.4)

where (u, v) ∈ R2 and ε is a small positive real constant. Moreover, here κ = (κ1, κ2, κ3, κ4) ∈
R4 is a multi-parameter. The form of (4.4) is chosen in such a way that (u, v) = (1, 1) is
an equilibrium of the system for ε = 0, see Figure 4.2. Similar to (4.3) also (4.4) gives rise
to both a non-degenerate and a mildly degenerate HNS bifurcation. We note that paramet-
rically forced Volterra-Lotka type systems typically model dynamics of predators (v) and
their prey (u) in an ecosystem with, e.g., a seasonal forcing [BNRS06,BdBGV81].

Outline of the chapter. Section 4.2 presents the main result: The recognition conditions
for families of the form (4.1). In Section 4.3 we apply these results to the case studies. In
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Figure 4.2: Phase portrait of the Volterra-Lotka system given in (4.4) for ε = 0 and
(κ1, κ2, κ3, κ4) = (0, 0.8, 0, 0).

Section 4.4 the Poincaré-Takens normal form procedure is explained and Section 4.5 forms
a conclusion.

Related work. Periodically forced oscillators are a typical example of systems of the
form (4.1) and they have been studied a lot, see [GH83, Kuz95, Arn82, SVM07] and refer-
ences therein. Corresponding subharmonics and their bifurcations are usually investigated
by computing a Poincaré map. This map can be obtained by an averaging procedure in-
volving near identity transformations [Arn82, SVM07, Bro09], which is also our approach.
Alternatively, continuous systems can be averaged by applying variational equations, how-
ever, by [Yag96] this method is less suited for highly nonlinear systems. Both procedures
allow to investigate the local dynamics. For background on the study of weak and strong
resonances in oscillators, see [Tak74a,NPT83,Kra94,BGV03,BGV07,BV08]. For resonance
studied in Hamiltonian or reversible settings, see [BV92,Van92].

In [BV08] resonance is studied in feed-forward cell networks. Moreover, in the non-degenerate
case recognition conditions are derived for a particular feed-forward coupled cell network by
applying the same approach as here. In [Arn82,Kuz95] similar procedures to obtain recog-
nition conditions for families of the form (4.1) are presented. Unlike our current approach,
singularity theory is not applied in [Kuz95]. Moreover, in those references only the non-
degenerate case is discussed and recognition conditions are not explicitly computed.

Yet another procedure for detecting subharmonics is given by a Melnikov method, see [GH83].
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By [Yag96] this approach is less suited for studying corresponding bifurcations.

For open problems concerning averaging, see [Kif08].

4.2 Solution of recognition problem

Our main result solves the recognition problem for non-degenerate and mildly degenerate
resonant HNS bifurcations as semi-algebraic conditions in coefficients of a finite order jet
of (4.1). This result extends the recognition conditions for families of (Poincaré) maps in
Chapter 2 to families of periodically forced oscillators of the form (4.1). Consequently,
we provide a novel ‘quick’ method for detecting resonant HNS bifurcations in case studies
dealing with the latter type of families. In this section we also show that the degeneracy
of such bifurcations determines both the geometry of the attached resonance set and an
approximation of the local dynamics by a Poincaré-Takens normal form vector field.

Setting. Recall that the family (4.1), which we are investigating, is given by

{
ẏ = hµ(y) + εHµ(y, t),
ṫ = 1,

where (y, t) ∈ C × R/Z, µ ∈ Rn is a multi-parameter and ε ∈ R+ is a small constant.
Moreover, to ensure a p : q-resonant HNS bifurcation near µ = 0 we assume that h0(0) = 0
and Dyh0(0) = 2πip/q, and we impose some further versality conditions, which are specified
below.

We avoid a complicated formulation of the recognition conditions by providing them in terms
of coefficients of a finite order jet of a Poincaré-Takens reduction of (4.1). Since the relation
between the original and reduced jet is also explicitly presented, this does give a solution for
the recognition problem of system (4.1).

Poincaré-Takens reduction of (4.1). Let the power series expansion of the first com-
ponent of (4.1) in terms of y be given by

ẏ =(iω + h10(µ))y +

q−1∑

j+k=2

hjk(µ)yjyk

+ ε

q−1∑

j+k=1

Hjk(t;µ)yjyk +O(|y|q), (4.5)

where (y, t) ∈ C × R/Z, µ ∈ Rn, hjk(µ) ∈ C, Hjk(t;µ) ∈ C and where the O(|y|q) terms
can also depend on t. Moreover, we assume that h10(0) = 0, ω = 2πp/q and that 0 <
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max{|Hjk(t; 0)| | t ∈ R/Z , j + k ≤ q− 1} and that ε is a small positive real constant. Then
a corresponding Zq-equivariant Poincaré-Takens reduced family is given by

ż = zGµ(|z|2) + γµz
q−1 +O(|z|q), (4.6)

where z ∈ C, γµ ∈ C and where the O(|z|q) terms may still depend on t. As is shown
in Section 4.4, this reduction is obtained from (4.5) by standard techniques involving the
successive application of near-identity transformations removing non-Zq-equivariant terms
and a Van der Pol transformation [Bro09,BV08,BGV03]. The complex-valued polynomial
Gµ is of the form

Gµ(|z|2) =

⌈ q−3
2

⌉∑

m=0

ℓm(µ)|z|2m. (4.7)

In Appendix B explicit polynomial expressions for the ℓm(µ) ∈ C for 0 ≤ m ≤ 2 in terms of
hjk(µ) and Hkl(t;µ) with j + k ≤ 2m+ 1 are presented. Additionally, the dependence of γµ

on hjk(µ) and Hjk(t;µ) with j + k ≤ q − 1 and 3 ≤ q ≤ 5 is provided. For q > 5 we refer
to [Hol]. We note that the dependence of the coefficients of the Poincaré-Takens reduction
on ε is not explicitly indicated, since ε is a constant.

Main result. Our main result is the solution of the recognition problem for weak resonance
as conditions on the coefficients of the (q−1)-jet of (4.6). We observe that from Appendix B
follows that ℓ0(0) = h10(0) = 0 for ε = 0. Moreover, we avoid highly degenerate resonances
by imposing that γ0 6= 0.

Theorem 4.2.1 (Recognition conditions for (4.5)). Consider (4.5) and a corresponding
Poincaré-Takens reduction given in (4.6) with ℓ0(0) = 0 and γ0 6= 0.

1. For q ≥ 5 the family (4.5) exhibits non-degenerate weak resonance if ℓ1(0) 6= 0 and the
map

µ 7→ (Re(ℓ0(µ)), Im(ℓ0(µ))) (4.8)

is a submersion at µ = 0 requiring n ≥ 2. This bifurcation has codimension 2. In this
case the resonance set of (4.5) is the Cartesian product of Rn−2 and a planar (q−2)/2-
cusp (the boundary of an Arnol’d tongue). In particular, if n = 2 this resonance set is
locally diffeomorphic to the discriminant set of the family Fσ : C→ C given by

Fσ(z) = z
(
σ1 + iσ2 + |z|2

)
+ zq−1, (4.9)

where (σ1, σ2) ∈ R2. Parameter values on this discriminant set satisfy

σ2 = ±(−σ1)
q−2
2 +O(|σ1|q−2). (4.10)
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2. For q ≥ 7 the family (4.5) exhibits mildly degenerate weak resonance if ℓ1(0) = 0,
ℓ2(0) 6= 0 and the map

µ 7→ (Re(ℓ0(µ)), Im(ℓ0(µ)),Re(ℓ1(µ)), Im(ℓ1(µ))) (4.11)

is a submersion at µ = 0 requiring n ≥ 4. This bifurcation has codimension 4. In this
case the boundary of the resonance set of (4.5) is locally diffeomorphic to the Cartesian
product of Rn−4 and the discriminant set of the family Gσ,τ : C→ C given by

Gσ,τ (z) = z(σ1 + iσ2 + (τ1 + iτ2)|z|2 + |z|4) + zq−1, (4.12)

where (σ1, σ2, τ1, τ2) ∈ R4.

Proof. To prove Theorem 4.2.1 we first determine the boundary of the resonance set of (4.5),
i.e., the parameter values for which the number of local q-periodic points of the corresponding
Poincaré map changes. From [BGV07,BV08,Tak74a] it follows that this Poincaré map Pµ

is given by (4.2),

Pµ(y) = Ωp/q ◦N1
µ(y) +O(|y|q),

where Ωp/q is the rotation over 2πp/q around the origin. Moreover, N1
µ is the time-1-map of

Nµ, the vector field corresponding to the (q− 1)-jet of a Poincaré-Takens reduction of (4.5).

The boundary of the resonance set of Pµ is diffeomorphic to the discriminant set of Nµ. To
explain this we consider the (q−1)-jet of Pµ denoted by jq−1Pµ(y). If the conditions of The-
orem 4.2.1 are satisfied, then the resonance sets of Pµ and jq−1Pµ are locally diffeomorphic.
This is shown in Chapter 2 by applying Lyapunov-Schmidt reduction and Zq-equivariant
contact-equivalence singularity theory. Next, from (4.2) it follows that the q-periodic orbits
of jq−1Pµ are given by the zeros of Nµ, i.e.,

jq−1P q
µ(y) = y ⇔ Nµ(y) = 0.

Therefore, the boundary of the resonance set of Pµ is locally diffeomorphic to the discriminant
set of Nµ, the set of parameter values for which the number of zeros of Nµ changes.

It remains to show that the geometry of the discriminant set ofNµ is determined by the recog-
nition conditions stated in Theorem 4.2.1. In [BGV03] it is asserted that all generic families
of planar Zq-equivariant maps containing the same central singularity yield diffeomorphic
discriminant sets. Applying Zq-equivariant contact-equivalence singularity theory provides
semi-algebraic conditions, which such families (versal unfoldings) satisfy. For non-degenerate
and mildly degenerate central singularities these conditions are presented in Chapter 2 and
they are repeated in Theorem 4.2.1. Moreover, from Chapter 2 it follows that Fσ and Gσ,τ

are universal unfoldings, i.e., versal unfoldings with a minimum number of parameters (the
codimension) satisfying the recognition conditions of Theorem 4.2.1.
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Remarks 4.2.1.

1. A detailed study of the discriminant set of Gσ,τ is given in Chapter 3.

2. For completeness, we consider the strong resonances for q = 3 and q = 4 as well, since
these cases are also investigated for families of diffeomorphisms in Chapter 2.

For q = 3 the family (4.5) exhibits non-degenerate weak resonance if ℓ0(0) = 0, ℓ1(0) 6=
0, γ0 6= 0 and the map

µ 7→ (Re(ℓ0(µ)), Im(ℓ0(µ))) (4.13)

is a submersion at µ = 0 requiring n ≥ 2. This bifurcation is of codimension 2. If (4.5)
satisfies the latter conditions, then the family has one subharmonic of order 3 for all
parameter values near µ = 0.

For q = 4 the family (4.5) exhibits non-degenerate weak resonance if ℓ0(0) = 0, the
modulus (see [GSS85]) a = |ℓ1(0)/γ0| 6= 0, 1 and the map

µ 7→ (Re(ℓ0(µ)), Im(ℓ0(µ)),Re(ℓ1(µ))) (4.14)

is a submersion at µ = 0 requiring n ≥ 3. This bifurcation is of codimension 3. If the
latter conditions are satisfied and if 0 < a < 1 or a > 1, then the boundary of the
resonance set is diffeomorphic to the Cartesian product of R

n−3 and the discriminant
set of the family Hσ,τ : C→ C given by

Hσ,τ (z) = z
(
σ1 + iσ2 + (a+ τ)|z|2

)
+ z3, (4.15)

where (σ1, σ2, τ) ∈ R3.

3. The universal unfolding Gσ,τ given in (4.12) contains a central singularity of codi-
mension 4. Bifurcations subordinate to this singularity are of lower codimension. A
question then is whether the theory of Dumortier et al. [DRSZ91], which deals with
3-parameter versal unfoldings, applies here. This is not the case for bifurcations of the
central equilibrium at z = 0 of Gσ,τ , since the unfoldings in [DRSZ91] do not have any
symmetry. However, we conjecture that bifurcations subordinate to a central bifur-
cation corresponding to a nilpotent 1-jet, see [DRSZ91], do occur for the non-central
local equilibria of Gσ,τ , which are at a distance

|y| = O(|µ|1/2)

from the origin. This is supported by the bifurcation diagrams in [DRSZ91] and Chap-
ter 3, which contain the same codimension 1 and codimension 2 bifurcations, like (de-
generate) Hopf bifurcations, Bogdanov-Takens bifurcations, heteroclinic bifurcations
and homoclinic bifurcations.
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Dynamics near resonant HNS bifurcation points. We recall that if the degeneracy
of a resonant HNS bifurcation of the family (4.1) is given, then besides the local geometry
of the resonance set also the local bifurcation diagram is approximately determined. More
specifically, from Chapter 1 and 3 it follows that Fσ given in (4.9) and Gσ,τ given in (4.12)
are normal forms for the (q − 1)-jet of the Poincaré-Takens reduction given in (4.6) in the
non-degenerate and mildly degenerate case, respectively. The local dynamical phenomena,
e.g., saddle-node and Hopf bifurcations, of these normal forms translate one-to-one to corre-
sponding features of the Poincaré map of (4.1), see [Arn82,GH83,Kuz95]. However, global
phenomena, i.e., heteroclinic and homoclinic connections, are generically not preserved, since
these depend also on the O(|z|q) terms in (4.2). We expect that these connections are gener-
ically replaced by heteroclinic and homoclinic tangles [Arn82,GH83,Kuz95,Kra94,Tak74a].

The local bifurcation diagram of ż = Fσ(z) is discussed in Chapter 1, where it is also
displayed in Figure 1.2. A detailed bifurcation analysis of the mildly degenerate case is
presented in Chapter 3.

4.3 Case studies

Duffing-Van der Pol oscillator We apply Theorem 4.2.1 to a periodically forced gener-
alized Duffing-Van der Pol oscillator given in (4.3) and rewritten here in system form,






u̇ = v,
v̇ = −(ν1 + ν3u

2)v − ν2u− ν4u
3 − u5 + ε(1 + u6) cos(2πt),

ṫ = 1,
(4.16)

where (u, v, t) ∈ R2×R/Z and ε is a small positive real constant. The real parameters of the
system are ν1, ν2, ν3 and ν4. Notice that if the t-component of the latter system is excluded,
then (4.16) has an equilibrium at (u, v) = (0, 0) for ε = 0. Hence, the Poincaré map of (4.16)
has a fixed point at (u, v) = (0, 0) +O(ε) for ε 6= 0, cf. Section 4.1.

We focus on 1 : 7-resonance in the Duffing-Van der Pol system, since this situation corre-
sponds to the lowest q for which both non-degenerate and mildly degenerate weak resonance
occur. The result is given in the following proposition.

Proposition 4.3.1 (Solution of recognition problem for the Duffing-Van der Pol system for
q = 7). Consider the system given in (4.16) and the fixed point (u, v) = (0, 0) + O(ε) of a
corresponding Poincaré map.

1. System (4.16) undergoes a non-degenerate 1 : 7-resonant HNS bifurcation for the fol-
lowing set of codimension 2:

{
ν ∈ R

4 | ν1 = 0, ν2 = 4
49
π2, ν2

3 + ν2
4 6= 0

}
. (4.17)

In this case, the boundary of the resonance set is locally diffeomorphic to the Cartesian
product of a planar 5/2-cusp and R2.
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2. System (4.16) undergoes a mildly degenerate 1 : 7-resonant HNS bifurcation for the
following set of codimension 4:

{
ν ∈ R

4 | ν1 = 0, ν2 = 4
49
π2, ν3 = 0, ν4 = 0

}
. (4.18)

In this case, the boundary of a resonance set is locally diffeomorphic to the discriminant
set of

Gσ,τ = z(σ1 + iσ2 + (τ1 + iτ2)|z|2 + |z|4) + z6,

where (σ1, σ2, τ1, τ2) ∈ R4.

Remarks 4.3.1.

1. Throughout this chapter recognition conditions, like (4.17) and (4.18), are computed
up to order O(ε), see the corresponding proofs.

2. From Section 4.2, it follows that the bifurcation diagram of the forced Duffing-Van
der Pol system is (approximately) known near the parameter values corresponding to
resonant HNS bifurcations given in Proposition 4.3.1.

3. If the terms of degree 5 and 6 in u are removed from (4.16), then the parameter
value (ν1, ν2, ν3, ν4) = (0, 4

49
π2, 0, 0) would correspond to a more degenerate central

bifurcation, than the mildly degenerate case discussed in the current work.

4. We also consider a 1 : 5-resonance to demonstrate the q-dependence of the recognition
conditions. The fixed point (u, v) = (0, 0) + O(ε) of a Poincaré map of system (4.16)
undergoes a non-degenerate 1 : 5-resonant HNS bifurcation for the following set of
codimension 2:

{
ν ∈ R

4 | ν1 = 0, ν2 = 4
25
π2, ν2

3 + ν2
4 6= 0

}
. (4.19)

In this case, the boundary of the resonance set is locally diffeomorphic to the Cartesian
product of a 3/2-cusp and R

2.

Proof. A proof of Proposition 4.3.1 and the latter remark consists of three steps:

1. Resonant Hopf points of the unperturbed part (ε = 0) of the first two components of
the family given in (4.16) need to be determined, since these correspond to resonant
HNS points of the full family given in (4.16), see [BV08];

2. For parameter values near resonant Hopf points the family has to be transformed to
the form (4.5) in order to apply Theorem 4.2.1;

3. Theorem 4.2.1 is applied to determine the degeneracy of the bifurcation points obtained
in the first step.
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Beginning with the first step, we determine a Hopf stratum for the unperturbed part (ε = 0)
of the (u, v)-components of the Duffing-Van der Pol system. To be precise, we focus on the
following system,

{
u̇ = v,
v̇ = −(ν1 + ν3u

2)v − ν2u− ν4u
3 − u5.

(4.20)

For parameter values on a Hopf stratum the trace of the linear part of the system at an
equilibrium vanishes, while the corresponding determinant is positive [BV08]. Considering
the equilibrium (u, v) = (0, 0) leads to the 3-dimensional Hopf stratum given by

{
ν ∈ R

4 | ν1 = 0, ν2 6= 0, ν3 ∈ R, ν4 ∈ R
}
. (4.21)

For these parameter values the eigenvalues of the unperturbed system at (u, v) = (0, 0) are
given by

λ± = ±i√ν2. (4.22)

If we assume that ν2 ≥ 0, then λ± can take any value on the imaginary axis. We focus on
a HNS bifurcation of the system (4.16) near the following two 2-dimensional sets of Hopf
points:

{
ν ∈ R

4 | ν1 = 0, ν2 = 4
25
π2, ν3 ∈ R, ν4 ∈ R

}

and

{
ν ∈ R

4 | ν1 = 0, ν2 = 4
49
π2, ν3 ∈ R, ν4 ∈ R

}
,

which by (4.1) and (4.22) correspond to a 1 : 5- and a 1 : 7-weak resonance, respectively.

We continue with the second step, i.e., system (4.16) needs to be transformed to the
form (4.5). This requires three transformations: First, we identify R2 with C by the map

(u, v) 7→ (z, z̄) = (u+ iv, u− iv).

Then, we apply a linear transformation ensuring the linear part of the system at (u, v) =
(0, 0) + O(ε) is in Jordan normal form. Finally, a transformation depending 1-periodically
on t is applied to ensure that the forcing is O(|z|). As these transformations correspond to
lengthy straightforward computations, they are omitted here. For more information we refer
to [BV08], where a detailed explanation of the required computations is given.

We end with the third step. Once system (4.16) is brought into the form (4.5), the coefficients
of the (q − 1)-jet of the corresponding Poincaré-Takens reduction are easily deduced from
the expressions in Appendix B. The result is that the coefficients ℓm for m = 0, 1, 2 of the
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reduced family corresponding to (4.16) are given by

ℓ0(ν) = −ν1

2
− iν̃2

2
√

(ν2)0

+O(|ν1 + iν̃2|2, ε), (4.23)

ℓ1(ν) =
1

2(ν2)0 − 2

(
ν3 −

3iν4√
(ν2)0

)
+O(ν1, ν̃2, ε), (4.24)

ℓ2(ν) =
5i

((ν2)0 − 1)2
√

(ν2)0

+O(ν1, ν̃2, ν3, ν4, ε), (4.25)

where ν̃2 = ν2− (ν2)0 and where (ν2)0 = 4π2

25
or (ν2)0 = 4π2

49
depending on whether a 1 : 5- or

1 : 7-resonance is considered, respectively. For q = 5 the coefficient γν is given by

γν = εc0
(
c1ν

2
3 + c2ν3ν4 + c3ν

2
4 +O(ν1, ν̃2, |ν3 + ν4|3, ε)

)
, (4.26)

with

c0 =
1

64
(√

(ν2)0 − 1
)(√

(ν2)0 + 1
)5

(ν2)0 ((ν2)0 − 4π2)
,

c1 = i
(
−(ν2)

2
0 + (10 + 12π)(ν2)

3/2
0 + (1− 2π)(ν2)0

+(6− 20π)
√

(ν2)0 + 2π
)
,

c2 =
(
−5(ν2)

2
0 + (47− 34π)(ν2)

3/2
0 + (5− 10π)(ν2)0

+(17− 94π)
√

(ν2)0 + 10π
)
,

c3 =3i ((−11 + 10π)(ν2)0 + 22π − 5) ,

where (ν2)0 = 4
25
π2. For q = 7 the coefficient γν is given by

γν = −
iε
(√

(ν2)0 + 1
)

4
(√

(ν2)0 − 1
)6√

(ν2)0

+O(ν1, ν̃2, ν3, ν4, ε
2), (4.27)

where (ν2)0 = 4
49
π2. For small ε the latter coefficients of the Poincaré-Takens reduction

of (4.16) combined with Theorem 4.2.1 result in Proposition 4.3.1.

Volterra-Lotka system Here we consider the generalized Volterra-Lotka system given
in (4.4), i.e.,





u̇ = u (−κ1(1− u) + 1− v − κ3(1− v)3 + ε cos(2πt)) ,
v̇ = v (−κ2(1− u) + κ4(1− v)3) ,
ṫ = 1,
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where (u, v, t) ∈ R2×R/Z and ε is a small positive real constant. The real parameters of the
system are given by κ1, κ2, κ3 and κ4. Applying the results of Section 4.2 yields the following
proposition for 1 : 7-resonant HNS bifurcations.

Proposition 4.3.2 (Solution of recognition problem for the Volterra-Lotka system for
q = 7). Consider the system given in (4.4) and the fixed point (u, v) = (1, 1) + O(ε) of
a corresponding Poincaré map.

1. System (4.4) undergoes a non-degenerate 1 : 7-resonant HNS bifurcation for the fol-
lowing set of codimension 2:




κ ∈ R
4 | κ1 = 0, κ2 = 4

49
π2, κ2

3 +

(
κ4 −

(2π − 7)3 (4π2 + 49)

106π (2π + 7)3

)2

6= 0




 . (4.28)

In this case, the boundary of the resonance set is locally diffeomorphic to the Cartesian
product of a planar 5/2-cusp and R2.

2. System (4.4) undergoes a mildly degenerate 1 : 7-resonant HNS bifurcation for the
following set of codimension 4:

{
κ ∈ R

4 | κ1 = 0, κ2 = 4
49
π2, κ3 = 0, κ4 =

(2π − 7)3 (4π2 + 49)

106π (2π + 7)3

}
(4.29)

In this case, the boundary of a resonance set is locally diffeomorphic to the discriminant
set of Gσ,τ given in (4.12).

Proof. We prove Proposition 4.3.2 by applying the same steps as given in the beginning of
the proof of Proposition 4.3.1.

So starting with the first step, we determine a Hopf stratum of the unperturbed part (ε = 0)
of the (u, v)-components of the Volterra-Lotka system. More precisely, we focus on

{
u̇ = u (−κ1(1− u) + 1− v + κ3(1− v)3) ,
v̇ = v (−κ2(1− u) + κ4(1− v)3) .

(4.30)

Considering the equilibrium (u, v) = (1, 1) leads to the 3-dimensional Hopf stratum given by

{κ ∈ R
4 | κ1 = 0, κ2 6= 0, κ3 ∈ R, κ4 ∈ R}. (4.31)

For these parameter values the eigenvalues of the system at (u, v) = (1, 1) are given by

λ± = ±i√κ2. (4.32)

We focus on a HNS bifurcation of the system (4.4) near the following 2-dimensional set of
Hopf points:

{κ ∈ R
4 | κ1 = 0, κ2 = 4

49
π2, κ3 ∈ R, κ4 ∈ R},



92 Chapter 4. Recognition problem: Periodically forced oscillators

which by (4.32) and (4.1) corresponds to a 1 : 7-weak resonance.

We continue with the second step. This requires four transformations: First, we translate
the point (u, v) = (1, 1) + O(ε) to the origin. The next three transformations are the same
as in the proof of Proposition 4.3.1. Since these transformations correspond to lengthy
straightforward computations, they are again omitted here.

We end with the third step, the (q − 1)-jet of the Poincaré-Takens reduction of (4.4). The
result is that the coefficients ℓm for m = 0, 1 are given by

ℓ0(κ) = κ1 +
i

2
√

(κ2)0

κ̃2 +O(ε), (4.33)

Re(ℓ1(κ)) = −

(√
(κ2)0 − 1

)2√
(κ2)0((κ2)0 + 1)

6
(√

(κ2)0 + 1
)4

+
3(κ2)0

2((κ2)0 − 1)
κ4 +O(κ1, κ̃2, ε), (4.34)

Im(ℓ1(κ)) = − 3(κ2)
3/2
0

2− 2(κ2)0

κ3 +O(κ1, κ̃2, ε), (4.35)

where κ̃2 = κ2− (κ2)0 with (κ2)0 = 4
49
π2. Concerning the recognition conditions, we observe

that ℓ0(κ) = O(ε) and ℓ1(κ) = O(ε) if

κ1 = κ̃2 = κ3 = 0 and κ4 = (κ4)0 =

(√
(κ2)0 − 1

)3

((κ2)0 + 1)

9
(√

(κ2)0 + 1
)3√

(κ2)0

and that Re(ℓ1(κ)) is linear in κ̃4 = κ4 − (κ4)0. Next, we provide ℓ2 near parameter values
for which ℓm(κ) = O(ε) with m = 0, 1:

ℓ2(κ) =

√
(κ2)0

108
(√

(κ2)0 + 1
)12(5(κ2)

6
0 + (32 + 4i)(κ2)

11/2
0

+ 14(κ2)
5
0 + (160− 36i)(κ2)

9/2
0 + (251− 64i)(κ2)

4
0

+ (448− 40i)(κ2)
7/2
0 + 484(κ2)

3
0 + (448 + 40i)(κ2)

5/2
0

+ (251 + 64i)(κ2)
2
0 + (160 + 36i)(κ2)

3/2
0 + 14(κ2)0

+ (32− 4i)
√

(κ2)0 + 5) +O(κ1, κ̃2, κ3, κ̃4, ε). (4.36)

The coefficient γκ is given by

γκ = ε(−83.2 + 141.2i) +O(ε2) (4.37)
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for κ = (0, (κ2)0, 0, (κ4)0). Here we explicitly use that (κ2)0 = 4
49
π2, since the expression of

γκ in terms of (κ2)0 is very long. For small ε the latter coefficients of the Poincaré-Takens
reduction of (4.4) combined with Theorem 4.2.1 result in Proposition 4.3.2.

4.4 Poincaré-Takens reduction

Methods for bringing continuous dynamical systems into polynomial normal form are well-
known from the literature, see, e.g., [Kuz95,Tak74a]. These procedures transform the ex-
pression generating the dynamical system into ‘as simple a form as possible’. In this section
we present a fine-tuned version of Poincaré-Takens reduction, such that the reduced form
provides additional information concerning the occurrence of non-degenerate and mildly
degenerate resonance subordinate to Hopf-Nĕımarck-Sacker bifurcations [BV08]. The Lie-
series method turns out to be an appropriate tool in this context. We first present the key
properties of this approach.

4.4.1 Lie series based normal form algorithm.

We start with Lie series expansions for autonomous planar vector fields. For nonnegative
integers m, we denote the space of vector fields of homogeneous degree m by Hm and the
space of vector fields with vanishing derivatives up to and including order m at the origin
by Fm. Consequently, we have that Fm =

∏
k≥mHk.

Proposition 4.4.1 (Lie series expansion [BGV07,BV08]). Let X and Y be planar vector
fields, where X is of the form

X = X(1) +X(2) + · · ·+X(N) modFN+1, (4.38)

with X(n) ∈ Hn and Y ∈ Hm. Let Yt, with t ∈ R, be the one-parameter group generated by
Y , and let X t = (Yt)⋆(X). Then,

X t =X +

N∑

n=1

⌊N−n
m−1

⌋∑

k=1

(−1)k

k!
tkad(Y )k(X(n)) modFN+1. (4.39)

Proof. To obtain the Taylor series of X t with respect to t in t = 0, we use the identity

∂

∂t
X t = [X t, Y ] = − ad(Y )(X t).

This relation implies that

∂k

∂tk
X t = (−1)k ad(Y )k(X t).
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Hence, the formal Taylor series of X t is given by

X t =
∑

k≥0

1

k!
tk
(
∂k

∂tk
X t

)∣∣∣∣
t=0

=
∑

k≥0

1

k!
tk ad(Y )k(X).

Since Y ∈ Hm, the operator ad(Y )k increases the degree of each term in its argument by
k(m− 1). As the terms of lowest order in X are linear, we have that

ad(Y )k(X) = 0 modFN+1,

if 1 + k(m− 1) > N . Hence,

X t =

⌊N−1
m−1

⌋∑

k=0

1

k!
tk ad(Y )k(X) modFN+1. (4.40)

Since ad(Y )k(X(n)) ∈ Hn+k(m−1), so

ad(Y )k(X(n)) = 0 modFN+1

for k > N−n
m−1

. Therefore, relation (4.40) can be simplified to (4.39).

Next we consider a vector field X having a singular point with semi-simple linear part S.
Our goal is an iterative algorithm bringing X into normal form to some prescribed order N .

Lemma 4.4.1 (Normal form lemma [Tak74b]). The vector field X can be brought into the
normal form

X = S +G(2) +G(3) + · · ·+G(N) modFN+1, (4.41)

for all m ≥ 2, where G(n) ∈ Hn belongs to ker ad(S).

The transformation bringing X to normal form is given by time-1-maps of vector fields in
Hm ∩ im ad(S), where m ∈ {2, . . . , N}, that consecutively bring the homogeneous part of
order m of X in normal form. In the next algorithm, which provides a proof for the latter
lemma, the procedure is explained more precisely. We note that this algorithm yields an
explicit method for computing the normal form of a vector field to any prescribed order.

Algorithm 4.4.1. (Normal form algorithm [BGV07,BV08])
Input: N ∈ N, S ∈ H1 and semi-simple, X(n) ∈ Hn, with n ∈ N>1, such that

X = S +

N∑

n=2

X(n).
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for m = 2 to N do
// Bring X(m) into normal form.
Determine G(m) ∈ Hm ∩ ker ad(S) and B(m) ∈ Hm ∩ im ad(S), such that

X(m) = G(m) +B(m).

Determine Y ∈ Hm ∩ im ad(S), such that the homological equation is
satisfied, i.e.,

ad(S)(Y ) = −B(m).

// Compute terms of order m+ 1, . . . , N of transformed vector field.
for n = 2 to N do
for k = 2 to ⌊N−n

m−1
⌋ do

X(n+k(m−1)) ← X(n+k(m−1)) +
(−1)k

k!
ad(Y )k(X(n))

end

4.4.2 Application of normal form algorithm to periodic systems

Periodic systems. We aim to apply the above normal form algorithm to planar systems
depending periodically on time. These systems can be identified with vector fields on R

2 ×
R/Z of the form

X = X1
∂

∂x1

+X2
∂

∂x2

+X3
∂

∂t
. (4.42)

As usual in this situation we identify R2 with C by associating (x1, x2) ∈ R2 with z =
x1 + ix2 ∈ C. As a result (4.42) becomes a vector field on C×R/Z, of the form

X = XR

∂

∂z
+XR

∂

∂z̄
+XS

∂

∂t
, (4.43)

where XR = X1 + iX2 and XS = X3.

Lemma 4.4.2 ( [BV08,BGV07]). Vector fields of the form (4.43) form a Lie-subalgebra of
the algebra of all vector fields on C×R/Z, i.e., the vector fields X and Y on C×R/Z satisfy

[X, Y ] = 〈X, Y 〉R
∂

∂z
+ 〈X, Y 〉

R

∂

∂z̄
+ 〈X, Y 〉S

∂

∂t
,

where the bilinear antisymmetric forms 〈·, ·〉R and 〈·, ·〉S are defined by

〈X, Y 〉R = X(YR)− Y (XR) (4.44)

and

〈X, Y 〉S = X(YS)− Y (XS). (4.45)
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There is another property of the systems considered in this chapter, which we have not
used yet: The vector field S corresponding to the linear part of (4.1) at a resonant HNS
bifurcation point is of the form

S = iω(z
∂

∂z
− z̄ ∂

∂z̄
) +

∂

∂t
, (4.46)

where ω = 2πp/q. To apply Lemma 4.4.1, with S as in (4.46) we need the following lemma.

Lemma 4.4.3 (The action of ad(S) on Hm [BV08,BGV07]). The operator ad(S), associated
with (4.46), leaves the subalgebra of vector fields with zero ∂

∂t
-component invariant. The

restriction of this operator to Hm is semi-simple, i.e., for m ≥ 2 there is the decomposition

Hm = ker ad(S) ∩Hm + im ad(S) ∩Hm. (4.47)

Let G(m) : Hm → ker ad(S)∩Hm be the canonical projection operator, then for a vector field
X with XR given by

XR = iωz +
∑

2≤j+k≤N

fjk(t)z
j z̄k, (4.48)

where fkl is 1-periodic with Fourier coefficients cn(fkl), we obtain

G(m)(X)R =
∑

k

c(m+1−2k)p/q(fk m−k)e
i(2k−m−1)ωtzk z̄m−k, (4.49)

where k ranges over the index set {k | 0 ≤ k ≤ m and (2k −m− 1)p/q ∈ Z}.

Proof. If XS = 0, then 〈S,X〉S = 0, so ad(S) leaves the subspace of vector fields with zero
∂
∂t

-component invariant. Furthermore, a straightforward computation shows

ad(S)(XR) =
m∑

k=0

c(m+1−2k)ω(fk)e
2πi(2k−m−1)ωtzk z̄m−k.

Therefore, ad(S)(X) = 0 if and only if iω(2k −m − 1)fk(t) + f ′
k(t) = 0 for 0 ≤ k ≤ m. If

ω(2k −m − 1) /∈ Z, the only 1-periodic solution is fk = 0. If ω(2k −m − 1) ∈ Z, then a
1-periodic solution is of the form fk(t) = fk(0)e2πiω(m+1−2k)t. Therefore, the kernel of ad(S)
consists of all vector fields X with real part belonging to the space

Span{e2πiω(m+1−2k)tzkz̄m−k | 0 ≤ k ≤ m and (2k −m− 1)ω ∈ Z}.

A straightforward computation shows that X −Gm(X) ∈ im ad(S). So Gm gives rise to the
splitting (4.47), implying ad(S) is semi-simple.
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Basis of ker ad(S) G(m)(X)R

0 ≤ m < q − 1, m even ∅ 0
0 ≤ m < q − 1, m = 2n+ 1 {Y 0} with Y 0

R
= z|z|2n c0(fn+1)Y

0
R

m = q − 1, m even {Y 1} with Y 1
R

= z̄q−1e2πipt c−p(fq−1)Y
1

R

m = q − 1 = 2n+ 1 {Y 0, Y 1} with Y 0
R

= z|z|2n c0(fn+1)Y
0

R
+

and Y 1
R

= z̄q−1e2πipt c−p(fq−1)Y
1

R

Table 4.1: The basis for the kernel of ad(S) : Hm → Hm for 0 ≤ m ≤ q−1 in case ω = 2πp/q
and the projection G(m)(X) ∈ ker ad(S), where XR is given by

∑m
k=0 fk(t)z

kz̄m−k.

Normal form algorithm for periodic systems. Here we apply Algorithm 4.4.1 using
the latter lemma, which results in the following theorem.

Theorem 4.4.1 ( [BV08,BGV07]). Let X = XR
∂
∂z

+XR
∂
∂z̄

+ ∂
∂t

be determined by

XR =(iω + h10(µ))z +

q−1∑

j+k=2

hjk(µ)zj z̄k

+ ε

q−1∑

j+k=1

Hjk(t;µ)zj z̄k +O(|z|q), (4.50)

where ω = 2πp/q, h10(0) = 0, µ ∈ Rn is a multiparameter, ε is a small positive real constant
and Hjk and the order O(|z|q) terms are 1-periodic in t; Moreover, the central bifurcation of
the family occurs near µ = 0. The corresponding normal form is given by

XR = iωz + z

⌈ q−3
2

⌉∑

k=0

ℓk(µ)|z|2k + γµe
2πiptzq−1 +O(|z|q), (4.51)

where the order O(|z|q) terms are still 1-periodic in t and the dependence on the constant ε
is not explicitly indicated.

Proof. The expression for the normal form (4.51) immediately follows from Table 4.1. As
we are also interested in explicitly obtaining the form (4.51) starting from a family of the
form (4.50), we expand on the required transformations. To separate the contribution of
hjk and Hjk to the normal form and normal form transformation, we split the normal form
algorithm in two successive steps. The first step consists of normalizing the unperturbed
system and the second step consists of normalizing the resulting partially normalized per-
turbed system. It turns out that to determine explicit expressions for ℓk(µ) + O(ε) and
γ0 + O(ε2) only explicit expressions for the transformations performed in the first step are
required [BV08]. Therefore, we provide a version of Algorithm 4.4.1 that performs the first
step and makes explicit use of the properties of the unperturbed part of (4.50).
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Algorithm 4.4.2. (Normal form algorithm for unperturbed part of (4.50))
Input: S = iω(z ∂

∂z
− z̄ ∂

∂z̄
) + ∂

∂t
, with ω = 2πp/q, and X(n) =

∑n
k=0 hk n−kz

k z̄n−k with
2 ≤ n ≤ q − 1, such that

XR = iωz +

q−1∑

n=2

X(n) (4.52)

for m = 2 to q − 1 do
Compute solution of homological equation given by Y = YR

∂
∂z

+ Y R
∂
∂z̄

determined by

YR =
∑

k

ihk m−k

ω(2k −m− 1)
zkz̄m−k, (4.53)

where k runs over the index set

{k | 0 ≤ k ≤ m and k 6= m+ 1

2
if m odd}.

// Compute terms of degree m+ 1, . . . , q − 1 of transformed vector field.
for n = 2 to q − 1 do
for k = 2 to ⌊ q−n−1

m−1
⌋ do

X(n+k(m−1)) ← X(n+k(m−1)) +
(−1)k

k!
ad(Y )k(X(n))

end

Applying the transformations of the latter algorithm to (4.50) gives the following vector field

X̃R =(iω + ν1 + iν2)z + z

⌈ q−3
2

⌉∑

k=1

ℓ̃k(µ)|z|2k

+ ε

q−1∑

j+k=1

H̃jk(t;µ)zj z̄k +O(|z|q), (4.54)

uniformly in (µ, t). Normalizing X̃R only changes the contribution of order O(ε) and O(ε2)
terms in ℓk(µ) and γ0, respectively, which straightforwardly follows from Algorithm 4.4.1
with S as in (4.46), see [BV08].

We recall that explicit expressions for ℓ1(µ) and ℓ2(µ) are given in Appendix B. Further-
more, by the latter proof the transformations normalizing (4.54) do not change γ0, which is

therefore given by the coefficient of e2πipt in the Fourier expansion of H̃0 (q−1)(t; 0), i.e.,

γ0 = ε

∫ 1

0

e−i2πptH̃0 (q−1)(t; 0)dt. (4.55)

Using Algorithm 4.4.2 expressions for H̃0 (q−1)(t; 0) are obtained straightforwardly. The result
is presented in Appendix B.
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4.4.3 Van der Pol transformation and covering spaces

Poincaré-Takens reduction consists of the successive application of the Lie-series based nor-
mal form algorithm given in Section 4.4.2 and a Van der Pol transformation [BV92]. The
reason to apply the latter transformation is that our interest, the subharmonics of order
q of the family given in (4.51) correspond to q-periodic orbits of the Poincaré time-1-map
Pµ : C → C. These periodic orbits near the fixed point of Pµ are brought into a one-to-
one correspondence with local equilibria of a system on a q-sheeted cover of the phase space
C×R/Z via the Van der Pol transformation. This transformation corresponds to a q-sheeted
covering Π : C×R/(qZ)→ C× R/Z given by

Π : (z, t) 7→ (ze2πitp/q, tmod 1)) (4.56)

with cyclic Deck group of order q generated by

(z, t) 7→ (ze2πip/q, t− 1).

As a result we obtain the following lemma.

Lemma 4.4.4 (Poincaré-Takens reduced system [BGV07,BV08]). The Van der Pol trans-
formation ζ = ze−2πitp/q lifts the vector field (4.51) to the Poincaré-Takens reduced vector
field Z = ZR

∂
∂ζ

+ ZR
∂
∂ζ

+ ∂
∂t

determined by

ZR = ζ

⌈ q−3
2

⌉∑

k=0

ℓk(µ)|ζ |2k + γµζ
q−1

+O(|ζ |q) (4.57)

on the covering space C×R/(qZ), where the terms of order O(|ζ |q) are q-periodic in t. Next,
consider the autonomous system

ζ̇ = ζ

⌈ q−3
2

⌉∑

k=0

ℓk(µ)|ζ |2k + γµζ
q−1

, (4.58)

which is the system corresponding (4.57) modulo terms of order O(|ζ |q). If the vector field
corresponding to (4.58) is called Nµ, then the Poincaré map of (4.51) near z = 0 is given by

Pµ(z) = Ωp/q ◦N1
µ(z) +O(|z|q), (4.59)

where Ωp/q is a rotation over 2πp/q around the origin and N1
µ is the time-1-map of Nµ.

4.5 Conclusion and future work

The main aim of the current chapter is presenting a novel practical procedure to detect non-
degenerate or mildly degenerate Hopf-Nĕımarck-Sacker bifurcations in families of periodically
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forced oscillators. In particular, the mildly degenerate situation forms a ‘next case’ in the
general program to recognize bifurcations, cf. [Kuz95]. We also explain how recognition
conditions for HNS families determine the local geometry of the resonance set attached to
a central resonant HNS bifurcation point. Moreover, a skeleton for the local dynamics is
provided via normal forms for Poincaré-Takens reduced planar vector fields, see Chapter 3.
As an illustration, the results are applied in case studies.

An interesting extension of the current chapter is formulating the recognition conditions for
families of vector fields in Rk, where k ≥ 3, cf. [Kuz95]. Furthermore, higher degeneracies
could be studied.



Appendix A

Resonance set and bifurcation
diagram for mildly degenerate case

A.1 Computations

In this section we first present the relation between discriminant sets of special Zq-equivariant
polynomials and certain real-valued polynomials. Next we provide proofs of the theorems
given in Section 3.2.2, starting with a parametrization of Σ(pε,σ,τ ) with pε,σ,τ as in (3.15),
which leads to Theorem 3.2.1. Then we prove Theorem 3.2.2 by first providing parametriza-
tions of the codimension 3 strata in Σ(pε,σ,τ ) in Appendix A.1.4 and then check the versality
conditions for these strata in Appendix A.1.5.

A.1.1 Discriminant set of Zq-equivariant polynomials

Here we focus on the discriminant set of Zq-equivariant polynomials of the form

Gµ(z) = Kµ(u)z + z̄q−1, (A.1)

where u = |z|2. More precisely, we prove that the discriminant set Σ(Gµ) is given by the
discriminant set of a real-valued polynomial.

Theorem A.1.1. Given Gµ as in (A.1), then

Σ(Gµ) = Σ(pµ), (A.2)

where pµ is given by

pµ(u) = |Kµ(u)|2 − uq−2, (A.3)

with u = |z|2.
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Proof. The set Σ(Gµ) is given by the parameter values for which there is a z, such that

Gµ(z) = 0 and det(DzGµ(z)) = 0.

Begin by noting that Gµ(z) = 0 implies

0 = z̄Gµ(z) = Kµ(u)u+ z̄q.

Therefore,

z̄q = −Kµ(u)u and zq = −Kµ(u)u.

Setting v = zq + z̄q and w = zq − z̄q, it follows that

v = −(Kµ(u) +Kµ(u))u and w = −(Kµ(u)−Kµ(u))u.

Hence, the identity v2 + w2 = 4uq implies

|Kµ(u)|2 = uq−2. (A.4)

Next, we compute det(DzGµ(z)) = 0 by recalling that

det(DzGµ(z)) =

∣∣∣∣
∂Gµ

∂z
(z)

∣∣∣∣
2

−
∣∣∣∣
∂Gµ

∂z̄
(z)

∣∣∣∣
2

.

Therefore,

0 = det(DzGµ(z))

= |Kµ(u)|2 + q(Kµ(u)DuKµ(u) +Kµ(u)DuKµ(u))u− (q − 1)2uq−2. (A.5)

The set Σ(pµ) is given by parameter values for which there is a u, such that

pµ(u) = 0 and Dupµ(u) = 0,

i.e.,

|Kµ(u)|2 = uq−2 and Kµ(u)DuKµ(u) +Kµ(u)DuKµ(u) = (q − 2)uq−3. (A.6)

Comparing the latter system with (A.4) and (A.5) implies Theorem A.1.1.

A.1.2 Parametrization of Σ(pε,σ,τ)

In Theorem A.1.2 we give a parametrization of Σ(pε,σ,τ ). As a consequence the Hausdorff
distance between Σ(pε,σ,τ ) and Σ(p0,σ,τ ) is easily computed.
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Theorem A.1.2 (Parametrization of Σ(pε,σ,τ )). The map Γε,± : R+×R2 → R4, which gives
a parametrization of Σ(pε), is given by

Γε,±(u, τ) = (σ10(u, τ) +Mε,±(u, τ), σ20(u, τ) +N ε,±(u, τ), τ1, τ2), (A.7)

with

σ10(u, τ) = −u(τ1 + u),

σ20(u, τ) = −τ2u,

Mε,±(u, τ) =
1

2D(u, τ)

(
(q − 2)εq−6uq−3(τ1 + 2u)

±ε(q−6)/2τ2u
(q−2)/2

√
4D(u, τ)− (q − 2)2εq−6uq−4

)

N ε,±(u, τ) =
1

2D(u, τ)

(
(q − 2)εq−6τ2u

q−3

∓ε(q−6)/2(τ1 + 2u)u(q−2)/2
√

4D(u, τ)− (q − 2)2εq−6uq−4
)
,

where

D(u, τ) = (τ1 + 2u)2 + τ 2
2 . (A.8)

Proof. First of all we rewrite pε,σ,τ given in (3.15) by putting τ = τ1 + iτ2 and σ = σ1 + iσ2,
resulting in

pε,σ,τ (u; σ, τ) = −εq−6uq−2 + u4 + 2τ1u
3 + (|τ |2 + 2σ1)u

2 + 2(τ1σ1 + τ2σ2)u+ |σ|2.

Secondly, we use that (τ1, τ2, σ10(u, τ), σ20(u, τ)) parametrizes Σ(p0,σ,τ ), which immediately

follows from p0,σ,τ (u) = 0 and ∂p0,σ,τ

∂u
(u) = 0. A parametrization of Σ(pε,σ,τ ) is then obtained

as a perturbation by putting

(σ1, σ2) = (σ10(u, τ) +M,σ20(u, τ) +N).

Plugging this into the equations that define Σ(pε,σ,τ ), that is pε,σ,τ (u) = 0 and ∂pε,σ,τ

∂u
(u) = 0,

yields

M2 +N2 − εq−6uq−4 = 0, (A.9)

2τ1M + 2τ2N + 4Mu− (q − 2)εq−6uq−3 = 0.

These equations have the 2 real solutions Mε,± and N ε,± as defined in Theorem A.1.2 for
M and N respectively.

The latter proof allows us to show that the Hausdorff distance between Σ(pε,σ,τ ) and Σ(p0,σ,τ )
is O(ε(q−6)/2). The first step is restricting to bounded sets. Therefore, we assume that u ≤ U
and |τ | ≤ T , since then Γε,± parametrizes a bounded subset of Σ(pε,σ,τ ) near (σ, τ) = (0, 0)
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for each ε. In this case, an upper bound for the Hausdorff distance between Σ(pε,σ,τ ) and
Σ(p0,σ,τ ) is determined as follows,

dH (Σ(pε,σ,τ ),Σ(p0,σ,τ ))
2 ≤ sup

u≤U,|τ |≤T

{d
(
Γε,±(u, τ),Γ0,±(u, τ)

)2}

= sup
u≤U,|τ |≤T

{Mε,±(u, τ)2 +N ε,±(u, τ)2}.

SinceMε,± andN ε,± are solutions to (A.9), this results in dH(Σ(pε,σ,τ ),Σ(p0,σ,τ )) ≤ ε(q−6)/2U (q−4)/2.

A.1.3 Proof of Theorem 3.2.1

Here Theorem 3.2.1 is proven by giving an extended version.

Theorem A.1.3 (Whitney stratification of Σ(p0,σ,τ )). The discriminant set Σ(p0,σ,τ ) is given
by

Σ(p0,σ,τ ) = {(σ1, σ2, τ1, τ2) ∈ R
4 | σ1 = −u(τ1 + u), σ2 = −τ2u, u ∈ R+}, (A.10)

which is the closure of the stratum of type A2. This set is diffeomorphic to the product of
the real line and a subset of the Whitney umbrella W defined in (3.9).

The set Σ(p0,σ,τ ) has a codimension 2 stratum of type A2
2 given by the following set,

A2
2 = {(σ1, σ2, τ1, τ2) ∈ R

4 | τ1 ≤ 0, τ2 = 0, 0 ≤ σ1 ≤ −τ 2
1 /4, σ2 = 0}.

The codimension 2 stratum of type ∂A2 is given by

∂A2 = {(σ1, σ2, τ1, τ2) ∈ R
4 | σ1 = 0, σ2 = 0}. (A.11)

For all fixed τ1 ≤ 0 the stratum of type A2
2 is attached to the codimension 3 strata of type

∂A2
2 and P given by

∂A2
2 = {(σ1, σ2, τ1, τ2) ∈ R

4 | τ1 ≤ 0, τ2 = 0, σ1 = 0, σ2 = 0}

and

P = {(σ1, σ2, τ1, τ2) ∈ R
4 | τ1 ≤ 0, τ2 = 0, σ1 = −τ

2
1

4
, σ2 = 0}.

This implies that the strata of type ∂A2
2 and P meet in (σ1, σ2, τ1, τ2) = (0, 0, 0, 0), the central

singularity.

We note that the versality conditions for strata in this set are not checked, since our real
interest is Σ(pε,σ,τ ) for ε 6= 0.
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Proof. The parametrization of Σ(p0,σ,τ ), by definition the closure of all strata of type A2,
follows from Theorem A.1.2. This parametrization leads to the implicit representation of
Σ(p0,σ,τ ) given by

{(σ1, σ2, τ1, τ2) ∈ R
4 | τ 2

2σ1 − τ1τ2σ2 + σ2
2 = 0, sign(σ2) = −sign(τ2)},

which is diffeomorphic to the product of the real line and a subset of the Whitney umbrella
W given in (3.9). Moreover, the condition sign(σ2) = −sign(τ2) implies that the stratum of
type A2 is attached to a stratum of type ∂A2 given in (A.11).

To determine a parametrization of the stratum of type A2
2 and the codimension 3 strata it is

attached to, we observe that the parametrization in (A.10) yields that σ1 assumes all values
of the set [0, τ 2

1 /4) twice for u ∈ [0,−τ1/2)∪ (−τ1/2,−τ1], giving intersection points if τ2 = 0
(this implies σ2 = 0 by (A.10)). The latter points only occur for τ1 < 0, because u > 0, so
the self-intersection points (A2

2) are given by (A.11).

A.1.4 Parametrizations of codimension 3 strata in Σ(pε,σ,τ)

Here we prove the incidence relations of the Whitney stratification of Σ(pε,σ,τ ) presented
in Theorem 3.2.2. Therefore, we show that independent of q, there are only 3 pairs of
codimension 3 strata attached to (σ, τ) = (0, 0), see Theorem A.1.4. These strata determine
all incidence relations, which are deduced from 2- or 3-dimensional tomograms of Σ(p1,σ,τ ),
see Section 3.2.2.

Moreover, the Hausdorff distances between strata given in Theorem 3.2.2 follow immediately
from the parametrizations given in Theorem A.1.4. We note that this theorem also contains
a parametrization of T± to show that they meet in (σ, τ) = (0, 0), see Figure 3.12.

Theorem A.1.4. There are 3 pairs of codimension 3 strata curves attached to (σ, τ) = (0, 0).
The strata (A4)

±
1 are parametrized by Γε,±

1 : R+ → R
4 given by

Γε,±
1 (u) =

{
u2 +O(εq−6),∓(q − 2)ε(q−6)/2u(q−2)/2

2
+O(εq−6),

−2u+O(εq−6),±(q − 2)ε(q−6)/2u(q−4)/2

2
+O(εq−6)

}
. (A.12)

The curves T± are parametrized by Γε,±
2 : R+ → R4 given by

Γε,±
2 =

{
1

a
u2 +O(εq−6),∓bε(q−6)/2u(q−2)/2 +O(εq−6),

−1

a
u+O(εq−6),±bε(q−6)/2u(q−4)/2 +O(εq−6)

}
, (A.13)
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where b = (a(q−2)/2 + (1− a)(q−2)/2)/(a(q−4)/2(1− 2a)) and a is a solution of

d (1−a)(q−2)/2+a(q−2)/2

2a−1

da
= 0. (A.14)

For q = 7 this gives a = 1/2−
√

5/6.

The strata (RqA2)
± are parametrized by Γε,±

3 : R+ → R4 given by

Γε,±
3 (u) =

{
0, 0,−u+O(εq−6),±ε(q−6)/2u(q−4)/2 +O(εq−6)

}
. (A.15)

Finally, the strata (A4)
±
2 are parametrized by Γε,±

4 : R+ → R4 given by

Γε,±
4 (u) =

{
u2 +O(εq−6),∓

√
2ε(q−6)/4u(q+2)/4 +O(ε(q−6)/2),

−2u+O(ε(q−6)),±
√

2ε(q−6)/4u(q−2)/4 +O(ε(q−6)/2)
}
. (A.16)

For proving Theorem A.1.4 we use the following lemma containing parametrizations of Rq

and of strata of type A3.

Lemma A.1.1. The entire τ -plane except for τ = 0 consists of points of type Rq.

Furthermore, a parametrization of strata of type A3, assuming τ1 + 2u = O(εq−6) and τ2 >
O(ε(q−6)/2), is given by Γε,± ◦ tε,±1 , where tε,±1 : R+ × R→ R+ × R2 is given by

tε,±1 : (u, τ1) 7→ (u, τ1, τ2) = (u, τ1,±
√

2ε(q−6)/4u(q−2)/4 +O(ε(q−6)/2)).

If τ2 + 2u = O(εq−6) and τ2 = O(ε(q−6)/2), then a local parametrization of A3 points is given
by Γε,± ◦ tε,±2 , where tε,±2 : R+ ×R→ R+ × R2 is given by

tε,±2 : (u, τ1) 7→ (u, τ1, τ2) = (u, τ1,±
q − 2

2
ε(q−6)/2u(q−4)/2 +O(εq−6)).

Proof. The statement that the τ -plane apart from τ = 0 is a stratum of type Rq follows
immediately from the recognition conditions for strata of type Rq given in Chapter 2. This
result is obtained by returning to the HNS family Pσ,τ as in (3.6), which gives rise to pε,σ,τ . It
follows that for σ = 0 and τ 6= 0 the corresponding generalized Lyapunov-Schmidt reduction
is Zq-equivariant contact-equivalent to the Lyapunov-Schmidt reduced central singularity of
Pσ given in (3.1). Moreover, the generalized Lyapunov-Schmidt reduction of Pσ,τ is a versal
unfolding of these singularities.

Now we turn to determining parametrizations for strata of type A3. For this we use that

these points are on the discriminant set Dε and satisfy also ∂2pε,σ,τ

∂u2 (u) = 0, yielding

τ 2
2 =

1

2
(q2 − 5q + 6)εq−6uq−4 − 6u2 − 6τ1u− τ 2

1 − 2σ1. (A.17)
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Next we substitute the σ1-component of Γε,±, from now on denoted by (Γε,±)σ1 , in (A.17),
which yields

τ 2
2 = −6u2 − 6τ1u− τ 2

1 + 2u(τ1 + u)± 2
ε(q−6)/2τ2u

(q−2)/2

√
τ 2
2 + (τ1 + 2u)2

+O(εq−6),

assuming that τ2 is of lower order in ε than τ1 + 2u. More specifically, a non-trivial solution
for τ2 is obtained if 2u + τ1 = O(εq−6) and if τ2 is of lower order than O(εq−6). Indeed, in
that case the latter equation reduces to

τ2 = ±
√

2ε(q−6)/4u(q−2)/4 +O(ε(q−6)/2).

It turns out that two other real solutions of (A.17) can be obtained if τ2 = O(ε(q−6)/2) and
τ1 +2u = O(εq−6). In this case, we have that D(u, τ) as defined in (A.8) is of order O(εq−6),
so we need to substitute (Γε,±)σ1 entirely in (A.17). Keeping only the terms that are of
lowest order in ε yields

0 = 4D(u, τ)− (q − 2)2εq−6uq−4 +O(ε2(q−6)) (A.18)

which has the following real solutions,

τ2 = ±q − 2

2
ε(q−6)/2u(q−4)/2 +O(εq−6).

We note that if τ2 is assumed to be of higher order than O(ε(q−6)/2), a contradiction with
τ1 + 2u = O(εq−6) easily follows.

Finally, we are in the position to prove Theorem A.1.4.

Proof. We start with computing the parametrizations of (A4)
±
1 and (A4)

±
2 . These points are

attached to strata of type A3 and, additionally, satisfy ∂3pε,σ,τ

∂u3 (u) = 0, yielding

τ1 = −2u+
1

12
(q − 4)(q − 3)(q − 2)εq−6uq−5, (A.19)

this means τ1 + 2u = O(εq−6). Consequently, the results of Lemma A.1.1 can be used. Sub-
stituting the latter equation in tε,±1 and tε,±2 yields that the τ2 component of the codimension
3 strata satisfies either

τ2 = ±
√

2ε(q−6)/4u(q−2)/4 +O(ε(q−6)/2)

or

τ2 = ±(q − 2)ε(q−6)/2u(q−4)/2

2
+O(εq−6).
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Substituting the latter equations and τ1 = −2u+O(εq−6) in Γε,± give approximate parametriza-
tions of (A4)

±
2 and (A4)

±
1 respectively.

Here we determine a parametrization of the curves (RqA2)
±. By lemma A.1.1 parameter

values on Rq satisfy σ = 0, yielding

pε,0,τ(u) = u2(−εq−6uq−4 + u2 + 2τ1u+ |τ |2).

This is also a point of type A2 if

pε,0,τ (u)

u2
= 0 and

∂pε,0,τ/u
2

∂u
(u) = 0,

which is easily solved by

τ1 = −u +
q − 4

2
εq−6uq−5

and

τ2 = ±ε(q−6)/2u(q−4)/2 +O(εq−6).

Substituting these in Γε,± yields the parametrization of (RqA2)
±.

Next we obtain the parametrizations for T±. We recall that T+ and T− are determined
by the points where a 2-dimensional tomograms with τ fixed is not transversal to the self-
intersection strata (A2

2)
+
1 and (A2

2)
−
1 respectively. Hence, we start with a parametrization of

(A2
2)

±
1 taking into account that the pair T± belongs to the subset of Σ(pε,σ,τ ) parametrized

by Γε,−, see (A.7) and Figure 3.12. Therefore, we determine when Γε,−(u, τ) has 2 different
values of u denoted by u1 and u2 such that for τ fixed (Γε,−)σ1(u1, τ) = (Γε,−)σ1(u2, τ) and
(Γε,−)σ2(u1, τ) = (Γε,−)σ2(u2, τ). Clearly, this gives a self-intersection point for u1 6= u2.
First we consider (Γε,−)σ1 given by

(Γε,±)σ1(u, τ) = −u(τ1 + u) +O(εq−6).

It follows that for u1 = −aτ1 + O(εq−6) and u2 = −(1 − a)τ1 + O(εq−6) with 0 < a < 1/2
this component has the same value. For (Γε,−)σ2 we obtain

−τ2u1 + ε(q−6)/2u
(q−2)/2
1 = −τ2u2 + ε(q−6)/2u

(q−2)/2
2 +O(εq−6), (A.20)

assuming that τ1 + 2ui = O(ε0) for i = 1, 2, which is the case for points that are not
close to (A4)

±
1 and (A4)

±
2 . Figure 3.9 shows that to solve this equation, we only need a

parametrization of self-intersection points for τ values between the projections of (A4)
±
1 and

(RqA2)
± implying the form

τ2 = ±bε(q−6)/2u(q−4)/2 +O(εq−6),
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where b is some real number. Substituting the latter equation, u1 = −aτ1 + O(εq−6) and
u2 = −(1− a)τ1 +O(εq−6) in (A.20) yields

b = ±a
(q−2)/2 + (1− a)(q−2)/2

a(q−4)/2(2a− 1)
. (A.21)

This means the self-intersection points near (RqA2)
± are parametrized by Γε,− ◦ tε,±3 , where

tε,±3 : R+ ×R→ R+ × R2 is given by

tε,±3 : (u, τ1) 7→ (u, τ1, τ2) = (u, τ1,±bε(q−6)/2u(q−4)/2 +O(εq−6)),

with b as given in (A.21). It remains to determine where these points are not transversal to
a tomogram with τ fixed, i.e., for which u the self-intersection points touch a 2-dimensional
tomogram with especially τ2 fixed. Thus, we need to solve

∂(t±3 )τ2

∂u
(u, τ1, τ2) = 0.

Using that u = u1 = −aτ1 + O(εq−6), this leads to (A.14), which is difficult to solve for
general q; however, with the help of Mathematica [Wol08] solutions can be obtained, see
Theorem A.1.4. We remark that these solutions tend to 1/2, i.e., a → 1/2, for q → ∞,
meaning that for large q the condition τ1 +2ui = O(ε0) for i = 1, 2 is broken. Consequently,
for large q a different approach then the one above is required to determine parametrizations
for T±. Since T± is not part of the Whitney stratification of Σ(pε,σ,τ ), we do not pursue this
issue any further.

A.1.5 Versality conditions

It remains to check the versality condition (3.12) for the strata in the Whitney stratification
of Σ(pε,σ,τ ). We first show that pε,σ,τ satisfies the versality conditions corresponding to
points of type A4 at (A4)

±
1 and (A4)

±
2 . Instead of checking (3.12) for these strata, we use an

observation from [BGV03] stating that pε,σ,τ is closely related to sε,κ,λ,ρ,τ1 : R+ → R given
by

sε,κ,λ,ρ,τ1(u) = u4 − εuq−2 + 2τ1u
3 + ρu2 + λu+ κ,

where ρ, κ, λ, τ1 ∈ R. In fact, the set Σ(pε,σ,τ ) is the pull-back of Σ(sε,κ,λ,ρ,τ1) under the
singular map ψ : R4 → R4 given by

ψ(τ1, τ2, σ1, σ2) 7→ (κ, λ, ρ, τ1) = (σ2
1 + σ2

2, 2(τ1σ1 + τ2σ2), τ
2
1 + τ 2

2 + 2σ1, τ1).

A short computation reveals that this map has at least rank 2 for small parameter values
and the singular set of this map is given by

S(ψ) = {(τ1, τ2, σ1, σ2)
∣∣τ 2

2σ1 − τ1τ2σ2 + σ2
2 = 0}.
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We recall that a subset of this set has appeared before as Σ(p0,σ,τ ). By [Brö75,PS96,BGV03]
the family sε,0,0,0,τ1 is right-equivalent to u4 and sε,κ,λ,ρ,τ1 is a versal unfolding of the central
singularity u4 for all τ1 near τ1 = 0 . Consequently, the set Σ(sε,κ,λ,ρ,τ1) is the product of a
real line and a geometry of type A4 [Brö75,PS96,BGV03]. The relation between Σ(sε,κ,λ,ρ,τ1)
and Σ(pε,σ,τ ) near (A4)

±
1 and (A4)

±
2 is made apparent in the following theorem.

Theorem A.1.5. The map ψ maps (A4)
±
1 and (A4)

±
2 to a set of points of type A4 of sε,κ,λ,ρ,τ1.

Moreover, if τ1 < 0, then the geometry of type A4 can locally around ψ((A4)
±
1 ) and ψ((A4)

±
2 )

be pulled back diffeomorphically to Σ(pε,σ,τ ) for ε 6= 0. Consequently, also Σ(pε,σ,τ ) shows
this geometry near (A4)

±
1 and (A4)

±
2 .

This theorem is clarified by Figure 3.11 showing the geometry of type A4 of Σ(s0,κ,λ,ρ,0) and
Figure 3.10 showing the pull back of this geometry in Σ(pε,σ,τ ) near (A4)

±
2 .

Proof. The first claim is that the pair of curves (A4)
±
1 and (A4)

±
2 are mapped by ψ to the

points of type A4 of Σ(sε,κ,λ,ρ,τ1). This easily follows from the fact that the components of
ψ are the coefficients of pε,σ,τ and sε,κ,λ,ρ,τ1, so ψ is an identity as far as the coefficients are
concerned. The degeneracy of a zero of pε,σ,τ and sε,κ,λ,ρ,τ1 depends only on the coefficients;
hence, all 3-fold degenerate points of pε,σ,τ map to the 3-fold degenerate points of sε,κ,λ,ρ,τ1.

For ε 6= 0 and τ1 < 0 a small neighborhood of (A4)
±
1 does not intersect with the singular

set S(ψ), which implies that the geometry of type A4 near ψ((A4)
±
1 ) can be pulled-back

diffeomorphically by ψ−1 to Σ(pε,σ,τ ). Using the relation between S(ψ) and Σ(p0,σ,τ ), we
can prove that for ε 6= 0 the sets (A4)

±
1 and S(ψ) do not intersect by showing that given

τ , the value of the σ1 component of (A4)
±
1 is larger than the maximal σ1 value of Σ(p0,σ,τ ).

Indeed, by Appendix A.1.3 the σ1 component of Σ(p0,σ,τ ) is parametrized by −u(τ1 + u), so
its maximum value is τ 2

1 /4. On the other hand, for (A4)
±
1 we first require a higher order

approximation of (Γε,±
1 )σ1 than given in (A.12), for which (A.12), (A.18) and (A.19) are used.

Substituting these in (Γε,±)σ1 as given in (A.7) yields

(Γε,±
1 )σ1 =

1

4
τ 2
1 +

(q − 4)(q − 3)

6
εq−6

(−τ1
2

)q−4

+O(ε2(q−6)),

which is bigger than τ 2
1 /4 for q ≥ 7, ε 6= 0 and τ1 < 0.

The proof is more involved for (A4)
±
2 . First, we need to compute (Γε,±

4 )σ1 and (Γε,±
4 )σ2 to

higher order than given in Theorem A.1.4. Using (A.7), (A.16) and (A.19), we obtain

(Γε,±
4 )σ1 = u2 − ε(q−6)/2u(q−2)/2 +O(εq−6), (A.22)

(Γε,±
4 )σ2 = ∓

(√
2ε(q−6)/4u(q+2)/4 +

q − 2

2
√

2
ε3(q−6)/4u3q/4−5/2

)
+O(εq−6). (A.23)

The stratum (A4)
±
2 intersects with Σ(p0,σ,τ ) if given τ there is a value of σ1 and σ2 on Σ(p0,σ,τ )

that equal (A.22) and (A.23) respectively. Using the parametrization of Σ(p0,σ,τ ) given in



A.1 Computations 111

Appendix A.1.3 this amounts to solving the following equations,

u2
1 = u2

2 − ε(q−6)/2u
(q−2)/2
2 +O(εq−6), (A.24)

√
2ε(q−6)/4u

(q+2)/4
1 =

√
2ε(q−6)/4u

(q+2)/4
2

− q − 2

2
√

2
ε3(q−6)/4u

3q/4−5/2
2 +O(εq−6). (A.25)

Substituting u1 as in (A.25) in the left hand side of (A.24) gives

q − 2

2
ε(q−6)/2u

(q−4)/2
2 = ε(q−6)/2u

(q−2)/2
2 +O(εq−6)

Using (A.19), this equation reduces to

q − 2

2
ε(q−6)/2

(−τ1
2

)(q−4)/2

= ε(q−6)/2

(−τ1
2

)(q−2)/2

+O(εq−6),

which only holds for ε = 0 or τ1 = 0. The solution τ1 = 2− q+O(ε(q−6)/2) can be discarded,
since it is not close to zero.

To check the versality condition of (RqA2)
± we cannot use sε,κ,λ,ρ,τ1, since Σ(sε,κ,λ,ρ,τ1) does

not contain a stratum of type RqA2. Therefore, we verify directly whether closures of type Rq

and type A2 strata intersect transversally at (RqA2)
±. In the previous section we determined

that Rq consists of parameter values for which σ = 0 and τ 6= 0, so the closures of strata
intersect transversally if the following is non-zero

det

(
∂((Γε,±)σ1 , (Γ

ε,±)σ1)

∂(τ1, τ2)

)∣∣∣∣
τ∈(RqA2)±

= τ 2
1 +O(εq−6).

The latter equation is non-zero, because τ1 6= 0 on (RqA2)
±.

The versality conditions for strata in Σ(pε,σ,τ ) of codimension 2 are checked by using (3.12):

∂
(
pε,σ,τ ,

∂pε,σ,τ

∂u

)

∂(σ1, σ2, τ1, τ2)

∣∣∣∣∣∣

transpose

(σ,τ)∈Σ(pε,σ,τ )

=




± 2ε
q
2−3τ2uq/2√

τ22+(τ1+2u)2
2(τ1 + 2u)

∓2ε
q
2−3uq/2(τ1+2u)√
τ22+(τ1+2u)2

2τ2

± 2ε
q
2−3τ2u

q
2 +1√

τ22+(τ1+2u)2
2u(τ1 + 2u)± 2τ2uq/2ε

q
2−3√

τ22+(τ1+2u)2

∓2ε
q
2−3u

q
2+1(τ1+2u)√

τ22+(τ1+2u)2
2u

(
τ2 ∓ ε

q
2−3u

q
2−1(τ1+2u)√

τ22+(τ1+2u)2

)




.

As required by (3.12), this matrix has rank 2 for ε 6= 0 and all parameter values that are not
part of codimension 3 or 4 strata. Furthermore, the first column in the latter matrix gives
the left hand side of the versality condition (3.12) for codimension 1 strata in Σ(pε,σ,τ ). As
required by (3.12), for ε 6= 0 this column has rank 1 for parameter values that are not part
of strata of codimension higher than 1.
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A.1.6 Geometrically equivalent 2- and 3-dimensional tomograms

In this section we determine all open regions of τ -values for which 2-dimensional tomograms
with τ fixed of Σ(pε,σ,τ ) for ε 6= 0 are diffeomorphic, see Figure 3.12. By [Brö75] we have
that the boundary of such regions consists of the values for which a 2-dimensional tomogram
of parameter space with τ fixed is not transversal to a stratum of Σ(pε,σ,τ ) for ε 6= 0. We
recall that two manifolds are transversal if they do not intersect or if their tangent spaces
span the entire space at their intersection points. Consequently, strata of codimension 3 or
4 can only be transversal to a 2-dimensional tomogram if they do not intersect. This means
the boundaries of the open regions of interest are given by the projections of all codimension
3 and 4 strata on the τ -plane and by the projections of the curves T±, since at these curves
a 2-dimensional tomogram is tangent to a codimension 2 stratum. Similar reasoning and
using, e.g., Figure 3.12 yields that 3-dimensional tomograms with τ1 fixed of Σ(pε,σ,τ ) are
diffeomorphic for either positive values or negative values of τ1.

A.2 Phase portraits for Sections 3.3.2 and 3.3.3

Here we present phase portraits for Section 3.3.2, in Figures A.1, A.2 and A.3 and also those
for Section 3.3.3, in Figure A.4. For explanation of the bifurcations between neighboring
regions we refer to Sections 3.3.2 and 3.3.3. We note that if a region in parameter space
occurs in more than one of the cases discussed in Section 3.3, only one representative phase
portrait is displayed.
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Figure A.1: Phase portraits of the vector field Nσ,τ given in (3.19). The values of σ1, σ2

and τ2, as well as the corresponding region in the parameter plane (see Figure 3.18), are
indicated on top of each plot. For the bifurcations that occur between neighboring regions,
we refer to Figure 3.18.
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Figure A.2: Continuation of Figure A.1. For the bifurcations that occur between neighboring
regions, we refer to Figure 3.18.
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Figure A.3: Continuation of Figure A.2. For the bifurcations that occur between neighboring
regions, we refer to Figure 3.18.
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Figure A.4: Continuation of Figure A.3. For the bifurcations that occur between neighboring
regions, we refer to Figure 3.21.
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Poincaré-Takens normal form
coefficients

This appendix presents the coefficients of the (q − 1)-jet of the Poincaré-Takens reduction
of (4.5) as polynomial expressions in the coefficients of the (q−1)-jet of (4.5). We note that
the Poincaré-Takens reduction procedure is based on the well-known methods involving Lie
series and a Van der Pol transformation as introduced in [Tak74b], see [BV08, Appendix B].
To be definite, given the family (4.5), i.e.,

ẏ =(iω + h10(µ))y +

q−1∑

k+l=2

hkl(µ)ykyl

+ ε

q−1∑

k+l=1

Hkl(t;µ)ykyl +O(|y|q),

where ω = 2πp/q and h10(0) = 0, then the Poincaré-Takens reduced form (4.6) is given by

ż = zGµ(|z|2) + γµz
q−1 +O(|z|q).

Here Gµ is given by

Gµ(|z|2) =

⌈ q−3
2

⌉∑

m=0

ℓm(µ)|z|2m.
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Coefficients of the first three S1-symmetric terms of Gµ. We begin with the first
three coefficients of Gµ given by

ℓ0(µ) =h10(µ) +O(ε), (B.1)

ℓ1(µ) =h21(µ) +
i

ω

(
h20(µ)h11(µ)− |h11(µ)|2 − 2

3
|h02(µ)|2

)

+O(ε, |h10(µ)|), (B.2)

ℓ2(µ) =h32(µ) +
i

ω
L1 +

1

ω2
L2 +

i

ω3
L3 +O(ε, |h10(µ)|), (B.3)

where

L1 =h12h30 + 2h11h31 +
4

3
h02h40 − h13h02

− 3

4
h03h03 − 2h22h11 − h12h12 −

2

3
h02h13

+ h31h20 − h11h22,

L2 = − 2h30h
2
11 + 2h12h

2
11 + 3h12h02h11 +

31

12
h02h03h11

+
5

2
h21|h11|2 − h30h20h11 −

1

2
h20h21h11 −

3

2
h21|h11|2

− h02h30h11 − 2h12h
2

11 −
2

3
h02h20h30 +

1

2
h03h20h02

+
7

9
|h02|2h21 + h12h20h11 +

8

3
h02h30h11 −

9

4
h03h02h11

+
2

3
h02h20h12 − 2h02h11h12 +

1

6
h02h03h20 +

3

2
h21h11h20

− 5

9
|h02|2h21,

L3 =2h02h
3
11 − 2|h2

11|4 + h20|h11|2h11 − h02h20h
2
11

+
35

18
|h02|2h20h11 −

23

4
|h02|2|h11|2 + |h20|2|h11|2

+
4

3
h02h

3

11 −
4

9
|h02|4 − 2h02h20h

2

11 +
2

3
h02h

2
20h11

− 1

3
|h02|2|h20|2 +

7

18
|h02|2h11h20.

Here hjk = hjk(0).

The coefficients ℓm for m > 2 are not computed, since those do not appear in the recognition
conditions in Theorem 4.2.1.

Coefficient of the zq−1 term in the Poincaré-Takens reduction. From Section 4.4 it
follows that γ0 is given by the coefficient of e2πipt in the Fourier expansion of εH̃0 (q−1)(t; 0),
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i.e.,

γ0 = ε

∫ 1

0

e−i2πptH̃0 (q−1)(t; 0)dt, (B.4)

where the q-dependent H̃0 (q−1)(t; 0) are presented below for 3 ≤ q ≤ 5 (The function

H̃0 (q−1)(t; 0) is the coefficient of zq−1 after the non-Zq-symmetric terms have been removed
from (4.5) by the Lie series method given in Section 4.4.). For q > 5 we refer to [Hol]. The

expressions for γ0 are shortened by adopting the notation H̃k l = H̃k l(t; 0), Hk l = Hk l(t; 0)
and hk l = hk l(0).

• The coefficient H̃02 is given by

H̃02 =H02 −
i

3ω

(
3h11H01 − h02H10 − 3H01h20 + 2h02H10

)

+O(ε, |h10(µ)|); (B.5)

• The coefficient H̃03 is given by

H̃03 =H03 +
i

ω
A1 +

1

ω2
A2 +O(ε, |h10(µ)|), (B.6)

where

A1 = − 1

2
h12H01 +

1

2
h30H01 − h11H02 +

1

4
h03H10

+
1

3
h02H11 + 2H02h20 −

3

4
h03H10 −

2

3
h02H20,

A2 =
2

9
H01h

2
02 +

1

3
h20H01h02 −

1

2
H01h11h02 −

1

2
H10h20h02

+
1

12
h11

(
3H10 − 5H10

)
h02 +

5

6
h20H10h02 −H01h

2

20

− 1

2
h2

11H01 +
3

2
h11H01h20;

• The coefficient H̃04 is given by

H̃04 = H04 +
i

ω
B1 +

1

ω2
B2 +

i

ω3
B3 +O(ε, |h10(µ)|), (B.7)
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where

B1 = − 1

3
h13H01 +

1

3
h40H01 −

1

2
h12H02 − h11H03

+
1

5
h04H10 +

1

4
h03H11 +

1

3
h02H12 + 3H03h20

+H02h30 −
4

5
h04H10 −

3

4
h03H20 −

2

3
h02H30,

B2 = − 1

9
H20h

2
02 +

2

9
H11h

2
02 +

2

9
h21H01h02 +

1

3
h20H02h02

+
1

10
h12H10h02 +

1

4
h11H11h02 −

2

3
H02h11h02 −

5

6
H11h20h02

− 1

3
H01h21h02 −

1

5
H10h30h02 +

5

12
h03H01h02 −

1

15
h12H10h02

+
2

15
h30H10h02 −

5

12
h11H20h02 +

3

2
h20H20h02 − 3H02h

2

20

− 1

2
h11h12H01 +

1

6
h03h20H01 −

1

2
h2

11H02 −
1

3
h03H01h11

+
7

6
h12H01h20 +

5

2
h11H02h20 −

3

5
h03H10h20 +

2

3
h11H01h30

− 4

3
H01h20h30 +

1

20
h03h11

(
4H10 − 11H10

)
,

B3 =
1

6
H01h

3
11 −H01h20h

2
11 +

1

20
h02

(
3H10 − 2H10

)
h2

11

− 5

18
h02h20H01h11 +

4

9
h02H01h11h11 +

1

2
h02H10h20h11

− 3

4
h02h20H10h11 −H01h

3

20 −
3

5
h02H10h

2

20

− 5

27
h2

02H01h02 −
8

45
h2

02H10h11 +
2

3
h02h20H01h20

+
7

18
h2

02h20H01 +
9

10
h02h

2

20H10 −
2

15
h2

02h20H10

+
4

15
h2

02h11H10 +
33

20
h03h20H10 −

1

12
h2

02H01h11

+
4

45
h2

02h20H10 − h02H01h11h20 +
11

6
H01h

2

20h11.

Solving the recognition problem with (B.1)-(B.3) and (B.4) Next we explain that
the expressions (B.1)-(B.3) and (B.4) are sufficient to solve the recognition problem for (4.5)
as long as ε is small enough in (4.57). We only discuss the non-degenerate case, since the
mildly degenerate case is similar.

In Section 4.3 an approximation of a non-degenerate resonant HNS stratum for the family of
periodic oscillators given in (4.57) is obtained by computing a non-degenerate resonant Hopf
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stratum for the unperturbed system (ε = 0). This approach is based on the observation that
the former stratum ‘persists’ for small ε, while remaining close to the latter stratum.

We start with showing that the Hopf stratum ‘persists’. Indeed, all inequalities that hold
for ε = 0 remain valid for ε small enough. Moreover, if we assume for the moment that ε is
a real parameter, then by Theorem 4.2.1 resonant HNS points are part of the set

S = {(µ, ε) ∈ R
n × R | ℓ0(µ, ε) = 0}.

By (B.1) we have that ℓ0(0, 0) = h10(0) = 0. Additionally, non-degenerate resonant Hopf
points of the unperturbed system satisfy

rank (Dµℓ0(0, 0)) = 2, (B.8)

see [BV08]. Hence, we can apply the implicit function theorem, i.e., there is a splitting of
µ-parameter space Rn = Rn−2 ⊕ R2 and a local map φ : Rn−2 × R→ R2, such that

S = Graph (φ)

near 0 ∈ Rn × R.

From (B.1) it follows that the Hausdorff distance [Mun99] between the Hopf stratum for
ε = 0 and the HNS stratum for 0 < ε≪ 1 is O(ε).





Samenvatting

Dit onderzoek gaat over resonantie verschijnselen in niet-lineaire dynamische systemen die
van parameters afhangen. We spreken van resonantie wanneer er een interactie plaatsvindt
tussen twee oscillerende deelsystemen waarbij de ratio van de bijbehorende frequenties een
rationaal getal is. Deze situatie komt voor in vele fysische scenarios, bijvoorbeeld in gekop-
pelde slingers, in het aarde-maan systeem en in electrische circuits. Het hoofddoel is om het
kwalitatieve gedrag van de dynamica in de buurt van resonantie te begrijpen in afhanke-
lijkheid van de parameters.

We bestuderen resonantie in zowel discrete als in continue dynamische systemen. In Hoofd-
stuk 2 beginnen we met het eerste geval door algemene families van diffeomorfismen te
beschouwen die resonante Hopf-Nĕımarck-Sacker bifurcaties ondergaan. In de buurt van
deze bifurcaties komen typisch resonantie verzamelingen voor, die gegeven worden door pa-
rameterwaarden waarvoor subharmonische periodieke banen optreden. Onze interesse gaat
allereerst uit naar de meetkunde van deze verzamelingen, die we bepalen door gebruik te
maken van Lyapunov-Schmidt reductie en singulariteiten theorie. Het blijkt dat zo een
klassificatie wordt verkregen van verschillende ‘meetkunden’ die kunnen optreden. Niet-
gedegenereerde families hebben de klassieke 2-dimensionale cusp-vormige Arnol’d tong als
resonantie verzameling. In een mild gedegenereerd geval komen we een veel ingewikkeldere 4-
dimensionale meetkunde tegen, die cusp- en zwaluwstaart-punten bevat en gerelateerd is aan
een Whitney paraplu. We lossen ook het bijbehorende herkenningsprobleem op. Dit betekent
dat we condities geven voor families van diffeomorfismen die bepalen of de meetkunde van de
resonantie verzameling overeenkomt met het niet-gedegenereerde of het mild gedegenereerde
geval. De herkenningscondities zijn verkregen door de Lyapunov-Schmidt reductie expliciet
uit te voeren met behulp van een zelf-ontwikkelde symbolische manipulator.

In Hoofdstuk 3 wordt een gedetailleerde beschrijving gegeven van de Whitney stratificatie
van de resonantie verzameling in het mild gedegenereerde geval. Aangezien deze verzameling
in een 4-dimensionale parameterruimte ligt, gebruiken we 2- en 3-dimensionale doorsneden
(tomogrammen) en een incidentie-diagram om de samenhang van alle strata inzichtelijk te
maken. Bovendien presenteren we een numerieke bifurcatie studie van een benaderende
familie van Poincaré-Takens normaal vorm vectorvelden voor het mild gedegenereerde geval
om de complexiteit van de bijbehorende dynamica te demonstreren.

In Hoofdstuk 4 beschouwen we continue dynamische systemen die typisch aanleiding geven
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tot resonantie, namelijk periodiek aangedreven oscillatoren. Deze oscillatoren blijken een
‘normaal vorm’ te zijn voor families van vectorvelden (op een centrum-variëteit) in de buurt
van resonantie. Door gebruik te maken van de Poincaré-Takens normaal vorm procedure is
een goede benadering van een Poincaré afbeelding voor dit type systemen te bepalen. Hier-
mee kunnen we de resultaten van Hoofdstukken 2 en 3 toepassen op aangedreven oscillatoren.
In het bijzonder geven we de oplossing van het bijbehorende herkenningsprobleem.
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[BSV08] H.W. Broer, C. Simó, and R. Vitolo. The Hopf-saddle-node bifurcation for
fixed points of 3D-diffeomorphisms: analysis of a resonance ‘bubble’. Phys. D,
237(13):1773–1799, 2008.

[BV92] H.W. Broer and G. Vegter. Bifurcational aspects of parametric resonance. In
Dynamics Reported, volume 1 of New Series, pages 1–51. Springer-Verlag, 1992.



Bibliography 129

[BV08] H.W. Broer and G. Vegter. Generic Hopf-Nĕımarck-Sacker bifurcations in feed-
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