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Appendix A

Resonance set and bifurcation
diagram for mildly degenerate case

A.1 Computations

In this section we first present the relation between discriminant sets of special Zq-equivariant
polynomials and certain real-valued polynomials. Next we provide proofs of the theorems
given in Section 3.2.2, starting with a parametrization of Σ(pε,σ,τ ) with pε,σ,τ as in (3.15),
which leads to Theorem 3.2.1. Then we prove Theorem 3.2.2 by first providing parametriza-
tions of the codimension 3 strata in Σ(pε,σ,τ ) in Appendix A.1.4 and then check the versality
conditions for these strata in Appendix A.1.5.

A.1.1 Discriminant set of Zq-equivariant polynomials

Here we focus on the discriminant set of Zq-equivariant polynomials of the form

Gµ(z) = Kµ(u)z + z̄q−1, (A.1)

where u = |z|2. More precisely, we prove that the discriminant set Σ(Gµ) is given by the
discriminant set of a real-valued polynomial.

Theorem A.1.1. Given Gµ as in (A.1), then

Σ(Gµ) = Σ(pµ), (A.2)

where pµ is given by

pµ(u) = |Kµ(u)|2 − uq−2, (A.3)

with u = |z|2.
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Proof. The set Σ(Gµ) is given by the parameter values for which there is a z, such that

Gµ(z) = 0 and det(DzGµ(z)) = 0.

Begin by noting that Gµ(z) = 0 implies

0 = z̄Gµ(z) = Kµ(u)u+ z̄q.

Therefore,

z̄q = −Kµ(u)u and zq = −Kµ(u)u.

Setting v = zq + z̄q and w = zq − z̄q, it follows that

v = −(Kµ(u) +Kµ(u))u and w = −(Kµ(u)−Kµ(u))u.

Hence, the identity v2 + w2 = 4uq implies

|Kµ(u)|2 = uq−2. (A.4)

Next, we compute det(DzGµ(z)) = 0 by recalling that

det(DzGµ(z)) =

∣∣∣∣
∂Gµ

∂z
(z)

∣∣∣∣
2

−
∣∣∣∣
∂Gµ

∂z̄
(z)

∣∣∣∣
2

.

Therefore,

0 = det(DzGµ(z))

= |Kµ(u)|2 + q(Kµ(u)DuKµ(u) +Kµ(u)DuKµ(u))u− (q − 1)2uq−2. (A.5)

The set Σ(pµ) is given by parameter values for which there is a u, such that

pµ(u) = 0 and Dupµ(u) = 0,

i.e.,

|Kµ(u)|2 = uq−2 and Kµ(u)DuKµ(u) +Kµ(u)DuKµ(u) = (q − 2)uq−3. (A.6)

Comparing the latter system with (A.4) and (A.5) implies Theorem A.1.1.

A.1.2 Parametrization of Σ(pε,σ,τ)

In Theorem A.1.2 we give a parametrization of Σ(pε,σ,τ ). As a consequence the Hausdorff
distance between Σ(pε,σ,τ ) and Σ(p0,σ,τ ) is easily computed.
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Theorem A.1.2 (Parametrization of Σ(pε,σ,τ )). The map Γε,± : R+×R2 → R4, which gives
a parametrization of Σ(pε), is given by

Γε,±(u, τ) = (σ10(u, τ) +Mε,±(u, τ), σ20(u, τ) +N ε,±(u, τ), τ1, τ2), (A.7)

with

σ10(u, τ) = −u(τ1 + u),

σ20(u, τ) = −τ2u,

Mε,±(u, τ) =
1

2D(u, τ)

(
(q − 2)εq−6uq−3(τ1 + 2u)

±ε(q−6)/2τ2u
(q−2)/2

√
4D(u, τ)− (q − 2)2εq−6uq−4

)

N ε,±(u, τ) =
1

2D(u, τ)

(
(q − 2)εq−6τ2u

q−3

∓ε(q−6)/2(τ1 + 2u)u(q−2)/2
√

4D(u, τ)− (q − 2)2εq−6uq−4
)
,

where

D(u, τ) = (τ1 + 2u)2 + τ 2
2 . (A.8)

Proof. First of all we rewrite pε,σ,τ given in (3.15) by putting τ = τ1 + iτ2 and σ = σ1 + iσ2,
resulting in

pε,σ,τ (u; σ, τ) = −εq−6uq−2 + u4 + 2τ1u
3 + (|τ |2 + 2σ1)u

2 + 2(τ1σ1 + τ2σ2)u+ |σ|2.

Secondly, we use that (τ1, τ2, σ10(u, τ), σ20(u, τ)) parametrizes Σ(p0,σ,τ ), which immediately

follows from p0,σ,τ (u) = 0 and ∂p0,σ,τ

∂u
(u) = 0. A parametrization of Σ(pε,σ,τ ) is then obtained

as a perturbation by putting

(σ1, σ2) = (σ10(u, τ) +M,σ20(u, τ) +N).

Plugging this into the equations that define Σ(pε,σ,τ ), that is pε,σ,τ (u) = 0 and ∂pε,σ,τ

∂u
(u) = 0,

yields

M2 +N2 − εq−6uq−4 = 0, (A.9)

2τ1M + 2τ2N + 4Mu− (q − 2)εq−6uq−3 = 0.

These equations have the 2 real solutions Mε,± and N ε,± as defined in Theorem A.1.2 for
M and N respectively.

The latter proof allows us to show that the Hausdorff distance between Σ(pε,σ,τ ) and Σ(p0,σ,τ )
is O(ε(q−6)/2). The first step is restricting to bounded sets. Therefore, we assume that u ≤ U
and |τ | ≤ T , since then Γε,± parametrizes a bounded subset of Σ(pε,σ,τ ) near (σ, τ) = (0, 0)
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for each ε. In this case, an upper bound for the Hausdorff distance between Σ(pε,σ,τ ) and
Σ(p0,σ,τ ) is determined as follows,

dH (Σ(pε,σ,τ ),Σ(p0,σ,τ ))
2 ≤ sup

u≤U,|τ |≤T

{d
(
Γε,±(u, τ),Γ0,±(u, τ)

)2}

= sup
u≤U,|τ |≤T

{Mε,±(u, τ)2 +N ε,±(u, τ)2}.

SinceMε,± andN ε,± are solutions to (A.9), this results in dH(Σ(pε,σ,τ ),Σ(p0,σ,τ )) ≤ ε(q−6)/2U (q−4)/2.

A.1.3 Proof of Theorem 3.2.1

Here Theorem 3.2.1 is proven by giving an extended version.

Theorem A.1.3 (Whitney stratification of Σ(p0,σ,τ )). The discriminant set Σ(p0,σ,τ ) is given
by

Σ(p0,σ,τ ) = {(σ1, σ2, τ1, τ2) ∈ R
4 | σ1 = −u(τ1 + u), σ2 = −τ2u, u ∈ R+}, (A.10)

which is the closure of the stratum of type A2. This set is diffeomorphic to the product of
the real line and a subset of the Whitney umbrella W defined in (3.9).

The set Σ(p0,σ,τ ) has a codimension 2 stratum of type A2
2 given by the following set,

A2
2 = {(σ1, σ2, τ1, τ2) ∈ R

4 | τ1 ≤ 0, τ2 = 0, 0 ≤ σ1 ≤ −τ 2
1 /4, σ2 = 0}.

The codimension 2 stratum of type ∂A2 is given by

∂A2 = {(σ1, σ2, τ1, τ2) ∈ R
4 | σ1 = 0, σ2 = 0}. (A.11)

For all fixed τ1 ≤ 0 the stratum of type A2
2 is attached to the codimension 3 strata of type

∂A2
2 and P given by

∂A2
2 = {(σ1, σ2, τ1, τ2) ∈ R

4 | τ1 ≤ 0, τ2 = 0, σ1 = 0, σ2 = 0}

and

P = {(σ1, σ2, τ1, τ2) ∈ R
4 | τ1 ≤ 0, τ2 = 0, σ1 = −τ

2
1

4
, σ2 = 0}.

This implies that the strata of type ∂A2
2 and P meet in (σ1, σ2, τ1, τ2) = (0, 0, 0, 0), the central

singularity.

We note that the versality conditions for strata in this set are not checked, since our real
interest is Σ(pε,σ,τ ) for ε 6= 0.
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Proof. The parametrization of Σ(p0,σ,τ ), by definition the closure of all strata of type A2,
follows from Theorem A.1.2. This parametrization leads to the implicit representation of
Σ(p0,σ,τ ) given by

{(σ1, σ2, τ1, τ2) ∈ R
4 | τ 2

2σ1 − τ1τ2σ2 + σ2
2 = 0, sign(σ2) = −sign(τ2)},

which is diffeomorphic to the product of the real line and a subset of the Whitney umbrella
W given in (3.9). Moreover, the condition sign(σ2) = −sign(τ2) implies that the stratum of
type A2 is attached to a stratum of type ∂A2 given in (A.11).

To determine a parametrization of the stratum of type A2
2 and the codimension 3 strata it is

attached to, we observe that the parametrization in (A.10) yields that σ1 assumes all values
of the set [0, τ 2

1 /4) twice for u ∈ [0,−τ1/2)∪ (−τ1/2,−τ1], giving intersection points if τ2 = 0
(this implies σ2 = 0 by (A.10)). The latter points only occur for τ1 < 0, because u > 0, so
the self-intersection points (A2

2) are given by (A.11).

A.1.4 Parametrizations of codimension 3 strata in Σ(pε,σ,τ)

Here we prove the incidence relations of the Whitney stratification of Σ(pε,σ,τ ) presented
in Theorem 3.2.2. Therefore, we show that independent of q, there are only 3 pairs of
codimension 3 strata attached to (σ, τ) = (0, 0), see Theorem A.1.4. These strata determine
all incidence relations, which are deduced from 2- or 3-dimensional tomograms of Σ(p1,σ,τ ),
see Section 3.2.2.

Moreover, the Hausdorff distances between strata given in Theorem 3.2.2 follow immediately
from the parametrizations given in Theorem A.1.4. We note that this theorem also contains
a parametrization of T± to show that they meet in (σ, τ) = (0, 0), see Figure 3.12.

Theorem A.1.4. There are 3 pairs of codimension 3 strata curves attached to (σ, τ) = (0, 0).
The strata (A4)

±
1 are parametrized by Γε,±

1 : R+ → R
4 given by

Γε,±
1 (u) =

{
u2 +O(εq−6),∓(q − 2)ε(q−6)/2u(q−2)/2

2
+O(εq−6),

−2u+O(εq−6),±(q − 2)ε(q−6)/2u(q−4)/2

2
+O(εq−6)

}
. (A.12)

The curves T± are parametrized by Γε,±
2 : R+ → R4 given by

Γε,±
2 =

{
1

a
u2 +O(εq−6),∓bε(q−6)/2u(q−2)/2 +O(εq−6),

−1

a
u+O(εq−6),±bε(q−6)/2u(q−4)/2 +O(εq−6)

}
, (A.13)
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where b = (a(q−2)/2 + (1− a)(q−2)/2)/(a(q−4)/2(1− 2a)) and a is a solution of

d (1−a)(q−2)/2+a(q−2)/2

2a−1

da
= 0. (A.14)

For q = 7 this gives a = 1/2−
√

5/6.

The strata (RqA2)
± are parametrized by Γε,±

3 : R+ → R4 given by

Γε,±
3 (u) =

{
0, 0,−u+O(εq−6),±ε(q−6)/2u(q−4)/2 +O(εq−6)

}
. (A.15)

Finally, the strata (A4)
±
2 are parametrized by Γε,±

4 : R+ → R4 given by

Γε,±
4 (u) =

{
u2 +O(εq−6),∓

√
2ε(q−6)/4u(q+2)/4 +O(ε(q−6)/2),

−2u+O(ε(q−6)),±
√

2ε(q−6)/4u(q−2)/4 +O(ε(q−6)/2)
}
. (A.16)

For proving Theorem A.1.4 we use the following lemma containing parametrizations of Rq

and of strata of type A3.

Lemma A.1.1. The entire τ -plane except for τ = 0 consists of points of type Rq.

Furthermore, a parametrization of strata of type A3, assuming τ1 + 2u = O(εq−6) and τ2 >
O(ε(q−6)/2), is given by Γε,± ◦ tε,±1 , where tε,±1 : R+ × R→ R+ × R2 is given by

tε,±1 : (u, τ1) 7→ (u, τ1, τ2) = (u, τ1,±
√

2ε(q−6)/4u(q−2)/4 +O(ε(q−6)/2)).

If τ2 + 2u = O(εq−6) and τ2 = O(ε(q−6)/2), then a local parametrization of A3 points is given
by Γε,± ◦ tε,±2 , where tε,±2 : R+ ×R→ R+ × R2 is given by

tε,±2 : (u, τ1) 7→ (u, τ1, τ2) = (u, τ1,±
q − 2

2
ε(q−6)/2u(q−4)/2 +O(εq−6)).

Proof. The statement that the τ -plane apart from τ = 0 is a stratum of type Rq follows
immediately from the recognition conditions for strata of type Rq given in Chapter 2. This
result is obtained by returning to the HNS family Pσ,τ as in (3.6), which gives rise to pε,σ,τ . It
follows that for σ = 0 and τ 6= 0 the corresponding generalized Lyapunov-Schmidt reduction
is Zq-equivariant contact-equivalent to the Lyapunov-Schmidt reduced central singularity of
Pσ given in (3.1). Moreover, the generalized Lyapunov-Schmidt reduction of Pσ,τ is a versal
unfolding of these singularities.

Now we turn to determining parametrizations for strata of type A3. For this we use that

these points are on the discriminant set Dε and satisfy also ∂2pε,σ,τ

∂u2 (u) = 0, yielding

τ 2
2 =

1

2
(q2 − 5q + 6)εq−6uq−4 − 6u2 − 6τ1u− τ 2

1 − 2σ1. (A.17)
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Next we substitute the σ1-component of Γε,±, from now on denoted by (Γε,±)σ1 , in (A.17),
which yields

τ 2
2 = −6u2 − 6τ1u− τ 2

1 + 2u(τ1 + u)± 2
ε(q−6)/2τ2u

(q−2)/2

√
τ 2
2 + (τ1 + 2u)2

+O(εq−6),

assuming that τ2 is of lower order in ε than τ1 + 2u. More specifically, a non-trivial solution
for τ2 is obtained if 2u + τ1 = O(εq−6) and if τ2 is of lower order than O(εq−6). Indeed, in
that case the latter equation reduces to

τ2 = ±
√

2ε(q−6)/4u(q−2)/4 +O(ε(q−6)/2).

It turns out that two other real solutions of (A.17) can be obtained if τ2 = O(ε(q−6)/2) and
τ1 +2u = O(εq−6). In this case, we have that D(u, τ) as defined in (A.8) is of order O(εq−6),
so we need to substitute (Γε,±)σ1 entirely in (A.17). Keeping only the terms that are of
lowest order in ε yields

0 = 4D(u, τ)− (q − 2)2εq−6uq−4 +O(ε2(q−6)) (A.18)

which has the following real solutions,

τ2 = ±q − 2

2
ε(q−6)/2u(q−4)/2 +O(εq−6).

We note that if τ2 is assumed to be of higher order than O(ε(q−6)/2), a contradiction with
τ1 + 2u = O(εq−6) easily follows.

Finally, we are in the position to prove Theorem A.1.4.

Proof. We start with computing the parametrizations of (A4)
±
1 and (A4)

±
2 . These points are

attached to strata of type A3 and, additionally, satisfy ∂3pε,σ,τ

∂u3 (u) = 0, yielding

τ1 = −2u+
1

12
(q − 4)(q − 3)(q − 2)εq−6uq−5, (A.19)

this means τ1 + 2u = O(εq−6). Consequently, the results of Lemma A.1.1 can be used. Sub-
stituting the latter equation in tε,±1 and tε,±2 yields that the τ2 component of the codimension
3 strata satisfies either

τ2 = ±
√

2ε(q−6)/4u(q−2)/4 +O(ε(q−6)/2)

or

τ2 = ±(q − 2)ε(q−6)/2u(q−4)/2

2
+O(εq−6).
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Substituting the latter equations and τ1 = −2u+O(εq−6) in Γε,± give approximate parametriza-
tions of (A4)

±
2 and (A4)

±
1 respectively.

Here we determine a parametrization of the curves (RqA2)
±. By lemma A.1.1 parameter

values on Rq satisfy σ = 0, yielding

pε,0,τ(u) = u2(−εq−6uq−4 + u2 + 2τ1u+ |τ |2).

This is also a point of type A2 if

pε,0,τ (u)

u2
= 0 and

∂pε,0,τ/u
2

∂u
(u) = 0,

which is easily solved by

τ1 = −u +
q − 4

2
εq−6uq−5

and

τ2 = ±ε(q−6)/2u(q−4)/2 +O(εq−6).

Substituting these in Γε,± yields the parametrization of (RqA2)
±.

Next we obtain the parametrizations for T±. We recall that T+ and T− are determined
by the points where a 2-dimensional tomograms with τ fixed is not transversal to the self-
intersection strata (A2

2)
+
1 and (A2

2)
−
1 respectively. Hence, we start with a parametrization of

(A2
2)

±
1 taking into account that the pair T± belongs to the subset of Σ(pε,σ,τ ) parametrized

by Γε,−, see (A.7) and Figure 3.12. Therefore, we determine when Γε,−(u, τ) has 2 different
values of u denoted by u1 and u2 such that for τ fixed (Γε,−)σ1(u1, τ) = (Γε,−)σ1(u2, τ) and
(Γε,−)σ2(u1, τ) = (Γε,−)σ2(u2, τ). Clearly, this gives a self-intersection point for u1 6= u2.
First we consider (Γε,−)σ1 given by

(Γε,±)σ1(u, τ) = −u(τ1 + u) +O(εq−6).

It follows that for u1 = −aτ1 + O(εq−6) and u2 = −(1 − a)τ1 + O(εq−6) with 0 < a < 1/2
this component has the same value. For (Γε,−)σ2 we obtain

−τ2u1 + ε(q−6)/2u
(q−2)/2
1 = −τ2u2 + ε(q−6)/2u

(q−2)/2
2 +O(εq−6), (A.20)

assuming that τ1 + 2ui = O(ε0) for i = 1, 2, which is the case for points that are not
close to (A4)

±
1 and (A4)

±
2 . Figure 3.9 shows that to solve this equation, we only need a

parametrization of self-intersection points for τ values between the projections of (A4)
±
1 and

(RqA2)
± implying the form

τ2 = ±bε(q−6)/2u(q−4)/2 +O(εq−6),
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where b is some real number. Substituting the latter equation, u1 = −aτ1 + O(εq−6) and
u2 = −(1− a)τ1 +O(εq−6) in (A.20) yields

b = ±a
(q−2)/2 + (1− a)(q−2)/2

a(q−4)/2(2a− 1)
. (A.21)

This means the self-intersection points near (RqA2)
± are parametrized by Γε,− ◦ tε,±3 , where

tε,±3 : R+ ×R→ R+ × R2 is given by

tε,±3 : (u, τ1) 7→ (u, τ1, τ2) = (u, τ1,±bε(q−6)/2u(q−4)/2 +O(εq−6)),

with b as given in (A.21). It remains to determine where these points are not transversal to
a tomogram with τ fixed, i.e., for which u the self-intersection points touch a 2-dimensional
tomogram with especially τ2 fixed. Thus, we need to solve

∂(t±3 )τ2

∂u
(u, τ1, τ2) = 0.

Using that u = u1 = −aτ1 + O(εq−6), this leads to (A.14), which is difficult to solve for
general q; however, with the help of Mathematica [Wol08] solutions can be obtained, see
Theorem A.1.4. We remark that these solutions tend to 1/2, i.e., a → 1/2, for q → ∞,
meaning that for large q the condition τ1 +2ui = O(ε0) for i = 1, 2 is broken. Consequently,
for large q a different approach then the one above is required to determine parametrizations
for T±. Since T± is not part of the Whitney stratification of Σ(pε,σ,τ ), we do not pursue this
issue any further.

A.1.5 Versality conditions

It remains to check the versality condition (3.12) for the strata in the Whitney stratification
of Σ(pε,σ,τ ). We first show that pε,σ,τ satisfies the versality conditions corresponding to
points of type A4 at (A4)

±
1 and (A4)

±
2 . Instead of checking (3.12) for these strata, we use an

observation from [BGV03] stating that pε,σ,τ is closely related to sε,κ,λ,ρ,τ1 : R+ → R given
by

sε,κ,λ,ρ,τ1(u) = u4 − εuq−2 + 2τ1u
3 + ρu2 + λu+ κ,

where ρ, κ, λ, τ1 ∈ R. In fact, the set Σ(pε,σ,τ ) is the pull-back of Σ(sε,κ,λ,ρ,τ1) under the
singular map ψ : R4 → R4 given by

ψ(τ1, τ2, σ1, σ2) 7→ (κ, λ, ρ, τ1) = (σ2
1 + σ2

2, 2(τ1σ1 + τ2σ2), τ
2
1 + τ 2

2 + 2σ1, τ1).

A short computation reveals that this map has at least rank 2 for small parameter values
and the singular set of this map is given by

S(ψ) = {(τ1, τ2, σ1, σ2)
∣∣τ 2

2σ1 − τ1τ2σ2 + σ2
2 = 0}.
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We recall that a subset of this set has appeared before as Σ(p0,σ,τ ). By [Brö75,PS96,BGV03]
the family sε,0,0,0,τ1 is right-equivalent to u4 and sε,κ,λ,ρ,τ1 is a versal unfolding of the central
singularity u4 for all τ1 near τ1 = 0 . Consequently, the set Σ(sε,κ,λ,ρ,τ1) is the product of a
real line and a geometry of type A4 [Brö75,PS96,BGV03]. The relation between Σ(sε,κ,λ,ρ,τ1)
and Σ(pε,σ,τ ) near (A4)

±
1 and (A4)

±
2 is made apparent in the following theorem.

Theorem A.1.5. The map ψ maps (A4)
±
1 and (A4)

±
2 to a set of points of type A4 of sε,κ,λ,ρ,τ1.

Moreover, if τ1 < 0, then the geometry of type A4 can locally around ψ((A4)
±
1 ) and ψ((A4)

±
2 )

be pulled back diffeomorphically to Σ(pε,σ,τ ) for ε 6= 0. Consequently, also Σ(pε,σ,τ ) shows
this geometry near (A4)

±
1 and (A4)

±
2 .

This theorem is clarified by Figure 3.11 showing the geometry of type A4 of Σ(s0,κ,λ,ρ,0) and
Figure 3.10 showing the pull back of this geometry in Σ(pε,σ,τ ) near (A4)

±
2 .

Proof. The first claim is that the pair of curves (A4)
±
1 and (A4)

±
2 are mapped by ψ to the

points of type A4 of Σ(sε,κ,λ,ρ,τ1). This easily follows from the fact that the components of
ψ are the coefficients of pε,σ,τ and sε,κ,λ,ρ,τ1, so ψ is an identity as far as the coefficients are
concerned. The degeneracy of a zero of pε,σ,τ and sε,κ,λ,ρ,τ1 depends only on the coefficients;
hence, all 3-fold degenerate points of pε,σ,τ map to the 3-fold degenerate points of sε,κ,λ,ρ,τ1.

For ε 6= 0 and τ1 < 0 a small neighborhood of (A4)
±
1 does not intersect with the singular

set S(ψ), which implies that the geometry of type A4 near ψ((A4)
±
1 ) can be pulled-back

diffeomorphically by ψ−1 to Σ(pε,σ,τ ). Using the relation between S(ψ) and Σ(p0,σ,τ ), we
can prove that for ε 6= 0 the sets (A4)

±
1 and S(ψ) do not intersect by showing that given

τ , the value of the σ1 component of (A4)
±
1 is larger than the maximal σ1 value of Σ(p0,σ,τ ).

Indeed, by Appendix A.1.3 the σ1 component of Σ(p0,σ,τ ) is parametrized by −u(τ1 + u), so
its maximum value is τ 2

1 /4. On the other hand, for (A4)
±
1 we first require a higher order

approximation of (Γε,±
1 )σ1 than given in (A.12), for which (A.12), (A.18) and (A.19) are used.

Substituting these in (Γε,±)σ1 as given in (A.7) yields

(Γε,±
1 )σ1 =

1

4
τ 2
1 +

(q − 4)(q − 3)

6
εq−6

(−τ1
2

)q−4

+O(ε2(q−6)),

which is bigger than τ 2
1 /4 for q ≥ 7, ε 6= 0 and τ1 < 0.

The proof is more involved for (A4)
±
2 . First, we need to compute (Γε,±

4 )σ1 and (Γε,±
4 )σ2 to

higher order than given in Theorem A.1.4. Using (A.7), (A.16) and (A.19), we obtain

(Γε,±
4 )σ1 = u2 − ε(q−6)/2u(q−2)/2 +O(εq−6), (A.22)

(Γε,±
4 )σ2 = ∓

(√
2ε(q−6)/4u(q+2)/4 +

q − 2

2
√

2
ε3(q−6)/4u3q/4−5/2

)
+O(εq−6). (A.23)

The stratum (A4)
±
2 intersects with Σ(p0,σ,τ ) if given τ there is a value of σ1 and σ2 on Σ(p0,σ,τ )

that equal (A.22) and (A.23) respectively. Using the parametrization of Σ(p0,σ,τ ) given in
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Appendix A.1.3 this amounts to solving the following equations,

u2
1 = u2

2 − ε(q−6)/2u
(q−2)/2
2 +O(εq−6), (A.24)

√
2ε(q−6)/4u

(q+2)/4
1 =

√
2ε(q−6)/4u

(q+2)/4
2

− q − 2

2
√

2
ε3(q−6)/4u

3q/4−5/2
2 +O(εq−6). (A.25)

Substituting u1 as in (A.25) in the left hand side of (A.24) gives

q − 2

2
ε(q−6)/2u

(q−4)/2
2 = ε(q−6)/2u

(q−2)/2
2 +O(εq−6)

Using (A.19), this equation reduces to

q − 2

2
ε(q−6)/2

(−τ1
2

)(q−4)/2

= ε(q−6)/2

(−τ1
2

)(q−2)/2

+O(εq−6),

which only holds for ε = 0 or τ1 = 0. The solution τ1 = 2− q+O(ε(q−6)/2) can be discarded,
since it is not close to zero.

To check the versality condition of (RqA2)
± we cannot use sε,κ,λ,ρ,τ1, since Σ(sε,κ,λ,ρ,τ1) does

not contain a stratum of type RqA2. Therefore, we verify directly whether closures of type Rq

and type A2 strata intersect transversally at (RqA2)
±. In the previous section we determined

that Rq consists of parameter values for which σ = 0 and τ 6= 0, so the closures of strata
intersect transversally if the following is non-zero

det

(
∂((Γε,±)σ1 , (Γ

ε,±)σ1)

∂(τ1, τ2)

)∣∣∣∣
τ∈(RqA2)±

= τ 2
1 +O(εq−6).

The latter equation is non-zero, because τ1 6= 0 on (RqA2)
±.

The versality conditions for strata in Σ(pε,σ,τ ) of codimension 2 are checked by using (3.12):

∂
(
pε,σ,τ ,

∂pε,σ,τ

∂u

)

∂(σ1, σ2, τ1, τ2)

∣∣∣∣∣∣

transpose

(σ,τ)∈Σ(pε,σ,τ )

=




± 2ε
q
2−3τ2uq/2√

τ22+(τ1+2u)2
2(τ1 + 2u)

∓2ε
q
2−3uq/2(τ1+2u)√
τ22+(τ1+2u)2

2τ2

± 2ε
q
2−3τ2u

q
2 +1√

τ22+(τ1+2u)2
2u(τ1 + 2u)± 2τ2uq/2ε

q
2−3√

τ22+(τ1+2u)2

∓2ε
q
2−3u

q
2+1(τ1+2u)√

τ22+(τ1+2u)2
2u

(
τ2 ∓ ε

q
2−3u

q
2−1(τ1+2u)√

τ22+(τ1+2u)2

)




.

As required by (3.12), this matrix has rank 2 for ε 6= 0 and all parameter values that are not
part of codimension 3 or 4 strata. Furthermore, the first column in the latter matrix gives
the left hand side of the versality condition (3.12) for codimension 1 strata in Σ(pε,σ,τ ). As
required by (3.12), for ε 6= 0 this column has rank 1 for parameter values that are not part
of strata of codimension higher than 1.
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A.1.6 Geometrically equivalent 2- and 3-dimensional tomograms

In this section we determine all open regions of τ -values for which 2-dimensional tomograms
with τ fixed of Σ(pε,σ,τ ) for ε 6= 0 are diffeomorphic, see Figure 3.12. By [Brö75] we have
that the boundary of such regions consists of the values for which a 2-dimensional tomogram
of parameter space with τ fixed is not transversal to a stratum of Σ(pε,σ,τ ) for ε 6= 0. We
recall that two manifolds are transversal if they do not intersect or if their tangent spaces
span the entire space at their intersection points. Consequently, strata of codimension 3 or
4 can only be transversal to a 2-dimensional tomogram if they do not intersect. This means
the boundaries of the open regions of interest are given by the projections of all codimension
3 and 4 strata on the τ -plane and by the projections of the curves T±, since at these curves
a 2-dimensional tomogram is tangent to a codimension 2 stratum. Similar reasoning and
using, e.g., Figure 3.12 yields that 3-dimensional tomograms with τ1 fixed of Σ(pε,σ,τ ) are
diffeomorphic for either positive values or negative values of τ1.

A.2 Phase portraits for Sections 3.3.2 and 3.3.3

Here we present phase portraits for Section 3.3.2, in Figures A.1, A.2 and A.3 and also those
for Section 3.3.3, in Figure A.4. For explanation of the bifurcations between neighboring
regions we refer to Sections 3.3.2 and 3.3.3. We note that if a region in parameter space
occurs in more than one of the cases discussed in Section 3.3, only one representative phase
portrait is displayed.
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Figure A.1: Phase portraits of the vector field Nσ,τ given in (3.19). The values of σ1, σ2

and τ2, as well as the corresponding region in the parameter plane (see Figure 3.18), are
indicated on top of each plot. For the bifurcations that occur between neighboring regions,
we refer to Figure 3.18.
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Figure A.2: Continuation of Figure A.1. For the bifurcations that occur between neighboring
regions, we refer to Figure 3.18.
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Figure A.3: Continuation of Figure A.2. For the bifurcations that occur between neighboring
regions, we refer to Figure 3.18.
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Figure A.4: Continuation of Figure A.3. For the bifurcations that occur between neighboring
regions, we refer to Figure 3.21.




