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Chapter 4

Recognition problem: Periodically
forced oscillators

4.1 Introduction

This chapter deals with resonant Hopf-Nĕımarck-Sacker (HNS) bifurcations in families of
periodically forced oscillators. In particular, we present a new procedure to detect such
bifurcations for the classical non-degenerate and a mildly degenerate case. By extending the
results of Chapter 2, which deals with families of diffeomorphisms, this procedure is reduced
to checking polynomial equalities and inequalities (semi-algebraic recognition conditions) in
finite order coefficients of the series expansion of the family at the bifurcation point. As a
consequence, a practical method for handling real-world examples is obtained. We note that
especially the investigation of the mildly degenerate resonant HNS bifurcation goes beyond
known results, since it corresponds to a ‘next case’ in the general program to recognize
bifurcations, cf. [Arn82,Kuz95].

Resonance: Flow case. To explain the generality of our approach we first expand on
families of smooth vector fields giving rise to resonance. These families appear in many dy-
namical systems, e.g., in coupled oscillators, feed-forward coupled cell networks and higher
dimensional autonomous systems. Heuristically, resonance occurs when oscillatory subsys-
tems with rationally related frequencies interact with each other. Parameter values giving
rise to this situation are typically located near a p : q-resonant HNS bifurcation of a periodic
orbit of a family of vector fields. Recall that at such a bifurcation a corresponding Poincaré
map has one pair of complex-conjugate eigenvalues of the form e±2πip/q with 0 < |p| < q ∈ N

and gcd(p, q) = 1.
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Figure 4.1: A sketch of a 3-dimensional center manifold, which is given by a reduced tubular
neighborhood of a periodic orbit. The coordinate t acts as an angular coordinate [SVM07,
Hal80].

Periodically forced oscillators. The approach in [Hal80, Kuz95] reduces the study of
families of smooth vector fields with a periodic orbit, for which a Poincaré map has only one
pair of critical eigenvalues of the form e±2πip/q, to the study of periodically forced oscillators.
More specifically, if we restrict ourselves to a 3-dimensional center manifold given by a
reduced tubular neighborhood of a periodic orbit, see Figure 4.1, then the resulting family
is of the form,

{
ẏ = hµ(y) + εHµ(y, t),
ṫ = 1,

(4.1)

a standard form for a periodically forced oscillator, cf. Chapter 1. Here hµ and Hµ depend
smoothly on both the multi-parameter µ = (µ1, . . . , µn) ∈ Rn and the coordinates y ∈ C or
(y, t) ∈ C×R/Z, respectively (for convenience we identify R2 with C). Moreover, we assume
that ε is a small positive real constant, h0(0) = 0,Dyh0(0) = 2πip/q and that several versality
conditions are satisfied, see Section 4.2. Under these assumptions system (4.1) exhibits a
p : q-resonant HNS bifurcation point near µ = 0 [BV08].

For the family given in (4.1) we explain explicitly how the recognition conditions determine
the local geometry of the resonance set and the local dynamics near the central resonant HNS
bifurcation. To this end we introduce the vector field Nµ, which is the planar first component
of the (q−1)-jet of a Poincaré-Takens reduction of (4.1), see Section 4.4 and [BV08,BGV07,
Tak74a, Tak74b]. Then, up to a near identity diffeomorphism, the Poincaré map of (4.1)
near y = 0 is given by

Pµ(y) = Ωp/q ◦N1
µ(y) +O(|y|q), (4.2)

where Ωp/q is the rotation over 2πp/q around the origin and N1
µ is the time-1-map of Nµ.

The dependence of Nµ and Pµ on ε is not explicitly indicated, since ε is a constant.

If the non-degenerate or mildly degenerate case is considered, then the local geometry of
the resonance set of a HNS family of diffeomorphisms, like Pµ, is determined by the corre-
sponding (q − 1)-jet. In Chapter 2 corresponding recognition conditions are provided that
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determine the geometry. The main result of this chapter, namely Theorem 4.2.1, provides
the recognition conditions for (4.1) in an algorithmic way derived from the conditions in
Chapter 2.

Perturbation arguments, based on the theories of transversality, normally hyperbolic man-
ifolds and bifurcations [Arn82, Dev89, GH83, Kuz95, Tho75], indicate which dynamics and
bifurcations of Pµ are induced by those of Nµ [BV92, BGV07, Kra94, Tak74a]. All local
features of Nµ, e.g., saddle-node and Hopf bifurcations, translate into corresponding phe-
nomena of Pµ, see Table 3.3. On the other hand, more global phenomena, e.g., heteroclinic
and homoclinic bifurcations, are generically expected to ‘split’ into regions in parameter
space corresponding to tangles in phase space [Arn82, GH83, Kuz95, Kra94, Tak74a]. For
a detailed discussion of bifurcation diagrams of normal forms for planar Poincaré-Takens
vector fields, we refer to Chapter 3.

Case studies. As one case study we consider a periodically forced generalized Duffing-van
der Pol oscillator [BNR+07,SKT04] given by

ü+ (ν1 + ν3u
2)u̇+ ν2u+ ν4u

3 + u5 = ε(1 + u6) cos(2πt), (4.3)

where u ∈ R, ε is a small positive real constant and ν = (ν1, ν2, ν3, ν4) ∈ R
4 is a multi-

parameter. The higher order terms in (4.3) are required, otherwise the system does not
give rise to generic resonance phenomena, see Section 4.3. Duffing type oscillators arise in
models of forced vibrations of buckled beams and electrical circuits [HH81]. Van der Pol
type oscillators also originate from electrical circuits [vdPvdM27]. The coupling of the two
systems has been studied a lot, see [BNR+07, SKT04,DV94] and references therein, where
the focus usually is on the unperturbed system (ε = 0) or on strong resonances. For q = 5
and q = 7 we recover non-degenerate HNS bifurcations as indicated in [Yag96, HH81] for
periodically forced Duffing oscillators. For q = 7 system (4.3) also gives rise to the novel
mildly degenerate resonant HNS bifurcation.

The second case study is a parametrically forced generalized Volterra-Lotka system [BNRS06]
given by

{
u̇ = u (−κ1(1− u) + 1− v − κ3(1− v)3 + ε cos(2πt)) ,
v̇ = v (−κ2(1− u) + κ4(1− v)3) ,

(4.4)

where (u, v) ∈ R2 and ε is a small positive real constant. Moreover, here κ = (κ1, κ2, κ3, κ4) ∈
R4 is a multi-parameter. The form of (4.4) is chosen in such a way that (u, v) = (1, 1) is
an equilibrium of the system for ε = 0, see Figure 4.2. Similar to (4.3) also (4.4) gives rise
to both a non-degenerate and a mildly degenerate HNS bifurcation. We note that paramet-
rically forced Volterra-Lotka type systems typically model dynamics of predators (v) and
their prey (u) in an ecosystem with, e.g., a seasonal forcing [BNRS06,BdBGV81].

Outline of the chapter. Section 4.2 presents the main result: The recognition conditions
for families of the form (4.1). In Section 4.3 we apply these results to the case studies. In
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Figure 4.2: Phase portrait of the Volterra-Lotka system given in (4.4) for ε = 0 and
(κ1, κ2, κ3, κ4) = (0, 0.8, 0, 0).

Section 4.4 the Poincaré-Takens normal form procedure is explained and Section 4.5 forms
a conclusion.

Related work. Periodically forced oscillators are a typical example of systems of the
form (4.1) and they have been studied a lot, see [GH83, Kuz95, Arn82, SVM07] and refer-
ences therein. Corresponding subharmonics and their bifurcations are usually investigated
by computing a Poincaré map. This map can be obtained by an averaging procedure in-
volving near identity transformations [Arn82, SVM07, Bro09], which is also our approach.
Alternatively, continuous systems can be averaged by applying variational equations, how-
ever, by [Yag96] this method is less suited for highly nonlinear systems. Both procedures
allow to investigate the local dynamics. For background on the study of weak and strong
resonances in oscillators, see [Tak74a,NPT83,Kra94,BGV03,BGV07,BV08]. For resonance
studied in Hamiltonian or reversible settings, see [BV92,Van92].

In [BV08] resonance is studied in feed-forward cell networks. Moreover, in the non-degenerate
case recognition conditions are derived for a particular feed-forward coupled cell network by
applying the same approach as here. In [Arn82,Kuz95] similar procedures to obtain recog-
nition conditions for families of the form (4.1) are presented. Unlike our current approach,
singularity theory is not applied in [Kuz95]. Moreover, in those references only the non-
degenerate case is discussed and recognition conditions are not explicitly computed.

Yet another procedure for detecting subharmonics is given by a Melnikov method, see [GH83].
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By [Yag96] this approach is less suited for studying corresponding bifurcations.

For open problems concerning averaging, see [Kif08].

4.2 Solution of recognition problem

Our main result solves the recognition problem for non-degenerate and mildly degenerate
resonant HNS bifurcations as semi-algebraic conditions in coefficients of a finite order jet
of (4.1). This result extends the recognition conditions for families of (Poincaré) maps in
Chapter 2 to families of periodically forced oscillators of the form (4.1). Consequently,
we provide a novel ‘quick’ method for detecting resonant HNS bifurcations in case studies
dealing with the latter type of families. In this section we also show that the degeneracy
of such bifurcations determines both the geometry of the attached resonance set and an
approximation of the local dynamics by a Poincaré-Takens normal form vector field.

Setting. Recall that the family (4.1), which we are investigating, is given by

{
ẏ = hµ(y) + εHµ(y, t),
ṫ = 1,

where (y, t) ∈ C × R/Z, µ ∈ Rn is a multi-parameter and ε ∈ R+ is a small constant.
Moreover, to ensure a p : q-resonant HNS bifurcation near µ = 0 we assume that h0(0) = 0
and Dyh0(0) = 2πip/q, and we impose some further versality conditions, which are specified
below.

We avoid a complicated formulation of the recognition conditions by providing them in terms
of coefficients of a finite order jet of a Poincaré-Takens reduction of (4.1). Since the relation
between the original and reduced jet is also explicitly presented, this does give a solution for
the recognition problem of system (4.1).

Poincaré-Takens reduction of (4.1). Let the power series expansion of the first com-
ponent of (4.1) in terms of y be given by

ẏ =(iω + h10(µ))y +

q−1∑

j+k=2

hjk(µ)yjyk

+ ε

q−1∑

j+k=1

Hjk(t;µ)yjyk +O(|y|q), (4.5)

where (y, t) ∈ C × R/Z, µ ∈ Rn, hjk(µ) ∈ C, Hjk(t;µ) ∈ C and where the O(|y|q) terms
can also depend on t. Moreover, we assume that h10(0) = 0, ω = 2πp/q and that 0 <
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max{|Hjk(t; 0)| | t ∈ R/Z , j + k ≤ q− 1} and that ε is a small positive real constant. Then
a corresponding Zq-equivariant Poincaré-Takens reduced family is given by

ż = zGµ(|z|2) + γµz
q−1 +O(|z|q), (4.6)

where z ∈ C, γµ ∈ C and where the O(|z|q) terms may still depend on t. As is shown
in Section 4.4, this reduction is obtained from (4.5) by standard techniques involving the
successive application of near-identity transformations removing non-Zq-equivariant terms
and a Van der Pol transformation [Bro09,BV08,BGV03]. The complex-valued polynomial
Gµ is of the form

Gµ(|z|2) =

⌈ q−3
2

⌉∑

m=0

ℓm(µ)|z|2m. (4.7)

In Appendix B explicit polynomial expressions for the ℓm(µ) ∈ C for 0 ≤ m ≤ 2 in terms of
hjk(µ) and Hkl(t;µ) with j + k ≤ 2m+ 1 are presented. Additionally, the dependence of γµ

on hjk(µ) and Hjk(t;µ) with j + k ≤ q − 1 and 3 ≤ q ≤ 5 is provided. For q > 5 we refer
to [Hol]. We note that the dependence of the coefficients of the Poincaré-Takens reduction
on ε is not explicitly indicated, since ε is a constant.

Main result. Our main result is the solution of the recognition problem for weak resonance
as conditions on the coefficients of the (q−1)-jet of (4.6). We observe that from Appendix B
follows that ℓ0(0) = h10(0) = 0 for ε = 0. Moreover, we avoid highly degenerate resonances
by imposing that γ0 6= 0.

Theorem 4.2.1 (Recognition conditions for (4.5)). Consider (4.5) and a corresponding
Poincaré-Takens reduction given in (4.6) with ℓ0(0) = 0 and γ0 6= 0.

1. For q ≥ 5 the family (4.5) exhibits non-degenerate weak resonance if ℓ1(0) 6= 0 and the
map

µ 7→ (Re(ℓ0(µ)), Im(ℓ0(µ))) (4.8)

is a submersion at µ = 0 requiring n ≥ 2. This bifurcation has codimension 2. In this
case the resonance set of (4.5) is the Cartesian product of Rn−2 and a planar (q−2)/2-
cusp (the boundary of an Arnol’d tongue). In particular, if n = 2 this resonance set is
locally diffeomorphic to the discriminant set of the family Fσ : C→ C given by

Fσ(z) = z
(
σ1 + iσ2 + |z|2

)
+ zq−1, (4.9)

where (σ1, σ2) ∈ R2. Parameter values on this discriminant set satisfy

σ2 = ±(−σ1)
q−2
2 +O(|σ1|q−2). (4.10)
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2. For q ≥ 7 the family (4.5) exhibits mildly degenerate weak resonance if ℓ1(0) = 0,
ℓ2(0) 6= 0 and the map

µ 7→ (Re(ℓ0(µ)), Im(ℓ0(µ)),Re(ℓ1(µ)), Im(ℓ1(µ))) (4.11)

is a submersion at µ = 0 requiring n ≥ 4. This bifurcation has codimension 4. In this
case the boundary of the resonance set of (4.5) is locally diffeomorphic to the Cartesian
product of Rn−4 and the discriminant set of the family Gσ,τ : C→ C given by

Gσ,τ (z) = z(σ1 + iσ2 + (τ1 + iτ2)|z|2 + |z|4) + zq−1, (4.12)

where (σ1, σ2, τ1, τ2) ∈ R4.

Proof. To prove Theorem 4.2.1 we first determine the boundary of the resonance set of (4.5),
i.e., the parameter values for which the number of local q-periodic points of the corresponding
Poincaré map changes. From [BGV07,BV08,Tak74a] it follows that this Poincaré map Pµ

is given by (4.2),

Pµ(y) = Ωp/q ◦N1
µ(y) +O(|y|q),

where Ωp/q is the rotation over 2πp/q around the origin. Moreover, N1
µ is the time-1-map of

Nµ, the vector field corresponding to the (q− 1)-jet of a Poincaré-Takens reduction of (4.5).

The boundary of the resonance set of Pµ is diffeomorphic to the discriminant set of Nµ. To
explain this we consider the (q−1)-jet of Pµ denoted by jq−1Pµ(y). If the conditions of The-
orem 4.2.1 are satisfied, then the resonance sets of Pµ and jq−1Pµ are locally diffeomorphic.
This is shown in Chapter 2 by applying Lyapunov-Schmidt reduction and Zq-equivariant
contact-equivalence singularity theory. Next, from (4.2) it follows that the q-periodic orbits
of jq−1Pµ are given by the zeros of Nµ, i.e.,

jq−1P q
µ(y) = y ⇔ Nµ(y) = 0.

Therefore, the boundary of the resonance set of Pµ is locally diffeomorphic to the discriminant
set of Nµ, the set of parameter values for which the number of zeros of Nµ changes.

It remains to show that the geometry of the discriminant set ofNµ is determined by the recog-
nition conditions stated in Theorem 4.2.1. In [BGV03] it is asserted that all generic families
of planar Zq-equivariant maps containing the same central singularity yield diffeomorphic
discriminant sets. Applying Zq-equivariant contact-equivalence singularity theory provides
semi-algebraic conditions, which such families (versal unfoldings) satisfy. For non-degenerate
and mildly degenerate central singularities these conditions are presented in Chapter 2 and
they are repeated in Theorem 4.2.1. Moreover, from Chapter 2 it follows that Fσ and Gσ,τ

are universal unfoldings, i.e., versal unfoldings with a minimum number of parameters (the
codimension) satisfying the recognition conditions of Theorem 4.2.1.
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Remarks 4.2.1.

1. A detailed study of the discriminant set of Gσ,τ is given in Chapter 3.

2. For completeness, we consider the strong resonances for q = 3 and q = 4 as well, since
these cases are also investigated for families of diffeomorphisms in Chapter 2.

For q = 3 the family (4.5) exhibits non-degenerate weak resonance if ℓ0(0) = 0, ℓ1(0) 6=
0, γ0 6= 0 and the map

µ 7→ (Re(ℓ0(µ)), Im(ℓ0(µ))) (4.13)

is a submersion at µ = 0 requiring n ≥ 2. This bifurcation is of codimension 2. If (4.5)
satisfies the latter conditions, then the family has one subharmonic of order 3 for all
parameter values near µ = 0.

For q = 4 the family (4.5) exhibits non-degenerate weak resonance if ℓ0(0) = 0, the
modulus (see [GSS85]) a = |ℓ1(0)/γ0| 6= 0, 1 and the map

µ 7→ (Re(ℓ0(µ)), Im(ℓ0(µ)),Re(ℓ1(µ))) (4.14)

is a submersion at µ = 0 requiring n ≥ 3. This bifurcation is of codimension 3. If the
latter conditions are satisfied and if 0 < a < 1 or a > 1, then the boundary of the
resonance set is diffeomorphic to the Cartesian product of R

n−3 and the discriminant
set of the family Hσ,τ : C→ C given by

Hσ,τ (z) = z
(
σ1 + iσ2 + (a+ τ)|z|2

)
+ z3, (4.15)

where (σ1, σ2, τ) ∈ R3.

3. The universal unfolding Gσ,τ given in (4.12) contains a central singularity of codi-
mension 4. Bifurcations subordinate to this singularity are of lower codimension. A
question then is whether the theory of Dumortier et al. [DRSZ91], which deals with
3-parameter versal unfoldings, applies here. This is not the case for bifurcations of the
central equilibrium at z = 0 of Gσ,τ , since the unfoldings in [DRSZ91] do not have any
symmetry. However, we conjecture that bifurcations subordinate to a central bifur-
cation corresponding to a nilpotent 1-jet, see [DRSZ91], do occur for the non-central
local equilibria of Gσ,τ , which are at a distance

|y| = O(|µ|1/2)

from the origin. This is supported by the bifurcation diagrams in [DRSZ91] and Chap-
ter 3, which contain the same codimension 1 and codimension 2 bifurcations, like (de-
generate) Hopf bifurcations, Bogdanov-Takens bifurcations, heteroclinic bifurcations
and homoclinic bifurcations.
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Dynamics near resonant HNS bifurcation points. We recall that if the degeneracy
of a resonant HNS bifurcation of the family (4.1) is given, then besides the local geometry
of the resonance set also the local bifurcation diagram is approximately determined. More
specifically, from Chapter 1 and 3 it follows that Fσ given in (4.9) and Gσ,τ given in (4.12)
are normal forms for the (q − 1)-jet of the Poincaré-Takens reduction given in (4.6) in the
non-degenerate and mildly degenerate case, respectively. The local dynamical phenomena,
e.g., saddle-node and Hopf bifurcations, of these normal forms translate one-to-one to corre-
sponding features of the Poincaré map of (4.1), see [Arn82,GH83,Kuz95]. However, global
phenomena, i.e., heteroclinic and homoclinic connections, are generically not preserved, since
these depend also on the O(|z|q) terms in (4.2). We expect that these connections are gener-
ically replaced by heteroclinic and homoclinic tangles [Arn82,GH83,Kuz95,Kra94,Tak74a].

The local bifurcation diagram of ż = Fσ(z) is discussed in Chapter 1, where it is also
displayed in Figure 1.2. A detailed bifurcation analysis of the mildly degenerate case is
presented in Chapter 3.

4.3 Case studies

Duffing-Van der Pol oscillator We apply Theorem 4.2.1 to a periodically forced gener-
alized Duffing-Van der Pol oscillator given in (4.3) and rewritten here in system form,






u̇ = v,
v̇ = −(ν1 + ν3u

2)v − ν2u− ν4u
3 − u5 + ε(1 + u6) cos(2πt),

ṫ = 1,
(4.16)

where (u, v, t) ∈ R2×R/Z and ε is a small positive real constant. The real parameters of the
system are ν1, ν2, ν3 and ν4. Notice that if the t-component of the latter system is excluded,
then (4.16) has an equilibrium at (u, v) = (0, 0) for ε = 0. Hence, the Poincaré map of (4.16)
has a fixed point at (u, v) = (0, 0) +O(ε) for ε 6= 0, cf. Section 4.1.

We focus on 1 : 7-resonance in the Duffing-Van der Pol system, since this situation corre-
sponds to the lowest q for which both non-degenerate and mildly degenerate weak resonance
occur. The result is given in the following proposition.

Proposition 4.3.1 (Solution of recognition problem for the Duffing-Van der Pol system for
q = 7). Consider the system given in (4.16) and the fixed point (u, v) = (0, 0) + O(ε) of a
corresponding Poincaré map.

1. System (4.16) undergoes a non-degenerate 1 : 7-resonant HNS bifurcation for the fol-
lowing set of codimension 2:

{
ν ∈ R

4 | ν1 = 0, ν2 = 4
49
π2, ν2

3 + ν2
4 6= 0

}
. (4.17)

In this case, the boundary of the resonance set is locally diffeomorphic to the Cartesian
product of a planar 5/2-cusp and R2.
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2. System (4.16) undergoes a mildly degenerate 1 : 7-resonant HNS bifurcation for the
following set of codimension 4:

{
ν ∈ R

4 | ν1 = 0, ν2 = 4
49
π2, ν3 = 0, ν4 = 0

}
. (4.18)

In this case, the boundary of a resonance set is locally diffeomorphic to the discriminant
set of

Gσ,τ = z(σ1 + iσ2 + (τ1 + iτ2)|z|2 + |z|4) + z6,

where (σ1, σ2, τ1, τ2) ∈ R4.

Remarks 4.3.1.

1. Throughout this chapter recognition conditions, like (4.17) and (4.18), are computed
up to order O(ε), see the corresponding proofs.

2. From Section 4.2, it follows that the bifurcation diagram of the forced Duffing-Van
der Pol system is (approximately) known near the parameter values corresponding to
resonant HNS bifurcations given in Proposition 4.3.1.

3. If the terms of degree 5 and 6 in u are removed from (4.16), then the parameter
value (ν1, ν2, ν3, ν4) = (0, 4

49
π2, 0, 0) would correspond to a more degenerate central

bifurcation, than the mildly degenerate case discussed in the current work.

4. We also consider a 1 : 5-resonance to demonstrate the q-dependence of the recognition
conditions. The fixed point (u, v) = (0, 0) + O(ε) of a Poincaré map of system (4.16)
undergoes a non-degenerate 1 : 5-resonant HNS bifurcation for the following set of
codimension 2:

{
ν ∈ R

4 | ν1 = 0, ν2 = 4
25
π2, ν2

3 + ν2
4 6= 0

}
. (4.19)

In this case, the boundary of the resonance set is locally diffeomorphic to the Cartesian
product of a 3/2-cusp and R

2.

Proof. A proof of Proposition 4.3.1 and the latter remark consists of three steps:

1. Resonant Hopf points of the unperturbed part (ε = 0) of the first two components of
the family given in (4.16) need to be determined, since these correspond to resonant
HNS points of the full family given in (4.16), see [BV08];

2. For parameter values near resonant Hopf points the family has to be transformed to
the form (4.5) in order to apply Theorem 4.2.1;

3. Theorem 4.2.1 is applied to determine the degeneracy of the bifurcation points obtained
in the first step.
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Beginning with the first step, we determine a Hopf stratum for the unperturbed part (ε = 0)
of the (u, v)-components of the Duffing-Van der Pol system. To be precise, we focus on the
following system,

{
u̇ = v,
v̇ = −(ν1 + ν3u

2)v − ν2u− ν4u
3 − u5.

(4.20)

For parameter values on a Hopf stratum the trace of the linear part of the system at an
equilibrium vanishes, while the corresponding determinant is positive [BV08]. Considering
the equilibrium (u, v) = (0, 0) leads to the 3-dimensional Hopf stratum given by

{
ν ∈ R

4 | ν1 = 0, ν2 6= 0, ν3 ∈ R, ν4 ∈ R
}
. (4.21)

For these parameter values the eigenvalues of the unperturbed system at (u, v) = (0, 0) are
given by

λ± = ±i√ν2. (4.22)

If we assume that ν2 ≥ 0, then λ± can take any value on the imaginary axis. We focus on
a HNS bifurcation of the system (4.16) near the following two 2-dimensional sets of Hopf
points:

{
ν ∈ R

4 | ν1 = 0, ν2 = 4
25
π2, ν3 ∈ R, ν4 ∈ R

}

and

{
ν ∈ R

4 | ν1 = 0, ν2 = 4
49
π2, ν3 ∈ R, ν4 ∈ R

}
,

which by (4.1) and (4.22) correspond to a 1 : 5- and a 1 : 7-weak resonance, respectively.

We continue with the second step, i.e., system (4.16) needs to be transformed to the
form (4.5). This requires three transformations: First, we identify R2 with C by the map

(u, v) 7→ (z, z̄) = (u+ iv, u− iv).

Then, we apply a linear transformation ensuring the linear part of the system at (u, v) =
(0, 0) + O(ε) is in Jordan normal form. Finally, a transformation depending 1-periodically
on t is applied to ensure that the forcing is O(|z|). As these transformations correspond to
lengthy straightforward computations, they are omitted here. For more information we refer
to [BV08], where a detailed explanation of the required computations is given.

We end with the third step. Once system (4.16) is brought into the form (4.5), the coefficients
of the (q − 1)-jet of the corresponding Poincaré-Takens reduction are easily deduced from
the expressions in Appendix B. The result is that the coefficients ℓm for m = 0, 1, 2 of the
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reduced family corresponding to (4.16) are given by

ℓ0(ν) = −ν1

2
− iν̃2

2
√

(ν2)0

+O(|ν1 + iν̃2|2, ε), (4.23)

ℓ1(ν) =
1

2(ν2)0 − 2

(
ν3 −

3iν4√
(ν2)0

)
+O(ν1, ν̃2, ε), (4.24)

ℓ2(ν) =
5i

((ν2)0 − 1)2
√

(ν2)0

+O(ν1, ν̃2, ν3, ν4, ε), (4.25)

where ν̃2 = ν2− (ν2)0 and where (ν2)0 = 4π2

25
or (ν2)0 = 4π2

49
depending on whether a 1 : 5- or

1 : 7-resonance is considered, respectively. For q = 5 the coefficient γν is given by

γν = εc0
(
c1ν

2
3 + c2ν3ν4 + c3ν

2
4 +O(ν1, ν̃2, |ν3 + ν4|3, ε)

)
, (4.26)

with

c0 =
1

64
(√

(ν2)0 − 1
)(√

(ν2)0 + 1
)5

(ν2)0 ((ν2)0 − 4π2)
,

c1 = i
(
−(ν2)

2
0 + (10 + 12π)(ν2)

3/2
0 + (1− 2π)(ν2)0

+(6− 20π)
√

(ν2)0 + 2π
)
,

c2 =
(
−5(ν2)

2
0 + (47− 34π)(ν2)

3/2
0 + (5− 10π)(ν2)0

+(17− 94π)
√

(ν2)0 + 10π
)
,

c3 =3i ((−11 + 10π)(ν2)0 + 22π − 5) ,

where (ν2)0 = 4
25
π2. For q = 7 the coefficient γν is given by

γν = −
iε
(√

(ν2)0 + 1
)

4
(√

(ν2)0 − 1
)6√

(ν2)0

+O(ν1, ν̃2, ν3, ν4, ε
2), (4.27)

where (ν2)0 = 4
49
π2. For small ε the latter coefficients of the Poincaré-Takens reduction

of (4.16) combined with Theorem 4.2.1 result in Proposition 4.3.1.

Volterra-Lotka system Here we consider the generalized Volterra-Lotka system given
in (4.4), i.e.,





u̇ = u (−κ1(1− u) + 1− v − κ3(1− v)3 + ε cos(2πt)) ,
v̇ = v (−κ2(1− u) + κ4(1− v)3) ,
ṫ = 1,
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where (u, v, t) ∈ R2×R/Z and ε is a small positive real constant. The real parameters of the
system are given by κ1, κ2, κ3 and κ4. Applying the results of Section 4.2 yields the following
proposition for 1 : 7-resonant HNS bifurcations.

Proposition 4.3.2 (Solution of recognition problem for the Volterra-Lotka system for
q = 7). Consider the system given in (4.4) and the fixed point (u, v) = (1, 1) + O(ε) of
a corresponding Poincaré map.

1. System (4.4) undergoes a non-degenerate 1 : 7-resonant HNS bifurcation for the fol-
lowing set of codimension 2:




κ ∈ R
4 | κ1 = 0, κ2 = 4

49
π2, κ2

3 +

(
κ4 −

(2π − 7)3 (4π2 + 49)

106π (2π + 7)3

)2

6= 0




 . (4.28)

In this case, the boundary of the resonance set is locally diffeomorphic to the Cartesian
product of a planar 5/2-cusp and R2.

2. System (4.4) undergoes a mildly degenerate 1 : 7-resonant HNS bifurcation for the
following set of codimension 4:

{
κ ∈ R

4 | κ1 = 0, κ2 = 4
49
π2, κ3 = 0, κ4 =

(2π − 7)3 (4π2 + 49)

106π (2π + 7)3

}
(4.29)

In this case, the boundary of a resonance set is locally diffeomorphic to the discriminant
set of Gσ,τ given in (4.12).

Proof. We prove Proposition 4.3.2 by applying the same steps as given in the beginning of
the proof of Proposition 4.3.1.

So starting with the first step, we determine a Hopf stratum of the unperturbed part (ε = 0)
of the (u, v)-components of the Volterra-Lotka system. More precisely, we focus on

{
u̇ = u (−κ1(1− u) + 1− v + κ3(1− v)3) ,
v̇ = v (−κ2(1− u) + κ4(1− v)3) .

(4.30)

Considering the equilibrium (u, v) = (1, 1) leads to the 3-dimensional Hopf stratum given by

{κ ∈ R
4 | κ1 = 0, κ2 6= 0, κ3 ∈ R, κ4 ∈ R}. (4.31)

For these parameter values the eigenvalues of the system at (u, v) = (1, 1) are given by

λ± = ±i√κ2. (4.32)

We focus on a HNS bifurcation of the system (4.4) near the following 2-dimensional set of
Hopf points:

{κ ∈ R
4 | κ1 = 0, κ2 = 4

49
π2, κ3 ∈ R, κ4 ∈ R},
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which by (4.32) and (4.1) corresponds to a 1 : 7-weak resonance.

We continue with the second step. This requires four transformations: First, we translate
the point (u, v) = (1, 1) + O(ε) to the origin. The next three transformations are the same
as in the proof of Proposition 4.3.1. Since these transformations correspond to lengthy
straightforward computations, they are again omitted here.

We end with the third step, the (q − 1)-jet of the Poincaré-Takens reduction of (4.4). The
result is that the coefficients ℓm for m = 0, 1 are given by

ℓ0(κ) = κ1 +
i

2
√

(κ2)0

κ̃2 +O(ε), (4.33)

Re(ℓ1(κ)) = −

(√
(κ2)0 − 1

)2√
(κ2)0((κ2)0 + 1)

6
(√

(κ2)0 + 1
)4

+
3(κ2)0

2((κ2)0 − 1)
κ4 +O(κ1, κ̃2, ε), (4.34)

Im(ℓ1(κ)) = − 3(κ2)
3/2
0

2− 2(κ2)0

κ3 +O(κ1, κ̃2, ε), (4.35)

where κ̃2 = κ2− (κ2)0 with (κ2)0 = 4
49
π2. Concerning the recognition conditions, we observe

that ℓ0(κ) = O(ε) and ℓ1(κ) = O(ε) if

κ1 = κ̃2 = κ3 = 0 and κ4 = (κ4)0 =

(√
(κ2)0 − 1

)3

((κ2)0 + 1)

9
(√

(κ2)0 + 1
)3√

(κ2)0

and that Re(ℓ1(κ)) is linear in κ̃4 = κ4 − (κ4)0. Next, we provide ℓ2 near parameter values
for which ℓm(κ) = O(ε) with m = 0, 1:

ℓ2(κ) =

√
(κ2)0

108
(√

(κ2)0 + 1
)12(5(κ2)

6
0 + (32 + 4i)(κ2)

11/2
0

+ 14(κ2)
5
0 + (160− 36i)(κ2)

9/2
0 + (251− 64i)(κ2)

4
0

+ (448− 40i)(κ2)
7/2
0 + 484(κ2)

3
0 + (448 + 40i)(κ2)

5/2
0

+ (251 + 64i)(κ2)
2
0 + (160 + 36i)(κ2)

3/2
0 + 14(κ2)0

+ (32− 4i)
√

(κ2)0 + 5) +O(κ1, κ̃2, κ3, κ̃4, ε). (4.36)

The coefficient γκ is given by

γκ = ε(−83.2 + 141.2i) +O(ε2) (4.37)
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for κ = (0, (κ2)0, 0, (κ4)0). Here we explicitly use that (κ2)0 = 4
49
π2, since the expression of

γκ in terms of (κ2)0 is very long. For small ε the latter coefficients of the Poincaré-Takens
reduction of (4.4) combined with Theorem 4.2.1 result in Proposition 4.3.2.

4.4 Poincaré-Takens reduction

Methods for bringing continuous dynamical systems into polynomial normal form are well-
known from the literature, see, e.g., [Kuz95,Tak74a]. These procedures transform the ex-
pression generating the dynamical system into ‘as simple a form as possible’. In this section
we present a fine-tuned version of Poincaré-Takens reduction, such that the reduced form
provides additional information concerning the occurrence of non-degenerate and mildly
degenerate resonance subordinate to Hopf-Nĕımarck-Sacker bifurcations [BV08]. The Lie-
series method turns out to be an appropriate tool in this context. We first present the key
properties of this approach.

4.4.1 Lie series based normal form algorithm.

We start with Lie series expansions for autonomous planar vector fields. For nonnegative
integers m, we denote the space of vector fields of homogeneous degree m by Hm and the
space of vector fields with vanishing derivatives up to and including order m at the origin
by Fm. Consequently, we have that Fm =

∏
k≥mHk.

Proposition 4.4.1 (Lie series expansion [BGV07,BV08]). Let X and Y be planar vector
fields, where X is of the form

X = X(1) +X(2) + · · ·+X(N) modFN+1, (4.38)

with X(n) ∈ Hn and Y ∈ Hm. Let Yt, with t ∈ R, be the one-parameter group generated by
Y , and let X t = (Yt)⋆(X). Then,

X t =X +

N∑

n=1

⌊N−n
m−1

⌋∑

k=1

(−1)k

k!
tkad(Y )k(X(n)) modFN+1. (4.39)

Proof. To obtain the Taylor series of X t with respect to t in t = 0, we use the identity

∂

∂t
X t = [X t, Y ] = − ad(Y )(X t).

This relation implies that

∂k

∂tk
X t = (−1)k ad(Y )k(X t).
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Hence, the formal Taylor series of X t is given by

X t =
∑

k≥0

1

k!
tk
(
∂k

∂tk
X t

)∣∣∣∣
t=0

=
∑

k≥0

1

k!
tk ad(Y )k(X).

Since Y ∈ Hm, the operator ad(Y )k increases the degree of each term in its argument by
k(m− 1). As the terms of lowest order in X are linear, we have that

ad(Y )k(X) = 0 modFN+1,

if 1 + k(m− 1) > N . Hence,

X t =

⌊N−1
m−1

⌋∑

k=0

1

k!
tk ad(Y )k(X) modFN+1. (4.40)

Since ad(Y )k(X(n)) ∈ Hn+k(m−1), so

ad(Y )k(X(n)) = 0 modFN+1

for k > N−n
m−1

. Therefore, relation (4.40) can be simplified to (4.39).

Next we consider a vector field X having a singular point with semi-simple linear part S.
Our goal is an iterative algorithm bringing X into normal form to some prescribed order N .

Lemma 4.4.1 (Normal form lemma [Tak74b]). The vector field X can be brought into the
normal form

X = S +G(2) +G(3) + · · ·+G(N) modFN+1, (4.41)

for all m ≥ 2, where G(n) ∈ Hn belongs to ker ad(S).

The transformation bringing X to normal form is given by time-1-maps of vector fields in
Hm ∩ im ad(S), where m ∈ {2, . . . , N}, that consecutively bring the homogeneous part of
order m of X in normal form. In the next algorithm, which provides a proof for the latter
lemma, the procedure is explained more precisely. We note that this algorithm yields an
explicit method for computing the normal form of a vector field to any prescribed order.

Algorithm 4.4.1. (Normal form algorithm [BGV07,BV08])
Input: N ∈ N, S ∈ H1 and semi-simple, X(n) ∈ Hn, with n ∈ N>1, such that

X = S +

N∑

n=2

X(n).
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for m = 2 to N do
// Bring X(m) into normal form.
Determine G(m) ∈ Hm ∩ ker ad(S) and B(m) ∈ Hm ∩ im ad(S), such that

X(m) = G(m) +B(m).

Determine Y ∈ Hm ∩ im ad(S), such that the homological equation is
satisfied, i.e.,

ad(S)(Y ) = −B(m).

// Compute terms of order m+ 1, . . . , N of transformed vector field.
for n = 2 to N do
for k = 2 to ⌊N−n

m−1
⌋ do

X(n+k(m−1)) ← X(n+k(m−1)) +
(−1)k

k!
ad(Y )k(X(n))

end

4.4.2 Application of normal form algorithm to periodic systems

Periodic systems. We aim to apply the above normal form algorithm to planar systems
depending periodically on time. These systems can be identified with vector fields on R

2 ×
R/Z of the form

X = X1
∂

∂x1

+X2
∂

∂x2

+X3
∂

∂t
. (4.42)

As usual in this situation we identify R2 with C by associating (x1, x2) ∈ R2 with z =
x1 + ix2 ∈ C. As a result (4.42) becomes a vector field on C×R/Z, of the form

X = XR

∂

∂z
+XR

∂

∂z̄
+XS

∂

∂t
, (4.43)

where XR = X1 + iX2 and XS = X3.

Lemma 4.4.2 ( [BV08,BGV07]). Vector fields of the form (4.43) form a Lie-subalgebra of
the algebra of all vector fields on C×R/Z, i.e., the vector fields X and Y on C×R/Z satisfy

[X, Y ] = 〈X, Y 〉R
∂

∂z
+ 〈X, Y 〉

R

∂

∂z̄
+ 〈X, Y 〉S

∂

∂t
,

where the bilinear antisymmetric forms 〈·, ·〉R and 〈·, ·〉S are defined by

〈X, Y 〉R = X(YR)− Y (XR) (4.44)

and

〈X, Y 〉S = X(YS)− Y (XS). (4.45)
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There is another property of the systems considered in this chapter, which we have not
used yet: The vector field S corresponding to the linear part of (4.1) at a resonant HNS
bifurcation point is of the form

S = iω(z
∂

∂z
− z̄ ∂

∂z̄
) +

∂

∂t
, (4.46)

where ω = 2πp/q. To apply Lemma 4.4.1, with S as in (4.46) we need the following lemma.

Lemma 4.4.3 (The action of ad(S) on Hm [BV08,BGV07]). The operator ad(S), associated
with (4.46), leaves the subalgebra of vector fields with zero ∂

∂t
-component invariant. The

restriction of this operator to Hm is semi-simple, i.e., for m ≥ 2 there is the decomposition

Hm = ker ad(S) ∩Hm + im ad(S) ∩Hm. (4.47)

Let G(m) : Hm → ker ad(S)∩Hm be the canonical projection operator, then for a vector field
X with XR given by

XR = iωz +
∑

2≤j+k≤N

fjk(t)z
j z̄k, (4.48)

where fkl is 1-periodic with Fourier coefficients cn(fkl), we obtain

G(m)(X)R =
∑

k

c(m+1−2k)p/q(fk m−k)e
i(2k−m−1)ωtzk z̄m−k, (4.49)

where k ranges over the index set {k | 0 ≤ k ≤ m and (2k −m− 1)p/q ∈ Z}.

Proof. If XS = 0, then 〈S,X〉S = 0, so ad(S) leaves the subspace of vector fields with zero
∂
∂t

-component invariant. Furthermore, a straightforward computation shows

ad(S)(XR) =
m∑

k=0

c(m+1−2k)ω(fk)e
2πi(2k−m−1)ωtzk z̄m−k.

Therefore, ad(S)(X) = 0 if and only if iω(2k −m − 1)fk(t) + f ′
k(t) = 0 for 0 ≤ k ≤ m. If

ω(2k −m − 1) /∈ Z, the only 1-periodic solution is fk = 0. If ω(2k −m − 1) ∈ Z, then a
1-periodic solution is of the form fk(t) = fk(0)e2πiω(m+1−2k)t. Therefore, the kernel of ad(S)
consists of all vector fields X with real part belonging to the space

Span{e2πiω(m+1−2k)tzkz̄m−k | 0 ≤ k ≤ m and (2k −m− 1)ω ∈ Z}.

A straightforward computation shows that X −Gm(X) ∈ im ad(S). So Gm gives rise to the
splitting (4.47), implying ad(S) is semi-simple.
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Basis of ker ad(S) G(m)(X)R

0 ≤ m < q − 1, m even ∅ 0
0 ≤ m < q − 1, m = 2n+ 1 {Y 0} with Y 0

R
= z|z|2n c0(fn+1)Y

0
R

m = q − 1, m even {Y 1} with Y 1
R

= z̄q−1e2πipt c−p(fq−1)Y
1

R

m = q − 1 = 2n+ 1 {Y 0, Y 1} with Y 0
R

= z|z|2n c0(fn+1)Y
0

R
+

and Y 1
R

= z̄q−1e2πipt c−p(fq−1)Y
1

R

Table 4.1: The basis for the kernel of ad(S) : Hm → Hm for 0 ≤ m ≤ q−1 in case ω = 2πp/q
and the projection G(m)(X) ∈ ker ad(S), where XR is given by

∑m
k=0 fk(t)z

kz̄m−k.

Normal form algorithm for periodic systems. Here we apply Algorithm 4.4.1 using
the latter lemma, which results in the following theorem.

Theorem 4.4.1 ( [BV08,BGV07]). Let X = XR
∂
∂z

+XR
∂
∂z̄

+ ∂
∂t

be determined by

XR =(iω + h10(µ))z +

q−1∑

j+k=2

hjk(µ)zj z̄k

+ ε

q−1∑

j+k=1

Hjk(t;µ)zj z̄k +O(|z|q), (4.50)

where ω = 2πp/q, h10(0) = 0, µ ∈ Rn is a multiparameter, ε is a small positive real constant
and Hjk and the order O(|z|q) terms are 1-periodic in t; Moreover, the central bifurcation of
the family occurs near µ = 0. The corresponding normal form is given by

XR = iωz + z

⌈ q−3
2

⌉∑

k=0

ℓk(µ)|z|2k + γµe
2πiptzq−1 +O(|z|q), (4.51)

where the order O(|z|q) terms are still 1-periodic in t and the dependence on the constant ε
is not explicitly indicated.

Proof. The expression for the normal form (4.51) immediately follows from Table 4.1. As
we are also interested in explicitly obtaining the form (4.51) starting from a family of the
form (4.50), we expand on the required transformations. To separate the contribution of
hjk and Hjk to the normal form and normal form transformation, we split the normal form
algorithm in two successive steps. The first step consists of normalizing the unperturbed
system and the second step consists of normalizing the resulting partially normalized per-
turbed system. It turns out that to determine explicit expressions for ℓk(µ) + O(ε) and
γ0 + O(ε2) only explicit expressions for the transformations performed in the first step are
required [BV08]. Therefore, we provide a version of Algorithm 4.4.1 that performs the first
step and makes explicit use of the properties of the unperturbed part of (4.50).
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Algorithm 4.4.2. (Normal form algorithm for unperturbed part of (4.50))
Input: S = iω(z ∂

∂z
− z̄ ∂

∂z̄
) + ∂

∂t
, with ω = 2πp/q, and X(n) =

∑n
k=0 hk n−kz

k z̄n−k with
2 ≤ n ≤ q − 1, such that

XR = iωz +

q−1∑

n=2

X(n) (4.52)

for m = 2 to q − 1 do
Compute solution of homological equation given by Y = YR

∂
∂z

+ Y R
∂
∂z̄

determined by

YR =
∑

k

ihk m−k

ω(2k −m− 1)
zkz̄m−k, (4.53)

where k runs over the index set

{k | 0 ≤ k ≤ m and k 6= m+ 1

2
if m odd}.

// Compute terms of degree m+ 1, . . . , q − 1 of transformed vector field.
for n = 2 to q − 1 do
for k = 2 to ⌊ q−n−1

m−1
⌋ do

X(n+k(m−1)) ← X(n+k(m−1)) +
(−1)k

k!
ad(Y )k(X(n))

end

Applying the transformations of the latter algorithm to (4.50) gives the following vector field

X̃R =(iω + ν1 + iν2)z + z

⌈ q−3
2

⌉∑

k=1

ℓ̃k(µ)|z|2k

+ ε

q−1∑

j+k=1

H̃jk(t;µ)zj z̄k +O(|z|q), (4.54)

uniformly in (µ, t). Normalizing X̃R only changes the contribution of order O(ε) and O(ε2)
terms in ℓk(µ) and γ0, respectively, which straightforwardly follows from Algorithm 4.4.1
with S as in (4.46), see [BV08].

We recall that explicit expressions for ℓ1(µ) and ℓ2(µ) are given in Appendix B. Further-
more, by the latter proof the transformations normalizing (4.54) do not change γ0, which is

therefore given by the coefficient of e2πipt in the Fourier expansion of H̃0 (q−1)(t; 0), i.e.,

γ0 = ε

∫ 1

0

e−i2πptH̃0 (q−1)(t; 0)dt. (4.55)

Using Algorithm 4.4.2 expressions for H̃0 (q−1)(t; 0) are obtained straightforwardly. The result
is presented in Appendix B.
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4.4.3 Van der Pol transformation and covering spaces

Poincaré-Takens reduction consists of the successive application of the Lie-series based nor-
mal form algorithm given in Section 4.4.2 and a Van der Pol transformation [BV92]. The
reason to apply the latter transformation is that our interest, the subharmonics of order
q of the family given in (4.51) correspond to q-periodic orbits of the Poincaré time-1-map
Pµ : C → C. These periodic orbits near the fixed point of Pµ are brought into a one-to-
one correspondence with local equilibria of a system on a q-sheeted cover of the phase space
C×R/Z via the Van der Pol transformation. This transformation corresponds to a q-sheeted
covering Π : C×R/(qZ)→ C× R/Z given by

Π : (z, t) 7→ (ze2πitp/q, tmod 1)) (4.56)

with cyclic Deck group of order q generated by

(z, t) 7→ (ze2πip/q, t− 1).

As a result we obtain the following lemma.

Lemma 4.4.4 (Poincaré-Takens reduced system [BGV07,BV08]). The Van der Pol trans-
formation ζ = ze−2πitp/q lifts the vector field (4.51) to the Poincaré-Takens reduced vector
field Z = ZR

∂
∂ζ

+ ZR
∂
∂ζ

+ ∂
∂t

determined by

ZR = ζ

⌈ q−3
2

⌉∑

k=0

ℓk(µ)|ζ |2k + γµζ
q−1

+O(|ζ |q) (4.57)

on the covering space C×R/(qZ), where the terms of order O(|ζ |q) are q-periodic in t. Next,
consider the autonomous system

ζ̇ = ζ

⌈ q−3
2

⌉∑

k=0

ℓk(µ)|ζ |2k + γµζ
q−1

, (4.58)

which is the system corresponding (4.57) modulo terms of order O(|ζ |q). If the vector field
corresponding to (4.58) is called Nµ, then the Poincaré map of (4.51) near z = 0 is given by

Pµ(z) = Ωp/q ◦N1
µ(z) +O(|z|q), (4.59)

where Ωp/q is a rotation over 2πp/q around the origin and N1
µ is the time-1-map of Nµ.

4.5 Conclusion and future work

The main aim of the current chapter is presenting a novel practical procedure to detect non-
degenerate or mildly degenerate Hopf-Nĕımarck-Sacker bifurcations in families of periodically
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forced oscillators. In particular, the mildly degenerate situation forms a ‘next case’ in the
general program to recognize bifurcations, cf. [Kuz95]. We also explain how recognition
conditions for HNS families determine the local geometry of the resonance set attached to
a central resonant HNS bifurcation point. Moreover, a skeleton for the local dynamics is
provided via normal forms for Poincaré-Takens reduced planar vector fields, see Chapter 3.
As an illustration, the results are applied in case studies.

An interesting extension of the current chapter is formulating the recognition conditions for
families of vector fields in Rk, where k ≥ 3, cf. [Kuz95]. Furthermore, higher degeneracies
could be studied.




