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3. The Monte-Carlo modelling of the
6Li(4He,π0)10B∗ reaction

3.1 Introduction

The determination of experimental cross sections requires a careful examination of the
experimental limitations of the detector acceptances. The kinematical phase-space pop-
ulations have to be calculated and integrated over the same phase-space of the accepted
experimental data. It is difficult to perform analytic calculations since the boundaries of
the experimental setup and the detector acceptances are difficult to express analytically.
Therefore, we decided to approach the problem by Monte-Carlo simulation of the relevant
processes. The numerically implemented model involves different steps as schematically
depicted in Fig. 3.1.

Sections 3.2 and 3.3 discuss the computational technique used to calculate the two-
body phase-space for the 6Li(4He,π0)10B∗ reaction. This part is referred to in the figure
as “2-body event generator”. The output of the two-body event generator which is shown
in the figure as “4-momenta and weight (WT)” was used for the further steps of the nu-
merical calculation. The next step would be to select only events in a certain kinematical
range. Since we have analysed the data in the full angular and energy ranges of the pro-
duced π0 and 10B, this step was not applied in the numerical calculation. In addition,
although the solid angle of the experimental setup is large (see Chapter 4), its limited ac-
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Figure 3.1: Schematic sketch of the Monte-Carlo model implementation used for the kinematical

calculations and efficiency evaluation of the experimental setup. For a description see the text.
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34 Chapter 3: The Monte-Carlo modelling of the 6Li(4He,π0)10B∗ reaction

ceptance (see Section 5.6) suggests the introduction of the boundaries of the experimental
setup in this step of the calculation. This part is referred to in Fig. 3.1 as “Kinemati-
cal constraints and geometrical boundaries”. Next, in Section 3.5 a description is given
how the generated Monte-Carlo events can be integrated over the phase-space of the ex-
perimental setup (“Monte-Carlo integral” in Fig. 3.1). In the last step, the kinematical
phase-space populations integrated over the same phase-space as the phase-space of the
accepted experimental data have been determined and used to correct the cross section
for the detector acceptances (“Acceptance of the experimental setup” in Fig. 3.1). This
part will be discussed in Chapter 5. Furthermore, the “Model implementation” and “Final
weights” will be discussed in Section 3.4, where it will be explained how a model can be
implemented and imposed on a generated Monte-Carlo event. Since up to now there is no
theoretical prediction available for the 6Li(4He,π0)10B∗ reaction, the processes indicated
in the dashed squares in Fig. 3.1 were not included in the calculations. In Section 3.6, the
results of the present numerical calculations will be discussed.

3.2 Two-body phase-space generator

A program including a Monte-Carlo event generator needs to be developed which can
produce the 6Li(4He,π0)10B∗ events in a random sequence. An obvious approach would
be to pick at random the momenta and directions for each of two outgoing particles (π0

and 10B), and to check whether energy and momentum conservation for the generated
particles is obeyed. Since in this simplistic approach the number of accepted events is
extremely small, and therefore a long CPU time is used to produce kinematically allowed
6Li(4He,π0)10B∗ events, this method is not efficient. Instead of this method, we used
GENBOD, an n-body phase-space generator program [52], which employs a more efficient
approach to generate kinematically allowed events. This part is referred as “2-body event
generator” in Fig. 3.1. Note that the n-body event generator (GENBOD) always picks
a kinematically allowed event, and therefore is extremely efficient in producing statistics
for Monte-Carlo simulations. Here, the method as used by GENBOD to integrate the
phase-space element is explained.

For the reaction of pa + pb = P → p1 + ...+ pn, the cross section can be calculated as:

σ =
1

F

∫ 4n

| Apj
|2 δ4(

n
∑

i=1

pi − P )

n
∏

j=1

δ(p2
j −m2

j )d
4pj , (3.1)

where F denotes the flux factor proportional to the momentum of the associated particles
and the dynamics of the reaction is given by the elements of the transition matrix A(pj) =
〈p1...pn|A|pa, pb〉. pa and pb are the 4-momenta of the interacting particles and p1, ...,
pn are the 4-momenta of the produced particles. The first δ function serves to conserve
4-momentum and the second one is to force all outgoing particles on their mass shells.
The integration is performed over the 4-momenta of the produced particles. By putting
∣

∣Apj

∣

∣

2
= 1 and F = 1, the resulting integral is called the phase-space integral and can be
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expressed as:

Rn(P ;m1...mn) =

∫ 4n

δ4(
n

∑

i=1

pi − P )
n

∏

j=1

δ(p2
j −m2

j )d
4pj . (3.2)

Splitting the first δ function

δ4(
n

∑

j=1

pj − P ) =

∫

δ4(
n

∑

j=l+1

pj − (P − Pl))δ
4(

l
∑

j=1

pj − Pl)d
4Pl, (3.3)

with Pl the 4-momentum of the l-body subsystem, one can derive the following important
splitting relation

Rn(P ;m1...mn) =

∫ 4n

Rn−l+1(P ;Ml,ml+1...mn)Rl(Pl;m1...ml)dM
2
l . (3.4)

Here Ml represents the invariant mass of the system of l particles with the 4-momentum
Pl. The conditions of the integration range for M2

l are

(
l

∑

i=1

ml)
2 ≤M2

l ≤ (Mn −
n

∑

i=l+1

mi)
2. (3.5)

Applying repeatedly the splitting relation, Eq. 3.4, and transforming dM2 to 2MdM , the
final form of the phase-space integral is derived

Rn =

∫

dMn−1...

∫

dM2

n−1
∏

i=1

2MiR2(Mi+1;Mi,mi+1), (3.6)

where the 2-body phase-space factor can be calculated as

R2(Mi+1;Mi,mi+1) =
2π

Mi+1

√

M2
i+1 + (

M2
i −m2

i+1

Mi+1
)2 − 2(M2

i +m2
i+1). (3.7)

Eq. 3.7 is the basic expression for the phase-space integral. By employing the splitting
relation Eq. 3.4, the n-body phase-space integral is replaced by a product of n-2 two-body
decays. The sequence of the allowed two-body decays is sketched in Fig. 3.2-(a). Mn is the
invariant mass of the system of n particles in their centre-of-mass frame. The two-body
phase-space factor is applied at the first vertex (A), to generate the particle with mass
mn. The remaining system of n-1 particles has the invariant mass Mn−1. The integrations
in Eq. 3.6 run over all possible masses Mn−1. Next, the two-body factor is applied at B,
producing the particle with mass mn−1 integrating over all possible masses Mn−2 and all
possible Mn−1. This is then repeated n-2 times. Figure 3.2-(b) shows the same algorithm
for a two-body phase-space integral to generate the 6Li(4He,π0)10B∗ reaction.

Each Mi is chosen to be independent of other vertices, within the condition defined by
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Figure 3.2: (a): The schematic representation of the algorithm used by the Monte-Carlo event

generator to evaluate the phase-space integral of an n-body system. This integral can be treated as

a sequential decay, where only the two-body phase-space factors need to be applied at vertices A,

B, etc. Mn generates mn and Mn−1. Mn−1 generates mn−1 and Mn−2 and this process continues

to produce m1. (b): the same algorithm for a two-body phase-space integral to generate the
6Li(4He,π0)10B∗ reaction.

Eq. 3.5. This condition is less restrictive than the physical limit given by

Mj−1 +mj ≤Mj ≤Mj+1 −mj+1, (3.8)

and therefore leads to many non-physical events making the integration less efficient and
time-consuming. The above condition implies interdependence of the integration bound-
aries. To stay independent of each other, the masses Mj can then follow this equation

Mj = rj(Mn −
n

∑

i=j+1

mi) +

j
∑

i=1

mj , (3.9)

where rj is a random number between zero and one, satisfying the restrictive condition,
Eq. 3.8, if the random numbers are in ascending order

0 < r1 < ... < rj < rj+1 < ... < rn−2 < 1. (3.10)

For a system of n particles, there are 3n observables, but the four equations resulting from
the energy and momentum conservation reduce the number of independent observables to
3n-4. Up to now only n-2 variables have been used as is shown in Eq. 3.10. The remaining
2n-2 variables are the two angular variables created at each vertex. They are chosen in
the rest frame of each invariant mass Mj at which R2 is evaluated in such a way that
an isotropic angular distribution is generated. This is obtained by choosing polar and
azimuthal angles in the rest frame uniformly in 0 ≤ φ ≤ 2π and 0 ≤ cos(2θ) ≤ 1. To
obtain a correct description of the event, one has to successively Lorentz-transform each
momentum into the rest frame of the group of particles preceding it each time the R2 is
evaluated.
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3.3 Phase-space weighting

Since GENBOD produces kinematically allowed events, the conservation laws are re-
spected. However, it should be mentioned that the n-body phase-space program for n > 2
does not produce events according to the expected phase-space population, which is the
consequence of the efficiency of this event generator. Each event has an associated phase-
space weight proportional to the value of the phase-space integral. To account for the
phase-space weight in each generated event, the corresponding phase-space density (WT)
is calculated by GENBOD as follows and should be applied by the user:

WT = W (Mn,mj) =
n−1
∏

i=2

MiR2(Mi+1;Mi,mi+1)R2(M2;m1,m2). (3.11)

In case of the 6Li(4He,π0)10B∗ reaction, only two-body events are generated. Since a two-
body phase-space is isotropic in angular space (angles in the rest frame of the vertex are
isotropic in cos(θ) and φ), GENBOD is efficient to produce two-body events according
to the expected phase-space distribution. Therefore, the phase-space density (WT) is
intrinsically applied for every 6Li(4He,π0)10B∗ event.

3.4 Phase-space and model implementation

According to Eq. 3.1, cross sections depend not only on the phase-space factors but also
on the squared amplitude of the matrix element | A |2. Therefore, the dependence of the
cross section σ on some kinematical parameters (for instance the centre-of-mass angle or
invariant mass) can be obtained as

dσ

dx
=

1

F

∫ 4n

| A |2 dR. (3.12)

In the Monte-Carlo method, instead of the integration, a discrete sum will be evaluated:

∆σ

∆x
=

1

F
lim

∆x→0

1

∆x

∑

i

| Ai |2 Ri. (3.13)

It is seen that the possibly complicated integration of Eq. 3.12 is replaced by a simple sum
in Eq. 3.13.

The value of the phase-space integral is calculated by GENBOD but in addition we
need to know the matrix element squared | Ai |2 of every evaluated event. Since | Ai |2
contains the reaction dynamics, this should be obtained from the theoretical calculations.
Because, up to now, there is no theoretical prediction available for the 6Li(4He,π0)10B∗

reaction, we were not able to produce the 6Li(4He,π0)10B∗ events by using the calculations
on the basis of a theoretical model. The purpose of the Monte-Carlo simulation in this
work is to study the kinematics of the reaction and to determine the detector response for
every generated event. In this way we were able to calculate the acceptance of the used
detector setup. The first application will be discussed in Section 3.6. For more information
about the second application see Section 5.6.
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Figure 3.3: (a): The angular distribution of 10B produced from the phase-space simulation of the
6Li(4He,π0)10B∗ reaction at an incoming energy of 236.4 MeV for the 4He beam. The laboratory

coordinate system is used. The dashed square represents the angular acceptance of the Big-Bite

Spectrometer (BBS window). Events inside the dashed square are accepted by the Big-Bite Spec-

trometer. (b): The kinematical locus (the polar angle of 10B versus the polar angle of π0) of the

pionic fusion process.

In case of producing events according to a theoretical model, the total weight for
each event can be obtained by a multiplication of the phase-space weight (WT) and the
theoretical weight (| Ai |2).

3.5 Monte-Carlo integration over the experimental setup

The next step after the phase-space event generation is to treat these events in exactly
the same way as the experimental data. The simulation was limited to the geometri-
cal acceptance and the energy thresholds of the experiment. Furthermore, as shown on
the lower side of Fig. 3.1 (“Kinematical constraints”), kinematically allowed events are
checked whether they satisfy certain threshold conditions. For these purposes, the de-
tector simulation package GEANT3 [53] was employed. Using GEANT3, the generated
events obtained by GENBOD were tracked through the simulated experimental setup.
The same selection criteria that were used on the variables of the measured data, have
been applied on the simulated data. The simulated and the experimental data were anal-
ysed in an identical way and the experimental acceptance was imposed on the generated
events (see Section 5.6). In Fig. 3.1, these steps are shown as “Monte-Carlo integral”
and “Acceptance of the experimental setup”. More than 150.000 events from a total of
1.000.000 generated events were accepted by the simulated experimental setup.
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Figure 3.4: The energy-angle locus. (a): The kinetic energy of the produced 10B plotted as

function of the 10B polar angle. (b): The kinetic energy of the produced π0 plotted as function of

the π0 polar angle in the phase-space simulation of the 6Li(4He,π0)10B∗ reaction.

3.6 Kinematical results for the 6Li(4He,π0)10B∗ reaction

In this section, the kinematical results for the 6Li(4He,π0)10B∗ reaction obtained by the
Monte-Carlo event generator are discussed. The results of the simulation including the
complete geometry of the experimental setup are compared with the measured results and
discussed in Chapters 5 and 6. Furthermore, the efficiencies of the detector setup obtained
by the Monte-Carlo simulation are discussed in Section 5.6.

Figure 3.3 presents the angular distribution of the products from the pionic fusion
reaction of 6Li(4He,π0)10B∗. In Fig. 3.3-(a), the maximum vertical and horizontal an-
gles of 10B represented in the laboratory coordinate system are 2◦ and 2.2◦, respectively.
The vertical and horizontal angles are defined as the projection of the angle in the y-z
plane and x-z plane, respectively, where the positive z-direction is the beam direction.
The acceptances of the Big-Bite Spectrometer (BBS), which was used to detect 10B (see
Section 4.7), in the horizontal and the vertical directions are 1.9◦ and 4◦, respectively.
The dashed line represents the BBS window. More than 86% of 10B particles enter the
Big-Bite Spectrometer (for more details see Section 5.6). Figure 3.3-(b) shows the locus
of θ10B versus θπ0 , i.e. the correlation between the polar angles of 10B and π0.

Figure 3.4-(a) and -(b) represents the energy-angle locus of 10B and π0, respectively.
The energy range of produced π0 in the phase-space simulation is 3 MeV < Eπ0 < 18 MeV
but 10B nuclei cover a higher range of energy: 87 MeV < E10B < 102 MeV.

Figure 3.5-(a) and -(b) shows the momentum distribution of the produced 10B and π0,
respectively, in the phase-space simulation of the 6Li(4He,π0)10B∗ reaction. The hatched
area in both figures corresponds to the remaining events after applying the acceptance of
the BBS window for 10B. After applying the geometrical acceptance of the full detector
setup, events in the first peak in the hatch-area shown in Fig. 3.5-(a) and the second peak
in the hatched area shown in Fig. 3.5-(a) will be diminished (see Section 5.4.4).
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Figure 3.5: (a) and (b) show the momentum distribution of the produced 10B and the produced

π0, respectively, in the phase-space simulation of the 6Li(4He,π0)10B∗ reaction. The hatched area

in both figures corresponds to the remaining events after applying the acceptance of the BBS

window for 10B.
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Figure 3.6: (a) and (b) represent the polar angle distributions of the produced π0 in the labo-

ratory system and the centre-of-mass system, respectively, from the phase-space simulation of the
6Li(4He,π0)10B∗ reaction. Events in the hatched area in both panels are the remaining events after

applying the acceptance of the BBS window for 10B.

In addition, the polar angle distributions of the produced π0 in the laboratory and
in the centre-of-mass systems from the phase-space simulation of the 6Li(4He,π0)10B∗

reaction are presented in Fig. 3.6-(a) and -(b), respectively. Events in the hatched area in
both panels of Fig. 3.6 are the remaining events after applying the acceptance of the BBS
window for 10B.




