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afterthoughts

The major part of my thesis focused on the dynamics of multispecies resource competi-

tion. In this final chapter I want to put my results in a broader context, looking ahead to

get an idea how they are affected if additional features are taken into account.

Ecological communities are highly complex, yet they also display consistent spatial and

temporal patterns that seem to be quite robust, independent of many details. An example is

Damuth’s (1981) rule that population density N tends to be inversely proportional to body

mass w to the power of −3/4: N ∝ w−3/4. Another example is the empirical law that the

number S of species found in an area of size A tends to obey a power law S ∝ Az where z

is a scaling exponent (MacArthur and Wilson, 1967). It is a major challenge to understand

these empirical laws in terms of ecological mechanisms.

Physics provide us with examples on how such understanding can be achieved. My fa-

vorite example is the ideal gas theory. Empirical observation reveals under low pressures

the pressure P, volume V and temperature T of a gas are related by the ideal gas law

PV = nRT , in which n is the number of moles of gas and R is the universal gas constant.

One mole is 6.02 × 1023 molecules, a quantity that dwarfs the number of individuals in

ecological communities. How does the dance of a virtually infinite number of molecules

results in the gas law? In physical theory, an answer is given by a surprisingly simple

model that considers a gas as a huge collection of point particles that encounter randomly

and exchange energy in elastic collisions (Halliday and Resnick, 1974). Real interactions

between these particles are not taken into consideration. Such a gas does not exist in the

real world, but the model is nevertheless useful since it demonstrates how macroscopic

state variables like P and T are related with particle properties like masses and velocities.

At a later stage, particle interactions were included in the model (Moore, 1972), yielding

the Van der Waals equation, which considerably improves the ideal gas law, though not

being perfect. Even in this more sophisticated model, some of the main conclusions of the

simpler theory hold (for example, that temperature is directly proportional to the mean

kinetic energy of molecules). Despite its many oversimplifications, the kinetic theory of

gases allows physicists to connect the classical mechanics of individual particles with the

phenomenological laws of thermodynamics. Had Galileo, Newton and their followers in-

cluded all intricacies of the real world from the start in their models, today’s physics would

still be a descriptive science (Nabi, 1981).

Can we apply similar approaches in ecology? A promising example is the Metabolic

Theory of Ecology (MTE) (Brown et al., 2004). This theory starts with the simple assump-

tion that all physiological rates are limited by metabolism. Moreover, MTE maintains that

metabolism scales with body mass according to Kleiber’s law and with respect to tempera-

ture according to the Arrhenius equation (Moore, 1972). Since ecological rates (e.g. growth,

mortality, predation) are dependent on metabolic rates, MTE is able to predict a multitude

of ecological relationships (Brown et al., 2004). For example, the −3/4 exponent in Damuth’s

rule is viewed as a direct consequence of the 3/4 exponent in Kleiber’s law.

These predictions of are based on extremely simplified assumptions concerning the up-

scaling from biochemical principles to individual metabolism and from individual organ-

isms to the population, food web and even ecosystem level. Until now, such upscaling

has not reached the level of sophistication found in physics, since it is not really rooted

in lower-level principles. Moreover, interactions among individuals and populations are
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Figure 7.1: In physics, it is a general insight that it is relatively easy to study the mechanics

of two particles, but very difficult to do so for three or more particles. Thanks to

statistical mechanics it is nevertheless possible to describe large systems consist-

ing of many particles, as it happens with the ideal gas law. In ecology, we face a

similar challenge. There are large scale patterns, like species-area relationships,

yet there is no firm theory that explains how these patterns arise as a conse-

quence of ecological interactions among the many components of an ecosystem.

typically neglected or trivialized. One of my original goals was to see whether, and to what

extent, such interactions matter for understanding higher-level patterns and processes.

The interactions of only two species are generally quite easy to understand. For example,

the competition among two species has a simple dynamics: the systemwill always converge

to an equilibrium that is easy to characterize. The interaction of three or more species can,

however, be highly complex. For example, the competition among three or more species can

lead to oscillations (Gilpin, 1975; May and Leonard, 1975; Zeeman, 1993), and deterministic

chaos is possible in case of more than three species (Smale, 1976; Arneodo et al., 1982). This

is reminiscent to the situation in classical mechanics where two-particle dynamics is simple,

but three-particle dynamics is highly complex and often chaotic (Fig. 7.1). In analogy with

the transition from a mechanistic to a statistical description in physics, one might wonder

whether a mechanistic view of the interaction of multiple populations will also give rise to

simple statistical rules.

To address this, I considered the most basal type of ecological interaction, namely the

competition of autotrophic organisms for abiotic resources such as mineral nutrients or

light. The goal was to uncover the rules governing such competition, on the way to an-

swering question like: is a mechanistic view of multispecies competition consistent with

the statistical patterns predicted by a theory like MTE? The mechanistic analysis of multi-

species competition turned out to be a difficult enterprise, and in fact it became the main

focus of my thesis. The main insights obtained are summarized in section 1 of this chapter.

Section 2 is more speculative, since I try to extrapolate my findings on competition to more

complex ecological scenarios like food webs. In section 3, I get back to the original aim at

linking MTE and species interactions.
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7.1 competition

In simple models of competition for essential resources Huisman and Weissing (2001) for-

mulated a few "rules of thumb" concerning the predicted outcome of competition for several

relationships between resource requirements and resource consumption patterns:

1. If each species tends to consume most of the resources for which it has the highest

requirements, the system will tend to equilibrium where as many species will coexist

as there are limiting resources.

2. If each species tends to consume most of the resources for which it has the lowest

requirements, competitive exclusion is to be expected. It depends on the initial condi-

tions which species will outcompete all its competitors.

3. If each species tends to consume most of the resources for which it has intermedi-

ate requirements, competitive oscillations and chaotic dynamics are to be expected.

Even in a homogeneous environment, more species can stably coexist than there are

limiting resources.

At equilibrium, not more species can stably coexist than there are limiting resources (the

Principle of Competitive Exclusion, Gause, 1934; Hardin, 1960; Grover, 1997). However,

under non-equilibrium conditions, many more species can persist than the number of re-

sources. It has been argued (Huisman and Weissing, 1999) that this might offer a solution

for the paradox of the plankton, the observation that hundreds of competing algal species

do coexist on a handful of mineral resources in an homogeneous medium (Hutchinson,

1961).

This is, however, still an open question. The mathematical model that produces the

aforementioned results (e.g. the "Monod model" described by equations (7.17) ignores an

important characteristic of algae that is crucial in competition under fluctuating resource

conditions, namely the ability to store resources (Ducobu et al., 1998). It is therefore natural

to ask: are the above rules of thumb robust? how likely are competitive oscillations in the

presence of the buffering effects of storage? how is the dynamics of competition affected by

the delay between resource uptake and resource-limited growth?

In order to explore these questions I considered the following resource storage model of

multispecies competition

dNi

dt
= Ni {µi(Q1i, . . . ,Qmi) − mi}

dQji

dt
= fji(Rj) − µi(Q1i, . . . ,Qmi)Qji (7.1)

dRj

dt
= φj(Rj) −

n∑

i=1

fji(Rj)Ni

Here Ni is the density of species i, Rj is the concentration of resource j and Qji is the

content of resource j stored per species i also called the quota. The net dynamics of species i

results from the balance between its growth rate µi and its mortality mi rate. The dynamics
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of the quotas result from the balance between consumption fji and their metabolization at

a rate that is proportional to growth µiQji (dilution by growth, Grover, 1997). The resource

balance depends on the net supply rate φj and its consumption by all species. In numerical

simulations µi, fji and φj are given by

µi(Q1i, . . . ,Qmi) = ri min
j

[

1 −
qji

Qji

]

(7.2)

fji(Rj) =
vjiRj

Kji + Rj

(7.3)

φj(Rj) = D(Sj − Rj) (7.4)

where µi follows the Droop (1973) formula and Liebig’s (1840) law of the minimum for

perfectly essential resources; ri is the maximum growth rate, and qji is the threshold

growth quota, such that µi = 0 if Qji 6 qji. Resource consumption attains its maxi-

mum vji under saturating resource concentrations, and Kji is the half-saturation constant

(Aksnes and Egge, 1991). Resources follow the dynamics of a chemostat where D is the

resource turnover rate and Sj the resource input concentration (Grover, 1997).

Simulations

In Chapter 2, I performed an extensive computer simulation study of the storage model,

in order to find out whether, and to what extent, the "rules of thumb" formulated by

Huisman and Weissing (2001) extend to this more complex class of competition models.

The general conclusion was that the rules of thumb hold fairly well in the multispecies stor-

age model. Equilibrium coexistence occurs in virtually all cases where species tended to

consume most of the resources for which they had the highest requirements; and competi-

tive exclusion was observed in all cases where consumption was highest for the least needed

resources When species tend to consume most of those resources for which they have in-

termediate requirements, competitive oscillations do indeed occur regularly. However, in

a substantial proportion of the simulations (about 75%) these oscillations were transitory,

collapsing into competitive exclusion or stable coexistence at equilibrium.

The storage model is inherently more complex than the model without storage. To illus-

trate this, let us consider a specific scenario where five species compete for five resources.

In models without storage, such a scenario can be characterized by 50 parameters, namely

5 × 5 consumption rate parameters cji and 5 × 5 half-saturation constants Hji, which di-

rectly translate into the 25 resource requirement parameters R∗
ji. In our case, I chose the

following parameter configuration (where rows correspond to resources and columns cor-

respond to species):

[R∗
ji] =















1, 9 1, 8 1, 6 1, 6 1, 4

1, 3 1, 9 1, 8 1, 8 1, 6

1, 7 1, 3 2, 0 1.8 1, 7

1, 7 1, 6 1, 3 1, 8 1, 7

1, 9 1, 8 1, 7 1, 5 1, 9















, [cji] =















1.2 1.0 3.4 3.0 1.8

2.0 1.8 0.8 3.4 2.8

2.6 2.2 1.2 0.8 3.2

3.4 2.4 2.2 1.8 1.2

1.6 3.6 2.2 2.0 1.0















(7.5)
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In this configuration species 1 has the highest requirement for resource 1, species 2 for

resource 2 and so on (bold R∗
ji), and each species consume most of the resources for which

it has intermediate requirements (bold cji). According to the rules of thumb, this pattern

should generate oscillations or chaos, and it does, as seen in Figure 7.2a.

In the storage model, resource requirements and consumption rates depend on the 75

model parameters vji,Kji and qji in an intricate and non-linear way. Starting with a set of

consumption and growth parameters, it is extremely difficult (or infinitely frustrating) to

tell if the resource requirements and consumption rates will match a given pattern. The

opposite however, is straightforward: given R∗
ji and cji (and knowing that at equilibrium

the fji of the storage model is equal to micji of the model without storage), an infinite set of

parameter combinations vji,Kji,qji can be generated, which all lead to the same resource

requirements and consumption patterns at equilibrium (Chapter 2, Appendix). In other

words, for each specific model without storage, there are infinitely many realizations of the

storage model sharing the same characteristics of resource limitation and resource uptake

at the community equilibrium. The question is whether all of these realizations exhibit at

least qualitatively the same dynamics as the model without storage.

Figure 7.2b exemplifies that the answer to this question is negative. The figure shows 20

realizations of the storage model. The parameters of these realizations are chosen at random

but with one restriction: they reproduce the same resource requirements and consumption

pattern at equilibrium (7.5) as the model without storage in Figure 7.2a. Like in the simpler

model used as template, all realizations of the storage model have a tendency to exhibit

oscillations. Indeed, many display a the similar chaotic dynamics (the cycle of species 1-2-4

is interrupted at irregular intervals by the rise and decline of species 3 and 5). However,

a small but significant number of realizations display regular oscillations, and in few of

them some actually species went extinct (see also chapters 3 and 4). These simulations

show another distinctive feature of the storage model, which is that the time scale of the

dynamics is much longer than in models without storage.

Stability and dynamics

The analytical study of the multispecies storage model is not an easy task. Given n species

and m resources, the storage model consists of n + m + n × m time dependent variables

(species + resources + quotas). For example 2 species and 2 resources results in an 8-

dimensional system, 3 species and 3 resources in a 15-dimensional system, and our previous

numerical example is 35-dimensional. The jacobian matrices associated with these systems

have (n + m + n × m) rows and columns, making it quite unlikely to ever obtain general

and ‘nice’ criteria for the stability of equilibria. At present only the case of two species has

been studied in some detail by Li and Smith (2007).

In Chapter 3, I derived some partial results on stability, which are more broadly applica-

ble to higher-dimensional storage models. I showed that – like models without storage – the

local dynamics around each equilibria is strongly dependent on the consumption pattern

of the competing species, i.e., on the structure of the consumption matrix [fji] evaluated

at equilibrium. Compared with the jacobian matrix the consumption matrix has only n

rows and m columns, simplifying the analysis considerably. More importantly, the stability
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Figure 7.2: Competition of five species for five resources in the absence (a) and presence

(b) of resource storage. The simulations are all based on a specific configura-

tion of resource requirements and consumption patterns ((7.5) in the text). Each

species tends to consume most of those resources, for which it has intermediate

requirements. (a) The model with no storage is fully specified by the param-

eter combination (7.5). As predicted by rules of thumb, the system exhibits

(chaotic) oscillations. (b) The storage model is only partly specified by resource

requirements and consumption patterns. The 20 panels show simulation runs

for randomly chosen realizations of the storage model, which are all compati-

ble with the imposed parameter configuration (7.5). Some of these simulations

display similar dynamics as the model without storage, others display regular

oscillations, and even the extinction of one or two species. The time scale of the

dynamics of the storage model (shown in the lower left panel) is considerably

longer compared with its non-storage equivalent.
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criteria do not depend on the functional form of the underlying model parameters µi, fji

and φj. Hence, the results are quite robust and not dependent on details.

In contrast with the model without storage (where the consumption rates are assumed

to be constant), the consumption matrix [fji] of the storage model is not fixed, but varying

from one equilibrium to the next: the matrix [fji] may be identical to the matrix [cji] in (7.5)

at the 5-species equilibrium, but it can have a totally different structure at any of the 4-, 3-

. . . and 1-species equilibria. Thus, the "rules of thumb" regarding consumption become

local rules in the storage model.

As shown in Chapter 4, another important aspect varying from one equilibrium to the

next is the identity of the limiting resource. In an n-species equilibrium, each species must

be limited by a different resource: that resource, for which it has the highest requirement.

In the neighborhood of other equilibria with fewer than n species, a species may be limited

by a different resource than in the n-species equilibrium. As a consequence, the dynamics

becomes strongly dependent on the initial conditions. Such changes in resource limitation

become important whenever more than three resources are considered. They are not an

exclusive feature of the storage model, but a consequence of framing essential resources in

terms of Liebig’s law. However, since both theory and experiments on resource competition

tend to focus on the special case of two resources, this issue has not received the attention

it deserves (Zhang, 1991; Hu and Zhang, 1993).

As the dimensionality of the system increases, both in species and in resources, the long

term dynamics becomes more dependent on the initial conditions, even in the absence

of deterministic chaos. But the consumption patterns can be still responsible for major

features of the competitive dynamics, since they determine the tendency for displaying

non-equilibrium dynamics, which affecs biodiversity in shorter time scales. For example,

it may happen that the long term deterministic attractor of a system is an equilibrium

state where one species exclude all others. However, transitory oscillations can delay the

approach to such state of low diversity, and thus maintain a high number of species. In

case of storage models such delays can be considerable (Fig. 7.2).

Comparisons of competition models

Without or with storage, resource competition models share many dynamical features with

the much simpler multispecies Lotka-Volterra model for competition. All three models

can exhibit multiple stable states, stable and unstable limit cycles, and chaos (Gilpin, 1975;

May and Leonard, 1975; Smale, 1976; Arneodo et al., 1982; Zeeman, 1993). As I showed in

Chapter 5, the equilibrium states and local stability of resource competition models (with

and without storage) depend on the structure of the consumption matrix ([cji] or [fji]),

whereas in Lotka-Volterra models equilibrium and stability are governed by the community

matrix; the matrix of competition coefficients. These matrices can be related to each other,

although the form of the relationship depends on the mechanistic details of the consumer-

resource interaction.

In view of these similarities between the mechanistic resource competition models and

the phenomenological Lotka-Volterra model, we can generalize the “rules of thumb” of
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resource competition (Huisman and Weissing, 2001) as rules of thumb relating the relative

intensity of inter- and intra-specific competition:

1. weak interspecific competition leads to stable coexistence at equilibrium;

2. strong interspecific competition leads to competitive exclusion with the winner de-

pending on the initial conditions;

3. intermediate interspecific competition can lead to all of the above, but also to compet-

itive oscillations and chaos.

In the Lotka-Volterra model, interspecific competition is considered "weak" when the in-

traspecific coefficients of the community matrix tend to be higher than the interspecific

coefficients; it is considered "strong" if the opposite is true. In resource competition models,

interspecific competition is "weak" if each species has the strongest effect (via consumption)

on its ‘own’ limiting resource than on the limiting resources of other species; it is "strong"

if the opposite is true.

Scenarios of "intermediate" interspecific competition, are more difficult to define. In-

termediate could mean that all interspecific effects are of similar magnitude. In terms of

resource competition that would be roughly equivalent to a situation where the consump-

tion ratios for each species are comparable. Without knowing the resource requirements,

it is difficult to determine if such situations lead to equilibrium non-equilibrium or non-

equilibrium dynamics.

The other “intermediate “ scenario occurs when each species tends to impose strong

effects on a given subset of its competitors and weak effects on the rest, such that the

average effects are approximately similar for all species. Under resource competition, this

is achieved when each species tends to display high consumption rates for the most critical

resources of some species, and low consumption rates for the most critical resources of the

rest. In a minimal community of three species this results a non-transitive hierarchy of

competitive dominance, like in the Rock-Scissors-Paper game where Rock blunts Scissors,

Scissors cuts Paper, and Paper captures Rock (Weissing, 1991). As long as all three strategies

are present, no one is a clear winner and they chase each other forever; thus they coexist.

Incomplete dominance as in the Rock-Scissors-Paper game, has been invoked to explain

the maintenance of biodiversity not just in the context of resource competition, but in more

general ecological and evolutionary contexts (Buss and Jackson, 1979; Sinervo and Lively,

1996; Kerr et al., 2002; Laird and Schamp, 2006). In order to survive, organisms do not have

to be superior for all characteristics; it suffices to compensate weaknesses in some aspects

with strengths in other aspects.

Like in the Lotka-Volterra model, the outcome of resource competition is the consequence

of the dominance relationships among the species, independently of the mechanistic details

of resource consumption. This does not mean that mechanistic detail is unimportant; such

detail is required in order to explain how the dominance relationships arise in the first place.

This is reminiscent of the description for the ideal gas given at the beginning of this chapter.

Classical thermodynamics can tell us what is the relation between pressure and volume a

given temperature, but what is exactly temperature? Enter statistical mechanics: temperature

is a measure of the mean kinetic energy of the gas particles. Classical thermodynamics is

phenomenology, statistical mechanics gives the explanation.
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Non-transitivity as in the Rock-Scissors-Paper game appears to be an essential feature

for competitive oscillations. Interestingly, competitive oscillations can occur between two

species, where non-transitivity is ruled out by definition. In Chapter 6 this was explored by

means of a plant-soil interaction model in which the competitive displacement of one plant

by another turns the winning plant vulnerable to invasion at a later time. In this plant-soil

model, the state of the soil community (composed of mutualists, consumers and parasites)

leads to a switch in plant dominance in a predictable and cyclical way.

7.2 food webs

I focused on purpose on competition for essential and abiotic resources. This choice makes

growth rates easy to model, and interactions among resources (like competition among

prey species) can be neglected. Although complex, the major features of the competitive

dynamics are explainable by a few rules of thumb. However, these rules might be overshad-

owed by interactions across trophic levels, since in the real world competitive communities

are embedded in food webs. In this context, are there competitive oscillations on substi-

tutable resources? Does competition among the resources affects consumer dynamics? Are

competitive oscillations affected, suppressed, enhanced by predation or herbivory?

In this section will try to approach these questions by means of a simple but realistic

example considering competing plants and competing herbivores, linked in a food web by

means of the Rosenzweig-MacArthur equations (Rosenzweig, 1971)

dNi

dt
= Ni

{
c
∑

j ejipjiRj

1 + h
∑

j pjiRj

− m

}

dRj

dt
= rRj

{

1 −

∑
k ajkRk

K

}

−
∑

i

cpjiRjNi

1 + h
∑

k pkiRk
(7.6)

Ni and Rj denote the densities of herbivores and plants respectively. Plants compete accord-

ing to the Lotka-Volterra model, where r is the intrinsic rate of growth and K is the carrying

capacity. ajk are the competition coefficients, i.e. the ratio of the effect of plant k on plant

j with respect to the effect of plant j on itself, which is assumed to be one (ajj = 1). Plants

are substitutable resources for the herbivores. They are consumed according to Holling’s

type II functional response, where c is the attack rate, h is the resource handling time and

pji is the proportion of resource j in the diet of consumer i, a measure of the foraging effort.

The parameter eji is the conversion yield of resource j into biomass of consumer i (Grover,

1997), and m is the constant mortality rate of the consumers.

This Rosenzweig-MacArthur model has the link structure of a small food web em-

bedded in a larger one as in Figure 7.3. There are three types of interactions to con-

sider. The first is competition among the herbivores which can lead to competitive os-

cillations (Huisman and Weissing, 1999). The second is competition among plants which

can lead to competitive oscillations too (Gilpin, 1975; May and Leonard, 1975). And the

third are the plant-herbivore interactions, which may lead to prey-predator oscillations

(Rosenzweig and MacArthur, 1963).

166



7.2 food webs

Figure 7.3: An experimental food web studied by Benincà et al. (2008) which displays

chaotic dynamics. The “sub-web” formed by primary producers and their

consumers (rectangle) has the same consumer-resource link structure as the

Rosenzweig-MacArthur model (eqns. 7.6) discussed in the text.

Effects of lower trophic levels

Let us turn our attention to the consumer species. Complex dynamics like competitive

oscillations require trade-offs, e.g. higher requirements for certain resources must be bal-

anced by low requirements for others. In chapters 1 - 4 we employed parameter matrices

to express such trade-offs (as in section 2). The same can be done for this model. Consider

three consumers and three resources and the following parameters

[eji] =





ǫ 0 1 − ǫ

1 − ǫ ǫ 0

0 1 − ǫ ǫ



 , [pji] =





π 0 1 − π

1 − π π 0

0 1 − π π



 , [ajk] =





1 α α

α 1 α

α α 1





(7.7)

where each herbivore consumes only two out of three resources, or alternatively each pair of

herbivores only competes for one resource. A trade-off exists, in which the high conversion

yield of one resource is compensated by a low conversion yield for the other (0 < ǫ < 1).

A second trade-off concerns the diet, in which the high consumption of one resource is

compensated by the low consumption of the other resource (0 < π < 1).

Let us assume that plants do not compete (α = 0), and that each plant is the most nu-

tritive resource for a different herbivore: plant 2 for herbivore 1, plant 3 for herbivore 2,

and plant 1 for herbivore 3 (ǫ < 1/2). In Figure 7.4a, where the herbivore diets are biased

towards the most nutritive resource (π < 1/2) the system develops competitive oscillations.

These are not predator-prey oscillations because: (1) the carrying capacity is too low to

sustain predator-prey oscillations ("paradox of enrichment" Rosenzweig, 1971), (2) there is

a regular sequence of invasions and displacements and (3) the elimination of one herbivore

destroys the cycle and leads to a community dominated by one herbivore (the elimination

of one plant also destroys the cycle, but herbivores can coexist since their resources are

substitutable). In Figure 7.4b the diet has switched such that the less nutritive resource

is favored (π > 1/2). This makes the competitive oscillations short lived, and they are re-

placed by a predator-prey cycle. Interestingly, this parametrization does not allow sustained
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Figure 7.4: Dynamics of the Rosenzweig-MacArthur model of three competing herbivore

species (linetypes correspond to species) feeding on three competing plant

species. (a) Reference scenario that is characterized by the parameter setting

r = K = c = h = 1,m = 0.1; and eji,pji,aji given by (7.7) with ǫ = 0.4, π = 0.1

and α = 0. Here the plants do not compete and herbivory is biased towards

the most nutritive resource. In this scenario the herbivores display competitive

oscillations. (b) The herbivores diet changes to π = 0.7, which is now biased

towards the less nutritive resource. As a consequence the competitive oscilla-

tions are substituted by a predator-prey oscillation, in which the community of

herbivores act as if they were a single herbivore (the thick line shows the aver-

age plant density). (c) If the plants are allowed to compete in part b (by setting

α = 0.1), the herbivore’s competitive oscillations are restored, but the amplitude

is lower than the in reference scenario. (d) Raising the carrying capacity to K = 2

in the reference scenario induces predator-prey oscillations, which combine with

the competitive oscillations.
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predator-prey oscillations for any pair herbivore-plant. Instead, the oscillation is between

the community of herbivores acting as a single predator, and the plant community acting

as a single prey.

In Figure 7.4c the plants are allowed to compete with each other (α > 0). We can see that

competitive oscillations develop again, but this time their amplitudes are smaller than in the

case where the plants do not interact. However, starting from a different initial condition

(not shown) the oscillations are transitory and the system approaches an equilibrium. This

may indicate the existence of a subcritical bifurcation, as discussed in Chapter 4.

Until now, the carrying capacity K was kept low, implying that predator prey oscillations

cannot be sustained. It is well known that consumer-resource models develop oscillations

when the carrying capacity increases Rosenzweig, 1971, or when the handling (h) time

increases. In Figure 7.4d, the carrying capacity was raised and as a consequence the system

displays a mixture of competitive and predator- prey oscillations.

Thus, competitive oscillations can develop in competition for substitutable resources. As

in competition for essential resources, the type of dynamics depends on the consumption

patterns, in this case represented by the matrix [pji]. But in the context of a food web, inter-

actions among the resources can in effect modify and even mask the competitive dynamics

in the trophic level under study.

Effects of higher trophic levels

We can also change our perspective by focusing on the plants as the competing species

instead of the herbivores. For this purpose consider the following parameter configuration

[eji] =





1 0 0

0 1 0

0 0 1



 , [pji] =





1 0 0

0 1 0

0 0 1



 , [ajk] =





1 α β

β 1 α

α β 1



 (7.8)

where the plants display Lotka-Volterra competitive oscillations in the absence of the herbi-

vores when β < 1 < α (May and Leonard, 1975). The herbivores are this time specialist con-

sumers. Figure 7.5 shows that competitive oscillations under this scheme are very fragile,

because as soon as one of the consumers is gone, the resulting imbalance in herbivory leads

to the collapse of the cycle. On the other hand, if herbivores are generalists (eji = pji = 1/3,

not shown) oscillations do not show up at all.

In these examples we clearly see that the competitive dynamics within a trophic level is

affected by interactions across trophic levels. In the simple model considered above, the

simulations suggest that oscillations are more strongly suppressed by higher than by lower

trophic levels. For the sake of simplicity, a symmetric parametrization was chosen, and

plant interactions were modeled in a non-mechanistic ways. Thus the model considered

above can be improved and extended in various ways.

We have only seen simple forms of coupling between predator-prey and competitive

oscillations, like forcing (Fig. 7.4b) and superposition (Fig. 7.4d). Coupled oscillators

(Hastings and Powell, 1991; Vandermeer, 1993; Huisman and Weissing, 2001; Benincà et al.,

2008) are implied in the onset of chaos (Hastings and Powell, 1991; Vandermeer, 1993;

Huisman and Weissing, 2001; Benincà et al., 2008), and they have been found to be respon-
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Figure 7.5: Dynamics of three competing plant species (linetypes correspond to species). In

the absence of herbivores, the plants can display competitive oscillations. (a)

In the presence of three specialist herbivores the consumption pressure is well

balanced, and the plant competitive oscillations persist. (b) After the elimination

of a single herbivore, the competitive cycle collapses, leaving a system of one

herbivore and two plants. Parameters: r = K = h = 1,m = 0.1, c = 0.7; and

eji,pji,aji given by (7.8) with α = 0.8,β = 1.2.

sible for the chaotic dynamics displayed by the food web in Figure 7.3 (Benincà et al., 2009).

But chaos resulting from the interaction of predator-prey and competitive oscillations is yet

to be found.

7.3 metabolism

The Metabolic Theory of Ecology (Brown et al., 2004) (MTE) states that large-scale patterns

in communities and ecosystems (e.g. community structure, size distributions, biodiver-

sity gradients) reflect the physical constraints imposed on the metabolism of individu-

als. According to MTE individual metabolic rates M, from microorganisms to whales

(Gillooly et al., 2001), scales with body mass/size w and ambient (absolute) temperature

T as follows:

M = Mow
3/4e−E/kbT (7.9)

According to this “master equation”, the body mass dependence follows Kleiber’s law,

and the temperature dependence follows the Arrhenius law, where E corresponds to the

mean activation energy of biochemical processes (0,6 - 0,7 eV) and kb is Boltzmann’s con-

stant (Moore, 1972). Whether there is a universal metabolic rule is a hotly debated topic in

ecology (Agrawal, 2004, special issue on MTE). On the other hand the prospect of a unified

metabolic law is appealing, and the master equation of MTE has been already considered

in the study of the stability (Brose et al., 2006) and emergence (Loeuille and Loreau, 2005)

of complex food webs.

According to MTE the equilibrium population densities scale with body mass and tem-

perature as

N ∝ λw−3/4e
E/kbT (7.10)
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where λ is the rate of resource supply (Brown et al., 2004; Savage et al., 2004). By means of

simple algebra, several mass and temperature scaling relationships follow, like community

metabolism, primary production, even biodiversity (which is not a rate). For example, at a

given temperature and resource supply, the total metabolism of a whole population should

scale as N×M ∝ w−3/4 ×w
3/4 = w0. In other words, the total metabolism does not depend

on body mass (the so-called "energetic equivalence rule"): the energy per unit area used by

a population is independent of the body mass of its individuals. This energy equivalence

rule has been extended to whole communities (Enquist et al., 1998; Allen et al., 2002): it

implies that the energy consumption of a community is independent of the body mass

distribution of its constituent populations.

It is important to realize that the main predictions of MTE (like the energy equivalence

rule) were derived in a highly simplified manner, without paying attention to the intricacies

of ecological interactions. In this section, I will show that such ‘details’ may matter a lot. At

the same time I will show how to integrate the microscopic details of resource consumption

and competition dynamics with the basic assumptions of MTE.

Populations

Although the MTE acknowledges the effects of resource availability, it ignores the under-

lying mechanisms of consumer-resource interactions. Using the Droop (7.2), uptake (7.3)

and chemostat (7.4) equations in the resource storage model (7.1), I will illustrate why such

level of detail is relevant.

In the equilibrium, the density of a single consumer species that is limited by a single

resource is given by

N = D (S − R∗)
r − m

rmq
(7.11)

where the resource requirement R∗ is related to the basic model parameters as follows

R∗ =
Krmq

v(r − m) − rmq
(7.12)

In principle, all these parameters (r,m, v,K,q) may be dependent on body size and tem-

perature. It is a standard assumption of MTE, that the specific growth rate r and the specific

death rate m are proportional to mass specific metabolism (r,m ∝ M/w):

r = row−1/4e−E/kbT (7.13a)

m = mow−1/4e−E/kbT (7.13b)

In phytoplankton, resource consumption is a surface- and diffusion-limited process. Ac-

cording to the mechanistic model of Aksnes and Egge (1991), it is plausible to assume that

the maximal consumption rate v and the half-saturation constant for consumption K scale

with body mass and temperature as follows:
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v = vow
2/3e−E/kbT (7.14a)

K = Kow
1/3

e−E/kbT

d(T)
(7.14b)

In line with MTE, I made the assumption that the temperature dependence of v is de-

scribed by the Arrhenius equation. In contrast, K is affected by molecular diffusion. I as-

sumed that the diffusion coefficient d(T) is an linearly increasing function of temperature;

which implies that K increases with T but at a lower pace than v.

There is currently no causal theory that explains how the threshold quota q depends on

body mass and temperature. Two studies (Grover, 1989; Irwin et al., 2006) indicate that

q is positively related to body mass. Let us therefore for the moment assume a generic

relationship like this

q = qowνf(T) (7.15)

where f(T) accounts for the (hitherto unknown) effect of temperature.

If we now substitute equations (7.13a, 7.13b, 7.14a, 7.14b, 7.15) in (7.12) and subsequently

in (7.11), we obtain a relationship between equilibrium population densityN and bodymass

and temperature. At first sight, this relationship is much more complicated than equation

(7.10), which is one of the most basic predictions of MTE. However, equation (7.10) might

still hold by approximation.

In order to see whether this is the case, let us make the plausible assumption that in our

simple storage model the resource input concentration is much higher than the resource

requirements of our consumer species (S ≫ R∗). In this case, equation (7.11) simplifies to

N ≈ DS

[

ro − mo

romoqo

]

w
1/4−νe

E/kbT

f(T)
(7.16)

Now the result has at least some resemblance with the prediction of MTE. For example,

density is directly proportional to the resource supply rate if λ ≡ DS. However, mass

and temperature dependencies do not agree with (7.10). According to the scarce evidence

available (Grover, 1989; Irwin et al., 2006) the allometric coefficient of the threshold quota q

is lower than one, around ν ≈ 0.7 ; thus N ∝ w−0.45 which implies that population energy

use N × M scales with mass as w0.3 and the energetic equivalence rule does not follow.

With respect to temperature dependence the situation is unclear because we do not know

the form of f(T).

From this very simple consumer-resource model we can conclude that the dependence

of population densities on body mass and temperature is much more intricate than MTE

suggest – even if one systematically applies the line of argumentation typically used by

MTE.

Communities

The Metabolic Theory of Ecology ignores or caricaturizes the role of competitive interac-

tions. In order to study this issue, we have to integrate resource competition models with
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metabolic dependencies. For the purpose of illustration, I will here replace the storage

based model of multispecies competition by the much simpler model without storage:

dNi

dt
= Ni {µi(R1, . . . ,Rm) − mi}

dRj

dt
= D(Sj − Rj) −

∑

i

cjiµi(R1, . . . ,Rm)Ni (7.17)

µi(R1, . . . ,Rm) = ri min
j

[

Rj

Hji + Rj

]

The growth rates µi are functions of the resource densities in the external environment,

which are modeled by combining Liebig’s law of the minimum and the Monod equation.

ri is the maximum growth rate of species i under resource saturation, and Hji is the half-

saturation constant for the growth of species i on resource j. cji is the fixed resource content

of resource j in an individual of species i. The remaining parameters (mi,D, Sj) have the

same meaning as in the storage based model.

As indicated by (7.10) MTE predicts that density scales with size as Ni ∝ w
−3/4

i . In a

stable community the densities of the competitors N̂i must satisfy the following system of

linear equations

D(Sj − R̂j) =
∑

i

cjimiN̂i (7.18)

implying that no more species than resources can coexist at equilibrium (principle of com-

petitive exclusion). Thus, the derivations that follow apply to communities with low diver-

sity. The equilibrium concentration of resource j corresponds to the maximum requirement

of resource j among all consumers R̂j = maxi[R
∗
ji]. For model (7.17) the resource require-

ments are given by

R∗
ji =

riHji

ri − mi

Following MTE, the specific growth and death rates are proportional to mass specific

metabolism (Mi/wi): ri = row−1/4e−E/kbT and mi = mow−1/4e−E/kbT . On the other

hand, there is no theory explaining how half-saturation constants for growth scale with

body mass and temperature. (In contrast, the half-saturation constants for consumption

in the storage model do have a mechanistic interpretation, allowing to make judicious

guesses on their dependency on body mass and temperature.). Following common practice

(Vasseur and McCann, 2005; Lopez-Urrutia et al., 2006), I therefore assume that the Hji are

constant and not dependent on body mass or temperature. As a consequence R∗
ji, and thus

R̂j in (7.18) are as well independent of both body mass and temperature.

Given that cji is defined as the amount of resource j contained in an individual of species

i, it is reasonable to assume that cji represents a fraction of the body mass, that is

cji = γjiwi, γji < 1
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where γji can be defined as a compositional or stoichiometric coefficient. As in the case of

the half-saturation constant, let us assume that cji is independent of temperature.

At equilibrium, the population densities (which are given by the linear equations (7.18))

must be of the form

N̂i =

[

DGi

mo

]

w
−3/4
i e

E/kbT (7.19)

Here Gi is the determinant of the matrix of stoichiometric coefficients γji, but after the

substitution of the i-th column by the vector of differences between the resource supply and

equilibrium concentrations (S1 − R̂1, S2 − R̂2, . . .)
T . As an illustration, consider two species

competing for two resources in a rich environment (where Sj ≫ R∗
ji). In such a situation,

the terms G1 and G2 are of the form:

G1 =
S1γ22 − S2γ12

γ11γ22 − γ12γ21

, G2 =
S2γ11 − S1γ21

γ11γ22 − γ12γ21

(7.20)

but for more than two species and resources, the Gi are even more complex.

Equation (7.19) displays a similar mass and temperature dependence as predicted by the

MTE in (7.10), in the sense that Ni scales with mass to the −3/4, and with temperature as in

the Arrhenius law. However, the dependence of the Gi on the resource supplies (Sj) and on

the stoichiometric coefficients (γji) is nonlinear and complicated. As a result, it is uncertain

whether the term in square brackets of (7.19) is close to a common factor, i.e. a “universal

constant”, for all species involved. Thus, there is not a priori reason to assume that a plot

of log(N) versus log(w) or T−1 will reveal a linear relationship as predicted by MTE. In

other words, the effects of resource and species stoichiometry can obscure the effects of the

Kleiber and Arrhenius laws.

Real world scenarios

The density-mass relationship (7.19) is restricted to homogeneous environments where the

number of species is limited by the number of resources. In reality, environments can be

spatially heterogeneous, thus allowing the coexistence of a much higher number of species

than resources, provided there are trade-offs in resource requirements and consumption

(Tilman, 1982). The rationale is as follows: consider n species competing for two resources,

in a region fractionated into several sites. Each site x differs in the resource input concentra-

tions of the two resources S1(x), S2(x). Thus, each site x can harbor 2, 1 or 0 plant species

from the pool of n. If two species, for example i = a,b coexist in site x, their equilibrium

densities N̂a(x) and N̂b(x) are the solutions of (7.18). If there is enough variation in re-

source supply ratios all species pair equilibrium combinations are feasible at the regional

scale. The resource ratios also determine the numerical representation of each species at

the local level, thus the details of their distribution say which species, and thus which body

masses become more frequent in the regional scale.

To see if the density-mass relationship (7.10) predicted by MTE holds in highly diverse

ecosystems, I performed a simulation that considers 100 species competing for two essential

resources according to the resource competition model (7.17), in an heterogeneous environ-

ment. Such environment consists of 10000 sites, each with resource supply concentrations
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Sj taken from a normal distribution with a mean of 10 and standard deviation of 2. I will

assume that the environment has a homogeneous temperature.

The species body masses were generated according to wi = 10u∆ where u is uniformly

distributed in [0, 1] and ∆ = 1, . . . , 10 is the order of magnitude of body mass variation. A

small amount of site specific variation was introduced as a normal deviate with mean zero

and standard deviation 0.1wi.

To promote local coexistence of at least two species for some combinations of resource

supplies I imposed the following conditions. (1) The resource requirements were sampled

uniformly along the trade-off line R∗
1i + R∗

2i = 1. (2) The resource contents where generated

according to the ratios c2i/c1i = R∗
2i/R∗

1i, such that each species consume resources in

proportion to its requirements. In addition the actual values of c1i and c2i are fractions

of the species body mass, something that is achieved by introducing a linear trade-off

c1i + c2i = 0.2wi (i.e. resource contents make 20% of the body mass). Thus, body size

determines the total amount of resource contents, but not their relative proportions or

stoichiometry.

Let Ni be the total density of species i, which is the sum of the densities of i in all the

sites where it is present, alone or coexisting with a competitor. According to MTE a double

logarithmic plot of Ni versus wi must produce a line with slope of −3/4, independently

of the local effects and competition. Figure 7.6 shows the slopes of these density-mass

relationships for many simulations, plotted against the order of magnitude of the body

mass variation (∆). For small body mass ranges the resulting slopes are highly variable,

with a tendency for values higher than −3/4, and in very few cases even positive. The

dispersion decreases as the body mass range increases, and the slopes accumulate around

−3/4 at the end of the axis, as predicted by MTE. Surprisingly, the amount of variation

explained by body mass remains high along the axis of mass variation (around 70-80%).

We can conclude that body mass is an important factor in structuring communities (sug-

gested by the coefficient of determination). However, under low ranges of mass variation

the body mass dependence does not reflect the quarter power law of the mass-metabolism

scaling exponent (7.9), indeed the relationship tends to be weaker in most cases. Most

competitive interactions take place among similarly sized organisms, within 3 orders of

magnitude in size variation. This means that functional traits (e.g. consumption ratios)

and locality (e.g. supply concentrations), play the most important roles in structuring real

communities Tilman et al. (2004), obscuring the metabolic dependence suggested by MTE.

This simulation and the results from the previous sections illustrate that the predictions

of MTE are very sensitive to simplifying assumptions regarding physiology, interactions

and scale. Of course, I made a made a number of simplifying assumptions regarding these

factors, for example:

1. The consumption ratios match the requirement ratios, so competition is weak. Ac-

cording to Loeuille and Loreau (2006) increased competition within food webs results

in density-mass slopes that are more negative than −3/4.

2. Competition is limited to two resources, which leads to equilibrium dynamics only.

For three and more resources oscillations and chaos are possible, and there can be

many alternative stable states. Does allometry has any relevance under such complex

scenarios?
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Figure 7.6: Density-mass relationships in competitive communities. The top panel indicate

the slopes of the double logarithmic plots of density vs mass, for 100 simulated

communities, each consisting of 100 species competing for 2 resources in an

heterogeneous environment. They are plotted against the order of magnitude

of the variation in body mass. According the Metabolic Theory of Ecology, the

slopes must be close to −1/4 (horizontal line). The bottom panel shows the

coefficients of determination of the density-mass relationships above.
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3. Species stoichiometry is independent of body mass. The reality is that consumption

ratios cji : cki are mass dependent. For example, heavier plants (trees) have much

more carbon per total weight than lighter plants (weeds).

This simulation and relationships like (7.16) and (7.19) can be seen as first attempts towards

a statistical description of communities that integratesMTE, consumer resource interactions,

and resource competition theory, one of my original goals.

Temperature

Many parameters of the models discussed in this chapter are physiological rates (maxi-

mum growth rates, maximum consumption rates, mortalities) which in turn depend on

biochemical processes. Thus the exponential increase of these rates with temperature could

be explained by the Arrhenius law, although there are other relationships and mechanisms

(Ahlgren, 1987) that may fit rates vs temperature equally well (Brauer et al., 2009).

However, realistic models of temperature dependence must also account for positive and

negative effects on biological rates. It is true that starting from low temperatures, warming

increases reaction rates (Fig. 7.7a) enhancing metabolism. But biological rates are mediated

by enzymes, which means that after some point further warming results in alterations of

protein structure, rapid loss of activity, and irreversible denaturation. Physiological rates

display a dome or bell shaped response to temperatures (Fig. 7.7b), with optima that are

species specific (Tilman et al., 1981; Savage et al., 2004). Both views, the monotonic increase

“à la Arrhenius”, and the “dome shaped” describing the temperature niche, can be rec-

onciled if each species spans a portion of an exponentially increasing curve (Fig. 7.7b,

Eppley, 1972; Gillooly et al., 2002). But this of course would imply that a universal tem-

perature dependency (Gillooly et al., 2001), if such thing exist, is a very complex emergent

phenomenon and not the direct manifestation of the Arrhenius law.

We could leave aside this issue and just plug in the Arrhenius function in dynamical

models (e.g. Vasseur and McCann, 2005; Lopez-Urrutia et al., 2006). But, there is still the

problem that there are temperature dependent parameters which are not rates, or that result

from combining rates. For them, the dependence on temperature cannot be described by

means of a simple Arrhenius factor. In the storage model for example, resource uptake is

limited by diffusion, the rate of which scales linearly with temperature. As a result, the

half-saturation constant of consumption K scales with temperature at a lower rate than

the maximum consumption rate v, and for low resource concentrations the overall rate of

consumption (f ≈ v/K) becomes directly proportional to temperature (Aksnes and Egge,

1991).

In the Monod equation the half-saturation constant is known to increase or to decrease

with temperature (Tilman et al., 1981; Nedwell and Rutter, 1994; Rutter and Nedwell, 1994).

To illustrate how simple functional relationships like theMonod equation could lead to com-

plex temperature dependencies, I will consider an analogy with enzyme kinetics. According

to a Michaelis-Menten mechanism (Moore, 1972), population growth can be represented by

an autocatalytic reaction scheme
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Figure 7.7: (a) The rates of simple chemical reactions increase monotonically with temper-

ature. (b) The rates of enzyme based reactions increase with temperature until

a maximum is attained. Further warming results in rapid loss of enzyme activ-

ity. Physiological rates should respond in similar ways. (c) The initial positive

response to temperature of different species can be described by a common ex-

ponential envelope (dashed curve) (Eppley, 1972).

R+N
k1
⇋
k2

RN
k3→ 2N (7.21)

where R represents a substrate unit and N an autoreplicating enzyme; but for us ecologists

they are resources and individuals respectively. The reversible reaction on the left corre-

sponds to the process of resource consumption and the irreversible reaction on the right

corresponds to reproduction. Consumption results in the formation of an intermediate

complex RN (in analogy to the quota in the storage model) with rate constant k1. RN can

be destroyed with rate constant k2 (analogous to excretion or respiratory losses), or it can

be converted into a new individual with rate constant k3 and the population doubles. By

assuming a quasi steady state approximation for RN concentration, the specific growth rate

of the population will be

µ =
rR

H + R

where

r = k3, H =
k2 + k3

k1

are the maximum growth rate and the half-saturation constant respectively.

Using Arrhenius’s law ki = Ai exp (−Ei/kbT) we can see that the maximum growth rate

behaves according to the predictions of MTE. However, for the half-saturation constant

H =
A2e−E2/kbT + A3e−E3/kbT

A1e−E1/kbT

where small differences in Ei can result in the net increase, decrease or both with respect to

temperature.

178



7.4 concluding remarks

Temperature can influence community dynamics in different ways. Through the phys-

iological rates, warming can shorten the time scales of ecological processes (Brown et al.,

2004), and trigger stability changes in simple food chains (Vasseur and McCann, 2005).

However, the net effects of temperature in multispecies community models can be very

difficult to asses, because temperature changes many parameters simultaneously. Just in

the Monod model, on the one hand variation in growth and mortality parameters influence

the local stability of equilibria; on the other hand variation in the half saturation parameters

determine resource requirements and thus the existence of equilibria.

7.4 concluding remarks

Multispecies competition models display very complex dynamics, with strong dependence

on the initial conditions. However, despite the many degrees of freedom, it seems that a

few rules of thumb can be used to predict the major features of the competitive dynamics.

If these rules are robust to the underlying mechanistic assumptions (e.g. resource storage,

resource classification, functional responses), we may be able to summarize the most impor-

tant features of individual and population level interactions, simplify complexity, and make

community ecology a more predictive science. It is still an open question if the complex

dynamics induced by competition manifest under more realistic circumstances, in which

the competitors belong to whole food webs. The first steps towards answering these issues

were presented in this chapter.

As shown in the last sections, an integration of the Metabolic Theory of Ecology and

multispecies resource competition theory is achievable and can be fruitful. Such integra-

tion reveals that consumer resource interactions, competition and ecological stoichiometry

add significant amounts of variation in populations sizes, not explained by allometry and

temperature. These exercises also highlight an important complication, which is that an

important number of size and temperature dependent parameters are not biological rates,

thus they cannot be adequately modeled by means of simple relationships as suggested by

the Metabolic Theory of Ecology.
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