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3
THE DYNAMICS OF MULT I SPEC IES COMPET IT ION WITH

NUTR IENT STORAGE

Tomás A. Revilla and Franz J. Weissing

Multispecies competition can display a rich dynamic behavior, including non

equilibrium coexistence. In this article we show that multispecies nutrient stor-

age models can be used to explain these dynamics, in the same way as less

realistic models do, and one should expect: coexistence when species consume

most of those resources for which they have high requirements, competitive ex-

clusion when species consume most of those resources for which they have low

requirements, and oscillations when species consume most of those resources

for which they have intermediate requirements. Although both simpler and

complex resource competition models share many properties, we also found

that predictability under nutrient storage is more difficult to asses because the

rules of the competitive game, stated as relationships between resource require-

ments and consumption characteristics, are not rigid ones but instead dependent

on the continuous feedback between the species and the environment.

Keywords: resource competition, storage, quota, equilibrium, internal stability, exter-

nal stability, oscillations.
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the dynamics of multispecies competition with nutrient storage

3.1 introduction

Resource competition theory (Tilman, 1982; Grover, 1997) is well supported by mathemat-

ical models. These models describe the dynamics of competing populations and their re-

sources explicitly. In one of the most common formulations, the interaction of two species

competing for two abiotic resources is modeled using the following set of ordinary differ-

ential equations:

dNi

dt
= (µi(R1,R2) − mi)Ni

dRj

dt
= D(Sj − Rj) −

∑

i

cjiµi(R1,R2)Ni (3.1)

in which Ni represents the population density of species i = 1, 2 and Rj is the concentration

of resource j = 1, 2. The net growth of species i is the result of the balance between its

specific growth rate µi, which is an increasing function of the resource concentrations, and

its specific mortality rate mi which is constant. cji is the content of resource j per species

i, and is also a proportionate measure of the consumption impact of species i on resource j.

In the absence of consumers, resources follow a linear dynamics, where D is the turnover

rate, and Sj the supply concentration.

Basic insight on the dynamics of competition can be achieved by means graphical ap-

proaches (León and Tumpson, 1975; Tilman, 1980, 1982), combining the following elements:

resource requirements: described by the nullclines µi(R1,R2) = mi, i.e. lines in the

plane R1R2 indicating resource combinations for which the net growth of species i is

zero.

consumption vectors: fi = (c1iµi, c2iµi), which describe the consumption pattern of

species i.

supply point: S = (S1, S2), the steady state condition of the resources in the absence of

the consumers.

The main results from the graphical approach are summarized in Figure 3.1. In principle,

all the necessary elements, like growth rates, resource contents and resource turnover rates,

can be measured or controlled in the laboratory (Tilman, 1977), before the species actually

interact. This makes resource competition theory a predictive theory, in contrast with the

Lotka-Volterra approach which is phenomenological and not predictive Grover (1997).

However, the reality is that the instantaneous growth of a population does not respond

to the level of resources in the environment, i.e. the specific growth rate µi is not a direct

function of Ri. Instead, the growth rate responds to the internal resource contents or quotas

(Droop, 1973), that is, the variable amount of resources that individuals are able to take

from the external environment. This has important implications, specially for competition

among microorganisms like bacteria and algae (Ducobu et al., 1998). The corresponding

nutrient storage models are more complex, since they consider a new set of variables, the

nutrient quotas. In case of two species and two resources, we must consider four quotas
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3.1 introduction
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Figure 3.1: In standard resource competition theory, the outcomes of competition between

two species for two resources depend on the geometry of nullclines (solid curve

for species 1, dashed for species 2), the consumption vectors fi, and the position

of the resource supply point S in the resource plane R1R2. A community equi-

librium exists only for supply points located in the “wedge” or “conic” shaped

region formed by the projections of consumption vectors at the nullcline inter-

section, otherwise species 1 or 2 always wins, or both go extinct. (A) If the

community equilibrium exists, it will be stable if each species consume a high

proportion of its most limiting resource, as indicated by the slopes of the con-

sumption vectors (species 1 and 2 are more limited by resources 1 and 2 respec-

tively). (B) But if each species consume a high proportion of the most limiting

resource of its competitor, the community equilibrium will be unstable, and

either species 1 or 2 wins depending on the initial conditions. If the nullclines

never cross (not shown here) a community equilibrium is not possible at all, and

the species whose nullcline is closer to the origin always wins the competition.
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the dynamics of multispecies competition with nutrient storage

(of two resources per species), in addition to the two species densities and the two resource

concentrations; this leave us with eight differential equations. And in general, for n species

and m resources there are n× m quotas, for a total n + m + n × m differential equations.

Whereas in classical models the number of variables increase additively with the number

of species and resources, in storage models they increase in a multiplicative way. Naturally,

the number of parameters that control the dynamics also increases.

Only recently, the scenario of two species and two resources has been fully studied ana-

lytically (Li and Smith, 2007), but for a particular class of storage models and under chemo-

stat conditions (mi = D). In addition, the mathematics involved (monotone dynamical

systems Smith, 1995) is far from the grasp of most biologists. The graphical approach,

which is much more useful for shaping our intuition, has been seldom applied (Turpin,

1988; Hall et al., 2008), and limited to conditions prevailing in chemostats. However, it is

not immediately obvious that the graphical approach is applicable to storage models. On

the one hand, like in standard models, the resource supplies and the consumption vectors

are defined in the resource planes. On the other hand, the growth rates are not dependent

on the external resources, and thus, the species nullclines cannot be defined in the resource

planes. In addition, it is known that under non-chemostat conditions (mi > D) the tran-

sient behavior of simple quota models can be different from that in chemostat conditions

(Clodong and Blasius, 2004).

In this article we make a systematic analysis of a simple but generic model of competition

that includes resource storage. We discuss to what extent resource requirements, consump-

tion patterns and resource supplies still govern the dynamics of the competitive system.

We explore to what extent the graphical approach can be applied to storage based models,

and the link between the graphical approach and the stability of equilibria. Finally, the

insights gained from the graphical approach are applied to higher dimensional scenarios,

illustrating the advantages and also the limitations.

3.2 the model

The model discussed in this article is a multiple species and multiple resources extension

of the nutrient storage, or quota model for microorganisms (Droop, 1973; Grover, 1997). It

describes the competition among n species with population densities Ni (i = 1, . . . ,n) for

m essential resources with densities Rj (j = 1, . . . ,m). Its main distinction with standard

models is that it follows the dynamics of the quota Qji of resource j in species i, i.e. the variable

content of resource j in an individual of species i:

dNi

dt
= (µi(Q1i, . . . ,Qmi) − mi)Ni (3.2a)

dQji

dt
= fji(Rj) − µi(Q1i, . . . ,Qmi)Qji (3.2b)

dRj

dt
= φj(Rj) −

n∑

i=1

fji(Rj)Ni (3.2c)

Some equations in this model resemble the equations of the standard model in the in-

troduction (3.1). However, in the storage model the specific growth rate of species i is a
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3.2 the model

Function Generic Properties Special case

Growth rate

µi(Q1i, . . . ,Qmi)

∂µi/∂Qji > 0 for all j

µi = 0 if Qji = 0 for at least

one j

Droop-Liebig growth

µi = ri min

(

1 −
qji

Qji

)

Resource consumption

fji(Rj)

dfji/dRj > 0

fji(0) = 0

Holling type II uptake

fji(Rj) =
vjiRj

Kji + Rj

Resource turnover

φj(Rj)

dφj/dRj < 0

φj(Sj) = 0 for Sj > 0

Chemostat turnover

φj(Rj) = D(Sj − Rj)

Table 3.1: Generic assumptions on the competition model with resource storage and a spe-

cial case implementation used in some examples.

function of the resource quotas µi(Q1i, . . . ,Qmi) instead of the external resources Rj. The

specific growth rate mi is, as before, constant. The quota dynamics is determined by re-

source uptake at rate fji(Rj) and “dilution by growth” (Grover, 1997), i.e. the distribution

of quotas among offspring in the case of reproduction. Since dilution is coupled to repro-

duction, the dilution term is typically assumed to be proportional to the specific growth

rate (Grover, 1997). In the absence of consumers, the resource dynamics is governed by a

turnover rate φj(Rj). In the presence of consumers. resources are depleted by consumption

where fji(Rj)Ni corresponds to the uptake of resource j by the population of species i.

In the following sections we will discuss the assumptions made on the functions µi, fji

and φj. All assumptions are summarized in Table 3.1.

3.2.1 Growth rate

The contents of the various resources in an individual of species i is characterized by a

quota vector Qi = (Q1i, . . . ,Qmi). The set of all possible quota vectors will be called the

quota space of species i. We assume that the rate µi(Qi) is a non-decreasing function of the

quotas. Since resources are essential, the growth rate µi(Qi) is zero if the quota of at least

one resource is zero. We will only consider species where µi(Qi) > mi for at least some

Qi.

Special case. For simplicity, resource competition theory often focuses on perfectly essen-

tial resources, that is on a situation where the lack of one resource cannot be compensated by

the overabundance of another resource. In such a case, the specific growth rate µi follows

Liebig’s law of the minimum (Von Liebig, 1840; Tilman, 1977, 1982; Grover, 1997):

µi(Q1i . . . ,Qmi) = min(µ1i(Q1i), . . . ,µmi(Qmi)) (3.3)

where µji is the growth rate of species i when only resource j is limiting (i.e. all other

quotas have a very high level). If the growth rate is given by (3.3), growth is determined by

only a single resource at any time, the so called limiting resource.

In most studies, the functions µji are modeled explicitly using Droop’s (1973) empirical

formula:
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the dynamics of multispecies competition with nutrient storage

µji(Qji) = ri

(

1 −
qji

Qji

)

(3.4)

Here ri is the maximum specific growth rate (which does not depend on j), and qji is a

threshold level such that for 0 6 Qji 6 qji the growth is assumed to be zero.

3.2.2 Resource consumption

The specific consumption or uptake rate fji of resource j by species i is a continuous increasing

function of the resource concentration Rj. Obviously, the uptake should be zero if the

resource is absent: fji(0) = 0. The consumption pattern of species i can be characterized

by its consumption vector fi = fi(R) = (f1i(R1), . . . , fmi(Rm)), where R = (R1, . . . ,Rm) is

the resource vector. As illustrated in Figure 3.2B and 3.2D, consumption vectors can be

symbolized by arrows in resource space (the set of all possible resource vectors). The overall

consumption pattern of the community can be described by a consumption matrix F = F(R) =

(fji(Rj))j,i, that is a matrix the columns of which are given by the consumption vectors of

the species.

It is also acknowledged that resource uptake is also a negative function of the quotas, i.e.

∂fji/∂Qji < 0 Morel (1987). We decided not to consider this fact, because it involves a great

deal of mathematical complication. Nevertheless, in the final discussion we justify why our

main results are not affected by this omission.

Special case. Most studies assume that consumption rates follow a Holling type II func-

tional response, where vji is the maximum uptake rate of resource j and Kji is a half-

saturation constant:

fji(Rj) =
vjiRj

Kji + Rj
(3.5)

In contrast to Droop’s purely phenomenological formula (3.4), the uptake function (3.5)

can be given a mechanistic interpretation (Aksnes and Egge, 1991).

3.2.3 Resource turnover

We assumed the turnover rate φj of resource j is a continuous decreasing function of Rj.

In the absence of consumers, resource j attains a steady state concentration Rj = Sj, at

which φj(Sj) = 0. The turnover dynamics is characterized by resource turnover vectors

Φ(R) = (φ1(R1), . . . ,φm(Rm)), which correspond to arrows in resource space shown in

Figure 3.2B and 3.2D (Grover, 1997). The turnover vector is zero at the resource supply point

S = (S1, . . . , Sm).

Special case. The simplest model for φj is the linear function

φj = D(Sj − Rj) (3.6)

where D is the resource flow rate. This form of turnover dynamics can be realized in

chemostats, and it is a good approximation for many aquatic systems (Grover, 1997).
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3.3 resource requirements

3.3 resource requirements

The species dynamics depends directly on the amount of stored resources Qji: low quotas

result in µi < mi and high quotas in µi > mi. Thus, there is a boundary in quota space

where µi = mi. As the actual values of Qji are determined by the consumption dynamics

(3.2b), µi depends indirectly on Rj: if resources in the environment are scarce, quotas

will eventually decrease, leading to µi < mi; if resources are overabundant, quotas will

eventually increase, leading to µi > mi. Accordingly, there is a boundary for species i

in the space of external resources, which determines resource combinations leading to net

growth or decrease in the long term. In this section we characterize these boundaries. in

other words minimum resource requirements for growth, in quota space and in resource

space.

3.3.1 General case

The nullcline of species i Q0
i , is a (m − 1)-dimensional surface in m-dimensional quota space.

It corresponds to those quota vectors Qi for which

µi(Qi) = mi (3.7)

In the case of two resources, the nullcline of species i is a 1-dimensional surface (a line)

in a 2-dimensional quota space, as in Figure 3.2A. For quota vectors below the nullcline,

species i will decline (µi < mi), for quota vectors above the nullcline it will grow (µi > mi).

Let us assume for the moment that the system is at a positive equilibrium, i.e. with

Ni,Qji,Rj > 0. In this case µi = mi, thus the quotas of species i lie on Q0
i . As

Q̇ji = fji(Rj) − miQji = 0 in (3.2b), each quota Qji is associated to a particular resource

concentration Rji. Using this relationship, we can map the nullcline Q0
i in quota space

to a (m − 1)-dimensional surface R0
i : µi(fi(R)/mi) = mi in resource space. We call this

boundary a quasi-nullcline in resource space, since µi < mi below R0
i and µi > mi above

R0
i .

We would like to stress that R0
i is not a nullcline in the technical sense of the word,

since the relations µi < mi, µi = mi and µi > mi only hold under under the equilibrium

assumption made above. Since the specific growth rate µi depends on the quotas (and

not on the external resource concentrations), µi(Qi) can be large even for small resource

concentrations Ri, due to storage in the past. However, for a resource vector below R0
i ,

the quota Qi will eventually drop below Q0
i , leading to the decline of species i. Similarly,

for resources vector above, quotas will eventually increase to values above Q0
i , allowing

population growth.

The nullclines in quota species and quasi-nullclines in resource space are illustrated in

Figure 3.2. The nullcline Q0
i belongs to the “private” quota space of species i, thus it cannot

be used to predict the outcomes of competition, which takes place in the “public” space

of external resources. We can only make predictions about competition by considering the

geometry of quasi-nullclines R0
i .
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Q1i

Q0
i

Q2i R2i

R1i

R0
i

S

φ-fi

R*
1i
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i
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Q0
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Q*
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Q*
2i

S

φ

A. Quota space: general B. Resource space: general

C. Quota space: Liebig D. Resource space: Liebig

instantaneus: µi>mi

instantaneus: µi<mi

long term: µi>mi

long term: µi<mi

instantaneus: µi>mi

instantaneus: µi<mi

long term: µi>mi

long term: µi<mi

Figure 3.2: Quota space (A,C) and external resource space (B,D) for two essential resources.

The nullcline Q0
i separates the quota space into regions of positive net growth

(µi > mi above the nullcline) and negative net growth (µi < mi below the null-

cline). The quasi-nullcline R0
i separates resource space in regions for which the

net growth rate is positive or negative, but in the long term. In the special case

of Liebig’s law (C,D), the nullclines are specified by quota requirements Q∗
ji and

the quasi-nullclines the external resource requirements R∗
ji. Nullclines are most

easily derived for quota space. External resource space has the advantage that

it allows the simultaneous representation of the resource turnover vector field

Φ (pointing towards the resource supply point S) and the resource-dependent

consumption vectors fi. Note that the consumption vectors tend to align with

the resource Rj axis if Rj is increasing while keeping all other resource concen-

trations fixed.
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3.4 equilibria

3.3.2 Liebig’s law

In the special case of Liebig’s law (3.3), nullclines and quasi-nullclines have a particularly

simple description in terms of m minimal requirements for Qji (respectively Rj).

The internal resource (or quota) requirement of resource j for species i is that quota Qji = Q∗
ji

for which the specific growth rate is balanced by the specific loss rate, given that the other

resources are not limiting growth

µji(Q
∗
ji) − mi = 0 (3.8)

Figure 3.2C illustrates how the vector Q∗
i = (Q∗

1i,Q
∗
2i) determines the L-shaped nullcline

in quota space for the special case of two resources. This basic principle extends to higher

dimensions (m > 2).

The external resource requirement of resource j for species i is that resource concentration

Rj = R∗
ji just allowing to achieve the quota Q∗

ji given that the quotas of all other resources

are not limiting. In view of (3.2b), R∗
ji is implicitly given by

fji(R
∗
ji) − miQ

∗
ji = 0 (3.9)

Figure 3.2D shows (for m = 2) how the vector R∗
i = (R∗

1i,R
∗
2i) determines the L-shaped

quasi-nullcline of species i in external resource space. Again, this result extends to any

number of resources (m > 2).

Special case. If µji and fji are specified by (3.4) and (3.5), Q∗
ji and R∗

ji are given by

Q∗
ji =

riqji

ri − mi
(3.10)

R∗
ji =

KjimiQ
∗
ji

vji − miQ
∗
ji

=
Kjimiriqji

vji(ri − mi) − miriqji

(3.11)

3.4 equilibria

In general, our model has many equilibrium points. With the exception of the trivial case

(all Ni = 0) the feasibility of an equilibrium requires certain conditions regarding resource

requirements and consumption. In this section we will demonstrate that this conditions

have a clear representation in the geometry of the quasi-nullclines, consumption vectors

and resource supply vectors.

3.4.1 General case

For n species, a positive equilibrium (dNi/dt = dQji/dt = dRj/dt = 0 for all Ni > 0)

requires all resource equilibrium concentrations R̂j to be part of all the quasi-nullclines. In

other words the quasi-nullclines of all species in external resource space must intersect in a

common resource equilibrium vector

R̂ = (R̂1, . . . , R̂m)
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the dynamics of multispecies competition with nutrient storage
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Figure 3.3: (A) Nullclines and their intersection points (R̂) for two species competing for

two essential resources. If resource turnover is described by the chemostat equa-

tion, a two-species equilibrium is feasible only if the supply point (or the re-

source turnover vector Φ̂) lies in the cone formed by the species consumption

vectors at R̂. (B) For perfectly essential resources, nullclines can only intersect

at a single point. The consumption vectors at the intersection point define loca-

tions of the supply points for which the two species can coexist, and for which

one species excludes the other.

In generic cases, the intersection of the n (m − 1)-dimensional quasi-nullclines will be

a set of dimension m − n. If the number of species equals the number of resources

(m = n), the quasi-nullclines will intersect (if they intersect at all) in one or several points

(0-dimensional), as illustrated in Figure 3.3A. The intersection will typically be lines (1-

dimensional) for m = n + 1 (e.g. two species competing for three resources), surfaces

(2-dimensional) for m = n + 2, and so on. If m < n the intersection will in generic cases

be empty. In other words: at equilibrium the number of coexisting species does not exceed the

number of resources (n 6 m), which corresponds to the well known Principle of Competitive

Exclusion (Grover, 1997).

For a given resource equilibrium vector R̂, the species equilibrium densities N̂i are

the solutions of a linear system of m equations in n unknowns that results from setting

dRj/dt = 0 in (3.2c):

φj(R̂j) =

n∑

i=1

fji(R̂j)N̂i (3.12)

In Appendix A we prove that this equation has a unique positive solution (all N̂i > 0)

if and only if the resource turnover vector Φ̂ = (φ1(R̂1), . . . ,φm(R̂m)) falls in the cone spanned

by the consumption vectors f̂i = (f1i(R̂1), . . . , fmi(R̂m)) of the species. The same result was ob-

tained earlier by Huisman and Weissing (2001), for the corresponding resource competition

model without nutrient storage.
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3.4 equilibria

For the special case of a chemostat (3.6), this corresponds to the requirement that the

resource supply point S = (S1, . . . , Sm) falls into the cone that is formed by the n consump-

tion vectors and attached to the resource equilibrium vector R̂, which appears as a “wedge”

in Figure 3.3.

Once R̂ and N̂ are determined, the equilibrium quotas Q̂ are obtained by setting

dQji/dt = 0 in (3.2b)

Q̂ji =
fji(R̂j)

mi
(3.13)

The case of a monoculture (m > n = 1) deserves special attention. In a monoculture the

“cone” collapses into a semi-line, the slope of which is given by the consumption vector at

R̂. Logically, this time R̂ cannot be a quasi-nullcline intersection (there is only one species!).

Instead R̂ corresponds to the point in the quasi-nullcline where the consumption vector

and the turnover vector are parallel. This fact will be extremely useful when exploring the

stability of monocultures against invaders.

3.4.2 Liebig’s law

Consider an equilibrium (a monoculture or a community) where species i is limited by

resource j, thus µi(Q̂i) = µji(Q̂ji) = mi. According to (3.8) the equilibrium level Q̂ji

corresponds to the quota requirement Q∗
ji of species i for j: Q̂ji = Q∗

ji. In view of equation

(3.9), this implies R̂j = R∗
ji. In other words, the equilibrium concentration R̂j of resource j

matches species i external resource requirement R∗
ji for the limiting resource j.

In generic cases, different species will differ in their values R∗
ji. As a consequence, in a

community equilibrium, each species i has the highest requirement (compared to others) for

the resource j limiting its own growth. To see this, consider another species k with a higher

requirement for resource j: R∗
jk > R∗

ji = R̂j. This, however, is impossible, since R∗
jk > R̂j

would imply that the external resources are below the quasi-nullcline of species k, which

accordingly, decreases. In other words, species k cannot be in equilibrium with species

i. Thus, in a community equilibrium each species i has the highest requirement (compared to the

other species) for the resource limiting its own growth. The same result was obtained earlier by

Huisman and Weissing (2001), for the corresponding resource competition model without

nutrient storage.

Summarizing, in an equilibrium if species i is limited by resource j then R̂j = R∗
ji. If

this happens to be a community equilibrium, then no other species k 6= i has a higher

requirement for that resource j, i.e. R∗
jk < R∗

ji = R̂j. Ergo, in a community equilibrium no

other species but i determines the equilibrium level of resource j. In other words, there is a

one-to-one relationship between n species and their n limiting resources.

Thus, given n species, without loss of generality we can label the resources in such a way

that species i has the highest requirement for resource i, thus R̂i = R∗
ii. In particular for

m = n the resource equilibrium vector is

R̂ = (R̂1, . . . , R̂i, . . . , R̂n) = (R∗
11, . . . ,R

∗
ii, . . . ,R

∗
nn) (3.14)
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the dynamics of multispecies competition with nutrient storage

If m > n, there will be m − n resources in the R̂ vector that are non-limiting; by defini-

tion the equilibrium concentrations of such resources must higher than any of the species

requirements (R̂j(non−limiting) > R∗
ji).

3.5 stability

If n species are competing for m resources, the competitive dynamics is described by

n + m + n × m = (n + 1)(m + 1) − 1 differential equations. Because of the high number

of dimensions, the stability of equilibria is difficult to characterize. The stability of an

equilibrium X̂ = (N̂, Q̂, R̂, ) can be determined by investigating the eigenvalues of the cor-

responding jacobian matrix J(X̂) (Murray, 2002). This is a difficult task, because already

for n = m = 2, J(X̂) is an 8 × 8 matrix, while it is a 15 × 15 matrix for n = m = 3. At

the moment, only the chemostat scenario (mi = D) for m = n = 2 has been analysed

(Li and Smith, 2007), and it displays the same outcomes as standard competition models.

More general results, however, are not available. In this section we give an overview of our

partial stability analysis, relating the stability conditions to the resource consumption pat-

terns at equilibrium, i.e. to the geometry of the consumption vectors. (the lenghty details

of our analysis can be read in Appendix B).

3.5.1 External vs internal stability

Some progress can be made by distinguishing between internal and external stability. To this

end, we distinguish between those species that are present at equilibrium (those i for which

N̂i > 0) from those that are absent (those i for which N̂i = 0). The former will be called

resident species and the latter invader species. By relabeling the n species, we can assume

without loss of generality that the first nk species i = 1, . . . ,nk are residents, while the last

nl = n− nk species are invaders. The concept of internal stability refers to the stability of X̂

with respect to small perturbations involving the community of resident species. External

stability refers to the stability of X̂ with respect to the invasion of (a set) invader species

that appear with low densities.

In Appendix B.1 we prove that: the equilibrium X̂ is stable if and only if, it is both internally

and externally stable. Hence, a full stability analysis can be decomposed into the simpler task

of considering the analysis (lower dimensional) of internal and external stability.

3.5.2 External stability

External stability is relatively easy to characterize. In fact, it suffices to address each of the

nl invader species in isolation. In Appendix B2. we prove that: a community of nk residents

is externally stable if none of the nl invaders is able to grow when rare. To put this in graphical

terms: the resident community is externally stable, if and only if the equilibrium level of

resources R̂ set by the residents happens to be below the quasi-nullclines of all possible

invaders.
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3.5 stability

The reader will immediately recall that instantaneous growth does not depend on exter-

nal resources but on the quotas. It might happen that the invaders come very high quotas,

so they initially grow even if R̂ lies below their quasi-nullclines. However, this does not in-

validate the consequences of our claim: since they have very low densities, invaders cannot

have a noticeable effect on external resource abundances, and simultaneously their quotas

rapidly dilute following the initial growth. Thus, invaders are always doomed to extinction

if R̂ lies below their quasi-nullclines. The most correct statement regarding external stabil-

ity would be: a community of nk residents is externally stable if none of the nl invaders can grow

when rare in the long term.

3.5.3 Internal stability

Internal stability is a much more challenging problem, because the variables of the resident

populations are interdependent. The situation is somewhat simplified in case of Liebig’s

law of the minimum, since the growth rate of each species is only dependent on a single

resource. As a consequence, the jacobian matrix has a simpler structure. In Appendix

B.3, we show that this allows to deduce a simple but important stability requirement if

resources are perfectly essential, an equilibrium X̂ can only be internally asymptotically stable if

the determinant of the consumption matrix F̂ of the resident species is positive:

det(F̂) > 0 (3.15)

This determinant criterion has simple geometrical interpretations, for a single species, for

two, and for many. In the trivial case of a resident community consisting of one species, i.e.

a monoculture, the determinant is equal to the consumption rate of its limiting resource at

equilibrium, which by definition is always positive. The internal stability requirement is

always hold for monocultures. In Appendix B.4 we prove that in fact: all monocultures are

internally stable (previously demonstrated by Legovic and Cruzado 1997, for mi = D).

In the scenario of two species competing for two resources, if we label the species ac-

cording to our convention in equation (3.14), the stability (3.15) requirement can be writen

as:

f22(R∗
22)

f12(R∗
11)

>
f21(R∗

22)

f11(R∗
11)

(3.16)

in other words, the consumption vector species 2 is steeper than the consumption vector

of species 1 (provided R1 is the horizontal axis and R2 the vertical axis) at the intersection

point of the quasi-nullclines. Thus, for two species competing for two resources internal

stability requires that at equilibrium: each species consume comparatively more of the resource

for which it has the highest requirement.

In higher dimensions (n = m > 2), the geometrical interpretation of (3.15) is that the

consumption vectors of the resident species are positively oriented (Weinstein, 2003) with

respect to the external resource axes. For example, see that in Figure 3.4A, f1 tends to be

“horizontal” like the R1 axis, and f2 tends to be “vertical” like the R2 axis: the vectors are

positively oriented. In contrast, see that in Figure 3.4B, f1 is tends to be vertical and f2
tends to be horizontal: the vectors are negatively oriented. In higher dimensions, positive
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the dynamics of multispecies competition with nutrient storage

orientation means that fi tends to be more “aligned” to the Ri axis than to any other axis.

Thus, each species becomes associated with one resource (the one limiting its own growth),

and we interpret condition (3.15) in words as follows: stability requires that species tend to

consume relatively more of those resources for which they have the highest requirements.

Although conceptually interesting and computationally useful, the criterion (3.15) is (for

more than two resources) by far not sufficient to characterize internal stability. In contrast,

the invasion analysis, on which external stability is based, is relatively easy to perform. In

the next section we show that invasion analysis can also give important clues concerning

internal stability. In brief, a community equilibrium is often internally stable if all border

equilibria are externally unstable. The latter corresponds to the concept of mutual invadibil-

ity: a set of species is expected to coexist stably if each species can invade any combination

of resident species.

3.6 two limiting resources

In the introduction we said that the outcomes in competition models without storage is

closely related to the geometry of nullclines, consumption vectors, and resource supply

points. These elements have been considered in the study of the storage model of two

species competing for two resources (Tilman, 1977; Turpin, 1988; Hall et al., 2008), but only

for the special case of the chemostat, in which real mortalities mi are replaced by the

chemostat flow rate D.

In the last section we showed that in general, i.e. not just for the chemostat, both the

existence of the community equilibrium and its internal stability, are strongly dependent

on the properties of quasi-nullclines, supply points, and the consumption matrix (the “cone

rule” and the “determinant rule”). However, a complete criterion of internal stability is still

lacking. In this section, we will show that the consumption patterns at the community

equilibrium, given by the matrix F̂, will tell us if the monocultures are externally stable

against invasion. Thus, even if the graphical approach cannot address the full stability of

the system, it can show whether or not two species competing for two resources can coexist.

First of all, If the quasi-nullclines never cross, the outcome of competition is trivial: the

species with lowest requirements always wins the competition because it can to grow when

the level of external resources are below the requirements of other species. So, from here

onwards we will assume the nullclines always cross.

Let us then assume that the quasi-nullclines of species 1 and 2 cross, so an equilibrium

will be possible for certain combinations of resource supplies S1, S2. Following our labeling

convention (3.14), species 1 has the highest requirement for resource 1, and species 2 the

highest for resource 2:

R∗
11 > R∗

12,R
∗
22 > R∗

21 (3.17)

Hence the species quasi-nullclines cross at the resource equilibrium vector R̂ = (R∗
11,R

∗
22),

where species 1 is limited by resource 1 and species 2 is limited by resource 2. All these

details appear in Figure 3.4. Now we proceed to use this graphical information in order to

predict the outcomes of competition.
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3.6 two limiting resources
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Figure 3.4: Outcomes of the competition between two species for two perfectly essential

resources in the nutrient storage model. In contrast with the standard model

(Fig. 3.1), the quasi-nullclines (solid for species 1, dashed for species 2) replace

the nullclines in the space of external resources. See the main text for a detailed

explanation.

(1) Coexistence. Let us assume that at the nullcline intersection the slopes of the con-

sumption vectors and the resource turnover vector are related in the form shown in Figure

3.4A

f22(R∗
22)

f12(R∗
11)

>
φ2(R∗

22)

φ1(R∗
11)

>
f21(R∗

22)

f11(R∗
11)

(3.18)

i.e. the consumption vector of species 2 is steeper than the consumption vector of species 1,

and the slope of the turnover vector lies in between. In consequence, by the “cone rule” a

community equilibrium (N̂1, N̂2 > 0) exists, and by the “determinant rule”, in the form of

(3.16), we cannot rule out that this equilibrium is stable.

Now consider the following. First, according to (3.18) the slope of the consumption vector

of species 1 is smaller than the slope of the turnover vector at R̂. Second, in the monoculture

equilibrium of species 1, the slopes of these vectors must be equal, i.e. parallel, in a point

R̃ = (R̃1, R̃2) of the L-shaped quasi-nullcline of species 1. The relative position R̃ in the

quasi-nullcline of species 1 could be (see Fig. 3.4A):

• In the horizontal branch where R̃1 > R∗
11 and R̃2 = R∗

21. This means that R̃2 < R∗
22.

However, this cannot be true, because in such a point the slope of f1 is smaller than in

R̂ and the slope of Φ is much bigger (properties of consumption and turnover vectors,

see Fig. 3.2).
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the dynamics of multispecies competition with nutrient storage

• In the vertical branch where R̃1 = R∗
11, and R̃2 < R∗

22. This also must be ruled out,

because it makes Φ more steeper than f1, compared to the situation at the quasi-

nullcline intersection.

• In the vertical branch where R̃1 = R∗
11, and R̃2 > R∗

22. This last alternative is correct,

because only by raising R2 above R∗
22 we have that the slope of f1 increases and that

of Φ decreases, making both vectors parallel.

Thus, if the slopes of the consumption and turnover vectors at the quasi-nullcline inter-

section relate as in (3.16), we conclude that in the monoculture of species 1: R̃1 = R∗
11

and R̃2 > R∗
22. In consequence, the monoculture of species 1 is unstable against invasion.

Mutatis mutandis, the same is true for the monoculture of species 2.

Thus, if at the community equilibrium each species consumes comparatively more of its limit-

ing resource, then both monocultures are locally unstable and both species persist. A series

arguments lead us to conjecture that such coexistence is stable. First, under conditions of

parameter symmetry, the community equilibrium is in fact internally stable. Second, all

simulations so far indicate that the configuration described by (3.18) always converges to

stable equilibrium coexistence.

(2) Competitive exclusion. Let us assume that at the nullcline intersection the slopes of

the species consumption vectors and the resource turnover vector are related in the form

shown by Figure 3.4B

f22(R∗
22)

f12(R∗
11)

<
φ2(R∗

22)

φ1(R∗
11)

<
f21(R∗

22)

f11(R∗
11)

(3.19)

i.e. a configuration in which the slope of the consumption vectors is the opposite of that

in (3.18). The slope of the turnover vector lies between that of both consumption vectors,

thus the community equilibrium is feasible. However, this equilibrium is unstable because

(3.19) contradicts (3.16). By comparing the slopes of consumption and turnover vectors

in monocultures as before, we conclude that under (3.19) the monocultures are externally

stable against invasion.

Thus, if at the community equilibrium each species consumes comparatively less of its limiting

resource, then both monocultures are locally stable and both species exclude each other.

Condition (3.19) describes a system where both monocultures are local attractors and the

community equilibrium is a saddle point. Depending on the initial conditions either species

1 or species 2 exclude the other species and wins the competition.

Competitive dominance. The slopes of the consumption and resource turnover vectors at

the quasi-nullcline intersection can also be related either as

φ2(R∗
22)

φ1(R∗
11)

>
f22(R∗

22)

f12(R∗
11)

,
f21(R∗

22)

f11(R∗
11)

(3.20)

or

φ2(R∗
22)

φ1(R∗
11)

<
f22(R∗

22)

f12(R∗
11)

,
f21(R∗

22)

f11(R∗
11)

(3.21)
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3.7 three limiting resources

In both cases the slope of the turnover vector in higher or smaller that the slopes of both

consumption vectors, thus by the “cone rule”, the community equilibrium is not feasible.

Again, using the quasi-nullcline intersection as referencem and comparing the slopes of a

single species against the turnover vector, we will conclude that in the first alternative (3.20)

species 2 meets the invasion criterion but species 1 does not, thus species 2 always wins.

The second alternative (3.21) is the opposite, species 2 is always excluded by species 1. In

contrast with the mutual exclusion case, one species is always the winner, not depending

on the initial conditions.

Although our analysis concerned perfectly essential resources (L-shaped quasi-

nullclines), it is possible to show graphically that in general, if quasi-nullclines, consump-

tion vectors and turnover vectors have the same geometries of Figure 3.4, the same pre-

dictions will be obtained. Thus, we conclude that for two species and two resources, the

graphical methodology used for standard models without storage (Fig. 3.1) can be extrap-

olated to the nutrient storage model.

3.7 three limiting resources

In models without storage like in the introduction (3.1), there are only a few outcomes in

case of two resources, while the dynamics of competition can be highly complex in case of

three or more resources (Zhang, 1991; Huisman and Weissing, 1999, 2002; Baer et al., 2006).

For m = 2, we have just seen that the number of outcomes is also rather limited for the

storage model. On the other hand, with three or more resources, the dynamics of the

storage model is as complex (Revilla and Weissing, 2008) as in standard models without

storage.

One interesting result is the emergence of competitive oscillations as in the example of

Figure 3.5A: three species take turns trying to exclude each other, as in the game of Rock-

Scissors-Paper (RSP: Rock crushes Scissors, Scissors cuts Paper, Paper wraps Rock). Also

interesting is the widespread occurrence of alternative states. Already for m = n = 2

we have alternative stable states, but they only concern monocultures, whereas in higher

dimensions they can involve communities, as Figure 3.5B shows. In other words, even if

coexistence is possible, it may not manifest for certain initial conditions.

Previous analysis of models without storage (Huisman and Weissing, 2001), indicate that

the configuration of nullclines and consumption vectors play an important role in the origin

of the complex dynamics of multispecies resource competition. The purpose of this section

is to prove that this is also the case for nutrient storage models. Since the number of possi-

ble configurations for quasi-nullclines and consumption vectors for more than two species

and resources is hopelessly high, we limit our exposition to some representative cases. We

will only consider scenarios in which an equilibrium between three species always exists,

i.e. the quasi-nullclines cross and the “cone rule” holds. For this community equilibrium,

we consider a given arrangement of consumption vectors. Then, using the properties of the

consumption and turnover vectors (see Fig. 3.2), will deduce if the two-species equilibria

and the monocultures, are externally stable. This, along with the determinant rule (3.15),

will give us a rather robust picture of the corresponding dynamics. Although this method-
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Figure 3.5: (A) Limit cycle of three species competing for three resources. (B) Alternative sta-

ble states: at time 10000 species 1 invades the community of species 2 and 3, the

outcome can be coexistence or the extinction of species 2 and 3 (inset), depends

on the initial density of the invader. The triangular graphs below each time plot

represent the corresponding equilibria and their stability: monocultures are the

vertices, two-species equilibria lie on the edges, and the three-species equilib-

rium is in the interior. For part A, the monocultures form a heteroclinic cycle

around the unstable equilibria, this explains the oscillations. For part B, the

three-species community and monoculture of species 1 are localy stable. If a

small fraction of species 2 is replaced by species 1, the system coverges to coexis-

tence. If a small fraction of species 3 is replaced by species 1, species 1 excludes

both residents. The parameters for the simulations are in Appendix E.
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3.7 three limiting resources

ology can in principle be applied to any resource type, we will limit it to perfectly essential

resources for the sake of simplicity.

To ensure that the quasi-nullclines cross, if each species must have the highest require-

ment for one resource. Without loss of generality, we follow our early convention (3.14) in

which species i has the highest requirement for resource i. The other resource requirements

(R∗
ji, , j 6= i) could be related in other ways, tough. Thus, with some loss of generality, we will

assume that external resource requirements are related in a cyclic fashion

R∗
11 > R∗

12 > R∗
13

R∗
22 > R∗

23 > R∗
21

R∗
33 > R∗

31 > R∗
32

(3.22)

Thus, all quasi-nullclines intersect at R̂ = (R∗
11,R

∗
22,R

∗
33). We will examine under which

conditions the species trio (1) coexist, (2) mutually exclude each other, or develop (3) com-

petitive oscillations.

(1) Coexistence. Our results from the last section tell us that species 1 and 2 can invade

each other if (3.18) holds. Then by symmetry, any monoculture can be invaded by any of

the two invaders, if all the following inequalities hold at the nullcline intersection point

R̂ = (R∗
11,R

∗
22,R

∗
33):

f22(R∗
22)

f12(R∗
11)

>
φ2(R∗

22)

φ1(R∗
11)

>
f21(R∗

22)

f11(R∗
11)

(3.23a)

f33(R∗
33)

f13(R∗
11)

>
φ3(R∗

33)

φ1(R∗
11)

>
f31(R∗

33)

f11(R∗
11)

(3.23b)

f33(R∗
33)

f23(R∗
22)

>
φ3(R∗

33)

φ2(R∗
22)

>
f32(R∗

33)

f22(R∗
22)

(3.23c)

Accordingly, all two-species equilibria exist. Using geometrical analysis in resource space,

this arrangement (3.23) places the resource turnover vector in the cone formed by the con-

sumption vectors at R̂, thus the three species community equilibrium N̂1, N̂2, N̂3 > 0 also

exists. In Appendix C we prove that all two-species border equilibria are externally unsta-

ble, i.e. they can be invaded by the third species. Thus, if all inequalities in (3.23) hold and

all species are always limited by the resource for which they have the highest requirement,

then all monocultures and all two-species equilibria are externally unstable: no species can

be excluded, thus all three species persist.

In Appendix D, we show that the consumption pattern (3.23) also met the internal sta-

bility requirement (3.15). However, we cannot simply rule out the possibility that the com-

munity equilibrium is indeed unstable, and that the three species may develop some form

of non-equilibrium dynamics. The pattern of resource requirements (3.22), together with

the consumption pattern (3.15), simply says that coexistence through invasion is possible when

each species tends to consume comparatively more of those resources for which it has the highest

requirements. Nothing more.

(2) Competitive exclusion. This time consider that all six inequalities in (3.23) are changed

to:
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f22(R∗
22)

f12(R∗
11)

<
φ2(R∗

22)

φ1(R∗
11)

<
f21(R∗

22)

f11(R∗
11)

(3.24a)

f33(R∗
33)

f13(R∗
11)

<
φ3(R∗

33)

φ1(R∗
11)

<
f31(R∗

33)

f11(R∗
11)

(3.24b)

f33(R∗
33)

f23(R∗
22)

<
φ3(R∗

33)

φ2(R∗
22)

<
f32(R∗

33)

f22(R∗
22)

(3.24c)

This is likely to happen when each species consumes comparatively less of those re-

sources for which it has the highest requirement.

As before, all two species equilibria and the three species equilibrium still exist, since

the supply vector remains in the cone formed by the consumption vectors. All two-species

equilibria have the same configuration of consumption and resource turnover vectors as in

(3.19) or Figure 3.4B. Hence, they are internally unstable and all monocultures are in turn

externally stable. If the monocultures cannot be invaded, this is because they leave a level of

external resources that is below the quasi-nullclines of the invaders. In consequence, a two-

species equilibrium leaves an even smaller amount of external resources: all two-species

equilibria are externally stable, they cannot be invaded. Finally, in Appendix D we prove

that the three-species equilibrium is internally unstable.

Summarizing, under (3.24) the two-species equilibria are saddle points (internally unsta-

ble, but externally stable), the community equilibrium is unstable, and all monocultures

are stable. In consequence, depending on the initial conditions, the system evolves toward

the monoculture of species 1, 2 or 3. Thus, competitive exclusion will happen when each species

tends to consume comparatively less of those resources for which it has the highest requirements.

(3) Oscillations. Competitive oscillations can happen when the competitive hierarchy

among species is intransitive. For three species this means that they relate as in a Rock-

Scissors-Paper (RPS) game (Weissing, 1991). In such a game each species i can invade

monoculture j = i − 1 and can be invaded by species k = i + 1 when in monoculture. For

example species 1 can be invaded by species 2 but not by species 3, species 2 can be in-

vaded by species 3 but not by species 1 and species 3 can be invaded by species 1 but not

by species 2. According to our results for competitive dominance and given the scheme of

resource requirements (3.22), this scenario can be generated by the following arrangement

of turnover and consumption vector slopes:

φ2(R∗
22)

φ1(R∗
11)

>
f21(R∗

22)

f11(R∗
11)

,
f22(R∗

22)

f12(R∗
11)

(3.25a)

φ1(R∗
11)

φ3(R∗
33)

<
f13(R∗

11)

f33(R∗
33)

,
f11(R∗

11)

f31(R∗
33)

(3.25b)

φ3(R∗
33)

φ2(R∗
22)

>
f32(R∗

33)

f22(R∗
22)

,
f33(R∗

33)

f23(R∗
22)

(3.25c)

For this configuration, one can show graphically that the turnover vector falls in the

cone formed by the three consumption vectors at R̂, thus the three-species equilibrium

exists. However, none of the two-species equilibria exists, (compare with inequalities (3.20)).
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3.8 discussion

Summarizing, the consumption pattern (3.25) describes a situation of three monocultures

connected by heteroclinic orbits, 1 → 2 → 3 → 1, surrounding a three-species equilibrium.

If all species start with non-zero densities, they will oscillate. Because of the way in which

they are written, we cannot use inequalities (3.25) to judge the stability of the three-species

equilibrium. However, if the consumption vector slopes relate as in (3.23), the community

equilibrium may be stable and oscillations will dampen out. But if the consumption vector

slopes relate as in (3.24), the community equilibrium will be unstable (Appendix D) and

the oscillations will persist.

When competitive oscillations do not damped out, they can develop into two types: limit

cycles and heteroclinic cycles. This has important consequences. In the first case, oscilla-

tions attain uniform amplitude and period, thus the species can coexist provided that the

minimum densities attained in these cycles are sufficiently far from zero, like in Figure

3.5A. In the second case however, population densities become closer and closer to zero for

increasing periods on time. Under realistic scenarios, sooner or later one of the species will

get extinct due to stochastic events, and the cycle will break, leaving one winner.

Bear in mind that our examination of coexistence, exclusion and competitive cycles was easy,

because the cyclic arrangement of resource requirements like (3.22) is often sufficient to

ensure that each species is limited by the same resource for all equilibria. This is not

always the case, in nutrient storage models, and also for models without storage (Zhang,

1991). The fact that the orientation of the consumption vectors are resource dependent, is

another reason by which resource limitation can differ among the different equilibria for

the same species. Thus in general, it is in practice very difficult to predict the outcomes

of competition for three or more resources based on the configuration of consumption and

turnover vectors at the quasi-nullcline intersections. A good example is given by Figure

3.5B: the parameters for this simulation are such that species i has the highest requirement

for resource i, and the consumption vectors at the intersection of the quasi-nullclines R̂ =

(R∗
11,R

∗
22,R

∗
33) are related like in (3.25). The system display damped oscillations around

the three-species equilibrium as predicted, but depending on the initial conditions, this

equilibrium may be achievable or not.

3.8 discussion

The multispecies storage model behaves in a qualitatively similar way as the much simpler

multispecies competition models without storage. Despite the increased complexity of the

storage model because of the more state variables and parameters, the competitive dynam-

ics mainly reflects the competitive hierarchy among the species, rather than microscopic

(e.g. physiology) details causing these hierarchies. These hierarchies can be represented

as orderings of resource requirements and consumption vectors, allowing us to apply the

graphical analyses used for models without storage. In the case of two species and two

resources, the outcomes of competition are the same as in classical resource competition

models: coexistence, mutual exclusion and competitive dominance. For three species and

three resources, graphical insights and local stability analysis reveals a strong match be-

tween the patterns of resource consumption and the global dynamics, i.e. the “rules of

thumb” of multispecies resource competition (Huisman and Weissing, 1999, 2001, 2002):
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(1) expect stable coexistence when species consume relatively much of those resources for

which they have high requirements, (2) expect competitive exclusion when species consume

relatively much of those resources for which they have low requirements, and (3) expect

oscillations when species consume much of those resources for which they have intermedi-

ate requirements. These expectations are in line with our previous numerical exploration

of the multispecies storage model (Revilla and Weissing, 2008).

It is important to stress the way in which we treat the graphical analysis: as a tool to

judge external stability instead of internal stability. Only the computation of eigenvalues,

a tough problem, can tell us if an equilibrium is internaly stable or not. We simply use a

reference point, the quasi-nullcline crossing, and the geometric properties of turnover and

consumption vectors (Fig. 3.2), to infer what is the state of the resources left by one species

in monoculture. Then we ask: is that amount above the quasi-nullcline of the invader(s)?

That is why the graphical approach works, it does not mater if we are considering nullclines

(models without storage) or quasi-nullclines (with storage).

Although much of our results rely heavily on invasion and graphical analyses. this does

not rest merit to our partial result concerning internal stability. The stability requirement,

in the form of inequality (3.15), has a very simple but important interpretation: stable equi-

librium coexistence requires that each species has a higher consumption impact for its most

needed resources, rather than on the most needed resources of others. In other words, sta-

ble coexistence requires that intraspecific competition is stronger than interspecific competition,

a general rule applicable from Lotka-Volterra type of models (Gilpin and Justice, 1972) to

resource competition models (León and Tumpson, 1975). Thus, multispecies competition

models seem to have common stability rules, independent of the amount (or lack) of mech-

anistic underpinning. It is interesting to see that this result is equally valid for chemostat

(mi = D) and non-chemostat conditions. Unfortunately, this result is restricted to perfectly

essential resources, i.e. Liebig’s law.

It is well known that resource uptake slows down and eventually halts due to the accumu-

lation of nutrients (Morel, 1987; Grover, 1997). This is modelled by decomposing fji(Rj,Qji)

as the product of two monotone functions: gji(Rj) which is monotonically increasing on Rj

(as in the original fji(Rj)) and hji(Qji) = uji − wjiQji which is linearly decreasing on Qji.

We did not considered this level of realism, which would have made our analysis much

more difficult. However our most important results, concerning equilibria, invasion and

stability, still hold. This is because under the equilibrium condition, the quota dynamical

equation becomes gji(Rj)(uji − wjiQji) − miQji = 0, resulting in a positive relationship

between Rj and Qji. Thus the nullcline in quota space can be mapped one-to-one into a

quasi-nullcline in resource space as we did before. The same requirements for the existence

of equilibria will follow, i.e. the crossing of quasi-nullclines and the “cone rule”. Finally, in

Appendix B.5 we show that both the external stability conditions, and the requirement for

internal stability (3.15) still hold in the presence of quota dependent uptake.

Our graphical and analytical approaches covered simple cases, i.e. cyclical arrangements

of resource requirements and consumption vectors. This leaves out an important number of

scenarios, not covered by the rules of thumb (e.g. like in Fig. 3.5B). However, this problem is

not exclusive of nutrient storage models. For example, in the much simpler Lotka-Volterra

model, the number of possible outcomes is impressive just for three species (Zeeman, 1993,
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lists 33 different phase plots like those in Fig. 3.5). And in standard models of competi-

tion for three or more perfectly essential resources, the number of configurations for three

species becomes very high, because pairs of species can display more than one coexistence

equilibrium (Zhang, 1991). Thus, although competition models become complicated by the

incorporation of mechanistic detail (storage in the present case), the dynamics becomes

more complicated mainly because the dimensionality of the system increases.

Now, it is time to stress the differences between competition models with and without

storage. In models without nutrient storage like (3.1), the resource requirements and the

consumption rates relate with the model parameters in simple and direct ways. In these

models the growth rates tipically follow the Monod (1950) equation, µji = riRj/(Hji + Rj),

making resource requirements proportional to the half-saturation constants for growth Hji,

and consumption rates proportional to fixed resource contents cji (Huisman and Weissing,

2001, 2002). This means that resource requirements and resource consumption can be

treated independently. The story is very different for nutrient storage models. Resource

requirements and the consumption rates relate with the model parameters in complex and

non-linear ways, like in equations (3.9) and (3.5), and cannot be treated independently. In

consequence, the small variation in a single parameter (e.g. qji, vji,Kji) can trigger impor-

tant qualitative changes for all equilibria, compared with the variation a single parameter

in models without storage. Now consider that the present model could be more complex:

we did not include negative feedback in consumption rates (de Leenheer et al., 2006), and

there must be trade-offs between parameters (Grover, 1991). Thus, prediction in terms of

life-history parameters becomes unpractical, there are simply too many parameters and

trade-offs.

Another important difference between models without storage and with storage can be

easily appreciated in the graphical analysis. For models like (3.1) it is often the case that

the consumption vectors have the same orientation at all points in resource space (but see

Tilman (1982) for exceptions), thus the consumption pattern is the same at monocultures,

two-species equilibria, three-species equilibria and so on. For the resource storage model,

the orientation of the consumption vectors is different at all equilibria. In the case of two

species and two resources this do not lead to important changes in the prediction of out-

comes. In case of three or more species and resources, the situation can be radicaly different,

because the limiting resource for a species can change among the different equilibria. In

consequence, predictability becomes more localized: the structure of the consumption ma-

trix at the quasi-nullcline intersection can tell us if the system has the tendency to approach

the equilibrium or not, or to oscillate, but that will be often insufficient to inform us about

the long term dynamics. For example, using simulation (Revilla and Weissing, 2008), we

found that in a high number of cases where competitive oscillations where predicted, the

oscillations did occur, but in the long term the system approached a monoculture. In these

monocultures the limiting resources and the consumption patterns where different than

in the three-species equilibrium. These changes are more easy to appreciate by means of

bifurcation analysis (chapter 4).
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appendix a : existence of a community

In this appendix we proceed to prove the “cone rule”: that a community equilibrium exists

if the supply vector falls inside the positive cone formed by the consumption vectors. For

this, let start by considering any matrix A with column vectors a1, . . . an. The set

C = {

n∑

i=1

aixi|xi > 0} (3.26)

is the positive cone spanned by those vectors (Strang, 1988). Hence a vector b with m

elements has a representation b =
∑n

i=1 aixi, with xi > 0 for all i, if and only if b belongs

to the cone C. If we apply this to b = Φ̂, A = F̂ and xi = N̂i (see equation 3.12 in the main

text), we conclude that a community equilibrium with all N̂i > 0 does exists if and only if

the Φ̂ lies inside the positive cone formed by the columns of F̂.

appendix b: local stability of equilibria

As in the main text, we consider any community equilibrium X̂ = (N̂, Q̂, R̂, ) in which some

or all possible n species are present. This equilibrium will be locally stable if and only if all

the eigenvalues of the jacobian matrix J evaluated at X̂ have negative real parts (May, 1974).

This jacobian matrix is

J =







∂Ṙ
∂R

∂Ṙ
∂Q

∂Ṙ
∂N

∂Q̇
∂R

∂Q̇
∂Q

∂Q̇
∂N

∂Ṅ
∂R

∂Ṅ
∂Q

∂Ṅ
∂N






(3.27)

where ∂Ẋ
∂Y = {∂Ẋx

∂Yy
}, Xx, Yy = Ni,Qji,Rj are matrix blocks, and the dot on top is a shorthand

for the time derivative Ẋx = dXx/dt. The jacobian has m + n + m×n rows and columns.

The eigenvalues of J are roots λ of the characteristic equation

det(J− λI) = 0 (3.28)

where I is the identity matrix. The degree of (3.28) is equal to the number rows (or columns)

of J. Just in the simple scenario n = m = 2, this is an 8th order equation, for which the

application of analytical stability criteria is according May (1974) a pointless exercise (and

so forth for m,n > 2).

B.1 External vs internal stability

Equation (3.28) can be factorized as two characteristic equations of lesser degree. This will

allow an easier characterization of the stability conditions of the competitive system.

Our first step is to acknowledge that the community equilibrium represented by X̂ con-

sists of a set K = {i = k|N̂k > 0} of nk resident species, and a set L = {i = l|N̂l > 0} of nl

invader species. The total number of species, residents plus invaders is n = nk + nl.
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The rows and columns containing the quotas and densities of the invaders can be moved

to the bottom and to the right of the jacobian respectively, without any effect on the eigen-

values (the only rule is: move row r one position below, then move column c one position

to the right). After such rearrangement, the jacobian has the following block structure

J =



















∂Ṙ
∂R

∂Ṙ
∂QK

∂Ṙ
∂NK

∂Ṙ
∂QL

∂Ṙ
∂NL

∂Q̇K

∂R
∂Q̇K

∂QK

∂Q̇K

∂NK

∂Q̇K

∂QL

∂Q̇K

∂NL
∂ṄK
∂R

∂ṄK
∂QK

∂ṄK
∂NK

∂ṄK
∂QL

∂ṄK
∂NL

∂Q̇L

∂R
∂Q̇L

∂QK

∂Q̇L

∂NK

∂Q̇L

∂QL

∂Q̇L

∂NL
∂ṄL
∂R

∂ṄL
∂QK

∂ṄL
∂NK

∂ṄL
∂QL

∂ṄL
∂NL



















=

[

JK M1

M2 JL

]

(3.29)

The block JK has m + m× nk + nk rows and columns. JK has the same structure of the

original jacobian in (3.27) and in fact it is a jacobian matrix of an equilibrium that only

contains the resident species. On the other hand, the block JL has m × nl + nl rows and

columns. JL only contains elements belonging to the invaders, and looks like the jacobian of

a system lacking the differential equations of the resources. That is precisely the situation

from the perspective of the invaders: they cannot affect the external resources.

There are many zero blocks in J that arise from the model definition: (1) external re-

sources are not affected by quotas, quotas are not affected by species densities, and species

densities are not affected by external resources; (2) densities and quotas are species specific;

and (3) the residents are at equilibrium ∂Ṅk/∂Nk = µ̂k − mk = 0. Thus, the blocks of J

have block structures

JK =









∂Ṙ
∂R 0 ∂Ṙ

∂NK
∂Q̇K

∂R
∂Q̇K

∂QK
0

0 ∂ṄK
∂QK

0









, JL =

[

∂Q̇L

∂QL
0

∂ṄL
∂QL

∂ṄL
∂NL

]

,M1 =







0 ∂Ṙ
∂NL

0 0

0 0






,M2 =

[

∂Q̇L

∂R 0 0

0 0 0

]

(3.30)

The eigenvalues λ of the jacobian are the roots of the characteristic equation (3.28). Due

to the special structure of the jacobian, i.e. (3.29) and (3.30), we can employ Schur’s formula

(Weinstein, 2003) and factorize the characteristic equation as

det(J− λI) = det(JK − λI)× det(JL − λI) = 0 (3.31)

i.e. a product of two characteristic equations. The eigenvalues of JK determine the stabil-

ity of X̂ with respect to small perturbations in the resident species, they say whether X̂ is

internally stable or not. The eigenvalues of JL determine the stability of X̂ against the intro-

duction of invader species with very small densities, they say whether X̂ is externally stable

or not.

According to equation (3.31) all the eigenvalues of J have negative real parts, if and only

if, all eigenvalues of JK and JL separately, have negative real parts. Thus, a community

equilibrium X̂ is stable, if and only if, it is both externally and internally stable.
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B.2 External stability

JL is a block triangular matrix, thus, its eigenvalues are those of ∂Q̇L

∂QL
and ∂ṄL

∂NL
. Notice that

the entries of ∂Q̇L

∂QL
are of the form

∂Q̇jl

∂Qil

= −Q̂jl
∂µl

∂Qil

− δjiµ̂l

where δji is Kroneker’s delta (δji = 1 if i = j, δji = 0 if j 6= i), and µ̂l denotes the invader’s

specific growth rate evaluated at X̂. Accordingly, the characteristic equation of ∂Q̇L

∂QL
can be

rewritten as

det

(

∂Q̇L

∂QL
− λI

)

= det(−E− (µ̂l + λ)I) = 0 (3.32)

where E = Ql · ∇µ̂l is the scalar product of the invader’s quota vector Ql =

(Q̂1l, . . . , Q̂ml)
T , and the is the invader’s gradient of its specific growth rate ∇µ̂l =

(∂µl/∂Q1l, . . . , ∂µl/∂Qml). Ql is a m × 1 column vector, and ∇µ̂l is a 1 × m row vector,

thus E is a m×m matrix.

Now consider the following equation

E ·Ql = Ql · ∇µ̂l ·Ql (3.33)

The scalar product ∇µ̂l ·Ql in the right-hand-side has the same terms of E, but in reverse

order. Thus σ = ∇µ̂l ·Qi is a 1× 1 matrix, i.e. a scalar. Because Ql > 0 and ∂µl/∂Ql > 0,

we conclude that σ > 0.

Equation (3.33) can be written as E ·Ql = Qlσ, where Ql and σ are respectively, an

eigenvector and its associated eigenvalue, of E. By definition, the other eigenvectors x are

orthogonal with respect to Ql, i.e. x ∈ Q⊥
l with Q⊥

l = {x|x ·Ql = 0}. In consequence

x · E = x ·Ql · ∇µ̂l = 0 · ∇µ̂l = (0, . . . , 0)

In other words, the eigenvalues associated with the other eigenvectors x, of E, are zero.

Therefore, the eigenvalues of E are (σ, 0, . . . , 0
︸ ︷︷ ︸

m×nl−1 times

). Going back to (3.32) the eigenvalues

of ∂Q̇L

∂QL
are λ = (−σ− µ̂l, −µ̂l, . . . ,−µ̂l︸ ︷︷ ︸

m×nl−1 times

), and all of them are negative. The matrix ∂Q̇L

∂QL
cannot

tell us whether X̂ is externally stable or not.

Now, let us check the matrix ∂ṄL
∂NL

. Because dNl/dt does not depend on other species

densities but Nl, this matrix is diagonal, and its eigenvalues are the diagonal entries: λ =

∂Ṅl/∂Nl = µ̂l − ml, i.e. species l net specific rate of increase when rare. Since they can be

positive or negative, only the eigenvalues of ∂ṄL
∂NL

can tell us whether X̂ is externally stable

or not: a community equilibrium X̂ is externally stable if and only if none of the invaders can grow

when rare.
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B.3 Internal stability

The characteristic equation of JK is much more difficult to factorize, but we can obtain

some results if resources follow Liebig’s law. Following our convention that species i is

limited by resource i, the quotas QK can be split into Q= corresponding to the Qii and Q 6=

corresponding to the Qji (j 6= i). The same applies for the external resources R, where R=

corresponds to taking derivatives to or with respect to resources that are limiting, and R 6=

for the resources which do not cause limitation to any resident. JK can be rearranged (by

moving rows and columns as we before) as the following block-triangular matrix

JK =





















∂Ṙ=

∂R=
0 ∂Ṙ=

∂N 0 0

∂Q̇=

∂R=

∂Q̇=

∂Q=
0 0 0

0 ∂Ṅ
∂Q=

0 0 0

∂Ṙ 6=

∂R=
0

∂Ṙ 6=

∂N

∂Ṙ 6=

∂R 6=
0

∂Q̇6=

∂R=

∂Q̇6=

∂Q=
0

∂Q̇6=

∂R 6=

∂Q̇6=

∂Q6=





















=

[

J1 0

J3 J2

]

where the sub-blocks ∂Q̇=

∂R 6=
= ∂Q̇=

∂Q6=
= ∂Ṅ

∂Q6=
= 0 because R 6=,Q 6= are correspond to non-

limiting resources, and ∂Ṙ=

∂R 6=
= 0 because of the independence among external resources.

Thus the eigenvalues of JK at those of the block:

J1 =







∂Ṙ=

∂R=
0 ∂Ṙ=

∂N
∂Q̇=

∂R=

∂Q̇=

∂Q=
0

0 ∂Ṅ
∂Q=

0






(3.34)

together with those of

J2 =





∂Ṙ 6=

∂R 6=
0

∂Q̇6=

∂R 6=

∂Q̇6=

∂Q6=



 (3.35)

where J1 is of size (2nk + n2
k) × (2nk + n2

k) and J2 is of size (m − nk)(nk + 1) × (mk −

n)(nk + 1).

First we look at J2. According to (3.2c) the small block
∂Ṙ 6=

∂R 6=
is (m − nk)× (m − nk) and

diagonal with

∂Ṙj

∂Rj

= φ(R̂j) −
∑

i

∂fji(Rj)

∂Rj

N̂i = −aj < 0

and according to (3.2b) the dynamics of Qji is affected by Qii and Qji but not by the other

quotas 6= i, j, thus
∂Q̇6=

∂Q6=
is a (m − nk)nk × (m − nk)nk diagonal block with

∂Q̇ji

∂Qji
= −µi(Q̂ii) = −mi
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along its diagonal, m − 1 times for resident. Thus, J2 is triangular and its characteristic

equation is

det(J2 − λI) =
∏

j 6=i

(aj + λ)×
∏

i

(mi + λ)m−1 = 0 (3.36)

which has all negative real roots. Thus the internal stability depends only on the eigenval-

ues of J1.

In J1 the small block ∂Ṙ=

∂N is nk × nk with elements
∂Ṙj

∂Ni
= −fji(R̂j). This is the negative

of the consumption matrix at equilibrium F̂, but only for the limiting resources; in other

words, with the with rows j > nk removed. The other four non-zero blocks of J1 are also

of size nk ×nk but they are all diagonal because:
∂Ṙ=

∂R=
: resource i cannot be affected by resources 6= i. The diagonal elements are

∂Ṙi

∂Ri
= φi(R̂i) −

∑

k

∂fik(Ri)

∂Ri
N̂k = −ai < 0 (3.37)

∂Q̇=

∂Q=
: the quotas of one species cannot affect the quotas of another species. The diagonal

elements are

∂Q̇ii

∂Qii
= −

∂(µi(Qii)Qii)

∂Qii
= −bi < 0 (3.38)

∂Q̇=

∂R=
: species i quota for resource i cannot be affected by external resources 6= i. Thus

∂Q̇ii

∂Ri

=
∂fii(Ri)

∂Ri

= ci > 0 (3.39)

∂Ṅ
∂Q=

: The growth of species i only depends on its quota for resource i. The diagonal

elements are

∂Ṅi

∂Qii
=

∂µi(Qii)

∂Qii
N̂i = di > 0 (3.40)

Thus the characteristic equation of J1 is

det(J1 − λI) = det

[

A(λ) −F̂

B(λ) C(λ)

]

= 0

A(λ) = [ −diag(ai + λ) 0 ]

B(λ) =

[

diag(ci) −diag(bi + λ)

0 diag(di)

]

C(λ) =

[

0

diag(−λ)

]

and by application of Schur’s formula:
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det(J1 − λI) = det(B(λ))det(−F̂−A(λ)B(λ)−1C(λ)) = 0

det(B(λ) =
∏

i cidi > 0, and Schur’s complement AB−1C is a diagonal matrix:

A(λ)B(λ)−1C(λ) = diag

(

λ(λ + ai)(λ + bi)

cidi

)

Accordingly, the eigenvalues of J1 are the solutions of the determinant equation:

det(F̂+ Zi(λ)) = 0 (3.41)

Zi(λ) = λ(λ + ai)(λ + bi)/cidi

where Zi(λ) is a polynomial of degree 3 in λ. The equilibrium is internally stable if all the

roots of (3.41) have negative real parts.

We can prove that a necessary but not sufficient condition for the negativity of all the real

parts of the roots of (3.41) is that

det(F̂) > 0 (3.42)

Proof. The polynomials Zi(λ) are zero at zero (Zi(0) = 0) and they increase monotonically

to infinity for λ > 0. From (3.41) we get that the equilibrium cannot be asymptotically stable

if det(F̂) = 0, since in that case λ = 0 would be an eigenvalue of the jacobian. Suppose that

det(F̂) < 0 and consider the function χ(λ) = det(F̂+ diag(Zi(λ))). Then χ(0) = det(F̂) < 0.

If λ > 0 is big enough χ(λ) will be positive, since it is the determinant of a diagonally

dominant matrix with a positive diagonal. Hence by continuity there exists a λ+ > 0 that

satisfies χ(λ+) = 0. In other words the jacobian has a positive eigenvalue λ+ and X̂ cannot

be stable.

B.4 Monocultures

The stability of monocultures in nutrient storage models has been analysed many

times (Lange and Oyarzun, 1992; Oyarzun and Lange, 1994; Legovic and Cruzado, 1997;

de Leenheer et al., 2006), but for the chemostat scenario, i.e. φj = D(SJ − RJ) and mi = D.

In case of one species and one resource, the monoculture can display damped oscillations

around the equilibrium, when the mortality rate is high enough compared with the resource

turnover rate (Clodong and Blasius, 2004). Thus, it is not immediatly clear if monocultures

are stable under more general conditions.

In case of a monoculture m > n = 1, a positive equilibrium of a species i corresponds

to the only point R̃ in the quasi-nullcline of i, where according to (3.12) the consumption

vector fi and the turnover vector Φ are parallel. In case of Liebig’s law, this point R̃

lies in one of the two branches of the L-shaped quasi-nullcline in Figure 3.3, or “hyper-

planes” if m > 2, to be more general. Without loss of generality, let us assume that R̃

lies in the Ri = R∗
ii hyper-plane, thus the corresponding consumption vector is f̃i(R̃). This

monoculture is internally stable if all the roots of the characteristic equation (3.41):

f̃ii + λ(λ + ai)(λ + bi)/cidi = 0
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have negative real parts. In this equation f̃ii corresponds to the consumption matrix F̃ in

which the rows of the non-limiting resources have been removed, leaving us a single scalar:

the consumption rate f̃ii = fii(R
∗
ii). All the coefficients of this polynomial have the same

sign; thus all roots have negative real parts if and only if (Routh-Hurwitz criterion, May

1974, Appendix):

(ai + bi)aibi > cidif̃ii (3.43)

Using the definitions of a,b, c,d in (3.37,3.38,3.39,3.40) respectively, and the fact that

µi = mi and f̃ii = miQ̃ii at equilibrium, inequality (3.43) becomes

(

−
∂φi

∂Ri

+
∂fii

∂Ri

Ñi + mi + Q̃ii
∂µi

∂Qii

)(

−
∂φi

∂Ri

+
∂fii

∂Ri

Ñi

)(

mi + Q̃ii
∂µi

∂Qii

)

>
∂fii

∂Ri

∂µi

∂Qii

ÑimiQ̃ii

In the left-hand-side of this inequality we have all the terms (underlined) that appear as

the product in the right-hand-side. Thus, if the left-hand-side is expanded, it will produce

the product of the right-hand-side, plus other terms which are all positive (remember that

∂φi/∂Ri < 0). Thus, the left-hand-side is bigger than the right-hand-side and the stability

requirement (3.43) is true. Conclusion: monocultures are internally stable.

B.5 Quota dependent uptake

Let us consider that the resource uptake fji, is a decreasing function of Qji (and no other

quotas)

∂fji

∂Qji
< 0 (3.44)

and see how the stability requirements change.

According to appendix B.2, external stability depends on the eigenvalues of the matrix

JL in (3.30), and the eigenvalues of this matrix are are those of ∂Q̇L

∂QL
and ∂ṄL

∂NL
. This time the

entries of the diagonal block ∂Q̇L

∂QL
become

∂Q̇jl

∂Qil
= −Q̂jl

∂µl

∂Qil
− δji

(

µ̂l −
∂fjl

∂Qil

)

Because of (3.44), and following exactly the same procedures we conclude that all the

eigenvalues of the ∂Q̇L

∂QL
are real and negative (they are the same negative eigenvalues plus

the derivatives of uptake rates with respect to quotas, which are also negative). Thus, only

the eigenvalues of ∂ṄL
∂NL

, for which the resource uptake does not play a role, will determine

external stability. We conclude again that a community is stable against invasion if and only if

none of the invaders can grow when rare.

According to appendix, B.3 internal stability depends on the eigenvalues of the matrices

J1 (3.34) and J2 (3.35). With quota dependent uptake J1 changes into
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J1 =









∂Ṙ=

∂R=

∂Ṙ=

∂Q=

∂Ṙ=

∂N
∂Q̇=

∂R=

∂Q̇=

∂Q=
0

0 ∂Ṅ
∂Q=

0









where the nk × nk block ∂Ṙ=

∂Q=
is a diagonal matrix with

ei = −
∂fii

∂Qii
N̂i > 0

along its diagonal, all positive because of (3.44). Following the same steps as before, the

characteristic equation of J1 is similar to (3.41), where the polynomial Zi becomes

Zi(λ) = λ (ciei + (λ + ai)(λ + bi)) /cidi

Since this polynomial is zero at λ = 0 and is monotonically incresing with λ, we will

arrive to same internal stability requirement as before (3.42), in which det(F) > 0.

With respect to J2 we have

J2 =





∂Ṙ 6=

∂R 6=

∂Ṙ 6=

∂Q6=

∂Q̇6=

∂R 6=

∂Q̇6=

∂Q6=





which is not block-triangular anymore, and in consequence, there is not a simple way to

determine if this matrix is stable or not. However, this uncertainty does not rest invalidate

the internal stability requirement (3.42).

appendix c : three-species coexistence through invasion

As motivated in the main text let us assume that three species have resource requirements

related as in (3.22):

R∗
11 > R∗

12 > R∗
13

R∗
22 > R∗

23 > R∗
21

R∗
33 > R∗

31 > R∗
32

(3.45)

so, the quasi-nullcline intersection point is R̂ = (R∗
11,R

∗
22,R

∗
33). We will prove that the

consumption patterns (3.23), (3.24) and (3.25) at result in coexistence, competitive exclusion

and oscillations, respectively.

(1) Coexistence. Let the slopes of the resource turnover vector and the consumption vectors

be related according to (3.23):

f22(R∗
22)

f12(R∗
11)

>
φ2(R∗

22)

φ1(R∗
11)

>
f21(R∗

22)

f11(R∗
11)

f33(R∗
33)

f13(R∗
11)

>
φ3(R∗

33)

φ1(R∗
11)

>
f31(R∗

33)

f11(R∗
11)

(3.46)

f33(R∗
33)

f23(R∗
22)

>
φ3(R∗

33)

φ2(R∗
22)

>
f32(R∗

33)

f22(R∗
22)
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The ordering of slopes (3.47) indicates that the turnover vector falls in the cone formed

by the consumption vectors, not only at R̂, but also when this point is represented in all the

resource planes R1R2,R1R3 and R2R3. In consequence, the three-species equilibrium, and

all three two-species equilibria exist.

Let us examine the equilibrium of species 1 and 2. In view of the resource requirements,

species 1 must be limited by resource 1 and species 2 by resource 2. The resource concen-

trations in this equilibrium will be: R1 = R∗
11, R2 = R∗

22 and R3 > R∗
31,R

∗
32 (we prove later

that they cannot be limited by resource 3). Because species 1 and 2 display the same coexis-

tence configuration of Figure 3.4A, they can invade each other. Appealing to symmetry, all

species can invade any monoculture. What is left is to prove that any species can invade a

two-species equilibrium.

From the perspective of species 3, we can view species 1 and 2 as a single competitor

called “1-2”, that is limited by resources 1 and 2 simultaneously. This allow us to represent

the interaction of species 3 against species “1-2”, in the R1R3 plane. In such representation,

the combined consumption rate of species 1 and 2 is given by

v = f1N1 + f2N2

and the quasi-nullcline of “1-2” is the same as the quasi-nullcline of species 1, defined

by R∗
11 and R∗

31 (because between species 1 and 2, those are the highest requirements for

resources 1 and 3). The intersection of species “1-2” quasi-nullcline and that of species 3

occurs at the point R̂ = (R∗
11,R

∗
33). At this point, according to the resource equilibrium

conditions (3.12), the following vector sum holds:

Φ = v+ f3N3

Now, according to (3.46) the slope of the turnover vector is smaller than the slope of the

consumption vector of species 3 (
f33(R∗

33)

f13(R∗
11)

>
φ3(R∗

33)

φ1(R∗
11)

), at R̂. In consequence, the slope of v

must be the smallest among the three vectors, as shown by the following diagram:

R3 R0
3

R*
33

R*
31

R1R*
11

φ

R0
(1-2)

R*
13

-f3N3

-V
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This diagram corresponds to the scenario of coexistence described in the main text, Figure

3.4A. Thus, the community of species 1 and 2, or “1-2”, is unstable against invasion by

species 3 (and since species 3 can invade, R3 > R∗
33 > R∗

31 > R∗
32 in the equilibrium between

species 1 and 2: our assumption that species 1 and 2 are not limited by resource 3 is correct).

By symmetry, any species can invade a two-species equilibrium.

Since each species can invade any monoculture and two-species equilibria, all three

species coexist.

(2) Competitive exclusion. The opposite outcome, exclusion, will result if the signs of all

the inequalities are changed, like in (3.24):

f22(R∗
22)

f12(R∗
11)

>
φ2(R∗

22)

φ1(R∗
11)

>
f21(R∗

22)

f11(R∗
11)

f33(R∗
33)

f13(R∗
11)

>
φ3(R∗

33)

φ1(R∗
11)

>
f31(R∗

33)

f11(R∗
11)

(3.47)

f33(R∗
33)

f23(R∗
22)

>
φ3(R∗

33)

φ2(R∗
22)

>
f32(R∗

33)

f22(R∗
22)

In this case, we can repeat the previous analysis (species 3 against “1-2”), and we will

find that the community of species 1 and 2 is externally stable against invasion by species 3,

that the community of species 1 and 2 is internally unstable, and that the monocultures of

species 1 and 2 are externally stable (e.g. like in Fig. 3.4B). In addition, Appendix D shows

that the three species equilibrium is internally unstable. For such a pattern of resource

consumption, the only stable states are the monocultures, thus coexistence is not possible.

(3) Oscillations. Finally, let us consider the inequalities in (3.25)

φ2(R∗
22)

φ1(R∗
11)

>
f21(R∗

22)

f11(R∗
11)

,
f22(R∗

22)

f12(R∗
11)

φ1(R∗
11)

φ3(R∗
33)

<
f13(R∗

11)

f33(R∗
33)

,
f11(R∗

11)

f31(R∗
33)

(3.48)

φ3(R∗
33)

φ2(R∗
22)

>
f32(R∗

33)

f22(R∗
22)

,
f33(R∗

33)

f23(R∗
22)

Due to the cyclic symmetry of the resource requirements and vector slopes, we are left

with a system in which there cannot be any two-species equilibria, since the turnover vector

falls outside the cone formed by the consumption vectors, for any species pair considered

separately. In consequence, the only outcome between two species is competitive domi-

nance: species 2 wins against 1, 1 wins against 3, and 3 wins against 2. Thus, there is a

heteroclinic cycle connecting the three monocultures, and in consequence competitive oscil-

lations are possible. As stated in the main text, such oscillations can dampen out, become

limit cycles or heteroclinic cycles.
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appendix d : three species stability

For n = m = 3, the characteristic equation for the internal equilibrium (3.41) can be ex-

panded as

Z1(λ)Z2(λ)Z3(λ) +
∑

f∗iiZj(λ)Zk(λ) +
∑

MiZi(λ) + det(F̂) = 0 (3.49)

where f∗ji = fji(R
∗
jj), and Mi = f∗jjf

∗
kk − f∗jkf∗kj are the 2× 2 minors along the diagonal of F̂.

Since Zi(λ) = λ(λ + ai)(λ + bi)/cidi are polynomials of degree 3 in the eigenvalues λ, the

substitution of Z1,Z2 and Z3 in (3.49) produces a characteristic equation of degree 9 in the

eigenvalues.

According to the Routh-Hurwitz criterion, a necessary but not sufficient condition for

stability is that all the coefficients of the characteristic equation have the same sign. On the

one hand, in (3.49), the products Z1Z2Z3 and f∗iiZjZk (i 6= j 6= k) result in polynomials with

positive coefficients, because by definition ai,bi, ci,di, f
∗
ii > 0 (Appendix B.3). On the other

hand, Mi and F̂ can be positive or negative since they are determinants. Thus, whether or

not all the coefficients of (3.49) have the same sign, depends on
∑

Mi and F̂, giving us two

necessary but not sufficient conditions for stability:

• criterion I:
∑

Mi > 0

• criterion II: det(F̂) > 0

The positivity of F̂ has the biological interpretation that, in the internal equilibrium, the

three species tend to consume most of the resources for which they have the highest re-

quirements. The positivity of Mi has the same interpretation, but with respect to border

equilibria involving two species. Now, let us see if we can use the above criteria to decide

upon the stability, or instability, of equilibria displaying the consumption patterns proposed

in the main text.

(1) Coexistence: By inspection of (3.46) we see that all Mi > 0, thus criterion I holds. The

consumption ratios alone do not provide enough information to asses whether criterion

II holds or not, because F̂ is a 3 × 3 matrix. However, if the consumption rates (not the

slopes!) are arranged in the same way as the resource requirements (3.45), i.e. f∗11 > f∗12 >

f∗13, f∗22 > f∗23 > f∗21, f∗33 > f∗31 > f∗32, criterion II is fulfilled. Proof: consider the matrix Γ

in which each row element of the matrix F̂ is divided by the smallest element in the row.

The determinant of matrix Γ has the same sign as det(F̂), since

Γ =
F̂

f∗13f∗21f∗32

and from the order of the f∗ji we note that Γ is of the form

Γ =





1 + y1 1 + x1 1

1 1 + y2 1 + x2

1 + x3 1 1 + y3





where yi > xi > 0. Accordingly, the determinant of Γ can be written as
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det(Γ) = x1x2x3 + x1x2 + x1x3 + x2x3 + y1y2y3 + y1(y2 − x2) + y2(y3 − x3) + y3(y1 − x1)

which is always positive. Thus, if the consumption rates are ordered in the same way as the

resource requirements, det(F̂) is positive and criterion II holds.

(2) Competitive exclusion: By inspection of (3.47) all Mi < 0, thus criterion I does not hold,

the three species equilibrium is unstable.

(3) Oscillations: The arrangement in (3.48) does not indicate what could be the signs of

Mi and F̂. If we assume the consumption vector slopes have the same order as in (3.47),

then criterion I does not hold, the three species equilibrium is unstable (see (2) Competitive

exclusion), and the oscillations will increase. But if the consumption ratios are arranged as

in (3.46), then both criterion I and II may hold not (see (1) Coexistence), and the oscillations

can either increase or decrease.

appendix e: simulations

The simulations in Figure 3.5 employ the special formulas in Table 3.1 (equations 3.4, 3.5 and

3.6) and Liebig’s law (3.3). In part A the parameter values are: D = 0.5, ri = 1.2,mi = 0.9,

S1 = 32.84, S2 = 39.88, S3 = 43.30,

vji =





0.63 5.13 1.94

3.01 2.16 5.35

6.45 2.83 1.72



 , Kji =





0.67 0.65 0.23

0.96 0.81 0.46

0.50 0.97 0.48



 , qji =





0.15 1.25 0.49

0.60 0.50 1.32

1.56 0.58 0.43





where row:resources and columns:species. In part B: D = 0.5, ri = 2.0,mi = 0.5, S1 =

23.33, S2 = 35.97, S3 = 25.17,

vji =





3.15 3.86 2.41

4.16 5.15 5.81

3.81 2.44 3.46



 , Kji =





0.76 0.68 0.27

0.12 0.71 1.00

0.58 0.36 0.30



 , qji =





4.05 5.00 3.39

6.05 6.83 7.02

4.96 3.35 4.90
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