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introduction

1.1 ecological communities

Ecological communities are complex systems, consisting of many components at different

levels of organization (individuals, populations, guilds). The components of a community

interact in multiple, often non-linear ways, across different temporal and spatial scales. Yet,

despite this complexity, communities display a number of consistent emergent features, like

patterns in the structure of food webs, biomass and energy pyramids, species-abundance

distributions, productivity patterns, to name a few (Begon et al., 2006).

Most ecological models ignore this complexity by focusing on highly simplified systems

with few components and little or no spatial structure. This is not surprising, because com-

plex ecological scenarios are difficult to model in a realistic way; a comprehensive analysis

of complex models is often not feasible; and the results of the analysis can often not be

extrapolated and, hence, does not lead to general insights. As a consequence, ecological

theory has to face a major problem: only relatively simple scenarios can be analyzed in

a robust and comprehensive manner, but it is far from obvious whether, and to what ex-

tent, the conclusions from simple scenarios can be extrapolated to the complexity of real

ecosystems.

One possible way to address this problem consists in abstracting the complexities at each

level of organization into emergent properties, expressed as universal relationships or rules.

Then we could use these rules to justify a reduction in the number of degrees of freedom

at higher levels of organization, making their analysis easier. This is, for example, the

approach taken by the Metabolic Theory of Ecology (Brown et al., 2004), which is based

on the assumption that the complexities of individual metabolism can be summarized in

simple equations (a combination of Kleiber’s law and the Arrhenius equation), and that

these metabolic principles can be expanded to obtain equally simple equations describing

all kinds of biological rates, such as rates of increase, mortality and energy flow. Another

example is the field of Ecological Stoichiometry (Sterner and Elser, 2002), which attempts

to explain individual composition (and, subsequently, population and ecosystem structure)

on the basis of compositional (stoichiometric) rules governing the chemical transformation

of resources into energy and biomass.

The idea that simple laws governing processes at lower levels of organization can help

to understand the complexity at higher levels of organization inspired the initiation of this

thesis. However, when I started to incorporate the simplest physiological assumptions in

models of competitive interactions, I soon had to realize that already the simplest scenario

of 2-species competition presented highly intricate technical problems. During the analysis,

it turned out that solving these problems is both ecologically relevant and mathematically

rewarding and, hence, worth a study in itself. I therefore decided to dedicate my thesis

to unveil the rules governing the dynamics of multispecies competition in models that

explicitly address the physiology of resource storage.

1.2 competition

Figure 1.1 shows a detailed representation of a real food web. The web is structured

as a series of trophic levels corresponding to vertical layers. This vertical axis of inter-
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Figure 1.1: Food web of an aquatic ecosystem studied by Martinez (1991).

action, the sequence of consumer-resource interactions, is the subject of many theories

of community organization (Hairston et al., 1960; Carpenter et al., 1985; Cohen et al., 1990;

Williams and Martinez, 2000). But the same food web also illustrates the existence of an-

other important axis of interaction: many species belonging to a trophic level share common

resources, and the finiteness of such resources leads to competition. Competition is expe-

rienced by the species mainly in two ways. As implied by the food web diagram, species

interact indirectly through the exploitation of resources that are important for their com-

petitors; we call this form of interaction exploitative competition or resource competition.

Organisms can also fight more directly for the access to resources, either through physical

contact, like in many animals, or by poisoning each other (allelopathy) as some plants do.

In the latter case we talk about interference competition. Whatever the mechanism, because

of its potential to determine which and how many species can coexist in a community

(Begon et al., 2006), competition is considered a fundamental process shaping the structure

and functioning of ecological systems at all levels of organization (Grover, 1997).

1.2.1 The Lotka-Volterra approach

Broadly speaking, competition can be defined as an interaction in which the survival and

reproduction of individuals is negatively affected by the presence of other individuals. Tra-

ditionally, ecological theory approaches competition from its effects on populations. For

a long time, competitive interactions were modeled by means of Lotka-Volterra equations

(Lotka, 1925; Volterra, 1926), which in case of two species take the form:
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Figure 1.2: Competition between the yeast Saccharomyces cerevisiae and Schizosaccharomyces

kephir under aerobic and anaerobic conditions. If the species grow separately,

they attain stable population densities. If they are mixed, competition causes

both species to grow slower and to attain lower equilibrium densities (if they

coexist as in this experiment). The growth curves were fitted according to the

Lotka-Volterra model (1.1). Taken from Gause (1934).

dN1

dt
= N1 {r1 − a11N1 − a12N2}

dN2

dt
= N2 {r2 − a22N2 − a21N1}

(1.1)

Here Ni is the population density of species i = 1, 2. In the absence of its competitor,

the dynamics of each species follows the logistic model, where ri is the intrinsic growth

rate, i.e. the net per capita growth rate at low populations densities, when competition

is negligible. As the population density increases, intra-specific competition slows down

the rate of growth until an equilibrium density or “carrying capacity” is achieved (Fig.

1.2). In the presence of the other species, the growth rate also slows down due to inter-

specific competition, and the final density ends below the carrying capacity. The intensity of

competition is assumed to be proportional to the species densities, and the proportionality

constant is called the competition coefficient. Thus, the intra-specific competition coefficient

aii measures the effect of species i on itself, and the inter-specific competition coefficient

aikmeasures the effect of species k on species i.

According to standard Lotka-Volterra theory, competition has four distinct outcomes:

1) species 1 always outcompetes species 2, 2) species 2 always outcompetes species 1, 3)

depending on the initial conditions either species 1 or species 2 drives its competitor to

extinction, and 4) both species coexist. In all these cases, the system reaches an equilibrium

state, and complex dynamics like oscillations do not occur. Stable coexistence of the two
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species requires that a11a22 > a12a21, which can be interpreted as: intra-specific competi-

tion is stronger than inter-specific competition (Gilpin and Justice, 1972; Case, 2000). One

of the major drawbacks of Lotka-Volterra theory is that it is not mechanistic, in the sense

that the competition coefficients can not be derived from first principles. As a consequence,

Lotka-Volterra models are not predictive: in order to predict the outcome of competition,

we need to know the competition coefficients, but the competition coefficients can only be

derived from the observed trajectory of competition.

1.2.2 Resource Competition models

In many cases competitors do not interact by coming in direct contact. Instead, they affect

each other indirectly by exploiting common resources, like nutrients, light or other organ-

isms (e.g. in Fig. 1.1). One of the most studied scenarios involves competition between two

species for two resources, according to the following model:

dN1

dt
= N1{µ1(R1,R2) − m1}

dN1

dt
= N2{µ2(R1,R2) − m2}

dR1

dt
= D(S1 − R1) − f11N1 − f12N2

dR2

dt
= D(S2 − R2) − f21N1 − f22N2

(1.2)

where Ni is again the density of species i, while Rj is the concentration of resource j.

µi(R1,R2) denotes the resource dependent per capita growth of species i, mi is the per capita

loss rate of species i due to mortality and other causes (assumed to be constant), and fji is

the per capita consumption rate of resource j by species i. The resources are supplied from

an external source with a flow rate D and a supply concentration Sj, and in the absence of

the consumers they disappear from the system at the same flow rate.

According to this model, the possible outcome of resource competition is comparable

to that of the Lotka-Volterra model: 1) species 1 wins, 2) species 2 wins, 3) both species

coexist, or 4) depending on the initial conditions, one of the two species wins. Again, the

competitive dynamics will always lead to equilibrium, and the condition for coexistence

can be interpreted by saying that intra-specific competition has to be stronger than inter-

specific competition (Chapter 5). In contrast to Lotka-Volterra theory, however, the outcome

of competition can now be predicted from first principles of consumer-resource interactions.

For example, we can grow each species alone in monoculture, determine their resource

requirements and consumption characteristics, and then use this information to produce

a priori predictions concerning the environmental circumstances allowing both species to

coexist (Fig. 1.3).
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Figure 1.3: Competition between the algae Asterionella formosa (A.f.) and Cyclotella menegh-

iniana (C.m.) for two mineral resources, silica (Si) and phosphorous (P). The

resource competition equations (1.2) can be used to predict the resource supply

ratios (S1/S2 = Si/P) for which A.f. wins (left region), C.m. wins (right region),

or both species coexist (middle region). These predictions can be contrasted

with the results of experiments in which A.f. wins (⋆), C.m. wins (�), or both

coexist (•). Taken from Tilman (1977).

1.3 multispecies competition

It is well known that predator-prey interactions can be dynamically complex, often lead-

ing to oscillations and chaos. In fact, the textbook examples for oscillations in ecological

systems are generated by predator-prey interactions, like the lynx-hare cycles (Begon et al.,

2006) or the oscillations in Gause’s (1934) laboratory experiments. On the other hand, it

is a common perception that that competitive interactions lead to much simpler dynamics,

typically leading to an equilibrium state (e.g. Fig. 1.2, Gause (1934); Tilman (1977)).

This perception is perhaps caused by the fact that most theoretical and empirical studies

have considered the special case of two-species competition, where indeed only equilibrium

outcomes are possible. As soon as more than two species are competing with each other,

the situation may be fundamentally different. An extensive body of theory indicates that

already in the case of only three species competitive interactions can generate complex non-

equilibrium dynamics, like oscillations and chaos May and Leonard (1975); Gilpin (1975);

Hofbauer and Sigmund (1988); Zeeman (1990); Huisman and Weissing (1999). In case of

resource competition, the competitive dynamics is the result of trade-offs in resource re-

quirements and consumption patterns (Huisman and Weissing, 2001; Huisman et al., 2001).

Qualitatively, the outcome of competition can be predicted by the following “rules of

thumb” (Huisman and Weissing, 2001):

1. If each species tends to consume most of the resources for which it has the highest

requirements, the system will tend to equilibrium where as many species will coexist

as there are limiting resources.
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2. If each species tends to consume most of the resources for which it has the lowest

requirements, competitive exclusion is to be expected. It depends on the initial condi-

tions which species will outcompete all its competitors.

3. If each species tends to consume most of the resources for which it has intermediate

requirements, competitive oscillations are to be expected. Even in a homogeneous

environment, many more species can stably coexist than there are limiting resources.

Competitive oscillations have been proposed as a possible solution of the "paradox of the

plankton" (Hutchinson, 1961), the observation that hundreds of algal species can coexist

on a handful of mineral resources. Whether this is indeed the case is, however, not yet

clear. In my thesis I will consider one potential problem, namely the fact that the resource

competition model 1.2 is not really realistic when applied to algal competition. By assuming

that algal growth is directly related to the external resource concentrations Rj, the model

neglects important aspects of algal physiology. It is much more realistic to assume that

algal growth reflects the concentrations of stored nutrients, while nutrient uptake is largely

independent of algal growth (Ducobu et al., 1998). For this reason, competition models

including resource storage have been developed (Droop, 1973; Turpin, 1988; Grover, 1997),

which include both the physiology of resource uptake and the physiology of algal growth

in a coherent framework. These storage models are the focus of my thesis.

It is not immediately obvious if storage models promote oscillations. On the one hand,

such models contain many more variables and more non-linearities than standard compe-

tition models. This makes them good candidates for displaying complex dynamics. On

the other hand, the delays caused by the decoupling of uptake and growth might have the

effect of buffering and suppressing oscillations (Huisman and Weissing, 2001).

Unfortunately, the study of resource storage models has been restricted to very

simple cases: a single species growing on a single resource (Lange and Oyarzun,

1992; Oyarzun and Lange, 1994), a single species growing on several limiting resources

(Legovic and Cruzado, 1997; de Leenheer et al., 2006), many species competing for a single

resource (Smith and Waltman, 1994), and two species competing for two resources (Turpin,

1988; Li and Smith, 2007). This restriction is not surprising, since the computational and

mathematical study becomes extremely difficult even for low-dimensional scenarios. Yet,

progress is needed in this field, since storage models are at center stage in some major

new developments in ecological theory, most notably the field of ecological stoichiometry

(Sterner and Elser, 2002; Klausmeier et al., 2008). They may also be crucial for the Metabolic

Theory of Ecology, since they allow insights into the upscaling of metabolic principles from

the individual to the population and even ecosystem level (Hall et al., 2008).

1.4 this thesis

The primary focus of this thesis is the study of multispecies resource competition in sys-

tems where resource uptake is decoupled from resource-limited growth. I try to get some

general insights into the dynamics of such storage models (also called ‘quota models’) and

to answer the question whether, and to what extent, the dynamics and the competitive
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outcome in storage models differs from those of the more classical models of multispecies

competition.

Chapter 2 reports on an extensive simulation study, where the dynamics of competition

in a storage model is systematically compared with that of a ‘corresponding’ model without

storage. As explained above, the dynamics of competition in the model without storage can

be captured by a few rules of thumb that are based on the relationship between resource

requirements and resource consumption. In such simple models, resource requirements

and resource uptake relate to the model parameters in simple and straightforward way. The

situation is much more complicated in storage models, which include many more variables

(the quotas) and model parameters. Resource requirements and resource uptake can again

be characterized by the same type of parameters, but these are now derived parameters with

an intricate relationship to the basic parameters of the storage model. Moreover, there is no

longer a 1-1 relationship between the basic model parameters and the pattern of resource

requirements and resource uptake. While each such pattern fully determines the dynamics

and outcome of competition in a model without storage, there are infinitely many versions

of a storage model leading to an identical pattern. It is therefore not self-evident that the

rules of thumb concerning requirements and uptake extend to storage models. Do storage

models exhibit the same qualitative behaviors as model without storage, in only reflecting

the pattern of resource requirements and uptake? Or does it matter how these patterns

are generated by the interaction between resource consumption and the quota dynamics?

The answers to these questions are of general relevance, since they provide important clues

about the robustness of the results derived in classical resource competition theory.

In case of multispecies models, simulations such as those presented in Chapter 2 have the

disadvantage that even with large efforts only a small fraction of the parameter range can be

investigated. To get the full picture, analytical results are required. Chapter 3 is an attempt

to perform a mathematical analysis of storage models, with a focus on the classification

of equilibria and their stability. Until now, results are only available for low-dimensional

special cases (a single species growing on m resources; n species competing for a single

resource; two species competing for two resources). I take on the more difficult task of

characterizing equilibria and their stability for the general case of n species competing for

m resources, which is characterized by a system of n + m + n × m differential equations.

Some progress will be booked along two different lines. First, the stability problem is

decomposed into more manageable parts by distinguishing between external stability (i.e.,

stability against the invasion of new species) and internal stability (i.e., stability against

perturbations of the set of coexisting species). Second, the jacobian matrix characterizing

internal stability will be decomposed into block matrices, whose properties can be related to

stability. One of the main questions of this chapter is whether the results of the simulation

study in Chapter 2 are confirmed (and perhaps generalized) by the mathematical analysis.

Chapter 4 reveal finer details about the global dynamics of the multispecies storage

model, which are very difficult to identify under brute force simulation (Chapter 2), or

by the exhausting analysis of all equilibria (Chapter 3). This is done by tracking (numer-

ically) the transitions in the stability of all equilibria as the consumption parameters vary

along a continuum (bifurcation and continuation analysis), for a storage model of three

species competing for three resources. In order to reduce the number of parameters to an
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essential minimum, an assumption of cyclic symmetry with respect to the consumption

and growth is made. This makes very easy to prove the existence of multiple limit cycles

and unstable limit cycles, which are also present in simpler models of multispecies compe-

tition. Although the assumption of cyclic symmetric does not manifest in the real world,

such ideal scenario belongs to the more general non-symmetric case. Thus, one has to be

prepared to see the same complex dynamics in mode general scenarios.

My work on Chapters 2, 3 and 4, made me realize that the multispecies storage model

displays similar dynamics as other models which are less mechanistic, or which lack any

mechanism at all. For this reason Chapter 5 reviews the equilibrium and stability proper-

ties of three competition models: the Lotka-Volterra model (non-mechanistic), the resource

competition model without storage (mechanistic), and the resource competition model with

storage (more mechanistic). The chapter starts by treating the simple scenarios of compe-

tition between two species (and two resources), and discussing to which extent the non-

mechanistic and mechanistic models can be related to each other. The multispecies sce-

nario is considered later, by addressing the rules for the existence of community equilibria

and stability. Such rules are the same for all the three models, independently of their mi-

croscopic details, and they can be given simple geometric interpretations. A important

common feature in all three models, is the big jump in complexity that occurs from the two-

species to the three-species scenario, and in resource competition from the two-resources to

the three-resources scenario.

Chapter 6 departs strongly from the primary focus on resource competition. There I

study the indirect effects between competing plants, which arise as a consequence of their

interactions with the organisms of the soil community. The soil community is a combination

of plant parasites, consumers, symbionts, etc. The feedback, positive or negative, that the

plants receive from the interaction with the soil have the potential to modify the outcomes

of plant competition. This model is not mechanistic at all (is just a modification of the

two-species Lotka-Volterra model 1.1), but it highlights the importance of considering the

effects of other trophic levels. By means of graphical methods and invasion analysis, it

is possible to obtain a rather complete description of the global dynamics for this system.

An interesting feature of the model is that it allows competitive oscillations between two

species, in contrast with the minimum of three species required in standard models. Also,

the model allows for multiple coexistence equilibria between two species, in contrast with

the classical Lotka-Volterra model, which only allows one coexistence equilibrium between

two species.

Finally in Chapter 7, I start reviewing the most important results from the previous chap-

ters, before placing them in a wider context. In this thesis, I focused on purely competitive

systems, such that the interactions inside the trophic levels above or below the competitors

do not represent any influence at all (but we can see Chapter 6 as an exception). Thus, I

feel compelled to speculate about the dynamics of multispecies competition under more

realistic contexts, where the species belong to a food web. In a food web, competitive in-

teractions take place simultaneously with predator-prey interactions. Knowing that both

types of interactions can generate oscillations, it remains an open question which kind of

dynamics would result from the coupling of predator-prey and competitive oscillations. In

the rest of the chapter, I try to return to the original problem of understanding emergent
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properties of ecosystems. I outline some preliminary attempts at integrating resource com-

petition theory into the Metabolic Theory of Ecology (MTE). In doing so, it becomes evident

that ecosystem level properties are sensitive to many mechanistic details, with the potential

to obscure patterns predicted by the MTE.
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