
 

 

 University of Groningen

Parameter-free symmetry-preserving regularization modeling of a turbulent differentially
heated cavity
Trias, F.X.; Verstappen, R.W.C.P.; Gorobets, A.; Soria, M.; Oliva, A.

Published in:
Computers & fluids

DOI:
10.1016/j.compfluid.2010.06.016

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2010

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
Trias, F. X., Verstappen, R. W. C. P., Gorobets, A., Soria, M., & Oliva, A. (2010). Parameter-free symmetry-
preserving regularization modeling of a turbulent differentially heated cavity. Computers & fluids, 39(10),
1815-1831. https://doi.org/10.1016/j.compfluid.2010.06.016

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

https://doi.org/10.1016/j.compfluid.2010.06.016
https://research.rug.nl/en/publications/0e2e2caf-44d5-4937-bce2-20993ee28c78
https://doi.org/10.1016/j.compfluid.2010.06.016


Computers & Fluids 39 (2010) 1815–1831
Contents lists available at ScienceDirect

Computers & Fluids

journal homepage: www.elsevier .com/ locate /compfluid
Parameter-free symmetry-preserving regularization modeling of a turbulent
differentially heated cavity

F.X. Trias a,b,*, R.W.C.P. Verstappen b, A. Gorobets a, M. Soria a, A. Oliva a

a Centre Tecnològic de Transferència de Calor, Technical University of Catalonia, ETSEIAT c/Colom 11, 08222 Terrassa, Spain
b Institute of Mathematics and Computing Science, University of Groningen, P.O. Box 407, 9700 AK Groningen, The Netherlands

a r t i c l e i n f o
Article history:
Received 17 July 2009
Received in revised form 8 June 2010
Accepted 16 June 2010
Available online 22 June 2010

Keywords:
Parameter-free turbulence model
Regularization modeling
Symmetry-preserving discretization
Differentially heated cavity
Natural convection
0045-7930/$ - see front matter � 2010 Elsevier Ltd. A
doi:10.1016/j.compfluid.2010.06.016

* Corresponding author at: Centre Tecnològic de Tra
University of Catalonia, ETSEIAT c/Colom 11, 08222 Te
81 92; fax: +34 93 739 81 01.

E-mail addresses: cttc@cttc.upc.edu (F.X. Trias)
(R.W.C.P. Verstappen).
a b s t r a c t

Since direct numerical simulations of buoyancy driven flows cannot be computed at high Rayleigh num-
bers, a dynamically less complex mathematical formulation is sought. In the quest for such a formulation,
we consider regularizations (smooth approximations) of the non-linearity: the convective term is altered
to reduce the production of small scales of motion by means of vortex stretching. In doing so, we propose
to preserve the symmetry and conservation properties of the convective terms exactly. This requirement
yielded a novel class of regularizations [Comput Fluids 2008;37:887] that restrain the convective produc-
tion of smaller and smaller scales of motion in an unconditionally stable manner, meaning that the veloc-
ity cannot blow up in the energy-norm (in 2D also: enstrophy-norm). The numerical algorithm used to
solve the governing equations preserves the symmetry and conservation properties too. In the present
work, a criterion to determine dynamically the regularization parameter (local filter length) is proposed:
it is based on the requirement that the vortex stretching must stop at the scale set by the grid. Therefore,
the proposed method constitutes a parameter-free turbulence model. The resulting regularization
method is tested for a 3D natural convection flow in an air-filled (Pr = 0.71) differentially heated cavity
of height aspect ratio 4. Direct comparison with DNS results at Rayleigh number 6.4 � 108

6 Ra 6 1011

shows fairly good agreement even for very coarse grids. Finally, the robustness of the method is tested
by performing simulations with Ra up to 1017. A 2/7 scaling law of Nusselt number has been obtained
for the investigated range of Ra.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Natural convection in parallelepipedic enclosures has been the
subject of numerous studies over the past decades. Most of them
can be classified in three main groups: cavities where the flow is
due to internal heat generation, cavities heated from below (Ray-
leigh–Bénard configuration), and those heated from the sides.
The configuration of the latter class, namely differentially heated
cavity (DHC), is considered here. This configuration models many
engineering applications such as ventilation of rooms, cooling of
electronic devices or air flow in buildings. Simultaneously, since
the pioneering work by Vahl Davis [1], where the original bench-
mark formulation was established, this configuration has served
as a prototype for the development of numerical algorithms (see
[2] and references therein, for instance).
ll rights reserved.
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An accurate prediction of the flow structure and the heat trans-
fer in such a configuration is of great interest and despite the effort
devoted (see for instance [3–8]) for an accurate turbulence model-
ing of this configuration, it still remains as a great challenge. This is
mainly due to the complex behavior exhibit (see Fig. 1): the bound-
ary layers remain laminar in their upstream part up to the point
where the waves traveling downstream grow up enough to disrupt
the boundary layers ejecting large unsteady eddies to the core of
the cavity. The mixing effect of these eddies, that throw hot and
cold fluid respectively, tends to result in almost isothermal hot
upper and cold lower regions. This mixing effect at the top and bot-
tom areas of the cavity forces the temperature drop in the core of
the cavity to occur in a smaller region. Therefore, an accurate pre-
diction of the transition point is crucial to determine correctly the
flow structure in the cavity [8]. However, the high sensitivity of the
thermal boundary layer to external disturbances makes it difficult
to predict. Moreover, the 3D effects play an important role and
therefore they must be considered; in [2] it was observed that
the energy of 3D large eddies is rapidly passed down the cascade
to smaller eddies. This leads to a manifest reduction of the mixing
effect at the hot upper and cold lower regions and consequently
the stratified cavity core remains motionless. In contrast the 2D
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Fig. 1. Top: Several instantaneous temperature fields at Ra = 1011 and Pr = 0.71 (air). Bottom: Zoom around the point where the vertical boundary layer becomes totally
disrupted and large eddies are ejected.
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simulation results display increasingly large top and bottom re-
gions of disorganization that reduce the area of uniform tempera-
ture stratification. This causes the transition point in the vertical
boundary layers to move downstream in the 2D simulations. These
differences become more pronounced when the Rayleigh number
is increased. In conclusion, the DHC is a challenging configuration
for turbulence modeling since areas with completely different re-
gimes coexist and interplay.

The Navier–Stokes (NS) equations form an excellent mathemat-
ical model for turbulent flows. Preserving the (skew-)symmetries
of the continuous differential operators when discretizing [9] them
has been shown to be a very suitable approach for direct numerical
simulation (DNS). Doing so, certain fundamental properties such as
the inviscid invariants – kinetic energy, enstrophy (in 2D) and
helicity (in 3D) – are exactly preserved in a discrete sense. How-
ever, direct simulation at high Rayleigh (Ra) numbers is not feasi-
ble. Therefore, a dynamically less complex mathematical
formulation is needed. In the quest for such a formulation, we con-
sider regularizations [10,11] (smooth approximations) of the non-
linearity. The first outstanding approach in this direction goes back
to Leray [12]; the Navier–Stokes-a model also forms an example of
regularization modeling (see [11], for instance). The regularization
methods basically alter the convective terms to reduce the produc-
tion of small scales of motion. In doing so, we proposed to preserve
the symmetry and conservation properties of the convective terms
exactly [13]. This requirement yielded a family of symmetry-pre-
serving regularization models: a novel class of regularizations that
restrain the convective production of smaller and smaller scales
of motion in an unconditionally stable manner, meaning that the
velocity cannot blow up in the energy-norm (in 2D also: enstro-
phy-norm). The numerical algorithm used to solve the governing
equations preserves the conservation properties too [9] and is



Fig. 2. Differentially heated cavity problem.
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therefore well-suited to test the proposed simulation model. The
regularization makes use of a normalized self-adjoint filter. In
our previous works [13,14], we kept the ratio filter length/grid
width constant. Thus, this parameter had to be prescribed in ad-
vance and therefore a convergence analysis was needed. In the
present work, we propose to determine the regularization param-
eter (the local filter length) dynamically from the requirement that
the vortex stretching must be stopped at the scale set by the grid.
Thus, the proposed method constitutes a parameter-free turbu-
lence model.

The rest of the paper is arranged as follows. In Section 2, the
symmetry-preserving regularization modeling is presented and
analyzed. Its relation with the Large-Eddy Simulation (LES) concept
is also discussed. In Section 3, a new criteria to determine the reg-
ularization parameter (i.e., the local filter length) is proposed. It is
based on the requirement that the vortex stretching must stop at
the smallest grid scale. Then, the numerical approximations
needed to apply the method in a discrete setting are addressed
in Section 4. The important role of the discretization of the opera-
tors and the linear filter is discussed. In Section 5, the performance
of the proposed method is evaluated for a 3D natural convection
flow in an air-filled (Pr = 0.71) DHC of height aspect ratio 4. Results
are compared with previous DNS data [2,15,16] for a wide range of
Rayleigh numbers 6.4 � 108

6 Ra 6 1011. Thereafter, simulations
with Ra up to 1017 are also performed showing a very good agree-
ment with the 2/7 power-law scaling of the Nusselt as a function of
Ra. Finally, relevant results are summarized and conclusions are
given.

2. Restraining the production of small scales: Cn-regularization
method

2.1. Problem definition

We consider a differentially heated cavity of height L3, width, L2

and depth L1, filled with an incompressible Newtonian viscous
fluid of kinematic viscosity m, thermal diffusivity a and density q.
The Rayleigh number, Ra, (based on the cavity height) and the Pra-
ndlt number, Pr, are gbL3

3ðTh � TcÞ=ðmaÞ and m/a, respectively. To
model the buoyancy term, the Boussinesq approximation is used.
The thermal radiation is neglected. Under these conditions, the
velocity, u, and the temperature, T, are governed by the following
set of dimensionless partial differential equations

@tuþ Cðu;uÞ ¼ PrRa�1=2Du�rpþ f ; ð1Þ
@tT þ Cðu; TÞ ¼ Ra�1=2DT; ð2Þ

where the convective term is given by Cðu;vÞ ¼ ðu � rÞv , the body
force vector is given by f = (0, 0, Pr T) and the incompressibility con-
straint reads r � u = 0. The reference length, time, velocity, temper-
ature and dynamic pressure are, L3, ðL2

3=aÞRa�1=2, (a/L3)Ra1/2, Th � Tc

and qða2=L3
3ÞRa. The cavity (see Fig. 2) is subjected to a temperature

difference, Th � Tc, across the vertical isothermal walls while the top
and bottom walls are adiabatic. The temperature and the velocity
are assumed to be periodic in the x1-direction. The no-slip boundary
condition is imposed on the velocity at the four closing walls. The
cavity is filled with air (Pr = 0.71) and its height aspect ratio (L3/
L2) is set equal to 4; hence, the configuration depends on the Ra
only. For further details, the reader is referred to [2] and references
therein.

2.2. Regularization modeling

At high Ra, the velocity and the temperature cannot be com-
puted numerically from Eqs. (1) and (2), because the solution pos-
sesses far too many scales of motion. The computationally almost
numberless small scales result from the non-linear, convective
terms Cðu;uÞ and Cðu; TÞ that allow the transfer of energy from
the scales as large as the flow domain to the smallest scales that
can survive viscous dissipation. In the quest for a dynamically less
complex mathematical formulation, we consider smooth approxi-
mations (regularizations) of the non-linearity,

@tu� þ eCðu�;u�Þ ¼ PrRa�1=2Du� �rp� þ f�; ð3Þ
@tT� þ eCðu�; T�Þ ¼ Ra�1=2DT�; ð4Þ

where the variable names are changed from u and T to u� and T�,
respectively, to stress that the solution of (3) and (4) differs from
that of Eqs. (1) and (2).

The regularized system (3) and (4) should be more amenable to
be solved numerically (that is, the regularization should limit the
production of small scales of motion), while the leading modes of
u�, T� have to approximate the corresponding modes of the solution
u, T of Eqs. (1) and (2). The regularized system (3) and (4) may also
be seen in relation to Large-Eddy Simulation (LES). In LES, Eqs. (1)
and (2) are filtered spatially, and the resulting non-linear terms
involving residual velocities and temperatures are modeled in
terms of the filtered velocity and temperature:

@t �u� þ Cð�u�; �u�Þ ¼ PrRa�1=2D�u� �r�p� þ �f � þM1ð�u�Þ; ð5Þ
@tT� þ Cð�u�; T�Þ ¼ Ra�1=2DT� þM2ð�u�; T�Þ; ð6Þ

where the model terms are approximately given by

M1ð�u�Þ � Cð�u�; �u�Þ � Cðu�;u�Þ;
M2ð�u�; T�Þ � Cð�u�; T�Þ � Cðu�; T�Þ:

The regularization described by Eqs. (3) and (4) falls in with this
concept if

eCðu�;u�Þ ¼ Cð�u�; �u�Þ �M1ð�u�Þ;eCðu�; T�Þ ¼ Cð�u�; T�Þ �M2ð�u�; T�Þ: ð7Þ

Indeed under this condition, Eqs. (3) and (4) are equivalent to
(5) and (6): we can filter (3) and (4) first and thereafter compare
the filtered version of (3) and (4) term-by-term with (5) and (6)
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to identify the closure models M1ð�u�Þ and M2ð�u�; T�Þ. Finally, it
may be noted that Eq. (7) relates the regularization eC one-to-one
to the closure models M1 and M2 for any invertible filter.

2.3. Symmetry-preserving regularization models

The regularization method basically alters the non-linearity to
restrain the production of small scales of motion, (see e.g., [11]). In
doing so, one can preserve certain fundamental properties of the
convective operator C in Eqs. (1) and (2) exactly. We propose to pre-
serve the symmetry properties that form the basis for the conserva-
tion of energy, enstrophy (in 2D) and helicity. The skew-symmetry
(with respect to v and w) of the trilinear form ðCðu; vÞ;wÞ
ðCðu;vÞ;wÞ ¼ �ðv;Cðu;wÞÞ; ð8Þ

ensures the conservation of energy and helicity. Additionally, the
following identity

ðCðu;vÞ;DvÞ ¼ ðu;CðDv; vÞÞ; ð9Þ

must be satisfied to conserve enstrophy in 2D. Therefore, we aim to
regularize the convective operator C in such a manner that the
underlying symmetries (given by Eqs. (8) and (9)) are preserved.
In other words, we require that the approximation eC of C satisfies

ðeCðu;vÞ;wÞ ¼ �ðv ; eCðu;wÞÞ; ð10Þ

and in 2D,

ðeCðu;vÞ;DvÞ ¼ ðu; eCðDv ;vÞÞ: ð11Þ

This criterion yields the following class of regularizations pro-
posed in [13],

C2ðu;vÞ ¼ Cð�u; �vÞ; ð12aÞ
C4ðu;vÞ ¼ Cð�u; �vÞ þ Cð�u;v 0Þ þ Cðu0; �vÞ; ð12bÞ
C6ðu;vÞ ¼ Cð�u; �vÞ þ Cð�u;v 0Þ þ Cðu0; �vÞ þ Cðu0; v 0Þ; ð12cÞ

where a prime indicates the residual of the filter, e.g., u0 ¼ u� �u,
which can be explicitly evaluated, and ð�Þ represents a normalized
self-adjoint linear filter with filter length �. The difference between
Cnðu;uÞ and Cðu;uÞ is of the order �n (where n = 2, 4, 6) for symmet-
ric filters with filter length �. Note that for a generic, symmetric fil-
ter: u0 ¼ Oð�2Þu [17].

The approximations Cnðu�; u�Þ are stable by construction,
meaning that the convective terms do not contribute to the evolu-
tion of ju�j2 and jT�j2; in other words, in absence of body forces, i.e.,
f� = 0, the evolution of both ju�j2 and jT�j2 is governed by a dissipa-
tive process. Replacing the convective term in the NS equations by
the Oð�nÞ-accurate smooth approximation Cnðu�; u�Þ results into

@tu� þ Cnðu�;u�Þ ¼ PrRa�1=2Du� �rp� þ f�; ð13Þ
@tT� þ Cnðu�; T�Þ ¼ Ra�1=2DT�: ð14Þ

At this point, it must be recalled that the inviscid invariants fol-
low directly from the symmetries of the governing equations.
Actually, for each symmetry there is a corresponding invariant
[18]. Hence, in the case of adding a new invariant that follows from
different symmetry properties, the regularization model should be
adapted to preserve the underlying new symmetry. For further de-
tails about the symmetry-preserving regularization modeling the
reader is referred to [13].

2.4. Non-linear transport mechanism

To see how the above defined regularizations restrain the pro-
duction of small scales of motion, we take the curl of Eq. (3), witheC as in Eqs. 12a, 12b and 12c,

@tx� þ Cnðu�;x�Þ ¼ PrRa�1=2Dx� þr� f� þ Cnðx�;u�Þ: ð15Þ
This equation resembles the vorticity equation that results from
the NS equations: the only difference is that C is replaced by its
regularization Cn. If it happens that the vortex stretching term
Cnðx�;u�Þ in Eq. (15) is so strong that the dissipative term
PrRa�1/2Dx� cannot prevent the intensification of vorticity, smaller
vortical structures are produced. The NS equations lead to the
source term

Cðx;uÞ ¼ Sx ¼ S �xþ Sx0 þ S0 �xþ S0x0; ð16Þ

where S ¼ ðruþruTÞ=2 is the deformation tensor. The regulariza-
tion reduce the high frequencies in the vortex stretching term:

C2ðx;uÞ ¼ Sx; ð17aÞ

C4ðx;uÞ ¼ Sxþ Sx0 þ S0 �x; ð17bÞ

C6ðx;uÞ ¼ S �xþ Sx0 þ S0 �xþ S0x0: ð17cÞ

Qualitatively, vortex stretching leads to the production of smal-
ler and smaller scales, i.e., to a continuous, local increase of both S0

and x
0
. Consequently, at the positions where vortex stretching oc-

curs, the terms with S0 and x
0
will eventually amount considerably

to Cðx; uÞ. Since the regularizations Cnðx; uÞ diminish these terms,
they counteract the production of smaller and smaller scales by
means of vortex stretching and may eventually stop the continua-
tion of the vortex stretching process. In this way, the symmetry-
preserving regularization method restrains the convective produc-
tion of smaller and smaller scales of motion by means of vortex
stretching, while ensuring that convection makes no contribution
to the dynamics of both ju�j2 and jT�j2.

2.5. LES-interpretation of Cn-regularizations

In Section 2.2, regularization modeling was related to LES con-
cept via Eq. (7). In our case, the model term results into

M1ð�u�Þ ¼ �
�2

12
r � ðr�u� : r�u�Þ þ Oð�4; �nÞ ð18Þ

The generic, second-order term in the right-hand side is re-
ferred as gradient or tensor diffusivity [19,20]. In general, the gra-
dient model does not lead to a stable LES (see [21], for instance). To
overcome this, in the original form by Clark et al. [19], the gradient
model was combined with an eddy-viscosity model, i.e., by adding
a dissipative Oð�2Þ term. This mix effectively stabilizes the gradient
model [21]. In our case, the gradient model forms the leading-order
term of the closure models resulting from the fourth- and sixth-or-
der approximations C4 and C6. Since the Cn-regularizations are
unconditionally stable (in the energy-norm), from a LES point-of-
view, we can interpret them as higher-order, anisotropic stabiliza-
tions of the gradient model. The second-order approximation C2

adds � 1
12 �

2rCð�u�; �u�Þ þ Oð�4Þ to the gradient model.

3. On the dynamic determination of the filter length

In the initial tests, the performance of the C4 approximations
was tested keeping the ratio �/h (filter length to the grid width)
constant. Therefore, only one parameter is needed to be prescribed
in advance. In [14], a differentially heated cavity with height aspect
ratio 4 and Ra = 1010 was analyzed in detail. Comparison with DNS
reference results showed significant improvements in capturing
the general pattern of the flow even for very coarse meshes. A fairly
good agreement with the DNS mean flow was observed for a wide
range of �/h ratios (see Fig. 3). Here, h denotes the local grid width.
Moreover, the smoothed solutions exhibited the ability to capture
the basic patterns of turbulent statistics only for a short range of
�/h values. Those preliminary results, together with results for a
turbulent channel flow at Res = 180 and Res = 395 [13], illustrated
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the potential of the method as a new simulation shortcut and sug-
gested that symmetry-preserving regularization modeling pos-
sesses the ability to predict correctly the flow structure even for
very coarse grids. However, since the �/h had to be prescribed in
advance, a convergence analysis was needed. Even more impor-
tant, for many configurations completely different regimes may
coexist and interplay (Figs. 4 and 5 in Section 4.4 exemplify this);
therefore, a homogeneous �/h does not seem to be the optimal
solution. With this in mind, in the present work, we propose to
determine � dynamically with the requirement that the vortex
stretching must be stopped at the scale set by the grid.

3.1. Triadic interactions

To study the inter-scale interactions in more detail, we continue
in the spectral space. The spectral representation of the convective
term in the NS equations is given by

Ck ¼ iPðkÞ
X

pþq¼k

ûpqv̂q; ð19Þ
where P(k) = I � k kT/jkj2 denotes the projector onto divergence-free
velocity fields in the spectral space. Taking the Fourier transform of
12a, 12b and 12c, we obtain the evolution of each Fourier-mode
ûkðtÞ of u�(t) for the Cn approximation1

d
dt
þ Prffiffiffiffiffiffi

Ra
p kj j2

� �
ûk þ iPðkÞ

X
pþq¼k

fnðĝk; ĝp; ĝqÞûpqv̂q ¼ Fk; ð20Þ

where ĝk denotes the kth Fourier-mode of the kernel of the convo-
lution filter, i.e., ûk ¼ ĝkûk. The mode ûk interacts only with those
modes whose wave vectors p and q form a triangle with the vector
k. Thus, compared with (19), every triad interaction is multiplied by

f2ðĝk; ĝp; ĝqÞ ¼ ĝkĝpĝq; ð21aÞ
f4ðĝk; ĝp; ĝqÞ ¼ ĝkĝp þ ĝkĝq þ ĝpĝq � 2ĝkĝpĝq; ð21bÞ
f6ðĝk; ĝp; ĝqÞ ¼ 1� ð1� ĝkÞð1� ĝpÞð1� ĝqÞ: ð21cÞ



Fig. 4. Two instantaneous snapshots at Ra = 1010. Zoom around the top half of the cavity. For each of them the instantaneous isotherms are in the left and the corresponding
spatial distribution of kmaxðSÞ on the right. Isotherms are uniformly distributed from 0 to 1. Results correspond to a 2D section of the DNS simulation presented in [2].
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Moreover, since for a generic, symmetric convolution filter (see
[17], for instance)

ĝk ¼ 1� a2jkj2 þ Oða4Þ with a2 ¼ �2=24; ð22Þ

damping functions fn can be approximated by

f2 � 1� a2ðjkj2 þ jpj2 þ jqj2Þ; ð23aÞ
f4 � 1� a4ðjkj2jpj2 þ jkj2jqj2 þ jpj2jqj2Þ; ð23bÞ
f6 � 1� a6jkj2jpj2jqj2: ð23cÞ

Therefore, the interactions between large scales of motion
(�jkj < 1) approximate the NS dynamics up to Oð�nÞ, with
n = 2, 4, 6, respectively. Hence, the triadic interactions between
large scales are only slightly altered. All interactions involving
longer wavevectors (smaller scales of motion) are reduced. The
amount by which the interactions between the wavevector-triple
(k, p, q) are lessened depends on the length of the legs of the trian-
gle k = p + q. In case n = 4, for example, all triadic interactions for
which at least two legs are (much) longer than 1/� are (strongly)
attenuated, whereas interactions for which at least two legs are
(much) shorter than 1/� are reduced to a small degree only.

3.2. Stopping the vortex stretching mechanism

The evolution of jxj2 can be obtained by left-multiplying the
vorticity transport Eq. (15) by x. Doing so, the vortex-stretching
and dissipation term contributions to (1/jxj2)@tjxj2 for the original
NS equations (� = 0) result

x � Cðx;uÞ
x �x ¼ x � Sx

x �x and
Prffiffiffiffiffiffi
Ra
p rx : rx

x �x ; ð24Þ

respectively. At the smallest grid scale, k = p/h, it can happen that
the vortex stretching is so strong that the dissipative term cannot
prevent a local intensification of vorticity,

xk � Cðx;uÞk
xk �xk

>
Prffiffiffiffiffiffi
Ra
p k2

: ð25Þ
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Therefore, in the present work we propose to determine
dynamically the local filter length, �, from the criteria that the vor-
tex stretching must be stopped at the scale set by the grid, i.e., the
following inequality must be satisfied locally

xk � Cnðx;uÞk
xk �xk

6
Prffiffiffiffiffiffi
Ra
p k2

: ð26Þ

Note that Cnðx;uÞ depends on the filter length �. Assuming that
local interactions are dominant, this dependence becomes

xk � Cnðx;uÞk
xk �xk

� fn;kð�Þ
xk � Sxk

xk �xk
¼ fn;kð�Þkk; ð27Þ

where kk ¼ xk � Sxk=ðxk �xkÞ is the Rayleigh quotient of the vortex
stretching at the grid scale and fn,k is the kth Fourier-mode of the
damping function fn. In our case, the value of kk has been bounded
by the largest (positive) eigenvalue of the strain tensor S,

kk 6 kmaxðSÞ: ð28Þ

For the Cn-approximation, the damping function, 0 < fn,k 6 1, at
the highest frequency is approximately given by fnðĝk; ĝk; ĝkÞ,
where 0 < ĝkð�Þ 6 1 is the transfer function of the linear filter.
Therefore, it suffices that the following inequality holds

fn;kð�Þ 6
Prffiffiffiffiffiffi
Ra
p k2

kmaxðSÞ
!ð21Þ

ĝkð�Þ !
ð22Þ
�; ð29Þ

to guarantee that the vortex-stretching mechanism stops at the
smallest scale set by the mesh.

4. Numerical approximations

To evaluate the performance of the proposed regularization
models, numerical results are compared with reference data in
the following sections. In such a posteriori tests modeling errors
and discretization errors are mixed together. At this point, it must
be noted that discretization is also a regularization. Consequently,
the discretization of the governing equations is a very important
point when dealing with a posteriori performance tests for LES-like
models. The regularizations Cn given by Eqs. 12a, 12b and 12c are
constructed in a way that the symmetry properties (8) and (9) are
exactly preserved. Of course, the same should hold for the numer-
ical approximations that are used to discretize them. For this, the
basic ingredients are twofold: (i) a symmetry-preserving discreti-
zation of the original NS equations and (ii) a normalized self-ad-
joint linear filter. These two crucial points, together with the
time-integration procedure, are addressed in the next subsections.

4.1. Spatial discretization

A Cartesian structured mesh has been chosen to discretize the
equations. Grid spacing in the periodic x1-direction is uniform
and the wall-normal points in the x2- and x3-directions are distrib-
uted using a hyperbolic-tangent function with concentration fac-
tors c2 and c3, respectively. For the x2-direction it reads

ðx2Þj ¼
L2

2
1þ tanh c2ð2ðj� 1Þ=N2 � 1Þf g

tanhc2

� �
: ð30Þ

On the other hand, the regularizations Cn given by Eqs. 12a, 12b
and 12c are constructed in a way that symmetry properties (10)
and (11) are preserved. Of course, the same should hold for the
numerical approximations that are used to discretize C. To do so,
symmetry-preserving schemes [9] have been used here to discret-
ize the NS equations. They preserve the symmetry properties of the
underlying differential operators: the convective operator is repre-
sented by a skew-symmetric matrix and the diffusive operator by a
symmetric positive-definite matrix. In short, the temporal evolu-
tion of the spatially discrete staggered velocity, uh, and centered
temperature, Th, vectors is governed by the following finite-volume
discretization of Eqs. (13) and (14)

Xs
duh

dt
þ CsðuhÞuh þ Dsuh �MT ph ¼ fh; ð31Þ

Xc
dTh

dt
þ CcðuhÞTh þ DcTh ¼ 0h; ð32Þ

where the discrete incompressibility constraint reads Muh = 0h and
the subindices s and c refer to whether the operators are applied to
staggered or centered discrete vectors. The diffusive matrix, Ds, is
symmetric and positive semi-definite; it represents the integral of
the diffusive flux �ru � n/Re through the faces. The diagonal matrix,
Xs, describes the sizes of the control volumes and the approximate,
convective flux is discretized as in [9]. The resulting convective ma-
trix, Cs(uh), is skew-symmetric

CsðuhÞ þ CT
s ðuhÞ ¼ 0: ð33Þ

In a discrete setting, the skew-symmetry of Cs(uh) implies that

CsðuhÞvh �wh ¼ vh � CT
s ðuhÞwh ¼ �vh � CsðuhÞwh; ð34Þ

for any discrete velocity vectors uh (if Muh = 0h), vh and wh. Note
that Eq. (34) is the discrete analogue of Eq. (8). Then, the evolution
of the discrete energy, kuhk2 = uh�Xsuh, is governed by

d
dt
kuhk2 ¼ �uh � Ds þ DT

s

� �
uh|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

<0

þ2f h �Xsuh; ð35Þ

where the convective and pressure gradient contributions cancels
because of Eq. (33) and incompressibility constraint Muh = 0h,
respectively. Therefore, even for coarse grids, the energy of the re-
solved scales of motion is convected in a stable manner: that is,
the discrete convective operator transports energy from a resolved
scale of motion to other resolved scales without dissipating any en-
ergy, as it should do from a physical point-of-view. This forms a
good starting point for LES-like simulations. For a detailed explana-
tion, the reader is referred to [9]. The temporal evolution of Th (32)
is discretized in the same vein.

4.2. Time-integration method

The governing equations are integrated in time using a classical
fractional step projection method [22,23]. In the projection meth-
ods, solutions of the unsteady NS equations are obtained by first
time-advancing the velocity field, un, without regard for its solenoi-
dality constraint, then recovering the proper solenoidal velocity
field, un+1 (r�un+1 = 0). For the temporal discretization, a fully sec-
ond-order-explicit one-leg scheme [9] is used. Thus, the resulting
fully-discretized problem reads

ðjþ 1=2Þup
h � 2jun

h þ ðj� 1=2Þun�1
h

dt
¼ R ð1þ jÞun

h � jun�1
h

� 	
; ð36Þ

where R(uh) = �Cs(uh)uh � D uh and up
h is a predictor velocity that

can be directly evaluated from the previous expression. The time-
integration parameter, j, is computed to adapt the linear stability
domain of the time-integration scheme to the instantaneous flow
conditions in order to use the maximum time-step, dt, possible.
For further details about the time-integration method the reader
is referred to [2]. Finally, up

h must be projected onto a divergence-
free space

unþ1
h ¼ up

h þX�1
s MT ~pnþ1

h ; ð37Þ

by adding the gradient of the pseudo-pressure, ~ph ¼ dt=ðjþ 1=2Þph,
satisfying the following Poisson equation
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�MX�1
s MT pnþ1

h ¼ Mup
h: ð38Þ

Here, this equation, that results from taking the divergence of
Eq. (37), is solved by a direct method. Details about the Poisson sol-
ver can be found in [24,25].

4.3. Normalized self-adjoint filtering

Our filtering operation is based upon a Gaussian filter,

�/ðxÞ ¼
Z þ1

�1
Gðx� nÞ/ðnÞdn with

Gðx� nÞ ¼

ffiffiffiffiffiffiffiffiffi
6

pD2

s
exp

�6jx� nj2

D2

 !
; ð39Þ

where D ¼ �h is the characteristic cut-off length-scale. The filter
length, defined by � ¼ D=h, need not to be restricted to integer mul-
tiples of the grid width, h. The boundary conditions that supple-
ment the NS equations are also applied to (39). The filter
commutes with the gradient operator, i.e., r/ ¼ r/ for any (suffi-
ciently differentiable) scalar /. This implies that the approximations
Cn are exact for potential flows. More important, if we decompose
the velocity field u into a gradient part and a rotational part,
u =r/ +r�W, we see that the fluctuating part u

0
of u is purely

rotational: u
0
=r �W

0
. Thus, the fluctuating velocity captures a

characteristic property of turbulence: it consists of fluctuating rota-
tional flow.

In practice, a fourth-order accurate approximation [26] has
been chosen to compute the Gaussian filter (39) on a Cartesian
structured grid. In 1D it reads

�ui ¼
�4 � 4�2

1152
ðuiþ2 þ ui�2Þ þ

16�2 � �4

288
ðuiþ1 þ ui�1Þ

þ �
4 � 20�2 þ 192

192
ui: ð40Þ

This results into the following linear operator

�uh � eFuh; ð41Þ

where the same boundary conditions of uh are applied to the fil-
tered velocity, �uh. In order to ensure that all the symmetry and con-
servation properties hold exactly a normalized self-adjoint filter
[27] is needed. In general, this is not satisfied by eF , therefore, we de-
fine our linear filter F as follows

2S ¼ X�1
s Xs

eF þ ðXs
eF ÞTn o

; ð42Þ

F ¼ S� diagðS1� 1Þ: ð43Þ

The linear map uh ´ uh defined by Eqs. (42) and (43) possesses
the following basic properties: (i) symmetry, XsF = (XsF)T, (ii) a
constant velocity vector is unaffected, i.e., F1 = 1 and (iii) it reduces
the high-frequency components of the discrete velocity vector uh.
This means that F constitutes a suitable filter for our application.

At this point, it must be noted that, in general, an incompress-
ible velocity field, uh (Muh = 0h), does not automatically imply that
�uh (u0h ¼ uh � �uh also) is also divergence-free. Although no ‘real’
mass is lost in terms of the uh field, M�uh – 0h and M�u0h – 0h have
series implications: the skew-symmetry of the convective operator
(34) and consequently the conservation properties that follow
from it would be lost. For instance, because of this, the convection
term would not be a pure re-distributor of energy any more; in-
stead, it becomes an active source or sink of kinetic energy and
therefore the stability of the method is lost. This problem becomes
especially relevant in the near-wall regions where the non-slip
boundary conditions may cause significant compressibility effects
on the filtered velocity. This question has been addressed before
for a Leray-a model in [28]. One possible solution to this problem
could be to project the filtered velocity onto a divergence-free
space,

~uh ¼ Fuh; ð44Þ
�uh ¼ ~uh þX�1

s MT qh with M�uh ¼ 0h: ð45Þ

However, an additional Poisson equation, MX�1
s MT qh ¼ M~u,

needs to be solved each time-step. A computationally less demand-
ing approach relies on explicitly forcing the diagonal term of the
discrete convective operators, Csð�uhÞ and Ccð�uhÞ, to be equal to zero,

Csð�uhÞ½ �k;k ¼ 0; Ccð�uhÞ½ �k;k ¼ 0; 8 k: ð46Þ

In this way, the skew-symmetry of the convective operator (34)
is restored irrespective whether the advective velocity is exactly
divergence-free. Both approaches have been tested. Since no signif-
icant differences have been observed, in the view of lower cost, the
second approach has been chosen.
4.4. Does the discrete linear filter need to be recomputed at each time-
step?

In practice, the computational cost to determine the local filter
length, �, by the sequence (29) may be not negligible. Firstly, the
local strain tensor, S, must be computed and its maximum eigen-
value, kmaxðSÞ, evaluated. Then, ĝk (�) follows from the limiting va-
lue obtained for fn,k. For instance, for the C4 approximation,
f4;k ¼ 3ĝ2

kð�Þ � 2ĝ3
kð�Þ, and consequently a cubic equation, with only

one real root, for ĝk must be solved. Finally, � follows straightfor-
wardly from (22).

In the view of lower costs, the question now is whether it is nec-
essary to recompute the local filter length, �, and, if it is needed,
how often. In Fig. 4, the spatial distributions of kmaxðSÞ correspond-
ing to two different instants are displayed. These results corre-
spond to a 2D section of the DNS simulation at Ra = 1010

presented in [2]. As expected, we can observe that regions with
completely different regimes co-exits. More importantly, we also
observe areas where the changes of kmaxðSÞ are significant. There-
fore, we conclude that the discrete filter need to be recomputed
during the simulation. Then, the following question is how often
to do so. To answer this, the time evolution of kmaxðSÞ at three dif-
ferent locations is displayed in Fig. 5. These monitoring points cor-
respond to three positions in the cavity where completely different
regimes are observed. At first sight, we can observe that once a sta-
tistically stationary steady state has been reached, the values of
kmaxðSÞ oscillate around a mean value. More importantly, the differ-
ence between consecutive time-steps remains minimal. Therefore,
these results, combined with the fact that the final solution is not
strongly dependent on the precise value of �, suggest that the local
filter length is not needed to be updated so often. Direct compari-
son between results obtained updating � at each time-step and re-
sults updating up to every temporal unit revealed no significant
differences. Therefore, for the remainder of this paper all the
parameter-free Cn-simulations have been carried out updating �
every 0.5 temporal units (for the simulation shown in Fig. 5, it rep-
resents around 40 time-steps, that is 40 times cheaper!).
5. Results for a turbulent differentially heated cavity at
Ra = 1010

The performance of the proposed method to dynamically deter-
mine the regularization parameter, �, of the Cn approximations has
been tested for the DHC problem defined in Section 2.1. Here, we
restrict ourselves to the C4 because it outperforms C2 and no sig-
nificant difference has been observed with respect to the results
obtained with C6, which is computationally more demanding.



Table 1
Description of meshes: the spanwise (N1), the wall-normal horizontal (N2), and the
vertical (N3) resolutions for the tested cases. Further details about the meshing can be
found in [2].

DNS RM1 RM2

N1 � N2 � N3 128 � 190 � 462 16 � 34 � 80 8 � 17 � 40
c2 2.0 2.2 2.2
c3 1.0 1.0 1.0
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Averages over the three statistically invariant transformations
(time, x1-direction and central point symmetry around the center
of the cavity) have been carried out. The standard averaging nota-
tion, h�i, is used here. The total integration period is 1000 time units
for all the simulations irrespective of the Ra. In order to be sure
that the statistically steady state had been reached, which usually
requires around 100–200 time units, statistical values have been
obtained for a time interval corresponding to the last �500 time
units of simulation. Further details about the averaging procedure
can be found in [29].

As an initial test, two very coarse meshes consisting of
8 � 17 � 40 and 16 � 34 � 80 grid points respectively (see Table 1)
have been used to solve the DHC problem at Ra = 1010. These are
the same meshes used in [14] where the method was tested keep-
ing the ratio �/h constant. The coarse meshes RM1 and RM2 have
approximately the same grid points distribution as the DNS grid
but with much less spatial resolutions. The domain size in the peri-
odic direction was taken equal to the size used for the DNS simu-
lations, i.e., L1/L2 = 1. The first results displayed in Fig. 3 exhibit the
great potential of this method. Note that in the parameter-free C4

cases, the results do not depend on �/h. The results that are being
obtained here are at least as good as the those ones that were ob-
tained in [14] using the optimal �/h ratio determined by trial-and-
error procedure.

5.1. Mean fields

The corresponding vertical temperature profile at mid-width is
displayed in Fig. 6. At first sight we can observe a significant
improvement for the smoothed solutions. At the top and bottom
areas, where the flow is more turbulent, some discrepancies
regarding the reference solution are still observed for both meshes.
The fairly good prediction at the cavity core even for the coarsest
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Fig. 6. Averaged vertical temper
mesh is especially relevant. As it was pointed out in Section 1, an
accurate prediction of thermal stratification of this configuration
is a challenge for turbulence modeling. This is due to the high sen-
sitivity exhibit: small disturbances in the location of the transi-
tional point at the vertical boundary layers or a sudden ‘artificial’
stop of the energy cascade at large scales of motion can dramati-
cally affect the structure of the stratified cavity core (notice the
large dispersion for non-smoothed results in Fig. 11, top). In
Fig. 6, we can see that without smoothing (� = 0), the thermal strat-
ification is clearly under-predicted, especially for the coarsest
mesh.

Let us focus now on the vertical boundary layer. It remains lam-
inar in its upstream part up to the point where the Tollmien–Sch-
lichting waves traveling downstream grow up enough to disrupt
the boundary layer. Its high sensitivity to external disturbances
makes it difficult to predict. The corresponding temperature and
vertical velocity profiles at the cavity mid-height plane, x3 = 0.5,
are displayed in Figs. 7 and 8, respectively. As expected, we can ob-
serve a strong correlation between the quality of the solutions for
hTi and hu3i. For the results corresponding to � = 0 (labeled ‘No
Model’), the vertical boundary layer is too thick, whereas with
the parameter-free C4-smoothing, the solutions for the two coarse
meshes agree very well with the DNS reference solution. Fig. 9 de-
picts essentially the same for the horizontal velocity profile. It
must be noted that values of hu2i are significantly smaller than
hu3i and therefore more difficult to predict.

5.2. Heat transfer

In Fig. 3 (top), the total Nusselt number as a function of �/h is
displayed (see Table 2, for exact results). The reference value
Nu = 101.94 has been obtained from our DNS simulation [15,16]
with � = 0. We see that both C4 simulations, RM1 and RM2, predict
fairly well the reference value. Moreover, in Fig. 11, we observe
that the heat transfer is also well captured for all randomly
generated meshes whereas the solutions obtained without
smoothing (� = 0) are incomparably worse. Results of the distribu-
tion of Nusselt number in the hot wall are shown in Fig. 10. A
change in the shape is observed at nearly x3 = 0.2 for the non-
smoothed results, indicating a much too early transition toward
turbulence. In contrast, the C4 results are able to capture well most
of the profile except for the most upstream part where the heat
transfer is slightly under-predicted.
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In Table 2, the maximum and the minimum values of the local
Nusselt number are also shown. These two quantities are of inter-
est because they occur in two clearly different parts of the vertical
boundary layers. Maximum values are in the upstream part of the
boundary layer where it is still almost laminar whereas minimum
values are observed at the most downstream part of the boundary
layer where it has become fully turbulent (see Fig. 1). For both
coarse grids, the significant improvements are achieved for the
smoothed solutions.

5.3. Grid (in)dependence analysis

A reliable modeling of turbulence at (very) coarse grids is a
great challenge. The coarser the grid the more convincing model
quality is perceived. However, it might happen that the solution
is strongly dependent on meshing parameters and thus some par-
ticular combinations could ‘accidentally’ provide good results. An
example of this behavior has been observed in [30] for a turbulent
channel flow. In order to elucidate this point, the same DHC prob-
lem has been solved on a series of 50 randomly generated meshes:
with (N1, N2, N3)-values limited by those given by meshes RM1 and
RM2 (see Table 2), i.e., 8 6 N1 6 16, 17 6 N2 6 34, and 40 6 N3 6

80. The concentration parameters, c2 and c3 are kept equal to val-
ues given in Table 1. It must be noted that for this test the number
of grid points in one direction was randomly generated irrespective
of the number of points in the other two directions. Therefore,
some of the numerical experiments displayed in Fig. 11 correspond
to highly skewed grids.

Results for the overall Nusselt and the centerline stratification
values are displayed in Fig. 11 (top). At first sight, we can observe
that the parameter-free C4 modeling predicts results well irrespec-
tive of the meshing whereas very poor and dispersed results are ob-
tained when the model is switched off. The fairly good prediction of
the stratification (note the dispersion obtained without model!) is
especially important. In the Fig. 11 (bottom), the results for the
maximum vertical velocity and the wall shear stress scaled by
Ra�1/4 at the horizontal mid-height plane, x3 = 0.5, are displayed.
These two quantities give valuable information about whether
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Table 2
The overall, the maximum and the minimum of the averaged Nusselt number.

Mesh DNS RM1 RM2
128 � 190 � 462 16 � 34 � 80 8 � 17 � 40

No model C4 No model C4

Nu 101.94 121.93 100.81 128.14 102.17
Numax 454.86 437.78 451.12 342.02 459.59
Numin 8.50 10.92 10.18 27.77 7.03
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the boundary layer is being correctly solved in our discrete setting.
We observe that points corresponding to non-smoothed solutions
are clustered around (0.3, 0.15) and therefore both quantities are
clearly under-predicted whereas solutions obtained with the C4

method predict quite well the (0.422, 0.223) reference solution.
5.4. How many times cheaper is the C4 regularization?

The least to be expected from a turbulence model is a good pre-
diction of the mean flow quantities at a significantly cheaper cost
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than a (coarse) DNS. Of course, this will depend on many factors
such as the configuration to be solved, the specific implementation
of the method or the demanded level of accuracy. In this section, we
shall try to elucidate this point with the help of the following test: a
series of coarse DNS simulations have been carried out for the DHC
problem at Ra = 1010 starting from the RM2 grid and increasing the
grid resolution homogeneously in each spatial direction. Results
displayed in Fig. 12 show that meshes with at least 60 times more
computational nodes than the RM2 are needed to achieve similar
levels of accuracy. On the other hand, the cost required for the reg-
ularization compared with the cost of the no-model simulation on
the same grid increases only around 30%. Since this additional cost
is not significant compared with those of solving finer grids an anal-
ysis only in terms of mesh sizes suffices.

Solving finer grids makes a computation more expensive. The
main factors that increase the computational cost are twofold: (i)
the number of time-steps usually grows with OðNp=3Þ, where
1 6 p 6 2 and N = N1N2N3 and (ii) the cost of solving one time-step
grows with OðNqÞ, where q P 1. The two limiting values of p corre-
spond to those cases where either convection (p = 1) or diffusion
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2 Note that the grid stretching near the vertical walls has also been slightly
increased with the Ra.
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(p = 2) are dominant. On the other hand, exponent q measures the
scalability of the code; the limiting case, q = 1, corresponds to the
ideal linear scalability. Therefore, the total computational cost in-
creases with OðNp=3þqÞ. Ideally, the exponent would be ‘only’ 4/3
and therefore taking N/NRM2 = 60 would imply that, for this case,
the C4 regularization is at least 604/3 � 235 times cheaper. Taking
a more realistic exponent like p/3 + q � 2 then the method would
be 602 � 3600 times cheaper than just computing a coarse DNS
providing the same levels of accuracy. According to the experience
with our code [24] the latter is a more realistic approximation.

At this point it must be recalled that the numerical discretization
itself is also a regularization (see Section 4.1). Since the numerical
schemes used to discretize the governing equations are uncondi-
tionally stable and the discrete operators are constructed to mimic
the underlying differential operators, their solution (� = 0) consti-
tutes an excellent starting point for any turbulence model.

6. Performance at higher (and lower) Rayleigh numbers

The performance of the parameter-free C4-regularization has
also been tested at higher (and lower) Ra. This study covers a rel-
atively wide range, 6.4 � 108
6 Ra 6 1011, from weak to fully

developed turbulence. Within this range DNS results for five differ-
ent configurations (at Ra = 6.4 � 108, 2 � 109, 1010, 3 � 1010 and
1011, respectively) are available [15,16]. The meshes used to carry
out these simulations have been generated keeping the same num-
ber of points in the boundary layer as in the coarse mesh RM1 for
Ra = 1010. In this way, the meshes2 for Ra = 3 � 1010 and 1011 be-
come 10 � 19 � 46 with c2 = 2.26 and 12 � 26 � 62 with c2 = 2.28,
respectively.

6.1. Boundary layer

For the sake of brevity, in this section we focus only on the two
highest Ra, i.e., 3 � 1010 and 1011. In Figs. 13 and 14, the tempera-
ture and the vertical velocity profiles at the horizontal mid-height
plane, x3 = 0.5, are displayed. Again, the parameter-free C4 method
and non-smoothed results (� = 0) obtained using a mesh that it is
twice finer in each direction are compared with DNS data. All plots
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depict essentially the same: the parameter-free C4 method is able
to capture well the flow structure of the vertical boundary layer
even for the coarsest meshes whereas the results of the non-
smoothed simulations differ largely from the reference solution.

6.2. Heat transfer

The heat flux as a function of Rayleigh number is investigated in
this section. In the last decades significant efforts, both numerically
and experimentally, have been directed at investigating the mech-
anisms and the detailed scaling behavior on turbulent Rayleigh–
Bénard (RB) problems. Classical theory predicts that Nu � Ran with
n = 1/3. Alternative scaling theories, encouraged by experimental
observations, lead to n = 2/7 [31,32]. Finally, an asymptotic regime,
the so-called Kraichnan regime, with n = 1/2 is presumed to exist at
very high Ra. Experimentally, power-law dependencies of heat flux
with exponents between 1/4 and 1/3 have been measured [33].
Regarding the Kraichnan regime, and despite the great efforts de-
voted, no clear evidence has been observed yet [34]. On the other
hand, there is still controversy whether a simple power-law
Nu � Ran is adequate. For instance, Grossmann and Lohse [33,35]
developed a theory based on the kinematic and thermal dissipation
rates in the bulk and the boundary layers. They identified different
regimes and the Nu(Ra, Pr) follows from a superposition of the scal-
ing laws from neighboring regimes. More recently, Hölling and
Herwig [36], developed an alternative theory by matching temper-
ature gradients in the overlap region of the wall layer and the core
layer. A Nusselt number scaling with logarithmic corrections
follows.

Comparatively, the DHC problem has received much less atten-
tion from the scientific community (see Yu et al. [37] and Pesso and
Piva [38], for instance). Nevertheless, both configurations share
similar heat transfer scaling [37] and most of the ideas applied to
RB configuration can be easily applied to the DHC problem. The
classical theory also predicts a Nu � Ra1/3 correlation for fully
turbulent regime. It follows from the assumption that, at high
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Rayleigh numbers, the heat flux becomes independent of the dis-
tance between active walls. This implies the 1/3 exponent since
Nu � L2 and Ra � L3

2. On the other hand, the classical theory also
predicts a scaling exponent of 1/4 for the laminar regime. Recently,
Yu et al. [37] argued that turbulence may be not essential for the
classical 1/3 power-law scaling of Nu. Instead, they proposed that
the large-scale circulation together with the resultant boundary
layers and core stratification are sufficient to produce the classical
1/3 exponent scaling, and that the role of turbulence is not essen-
tial in this regard. In [16], we found that

Nu � 0:182Ra0:275; ð47Þ

was the power-law scaling that fitted best our DNS results. Actually,
this exponent cannot be considered ‘near’ 1/3; rather, it is closer to
the 2/7 � 0.286 proposed by alternative theories of turbulent natu-
ral convection flows [31,32].

6.2.1. Comparison with DNS results
Results for the overall Nusselt number corresponding to 56 sim-

ulations within the whole range of Rayleigh numbers studied by
DNS, i.e., 6.4 � 108

6 Ra 6 1011, are displayed in Fig. 15. At first
sight, we observe again a fairly good agreement with the DNS re-
sults (solid dots) and the correlation (47) obtained from the DNS
data. It must be noted that the Nu–Ra dependence obtained with
the parameter-free C4 is smooth suggesting again that the pro-
posed model is performing well ‘independently’ of Ra and meshing
parameters that may suddenly change for two consecutive points
in the graph.

6.2.2. Nusselt number correlation with Ra up to 1017

Since performing computations with the parameter C4 approx-
imation is rather cheap we were tempted to perform simulations at
very high Ra. Following the aforesaid criterion to keep the number
of points at the vertical boundary layer constant leads to a
68 � 142 � 334 mesh with c2 = 3.48 for Ra = 1017. Of course, for
the range 1011 < Ra 6 1017 there is no DNS (or experimental) data
to compare with. Anyhow, it is interesting to see that results dis-
played in Fig. 16 show a good agreement with a 2/7 power-law
scaling of Nusselt (Nu increases approximately from 102 to 104,
that is 2 orders of magnitude, when Ra is increased 7 orders, from
1010 to 1017). This scaling law, predicted by alternative theories
[31,32] of turbulent natural convection, has also been experimen-
tally measured for RB configurations [34].
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7. Concluding remarks

The C4-regularization of the non-linear convective term has
been considered as a simulation shortcut. The symmetries and con-
servation properties of the original convective term are exactly
preserved. Doing so, the production of smaller and smaller scales
of motion is restrained in an unconditionally stable manner. The
numerical algorithm to solve the governing equations is also
fully-conservative and is therefore well-suited to test the proposed
simulation method. Here, a novel criterion to determine the local
filter length dynamically from the requirement that the vortex
stretching must be stopped at the scale set by the grid has been
proposed. In this way, it becomes a parameter-free turbulence
model, i.e., no constant needs to be tuned or prescribed in advance.

As a first step to test the performance of the parameter-free C4-
regularization method a 3D air-filled differentially heated cavity of
aspect ratio 4 has been considered. This is a challenging configura-
tion for turbulence modeling since areas with completely different
regimes coexist and interplay. Direct comparison with DNS refer-
ence results within a relatively wide range of Rayleigh numbers,
6.4 � 108

6 Ra 6 1011, has shown that the method is able to cap-
ture the general pattern of the flow correctly even for very coarse
meshes. Results are in good agreement for the mean velocity and
the temperature as well as for the heat flux. Especially significant
is the fairly good prediction of the centerline thermal stratification.
To investigate the independence of the method regarding the
meshing parameters four relevant mean flow quantities (i.e., over-
all Nusselt number, centerline stratification, maximum vertical
velocity and wall shear stress at the horizontal mid-height plane)
have been monitored for a series of randomly generated grids.
Even for highly skewed grids, all the results obtained with the
parameter-free C4 method were clustered around the DNS refer-
ence solution, in contrast with the rather poor (with a large disper-
sion also) results obtained without modeling. Finally, to study the
heat transfer scaling, simulations at higher Ra up to 1017 have also
been computed. A fairly good agreement with a 2/7 power-law
scaling of Nusselt has been measured for the whole range, i.e.,
1011

6 Ra 6 1017. This scaling law, also predicted by alternative
theories of turbulent natural convection, has also been experimen-
tally measured for Rayleigh–Bénard configurations.
Therefore, considering the inherent difficulty of modeling a
buoyancy driven turbulent flow in a differentially heated cavity,
we can conclude that the results displayed here illustrate the great
potential of the parameter-free C4 smoothing method as a new
simulation shortcut. Moreover, since no ad hoc phenomenological
arguments that cannot be formally derived from the governing Na-
vier–Stokes equations are used, it suggests that this method may
be valid for any other configurations. Nevertheless, more simula-
tions for a wide variety of cases and meshes will be necessary to
confirm these preliminary conclusions.
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