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Chapter 3

A discrete time formulation for

batch processes with storage

capacity and storage time

limitations

This chapter is published as Kilic, Van Donk, and Wijngaard (2011), A discrete time

formulation for batch processes with storage capacity and storage time limitations,

Computers & Chemical Engineering, 35(4): 622 - 629.

Abstract. This paper extends the conventional discrete time mixed integer linear pro-
gramming (MILP) formulation for scheduling multiproduct/multipurpose batch pro-
cesses by introducing storage capacity and storage time limitations. For this purpose,
storage vessels are explicitly modeled on which material flows are defined, and storage
capacity and storage time constraints are expressed. The approach is shown to be ef-
fective in modeling the scheduling problem in a variety of storage configurations such
as single/multiple dedicated and multipurpose storage vessels. In a numerical study,
cases where storage capacity and storage time limitations have significant impacts on
scheduling production and storage operations are highlighted.
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3.1 Introduction

Following recent trends, the process industry has experienced growing logistical de-

mands, growing variety in products, and more intense competition. The increase in

the variety of products leads to the need for multiproduct and multipurpose batch

processing systems offering high flexibility. On the one hand, such systems provide

a means to meet the increasing demands with regard to the larger number of differ-

ent products. On the other hand, they intensely affect planning and scheduling of

operations by necessitating the use of limited equipment and resources to undertake

a variety of tasks. In such systems, the impact of effective scheduling methods is sig-

nificant. As a result, the inherent mathematical planning and scheduling problems

have received considerable attention in the literature (Mendez et al, 2006).

There is a large variety of aspects that can be considered in developing scheduling

models for batch processing systems. A detailed taxonomy can be found in Mendez

et al (2006). One of these aspects is the specification of the constraints on storage

operations. Storage operations lead to better utilization of resources by decoupling

consecutive processes. Hence, limitations on the storage operations constrain the

extent to which the upstream and downstream production units can be decoupled.

There are two types of limitations with regard to storage operations: capacity con-

straints (in terms of the number and the size of storage vessels) and storage time

constraints (in terms of the time materials deteriorate). Capacity constraints limit

the amount of material that can be stored in storage vessels, whereas storage time

constraints restrict the amount of time that materials can be stored in storage vessels

e.g. before decaying. In presence of these constraints, inappropriate scheduling de-

cisions may result in a high number of setups, blocking or starvation throughout the

stages, waste of intermediates, and thus, degrade the overall system performance

significantly.

In the literature, capacity and storage time constraints are reflected by intermediate

storage policies (Mendez et al, 2006). Unlimited intermediate storage (UIS), finite

intermediate storage (FIS), and no intermediate storage (NIS) policies are associ-

ated with capacity constraints, whereas, unlimited wait (UW), finite wait (FW), and

zero wait (ZW) policies are associated with storage time constraints. Although the

combinations of UIS, NIS, UW and ZW policies have been intensively investigated,

the combination of FIS and FW policies is rather neglected in the literature (Sun-

daramoorthy and Maravelias, 2008). Nevertheless, the combination of FIS and FW

policies are relevant and important in real-life settings. FIS policy is very common

since batch plants hardly ever have unlimited storage. FW policy is essential for
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many industries (e.g. food, solvent, polymer and pharmaceuticals) which involve

unstable/perishable intermediates/products that must be processed/shipped within

a short time (Gupta and Karimi, 2003).

There is a variety of studies in the literature which aim at developing efficient math-

ematical scheduling models for multiproduct/multipurpose batch processes (see e.g.

Kondili et al, 1993a; Schilling and Pantelides, 1996; Ierapetritou and Floudas, 1998).

These models account for storage capacity limitations either by imposing an upper

bound on the total inventory of each type of material, or by modeling and confining

each storage vessel separately. Regardless of the approach taken, addressing stor-

age time limitations together with storage capacity limitations is difficult due to the

need of tracing the remaining storage life of materials in storage vessels. The prob-

lem gets even more demanding when storage vessels are not dedicated to certain

materials, and batches of the same state are mixed and split through the production

process. Those characteristics can be found, for instance, in paint processing. In

paint processing plants, large batches could be technologically prohibitive. There-

fore, batches of the same type of paint are usually stored in large storage vessels

before they are further processed or shipped (Schultmann et al, 2006). In this case,

the storage life of a new batch is affected by the storage life of the material which

has already been stored in the vessel. This is particularly important for some types

of paint (e.g. water-based paints) whose formulation require a limited storage time

to ensure some quality specifications (e.g. to avoid drying or contamination). Thus,

these materials are retained in storage only for a short period of time before they

are further processed or shipped. In the former case, batches are also split in order

to be processed into different paint products.

It is a common practice to formulate storage operations as tasks performed by stor-

age vessels (see e.g. Kondili et al, 1993a; Ierapetritou and Floudas, 1998; Castro

et al, 2004; Janak et al, 2004; Susarla et al, 2010). This approach also facilitates

modeling multipurpose storage vessels. In general, storage tasks start upon the ar-

rival of materials and end when they are released. Thus, whenever a storage vessel

receives or releases some material, a new storage task must be initiated. If batches

are assumed to be received and released as a whole, then one can easily impose

storage time limitations by limiting the duration storage tasks. Nevertheless, this

assumption is usually not valid as discussed in the paint processing example. Thus,

since storage tasks do not relay any information regarding the remaining storage life

of the contents of the storage vessels, one should consider not only the time epochs

where materials are received and released, but also the flow of materials through

time, to account for the combination of storage capacity and storage time limitations.
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There are only a few studies in the literature which considers material flows in stor-

age vessels (e.g. Gimenez et al, 2009). However, they do not consider storage time

limitations. It must be noted that the discussion above is irrelevant for processes

where batch identities are maintained through the stages (i.e. mixing and splitting

of batches are not allowed). There exists some work on these types of processes

addressing storage capacity and storage time limitations. Ha et al (2000) devel-

oped a formulation for flow-shop processes that incorporates both storage capacity

and storage time constraints. Sundaramoorthy and Maravelias (2008) addressed

storage capacity and storage time limitations in multistage processes and developed

a mixed integer linear programming (MILP) model for the simultaneous batching

and scheduling with storage constraints. However, it might be evident that these

methods are not applicable to general multiproduct/multipurpose batch processes.

One major feature of batch scheduling models is the time representation. There

are two widely used time representations: discrete and continuous time. Both time

representations are based on dividing the planning horizon into a number of time

intervals. In discrete time models, these intervals have fixed and equal durations,

whereas in continuous time models, they have unequal durations which are not

known beforehand. The choice for one of these types of modeling depends on the

situation on hand as both have advantages and disadvantages. See Floudas and

Lin (2004) for a general discussion on these approaches. In principle, continuous

time models are more realistic and yield more precise solutions compared to discrete

time models. That is because task durations are accurately accounted for in contin-

uous time models whereas they need to be approximated in discrete time models.

Furthermore, continuous models are smaller than their discrete counterparts since

they require fewer number of time intervals. However, continuous time models are

usually difficult to solve because their linear programming (LP) relaxations are poor

and the number of time intervals is unknown (Maravelias and Grossmann, 2003).

Furthermore, since the durations of time intervals are not fixed in continuous time

models, intermediate due dates are difficult to model, and more importantly non-

linear expressions have to be used in order to express inventory costs, i.e. holding

and backlog costs. Since these aspects are of importance in many practical cases,

discrete time models remain being used in industrial problems despite their dis-

advantages in terms of preciseness and size (Maravelias and Grossmann, 2006). In

this respect, it is valuable to stylize discrete time models to account for more realistic

settings and to exploit their specific characteristics to reduce the associated compu-

tational complexities (see e.g. Shah et al, 1993; Kelly and Zyngier, 2007; Gaglioppa

et al, 2008).
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In this study, we propose a discrete time formulation for batch processes with stor-

age capacity and storage time limitations. We build on the conventional state-task-

network (STN) formulation of Kondili et al (1993a) which has served as a founda-

tion for most of the work in this field.

The paper is organized as follows. In Section 3.2, we present the conventional dis-

crete time formulation of batch processes. In Section 3.3, we highlight some aspects

on the flow of materials. In Section 3.4, we formulate the storage capacity and

storage time constraints for a variety of storage configurations. In Section 3.5, we

present some examples to illustrate the application of the model. Finally, in Sec-

tion 3.6, we provide an overall assessment of the proposed method and suggestions

on directions for further research.

3.2 Formulation

One of the most important developments in modeling planning and scheduling in

batch processes has been the introduction of the state-task-network (STN) represen-

tation of batch processes by Kondili et al (1993a). The STN approach is based on

state and task nodes. The former represents the feeds, i.e. materials, and the latter

represents the processing operations. The STN is defined by a number of parame-

ters related to the tasks, states, and available equipments. Kondili et al (1993a) and

subsequently Shah et al (1993) provided efficient discrete time MILP formulations

for scheduling operations in STN’s. In this study, we extend their formulation by

incorporating storage capacity and storage time limitations. We aim at determining

scheduling decisions, i.e. the start and end time of operations on specific production

and storage units and corresponding production and storage quantities, minimizing

the sum of production, setup, and inventory holding costs, while meeting demand

under production and storage capacity limitations. In this section we neglect the

storage capacity and the storage time limitations and present the basic formulation

proposed by Kondili et al (1993a).

The scheduling problem in batch processes can be defined on a set of tasks i ∈ I,

a set of states, s ∈ S, and a set of time periods t ∈ T . The production operations

are carried out by a set of processing units j ∈ J . Each processing unit is capable

of undertaking a set of tasks. The subset of processing units which are able to

undertake task i are denoted by Ji. Each task produces/consumes a set of states

in given proportions. We denote the set of tasks which produces/consumes state

s by Ips /I
c
s , and the corresponding production/consumption proportions by ρpis/ρ

c
is.
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Each task i, when performed on processing unit j, requires a fixed processing time

pij , and incurs a setup cost gij per production run and a variable production cost

cij per unit of production quantity. The system incurs a holding cost hs per unit of

state s held in inventory per time period. For each task i, there are unit dependent

minimum and maximum production quantities vmin
ij and vmax

ij which bound batch

sizes from below and above. The demand for state s at time period t is denoted by

dst. Decision variables include: binary variable wijt which is equal to 1 if task i is

initiated at time period t on processing unit j, and 0 otherwise, continuous variable

bijt which represents the batch size of task i which is initiated at time period t on

processing unit j, and continuous variable xst the inventory level of state s in period

t. The batch processes scheduling problem can be formulated as follows.

min
∑

i∈I

∑

j∈Ji

∑

t∈T
gijwijt +

∑

i∈I

∑

j∈Ji

∑

t∈T
cijbijt +

∑

s∈S

∑

t∈T
hsxst (3.1)

s.t
∑

i∈Ij

t∑

t′=t−pij+1

wijt′ 6 1 ∀j ∈ J, ∀t ∈ T (3.2)

vmin
ij wijt 6 bijt 6 vmax

ij wijt ∀j ∈ J, ∀i ∈ Ij ,∀t ∈ T (3.3)

xst =xs(t−1) +
∑

i∈Ips

∑

j∈Ji

ρpisbij(t−pij)

−
∑

i∈Ics

∑

j∈Ji

ρcisbijt − dst ∀s ∈ S,∀t ∈ T
(3.4)

wijt ∈ {0, 1}; bijt, xst ∈ R+ ∀i ∈ I, ∀j ∈ J, ∀s ∈ S,∀t ∈ T (3.5)

The model encompasses the following sets of equations. Eq. (3.1) sets the objective

function which minimizes the sum of setup, production, and holding costs. Eq. (3.2)

ensures that at most one task is assigned to a unit at any time. Eq. (3.3) sets the

lower and the upper bounds of batch sizes. Eq. (3.4) expresses the material balance.

Eq. (3.5) sets variable domains.

3.3 Material flows in storage vessels

The formulation provided in Section 3.2 has two implicit assumptions on interme-

diates: (i) there is no limitation on the storage capacity of any material, and (ii)

materials can be stored for unlimited time. In the following sections we extend this

formulation by relaxing these assumptions. However, there are several aspects worth

highlighting before analyzing the constraints regarding the storage operations.
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Both storage capacity and storage time constraints affect the timing and the volume

of inflow and outflow transactions in storage vessels. Storage capacity constraints

limit the amount of material stored in storage vessels, whereas storage time con-

straints limit the amount of time that materials can be stored. In order to character-

ize these limitations, we assume that (i) each state s has a specific storage life of πs
periods during which it has to be sent to upstream processing stages, and (ii) when

materials with different storage lives are mixed in a storage vessel the remaining

storage life of fresh material degrade to the one of dated material.

An important point in modeling material flows in storage vessels is the sequence of

inflow and outflow transactions. For convenience, we assume that outflow transac-

tions take place before inflow transactions. Let us consider a storage vessel which is

used to store a given state at a given period. Let initialinv be the inventory level

at the beginning of period, and inflow and outflow be the respective volumes of

the inflow and the outflow in the given period. The outflow can be satisfied either

with dated material (i.e. inventory) or with fresh material (i.e. inflow). Since we

consider finite wait policies, it is logical to assume that flows are coordinated by

the first-in-first out principle, that is, the outflow is first satisfied by inventory, and

the remaining amount (if non-zero) is satisfied by the inflow. Hence, the volume of

the outflow met by inventory is min{initialinv, outflow}. If the inventory level

is higher than the outflow, then only dated materials will be used. Otherwise, after

depleting all inventory, the inflow will be used to balance the outflow. Hence, the

outflow met by fresh material is max{outflow− initialinv, 0}. After inflow trans-

actions, the inventory is replenished to initialinv−outflow+inflow. Notice that

this actually represents the end-of-period inventory level (see Eq. (3.4)).

In terms of storage life limitations, the above mentioned analysis of material flow

transactions has an important result. That is, when all dated material is used to

fulfill the outflow (i.e. initialinv 6 outflow) fresh material can be stored without

being mixed with dated material. Otherwise, fresh and dated materials are mixed

in storage which results in degradation of fresh material. In the next section we will

use this observation in modeling storage operations.
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3.4 Modeling storage capacity and storage time

constraints

The approach that must be taken to model storage time constraints strongly depends

on the storage settings. In this section we consider three main cases. In the first case,

each state is stored in a single dedicated storage vessel. The second case extends the

first one with multiple storage vessels dedicated to each state. The third case is the

most general one which addresses multipurpose storage vessels that can be used for

multiple states.

3.4.1 Single storage vessel dedicated to each state

The first case addresses the instance where a single storage vessel with a given

capacity is dedicated to each state. We denote the capacity of the storage vessel

dedicated to state s by us. It is straightforward to set storage capacity constraints.

That is,

xst 6 us ∀s ∈ S,∀t ∈ T. (3.6)

In order to integrate storage time constraints, it is essential to keep track of the

remaining storage life of materials. More specifically, the periods where the entire

material stock in a vessel is depleted by outflow transactions has to be specified

explicitly. As we have discussed, only in such periods fresh material can be stored

without being mixed with dated material. We refer to these periods as renewal
periods. Let us denote a renewal period by σst ∈ {0, 1}, such that, σst = 1 if period

t is a renewal period for state s, and σst = 0 otherwise. Then, if material flows are

coordinated by first-in-first out principle, the following inequality holds.

xs(t−1) −
∑

i∈Ics

∑

j∈Ji

ρcisbijt − dst 6 us(1− σst) ∀s ∈ S, ∀t ∈ T (3.7)

Eq. (3.7) states that, if period t is a renewal period for state s, then the inventory

level after output transactions should be 0. Otherwise it is bounded by the storage

capacity. Note that each period t with xs(t−1) = 0 is a renewal period for state s.

The concept of renewal periods facilitates modeling storage time constraints. Since,

the storage time limitation is defined on the number of periods that materials can

be stored in a storage vessel, it can be modeled as an upper bound on the number of

consecutive non-renewal periods. Hence, storage time limitation can be guaranteed
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in terms of the following constraint.

t+πs−1∑

t′=t

σst′ > 1 ∀s ∈ S, ∀t ∈ T (3.8)

where πs (πs > 1) is the storage life of state s. Eq. (3.7) ensures that the remaining

storage life of state s never hits 0.

3.4.2 Multiple storage vessels dedicated to each state

The second case considers the instance where multiple storage vessels with given ca-

pacities are dedicated to each state. In processes where degradation of the materials

due to waiting time is negligible, materials from different batches can be considered

the same regardless of the time they are processed. In such cases, multiple dedi-

cated vessels can be modeled as a single aggregate dedicated storage vessel since

mixing materials in storage does not lead to any degradation. However, in case of

storage time limitations, it is possible to separate materials with different storage

lives, which in turn helps to subdue the effects of storage time limitations.

Let us consider a set of storage vessels k ∈ K each with a capacity of qk. Which

of these storage vessels k are being used for state s is known in advance. Hence,

we denote the set of storage vessels dedicated to state s by Ks. Using multiple

storage vessels necessitates to trace both the amount and the remaining storage life

of material in each storage vessel. This can be done by defining capacity constraints,

inflow/outflow transactions, and renewal periods explicitly on storage vessels rather

than on states. Let us start with capacity constraints. We denote the amount of

material stored in vessel k at period t by ykt, such that,
∑
k∈Ks

ykt = xst. Now, we

can write storage vessel specific capacity constraints as

ykt 6 qk ∀k ∈ K,∀t ∈ T. (3.9)

By using the new variable ykt we can characterize the inflow/outflow transactions

and renewal periods for each storage vessel. Let f ikt/f
o
kt be the volume of in-

flow/outflow in storage vessel k at period t. Then, while preserving the aggregate

balance constraints (see Eq. (3.4)), we add a balance constraint for each storage

vessel.

ykt = yk(t−1) + f ikt − fokt ∀k ∈ K,∀t ∈ T (3.10)

It is clear that the volumes of inflow/outflow transactions in storage vessels must

match the aggregate balance. This can be guaranteed by means of the following
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equations.

∑

k∈Ks

f ikt =
∑

i∈Ips

∑

j∈Ji

ρpisbij(t−pij) ∀s ∈ S, ∀t ∈ T (3.11)

∑

k∈Ks

fokt =
∑

i∈Ics

∑

j∈Ji

ρcisbijt + dst ∀s ∈ S, ∀t ∈ T (3.12)

In order to specify renewal periods on storage vessels, we use the binary variable

σkt. Then, the following inequality ensures that σkt = 1 if the inventory level after

output transactions is 0.

yk(t−1) − fokt 6 qk(1− σkt) ∀k ∈ K, ∀t ∈ T (3.13)

Eq. (3.13) is equivalent to Eq. (3.7) which was used in formulating renewal periods

for a single dedicated storage vessel. The only difference is that, here renewal pe-

riods are defined on storage vessels rather than states. Subsequently, storage time

limitations can be imposed on each storage vessel by means of the following con-

straint.

t+πs−1∑

t′=t

σkt′ > 1 ∀k ∈ Ks,∀t ∈ T (3.14)

As can be observed, the difference between modeling single and multiple dedicated

storage vessels lies in additional decisions on the allocation of aggregate inflow and

outflow of each state s to dedicated storage vessels, while taking the storage time

and storage capacity limitations into account.

3.4.3 Multipurpose storage vessels

The third case addresses the most general instance where a number of multipurpose

storage vessels can be used for any state. Multipurpose storage vessels are also

considered by Kondili et al (1993a). They model storage operations as tasks which

receive a certain amount of material and produce an equal amount after exactly one

time period. However, with their approach, it is not possible to trace the storage

life of materials in storage vessels and to address storage life limitations. For the

purposes of this study, we explicitly model storage vessels. We build on the approach

we have provided for modeling multiple dedicated storage vessels.

Let k ∈ K be the set of multipurpose storage vessels, and qk be the capacity of stor-

age vessel k. Unlike the case with multiple dedicated storage vessels, here we do not
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know which storage vessels are going to be used for which state in advance. Simi-

lar to the approach taken for processing units, we introduce the binary assignment

variables zskt, such that, zskt = 1 if storage vessel k is assigned to state s in period

t, and zskt = 0 otherwise. Since a storage vessel can only be assigned to one state at

a time:
∑

s∈S
zskt 6 1 ∀k ∈ K, ∀t ∈ T. (3.15)

Consecutively, we define yskt as the amount of state s stored in storage vessel k in

period t, such that
∑
k∈K yskt = xst. Note that yskt can only be non-zero if zskt = 1.

This limitation, combined with the capacity constraints, can be expressed by means

of the following constraint.

yskt 6 qkzskt ∀s ∈ S,∀k ∈ K,∀t ∈ T (3.16)

Similar to the multiple dedicated storage vessels case, we define the inflow/outflow

transactions and renewal periods on each storage vessel. Let f iskt/f
o
skt be the volume

of inflow/outflow of state s in storage vessel k in period t. Note that we have used

three indices to characterize material flows since the state stored in a particular

storage vessel is a decision variable in case of multipurpose storage vessels. Now,

we can write the storage vessel specific balance constraints as follows.

yskt = ysk(t−1) + f iskt − foskt ∀s ∈ S, ∀k ∈ K,∀t ∈ T (3.17)

The storage vessel specific balance must match the aggregate balance. This can be

guaranteed by means of the following equations.
∑

k∈K

f iskt =
∑

i∈Ips

∑

j∈Ji

ρpisbij(t−pij) ∀s ∈ S, ∀t ∈ T (3.18)

∑

k∈K

foskt =
∑

i∈Ics

∑

j∈Ji

ρcisbijt + dst ∀s ∈ S, ∀t ∈ T (3.19)

We have used extra state indices in modeling material flows. This is not necessary

to model renewal periods. It is sufficient to guarantee that the storage vessel is fully

depleted after outflow transactions regardless of the state. Let us use binary variable

σkt to specify renewal periods on storage vessel. Then,

ysk(t−1) − foskt 6 qk(1− σkt) ∀s ∈ S,∀k ∈ K,∀t ∈ T. (3.20)

It is not possible to impose storage time restrictions for multipurpose storage vessels

in the same fashion as in the case of multiple dedicated storage vessels. This is
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due to the fact that storage times are state specific whereas renewal periods are

not. Consequently, storage time restriction can be satisfied by imposing at least one

renewal period for state s in every block of πs periods. This can be done by means

of the following inequality.

t+πs−1∑

t′=t

(zskt′ − σkt′) < πs ∀s ∈ S, ∀k ∈ K,∀t ∈ T (3.21)

Note that Eq. (3.21) is only binding when storage vessel k is assigned to state s

within periods t and t + πs − 1. If this is the case, then there must be at least one

renewal period for state s within this interval.

3.5 Computational experiments

In this section we aim to illustrate how storage capacity and storage time limitations

affect production and storage operations and corresponding cost figures by means

of numerical experiments. The instances we use are adopted from the literature

(i.e. Sahinidis and Grossmann, 1991b) and stylized for the purposes of this study.

In order to analyze the sole effects of storage limitations on processing and storage

operations, we assume that sufficient amount of raw material is available whenever

needed (i.e. we do not consider raw material inventories), and production costs (i.e.

processing and setup costs) are not unit dependent. In this setting, there is no need

to consider processing costs, and the total cost function is then composed of the sum

of setup and holding costs. This enables us to analyze the effects of storage capacity

and storage time limitations by considering the trade-off between setup and holding

costs.

In what follows, we provide three illustrative numerical experiments. In each ex-

periment, we demonstrate a different aspect of storage limitations by using several

scenarios with different storage configurations. In Experiment A, we analyze the

effects of storage limitations on the number of setups and average inventories by

considering the case where a single storage vessel is dedicated to each state. In

Experiment B, we show that the storage time limitations can be very restrictive due

to the degradation of materials particularly when there is a single dedicated storage

vessel for each state. Then, we also show how the use of multiple storage vessels

can help to reduce the effects of these restrictions. In Experiment C, we analyze the

efficiency of using multipurpose storage vessels in comparison with using dedicated

storage vessels.
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3.5.1 Experiment A – single storage vessel dedicated to each
state

In this experiment, we illustrate how storage limitations affect production and stor-

age operations. We consider the problem instance defined by the STN given in

Figure 3.1 and the specifications provided in Table 3.1. The system involves a single

intermediate and two end products. There are three processing units each of which

can be used to perform one of the three tasks. We consider four scenarios with

different storage configurations: unlimited storage capacity and unlimited storage

time (Scenario-A1), limited storage capacity and unlimited storage time (Scenario-

A2), unlimited storage capacity and limited storage time (Scenario-A3), and limited

storage capacity and limited storage time (Scenario-A4). In each of those scenarios,

there are three storage vessels each of which is dedicated to one of the three states.

The storage configurations of these scenarios are given in Table 3.2. We analyze the

effects of storage capacity and storage time limitations on the number of setups for

each task and the average level of inventories for each state. Table 3.3 presents the

results for each scenario. The results clearly shows that both storage capacity and

storage time limitations have significant effects on the resulting optimal schedule

and the corresponding cost figure.

Feed Task 2Intermediate

Task 1

Task 3

Product 1

Product 2

Figure 3.1: State-task-network of Experiment A

Scenario-A1 expresses the case with no restrictions on storage, and hence, its op-

timal cost 1605 constitutes a lower bound for the other scenarios. The storage

capacity and storage time limitations progressively increase this cost figure. Intro-

ducing storage capacity constraints in Scenario-A2 leads to one extra setup for each

of the three tasks and increases the total cost to 1962. Introducing storage time

constraints in Scenario-A3 results in one extra setup for Task 1 and Task 2, and

two extra setups for Task 3, and increases the total cost to 2162. Introducing both

storage capacity and storage time constraints in Scenario-A4 adds two extra setups

for Task 1 and Task 3, and one extra setup for Task 2, and increases the total cost
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Processing Units

Min. Batch Size Max. Batch Size Suitability Proc. Time

Unit 1 0 1500 Task 1 1

Unit 2 0 1000 Task 2 1

Unit 3 0 1000 Task 3 1

Demands

1 2 3 4 5 6 7 8 9 10 11 12

Product 1 300 450 600 150

Product 2 75 225 300 150

Costs

Setup cost 200

Holding cost 0.18

Table 3.1: Data used in Experiment A

Storage capacity Storage time (periods)

Interm. Prod. 1 Prod. 2 Interm. Prod. 1 Prod. 2

Scenario-A1 ∞ ∞ ∞ ∞ ∞ ∞
Scenario-A2 200 400 150 ∞ ∞ ∞
Scenario-A3 ∞ ∞ ∞ 1 1 1

Scenario-A4 200 400 150 1 1 1

Table 3.2: Storage configurations of the four scenarios of Experiment A
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to 2281. In all scenarios, introducing storage capacity and storage time limitations

tend to reduce the average inventory levels. To summarize, we observe that storage

constraints result in a reduction of inventories by initiating more frequent setups,

and they significantly degrade the cost performance of the system.

# of setups Average inventory
Total cost

Task 1 Task 2 Task 3 Interm. Prod. 1 Prod. 2

Scenario-A1 2 2 2 0.00 125.00 62.50 1605

Scenario-A2 3 3 3 33.33 12.50 29.16 1962

Scenario-A3 3 3 4 31.25 12.50 31.25 2162

Scenario-A4 4 3 4 12.50 12.50 12.50 2281

Table 3.3: Results of the four scenarios of Experiment A

3.5.2 Experiment B – multiple storage vessels dedicated to each
state

In this experiment, we demonstrate the criticality of storage time limitations. We

consider the problem instance defined by the STN given in Figure 3.2 and the pa-

rameters provided in Table 3.4. This system involves three tasks each of which pro-

cesses a certain feed into an end product. Since we assume that feeds are available

whenever they are needed, we only analyze the production and storage operations

of three end products. There are two processing units: Unit 1 which is suitable for

Task 1 and Task 3, and Unit 2 which is suitable for Task 2 and Task 3. We assume nei-

ther storage capacity nor storage time limitations for Product 1 and Product 2, and

we concentrate on Product 3 inventories. We consider three scenarios with different

storage configurations for Product 3: unlimited storage capacity and storage time

(Scenario-B1), a single dedicated vessel (with unlimited capacity) and limited stor-

age time (Scenario-B2), and two dedicated storage vessels (with limited capacities)

and limited storage time (Scenario-B3). The details of the storage configurations

are given in Table 3.5. This experiment mainly focuses on the comparison between

Scenario-B2 and Scenario-B3. The results show that using two smaller storage ves-

sels rather than a very large one could be more efficient in presence of the storage

time limitations.

The system sketched in Experiment B leads to a very tight production schedule.

In fact, the solution pool of Experiment B includes only a single feasible solution

in Scenario-B1 which reflects the case with no limitation in storage. Therefore,
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Product 1
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Figure 3.2: State-task-network of Experiment B

the following two scenarios are either infeasible, or they are optimal and use the

same production schedule as in Scenario-B1. This production schedule is depicted

in Figure 3.3. Let us consider Product 3 inventories through the planning horizon.

As can be seen in Figure 3.3, Product 3 has to be released in two batches of Task 3.

The first batch has a size of 250 and it has to be released in Period 3. The second

batch has a size of 100 and it has to be released in Period 5. The first batch is

initially used to fulfill the demand of size 100 in Period 3. The remaining amount

of this batch together with the second batch is then used to fulfill the demands in

Period 6 and 9 with the respective sizes of 200 and 50. The resulting inventory levels

of Product 3 are illustrated in Figure 3.4.

In Scenario-B2 we introduce the storage time limitation of 4 time periods and as-

sume that Product 3 has a single dedicated storage vessel with infinite capacity.

However, this scenario has no feasible solution since the only feasible schedule in-

volves a block of 5 consecutive periods without a renewal period for Product 3. This

is due to the fact that the two batches of Product 3 have to be mixed in a storage

vessel since there is only a single storage vessel available for Product 3.

In Scenario-B3 we replace the single dedicated vessel with two dedicated vessels

with the respective capacities 100 and 150. This modification makes it possible to

separate the two batches of Product 3, and consequently, leads to a feasible schedule.

This is illustrated in Figure 3.5. This experiment clearly presents a case where using

two smaller storage vessels can be more efficient than using a single storage vessel

with a very large volume because of the storage time limitations.
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Processing Units

Min. Batch Size Max. Batch Size Suitability Proc. Time

Unit 1 0 250 Task 1, Task 3 6, 2

Unit 2 0 100 Task 2, Task 3 2, 2

Demands

1 2 3 4 5 6 7 8 9

Prod. 1 250

Prod. 2 100 100 100

Prod. 3 100 200 50

Costs

Setup cost 100

Holding cost 0.1

Table 3.4: Data used in Experiment B

Unit 1

Unit 2

Task 3: 250 Task 1: 250

Task 2: 100 Task 3: 100 Task 2: 100 Task 2: 100

Figure 3.3: The feasible production schedule in Scenario-B1

0 0 150 150 50 50 50 0
Inventory
Product 3 250

Figure 3.4: The inventory levels of Product 3 in Scenario-B1

0 0
Vessel 2
Product 3

0 0 150 150 0 0 0 0
Vessel 1
Product 3

50 50 50 000

150

100

Figure 3.5: The feasible storage schedule of Product 3 in Scenario-B3
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Product 3

Storage vessels (#: capacity) Storage time (periods)

Scenario-B1 1:{Unlimited} Unlimited

Scenario-B2 1:{Unlimited} 4

Scenario-B3 2:{150,100} 4

Table 3.5: Storage configurations of the three scenarios of Experiment B

3.5.3 Experiment C – multipurpose storage vessels

In this experiment, we compare the respective cases with dedicated and multipur-

pose storage vessels and analyze their efficiency in terms of operational costs. We

consider the problem instance defined by the STN given in Figure 3.6 and the pa-

rameters provided in Table 3.6. The system involves eight tasks, six intermediates

and four end products. There are six processing units which are available to carry

out the set of tasks. In order to highlight the efficiency of multipurpose storage

vessels on cost performance, we consider three scenarios with different storage set-

tings. In each of those scenarios, the maximum storage time of all states are set

to three periods. The scenarios include the following storage settings: ten dedi-

cated storage vessels – one for each state (Scenario-C1), five multipurpose storage

vessels (Scenario-C2), and four multipurpose storage vessels (Scenario-C3). Both

dedicated and multipurpose vessels have the capacity of 500. Table 3.7 presents the

results for each scenario including the total number of setups, the total average level

of inventories, and the total costs. The results reveal that multipurpose storage ves-

sels are dramatically more efficient than dedicated storage vessels in terms of cost

performance.

In Scenario-C1 we sketch a rigid storage setting with a rather large capacity (10

vessels each with capacity 500). The optimal schedule of Scenario-C1 involves 12

setups and an average inventory level of 688.80 which leads to the cost of 2951.

Scenario-C2 illustrates an alternative storage setting characterized by flexible stor-

age vessels however with half of the capacity considered in Scenario-C1 (5 vessels

each with capacity 500). The optimal schedule of Scenario-C2 involves 11 setups

and an average inventory of 670.94 which results in a cost of 2736. By comparing

the first two scenarios, we observe that even five multipurpose storage vessels out-

perform ten dedicated storage vessels the in terms of cost efficiency. In Scenario-C3

we decrease the number of multipurpose storage tanks from five to four. This ne-

cessitates three extra setups while reducing the average inventory level to 594.88 in
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Figure 3.6: State-task-network of Experiment C

Processing Units

Min. Batch Size Max. Batch Size Suitability Proc. Time

Unit 1 0 1000 Task 1 1

Unit 2 0 2500 Task 3,7 1

Unit 3 0 3500 Task 4 1

Unit 4 0 1500 Task 2 1

Unit 5 0 1000 Task 6 1

Unit 6 0 4000 Task 5,8 1

Demands

1 2 3 4 5 6 7 8

Product 1 110 110 133.3 100 33.3 33.3

Product 2 233.1 260 360 360

Product 3 116.6 56.6 116.6

Product 4 333.3 333.3 685.8

Costs

Setup cost 200

Holding cost 0.1

Table 3.6: Data used in Experiment C
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comparison with Scenario-C2. Hence, Scenario-C3 results in a cost of 3276 which is

larger than the cost in Scenario-C1. These results illustrate that using multipurpose

storage vessels could be dramatically more efficient than using dedicated storage

vessels. For this particular experiment, we observe that the cost performance of us-

ing dedicated storage vessels can be achieved by using multipurpose storage vessels

with half of the storage capacity.

Storage Total # of Total average
Total cost

configuration setups inventory

Scenario-C1 10 × 500 (dedicated) 12 688.80 2951

Scenario-C2 5 × 500 (multipurpose) 11 670.94 2736

Scenario-C3 4 × 500 (multipurpose) 14 594.88 3276

Table 3.7: Results of the three scenarios of Experiment C

It should be noted that there are many other factors of practical interest which are

not considered in the current numerical study. For instance, in many production

environments storage vessels require setup times and costs. In such cases, using

a large number of storage vessels with rather limited capacities may degrade the

overall performance due to extensive setup operations. Thus, the results reported

here can be broadened to better understand the effects of further factors on the

system performance.

3.5.4 Computational statistics

All problem instances are solved using CPLEX 11.1 in OPL Studio 6.0 modeling

environment on a 1.83 GHz computer with 1.00 GB of RAM. Model and solution

statistics for all instances are given in Table 3.8.

3.6 Conclusions and extensions

In this paper we proposed a discrete time formulation for scheduling multiprod-

uct/multipurpose batch processes considering storage capacity and storage time

limitations which are very common in many industries involving perishable inter-

mediates and end products. We explicitly modeled storage vessels on which we

defined material flows and expressed storage constraints. We have formulated the

problem mathematically as a MILP model building on the conventional formulation
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Instance
Variables

Constraints Nodes CPU (s)
Binary Continuous

Scenario-A1 108 147 399 0 0.25

Scenario-A2 108 147 435 0 0.25

Scenario-A3 144 147 471 0 0.25

Scenario-A4 144 147 507 0 0.25

Scenario-B1 54 84 210 0 0.00

Scenario-B2 81 84 264 0 0.00

Scenario-B3 90 196 439 0 0.00

Scenario-C1 464 474 1450 26 0.25

Scenario-C2 824 1714 3170 3564 65.00

Scenario-C3 736 1464 2842 14417 337.76

Table 3.8: Solution statistics of all instances

of Kondili et al (1993a), and showed how the proposed approach can account for

specific storage configurations such as single/multiple dedicated and multipurpose

storage vessels. By means of numerical experiments, we illustrated how storage ca-

pacity and storage time limitations affect production and storage operations. We

showed that storage limitations can significantly reduce the cost performance of

processing systems. We also demonstrated that the usage of multipurpose storage

vessels can significantly help to overcome storage limitations.

There has been a significant amount of work done in the literature on exploiting

various specific features of discrete time scheduling problems. Since the proposed

model inherits the underlying features of general discrete time scheduling models,

it is easy to extend it with the approaches which have already been proposed in

the literature. We shortly discuss some of them. For both production and storage

units, sequence-dependent and/or frequency-dependent setups can be incorporated

into our formulation following to Kondili et al (1993a) or Kelly and Zyngier (2007).

Makespan minimization can be set as an objective function by following the ap-

proach of Maravelias and Grossmann (2003). In order to reduce the computational

time, reformulations and valid inequalities proposed by Shah et al (1993), and re-

cently by Gaglioppa et al (2008) can be applied.

There are several directions for further research worth exploring. First, the frame-

work developed in this study can be applied to continuous time models. One ma-

jor difficulty here is formulating material flows in storage vessels. Only recently,

Gimenez et al (2009) developed a novel continuous time formulation which also

considers the material flows in storage vessels. The approach we used in this study
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could also be applied in their continuous time framework. Secondly, the approach

taken in this study can be extended to continuous or semi-continuous processes.

The literature suggests well-established approaches for scheduling these processes

which could possibly be extended to address the combination of storage capacity

and storage time limitations. Thirdly, a different modeling paradigm e.g. con-

straint programming (CP) can be employed together with MILP in order to solve

the mathematical problem more efficiently. In the last decade successful applica-

tions of MILP/CP hybrid approaches have been reported for similar problems (see

e.g. Jain and Grossmann, 2001).
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