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8
Coherent dynamics under high-temperature quantum

thermalization

For mixed quantum-classical simulations, the neglect of quan-
tum feedback on the classical coordinates results in a high-
temperature thermalization of the quantum subsystem. In this
chapter, we demonstrate that coherences calculated in this ap-
proximation are in good agreement with the exact (finite tem-
perature) outcome of full quantum methods. This suggests that
thermalilization is only a minor contributor to dephasing, after
the dominant effect of bath-induced fluctuations of adiabatic
energy levels.

8.1 Introduction

Mixed quantum-classical methods form an attractive simulation approach for
molecular systems for which a full-quantum treatment is computationally too
expensive. Such methods have proven to be particularly effective for describ-
ing spectroscopic experiments, in which case the photoactive chromophores are
treated quantum mechanically while the remaining degrees of freedom are de-
scribed classically. Nevertheless, such a classical account of the environment
comes with certain limitations that become evident especially when the coupling
between the quantum and classical modes is treated self-consistently. This was
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touched upon in Sec. 3.2.3, where the ambiguity was addressed of a classical oscil-
lator interacting with a coherence between quantum states. In the surface-hopping
based simulation scheme proposed in that chapter, such a coherence is assumed
not to exert a force on the oscillator. This assumption forms the most pragmatic
(that is, cost effective) way around the ambiguity. However, the question remains
whether this assumption is valid. In this chapter, we demonstrate that the neglect
of quantum feedback due to coherences still results in highly accurate predictions
of the coherent dynamics for a series of dimers representing the various molecular
systems studied in this thesis. These findings suggest that inter-exciton coherence
is relatively insensitive to thermal coupling between quantum states, while being
predominantly affected by fluctuations in the quantum energy levels.

As was noted in chapter 3, a neglect of quantum feedback inevitably results
in an equilibration towards infinite temperature quantum populations, that is, the
associated thermal energy is much larger than the splitting between quantum en-
ergy levels. This situation can be interpreted in two different ways. Following the
first interpretation, the stochastic and classical subsystems have a finite thermal
energy kBT , while the quantum systems gradually heats up as it can not return
the energy it receives from the classical coordinates. Still, the finite temperature
of the classical environment is reflected in the quantum degrees of freedom since
the classical thermal fluctuations couple to the quantum transition energies. This
translates to linebroadening observable in spectroscopy. Consequentially, the ne-
glect of quantum feedback is not so much a high-temperature approximation for
the overall molecular system, but rather an approximation of high-temperature
quantum thermalization.

The second interpretation relates to the other aspect that is neglected by the
omission of quantum feedback: the dynamic Stokes shift. This shift is mani-
fested in two-dimensional (2D) spectroscopy as a time-dependent offset of peaks
from their original diagonal positions (see for example Fig. 3.4). Interestingly,
for Gaussian-stochastic environment fluctuations, the equilibrium offset, known as
the reorganization energy s, relates to the (thermally induced) linebroadening σ
through76

s =
σ2

2kBT
. (8.1)

On the other hand, the linebroadening scales with the temperature as σ = α
√

kBT
(Ref. 76). Combining these expressions yields s = α2/2, so that a vanishing Stokes
shift implies that α → 0. However, in keeping the linebroadening constant the
temperature should increase as 1/α2. This suggests that a neglect of quantum
feedback actually is a high-temperature approximation.
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The second interpretation is more consistent than the first as it unifies the
high-temperature quantum thermalization with the neglect of bath reorganization.
Still, the first interpretation translates more intuitively to experimental situations
in which the (solvent or protein) environment has a specific temperature. It is also
desirable to adapt this interpretation when coherences are calculated as a part of
the surface hopping simulation approach described in chapter 3, since then the
populations are evaluated at a finite temperature. Therefore, we will refer to
high-temperature quantum thermalization in what follows.

8.2 Theory and numerical methods

The question whether high-temperature quantum thermalization is a valid ap-
proximation for quantum coherences has direct relevance to 2D spectral modeling
where coherences are manifested as time-dependent beatings of diagonal and off-
diagonal peaks (see chapters 4, 5, and 6). In chapter 3 we proposed a surface
hopping scheme for simulating 2D spectroscopy based on the Numerical Integra-
tion of the Schrödinger Equation (NISE) method. NISE93, 109 offers a number
of advantages such as an attractive scaling of computational expenses with the
number of molecular degrees of freedom, great flexibility in which it can treat
different bath models, and the ease with which information on energy and coher-
ent dynamics can be extracted from calculations. A comparison was drawn with
the Hierarchy of Equations Of Motion (HEOM) method.97, 105–107 Notwithstand-
ing that the Matsubara frequencies (representing low-temperature contributions)
were neglected in these calculations, the HEOM method in principle forms an
exact model in the case where the bath modes are harmonic. As such, it is also
exact in its treatment of coherences between quantum states under the influence
of an interacting environment.

Results on an exemplaric dimer system presented in Fig. 3.4 suggested that
NISE in combination with surface-hopping is highly accurate as a 2D spectral
simulation method, showing very little differences when compared to HEOM. Still,
from these spectra it is difficult to appreciate possible differences in small-signal
oscillations that might arise from the neglect of quantum feedback due to the
coherence between the two quantum levels. Instead, it is more convenient to
directly compare this coherence, in other words, the off-diagonal contribution to
the density matrix, as it evolves over time. In doing so, a limitation of HEOM
becomes apparent. As was already mentioned in Sec. 3.2.3, it is not possible
to represent the system density matrix in the adiabatic representation for this
method since the adiabatic quantum populations and coherences are entangled
in the bath hierarchy. Therefore, although coherences between adiabatic states
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ultimately dictate the dynamics of 2D spectral peaks, coherences can only be
unambiguously compared in the diabatic basis.

The density matrix describing the molecular quantum subsystem contains the
coherences at the off-diagonal values ρn,m (n 6= m). In case of a dimer system,
there is only the coherence between molecular sites 1 and 2, that is ρ1,2 (= ρ∗2,1).
By initializing ρ1,2 = 1 at time t = 0, the evolution of this coherence can be
monitored through the time dependence of ρ1,2(t), which is governed by the
Liouville equation

ρ̇ = −i [H, ρ]. (8.2)

According to the NISE method, the exciton Hamiltonian is time-dependent
through the fluctuating classical coordinates that couple to the quantum transition
energies, as formulated by Eq. 3.1. The Liouville equation is then time-integrated
through

ρ(t + ∆t) = e−iH(t)∆tρ(t)e iH(t)∆t , (8.3)

while, for the evaluation of coherences, the classical coordinates are time-integrated
without a back action of the quantum system (see chapter 3). From the consider-
ations of Sec. 8.1, we expect this neglect of quantum feedback to be valid roughly
in the regime where s/kBT < 1.

For a detailed account on HEOM, we refer to Ref. 106. In brief, Eq. 8.2 is
expanded with additional terms coupling the density matrix to auxiliary operators
to represent the bath. (The time-dependent fluctuations in H are set to zero in
this case.) The Liouville equation is solved using the fourth-order Runge-Kutta
method. A Debye spectral density is applied, which reduces to the overdamped
Brownian oscillator model in the classical limit. Matsubara frequencies are ne-
glected, which is a valid approximation provided that kBT 2πc tc > 1 (Ref. 106),
where tc is the bath correlation time and c represents the speed of light. In all
calculations presented in this chapter, convergence is assured with respect to the
hierarchy depth.

8.3 Results and discussion

8.3.1 Weakly coupled dimer

The coherence between the two diabatic quantum levels for the dimer from chapter
3 is shown in Fig. 8.1. The two levels are offset by 500 cm−1, and couple with an
interaction strength of J1,2 = 100 cm−1 (see Sec. 3.3 for details). Bath-induced
fluctuations in the levels are modeled through classical Brownian oscillators roughly
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Figure 8.1: Coherence between the two local electronic states of the dimer from chapter
3, calculated using HEOM (curve) and using NISE without quantum feedback (markers).

taken in the overdamped limit, with an associated width and timescale given by
σ = 200 cm−1 and tc = 220 fs, respectively. The bath temperature is taken to
be 300 K. The resulting value of kBT 2πc tc is approximately 8.8, so that the
condition for a neglect of the Matsubara frequencies in the HEOM calculations
is satisfied. The hierarchy depth is set to 25. From the figure, it follows that
decoherence has occurred already within tens of femtoseconds for these parame-
ters. It is to be expected that incorrect quantum thermalization, which typically
happens on the order of picoseconds, does not impact on the coherent dynam-
ics at such fast time scales. This presumption is substantiated by the excellent
agreement between the coherence obtained through NISE in the approximation
of high-temperature quantum thermalization and the exact outcome of HEOM.
Note that while coherence between eigenstates (that is, the offdiagonal elements
of ρ in the adiabatic representation) vanishes completely with time, such is not
necessarily the case for coherence between diabatic levels. In that sense, the latter
relates to spatial coherence, which in chapter 7 was shown to equilibrate towards
a terminal coherence length owing to finite delocalization of the band-bottom
eigenstate. This explains why the calculated coherence does not approach zero in
Fig. 8.1.

8.3.2 FMO-inspired dimer

Quantum coherence receives particular attention in the context of natural light
harvesting, as it could help to minimize losses in the transfer of electronic energy,
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ultimately leading to optimized harvesting efficiencies.178, 199, 200 This idea was in
large part inspired by the observation of 2D spectral beatings for the FMO photo-
synthetic protein complex.26 In chapter 4, we demonstrated that instead of elec-
tronic coherence, these beatings are most likely due to purely-vibrational modes
in the electronic ground state potential, as the ground state bleach signals were
found to dominate over those from stimulated emission and excited state absorp-
tion. These results have been obtained in the approximation of high-temperature
quantum thermalization, and although the electronic coherence amplitudes were
shown to be inferior already at early times, it is still interesting to investigate
if this approximation could potentially lead to differences with respect to exact
modeling.

To this end, calculations have been performed for an FMO-inspired dimer. In
chapter 4, the actual FMO complex was described as an aggregate consisting of 7
bacterialchlorophyll (BChl) subunits resulting in 7 electronic states contributing to
the spectroscopic measurements. The experimentally recorded spectral beatings
have been assigned to the coherence between the lowest-energy state, which is
strongly localized on BChl 3, and a state delocalized over BChl’s 1 and 2 (Ref. 23).
The dimer considered here consists of BChl’s 3 and 2, described using the corre-
sponding Hamiltonian entries from Tab. 4.1. (BChl 1 is excluded as it couples only
weakly to the lowest-energy state.) Specifically, the BChl’s experience an energy
gap of 420 cm−1 and a coupling of 28 cm−1. Since the Matsubara frequencies
are not included in the HEOM calculations, reliable results could only be obtained
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Figure 8.2: Coherence between the two local electronically excited states of BChl’s 2 and
3 of the FMO complex, calculated using HEOM (curve) and using NISE without quantum
feedback (markers).
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at T = 300 K . The bath is described using the overdamped Brownian oscillator
using tc = 140 fs as in chapter 4. Since the associated fluctuations width is ex-
pected to scale as

√
T (Ref. 76), an adjusted value of σ = 155 cm−1 is applied.

(In this case kBT 2πc tc = 5.5.) The hierarchy depth is set to 15.

As can be seen in Fig. 8.2, weak coupling between the diabatic quantum
states in combination with significant bath fluctuations results in a dramatic loss
of coherence already at early times, similarly to what was observed in Fig. 8.1.
Interestingly, this coherence decay happens considerably faster than the electronic
oscillation times observed in Fig. 4.4c. In the latter case, Franck-Condon active
vibrations were included in the quantum Hamiltonian, which can significantly en-
hance dephasing times (see chapter 5). Nevertheless, in line with experimental
observations,136 a strong dephasing contribution is due to the rise in temperature
from 77 K to 300 K, resulting in enhanced bath fluctuations. Overall, the agree-
ment between NISE and HEOM is excellent again. Note that in contrast to the
coherence shown in Fig. 8.1, ρ1,2 decays to zero since the adiabatic and diabatic
states are more similar due to weaker coupling J1,2 for FMO.

8.3.3 Strongly coupled dimer

The coupling J1,2 experienced by the homodimers from chapters 5 and 6 is an
order of magnitude larger than the values consider so far. Shown in Fig. 8.3 is
the calculated coherence ρ1,2 using the typical electronic parameters common to
such cyanine dimers, that is, no splitting between the electronic site energies, and
a coupling strength taken to be J1,2 = 1000 cm−1. The bath is modeled using
σ = 555 cm−1, tc = 40 fs, and T = 300 K (for which kBT tcc = 1.6), while
the hierarchy depth is set to 20 for the HEOM calculations. In the figure, pro-
nounced oscillations are apparent, whose periodicity and amplitude are identically
predicted by NISE and HEOM. The equilibrium coherence is nonzero again, for
reasons argued in Sec. 8.3.1. Interestingly, HEOM and NISE converge to different
equilibrium values, with differences first occurring at the onset of thermalization
around 150 fs. Accompanying calculations using HEOM with a gradually increas-
ing temperature (and an accompanying decrease in the bath reorganization energy
s in order to maintain a constant bath deviation σ) yield results approaching the
NISE outcome, indicating that the observed differences are indeed a thermaliza-
tion effect. Comparing these results with the associated values of s/kBT , we
observe that NISE is indeed highly accurate when s/kBT < 1. Importantly, the
temperature effects predominantly impact on the coherence equilibrium value at
long times, while having very little effect on the oscillation amplitudes. Further-
more, for the first 100 fs, the agreement between NISE and HEOM is excellent
regardless the temperature.
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Figure 8.3: (Left) Coherence between the two local electronic states of a typical cya-
nine dimer, calculated using NISE without quantum feedback (markers). Also shown
are coherences obtained through HEOM using a quantum thermalization towards room
temperature (black curve), and towards infinite temperature (red). (Right) Detail of the
dynamics between 200 and 250 fs. Shown are results from NISE (markers), together with
the outcome HEOM at different equilibration temperatures (curves). From bottom to
top, the temperatures are 300 K, 350 K, 450 K, 600 K, and 30 000 K to represent the
infinite temperature limit. Shown in the graph are the corresponding factors s/kBT .

8.4 Conclusions

In this chapter, we have shown that the neglect of feedback from quantum degrees
of freedom onto the classical environment still yields highly accurate predictions of
quantum coherences. Three different dimers have been evaluated, which represent
the various molecular systems studied in this thesis. A heterodimer is taken to rep-
resent the FMO complex at room temperature, where BChl’s are weakly coupled
while being subject to significant bath fluctuations. This situation is very similar
to the exemplaric dimer from chapter 3. In contrast, the cyanine dimers in chap-
ter 5 and 6 experience much stronger coupling between the monomer subunits, as
well as enhanced bath fluctuations. The coherence calculated using NISE, without
quantum feedback, is found to be in good agreement with the numerically exact
outcome of HEOM in all cases. This suggests that, at least for the parameters
under consideration here, quantum coherence is relatively insensitive to the ther-
mal coupling between adiabatic energy levels. Instead, level fluctuations form the
primary dephasing mechanism, and as such are predominantly responsible for the
evolution of quantum coherence in time.


