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Chapter 1

Introduction

Stochastic programming models arise as reformulations or extensions of optimization

problems with unknown or uncertain parameters. This parameter uncertainty is in-

herent in many practical problems dealing with decision making under uncertainty.

Consider, for example, a production planning problem in which a production plan

needs to be made before future demand is known. A similar problem arises in power

operation planning, where the decisions of switching a power generating unit on or

off have to be made several hours before energy demand can be observed, since most

of these power generating units have substantial start-up and shut-down times. Ad-

ditionally, the use of renewables such as wind energy introduces uncertainty in the

energy supply, since wind power is unpredictable and highly volatile. Other sources

of uncertainty in practical problems are returns on investments in finance, and travel

times of trucks, due to congestion on the roads, in logistics. We refer to [26, 89] for

other applications in engineering, logistics, energy, and finance; see also Example 1.1

in Section 1.2 for an illustrative example.

Stochastic linear programming arises when the optimization problems under study

are linear programs (LPs). Such LP problems can be solved very efficiently using

existing algorithms if all decision variables are continuous, and they can be used to

model many deterministic problems. Taking uncertainty into account leads to more

realistic models that are however considerably harder to solve than their deterministic

counterparts. Similarly, modeling practical problems calls for integer (binary) decision

variables, e.g., to model indivisibilities or on/off decisions, at the expense of making

the model significantly more difficult to solve.
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In this thesis we consider the mixed-integer LP problem

min
x

cx

s.t. Ax ≥ b

Tx ≥ ω

x ∈ X,

where the objective function cx and the left-hand sides of the explicit constraints

Ax ≥ b, Tx ≥ ω are linear functions of the vector of decision variables x ∈ R
n, and

where c is a row vector in R
n representing the unit costs of x. The right-hand sides

b ∈ R
m1 and ω ∈ R

m are column vectors, and A and T are real-valued matrices of

appropriate dimension. Moreover, X ⊂ R
n
+ specifies nonnegativity of and possibly

integrality constraints on the decision variables x, e.g. X = R
n
+ or X = Z

n
+. The

parameter uncertainty in this model is represented by the constraints Tx ≥ ω, whose

parameters T and ω depend on information which becomes available only after de-

cision x has been made. In other words, we have to decide on x before learning the

values of T and ω. The stochastic programming approach to such problems is to

assume that this uncertainty can be modeled by random variables with known prob-

ability distribution, and then to reformulate the model to obtain a meaningful and

well-defined optimization problem.

1.1 Main contribution

This thesis deals primarily with so-called two-stage recourse models, which are char-

acterized by the explicit modeling of recourse actions to compensate for possible

infeasibilities of the random constraints Tx ≥ ω after the random parameters T and

ω become known. In Section 1.2 we discuss these recourse models and other stochastic

programming models in more detail. For now it suffices to say that the recourse ac-

tions y ∈ R
n2
+ are optimal solutions of a second-stage LP problem, parametrized by x,

T , and ω, so that the expected recourse costs Q(x) for a given here-and-now decision

x ∈ X can be represented as the expectation of this value function. Mathematically,

we have

Q(x) = Eξ

[
min
y

{
qy : Wy ≥ ω − Tx, y ∈ Y

}]
, x ∈ R

n,
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where q is a row vector in R
n2 , W is a matrix of appropriate dimension, ξ := (q, T, ω),

and Y ⊂ R
n2 specifies nonnegativity and possibly integrality conditions. In Sec-

tion 1.2 more details are given on the background of the second-stage problem.

The function Q is called the recourse function; it is the main object of study in this

thesis. If Y contains integrality constraints, then Q is generally non-convex, which

implies that solving the corresponding recourse problem

min
x

{
cx+Q(x) : Ax ≥ b, x ∈ X

}

is a hard optimization problem. For this reason we approximate the recourse function

Q by a convex function Q̂. The rationale for doing so is that convex optimization

problems are much easier to solve, and if in addition Q̂ is a close approximation of

Q, then we obtain a good or even (near-)optimal solution x̂ ∈ X. In this thesis we

focus on approximations that are inspired by suitable modifications of the underlying

second-stage value function. To guarantee the performance of the approximating

solution x̂ we will derive upper bounds on ‖Q− Q̂‖∞ := supx∈Rn |Q(x)− Q̂(x)|.
To derive these upper bounds we study the underlying value functions of Q and

Q̂. Interestingly, the difference between these value functions turns out to be periodic

if the domain of this difference function is restricted to particular convex subsets.

This observation inspired many of the results derived in this thesis and motivated an

elegant analysis on the expectation of generic one-dimensional periodic functions ϕ.

For continuous one-dimensional random variables ω with probability density function

f we use a worst-case analysis, based on the total variation |Δ|f of f , to obtain upper

bounds on

M(ϕ,B) := sup
f∈F

{
Ef [ϕ(ω)] : |Δ|f ≤ B

}
,

for all B ∈ R with B > 0, where F is the set of one-dimensional probability density

functions of bounded variation. We obtain exact expressions for M(ϕ,B) if ϕ is

periodically monotone.

These expressions are used to derive error bounds for various convex approxim-

ations Q̂ for two-stage mixed-integer recourse models (where Y = Z
p
+ × R

n2−p for

some p > 0) of varying degree of generality, ranging from simple integer recourse to

mixed-integer recourse models in general. The recurring conclusion is that the con-

vex approximations are good as long as the total variations of the probability density
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functions of the random variables in the model are small. From a more theoretical

point of view, we conclude that under such circumstances the expectation operator

has a strong convexifying effect on the mixed-integer recourse function Q so that it is

approximately convex.

In the remainder of this introduction we formally introduce recourse models and

other stochastic programming models in Section 1.2, and we discuss mathematical

properties and solution methods of recourse models in Section 1.3.1 In Section 1.4

we consider known results on convex approximations for integer recourse models, and

finally in Section 1.5 we give an outline of this thesis.

1.2 Stochastic programming models

An important class of stochastic programming problems, originating from the work

of Charnes and Cooper [12], consists of probabilistic or chance-constrained problems,

which model random constraints by requiring that they should be satisfied with some

prescribed reliability β ∈ [0, 1]; typically, β ∈ (0.5, 1). Thus, the random constraints

Tx ≥ ω are replaced by the joint chance constraint

P

{
Tx ≥ ω

}
≥ β,

or by m individual chance constraints

P

{
Tix ≥ ωi

}
≥ βi, i = 1, . . . ,m,

where Ti denotes the i-th row of T . Since we will not consider chance-constrained

models, we do not present them in more detail here. An introduction on the subject

by Henrion can be found in [79], and the book by Prékopa [55] provides an excellent

survey of these models.

We focus on recourse models, the other main class of stochastic programming

models. These recourse models, dating back to Dantzig [14], are obtained by allowing

additional decisions after observing the realizations of the random variables (T, ω).

Thus, recourse models are dynamic: time is modeled discretely by means of stages.

In between stages, the realizations of some of the random variables become known,

1Parts of Sections 1.2 and 1.3 coincide with the introduction of the survey paper Romeijnders et
al. [60].



209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM

Introduction 5

and at every stage a decision has to be made depending on the available information

in that stage. If all uncertainty is dissolved between two consecutive stages, then

this is captured by a recourse model with two stages: ‘present’ and ‘future’. The

first-stage decision x has to be made ‘here-and-now’ whereas the second-stage or

recourse decision y will be made in the ‘future’, i.e., after the realization of the

random parameters. Given a first-stage decision x, for every possible realization

of (T, ω), infeasibilities ω − Tx are compensated at minimal costs by choosing the

recourse decision y as an optimal solution of the second-stage problem

min
y

qy

s.t. Wy ≥ ω − Tx,

y ∈ Y,

where the row vector q in R
n2 represents the (random) unit recourse costs, the recourse

matrixW specifies the available technology, and the set Y ⊂ R
n2
+ defines nonnegativity

of and possibly integrality constraints on the recourse actions y ∈ R
n2 . In addition, Y

may model deterministic linear constraints on y that do not depend on x, T , or ω. If

Y = R
n2 , then we say that the recourse is continuous, and if Y = Z

n2
+ or Zp

+ ×R
n2−p
+

for some p > 0, then we say that the recourse is (pure) integer or mixed-integer,

respectively.

In this thesis we only consider fixed recourse models, i.e. we assume that the

recourse matrix W is deterministic. We will use ξ := (q, T, ω) to denote the random

object representing all randomness in the problem, and we denote the value function

of the second-stage problem, specifying the minimal recourse costs as a function of

the first-stage decision x and a realization of ξ, by v(x, ξ) defined as

v(x, ξ) := min
y

{
qy : Wy ≥ ω − Tx, y ∈ Y

}
, x ∈ R

n, ξ ∈ Ξ,

with Ξ denoting all possible realizations of ξ. The expectation of this value function

with respect to ξ is the recourse function Q. Its function value Q(x) := Eξ[v(x, ξ)]

gives the expected recourse costs associated with the first-stage decision x:

Q(x) = Eξ

[
min
y

{
qy : Wy ≥ ω − Tx, y ∈ Y

}]
, x ∈ R

n.
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The total expected costs of a decision x consist of the first-stage costs cx and the

expected recourse costs Q(x). Thus, the two-stage recourse model in compact form is

min
x

cx+Q(x)

s.t. Ax ≥ b (1.1)

x ∈ X.

Remark 1.1. In this version of the two-stage recourse model, the underlying random

constraints are inequalities Tx ≥ ω. Equality constraints Tx = ω lead to a similar

two-stage recourse model, with equalities Wy = ω − Tx in the second-stage. In this

thesis, we usually restrict ourselves to the one-sided version of (1.1). In case equalities

are the starting point, we call the corresponding recourse model two-sided.

Example 1.1. Consider the following production planning problem. Using n produc-

tion resources, denoted by x ∈ R
n
+ with corresponding unit cost vector c, a production

plan needs to be made such that the uncertain future demand for m products, de-

noted by ω ∈ R
m, is satisfied at minimal costs. The available production technology

suffers from failures: deploying resources x yields uncertain amounts of products Tix,

i = 1, . . . ,m. Restrictions on the use of x are captured by the linear constraints

Ax ≥ b.

We assume that the uncertainty about future demand and the production techno-

logy can be modeled by the random matrix (T, ω), whose joint distribution is known,

for example based on historical data.

A possible two-stage recourse model for this problem is based on the following

extension of the model. For each of the individual products, if the demand ωi turns

out to be larger than the production Tix, the demand surplus ωi−Tix is bought from

a competitor at unit costs q1i . On the other hand, a demand shortage gives rise to

storage costs of q2i per unit. The corresponding second-stage problem and its value

function are

v(x, ξ) = min
y

q1y1 + q2y2

s.t. y1 − y2 = ω − Tx,

y = (y1, y2) ∈ R
2m
+ .
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Defining Q as the expectation of this value function, we obtain a two-sided two-stage

recourse model that fits the general form (1.1). �

In Example 1.1, the recourse matrix has a special structure: W = (Im,−Im),

where Im is the m-dimensional identity matrix. Models with such a recourse structure

are called simple recourse models [91]. The one-sided integer recourse version of this

model, for example corresponding to the case that only batches of fixed size can be

bought, will be revisited often in this thesis.

So far, we have introduced the recourse concept as a modeling tool to handle ran-

dom constraints by means of specifying recourse actions with corresponding recourse

costs. There is however another class of problems for which the (two-stage) recourse

model is a natural approach, namely hierarchical planning models. Such problems

involve decisions at two distinct levels: strategic decisions which have a long-term

impact, and operational decisions which are depending on the strategic decisions. At

the time that the strategic decisions need to be made, only probabilistic informa-

tion on the operational level problems is available. Hierarchical planning models fit

the structure of two-stage recourse models, with strategic and operational decisions

corresponding to first-stage and second-stage variables, respectively.

In many applications new information becomes available continuously and recourse

decisions have to be made at several distinct moments in time, say t = 1, . . . , H, where

H is the planning horizon. This can be modeled explicitly using a multistage recourse

structure: for each moment t = 1, . . . , H, a time stage with corresponding recourse de-

cision yt is defined, and in between time stage t−1 and t the realization of the random

vector ξt = (qt, T t, ωt) becomes known. Thus, the ‘here-and-now’ decision x has to be

made when all random parameters are unknown, and the recourse decision yt after the

realizations of ξ1, . . . , ξt−1 are observed. In other words, x, ξ1, y1, ξ2, y2, . . . , ξH , yH ,

represents the sequence in which decisions have to be made and random parameters

become known.

In compact notation, a possible multistage recourse model, where decisions yt

depend only on decisions yt−1 and not on decisions in earlier stages, is given by

min
x

cx+Q1(x)

s.t. Ax ≥ b

x ∈ X,
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where the functions Qt, t = 1, . . . , H, representing future expected minimal recourse

costs at stage t− 1, are defined via backward recursion

Qt(yt−1|ξ1, . . . , ξt−1) := Eξt

[
vt(yt−1, ξt)|ξ1, . . . , ξt−1

]
,

where y0 := x and where the expectation is with respect to the conditional distribution

of ξt given ξ1, . . . , ξt−1,

vt(yt−1, ξt) := min
yt

qtyt +Qt+1(yt|ξ1, . . . , ξt)

s.t. W tyt ≥ ωt − T tyt−1

yt ∈ Y t,

and QH+1 ≡ 0 (or some other suitable choice). In this thesis we concentrate on

two-stage problems only, i.e. the case with H = 1.

1.3 Mathematical properties and solution methods

We review well-known properties and solution methods of recourse models. These

properties can for example be found in the textbooks by Birge and Louveaux [6] and

Shapiro et al. [76].

1.3.1 Continuous recourse models

Properties of (two-stage) recourse models follow from those of the recourse function

Q and the underlying value function v defined as

v(x, ξ) = min
y

{
qy : Wy ≥ ω − Tx, y ∈ Y

}
, x ∈ R

n, ξ ∈ Ξ.

Since in continuous recourse models all second-stage variables y are continuous by

definition, the properties of v are well-known from duality and perturbation theory for

linear programming, and the properties of Q follow directly from those of v. However,

before we state these properties in Theorem 1.1 we first exclude some undesirable

cases.

If for some x the function v attains the value +∞ with positive probability, this

means that x is extremely unattractive since it has infinitely high expected recourse
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costs Q(x). It is reasonable to call such an x infeasible. From a modeling point

of view this is not necessarily a problem, but in practice it may be desirable to

exclude this situation. On the other hand, the situation that v(x, ξ) equals −∞ with

positive probability should be excluded altogether. Indeed, the value −∞ indicates

that the model does not adequately represent our intention, which is penalization of

infeasibilities.

Finiteness of v is often guaranteed by assuming that the recourse is complete and

sufficiently expensive.

Definition 1.1. The recourse is complete if for all t ∈ R
m there exists a y ∈ Y such

that Wy ≥ t. Then, v(x, ξ) < +∞ for all x ∈ R
n and ξ ∈ Ξ.

Assuming that Y = R
n2
+ , completeness is a property of the recourse matrix W

only. Such a matrix is called a complete recourse matrix.

Definition 1.2. The recourse is sufficiently expensive if the dual feasible region {λ ∈
R

m
+ : λW ≤ q} is nonempty with probability 1. Then, v(x, ξ) > −∞ with probability 1

for all x ∈ R
n and ξ ∈ Ξ.

For example, the recourse is sufficiently expensive if P{q ≥ 0} = 1. Unless stated

otherwise we assume that the recourse is complete and sufficiently expensive. Then

the recourse function Q is finite if the distribution of ξ satisfies the following condition.

Definition 1.3. The distribution of ξ satisfies the weak covariance condition if for

all i, j, k, the random variables qjωi and qjTik have finite expectations.

Sufficiency of this weak covariance condition [90] follows from the representation

of basic feasible solutions in terms of the problem parameters; it relies heavily on the

assumption that the recourse matrix W is deterministic. Under this condition, the

following properties of the recourse function Q are inherited from the second-stage

value function v.

Theorem 1.1 (Properties of continuous recourse models). Consider the con-

tinuous recourse model (where Y = R
n2
+ ) with corresponding recourse function Q(x) =

Eξ[v(x, ξ)], x ∈ R
n, given by

v(x, ξ) = min
y

{
qy : Wy ≥ ω − Tx, y ∈ R

n2
+

}
, x ∈ R

n, ξ ∈ Ξ,
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and

Q(x) = Eξ

[
min
y

{
qy : Wy ≥ ω − Tx, y ∈ R

n2
+

}]
, x ∈ R

n.

Assume that the recourse is complete and sufficiently expensive and that the distribu-

tion of ξ satisfies the weak covariance condition. Then, Q has the following properties.

(a) The function Q is finite, convex, and (Lipschitz) continuous.

(b) If ξ follows a finite discrete distribution, then Q is a convex polyhedral function.

(c) The function Q is subdifferentiable, with subdifferential

∂Q(x) =

∫
Ξ

∂v(x, ξ) dF (ξ), x ∈ R
n,

where F is the cumulative distribution function (cdf) of the random vector ξ.

If ξ follows a continuous distribution, then Q is continuously differentiable.

Proof. See e.g. Wets [90].

Consider the special case that ξ follows a finite discrete distribution specified by

P{ξ = (qk, T k, ωk)} = pk, k = 1, . . . ,K. The finitely many possible realizations

(qk, T k, ωk) of the random parameters are also called scenarios. It is easy to see

that in this case the two-stage recourse model is equivalent to the large-scale linear

programming problem

min cx +
K∑

k=1

pk(q
kyk)

s.t. Ax ≥ b

T kx + Wyk ≥ ωk, k = 1, . . . ,K

x ∈ R
n
+, yk ∈ R

n2
+ , k = 1, . . . ,K.

If the number of scenarios K is large (which is often the case for stochastic program-

ming applications of realistic size), then the deterministic equivalent problem is too

large to be solved with standard LP solvers. Solution methods have to rely on prop-

erties of the recourse model instead. Indeed, many solution methods of continuous

recourse models such as the L-shaped algorithm [87], regularized decomposition [66],
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and stochastic decomposition [34], use decomposition and heavily rely on the convex-

ity of the problem. Since these problems are convex the powerful toolbox of convex

optimization can be used. We refer to Zverovich et al. [94] for a recent computational

study comparing various algorithms.

Analogously, a mixed-integer recourse problem with finite discrete distribution can

be represented as a deterministic large-scale mixed-integer programming problem.

1.3.2 Mixed-integer recourse models

Mixed-integer recourse models, i.e., recourse models where Y = Z
p
+×R

n2−p
+ for some

p > 0, do not possess such nice mathematical properties; in particular, convexity of

the recourse function Q is not guaranteed. Indeed, the underlying second-stage value

function v is only lower semicontinuous (assuming rationality of the recourse matrix

W ), and discontinuous in general.

Also in this setting we are mostly interested in the case that v is finite. To have

v < +∞ we will assume complete recourse, see Definition 1.1. For example, this

condition is satisfied if W̄ is a complete recourse matrix, where W̄ consists of the

columns of W corresponding to the continuous second-stage variables. On the other

hand, v > −∞ if the recourse is sufficiently expensive, see Definition 1.2, i.e. if the

dual of the LP relaxation of the second-stage problem is feasible with probability 1.

Theorem 1.2 (Properties of mixed-integer recourse models). Consider the

mixed-integer recourse model (where Y = Z
p
+ × R

n2−p
+ for some p > 0) with corres-

ponding recourse function Q(x) = Eξ[v(x, ξ)], x ∈ R
n, given by

v(x, ξ) = min
y

{
qy : Wy ≥ ω − Tx, y ∈ Z

p
+ × R

n2−p
+

}
, x ∈ R

n, ξ ∈ Ξ,

and

Q(x) = Eξ

[
min
y

{
qy : Wy ≥ ω − Tx, y ∈ Z

p
+ × R

n2−p
+

}]
, x ∈ R

n.

Assume that the recourse is complete and sufficiently expensive and that the distribu-

tion of ξ satisfies the weak covariance condition. Then, the function Q satisfies the

following properties.

(a) The function Q is finite and lower semicontinuous on R
n.
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(b) Let D(x), x ∈ R
n, denote the set containing all (ω, T ) such that ω − Tx is a

discontinuity point of the mixed-integer value function v. Then, Q is continuous

at x if P{(ω, T ) ∈ D(x)} = 0.

In particular, if ξ is continuously distributed, then Q is continuous on R
n.

Proof. See Schultz [69].

The main difficulty of solving mixed-integer recourse models is that, contrary

to their continuous counterparts, mixed-integer recourse models are generally non-

convex [56]. In the absence of convexity, most solution methods for mixed-integer

recourse models combine algorithms that are designed for either deterministic mixed-

integer or stochastic continuous models. Since the aim of these solution methods is to

find exact first-stage optimal solutions, they often have difficulties solving large-scale

problem instances. For more details on such solution methods we refer to the papers

[1, 11, 30, 46, 71] and survey papers Klein Haneveld and Van der Vlerk [43], Louveaux

and Schultz [47], Schultz [70], and Sen [72].

1.4 Convex approximations

In this thesis we propose an entirely different approach to solve mixed-integer recourse

models, in line with the idea of modifying the recourse data introduced in Van der

Vlerk [82]. We replace the recourse function Q by a convex approximation Q̂, which is

obtained by modifying the underlying value function v of the second-stage problem.

Since Q̂ is convex, the approximating model with Q replaced by Q̂ is much easier

to solve. In addition, if Q̂ is a close approximation of Q, then we obtain good or

even (near-)optimal first-stage solutions x̂. To guarantee the performance of the

approximating solution x̂ we will use upper bounds on

‖Q− Q̂‖∞ := sup
x∈Rn

|Q(x)− Q̂(x)|.

Deriving such error bounds for various convex approximations Q̂ is one of the main

topics of this thesis.

In the remainder of this section we discuss known results on convex approximations

for two-stage integer recourse models. These results are derived with randomness in
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the right-hand side vector ω only, i.e. with deterministic q and T , so that the recourse

function Q equals

Q(x) := Eω

[
min
y

{
qy : Wy ≥ ω − Tx, y ∈ Z

n2
+

}]
, x ∈ R

n. (1.2)

Klein Haneveld et al. [42] study convexity properties of the recourse function Q

for the integer version of simple recourse discussed in Example 1.1. We present their

results for one-sided simple integer recourse (SIR) models only; that is, we consider

the special case of (1.2) with W = Im given by

Q(x) := Eω

[
min
y

{
qy : y ≥ ω − Tx, y ∈ Z

m
+

}]
, x ∈ R

n.

Defining tender variables z := Tx and using separability of the problem, the SIR

function Q can be rewritten (with slight abuse of notation) for every z ∈ R
m as

Q(z) =
m∑
i=1

Eωi

[
min
yi

{
qiyi : yi ≥ ωi − zi, yi ∈ Z+

}]

=
m∑
i=1

qiEωi

[

ωi − zi�+

]
,

where 
s�+ := max{0, 
s�}, s ∈ R. The properties of the m-dimensional SIR function

Q follow directly from those of the generic one-dimensional SIR function Q defined

as

Q(z) := Eω

[

ω − z�+

]
, z ∈ R.

Klein Haneveld et al. [42] give a complete characterization of distributions of ω so

that the SIR function Q is convex.

Theorem 1.3. Consider the SIR function Q(z) := Eω[
ω − z�+], z ∈ R. Then, the

function Q is convex if and only if the random variable ω has a probability density

function f satisfying

f(s) = G(s+ 1)−G(s), s ∈ R, (1.3)

for some cumulative distribution function G with finite mean.



209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM

14 Chapter 1

Proof. See Klein Haneveld et al. [42].

Theorem 1.3 does not only completely characterize the special case when the SIR

function Q is convex but it can also be used to derive convex approximations Q̂ of Q
when this SIR function is not convex, as detailed in [42]. The idea is to approximate

an arbitrary pdf f by a pdf f̂ satisfying (1.3) for some cdf Ĝ with finite mean, so that

the approximating recourse function Q̂ is convex. In fact, Klein Haneveld et al. [42]

propose to use a special class of cdfs Ĝα to generate f̂ , where for every α ∈ R the cdf

Ĝα is defined as

Ĝα(s) := F (�sα), s ∈ R, (1.4)

with F denoting the cdf of ω and �sα := �s− α + α, s ∈ R, denoting the round-

down with respect to the shift parameter α. Notice that Ĝα is equivalent to Ĝα+k if

k ∈ Z. The resulting convex SIR functions Q̂α are called α-approximations. Since it

turns out that these α-approximations Q̂α can be represented as recourse functions of

continuous recourse problems [42], we prefer to define them in this form. Moreover,

we immediately define these α-approximations for general integer recourse models.

Definition 1.4. Consider the integer recourse function Q as defined in (1.2). We

define for every α ∈ R
m the α-approximation Q̂α as

Q̂α(x) := Eω

[
min

{
qy : Wy ≥ 
ω�α − Tx, y ∈ R

n2
+

}]
, x ∈ R

n, (1.5)

where 
ω�α := 
ω − α�+α is the (componentwise) round-up with respect to α+Z
m.

Remark 1.2. Observe that for every one-dimensional random variable ω and for every

α ∈ R, the cdf of 
ω�α is Ĝα as defined in (1.4); see e.g. [42].

Since 
ω�α is a discrete random vector with support contained in α + Z
m, the

α-approximations Q̂α are recourse functions of continuous recourse models with dis-

crete random variables, and thus by Theorem 1.1 (b) they are convex polyhedral

functions. Moreover, we can solve the approximating recourse models by existing

methods. However, performance guarantees for these α-approximations are available

for special cases only. For totally unimodular (TU) integer recourse models (with

TU recourse matrix W ), Van der Vlerk [83] claims that there exists α∗ ∈ [0, 1]m so
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that Q̂α∗ yields the convex hull of the TU integer recourse function Q. However,

we will show that this claim needs additional assumptions; see also the erratum [86].

Moreover, for the special case of SIR, an error bound is available depending on the

total variation |Δ|f , to be defined in Definition 3.2, of the pdf f of the random variable

ω.

Theorem 1.4. Consider the SIR function Q(z) := Eω[
ω − z�+], z ∈ R, and let

Q̂α := Eω[(
ω�α − z)+], z ∈ R, denote its α-approximation for every α ∈ R, as

defined in (1.5). Assume that ω is a continuous random variable with pdf f of bounded

variation (i.e., |Δ|f < +∞). Then, for every α ∈ R,

sup
z∈R

|Q(z)−Qα(z)| ≤ min
{ |Δ|f

4
, 1
}
.

Proof. See Klein Haneveld et al. [42].

The error bound in Theorem 1.4 shows that the α-approximation Q̂α is good if the

total variation |Δ|f is small. This is for example the case if ω is normally distributed

with a large variance. Extensions of this error bound to e.g. multiple simple integer

and simple mixed-integer recourse models are available; see [84] and [85]. Observe

that this error bound is restricted to one-dimensional problems.

1.5 Outline

In this thesis we derive error bounds for α-approximations Q̂α, and other convex

approximations Q̂, for multidimensional mixed-integer recourse functions Q. We start

with the special case of TU integer recourse models in Chapters 2 and 3, and gradually

move to more general mixed-integer recourse models in subsequent chapters. We refer

to Table 1.1 at the end of this section for specifications of the recourse models that

we consider.

In Chapter 2, we show that additional assumptions are required for the claim

of Van der Vlerk [83] that there exists α∗ ∈ R
m such that the α∗-approximation

Qα∗ yields the convex hull of the TU integer recourse function Q. These additional

assumptions are satisfied if the components of the random vector ω are independently

and uniformly distributed, but they are rather restrictive in general. This implies
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that there may be no performance guarantee at all for the approximating solution

x̂α∗ , motivating the analysis of upper bounds on ‖Q− Q̂α‖∞, α ∈ R
m.

In Chapter 3, we derive such an error bound for totally unimodular integer re-

course models. Similar as in the SIR case, this bound depends on the total variations

of the probability density functions of the random variables in the model. The ap-

proximating solution x̂α is good if these total variations are small.

To derive this error bound, we analyze the difference of the two value functions

involved, which turns out to be a specific two-valued piecewise constant periodic

function. In Chapter 4, we generalize this bound, deriving upper and lower bounds,

respectively, for

M(ϕ,B) := sup
f∈F

{
Ef [ϕ(ω)] : |Δ|f ≤ B

}

and

N(ϕ,B) := inf
f∈F

{
Ef [ϕ(ω)] : |Δ|f ≤ B

}
,

where ϕ is an arbitrary one-dimensional periodic function, B ∈ R with B > 0, and

F is the set of one-dimensional probability density functions of bounded variation.

Moreover, we obtain exact expressions for M(ϕ,B) and N(ϕ,B) in case ϕ is period-

ically monotone. These expressions turn out to be pivotal in deriving error bounds

for recourse approximations. For example, for TU integer recourse models we de-

rive a new convex approximation, the so-called shifted LP-relaxation approximation,

and a corresponding error bound which improves that of the α-approximations by a

factor 2. Moreover, we show that this approximation has the best possible worst-case

error bound. Furthermore, we derive error bounds for two types of discrete approxim-

ations of continuous recourse models with continuously distributed random variables,

one of them the well-known Jensen approximation. Relying on M(ϕ,B) and N(ϕ,B)

with ϕ periodically monotone, the derivation of these error bounds is similar to that of

the bounds for the convex approximations of TU integer recourse models, connecting

two seemingly unrelated fields of research.

The error bounds in Chapters 3 and 4 are the result of worst-case analysis, among

others in the form of M(ϕ,B) and N(ϕ,B). Thus, for particular problem instances

the convex approximations may actually perform much better than their error bounds

suggest. This motivates Chapter 5, where we assess the quality of the approximat-
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ing solutions using sampling for both simple integer recourse models and a (TU)

fleet allocation and routing problem. For this latter problem we have to extend the

analysis of Chapter 4 to deal with deterministic second-stage side constraints, rep-

resented by a polyhedron P , and random technology matrix T . Using numerical

experiments we show that there are cases where indeed the convex approximations

perform much better than their error bounds suggest. Moreover, we show that our

convex approximations and sampling methods can be considered as complementary

solution approaches for TU integer recourse models.

In Chapter 6, we derive a convex approximation for the general class of two-stage

mixed-integer recourse models, using periodicity properties of the underlying mixed-

integer value function. To be precise, we generalize results of Gomory [29] for the pure

integer case to the mixed-integer case, showing that there is (asymptotic) periodicity

in the optimal solutions of parametric mixed-integer linear programs. This observa-

tion is key to deriving an error bound for the convex approximation, since we can

use the bounds on the expectation of periodic functions obtained in Chapter 4. The

resulting error bound converges to zero if all total variations of the one-dimensional

conditional probability density functions of the random variables in the model con-

verge to zero. We conclude that every two-stage mixed-integer recourse function can

be approximated arbitrarily close by a convex function if these total variations are

small enough.

In Chapter 7, we revisit the worst-case boundsM(ϕ,B) and N(ϕ,B) of Chapter 4.

We show that these optimization problems can be embedded in the framework of

convex optimization over (infinite-dimensional) vector spaces, and we apply convex

duality to M(ϕ,B) and N(ϕ,B). Interestingly, this analysis does not require the

assumption of periodicity of ϕ, so that we obtain bounds on M(ϕ,B) and N(ϕ,B)

that hold under more general assumptions than in Chapter 4. A key observation

in our analysis is that total variation can be considered as a norm on the space of

real-valued functions of bounded variation. Based on this observation we discuss how

we may extend and improve several of the results of this thesis.

Finally, in Chapter 8 we summarize our results, derive conclusions, and outline

possibilities for future research.

Journal publications

The chapters in this thesis are based on the following journal publications.
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Chapter 3:

W. Romeijnders, M.H. van der Vlerk, and W.K. Klein Haneveld. Convex ap-

proximations of totally unimodular integer recourse models: A uniform error

bound. SIAM Journal on Optimization, 25:130–158, 2015.
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W. Romeijnders, M.H. van der Vlerk, and W.K. Klein Haneveld. Total variation

bounds on the expectation of periodic functions with applications to recourse

approximations. Mathematical Programming, 2014. DOI: 10.1007/s10107-014-
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Chapter 5:

W. Romeijnders, D.P. Morton, and M.H. van der Vlerk. Assessing the qual-

ity of convex approximations for two-stage totally unimodular integer recourse

models. Submitted, 2015.
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A convex approximation for two-stage mixed-integer recourse models with a
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Table 1.1: Specifications of the recourse models considered in subsequent chapters.

Deterministic Random Recourse Second-stage
Chapters parameters parameters matrix W feasible region Y
2, 3, 4 q, T ω TU Z

n2
+

4 q, T ω Real R
n2
+

5 q T, ω TU Z
n2
+ ∩ P

6 q, T ω Rational Z
p
+ × R

n2−p
+
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Convex hull approximation of

TU integer recourse models

Abstract. We consider a convex approximation for integer recourse models. In par-

ticular, we show that the claim of Van der Vlerk [83] that this approximation yields

the convex hull of totally unimodular (TU) integer recourse models is incorrect. We

discuss counterexamples, indicate which step of its proof does not hold in general,

and identify a class of random variables for which the claim in Van der Vlerk [83] is

not true. At the same time, we derive additional assumptions under which the claim

does hold. In particular, if the random variables in the model are independently and

uniformly distributed, then these assumptions are satisfied.

2.1 Introduction

Integer recourse models from the field of stochastic programming deal with discrete

decision making under uncertainty (see, e.g., the textbooks [6], [76] and the Stochastic

Programming Society home page [79]). These models have a wide range of possible

applications because they combine the modeling power of integer variables with pos-

sible uncertainty in the data, making them highly relevant for practice, but at the

same time very difficult to solve. Examples of applications range from energy optim-

ization problems (see, e.g., [28] and [93]) to scheduling problems (see, e.g., [2]). More

This chapter is based on the journal publication [61].
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examples can be found e.g. in the extensive bibliography on stochastic programming

[81].

We consider the two-stage integer recourse problem

min
x

{
cx+Q(z) : Ax ≥ b, Tx = z, x ∈ R

n1
+

}
,

where Q is a function of the tender variables z,

Q(z) := Eω[v(ω − z)], z ∈ R
m, (2.1)

and

v(s) := min
y

{
qy : Wy ≥ s, y ∈ Z

n2
+

}
, s ∈ R

m.

The functions Q and v are called the recourse or expected value function and the

second-stage value function, respectively. They model the recourse actions y and

the corresponding expected recourse costs for satisfying the underlying random goal

constraints Tx ≥ ω. The right-hand side vector ω is a random vector with known

cumulative distribution function (cdf) Fω.

Throughout this chapter we use the following assumptions.

(i) W is a complete recourse matrix, i.e., for every s ∈ R
m there exists y ∈ Z

n2
+

such that Wy ≥ s,

(ii) the recourse structure is sufficiently expensive, i.e., v(s) > −∞ for all s ∈ R
m,

and

(iii) Eω[|ω|] is finite.
As a result we have that Q(z) is finite for all z ∈ R

m.

Various algorithms for solving pure and mixed-integer recourse problems are avail-

able, see, e.g., [46], [71], [11], [80], [1], [78], [21], and [30], and the survey papers [43],

[47], and [72]. Typically, these algorithms combine solution techniques developed for

either stochastic continuous or deterministic integer programs. In general, these ex-

act methods have difficulties dealing with large problem instances, though substantial

progress has been made for special cases (see, e.g., [73] and subsequent papers).

The main difficulty in solving integer recourse problems is that the integer recourse

functionQ is generally non-convex [56]. A possible approach to deal with this difficulty
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is to approximate Q by a convex function Q̂. In this way, we do not obtain the exact

solution of the integer recourse problem, but as long as Q̂ is a close approximation of

Q, we expect to find near-optimal first-stage solutions. The advantage is that efficient

algorithms exist for solving convex optimization problems, so that the approximation

model can be solved much easier than the original integer recourse model.

Van der Vlerk [83] obtains such a convex approximation by perturbing the dis-

tribution of the right-hand side random vector ω. Indeed, Van der Vlerk [83] claims

that this approximation yields the convex hull of Q if the recourse matrix W is totally

unimodular (TU), which would justify to expect to find near-optimal first-stage solu-

tions using this approximation. However, we will show that this claim does not hold

in general. We discuss counterexamples of this claim, indicate which step of its proof

does not hold in general, and identify a class of random variables for which the claim

in Van der Vlerk [83] is not true. At the same time, we derive additional assumptions

under which the claim does hold. In particular, if the random variables in the model

are independently and uniformly distributed, then these assumptions are satisfied.

Preliminary results on this topic and more (extensive) examples can be found in

the Master’s thesis [57].

2.2 The convex approximation of Van der Vlerk

The convex approximation of Van der Vlerk [83] can be applied to general complete

integer recourse models. However, the earliest version of this approximation was

developed for so-called one-sided simple integer recourse (SIR) models (when W =

Im). In this simple case the recourse function Q(z) is separable in the components of

z and can be written as

Q(z) = Eω

[
min
y

{
qy : y ≥ ω − z, y ∈ Z

m
+

}]
=

m∑
i=1

qiQi(zi), z ∈ R
m,

with Qi(zi) := Eωi
[
ωi − zi�+], zi ∈ R, i = 1, . . . ,m, and 
s�+ := max{0, 
s�}, s ∈ R.

The generic one-dimensional recourse function

Q(z) := Eω[
ω − z�+], z ∈ R, (2.2)
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has been studied extensively in the literature (see Louveaux and Van der Vlerk [48]).

Obviously, if the random variable ω is discretely distributed, then Q is non-convex

because of the round-up function involved. Klein Haneveld et al. [40, 41] develop

efficient algorithms to construct the convex hull of Q in this case. If ω is continuously

distributed, then Q is generally non-convex as well, but exceptions do exist. Klein

Haneveld et al. [42] give a complete description of the class of probability density

functions (pdf) for which Q is convex.

Theorem 2.1 (see Corollary 1 in [42]). Consider the SIR function Q as defined in

(2.2) and let ω ∈ R be a continuously distributed random variable with pdf fω. Then

Q is convex if and only if fω(x) = G(x+1)−G(x), x ∈ R, for some cdf G with finite

mean. We say that fω is generated by G.

A natural approach to construct a convex approximation of Q is to approximate

the original random variable ω by a random variable ω̂ which has a pdf fω̂ that is

generated by some cdf G. Obviously, we want fω̂ to be a close approximation of fω.

The so-called α-approximation developed by [42] is a good candidate. Here, fω̂ is

generated by a cdf G corresponding to a discrete distribution with support in α+ Z

for some α ∈ [0, 1). Following Van der Vlerk [83], we define this approximation for

m-dimensional distributions.

Definition 2.1. Let ω ∈ R
m be a random vector with arbitrary continuous or discrete

distribution, and choose α = (α1, . . . , αm) ∈ [0, 1)m. Define the α-approximation ωα

as the random vector with joint pdf fωα
that is constant on every hypercube

Cl
α :=

m∏
i=1

(αi + li − 1, αi + li], l ∈ Z
m,

such that

P
{
ωα ∈ Cl

α

}
= P

{
ω ∈ Cl

α

}
, l ∈ Z

m.

From this definition it follows that for every ω ∈ R and α ∈ [0, 1), the cdf Fωα
of

ωα is piecewise linear with knots contained in α+Z and Fωα
(x) = Fω(x) for x ∈ α+Z.
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The α-approximation Qα of Q is defined for every α ∈ [0, 1) as

Qα(z) := Eωα
[
ωα − z�+], z ∈ R. (2.3)

Interestingly, it can be shown (see [42]) that

Qα(z) = Eϕα
[(ϕα − z)+], z ∈ R,

with ϕα := 
ω − α� + α a discrete random variable with support in α + Z. That is,

the recourse function Qα of an integer recourse model with continuous random vari-

able can be expressed as the recourse function of a continuous recourse model with

a discrete random variable. Continuous simple recourse models can be solved very

efficiently by special purpose algorithms (see e.g. [91]), and thus the approximation

model can be solved much more easily than the original model. Similarly, for continu-

ous recourse models in general there are efficient algorithms available, most of them

based on the L-shaped algorithm of Van Slyke and Wets [87]. This implies that if we

replace an integer recourse model by a continuous recourse approximation (with dis-

crete right-hand side), then the approximation model is computationally much more

tractable than the original integer recourse version.

Klein Haneveld et al. [42] derive an error bound for the α-approximation Qα of

the SIR function Q. They show that if ω is continuously distributed with pdf fω of

bounded variation, then for all α ∈ [0, 1),

sup
z∈R

|Q(z)−Qα(z)| ≤ min
{ |Δ|fω

4
, 1
}
,

where |Δ|fω denotes the total variation of fω. This error bound shows that Qα is a

good approximation of Q when the total variation of fω is small. For example, for

unimodal densities this is the case if the variance is large.

Van der Vlerk [83] generalizes the concept of α-approximations to m-dimensional

recourse functions Q as defined in (2.1). As in the simple integer case, we simultan-

eously relax the integrality constraints and replace the random vector ω by a discrete

random vector ϕα := 
ω − α�+ α for some α ∈ [0, 1)m.

Definition 2.2. For every α ∈ [0, 1)m the α-approximation Qα of the recourse func-
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tion Q is given by

Qα(z) = Eϕα

[
min
y

{
qy : Wy ≥ ϕα − z, y ∈ R

n2
+

}]
, z ∈ R

m,

where ϕα := 
ω − α�+ α.

From now on we assume that ω follows a continuous distribution, as in [83].

2.3 Rectification of a false claim on the convex hull

In general, the α-approximation Qα is neither a lower nor an upper bound of Q.

However, Van der Vlerk [83] claims that there exists some α∗ ∈ [0, 1)m such that the

α∗-approximation Qα∗ does provide a lower bound. This α∗ = (α∗
1, . . . , α

∗
m) is defined

for each component α∗
i as

α∗
i ∈ argmin

x∈[0,1)

Eωi

[

ωi − x�+ x

]
, i = 1, . . . ,m. (2.4)

In fact, for TU integer recourse models, Van der Vlerk [83] claims that this α∗-

approximation Qα∗ yields the convex hull of Q. We repeat this claim here because

we discuss it in detail in the remainder of this chapter.

Proposition 2.1. Consider the integer recourse function Q, defined as

Q(z) = Eω

[
min
y

qy : Wy ≥ ω − z, y ∈ Z
n2
+

]
, z ∈ R

m.

Under the assumptions (i)–(iii) of Section 2.1, and in addition that W is totally

unimodular, the convex hull of Q is the continuous recourse function Qα∗ , defined as

Qα∗(z) = Eϕα∗

[
min
y

{
qy : Wy ≥ ϕα∗ − z, y ∈ R

n2
+

}]
, z ∈ R

m,

where α∗ is defined in (2.4), and ϕα∗ := 
ω − α∗� + α∗ is a discrete random vector

with support in α∗ + Z
m, and

P

{
ϕα∗ = α∗ + l

}
= P

{
ω ∈ Cl

α∗

}
, l ∈ Z

m.

The proof of Proposition 2.1 in [83] is based on the following line of reasoning.
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First observe that Qα∗ is a convex polyhedral function with vertices contained in

α∗ + Z
m. Moreover, Qα∗(z) = Q(z) for all z ∈ α∗ + Z

m. If, in addition, Qα∗ is a

lower bound of Q, then the polyhedral function Qα∗ is equal to the convex hull of Q.

Van der Vlerk [83] argues that this is indeed the case. However, in the next section

we give counterexamples where Qα∗ is not a lower bound of Q, and we show that

the convex hull of Q is not necessarily a polyhedral function. In these examples we

analyze the SIR function Q defined in (2.2), which is a special case of the TU integer

recourse functions considered in Proposition 2.1.

2.3.1 Counterexamples

Example 2.1. Consider the generic one-dimensional SIR function Q defined in (2.2),

and let ω be a continuous random variable with pdf fω defined as

fω(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

3
2 , 0 ≤ x < 1

2 ,

1
2 ,

1
2 ≤ x ≤ 1,

0, otherwise.

Using (2.4) we obtain by straightforward calculation that α∗ = 1/2. Moreover, we

have P{ϕα∗ = 1/2} = 3/4 and P{ϕα∗ = 3/2} = 1/4, so that

Qα∗(z) = 1
4

(
3
2 − z

)+
+ 3

4

(
1
2 − z

)+
, z ∈ R.

We observe that Qα∗(1) = 1/8 > Q(1) = 0 and conclude that Qα∗ is not a lower

bound for Q, and thus Qα∗ is not the convex hull of Q, see Figure 2.1. That is,

Proposition 2.1 as stated is false. �

Example 2.2. Again consider the SIR function Q defined in (2.2), and let ω be a

random variable following a triangular distribution on [0, 1] with mode 1/2. Thus,

the pdf of ω is given by

fω(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

4x, 0 ≤ x ≤ 1
2 ,

4(1− x), 1
2 ≤ x ≤ 1,

0, otherwise.

By straightforward calculation it follows that the convex hull of Q, denoted Q∗∗, is
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Figure 2.1: The recourse function Q (dashed) and its α∗-approximation Qα∗ (solid)
from Example 2.1, showing that Qα∗ is not a lower bound and hence not the convex
hull of Q.

given by

Q∗∗(z) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

7
8 − z, z ≤ 3

4 ,

2(1− z)2, 3
4 ≤ z ≤ 1,

0, 1 ≤ z.

Both functions Q and Q∗∗ are depicted in Figure 2.2. We see that Q∗∗ is convex

quadratic on the interval (3/4, 1), implying that it cannot be obtained as an α-

approximation which is polyhedral for every α ∈ [0, 1). �

2.3.2 Error in the proof

The counterexamples in the previous subsection clearly show that Proposition 2.1

does not hold in general and needs additional assumptions. We will point out which

step of the proof, repeated here for convenience, is invalid in general, so that we can

derive these additional assumptions. First, as in [83], we rewrite the second-stage

value function under the assumptions (i) and (ii) and that the recourse matrix W is
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Figure 2.2: The SIR function Q (dashed) and its convex hull Q∗∗ (solid) from Ex-
ample 2.2, showing that the convex hull of Q is not necessarily a polyhedral function.

TU. We have for every s ∈ R
m,

v(s) := min
y

{qy : Wy ≥ s, y ∈ Z
n2
+ }

= min
y

{qy : Wy ≥ 
s� , y ∈ R
n2
+ } (2.5)

= max
λ

{λ 
s� : λW ≤ q, λ ∈ R
m
+}, (2.6)

where (2.5) holds because W is TU, and (2.6) because of strong LP duality. Since the

recourse is complete and sufficiently expensive it follows that the dual feasible region

Λ := {λ ∈ R
m
+ : λW ≤ q} is nonempty and bounded. Moreover, since Λ is a polytope,

it has finitely many extreme points which we denote by λk, k = 1, . . . ,K. It follows

immediately that we can rewrite v as

v(s) = max
k=1,...,K

λk 
s� , s ∈ R
m.

Consequently,

Q(z) = Eω

[
max

k=1,...,K
λk 
ω − z�

]
, z ∈ R

m,
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and analogously

Qα∗(z) = Eϕα∗

[
max

k=1,...,K
λk(ϕα∗ − z)

]
, z ∈ R

m.

Van der Vlerk [83] proceeds as follows. By conditioning on the events {ω ∈ Cl
α∗} we

have for all z ∈ R
m,

Q(z) = Eω

[
max

k=1,...,K
λk 
ω − z�

]

=
∑
l∈Zm

P

{
ω ∈ Cl

α∗

}
Eω

[
max

k=1,...,K
λk 
ω − z�

∣∣∣ω ∈ Cl
α∗

]
,

and by interchanging expectation and maximization,

Q(z) ≥
∑
l∈Zm

P

{
ω ∈ Cl

α∗

}
max

k=1,...,K
λk

Eω

[

ω − z�

∣∣∣ω ∈ Cl
α∗

]
.

Van der Vlerk [83] argues that due to the choice of α∗,

λk
Eω

[

ω − z�

∣∣∣ω ∈ Cl
α∗

]
≥ λk

Eωα∗

[

ωα∗ − z�

∣∣∣ωα∗ ∈ Cl
α∗

]
, for (z, l) ∈ R

m×Z
m,

(2.7)

for every k = 1, . . . ,K. As a consequence,

Q(z) ≥
∑
l∈Zm

P

{
ωα∗ ∈ Cl

α∗

}
max

k=1,...,K
λk

Eωα∗

[

ωα∗ − z�

∣∣∣ωα∗ ∈ Cl
α∗

]
(2.8)

=
∑
l∈Zm

P

{
ωα∗ ∈ Cl

α∗

}
max

k=1,...,K
λk(α∗ + l − z) (2.9)

=
∑
l∈Zm

P

{
ϕα∗ = α∗ + l

}
max

k=1,...,K
λk(α∗ + l − z)

=Eϕα∗

[
max

k=1,...,K
λk(ϕα∗ − z)

]

=Qα∗(z),

where (2.9) holds because fωα∗ is constant on Cl
α∗ for every l ∈ Z

m.

This proof does not hold in general because (2.7) is incorrect and thus (2.8) does
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not hold. It is true that λk
Eω[
ω − z�] ≥ λk

Eωα∗ [
ωα∗ − z�] for every z ∈ R
m, due

to the choice of α∗. However, restricted to individual subsets Cl
α∗ as required in (2.7),

the inequality does not hold as detailed below.

In the next section we derive a sufficient condition for the inequalities in (2.7) to be

true, which can be used to identify classes of random vectors for which Proposition 2.1

does hold.

2.4 Additional assumptions for Proposition 2.1

Before we derive sufficient conditions for (2.7) we show that in the one-dimensional

setting the inequalities in (2.7) are equivalent to ωα∗ being stochastically dominated

by ω.

Lemma 2.1. Let ω be a random variable with cdf Fω. Then

Eω

[

ω − z�

∣∣∣ω ∈ Cl
α∗

]
≥ Eωα∗

[

ωα∗ − z�

∣∣∣ωα∗ ∈ Cl
α∗

]
for all (z, l) ∈ R × Z,

if and only if ωα∗ is (weakly) first-order stochastically dominated by ω. That is, if

and only if

Fω(x) ≤ Fωα∗ (x), for all x ∈ R.

Proof. Using that 
x− (z + k)� = 
x− z� − k, k ∈ Z, it suffices to prove the claim

for l ∈ Z and z ∈ Cl
α∗ only, so that 
x− z� ∈ {0, 1} for x ∈ Cl

α∗ .

Choose arbitrary l ∈ Z and z ∈ Cl
α∗ . Disregarding the trivial case, assume that

P{ω ∈ Cl
α∗} > 0. Then,

Eω

[

ω − z�

∣∣∣ω ∈ Cl
α∗

]
= P

{
ω > z

∣∣∣ω ∈ Cl
α∗

}
=

P{z < ω ≤ α∗ + l}
P{ω ∈ Cl

α∗} ,

and thus

Eω

[

ω − z�

∣∣∣ω ∈ Cl
α∗

]
=

Fω(α
∗ + l)− Fω(z)

P{ω ∈ Cl
α∗} .
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Similarly, we have that

Eωα∗

[

ωα∗ − z�

∣∣∣ωα∗ ∈ Cl
α∗

]
=

Fωα∗ (α
∗ + l)− Fωα∗ (z)

P{ωα∗ ∈ Cl
α∗} .

Observing that P{ω ∈ Cl
α∗} = P{ωα∗ ∈ Cl

α∗} and Fω(α
∗ + l) = Fωα∗ (α

∗ + l) by

definition of ωα∗ completes the proof.

Corollary 2.1. Consider the TU integer recourse function

Q(z) = Eω

[
min
y

{
qy : Wy ≥ ω − z, y ∈ Z

n2
+

}]
, z ∈ R

m,

and its α∗-approximation

Qα∗(z) = Eϕα∗

[
min
y

{
qy : Wy ≥ ϕα∗ − z, y ∈ R

n2
+

}]
, z ∈ R

m.

If ωi stochastically dominates ωα∗
i
for every i = 1, . . . ,m, then Qα∗ is the convex hull

of Q.

Proof. If ωi stochastically dominates ωα∗
i
for every i = 1, . . . ,m, then it follows by

Lemma 2.1 that for every i = 1, . . . ,m,

Eωi

[

ωi − zi�

∣∣∣ωi ∈ Cli
α∗

i

]
≥ Eωα∗

i

[ ⌈
ωα∗

i
− zi

⌉ ∣∣∣ωα∗
i
∈ Cli

α∗
i

]
for all (zi, li) ∈ R×Z.

Since λk ≥ 0 for every k = 1, . . . ,K, it follows immediately that (2.7) holds, so that

the proof of Van der Vlerk [83] is valid, and thus Proposition 2.1 holds.

In [83] an example involving independent uniform distributions is presented. Next

we show that this special case indeed satisfies the additional assumptions of Corol-

lary 2.1.

Corollary 2.2. Consider the setting of Corollary 2.1. If ω ∈ R
m is independently

and uniformly distributed, then Qα∗ is the convex hull of Q.

Proof. We will show that each component ωi stochastically dominates ωα∗
i
so that

the assumptions of Corollary 2.1 are satisfied. For ease of notation we drop the index

i and we let ω denote a random variable that is uniformly distributed on the interval

(a, b) with a < b. For the moment we assume that α∗ = 〈b〉 := b− �b.
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If b− a is integer, then fω(x) = fωα∗ (x) for all x ∈ R so that

Fω(x) = Fωα∗ (x), x ∈ R,

and thus ω (weakly) dominates ωα∗ .

If b − a is not integer, then choose l = 
a− α∗� ∈ Z such that a ∈ Cl
α∗ , that is,

α∗ + l− 1 < a < α∗ + l. It is easy to observe that fω(x) = fωα∗ (x) for all x ∈ R\Cl
α∗ ,

see Figure 2.3. However, for x ∈ Cl
α∗ ,

fω(x) =

{
0, x ≤ a,
1

b−a , x > a,

and

fωα∗ (x) =
α∗ + l − a

b− a
.

Hence, Fω(x) = Fωα∗ (x) for all x ∈ R\Cl
α∗ , but for x ∈ Cl

α∗ ,

Fω(x) =

{
0, x ≤ a,
x−a
b−a , x ≥ a,

whereas

Fωα∗ (x) =
x− α∗ − l + 1

b− a
.

Since a > α∗ + l − 1, we conclude that

Fω(x) ≤ Fωα∗ (x), x ∈ R, .

that is, ω stochastically dominates ωα∗ .

It remains to be shown that α∗ = 〈b〉. If b − a is integer, then Eω[
ω − x� + x]

is constant so that α∗ = 〈b〉 is a valid choice by (2.4). Moreover, Van der Vlerk [83]

shows that a necessary condition for α∗ is that

−1 ∈
[
−

∞∑
k=−∞

f−
ω (α∗ + k),−

∞∑
k=−∞

f+
ω (α∗ + k)

]
,
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where f−
ω and f+

ω represent the left-continuous and right-continuous version of fω, re-

spectively. If b−a is not integer, then it can be shown by straightforward computation

that this condition is only satisfied for α∗ = 〈b〉.
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Figure 2.3: The cdf (left) and pdf (right) of a uniform distribution on [0, 3.5] (solid)
and its α∗-approximation (dashed).

2.5 Density functions with a strictly decreasing right

tail

Although the stochastic dominance conditions of Corollary 2.1 are easy to verify,

they will be satisfied only in exceptional cases. Indeed, since Fωα∗ = Fω on α∗ + Z

and is linear on every set Cl
α∗ , l ∈ Z, the conditions are violated if the cdf Fω is

strictly concave on some Cl
α∗ , l ∈ Z. For example, this is the case for many unimodal

distributions, since they have a pdf fω which is strictly decreasing on (ν,∞), where

ν is the mode, so that the cdf Fω is strictly concave on (ν,∞), see Figure 2.4.

Lemma 2.2. Let ω be a random variable with pdf fω and cdf Fω. If fω is strictly

decreasing on Cl
α∗ for some l ∈ Z, then Fω(x) > Fωα∗ (x) for all x ∈ intCl

α∗ , so that

ωα∗ is not first-order stochastically dominated by ω.

As we will show next, Lemma 2.2 not only invalidates the proof of Proposition 2.1,

but it also implies that the claim itself is incorrect for a large class of distributions.

Consider once more the SIR function Q defined in (2.2).
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Figure 2.4: The cdf (solid) of a standard normal distribution and the cdf of its α-
approximation (dashed) with α = 0, showing that the stochastic dominance con-
straints are satisfied in exceptional cases only.

Louveaux and Van der Vlerk [48] show that

Q(z) = Eω[
ω − z�+] =
∞∑
k=0

{1− F (z + k)} , z ∈ R. (2.10)

This implies that for sufficiently large values of z, the right tail of the distribution of

ω determines the value of Q(z). For this reason we consider density functions with a

strictly decreasing right tail.

Definition 2.3. A pdf fω has a strictly decreasing right tail, if there exists M ∈ R

such that for every x, y ∈ R with x > y > M , we have fω(x) < fω(y).

Remark 2.1. Note that density functions with a strictly decreasing right tail ne-

cessarily have unbounded support. However, the result below also hold for density

functions with bounded support, provided that there exists M ∈ R such that fω is

strictly decreasing on [M,M + 2] and non-increasing on (M + 2,∞).

Lemma 2.3. Consider the SIR function Q as defined in (2.2), and let ω be a random

variable whose pdf fω has a strictly decreasing right tail. Then the α∗-approximation

Qα∗ as defined in (2.3), with α∗ as defined in (2.4), is not a lower bound for Q and

thus not the convex hull of Q.
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Proof. Let l̄ ∈ Z be given such that fω is strictly decreasing on Cl
α∗ for all l ≥ l̄.

Choose z ∈ intC l̄
α∗ . Then by Lemma 2.2 it follows that for every k ∈ Z+,

Fω(z + k) > Fωα∗ (z + k),

so that (2.10) implies

Qα∗(z)−Q(z) =

∞∑
k=0

{
Fω(z + k)− Fωα∗ (z + k)

}
> 0.

2.6 Discussion

We have shown that the α∗-approximation Qα∗ equals the convex hull of the TU

integer recourse function Q only in exceptional cases (e.g. if ω is independently uni-

formly distributed). If so, provided that the first-stage constraints are non-binding

and that the matrix T is of full row rank, the first-stage solutions obtained using this

approximation will be optimal. In all other cases, either the α∗-approximation does

not necessarily yield the convex hull of Q and/or the obtained solutions may not be

optimal.

However, this does not imply that Qα∗ is not a good approximation of Q. Indeed,

Qα∗ always coincides with Q on α∗ + Z, and for SIR models – a special case – a

uniform error bound is available showing that the error is small if the total variation

of the pdf fω is low. Obtaining such an error bound for the general TU case is an

interesting direction for future research. Alternatively, other ways of obtaining the

convex hull of Q may be investigated.
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Convex approximations for

TU integer recourse models

Abstract. We consider a class of convex approximations for totally unimodular (TU)

integer recourse models and derive a uniform error bound by exploiting properties of

the total variation of the probability density functions involved. For simple integer

recourse models this error bound is tight and improves the existing one by a factor

2, whereas for TU integer recourse models this is the first nontrivial error bound

available. The bound ensures that the performance of the approximations is good as

long as the total variations of the densities of all random variables in the model are

small enough.

3.1 Introduction

We consider the two-stage integer recourse problem

η∗ := min
x

{
cx+Q(z) : Ax ≥ b, z = Tx, x ∈ R

n1
+

}
, (3.1)

where z are tender variables, Q is the recourse (expected value) function

Q(z) := Eω

[
v(ω − z)

]
, z ∈ R

m,

This chapter is based on the journal publication [63].
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and v is the second-stage value function

v(s) := min
y

{
qy : Wy ≥ s, y ∈ Z

n2
+

}
, s ∈ R

m.

The second-stage decision variables y represent the so-called recourse actions that

compensate for infeasibilities with respect to the random goal constraints Tx ≥ ω.

Here, there is only randomness in the right-hand side ω, which is a random vector

with known distribution. The functions Q and v represent the (expected) recourse

cost associated with the recourse actions y.

Modeling indivisibilities or on/off decisions typically requires integer (or binary)

decision variables. For this reason, introducing such integer variables to the model is

highly relevant for practice but at the same time makes the model considerably more

difficult to solve. Most exact solution methods combine ideas behind algorithms

designed for either stochastic continuous or deterministic integer programs (see e.g.

[1, 11, 22, 30, 44, 45, 46, 53, 71, 73, 75] and the survey papers by Klein Haneveld

and Van der Vlerk [43], Louveaux and Schultz [47], Romeijnders et al. [60], Schultz

[70], and Sen [72]). Although substantial progress has been made, in general these

algorithms have difficulties solving large real-life problem instances.

The main reason that integer recourse models are considerably more difficult to

solve than continuous recourse models is that the integer recourse function Q is gen-

erally non-convex [56]. A possible approach to dealing with this difficulty is to con-

struct convex approximations of the recourse function Q by modifying the recourse

data (MRD) [82], which comprises the parameters and structure of the model, and

the distributions of the random variables involved. The rationale for doing this is

that convex optimization problems are computationally much more tractable than

non-convex problems, and as long as we only make small changes in the recourse data

we expect to obtain close approximations.

Using MRD a class of convex approximations of Q has been developed, first for

the special case of simple integer recourse (SIR) models (when W = Im) [42] and

later for general complete integer recourse models [83] and mixed-integer recourse

models with a single recourse constraint [85]. The recurring idea in these so-called

α-approximations is to simultaneously relax the integrality constraints and perturb

the distribution of the right-hand side random vector ω. In this way, a difficult-to-

solve integer recourse problem is approximated by a continuous recourse problem for
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which efficient algorithms exist such as (variants of) the L-shaped algorithm [87],

regularized decomposition [66], and stochastic decomposition [32]; see e.g. [94] for a

recent computational study comparing various algorithms.

Although a uniform error bound for these approximations is available for mod-

els with a simple recourse structure [42], such an error bound is lacking for integer

recourse models in general. We derive a uniform error bound for integer recourse

models with a totally unimodular (TU) recourse matrix W by exploiting properties

of the total variation of probability density functions. This error bound is tight for

SIR models and improves the existing error bound by a factor 2. Moreover, the error

bound ensures that the convex approximations are good as long as the total variations

of the densities of all random variables in the model are small enough. Furthermore,

due to this error bound the convex approximations can be used as an approximate

lower bound for complete integer recourse models.

The remainder of this chapter is organized as follows. We introduce α-approxi-

mations of integer recourse models in Section 3.2. To set the stage for our analysis,

we discuss properties of the total variation of probability density functions in Section

3.3, and we solve a simplified one-dimensional bounding problem in Section 3.4. In

Sections 3.5 and 3.6 we derive a uniform error bound for α-approximations of TU

integer recourse models with independent and dependent random variables, respect-

ively. The approximate lower bound for complete integer recourse models is discussed

in Section 3.7, and we end with a summary and conclusions in Section 3.8.

3.2 Convex approximations and literature review

Throughout this chapter we use the following assumptions.

(i) W is a complete recourse matrix; that is, for every s ∈ R
m there exists y ∈ Z

n2
+

such that Wy ≥ s, and thus v(s) < +∞.

(ii) The recourse structure is sufficiently expensive; that is, v(s) > −∞ for all

s ∈ R
m.

(iii) Eω[|ω|] is finite.

As a result the recourse function Q is finite everywhere.
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We consider so-called α-approximations of Q, which is a class of convex approxim-

ations of Q studied in Van der Vlerk [83] and related work. These α-approximations

are an example of MRD, as discussed earlier.

Definition 3.1. For every α ∈ R
m, the α-approximation of Q is given by

Qα(z) := Eω

[
min
y

{
qy : Wy ≥ 
ω�α − z, y ∈ R

n2
+

}]
, z ∈ R

m,

where 
ω�α := 
ω − α�+ α is the round-up of ω with respect to α+ Z
m.

Remark 3.1. Note that the definition of α-approximations is given for α ∈ R
m, but

since Qα ≡ Qα′ if α−α′ ∈ Z
m, we could have restricted the definition to α ∈ [0, 1)m.

For every α ∈ R
m, the random vector 
ω�α is discretely distributed with support

in α + Z
m. Hence, the α-approximation Qα is the recourse function of a continuous

recourse model with discrete random right-hand side vector 
ω�α, and thus Qα is

a convex polyhedral function. Although Dyer and Stougie [18] show that from a

theoretical complexity point of view these problems are hard to solve in general, there

exist algorithms that can solve such recourse problems involving discrete distributions

within reasonable time limits. This implies that if the difference between Q(z) and its

approximation Qα(z) is small enough for all z ∈ R
m, then the approximating model

η̂α := min
x

{
cx+Qα(z) : Ax ≥ b, z = Tx, x ∈ R

n1
+

}
, (3.2)

not only is computationally tractable but also leads to (near-)optimal solutions; see

Lemma 3.1. For this reason, we use the supremum norm to measure the error of the

approximations:

‖Q−Qα‖∞ := sup
z∈Rm

|Q(z)−Qα(z)|, α ∈ R
m.

Lemma 3.1. Let α ∈ R
m be given, and consider the optimization problem in (3.1)

and its approximation in (3.2) with optimal solutions (x∗, z∗) and (x̂α, ẑα), respect-

ively. Then,

(i) |η∗ − η̂α| ≤ ‖Q−Qα‖∞
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and

(ii) |η∗ − cx̂α −Q(ẑα)| ≤ 2‖Q−Qα‖∞.

Proof. Using that (x∗, z∗) is optimal in (3.1) and (x̂α, ẑα) is optimal in (3.2), we have

η∗ ≤ cx̂α +Q(ẑα) ≤ cx̂α +Qα(ẑα) + ‖Q−Qα‖∞ = η̂α + ‖Q−Qα‖∞, (3.3)

and

η̂α ≤ cx∗ +Qα(z
∗) ≤ cx∗ +Q(z∗) + ‖Q−Qα‖∞ = η∗ + ‖Q−Qα‖∞. (3.4)

Combining (3.3) and (3.4) yields (i). The inequality in (ii) follows from (3.3) and

(3.4) as well, since

η∗ ≤ cx̂α +Q(ẑα) ≤ η̂α + ‖Q−Qα‖∞ ≤ η∗ + 2‖Q−Qα‖∞.

That is to say, ‖Q−Qα‖∞ is an upper bound for the difference η∗ − η̂α in object-

ive values of the original and approximating models, and the objective value of the

approximate solution (x̂α, ẑα) in the original model differs at most 2‖Q−Qα‖∞ from

the optimal objective value η∗.

The main contribution of this chapter is the derivation of nontrivial upper bounds

of ‖Q − Qα‖∞ for integer recourse models with TU recourse matrix W . In the

remaining part of this section we review the existing literature on such upper bounds.

First, consider the case W = Im. Then, problem (3.1) reduces to a one-sided SIR

problem [48]. This problem is called simple because the recourse function Q(z) is

separable in the components of z, so that

Q(z) = Eω

[
min
y

{
qy : y ≥ ω − z, y ∈ Z

m
+

}]
=

m∑
i=1

qiQi(zi), z ∈ R
m, (3.5)

where Qi(zi) := Eωi
[
ωi − zi�+], and similarly

Qα(z) =

m∑
i=1

qiEωi

[
(
ωi�αi

− zi)
+
]
, z ∈ R

m.
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Here, (x)+ := max{0, x} denotes the positive part of x ∈ R (also, componentwise for

x ∈ R
m), and we conveniently write 
x�+ to denote max{0, 
x�}.

The properties of the m-dimensional SIR function Q follow directly from those of

the generic one-dimensional SIR function

Q(z) := Eω[
ω − z�+], z ∈ R. (3.6)

If the one-dimensional random variable ω is discretely distributed, then efficient al-

gorithms are available to construct the convex hull of Q [40, 41]. If ω is continuously

distributed with probability density function (pdf) f of bounded variation, then Klein

Haneveld et al. [42] show that for every α ∈ R,

‖Q −Qα‖∞ ≤ min

{ |Δ|f
4

, 1

}
, (3.7)

where Qα denotes the α-approximation of Q and |Δ|f := |Δ|f(R) the total variation

of f on R; see Definition 3.2. This result leads to the following uniform upper bound

on the error in the case of SIR:

sup
z∈Rm

|Q(z)−Qα(z)| ≤
m∑
i=1

qi min

{ |Δ|fi
4

, 1

}
, α ∈ R

m, (3.8)

where fi is the marginal pdf of ωi.

Let us now consider the more general case, where the recourse matrix W is TU.

The second-stage value function v can be rewritten in a more convenient form. Since

the recourse is complete and sufficiently expensive, we have for all s ∈ R
m,

v(s) = min
y

{qy : Wy ≥ s, y ∈ Z
n2
+ }

= min
y

{qy : Wy ≥ 
s� , y ∈ R
n2
+ } (3.9)

= max
λ

{λ 
s� : λW ≤ q, λ ∈ R
m
+}, (3.10)

where the equality in (3.9) follows from the fact that W is TU, and the equality in

(3.10) holds by strong linear programming (LP) duality. Assumptions (i) and (ii)

also imply that the dual feasible region {λW ≤ q, λ ≥ 0} is non-empty and bounded.
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Thus it is spanned by finitely many extreme points λk, k = 1, . . . ,K. Hence,

v(s) = max
k=1,...,K

λk 
s� , s ∈ R
m,

and thus

Q(z) = Eω

[
max

k=1,...,K
λk 
ω − z�

]
, z ∈ R

m. (3.11)

Correspondingly, for every α ∈ R
m the α-approximation Qα can be written as

Qα(z) = Eω

[
max

k=1,...,K
λk (
ω�α − z)

]
, z ∈ R

m. (3.12)

Now it is easy to observe that Q is the expectation of the pointwise maximum of

finitely many round-up functions, so that Q is generally non-convex, whereas Qα is a

convex polyhedral function.

Van der Vlerk [83] claims that there exists α∗ ∈ R
m such that Qα∗ is the convex

hull of Q, so that the approximation model in (3.2) yields exact results if the matrix T

is of full row rank and the optimal solution x∗ is an interior point of the deterministic

constraint set {x ∈ R
n1
+ : Ax ≥ b}. These two conditions, especially the latter, may

be very restrictive from a practical point of view. Moreover, if one of these conditions

does not hold, then there is no performance guarantee at all for the approximate

solution x̂α∗ that is obtained.

An upper bound of ‖Q − Qα‖∞ is not subject to these drawbacks and provides

a performance guarantee irrespective of whether the above-mentioned conditions are

satisfied or not. For this reason, deriving such an error bound is important. In

addition, we have shown in Chapter 2 that the claim of Van der Vlerk [83] does not

hold in general; see also [61] and [86]. In fact, the claim holds only if all random

variables in the model are independently and uniformly distributed, underlining the

relevance for practical purposes of the error bound we derive in this chapter.
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3.3 Piecewise flattening of density functions without

increasing total variation

The error bound for SIR models in (3.8) shows that the total variations of the densities

of the random variables in the model are the main determinants of the magnitude of

the error ‖Q−Qα‖∞. Since these total variations will play an important role in the

derivation of an error bound for TU integer recourse models as well, we first give a

formal definition of total variation.

Definition 3.2 (Total variation). Let f : R �→ R be a real-valued function, and

let I ⊂ R be an interval. Let Π(I) denote the set of all finite ordered sets P =

{x1, . . . , xN+1} with x1 < · · · < xN+1 in I. Then, the total variation of f on I,

denoted |Δ|f(I), is defined as

|Δ|f(I) = sup
P∈Π(I)

Vf (P ),

where

Vf (P ) =

N∑
i=1

|f(xi+1)− f(xi)|.

We will write |Δ|f := |Δ|f(R). Moreover, f is of bounded variation if and only if

|Δ|f < +∞.

In this section we introduce several lemmas based on properties of the total vari-

ation of one-dimensional density functions. We use these lemmas extensively to solve

a simplified one-dimensional bounding problem in Section 3.4, and to derive a bound

for ‖Q − Qα‖∞ for TU integer recourse models in Sections 3.5 and 3.6. In order to

avoid technicalities, we only consider density functions f that are well behaved in the

following sense. (The obvious generalization to (in)dependent pdf on R
m is given in

Sections 3.5 and 3.6.)

Definition 3.3. Let F denote the set of one-dimensional probability density functions

f of bounded variation that have finitely many discontinuity points on any bounded

interval.

Remark 3.2. Note that for every f ∈ F there exists a left-continuous version f̂ ∈ F
that is practically equivalent to f with |Δ|f̂ ≤ |Δ|f .
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The first lemma says that the total variation does not increase when we flatten a

density function on some bounded interval I in such a way that the probability of the

event {ω ∈ I} does not change. The intuition behind this lemma is that a constant

function has lower total variation than a varying one.

Lemma 3.2. Let f ∈ F be given, and let I ⊂ R denote a bounded interval with

positive length |I|. Define g ∈ F as

g(x) =

{
f(x), x /∈ I,

KI , x ∈ I,
(3.13)

with KI := |I|−1
∫
I
f(u)du. Then |Δ|g ≤ |Δ|f .

Proof. Let f ∈ F be given and assume for the moment that I is open, so that I = (a, b)

for some a < b. Since g(x) = f(x) for x /∈ (a, b), it follows that |Δ|g ≤ |Δ|f if and

only if |Δ|g([a, b]) ≤ |Δ|f([a, b]). Since g has the constant value KI on the interval

(a, b), it follows that

|Δ|g([a, b]) = |KI − f(a)|+ |f(b)−KI |.

In particular, if min{f(a), f(b)} ≤ KI ≤ max{f(a), f(b)}, we have

|Δ|g([a, b]) = |f(b)− f(a)| ≤ |Δ|f([a, b]).

For larger or smaller values of KI we use that

|Δ|f([a, b]) ≥ |f(d)− f(a)|+ |f(b)− f(d)| for all d ∈ (a, b).

Note that there exists d1 ∈ (a, b) with f(d1) ≤ KI . Otherwise,
∫
I
f(u)du >

∫
I
KIdu =

|I|KI =
∫
I
f(u)du yields a contradiction. Similarly, there exists d2 ∈ (a, b) with

f(d2) ≥ KI .

Now suppose KI < min{f(a), f(b)}. Then

|Δ|f([a, b]) ≥ |f(d1)− f(a)|+ |f(b)− f(d1)|
≥ |KI − f(a)|+ |f(b)−KI | = |Δ|g([a, b]),

the latter inequality being true since f(d1) ≤ KI < min{f(a), f(b)}.
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Analogously, if KI > max{f(a), f(b)},

|Δ|f([a, b]) ≥ |f(d2)− f(a)|+ |f(b)− f(d2)|
≥ |KI − f(a)|+ |f(b)−KI | = |Δ|g([a, b]).

We conclude that |Δ|g([a, b]) ≤ |Δ|f([a, b]) and thus |Δ|g ≤ |Δ|f .
When I is not open, the proof is more technical but follows the same line of

argument as above; therefore, we omit this part of the proof.

The next two lemmas use the result from Lemma 3.2 and are designed with de-

riving an upper bound for ‖Q − Qα‖∞ in mind. Assuming the same properties as

those of the functions involved in deriving this upper bound, we show in Lemma 3.3

that flattening a density function leads to an expected value of zero for ‘average-zero’

functions, and in Lemma 3.4 we show that this operation can be carried out in such

a way that the expected value of piecewise constant functions does not change.

Lemma 3.3. Let ϕ be a bounded function with the property that
∫
I
ϕ(x)dx = 0 for

some bounded interval I. Then for every f ∈ F , there exists g ∈ F such that

(i) |Δ|g ≤ |Δ|f ,

(ii) g(x) = f(x) for x /∈ I,

(iii)
∫
I
ϕ(x)g(x)dx = 0, and

(iv)
∫
ϕ(x)f(x)dx− ∫

ϕ(x)g(x)dx =
∫
I
ϕ(x)f(x)dx.

For example, the pdf g defined in (3.13) satisfies these four properties.

Proof. Let f ∈ F be given. Since ϕ is bounded it follows that | ∫ ϕ(x)f(x)dx| < +∞.

Define g ∈ F as in (3.13); hence by Lemma 3.2, properties (i) and (ii) follow. Because

of (ii),
∫
R\I ϕ(x)g(x)dx =

∫
R\I ϕ(x)f(x)dx. Moreover, since g has constant value KI

on I, (iii)
∫
I
ϕ(x)g(x)dx = KI

∫
I
ϕ(x)dx = 0, and (iv) follows immediately.

Lemma 3.4. Let ϕ : R �→ R be a bounded piecewise constant function such that

ϕ(x) :=
∑
j∈J

ϕj�Ij (x),

where �I is the indicator function of interval I, {Ij}j∈J is a countable collection of

disjoint bounded intervals of positive length such that ∪j∈JIj = R, and ϕj ∈ R, j ∈ J .
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Let Vϕ denote the set of discontinuity points of ϕ, and assume that Vϕ coincides with

the endpoints of Ij, j ∈ J , and that |Vϕ∩I| is finite for any bounded interval I. Then,

for every f ∈ F there exists a g ∈ F that is piecewise constant with

(i) Vg ⊆ Vϕ,

(ii) |Δ|g ≤ |Δ|f , and

(iii)
∫
ϕ(x)g(x)dx =

∫
ϕ(x)f(x)dx.

For example,

g(x) := |Ij |−1

∫
Ij

f(u)du for x ∈ Ij , j ∈ J (3.14)

satisfies these properties.

Proof. Let g be defined as in (3.14) so that g is a piecewise constant density function

in F with (i) Vg ⊆ Vϕ. Moreover, since
∫
Ij
g(x)dx =

∫
Ij
f(x)dx for all j ∈ J , we have

that

(iii)

∫
ϕ(x)f(x)dx =

∑
j∈J

∫
Ij

ϕ(x)f(x)dx

=
∑
j∈J

ϕj

∫
Ij

f(x)dx

=
∑
j∈J

ϕj

∫
Ij

g(x)dx

=

∫
ϕ(x)g(x)dx.

By applying Lemma 3.2 repeatedly, we also have that (ii) |Δ|g ≤ |Δ|f .

Remark 3.3. Equivalently to
∫
ϕ(x)g(x)dx =

∫
ϕ(x)f(x)dx, we can write Eg[ϕ(ω)] =

Ef [ϕ(ω)], where Eg and Ef indicate that the expectation is with respect to g and f ,

respectively.
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3.4 Uniform error bound for one-dimensional round-

up functions

In the next sections we derive an error bound for the α-approximation Qα of the

TU integer recourse function Q. One of the main difficulties in calculating this error

bound is that the maximizing dual vertices λ in (3.11) and (3.12) depend on ω and

are possibly different. If it were true that a deterministic λ̂ exists such that

Q(z) = Eω

[
max

k=1,...,K
λk 
ω − z�

]
≤ Eω

[
λ̂ 
ω − z�

]

and

Qα(z) = Eω

[
max

k=1,...,K
λk(
ω�α − z)

]
≥ Eω

[
λ̂(
ω�α − z)

]
,

then

Q(z)−Qα(z) ≤ Eω

[
λ̂(
ω�z − 
ω�α)

]
=

m∑
i=1

λ̂iEωi

[

ωi�zi − 
ωi�αi

]
,

so that we obtain an error bound if we derive a bound on each component of Eω[
ω�z−

ω�α]. In this section we analyze this simplified one-dimensional bounding problem.

It can be solved by clever application of flattening of densities, using the special

properties of the underlying difference function. Surprisingly, it turns out that the

uniform upper bound of this hypothesized α-approximation is very useful for the

TU model, to be discussed in the next section. As we will show then, a suitable

relaxation of the set of dual vertices λ to a set with deterministic pointwise supremum

λ∗ is possible, and together with suitable flattening of the densities involved an error

bound will be derived.

Definition 3.4 (Difference function). For every α ∈ R, z ∈ R, define the difference

function ϕα,z as

ϕα,z(x) := 
x�z − 
x�α = 
x− z�+ z − 
x− α� − α, x ∈ R.

Moreover, for every α ∈ R, z ∈ R, define the expected difference function Dα,z : F �→
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R as

Dα,z(f) := Ef [ϕα,z(ω)], f ∈ F .

Remark 3.4. For fixed α ∈ R and f ∈ F , the expected difference function Dα,z(f) can

be interpreted as the difference between the round-up function R(z) := Eω[
ω − z�],
z ∈ R, and its α-approximation Eω[(
ω�α − z)], where the expectations are with

respect to the pdf f .

γα,z

0

γα,z − 1

�zα z 
z�α z + 1 z + 2

γα,z

Figure 3.1: The difference function ϕα,z from Definition 3.4.

The following properties of the difference function ϕα,z are illustrated in Figure 3.1.

Lemma 3.5 (Properties of the difference function). Consider the difference function

ϕα,z(x) := 
x�z − 
x�α, x ∈ R.

(i) ϕα,z is periodic in x, α, and z with period 1, and moreover ϕα,z(x) = −ϕz,α(x).

(ii) If α− z ∈ Z, then ϕα,z ≡ 0.
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(iii) If α− z /∈ Z, then ϕα,z is a two-valued function

ϕα,z(x) =

⎧⎨
⎩

γα,z, x ∈ ∪l∈Z(z + l, 
z�α + l],

γα,z − 1, x ∈ ∪l∈Z(�zα + l, z + l],
(3.15)

with

γα,z := z − �zα = z + 1− 
z�α ∈ (0, 1).

Thus, ϕα,z has jumps of size +1 on z + Z and jumps of size −1 on α+ Z, and

it is left-continuous.

(iv)
∫
I
ϕα,z(x)dx = 0 for any interval I of length |I| = 1.

Proof. Properties (i) and (ii) are obvious. (iii) Since 
x− y�+y is a piecewise constant

(left-continuous) function with jumps of size +1 on y + Z, it follows that ϕα,z is

piecewise constant (left-continuous) with jumps of size +1 on z+Z and jumps of size

−1 on α+ Z.

Note that for x ∈ (z, 
z�α],

ϕα,z(x) = z + 1− 
z − α� − α = z + 1− 
z�α = z − �zα = γα,z ∈ (0, 1).

Since ϕα,z has jumps of size −1 on α+ Z, it follows that

ϕα,z(x) = γα,z − 1 for x ∈ (
z�α , z + 1].

Since ϕα,z is periodic with period 1, (3.15) holds. Moreover, we have

∫ �z�α

�z	α
ϕα,z(x)dx =

∫ z

�z	α
ϕα,z(x)dx+

∫ �z�α

z

ϕα,z(x)dx = 0,

since ∫ z

�z	α
ϕα,z(x)dx = (z − �zα)(γα,z − 1) = −γα,z(1− γα,z) (3.16)
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and

∫ �z�α

z

ϕα,z(x)dx = (
z�α − z)γα,z = (1− γα,z)γα,z. (3.17)

From the periodicity of ϕα,z it now follows that (iv)
∫
I
ϕα,z(x)dx = 0 for any interval

I of length |I| = 1.

Lemma 3.5 directly implies the following properties of the expected difference

function Dα,z.

Corollary 3.1. For every f ∈ F ,

(i) Dα,z(f) is periodic in both α and z with period 1,

(ii) Dα,z(f) = −Dz,α(f),

(iii) Dα,z(f) = 0 if α− z ∈ Z, and

(iv) |Dα,z(f)| ≤ 1.

After these technical preparations we are ready to derive a nontrivial upper bound

for |Dα,z(f)|. Obviously, for any given f0 ∈ F and any α ∈ R the sharpest upper

bound is

M(α, f0) := sup
z∈R

|Dα,z(f0)|. (3.18)

However, it is practically impossible to calculate this bound. Surprisingly, a kind of

worst-case analysis appears to be very helpful. Instead of considering f0 which has

|Δ|f0 = B0, we will solve, for all B > 0, the optimization problem

M(B) := sup
α∈R

sup
f∈F

{
M(α, f) : |Δ|f ≤ B

}
,

so that M(B0) is an upper bound for M(α, f0). This key result is contained in

Theorem 3.1, concluding this section. Observe that M(B) exists since |Dα,z(f)| ≤ 1

for all f ∈ F by Corollary 3.1 (iv).
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We first explain why the worst-case approach works. By interchanging supremiz-

ations and using Dα,z(f) = −Dz,α(f), it follows that

M(B) = sup
α∈R

sup
z∈R

sup
f∈F

{
|Dα,z(f)| : |Δ|f ≤ B

}
= sup

α∈R

sup
z∈R

sup
f∈F

{
Dα,z(f) : |Δ|f ≤ B

}
. (3.19)

We will show that the inner supremization,

(P) sup
f∈F

{
Dα,z(f) : |Δ|f ≤ B

}
,

with fixed α and z, can be solved explicitly, using the tools of Section 3.3.

Proposition 3.1. Let α, z ∈ R be given. Then, for every B > 0,

sup
f∈F

{
Dα,z(f) : |Δ|f ≤ B

}
= min

{
γα,z, γα,z(1− γα,z)

B

2

}
, (3.20)

with γα,z := z − �zα.
Proof. If α− z ∈ Z so that γα,z = 0, then Corollary 3.1 (iii) shows that Dα,z(f) = 0

for all f ∈ F so that supf∈F{Dα,z(f) : |Δ|f ≤ B} = 0 and thus (3.20) holds.

If α− z /∈ Z, then the difference function ϕα,z is piecewise constant with Vϕα,z =

(α + Z) ∪ (z + Z) so that it satisfies the conditions of Lemma 3.4. Application

of this lemma shows that for every feasible g of maximization problem (P) there

exists a piecewise constant feasible solution f with the same objective value, and

with Vf ⊂ Vϕα,z . Hence, we can (and will) restrict the feasible region of (P) to

piecewise constant density functions f with Vf ⊂ (α + Z) ∪ (z + Z). We will denote

its function values to the left of z + l by f−
l and those to the right of z + l by f+

l ;

that is

f(x) =

⎧⎨
⎩

f−
l , for x ∈ (�zα + l, z + l], l ∈ Z,

f+
l , for x ∈ (z + l, 
z�α + l], l ∈ Z.

Consider such feasible f ∈ F . We will derive necessary optimality conditions on its

function values by applying Lemma 3.3 with ϕ = ϕα,z and I an arbitrary interval

with |I| = 1. Lemma 3.5 (iv) shows that the conditions of Lemma 3.3 are satisfied.

Lemma 3.3 (i, iv) shows that a feasible g exists such that Dα,z(f) − Dα,z(g) =
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∫
I
ϕα,z(x)f(x)dx. If the right-hand side happens to be negative, f cannot be optimal

for (P) since g has a better objective value. Hence, for each interval I with |I| = 1

we have the following necessary optimality condition for f in (P):

∫
I

ϕα,z(x)f(x)dx ≥ 0.

In particular, for I = (z + l − 1, z + l] and I = (�zα + l, 
z�α + l], l ∈ Z, it can be

derived from (3.16) and (3.17) that

∫ z+l

z+l−1

ϕα,z(x)f(x)dx = γα,z(1− γα,z){f+
l−1 − f−

l },

and

∫ �z�α+l

�z	α+l

ϕα,z(x)f(x)dx = γα,z(1− γα,z){f+
l − f−

l },

yielding the optimality conditions

f+
l−1 ≥ f−

l , l ∈ Z,

and

f+
l ≥ f−

l , l ∈ Z.

Under these restrictions f is a piecewise constant density function whose value

alternately increases and decreases. For such density functions the total variation can

be expressed as |Δ|f = 2
∑

l∈Z
{f+

l − f−
l }, i.e., as the sum of its total increase and

total decrease. Moreover, using (3.16), (3.17), and the periodicity of ϕα,z, we have

that

Dα,z(f) =

∫
ϕα,z(x)f(x)dx

=
∑
l∈Z

{
f−
l

∫ z+l

�z	α+l

ϕα,z(x)dx+ f+
l

∫ �z�α+l

z+l

ϕα,z(x)dx
}

= γα,z(1− γα,z)
∑
l∈Z

{
f+
l − f−

l

}
.
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Hence, problem (P) reduces to the optimization problem

sup
f+
l ,f−

l

Dα,z(f) = γα,z(1− γα,z)
∑
l∈Z

{
f+
l − f−

l

}

s.t.
∑
l∈Z

{
(1− γα,z)f

+
l + γα,zf

−
l

}
= 1 (3.21)

∑
l∈Z

{
f+
l − f−

l

}
≤ B

2
(3.22)

f+
l ≥ f−

l , f+
l−1 ≥ f−

l , l ∈ Z (3.23)

f+
l ≥ 0, f−

l ≥ 0, l ∈ Z (3.24)

Here, (3.24) ensures that f is non-negative, (3.21) that f integrates to 1, and (3.22)

that |Δ|f ≤ B, whereas the inequalities in (3.23) represent the necessary optimality

conditions derived above. Notice that the variables f+
l have a positive coefficient in

the objective and f−
l a negative one.

We solve this reduced version of (P) by providing an upper bound which we

subsequently prove to be tight. On one hand (3.22) implies that

Dα,z(f) ≤ γα,z(1− γα,z)
B

2
, (3.25)

and on the other hand, since (3.21) is equivalent to

(1− γα,z)
∑
l∈Z

{f+
l − f−

l } = 1−
∑
l∈Z

f−
l ,

we have

Dα,z(f) = γα,z(1− γα,z)
∑
l∈Z

{
f+
l − f−

l

}

= γα,z

(
1−

∑
l∈Z

f−
l

)

≤ γα,z, (3.26)

since
∑

l∈Z
f−
l ≥ 0. Combining the upper bounds in (3.25) and (3.26) yields, for
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every f ∈ F with |Δ|f ≤ B,

Dα,z(f) ≤ min{γα,z, γα,z(1− γα,z)B/2}

=

⎧⎨
⎩

γα,z, if γα,z ≤ 1− 2/B,

γα,z(1− γα,z)B/2, if γα,z ≥ 1− 2/B.

Consider first the case 0 < γα,z ≤ 1 − 2/B (i.e., (1 − γα,z)
−1 ≤ B/2). Then the

density f̂ with

f̂−
0 = 0, f̂+

0 = c, f̂−
l = f̂+

l = 0 for all l ∈ Z\{0}

satisfies all constraints (3.21)–(3.24) if c := (1 − γα,z)
−1, and the objective value

Dα,z(f̂) equals γα,z, indeed.

Consider next the case 1− 2/B < γα,z < 1 (so that (1− γα,z)B/2 < 1). Then the

density f̄ with

f̄−
0 = 0, f̄+

0 = B/2, f̄−
l = f̄+

l = c l = 1, . . . , k

f̄−
l = f̄+

l = 0 l < 0, l > k

satisfies all constraints (3.21)–(3.24) if

(1− γα,z)B/2 + kc = 1 (from (3.21))

0 ≤ c ≤ B/2 (from 0 ≤ f̄−
1 ≤ f̄+

0 )

and these are satisfied by k = k∗, c = c∗ given by

k∗ := min
k∈Z

{k : (1− γα,z)B/2 + kB/2 ≥ 1} = 
γα,z − (1− 2/B)� (3.27)

c∗ := (1− (1− γα,z)B/2)/k∗. (3.28)

The objective value Dα,z(f̄) equals γα,z(1− γα,z)B/2, indeed.

It is interesting to picture the optimal densities f̂ and f̄ from the proof of Pro-

position 3.1 because for these densities the error of the α-approximation is largest.

Obviously, the shape of such an optimal density will depend on the value of B.

For large values of B, the constraint on the total variation of f is not very re-
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strictive. Therefore, it is not hard to imagine that (since ϕα,z is two-valued with

maximum value γα,z) it might be possible to attain the upper bound γα,z by setting

f(x) > 0 if and only if ϕα,z(x) = γα,z > 0. It turns out that this is indeed possible if

γα,z ≤ 1− 2/B. For example, the pdf f̂ defined as

f̂(x) =

⎧⎨
⎩

(1− γα,z)
−1, z < x ≤ 
z�α
0, otherwise,

(3.29)

has objective value Dα,z(f̂) = γα,z.

For smaller values of B for which 1−2/B < γα,z < 1, the pdf f̂ is infeasible because

it violates the total variation constraint. In fact, any pdf f with Dα,z(f) = γα,z now

violates this constraint, so that intuitively any optimal pdf f must satisfy |Δ|f = B.

An example of such an optimal density is given by the pdf f̄ in Figure 3.2, defined as

f̄(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

B/2, x ∈ (z, 
z�α]
c∗, x ∈ (
z�α , 
z�α + k∗]

0, otherwise,

(3.30)

with k∗ and c∗ as defined in (3.27) and (3.28), respectively. Indeed, it can be shown

that any pdf f that is piecewise constant with Vf ⊂ (α+Z)∪(z+Z) satisfying (3.21),

(3.23), (3.24), and |Δ|f = B is optimal with objective value Dα,z(f) = Dα,z(f̄) =

γα,z(1− γα,z)B/2.

Now that we have solved the inner optimization problem (P) explicitly, it is easy

to find an upper bound for M(α, f).

Theorem 3.1 (Error bound for the expected difference function). For every α ∈ R

and every random variable ω with pdf f ∈ F ,

M(α, f) := sup
z∈R

|Dα,z(f)| ≤ h(|Δ|f),

where h : (0,∞) �→ R is given by

h(x) =

⎧⎨
⎩

x/8, 0 < x ≤ 4,

1− 2/x, x ≥ 4.
(3.31)
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B/2

0

c∗

z 
z�α 
z�α + k∗

Figure 3.2: The pdf f̄ defined in (3.30) with k∗ = 3.

Proof. Let f0 ∈ F with |Δ|f0 = B0 be given. Then, M(B0) with M as in (3.19) is an

upper bound of M(α, f0). Using Proposition 3.1, we have that

M(B0) = sup
α∈R

sup
z∈R

min
{
γα,z, γα,z(1− γα,z)

B0

2

}
,

with γα,z := z − �zα ∈ [0, 1). Hence, it follows that

M(B0) = sup
γ∈[0,1)

min
{
γ, γ(1− γ)

B0

2

}
.

In this optimization problem we have to maximize the minimum of a linear and a

quadratic function over the domain [0, 1). Elementary analysis shows that the optimal

solution is given by γB0
:= max{1/2, 1 − 2/B0}, whereas the optimal value is equal

to h(B0), where h is as defined in (3.31).

As argued before, for every α ∈ R, z ∈ R, and f ∈ F , the expected difference

function Dα,z(f) satisfies |Dα,z(f)| ≤ 1. Theorem 3.1 shows that only for density

functions f ∈ F with a large total variation |Δ|f the expected difference function

|Dα,z(f)| may be close to this trivial upper bound. It turns out that these are exactly

the type of density functions for which ‖Q−Qα‖∞ and its upper bound, to be derived

in the next sections, are large, suggesting that (depending on the problem and desired

accuracy) the error bound of the approximation may be too large for the practical



209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM

56 Chapter 3

problem at hand.

However, the next example shows that for many density functions f ∈ F that

are expected to arise in practice, the value of h(|Δ|f) and thus also of |Dα,z(f)| is
actually much smaller than 1, suggesting that in these cases ‖Q−Qα‖∞ and its upper

bound may be small enough for practical purposes.

Example 3.1. Let f ∈ F be the density function corresponding to a normal distribu-

tion with mean μ and variance σ2; that is, f(x) = 1√
2πσ2

exp{− 1
2σ2 (x− μ)2}, x ∈ R.

This density function is unimodal with maximum value 1√
2πσ2

at x = μ, so that

|Δ|f = 2 1√
2πσ2

= σ−1
√

2/π. For example, if σ = 1, then |Δ|f ≈ 0.789 and

h(|Δ|f) ≈ 0.0997. �

In general, there is no one-to-one correspondence between the standard deviation

σ and the total variation |Δ|f as in the case of the normal distribution. In fact, |Δ|f
is not even a measure of dispersion of the distribution of ω. For example, for unimodal

density functions it is uniquely determined by the mode of f and does not depend on

the shape of f . Thus, |Δ|f is small if f resembles a uniform distribution with a large

support, and |Δ|f is large if f has one or more high peaks (with |Δ|f → +∞ as f

approximates a discrete distribution).

Table 3.1 specifies values of |Δ|f and h(|Δ|f) for various instances of well-known
density functions. It is good to keep in mind that h(|Δ|f) represents a worst-case

bound for |Dα,z(f)| so that in practice the actual value of |Dα,z(f)| may be much

lower than h(|Δ|f). For example, for the two uniform density functions with integer

length support in Table 3.1, Dα,z(f) = 0 for all z ∈ R if α = 0.

Table 3.1: Values of |Δ|f and h(|Δ|f) for several well-known density functions.

Distribution f(x) Parameter value(s) |Δ|f h(|Δ|f)

Normal 1√
2πσ2

exp{− 1
2σ2 (x− μ)2} σ = 0.1 7.98 0.749

– – σ = 1 0.798 0.0997
– – σ = 10 0.0798 0.00997

Exponential λ exp{−λx}�(0,∞)(x) λ = 1 2 0.25
– – λ = 0.1 0.2 0.025

Uniform 1
b−a

�[a,b](x) a = 0, b = 1 2 0.25

– – a = 0, b = 10 0.2 0.025
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3.5 TU integer recourse models with independent

random variables

Now we have set the stage for the analysis of TU integer recourse models. To avoid

obscuring technicalities we first assume that the components of the m-dimensional

random right-hand side vector ω are independently distributed and that the joint

density function f of ω is contained in Fm defined below. We will deal with dependent

distributions in the next section.

Definition 3.5. Let Fm denote the set of m-dimensional joint density functions f

whose marginal densities fi, i = 1, . . . ,m, are contained in F , and for which

f(x) =
m∏
i=1

fi(xi), x ∈ R
m.

We will derive an error bound for the α-approximation Qα of the TU integer

recourse function Q given by (3.12) and (3.11), respectively. Similar to the expected

difference function in Section 3.4, for almost any given f ∈ Fm with |Δ|fi = Bi and

α ∈ R
m, direct calculation of the sharpest upper bound

N (α, f) := sup
z∈Rm

|Q(z)−Qα(z)|

is too demanding. As already mentioned, the main difficulty in calculating this bound

is that the maximizing dual vertices λ in (3.11) and (3.12) depend on ω, and are

possibly different for a given ω. In order to overcome this difficulty, we relax the set

of possible dual vertices and use a worst-case analysis over this relaxed set. As we

will see, this approach, combined with the analysis of the one-dimensional expected

difference function, yields the desired upper bound.

Consider, therefore, the TU integer expected value function Q, and pick for every

z ∈ R
m a function λz

Q : Rm �→ R
m such that

λz
Q(x) ∈ argmax

k=1,...,K
λk 
x− z� , x ∈ R

m, (3.32)
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and λz
Q is constant on

Cl
z :=

m∏
i=1

Cli
zi :=

m∏
i=1

(zi + li − 1, zi + li]

for every l ∈ Z
m. This is indeed possible since 
x− z� is constant on Cl

z. Analogously,

associated with Qα, pick for every α ∈ R
m and z ∈ R

m, a function

λz
Qα

(x) ∈ argmax
k=1,...,K

λk(
x�α − z), x ∈ R
m,

such that λz
Qα

is constant on Cl
α for every l ∈ Z

m. Now we can rewrite Q and Qα as

Q(z) = Eω[λ
z
Q(ω) 
ω − z�] and Qα(z) = Eω[λ

z
Qα

(ω)(
ω�α − z)], respectively.

Note that λz
Q and λz

Qα
have three important properties in common. First, both

functions are nonnegative. Second, both functions are bounded by λ∗ ∈ R
m defined

as

λ∗
i := max

k=1,...,K
λk
i , i = 1, . . . ,m, (3.33)

and third, for both functions there exists β ∈ R
m such that the function is constant

on Cl
β for every l ∈ Z

m. These three properties are paramount to obtaining an upper

bound for N (α, f), as we show now.

Definition 3.6. Let Λm denote the set of functions λ : Rm �→ R
m for which

(i) 0 ≤ λ(x) ≤ λ∗ for every x ∈ R
m, and

(ii) there exists β ∈ R
m such that λ is constant on Cl

β for every l ∈ Z
m.

Definition 3.7. For every α ∈ R
m, z ∈ R

m, define Gα,z : Λm ×Fm �→ R as

Gα,z(λ, f) := Ef

[
λ(ω)

(

ω�z − 
ω�α

)]
,

where λ ∈ Λm and f ∈ Fm.

Lemma 3.6. For every α̂ ∈ R
m and every f ∈ Fm,

N (α̂, f) ≤ N ∗(f) := sup
α∈Rm

sup
z∈Rm

sup
λ∈Λm

Gα,z(λ, f).
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Proof. Let α̂ ∈ R
m and f ∈ Fm be given. We will show that for every z ∈ R

m,

Q(z)−Qα̂(z) ≤ sup
λ∈Λm

Gα̂,z(λ, f),

and

Qα̂(z)−Q(z) ≤ sup
λ∈Λm

Gz,α̂(λ, f),

implying that

sup
z∈Rm

|Q(z)−Qα̂(z)| ≤ sup
α∈Rm

sup
z∈Rm

sup
λ∈Λm

Gα,z(λ, f)

as postulated.

To prove the first inequality, let z ∈ R
m be given, and consider the function λz

Q as

defined in (3.32). Note that λz
Q(x) is a maximizer of maxk=1,...,K λk 
x− z� for every

x ∈ R
m, but not necessarily of maxk=1,...,K λk(
x�α̂ − z). Thus,

Q(z)−Qα̂(z) ≤ Eω

[
λz
Q(ω)

{

ω�z − 
ω�α̂

}]
= Gα̂,z(λ

z
Q, f).

Since λz
Q ∈ Λm, the first inequality follows. Analogously, the second inequality follows

from

Qα̂(z)−Q(z) ≤ Eω

[
λz
Qα̂

(ω)
{

ω�α̂ − 
ω�z

}]
= Gz,α̂(λ

z
Qα̂

, f).

The final step in our analysis comprises a similar worst-case analysis as carried

out for the one-dimensional case in the previous section. For all B ∈ R
m with B > 0

we consider the optimization problem

N(B) := sup
f∈Fm

{
N ∗(f) : |Δ|fi ≤ Bi, i = 1, . . . ,m

}
(3.34)

= sup
α∈Rm

sup
z∈Rm

sup
f∈Fm

sup
λ∈Λm

{
Gα,z(λ, f) : |Δ|fi ≤ Bi, i = 1, . . . ,m

}
.

The following proposition allows us to reduce the problem to one involving the con-

stant function λ ≡ λ∗, with λ∗ as defined in (3.33).

Proposition 3.2. For every α ∈ R
m, z ∈ R

m, λ ∈ Λm, and f ∈ Fm, there exists g ∈
Fm with |Δ|gi ≤ |Δ|fi, i = 1, . . . ,m, such that Gα,z(λ, f) ≤ Gα,z(λ, g) ≤ Gα,z(λ

∗, g).
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Proof. Let α ∈ R
m, z ∈ R

m, λ ∈ Λm, and f ∈ Fm be given with λ constant on every

Cl
β for some β ∈ R

m. Observe that

Gα,z(λ, f) :=Eω

[
λ(ω)

(

ω�z − 
ω�α

)]

=Eω

[
m∑
i=1

λi(ω)ϕαi,zi(ωi)

]

=

m∑
i=1

∫
Rm

λi(x)ϕαi,zi(xi)f(x)dx,

where ϕαi,zi is the one-dimensional difference function introduced in Definition 3.4.

Here, the last equality is obtained by writing the expectation Eω as an integral, and

by interchanging summation and integration. Since λ is constant on Cl
β for every l,

we can calculate the expected value on each Cl
β separately:

Gα,z(λ, f) =

m∑
i=1

∑
l∈Zm

∫
Cl

β

λi(x)ϕαi,zi(xi)f(x)dx

=
m∑
i=1

∑
l∈Zm

λi(l + β)

∫
Cl

β

ϕαi,zi(xi)f(x)dx.

Moreover, since Cl
β =

∏m
j=1 C

lj
βj

and f(x) =
∏m

j=1 fj(xj), we obtain

∫
Cl

β

ϕαi,zi(xi)f(x)dx =

(∫
C

li
βi

ϕαi,zi(xi)fi(xi)dxi

)∏
j �=i

∫
C

lj
βj

fj(xj)dxj .

Writing l(i) := (l1, . . . , li−1, li+1, . . . , lm), we replace
∑

l∈Zm by
∑

li∈Z

∑
l(i)∈Zm−1 and

get

Gα,z(λ, f) =

m∑
i=1

∑
li∈Z

ψα,z,λ,f (i, li)

∫
C

li
βi

ϕαi,zi(xi)fi(xi)dxi (3.35)

with

ψα,z,λ,f (i, li) :=
∑

l(i)∈Zm−1

λi(l + β)
∏
j �=i

∫
C

lj
βj

fj(xj)dxj . (3.36)
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Observe that ψα,z,λ,f (i, li) ≥ 0 for every i = 1, . . . ,m, li ∈ Z. Thus, if we adapt f

such that the integrals in (3.35) and (3.36) do not decrease, then an upper bound for

Gα,z(λ, f) is obtained. To this end, we construct the joint density function g ∈ Fm

as follows. Let

g(x) :=
m∏
i=1

gi(xi), x ∈ R
m,

where for every i = 1, . . . ,m, the marginal density function gi is a particular flattened

version of fi: the function fi is only flattened over those intervals Cli
βi

for which∫
C

li
βi

ϕαi,zi(u)fi(u)du < 0. That is, for every li ∈ Z, and xi ∈ Cli
βi
,

gi(xi) :=

⎧⎨
⎩

fi(xi), if
∫
C

li
βi

ϕαi,zi(u)fi(u)du ≥ 0∫
C

li
βi

fi(u)du otherwise.

Obviously, because of Lemma 3.2, we have |Δ|gi ≤ |Δ|fi for every i = 1, . . . ,m. In

order to show that Gα,z(λ, f) ≤ Gα,z(λ, g) ≤ Gα,z(λ
∗, g), notice that for every li ∈ Z

and every i = 1, . . . ,m,

(i)
∫
C

li
βi

gi(u)du =
∫
C

li
βi

fi(u)du,

(ii)
∫
C

li
βi

ϕαi,zi(u)gi(u)du ≥ ∫
C

li
βi

ϕαi,zi(u)fi(u)du,

(iii)
∫
C

li
βi

ϕαi,zi(u)gi(u)du ≥ 0.

These properties follow directly from the construction. Indeed, if gi(xi) = fi(xi) on

Cli
βi
, nothing has to be shown. Otherwise, (i) is obvious, and

0 =

∫
C

li
βi

ϕαi,zi(u)gi(u)du >

∫
C

li
βi

ϕαi,zi(u)fi(u)du,

where the equality follows from Lemma 3.3 (iii) using |Cli
βi
| = 1 and Lemma 3.5 (iv).

From (i) it follows immediately that

ψα,z,λ,g(i, li) = ψα,z,λ,f (i, li), li ∈ Z, i = 1, . . . ,m,
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which together with (ii) implies

Gα,z(λ, f) ≤ Gα,z(λ, g).

In addition,

Gα,z(λ, g) =

m∑
i=1

∑
l∈Zm

λi(l + β)

∫
C

li
βi

ϕαi,zi(xi)gi(xi)dxi

∏
j �=i

∫
C

lj
βj

gj(xj)dxj

≤
m∑
i=1

∑
l∈Zm

λ∗
i

∫
C

li
βi

ϕαi,zi(xi)gi(xi)dxi

∏
j �=i

∫
C

lj
βj

gj(xj)dxj

= Gα,z(λ
∗, g),

where the inequality is true, since the coefficient of each λi(l + β) is nonnegative

because of (iii).

Next we state an upper bound for the relaxed optimization problem N(B) defined

in (3.34).

Proposition 3.3. For every B ∈ R
m with B > 0,

N(B) ≤
m∑
i=1

λ∗
i h(Bi),

with N defined in (3.34), λ∗
i defined in (3.33), and h defined in (3.31).

Proof. Using Proposition 3.2, we have that

N(B) = sup
α∈Rm

sup
z∈Rm

sup
f∈Fm

sup
λ∈Λm

{
Gα,z(λ, f) : |Δ|fi ≤ Bi, i = 1, . . . ,m

}
≤ sup

α∈Rm

sup
z∈Rm

sup
f∈Fm

{
Gα,z(λ

∗, f) : |Δ|fi ≤ Bi, i = 1, . . . ,m
}
.
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Note that for every α ∈ R
m, z ∈ R

m, and f ∈ Fm with |Δ|fi = Bi,

Gα,z(λ
∗, f) = Eω

[
λ∗(ω)

{

ω�z − 
ω�α

}]

=

m∑
i=1

λ∗
iEωi

[{

ωi�zi − 
ωi�αi

}]

=
m∑
i=1

λ∗
iDαi,zi(fi)

≤
m∑
i=1

λ∗
iM(αi, fi),

where Dαi,zi is as defined in Definition 3.4 and M is as defined in (3.18). The result

now follows from Theorem 3.1.

We are now ready to state our main result on the independent case.

Theorem 3.2 (Error bound for TU integer recourse models with independent random

variables). Consider the TU integer recourse function Q defined as

Q(z) = Eω

[
min
y

{
qy : Wy ≥ ω − z, y ∈ Z

n2
+

}]
, z ∈ R

m,

and for every α ∈ R
m its α-approximation Qα defined as

Qα(z) = Eω

[
min
y

{
qy : Wy ≥ 
ω�α − z, y ∈ R

n2
+

}]
, z ∈ R

m.

Under assumptions (i)–(iii) introduced in Section 3.2, we have for every α ∈ R
m and

every random right-hand side vector ω with independently distributed components

and with joint density function f ∈ Fm that

sup
z∈Rm

|Q(z)−Qα(z)| ≤
m∑
i=1

λ∗
i h(|Δ|fi),

where λ∗
i is as defined in (3.33) and h is as defined in (3.31).

Proof. Let α ∈ R
m and f ∈ Fm with |Δ|fi = Bi, i = 1, . . . ,m, be given. Then,

sup
z∈Rm

|Q(z)−Qα(z)| =: N (α, f) ≤ N ∗(f) ≤ N(B),
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where the first inequality follows from Lemma 3.6 and the second from the definition

of N in (3.34). Now the result follows directly from Proposition 3.3.

Remark 3.5. In order to obtain λ∗, it suffices to solvem linear programming problems,

since λ∗
i = maxλ{λi : λW ≤ q, λ ∈ R

m
+}.

The error bound in Theorem 3.2 is a function of both λ∗
i and h(|Δ|fi) for i =

1, . . . ,m. The values of λ∗
i depend only on the parameters q and W of the second-

stage value function v; in general, the higher the cost q, the higher the values of λ∗
i

and thus the error bound. This need not be problematic in practice, since a larger

error may be acceptable if the recourse costs are higher.

The values of h(|Δ|fi), however, depend only on the total variations |Δ|fi of the
densities of the random variables in the model. In some sense the effects on the

error bound of the randomness in the model and the parameters of the second-stage

value function are thus separated. Recalling that the values of h(|Δ|fi) are small

for many practically relevant density functions fi (see Table 3.1), we conclude that

α-approximations perform well as soon as the total variations of the densities of all

random variables in the model are small enough.

In Section 3.5.2 we compare ‖Q−Qα‖∞ and its upper bound
∑m

i=1 λ
∗
i h(|Δ|fi) in

a numerical study. Using several examples, we indicate how tight the upper bound

actually is.

3.5.1 Tight bounds for simple integer recourse models

Interestingly, the generic one-dimensional SIR function Q defined in (3.6) is a special

case of the TU integer recourse function Q of Theorem 3.2 with m = 1, q = 1, and

W = I1. Thus, Theorem 3.2 yields an upper bound for ‖Q −Qα‖∞.

Corollary 3.2. Consider the generic one-dimensional simple integer recourse func-

tion Q(z) := Eω[
ω − z�+], z ∈ R, and its α-approximation Qα(z) := Eω[(
ω�α−z)+],

z ∈ R. Then, for every α ∈ R and random variable ω with density function f ∈ F
we have

‖Q −Qα‖∞ ≤ h(|Δ|f) =
⎧⎨
⎩

|Δ|f/8, |Δ|f ≤ 4,

1− 2/|Δ|f, |Δ|f ≥ 4.
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Proof. Apply Theorem 3.2, and observe that λ∗ = 1.

Comparing this error bound with that of Klein Haneveld et al. [42] given in (3.7),

we observe that for |Δ|f ≤ 4 we improve this error bound by a factor 2. Moreover,

for |Δ|f ≥ 4 the error bound in Corollary 3.2 increases hyperbolically to the trivial

bound 1 as |Δ|f increases, whereas the old bound is equal to 1 for all |Δ|f ≥ 4.

We will show (for the m-dimensional case) that the error bound in Theorem 3.2

is tight for SIR models implying that the bound in Corollary 3.2 cannot be improved

further.

Corollary 3.3. Consider the m-dimensional SIR function

Q(z) = Eω

[
min
y

{
qy : y ≥ ω − z, y ∈ Z

n2
+

}]
, z ∈ R

m,

and let B ∈ R
m with B > 0 be given. Assume that q ≥ 0 so that the recourse

is sufficiently expensive. Then, for every α ∈ R
m there exists f ∈ Fm such that

|Δ|fi = Bi, i = 1, . . . ,m, and

sup
z∈Rm

|Q(z)−Qα(z)| =
m∑
i=1

λ∗
i h(|Δ|fi).

Proof. For SIR models, the dual feasible region is given by {λ ∈ R
n2
+ : λ ≤ q} so that

λ∗
i = qi ≥ 0. Hence, by Theorem 3.2, the bound reads

sup
z∈Rm

|Q(z)−Qα(z)| ≤
m∑
i=1

λ∗
i h(|Δ|fi) =

m∑
i=1

qih(|Δ|fi).

On the other hand, since for SIR models Q and Qα are separable, see (3.5), we have

Q(z)−Qα(z) =

m∑
i=1

qiEfi

[

ωi − zi�+ − (
ωi�αi

− zi
)+]

, z ∈ R
m.

It is convenient to restrict our attention to pdf fi and real numbers zi such that fi

vanishes on (−∞, zi]. Then the ‘+’ operations in the last formula are superfluous, so
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that

Q(z)−Qα(z) =

m∑
i=1

qiEfi

[

ωi − zi� − 
ωi�αi

+ zi

]

=

m∑
i=1

qiDαi,zi(fi),

as mentioned in Remark 3.4. Consequently, in order to show that the bound of

Theorem 3.2 is tight, it is sufficient to show that for all i ∈ {1, . . . ,m}, αi ∈ R and

Bi ∈ R with Bi > 0 there exist zi ∈ R and fi ∈ F with fi(xi) = 0 for xi ≤ zi and

|Δ|fi = Bi such that

Dαi,zi(fi) = h(Bi) =

⎧⎨
⎩

Bi/8, 0 < Bi ≤ 4,

1− 2/Bi, Bi ≥ 4,

which can be shown using the pdf f̂ and f̄ introduced in (3.29) and (3.30). Indeed, if

Bi ∈ (0, 4], then choose zi = αi−1/2, so that γαi,zi = 1/2 and thus γαi,zi ≥ 1−2/Bi,

and fi = f̄ with parameters z := zi and α := αi. Then,

Dαi,zi(fi) = γαi,zi(1− γαi,zi)Bi/2 = Bi/8.

If Bi ≥ 4, then choose zi = αi − 2/Bi, so that γαi,zi = 1 − 2/Bi, and fi = f̂ with

parameters z := zi and α := αi. Then,

Dαi,zi(fi) = γαi,zi = 1− 2/Bi.

3.5.2 Numerical study of ‖Q−Qα‖∞ and its upper bound

In this section we compare ‖Q − Qα‖∞ and its upper bound in a numerical study.

As already mentioned, and indeed the motivation of deriving the upper bound in

Theorem 3.2, it is not possible to calculate ‖Q −Qα‖∞ for large problem instances,

so we restrict our attention to SIR models and a small TU integer recourse example.

Example 3.2. Consider the generic one-dimensional SIR function Q defined in (3.6),

and let ω be a normally distributed random variable with mean μ and variance σ2.
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Figure 3.3: The supremum norm ‖Q − Qα‖∞ and its upper bound h(|Δ|f) of
Example 3.2 as a function of σ, the standard deviation of the random variable
ω ∼ N(0, σ2). The dashed line corresponds to h(|Δ|f) and the solid lines to
‖Q −Qα‖∞ for α = 0, 0.5, 0.75, 0.99.

From Example 3.1 and Corollary 3.2 it follows that for all α ∈ R,

‖Q −Qα‖∞ ≤ h(|Δ|f) =
⎧⎨
⎩

1− σ
√
2π, σ ≤ 1

4

√
2/π,

(8σ)−1
√
2/π, σ ≥ 1

4

√
2/π.

Notice that the upper bound h(|Δ|f) converges to the trivial upper bound 1 as σ → 0.

Moreover, h(|Δ|f) decreases linearly for σ ≤ 1
4

√
2/π and hyperbolically for σ ≥

1
4

√
2/π with limit 0 as σ → +∞. This can also be observed in Figure 3.3, where

both ‖Q−Qα‖∞ and its upper bound h(|Δ|f) are given as a function of σ for various

values of α; the mean μ equals 0 in all cases.

Clearly, the difference between Q and Qα decreases as the standard deviation σ

increases (and thus the total variation |Δ|f decreases). Moreover, we observe that for

larger values of σ, the value of ‖Q−Qα‖∞ is approximately 50% of the upper bound

h(|Δ|f) for all α. For smaller values of σ, i.e. as σ → 0, the value of ‖Q−Qα‖∞ may

converge to any value between 1/2 and 1 depending on the value of α. For example,
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for α = 0, it converges to 1/2 and for α = 1 − ε with ε > 0 very small, its limit is

1− ε, which converges to the trivial upper bound 1 as ε → 0. �

It is not surprising that ‖Q − Qα‖∞ is large for small values of σ, since in these

cases the random variable ω is approximately a degenerate random variable with

P{ω = μ} = 1 so that Q(z) ≈ v(μ − z). This latter function is highly non-convex

and even discontinuous with jumps of size 1 at z ∈ μ− Z+, and thus for any convex

approximation Q̄ (including α-approximations Qα), we have limσ→0 ‖Q−Q̄‖∞ ≥ 1/2.

This result illustrates the counterintuitive nature of the α-approximations: in case

ω resembles a discrete random variable, which corresponds to a large total variation

|Δ|f of the pdf f , then α-approximations perform badly, and if |Δ|f is small, which is,

for example, the case if ω resembles a uniform random variable with a large support,

then α-approximations perform well. This contrasts strongly with most approxima-

tions in the stochastic programming literature for which typically the quality of the

solutions is better if the random vector ω is discretely distributed with only a small

number of scenarios.

Example 3.3. Again, consider the generic one-dimensional SIR function Q, but now

assume that ω is uniformly distributed on [0, b] with b > 0. Observing that |Δ|f = 2/b,

it follows that

‖Q −Qα‖∞ ≤ h(|Δ|f) =
⎧⎨
⎩

1− b, b ≤ 1/2,

(4b)−1, b ≥ 1/2.

Similar to Example 3.2, the upper bound h(|Δ|f) converges to the trivial upper

bound 1 as b → 0, h(|Δ|f) decreases linearly in b for b ≤ 1/2, and h(|Δ|f) decreases
hyperbolically in b for b ≥ 1/2 with limit 0 as b → +∞. Interestingly, ‖Q − Qα‖∞
does not decrease monotonically in b, as can be observed in Figure 3.4, where both

‖Q−Qα‖∞ and its upper bound h(|Δ|f) are given as a function of b for α = 0. In fact,

for every b ∈ Z with b ≥ 1, we have ‖Q − Qα‖∞ = 0 since in these cases Q and Qα

coincide, whereas ‖Q−Qα‖∞ = h(|Δ|f) for b ∈ (0, 1/2] and b ∈ 1/2 +Z+. Thus, for

some values of b the recourse function Q is convex and can be approximated exactly

by Qα and for other values of b the worst-case bound h(|Δ|f) is actually sharp. �

Based on these examples, we conclude that for SIR models the upper bound

h(|Δ|f) of ‖Q − Qα‖∞ is reasonably tight for several well-known distributions of

ω, especially taking into account that the bound holds for all f ∈ F .
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Figure 3.4: The supremum norm ‖Q − Qα‖∞ and its upper bound h(|Δ|f) of Ex-
ample 3.3 as a function of b, the right endpoint of the support of ω which is uniformly
distributed on [0, b]. The dashed line corresponds to h(|Δ|f) and the solid line to
‖Q −Qα‖∞ with α = 0.

Next, we discuss a more general TU integer recourse example.

Example 3.4. Consider a TU integer recourse model with m = 2, q = (3, 2, 2) and

W =

[
1 1 0

1 0 1

]
,

and assume that ω is normally distributed with mean μ = (0, 0) and covariance matrix

V = σ2I2. The dual feasible region Λ := {λ ∈ R
2
+ : λW ≤ q} is given by

Λ = {λ ∈ R
2
+ : λ1 + λ2 ≤ 3, λ1 ≤ 2, λ2 ≤ 2}.

Straightforward computation shows that λ∗
1 = λ∗

2 = 2, and thus combining The-

orem 3.2 and the expression for |Δ|fi in Example 3.1,

‖Q−Qα‖∞ ≤
2∑

i=1

λ∗
i h(|Δ|fi) = 4h(σ−1

√
2/π).

Figure 3.5 shows ‖Q − Qα‖∞ with α = (0, 0) and its upper bound as functions of
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Figure 3.5: The supremum norm ‖Q−Qα‖∞ with α = (0, 0) (solid line) and its upper
bound (dashed line) of Example 3.4 as a function of σ, with ω normally distributed
with mean μ = (0, 0) and covariance matrix V = σ2I2.

σ. The results are very similar to those in Example 3.2. However, in this case the

values of ‖Q − Qα‖∞ are 40% of its upper bound instead of 50%. The increased

gap can be attributed to λ∗, which is obtained as the componentwise maximum of

the dual vertices λk ∈ Λ. In fact, in the current TU example it holds that λ∗ /∈ Λ,

contrary to the previous SIR examples. We conclude that the quality of the error

bound in Theorem 3.2 depends on q and W but that generally the bound appears to

be reasonably tight. �

3.6 TU integer recourse models with dependent ran-

dom right-hand side parameters

In this section we again assume that ω is continuously distributed, but now we as-

sume that the joint density function f is contained in a larger set H, allowing for

dependency.

Definition 3.8. Let H denote the set of m-dimensional joint density functions f
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whose conditional density functions fi(·|x(i)) defined as

fi(xi|x(i)) = f(x)/f(i)(x(i))

are contained in F for all i = 1, . . . ,m, and x(i) ∈ R
m−1. (As before, we use the

notation x(i) for the vector x without its i-th component.)

Of course, this definition only makes sense for those i and x(i) for which f(i)(x(i)) >

0. If f(i)(x(i)) = 0, any definition of fi(xi|x(i)) is good but irrelevant, since in calcu-

lating expectations via conditioning its contribution is multiplied by f(i)(x(i)), that

is, by 0.

Using the results from the previous sections, we are able to derive an error bound

in this case as well.

Theorem 3.3 (Error bound for TU integer recourse models). Consider the TU in-

teger recourse function Q defined as

Q(z) = Eω

[
min
y

{
qy : Wy ≥ ω − z, y ∈ Z

n2
+

}]
, z ∈ R

m,

and for every α ∈ R
m its α-approximation Qα defined as

Qα(z) = Eω

[
min
y

{
qy : Wy ≥ 
ω�α − z, y ∈ R

n2
+

}]
, z ∈ R

m.

Under assumptions (i)–(iii) introduced in Section 3.2, we have for every α ∈ R
m and

every random right-hand side vector ω with joint density function f ∈ H that

sup
z∈Rm

|Q(z)−Qα(z)| ≤
m∑
i=1

λ∗
iEω(i)

[
h
(|Δ|fi(·|ω(i))

)]
,

where λ∗
i is as defined in (3.33) and h is as defined in (3.31).

Proof. We follow the line of proof of the previous section, using the same notation.

Obviously, Lemma 3.6 also holds for f ∈ H so that

sup
z∈Rm

|Q(z)−Qα(z)| ≤ sup
α∈Rm

sup
z∈Rm

sup
λ∈Λm

Gα,z(λ, f),
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and similar to the proof of Proposition 3.2, we have

Gα,z(λ, f) = Ef

[
λ(ω)

(

ω�z − 
ω�α

)]

=

m∑
i=1

∫
Rm

λi(x)ϕαi,zi(xi)f(x)dx.

However, now we apply conditioning using f(x) = fi(xi|x(i))f(i)(x(i)) to obtain

Gα,z(λ, f) =

m∑
i=1

∫
Rm−1

{∫
R

λi(x)ϕαi,zi(xi)fi(xi|x(i))dxi

}
f(i)(x(i))dx(i)

=

m∑
i=1

∫
Rm−1

G1
αi,zi

(
λ̂i(·|x(i)), fi(·|x(i))

)
f(i)(x(i))dx(i),

where G1
αi,zi denotes the case m = 1 in the definition of Gα,z and λ̂i(·|x(i)) : R �→ R is

defined as λ̂i(xi|x(i)) = λi(x). Since this function λ̂i(·|x(i)) ∈ Λ1 for all x(i) ∈ R
m−1,

we can apply Proposition 3.3 with m = 1, α = αi, z = zi, λ = λ̂i(·|x(i)), and

f = fi(·|x(i)), yielding

Gα,z(λ, f) ≤
m∑
i=1

∫
Rm−1

λ∗
i h

(|Δ|fi(·|x(i))
)
f(i)(x(i))dx(i)

=

m∑
i=1

λ∗
iEω(i)

[
h
(|Δ|fi(·|ω(i))

) ]
.

Theorem 3.3 generalizes Theorem 3.2 since Fm ⊂ H. If f ∈ Fm, then the con-

ditional density fi(xi|x(i)) = fi(xi) for all x ∈ R
m, and thus the error bound in

Theorem 3.3 reduces to that in Theorem 3.2.

The following example illustrates the increase in value of the error bound by

introducing dependency.

Example 3.5. Let f ∈ H be the joint density function of a bivariate normal random

vector ω with correlation coefficient ρ. It is well known that ω1|ω2 = x2 follows a

normal distribution with variance (1− ρ2)σ2
1 . Hence, using Example 3.1, for i = 1, 2,

and x(i) ∈ R,

|Δ|fi(·|x(i)) =
1√

1− ρ2
σ−1
i

√
2/π.
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This implies that the error bound in Theorem 3.3 for this particular joint density

function equals

2∑
i=1

λ∗
iEω(i)

[
h
(|Δ|fi(·|ω(i))

)]
=

2∑
i=1

λ∗
i h

(
1√

1− ρ2
σ−1
i

√
2/π

)
.

Compared to the independent case, the total variations increase by a factor 1/
√
1− ρ2

with equivalence if ρ = 0 (see Example 3.4 on the independent case). For example,

if |ρ| ≤ 0.4, then this factor is smaller than 1.1, and thus the total variations in the

dependent case are less than 10% higher than in the independent case. We conclude

that only for high correlation values |ρ| the error bound in the dependent case increases

substantially compared to the independent case. This is also confirmed by numerical

experiments similar to those in Example 3.4. �

3.7 Complete integer recourse models

If the recourse matrix W is not TU but a general integer-valued matrix, then the

error bounds for the α-approximation Qα in Theorem 3.2 and 3.3 are no longer valid.

This is because the equality in (3.9) now holds with inequality, implying that

Q(z) ≥ Eω

[
max

k=1,...,K
λk 
ω − z�

]
, z ∈ R

m. (3.38)

Nonetheless, the α-approximation Qα may be useful as an approximate lower bound

for Q, to be used in several special-purpose algorithms; see Van der Vlerk [83]. In

fact, if the random variables in the model are independently and uniformly distributed,

then there exists an α∗ ∈ R
m such that the α∗-approximation Qα∗ is the convex hull

of Eω[maxk=1,...,K λk 
ω − z�] (see Chapter 2) and thus a lower bound of Q. In all

other cases, Qα is not necessarily a lower bound for Q, but a one-sided error bound

is available.

Corollary 3.4. Consider the complete integer recourse function Q defined as

Q(z) = Eω

[
min
y

{
qy : Wy ≥ ω − z, y ∈ Z

n2
+

}]
, z ∈ R

m,
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and for every α ∈ R
m its α-approximation Qα defined as

Qα(z) = Eω

[
min
y

{
qy : Wy ≥ 
ω�α − z, y ∈ R

n2
+

}]
, z ∈ R

m.

Under assumptions (i)–(iii) introduced in Section 3.2, we have for every α ∈ R
m,

z ∈ R
m, and every random right-hand side vector ω with joint density function f ∈ H

that

Qα(z)−
m∑
i=1

λ∗
iEω(i)

[
h
(|Δ|fi(·|ω(i))

)] ≤ Q(z),

where λ∗
i is as defined in (3.33) and h is as defined in (3.31).

Proof. Combine (3.38) and Theorem 3.3.

Both Qα − ∑m
i=1 λ

∗
iEω(i)

[
h
(|Δ|fi(·|ω(i))

)]
and Qα can be used as exact lower

bound and approximate lower bound, respectively. Using the latter yields approx-

imate solutions with only a small error if the total variations of the densities of the

random variables in the model are small enough, whereas using the first yields exact

solutions but is computationally more demanding since the lower bound is weaker.

Both approaches are of interest, the latter in particular since for every α ∈ R
m,

we have Qα ≥ QLP , where QLP is the recourse function obtained by using the LP

relaxation of the second-stage integer program defining the value function v [83].

Moreover, if Qα(z) > 0, then Qα(z) > QLP (z); see [86].

As already observed in [83], this implies that Qα is a strictly better (approximate)

lower bound than QLP , and, moreover, Qα is computationally more tractable than

QLP since Qα corresponds to a continuous recourse model with discrete random

variables, whereas QLP corresponds to a continuous recourse model with continuous

random variables.

3.8 Summary and conclusions

We consider a class of convex approximations for totally unimodular (TU) integer

recourse models. Using piecewise flattening of density functions, we derive a uniform

error bound for these approximations that depends on the total variations of the

probability density functions involved. For simple integer recourse models this error
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bound is tight and improves the existing one by a factor 2. Moreover, for TU integer

recourse models this is the first nontrivial error bound available. Due to this error

bound the convex approximations can also be used as an approximate lower bound

for complete integer recourse models.

As illustrated by several numerical examples, we show that the approximations

are good if all total variations of the probability density functions of the random vari-

ables in the model are small enough. For example, for normally distributed random

variables ω this implies that the convex approximations are good if the standard de-

viations σ are large and the approximations are bad if the σ are small. This result

contrasts strongly with other approximations in the literature, where typically approx-

imations perform better for small values of σ, i.e. if ω can be better approximated by

a discrete random vector.

A future research direction is to apply the idea of modifying the recourse data

to pure integer and mixed-integer recourse models. Alternatively, for the convex

approximations in this chapter, an error bound may be obtained that depends on

characteristics of the joint pdf f and not only on its one-dimensional conditional

densities.
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Chapter 4

Total variation bounds on the

expectation of periodic

functions

Abstract. We derive a lower and upper bound for the expectation of periodic func-

tions, depending on the total variation of the probability density function of the un-

derlying random variable. Using worst-case analysis we derive tighter bounds for

functions that are periodically monotone. These bounds can be used to evaluate the

performance of approximations for both continuous and integer recourse models. In

this chapter, we introduce a new convex approximation for totally unimodular re-

course models, and we show that this convex approximation has the best worst-case

error bound possible, improving previous bounds with a factor 2. Moreover, we use

similar analysis to derive error bounds for two types of discrete approximations of con-

tinuous recourse models with continuous random variables. Furthermore, we derive a

tractable Lipschitz constant for pure integer recourse models.

This chapter is based on the journal publication [62].
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4.1 Introduction

Let ϕ be a real-valued, periodic function, and let ω denote a continuously distributed

random variable with probability density function (pdf) f of bounded variation. We

consider the expected value Ef [ϕ(ω)]. Usually, it is not possible to obtain a closed

form expression for this expectation. That is why we will derive lower and upper

bounds for Ef [ϕ(ω)], both depending on the total variation of f .

Periodic functions arise naturally in real life. Consider for example the motion of

the tides, household voltage, or the blood flow through an artery. Also in mathematics

and physics, periodic functions such as the trigonometric functions play an important

role. Motivating the current research, such functions may also arise as a result of

rounding: the difference function 
x� − x, x ∈ R, is periodic.

In Chapter 3 we show that the error of a class of convex approximations of totally

unimodular (TU) integer recourse models can be bounded by the expectation of a

periodic function ϕ. By deriving bounds on Ef [ϕ(ω)] in terms of the total variation

of f , we obtain a uniform error bound for this class of approximations. However, for

this application the analysis is restricted to a special class of two-valued piecewise

constant periodic functions.

In this chapter we derive bounds for Ef [ϕ(ω)] that hold for all periodic functions

ϕ. These bounds are the result of a worst-case analysis, where for every B ∈ R with

B > 0, we consider

M(ϕ,B) := sup
f∈F

{
Ef [ϕ(ω)] : |Δ|f ≤ B

}
,

and

N(ϕ,B) := inf
f∈F

{
Ef [ϕ(ω)] : |Δ|f ≤ B

}
,

with F denoting the set of density functions of bounded variation and |Δ|f the total

variation of f , both defined in Section 4.2. Surprisingly, it is possible to derive closed

form expressions for M(ϕ,B) and N(ϕ,B) when ϕ is periodically monotone. In all

other cases we obtain an upper and lower bound, respectively, yielding Proposition 4.1

in Section 4.2.

Although the results are valid for one-dimensional periodic functions only, it is

possible to apply them in a higher dimensional setting. Using additional analysis
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we are able to derive error bounds for convex approximations of TU integer recourse

models. We introduce a new convex approximation, improving the error bound in

Chapter 3 by a factor 2, and prove that this approximation has the best worst-case

error bound possible. Moreover, we show that the same analysis can be used to obtain

error bounds for so-called discrete approximations of continuous recourse models,

providing a link between two seemingly unrelated areas of research. Furthermore, we

derive a tractable Lipschitz constant for the expected value function of pure integer

recourse models.

The remainder of this chapter is organized as follows. In Section 4.1.1 we first

discuss properties of M(ϕ,B) and N(ϕ,B). Next, in Section 4.2 we introduce the

concepts of total variation and packed densities, and we derive an upper and lower

bound on M(ϕ,B) and N(ϕ,B), respectively. Section 4.3 introduces lemmas on the

flattening of density functions, which are used to derive exact expressions for M(ϕ,B)

and N(ϕ,B) in case ϕ is periodically monotone. Finally, in Section 4.4 we derive the

indicated results on approximations of recourse models, and in Section 4.5 we give a

summary and conclusions. Readers only interested in the results on approximations

of recourse models, and not on their derivation, may skip Sections 4.1–4.3 and proceed

directly to Section 4.4.

4.1.1 Properties of M(ϕ,B) and N(ϕ,B)

In this section we discuss properties of M(ϕ,B) and N(ϕ,B). We collect them here

for easy reference, as they are used frequently in the remainder of this chapter. The

first set of properties deals with shifting and scaling of periodic functions ϕ.

Lemma 4.1. Let ϕ : R �→ R be a periodic function with period p and finite mean

value ν := p−1
∫ p

0
ϕ(x)dx. Then, for every B ∈ R with B > 0,

(i) M(ϕ,B) = −N(−ϕ,B) and N(ϕ,B) = −M(−ϕ,B).

(ii) for every r > 0,

M(rϕ,B) = rM(ϕ,B) and N(rϕ,B) = rN(ϕ,B).

(iii) if ϕ̄r(x) := ϕ(x/r), x ∈ R, for some r > 0, then

M(ϕ̄r, B) = M(ϕ, rB) and N(ϕ̄r, B) = N(ϕ, rB).
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(iv) if ϕ̂(x) := ϕ(−x), x ∈ R, then

M(ϕ̂, B) = M(ϕ,B) and N(ϕ̂, B) = N(ϕ,B).

(v) if ϕ̃β(x) := ϕ(x− β), x ∈ R, for some β ∈ R, then

M(ϕ̃β , B) = M(ϕ,B) and N(ϕ̃β , B) = N(ϕ,B).

Proof. See the Appendix.

The next lemma shows convexity properties of M(ϕ,B) and N(ϕ,B). These prop-

erties hold because M(ϕ,B) and N(ϕ,B) can be considered as convex optimization

problems. The results are presented here for periodic functions ϕ, but hold, in fact,

for a much more general class of functions.

Lemma 4.2. Let ϕ : R �→ R be a periodic function with period p and finite mean

value ν := p−1
∫ p

0
ϕ(x)dx. Then,

(i) M(ϕ,B) is concave in B, and

(ii) N(ϕ,B) is convex in B.

Proof. See the Appendix.

4.2 Packed densities and total variation

Before we derive bounds on Ef [ϕ(ω)], we first introduce some notation. Let p ∈ R

with p > 0 denote the period of ϕ and νϕ := p−1
∫ p

0
ϕ(x)dx its mean value over any

interval of length p. It is assumed throughout that this mean value νϕ exists and is

finite. We drop the index ϕ in case it can easily be deduced from the context. Thus,

the function ϕν : R �→ R defined as

ϕν(x) = ϕ(x)− ν, x ∈ R,

has the same shape and period as ϕ, but its mean equals zero.
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Throughout this chapter we only consider pdf f of bounded variation, and we let

F denote the set containing these functions. Note that for practical purposes this

definition of F is not very restrictive.

Definition 4.1. A function f : R �→ R is of bounded variation if and only if there

exist bounded monotone non-decreasing functions f1 and f2 such that f = f1 − f2.

Remark 4.1. Equivalently, we say that f is of bounded variation if and only if the

total variation of f , to be defined in Definition 4.4, is finite [65].

Definition 4.2. Let F denote the set of one-dimensional probability density functions

f of bounded variation.

Since ϕ is periodic with period p, for our purposes it is possible to summarize

all relevant information of a pdf f in a so-called packed density fp with support

contained in [0, p]. This packed density is defined such that Efp [ϕ(ω)] = Ef [ϕ(ω)],

see Lemma 4.3.

Definition 4.3. For every f ∈ F and p ∈ R with p > 0, we define the packed density

fp : R �→ R of f with support contained in [0, p] as

fp(x) :=

⎧⎪⎨
⎪⎩

∑
k∈Z

f(x+ pk), x ∈ [0, p],

0, otherwise.

Remark 4.2. Note that we define packed densities fp on [0, p] instead of [0, p) so that

fp(p) = fp(0). This choice is more convenient in Lemma 4.4, where we compare the

total variations of fp and f , and it does not change the expectation Efp [ϕ(ω)].

Lemma 4.3. For every f ∈ F and periodic function ϕ with period p,

Efp [ϕ(ω)] = Ef [ϕ(ω)].

Proof. By definition of fp and using the periodicity of ϕ, we have

Efp [ϕ(ω)] =

∫ p

0

ϕ(x)
∑
k∈Z

f(x+ pk)dx =

∫ p

0

∑
k∈Z

ϕ(x+ pk)f(x+ pk)dx.
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Moreover, by interchanging summation and integration we obtain

Efp [ϕ(ω)] =
∑
k∈Z

∫ p

0

ϕ(x+ pk)f(x+ pk)dx =

∫ ∞

−∞
ϕ(x)f(x)dx = Ef [ϕ(ω)].

Lemma 4.3 implies that knowledge of fp is sufficient to compute Ef [ϕ(ω)]. How-

ever, obtaining a useful closed-form expression for fp may actually be as difficult as

finding such an expression for Ef [ϕ(ω)]. That is why it is interesting to observe that

the total variation of fp on [0, p] can be bounded by the total variation of f .

Definition 4.4. Let f : R �→ R be a real-valued function, and let I ⊂ R be an

interval. Let Π(I) denote the set of all finite ordered sets P = {x1, . . . , xN+1} with

x1 < · · · < xN+1 in I. Then, the total variation of f on I, denoted |Δ|f(I), is defined
as

|Δ|f(I) = sup
P∈Π(I)

Vf (P ),

where

Vf (P ) =

N∑
i=1

|f(xi+1)− f(xi)|.

We will write |Δ|f := |Δ|f(R).

Lemma 4.4. For every f ∈ F and p ∈ R with p > 0, the corresponding packed

density fp of f with support contained in [0, p] satisfies

|Δ|fp([0, p]) ≤ |Δ|f.

Proof. Let f ∈ F be given. We will show that for every ε > 0 and P ∈ Π([0, p]) there

exists P̄ ∈ Π(R) such that Vfp(P ) ≤ Vf (P̄ ) + ε. Then,

|Δ|fp([0, p]) = sup
P∈Π([0,p])

Vfp(P ) ≤ sup
P̄∈Π(R)

Vf (P̄ ) + ε = |Δ|f + ε (4.1)

for every ε > 0, and thus |Δ|fp([0, p]) ≤ |Δ|f .
In order to prove (4.1) let ε > 0 be given. For every P ∈ Π([0, p]) corresponding
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to fp we will construct P̄ ∈ Π(R) corresponding to f by repeating P on any interval

[kp, (k + 1)p], k ∈ Z. So let P = {x1, . . . , xN+1} ∈ Π([0, p]) be given. We assume

without loss of generality that x1 = 0 and xN+1 = p. Since f ∈ F it follows that

fp(xi) :=
∑

k∈Z
f(xi + pk) is finite for all i = 1, . . . , N , and thus there exists K ∈ N

such that

∣∣∣fp(xi)−
K∑

k=−K

f(xi + pk)
∣∣∣ < ε

2N
for all i = 1, . . . , N + 1. (4.2)

Conveniently writing γi :=

K∑
k=−K

f(xi + pk) for i = 1, . . . , N + 1, we have

Vfp(P ) =

N∑
i=1

∣∣∣fp(xi+1)− fp(xi)
∣∣∣

=
N∑
i=1

∣∣∣fp(xi+1)− γi+1 + γi+1 − γi + γi − fp(xi)
∣∣∣.

By applying the triangle inequality and using (4.2) we have

Vfp(P ) ≤ ε

2
+

N∑
i=1

|γi+1 − γi|+ ε

2

= ε+

N∑
i=1

∣∣∣∣∣
K∑

k=−K

(
f(xi+1 + pk)− f(xi + pk)

)∣∣∣∣∣ .
Once more applying the triangle inequality and interchanging summations we obtain

Vfp(P ) ≤ ε+

K∑
k=−K

N∑
i=1

∣∣∣f(xi+1 + pk)− f(xi + pk)
∣∣∣.

Now define P̄ as the ordered set containing all elements in P + p{−K, . . . ,K} and

observe that P̄ ∈ Π(R). Moreover, since xN+1 + pk = x1 + p(k + 1) for every k ∈ Z

it follows that

Vf (P̄ ) =

K∑
k=−K

N∑
i=1

∣∣∣f(xi+1 + pk)− f(xi + pk)
∣∣∣,
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and thus Vfp(P ) ≤ Vf (P̄ ) + ε, which completes the proof.

Now we are ready to prove one of our main results.

Proposition 4.1. Let ϕ : R �→ R be a periodic function with period p and finite mean

value ν := p−1
∫ p

0
ϕ(x)dx. Then,

M(ϕ,B) := sup
f∈F

{
Ef [ϕ(ω)] : |Δ|f ≤ B

}
≤ ν +

B

4

∫ p

0

|ϕν(x)|dx, (4.3)

and

N(ϕ,B) := inf
f∈F

{
Ef [ϕ(ω)] : |Δ|f ≤ B

}
≥ ν − B

4

∫ p

0

|ϕν(x)|dx, (4.4)

where ϕν(x) := ϕ(x)− ν, as before.

Proof. It follows immediately from Lemma 4.3 and Lemma 4.4 that for every f ∈ F
with |Δ|f ≤ B its packed density fp satisfies |Δ|fp([0, p]) ≤ B and Efp [ϕ(ω)] =

Ef [ϕ(ω)]. Define fp := sup{fp(x) : x ∈ [0, p]} and f
p
:= inf{fp(x) : x ∈ [0, p]}. Since

fp(0) = fp(p) and |Δ|fp([0, p]) ≤ B, it follows that fp − f
p
≤ B/2. Moreover, for all

x ∈ R we have

ϕ(x)fp(x) = νfp(x) + (ϕ(x)− ν)+fp(x)− (ϕ(x)− ν)−fp(x)

≤ νfp(x) + (ϕν(x))
+fp − (ϕν(x))

−f
p
.

Hence,

Ef [ϕ(ω)] = Efp [ϕ(ω)]

=

∫ p

0

ϕ(x)fp(x)dx

≤
∫ p

0

νfp(x)dx+

∫ p

0

(ϕν(x))
+fpdx−

∫ p

0

(ϕν(x))
−f

p
dx

= ν + (fp − f
p
)

∫ p

0

(ϕν(x))
+dx (4.5)

≤ ν +
B

4

∫ p

0

|ϕν(x)|dx. (4.6)
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Here, the equality in (4.5) holds since

∫ p

0

(ϕν(x))
+dx−

∫ p

0

(ϕν(x))
−dx =

∫ p

0

(ϕν(x))dx = 0

by definition of ν, and (4.6) follows from the fact that fp − f
p
≤ B/2 and

∫ p

0

(ϕν(x))
+dx =

∫ p

0

(ϕν(x))
−dx =

1

2

∫ p

0

|ϕν(x)|dx. (4.7)

Since the above holds for every pdf f ∈ F with |Δ|f ≤ B, we conclude that (4.3) holds.

The bound for N(ϕ,B) follows from the observations that N(ϕ,B) = −M(−ϕ,B)

by Lemma 4.1 (i), and that ν−ϕ = −νϕ is the mean value of −ϕ.

Theorem 4.1. Let ϕ : R �→ R be a periodic function with period p and finite mean

value ν := p−1
∫ p

0
ϕ(x)dx. Then, for every f ∈ F ,

∣∣∣Ef [ϕ(ω)]− ν
∣∣∣ ≤ |Δ|f

4

∫ p

0

|ϕν(x)|dx.

Proof. This result follows directly from Proposition 4.1, using the observation that

every f ∈ F is a feasible solution of the optimization problem in M(ϕ, |Δ|f) and

N(ϕ, |Δ|f).

It follows from Theorem 4.1 that if the total variation of f is small then the

expected value Ef [ϕ(ω)] will be close to ν. For unimodal density functions such

as the normal density function, the total variation decreases as the variance of the

corresponding random variable ω increases. Hence, for normal random variables ω

with a large variance, Ef [ϕ(ω)] will be close to ν.

Clearly, the difference between Ef [ϕ(ω)] and ν depends on both the pdf f and the

periodic function ϕ. In the bound of Theorem 4.1 both factors are separated which

shows that for every periodic function ϕ the expectation Ef [ϕ(ω)] will be arbitrarily

close to ν for pdf f with sufficiently small total variation.

In case ϕ is Lipschitz continuous on [0, p) we can bound
∫ p

0
|ϕν(x)|dx, yielding

bounds for Ef [ϕ(ω)] not involving this possibly intractable integral.

Corollary 4.1. Let ϕ : R �→ R be a periodic function with period p and finite mean

value ν := p−1
∫ p

0
ϕ(x)dx such that ϕ is Lipschitz continuous with Lipschitz constant
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L on (0, p). Then, for every random variable ω with pdf f ∈ F ,

∣∣∣Ef [ϕ(ω)]− ν
∣∣∣ ≤ Lp2

16
|Δ|f.

The proof of Corollary 4.1 is based on the following lemma.

Lemma 4.5. Let ϕ : R �→ R be a periodic function with period p and finite mean

value ν := p−1
∫ p

0
ϕ(x)dx, and absolute deviation δ :=

∫ p

0
|ϕν(x)|dx, such that ϕ is

Lipschitz continuous with Lipschitz constant L on (0, p). Then, there exists a function

ψ : R �→ R with the same properties, and such that ψ is monotone non-decreasing on

(0, p).

Proof of Lemma 4.5. Basically, we construct ψ as a ‘sorted version’ of ϕ: on (0, p),

and similarly on (kp, (k + 1)p) for k ∈ Z, the function values of ϕ are rearranged,

from small to large. The main building block in this construction is the function

H : R �→ R defined as

H(y) := L
(
S(y)

)
, y ∈ R,

where L denotes the Lebesgue measure, and

S(y) = {u ∈ (0, p) : ϕ(u) ≤ y}, y ∈ R.

Defining y := supu∈(0,p) ϕ(u) and y := infu∈(0,p) ϕ(u), the function H can be con-

sidered as a cdf of a random variable on [y, y] with total probability mass p, since

(i) H is non-decreasing

(ii) H(y) = 0 for y < y, and H(y) = p for y ≥ y

(iii) H is right-continuous

(iv) H has a jump of size d > 0 at y if and only if L({u ∈ (0, p) : ϕ(u) = y}) = d

(v) if y < y, then H is strictly increasing on [y, y]

(vi) if y < y, then the right-derivative H ′
+(y) exists and satisfies H ′

+(y) ≥ 1/L for

y ∈ [y, y)
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We do not give a proof of these properties, since they can be verified easily.

The function H specifies a distribution on the function values of ϕ, and thus it

can be used to derive properties of ϕ. For example,

∫ ∞

−∞
ydH(y) =

∫ p

0

ϕ(x)dx = ν,

and ∫ ∞

−∞
|y − ν|dH(y) =

∫ p

0

|ϕ(x)− ν|dx.

Using the ordering of the function values of ϕ, given in H, we derive a sorted version

ψ of ϕ:

ψ(x) := H−1(x) := inf{y ∈ R : H(y) ≥ x}, x ∈ (0, p).

Using (i)–(vi) it is not hard to verify that ψ satisfies the desired properties.

Proof of Corollary 4.1. By applying Theorem 4.1 it suffices to show that

∫ p

0

|ϕν(x)|dx ≤ 1

4
Lp2.

Consider ψ : R �→ R that is periodic with period p, mean value ν and
∫ p

0
|ψν(x)|dx =∫ p

0
|ϕν(x)|dx, and assume that ψ is also Lipschitz continuous with Lipschitz constant

L and monotone non-decreasing on (0, p). Such a function exists by Lemma 4.5.

Moreover, since ψ satisfies these properties there exists y ∈ (0, p) such that ψν(y) = 0,

and ψν(x) ≤ L(x− y) for x ≥ y and ψν(x) ≥ L(x− y) for x ≤ y, so that

∫ p

0

(ψν(x))
+dx ≤ L

∫ p

y

(x− y)dx =
1

2
L(p− y)2, (4.8)

and ∫ p

0

(ψν(x))
−dx ≤ −L

∫ y

0

(x− y)dx =
1

2
Ly2. (4.9)

Combining (4.8) and (4.9) with (4.7) yields

∫ p

0

|ψν(x)|dx ≤ min
{
L(p− y)2, Ly2

}
≤ 1

4
Lp2.



209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM

88 Chapter 4

The claim follows since
∫ p

0
|ψν(x)|dx =

∫ p

0
|ϕν(x)|dx.

4.3 Periodically monotone functions

In this section we restrict our attention to functions ϕ that are periodically monotone.

Definition 4.5. Let ϕ : R �→ R be a periodic function with period p. Then, ϕ

is periodically monotone if there exists β ∈ R such that ϕ is either non-increasing

or non-decreasing on (β, β + p). We say that ϕ is periodically non-increasing, or

periodically non-decreasing, respectively.

Under this additional assumption we are able to derive exact expressions for

M(ϕ,B) and N(ϕ,B), and thus tighter bounds on Ef [ϕ(ω)] than (4.3) and (4.4).

In order to derive these expressions we use the concept of flattening of density func-

tions, introduced in Chapter 3. Observing that a constant function has lower total

variation than a varying one, we can restrict the optimization inM(ϕ,B) and N(ϕ,B)

to piecewise constant density functions, allowing to find sharp bounds.

In Section 4.3.1 we first discuss two alternative ways to flatten bounded monotone

non-decreasing functions. The results will be used to flatten density functions in

Section 4.3.2. We derive exact expressions for M(ϕ,B) and N(ϕ,B) in Section 4.3.3,

and we discuss an extension of these results in Section 4.3.4, which is used to derive

error bounds for recourse approximations in Section 4.4.

4.3.1 Flattening of monotone functions

In this section we only consider bounded non-decreasing functions, bearing in mind

that every pdf f ∈ F can be written as the difference of such functions. We show two

alternative ways to flatten non-decreasing functions in Lemma 4.6 and 4.7, respect-

ively.

Lemma 4.6. Let f : R �→ R be a bounded monotone non-decreasing function, and

let I ⊂ R denote a bounded interval of positive length. Define the function g : R �→ R

as

g(x) =

{
f(x), x /∈ I,

KI , x ∈ I,

with KI := |I|−1
∫
I
f(u)du. Then,
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(i)

∫
I

g(x)dx =

∫
I

f(x)dx,

(ii) g is a bounded monotone non-decreasing function, and

(iii) |Δ|g = |Δ|f .

Proof. Equation (i) follows from the definition of KI . Moreover, it is obvious that g

is bounded since f is bounded. To show that g is non-decreasing, let x1, x2 ∈ R with

x1 < x2 be given. Then, using that f is non-decreasing,

(1) if x1 /∈ I and x2 /∈ I, then g(x1) = f(x1) ≤ f(x2) = g(x2).

(2) if x1 /∈ I and x2 ∈ I, then x1 < y for all y ∈ I so that

g(x1) = f(x1) = |I|−1

∫
I

f(x1)dy ≤ |I|−1

∫
I

f(y)dy = KI = g(x2).

(3) if x1 ∈ I and x2 /∈ I, then x2 > y for all y ∈ I so that

g(x1) = KI = |I|−1

∫
I

f(y)dy ≤ |I|−1

∫
I

f(x2)dy = f(x2) = g(x2).

(4) if x1 ∈ I and x2 ∈ I, then g(x1) = KI = g(x2).

Thus, (ii) g is a bounded monotone non-decreasing function. Hence,

|Δ|g = sup g(R)− inf g(R),

and since sup g(R) = sup f(R) and inf g(R) = inf f(R), we conclude that (iii) |Δ|g =

|Δ|f .

Lemma 4.7. Let f : R �→ R be a bounded monotone non-decreasing function, and let

I ⊂ R denote a bounded interval of positive length. Write f I := sup{f(x) : x ∈ I} and

f
I
:= inf{f(x) : x ∈ I}. Then, there exists z ∈ I such that the function gz : R → R

defined as

gz(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

f(x), x /∈ I,

f I , x ∈ I and x ≥ z,

f
I
, x ∈ I and x < z,
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satisfies

(i)

∫
I

gz(x)dx =

∫
I

f(x)dx,

(ii) gz is a bounded monotone non-decreasing function, and

(iii) |Δ|gz = |Δ|f .
In fact, for all z ∈ I both (ii) and (iii) hold.

Proof. It is easy to observe that gz is bounded for every z ∈ I. Moreover, for every

x1, x2 ∈ R with x1 < x2 and for every z ∈ R we have

(1) if x1 /∈ I and x2 /∈ I, then gz(x1) = f(x1) ≤ f(x2) = gz(x2).

(2) if x1 /∈ I and x2 ∈ I, then x1 < y for all y ∈ I so that

gz(x1) = f(x1) ≤ inf{f(y) : y ∈ I} = f
I
≤ gz(x2).

(3) if x1 ∈ I and x2 /∈ I, then x2 > y for all y ∈ I so that

gz(x1) ≤ f I = sup{f(y) : y ∈ I} ≤ f(x2) = gz(x2).

(4) if x1 ∈ I and x2 ∈ I, then gz(x1) ≤ gz(x2) since gz is non-decreasing on I.

Thus, for every z ∈ I, the proof of (ii) is complete, and using similar arguments as in

the proof of Lemma 4.6, (iii) is true, too.

In order to show (i), define D(z) =
∫
I
gz(x)dx for every z ∈ I, and observe that

D is linear hence continuous on I. Moreover, infD(I) = |I|f
I
and supD(I) = |I|f I .

Since

|I|f
I
=

∫
I

f
I
dx ≤

∫
I

f(x)dx ≤
∫
I

f Idx = |I|f I , (4.10)

it follows from the intermediate value theorem that if both inequalities in (4.10) are

strict, then there exists z∗ ∈ I such that

D(z∗) =
∫
I

f(x)dx,

and thus gz∗ satisfies (i)–(iii). It is not difficult to verify that this conclusion also

holds if at least one inequality in (4.10) is an equality.
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4.3.2 Flattening of density functions

Since every pdf f ∈ F can be written as the difference of two bounded non-decreasing

functions f1 and f2, the results in Lemma 4.6 and 4.7 can be used to flatten dens-

ity functions as well. For example, applying Lemma 4.6 to both f1 and f2 yields

Lemma 3.2 in Chapter 3. This lemma is stated here without proof.

Lemma 4.8. Let f ∈ F be given and let I ⊂ R denote a bounded interval with

positive length. Define g ∈ F as

g(x) =

{
f(x), x /∈ I

KI , x ∈ I,
(4.11)

with KI := |I|−1
∫
I
f(u)du. Then, |Δ|g ≤ |Δ|f .

The next lemma is derived with expectations Ef [ϕ(ω)] of periodically non-increasing

functions ϕ in mind. It is used to show that for such functions ϕ, the optimization

in M(ϕ,B) can be restricted to piecewise constant density functions. The main idea

is that given any feasible f ∈ F , which can be written as f = f1 − f2, we apply

Lemma 4.6 to f1 yielding g1 and Lemma 4.7 to f2 yielding g2 so that g ∈ F defined

as g := g1 − g2 is feasible in M(ϕ,B) and has an objective value at least as large as

f . Similar results can be obtained independently for non-decreasing functions, but

we will derive them directly from the non-increasing case instead.

Lemma 4.9. Let I ⊂ R be a bounded interval of positive length, and let ϕ : R �→ R

be a real-valued function that is non-increasing on I. Then, for every f ∈ F there

exists g ∈ F such that

(i) g is non-increasing piecewise constant and at most two-valued on I,

(ii)

∫
I

g(x)dx =

∫
I

f(x)dx,

(iii) |Δ|g ≤ |Δ|f , and

(iv) Eg[ϕ(ω)] ≥ Ef [ϕ(ω)].

Proof. Let f ∈ F be given. Since f is a pdf of bounded variation, there exist bounded

monotone non-decreasing functions f1 and f2 such that f = f1 − f2 and |Δ|f1 =
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|Δ|f2 = 1
2 |Δ|f . Apply Lemma 4.6 to f1 and Lemma 4.7 to f2 to obtain g1 and g2,

respectively, defined for every x ∈ R as

g1(x) =

⎧⎨
⎩

f1(x), x /∈ I

K1
I , x ∈ I,

with K1
I := |I|−1

∫
I
f1(u)du, and

g2(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

f2(x), x /∈ I,

f
2

I , x ∈ I and x ≥ z,

f2

I
, x ∈ I and x < z,

where f
2

I := sup{f2(x) : x ∈ I}, f2

I
:= inf{f2(x) : x ∈ I}, and z ∈ I is chosen such

that
∫
I
g2(x)dx =

∫
I
f2(x)dx. We will show that g := g1 − g2 satisfies (i)–(iv).

First of all observe that Lemma 4.6 and 4.7 imply that for j = 1, 2, gj is a bounded

non-decreasing function with |Δ|gj = |Δ|fj and
∫
I
gj(x)dx =

∫
I
fj(x)dx. Since g is

the difference of two bounded monotone non-decreasing functions it follows that g is

of bounded variation. Moreover, since

(iii)

∫
I

g(x)dx =

∫
I

g1(x)dx−
∫
I

g2(x)dx =

∫
I

f1(x)dx−
∫
I

f2(x)dx =

∫
I

f(x)dx,

holds for all bounded I and
∫∞
−∞ g(x)dx =

∫∞
−∞ f(x)dx = 1, we have g ∈ F . Fur-

thermore, since |Δ|g1 = 1
2 |Δ|f and |Δ|g2 = 1

2 |Δ|f , we conclude that (ii) |Δ|g ≤
|Δ|g1 + |Δ|g2 = |Δ|f , and by definition of g1 and g2 it follows immediately that (i)

g is non-increasing piecewise constant and at most two-valued on I. Finally, we will

show that
∫
I
ϕ(x)g1(x)dx ≥ ∫

I
ϕ(x)f1(x)dx and

∫
I
ϕ(x)g2(x)dx ≤ ∫

I
ϕ(x)f2(x)dx so

that
∫
I
ϕ(x)g(x)dx ≥ ∫

I
ϕ(x)f(x)dx. Then, (iv) Eg[ϕ(ω)] ≥ Ef [ϕ(ω)] follows from

the above and the observation that g(x) = f(x) for x /∈ I.

First consider g1 and f1. Observing that f1 is non-decreasing on I, g1 is constant

on I and
∫
I
g1(x)dx =

∫
I
f1(x)dx (by Lemma 4.6 (i)), it follows that there exists y ∈ I

such that for every x ∈ I,

(A) g1(x) ≥ f1(x) and ϕ(x) ≥ ϕ(y) if x < y, and

(B) g1(x) ≤ f1(x) and ϕ(x) ≤ ϕ(y) if x > y.
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Here we use that ϕ is non-increasing on I, too. The inequalities in (A) and (B) imply

that

(
ϕ(x)− ϕ(y)

)(
g1(x)− f1(x)

)
≥ 0 for all x ∈ I.

Hence,∫
I

(
ϕ(x)− ϕ(y)

)(
g1(x)− f1(x)

)
dx ≥ 0,

and
∫
I
ϕ(x)g1(x)dx ≥ ∫

I
ϕ(x)f1(x)dx follows directly since ϕ(y)

∫
I
(g1(x)−f1(x))dx =

0 by Lemma 4.6 (i).

Next consider g2 and f2. By definition of g2 and since ϕ is non-increasing on I, it

follows that for all x ∈ I, and with z as defined above,

(A) g2(x) ≤ f2(x) and ϕ(x) ≥ ϕ(z) if x < z, and

(B) g2(x) ≥ f2(x) and ϕ(x) ≤ ϕ(z) if x > z.

Hence,

(
ϕ(x)− ϕ(z)

)(
g2(x)− f2(x)

)
≤ 0 for all x ∈ I.

This implies that∫
I

(
ϕ(x)− ϕ(z)

)(
g2(x)− f2(x)

)
dx ≤ 0,

and thus
∫
I
ϕ(x)g2(x)dx ≤ ∫

I
ϕ(x)f2(x)dx, completing the proof.

Remark 4.3. Conversely, applying Lemma 4.7 to f1 and Lemma 4.6 to f2 yields a

pdf g ∈ F that is non-decreasing piecewise constant and at most two-valued on I,

satisfying (ii) and (iii), and (iv) with the reverse inequality sign.

4.3.3 Exact worst-case bounds for periodically monotone func-

tions

We first restrict the analysis to the upper bound M(ϕ,B) for functions ϕ that are

periodically non-increasing, as in Section 4.3.2. Results for the lower bound N(ϕ,B)

and periodically non-decreasing ϕ can easily be derived from this single case, see
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Corollary 4.2. Building on Lemma 4.9 we show that it suffices to consider a class

of two-valued piecewise constant packed densities in the optimization of M(ϕ,B), so

that the remaining optimization problem is straightforward to solve.

Lemma 4.10. Let ϕ : R �→ R be a periodic function with period p and finite mean

value ν := p−1
∫ p

0
ϕ(x)dx. Assume that ϕ is non-increasing on (0, p). Then, for every

f ∈ F there exists a packed density gp ∈ F such that

(i) gp is non-increasing piecewise constant and at most two-valued on (0, p),

(ii) |Δ|gp([0, p]) ≤ |Δ|f , and

(iii) Egp [ϕ(ω)] ≥ Ef [ϕ(ω)].

Proof. Let f ∈ F be given and consider the packed density fp of f with support

contained in [0, p]. From Lemma 4.4 it follows that |Δ|fp([0, p]) ≤ |Δ|f , so that

fp ∈ F , and from Lemma 4.3 it follows that Efp [ϕ(ω)] = Ef [ϕ(ω)]. Now apply

Lemma 4.9 to fp with I = (0, p) yielding gp, satisfying (i) by construction and (iii)

since Egp [ϕ(ω)] ≥ Efp [ϕ(ω)] = Ef [ϕ(ω)]. It remains to prove (ii) using |Δ|gp ≤ |Δ|fp,
which holds by Lemma 4.9 (iii). The inequality in (ii) does not follow immediately

since |Δ|fp may actually be much larger than |Δ|f , but it holds since for any packed

density hp we have

|Δ|hp = |Δ|hp((−∞, 0]) + |Δ|hp([0, p]) + |Δ|hp([p,∞))

= hp(0) + |Δ|hp([0, p]) + hp(p),

and moreover, by construction gp(0) = fp(0) = gp(p) = fp(p) so that

(ii) |Δ|gp([0, p]) = |Δ|gp − gp(0)− gp(p)

≤ |Δ|fp − fp(0)− fp(p)

= |Δ|fp([0, p])
≤ |Δ|f.

Now we are ready to prove an exact expression for M(ϕ,B) for periodically non-

increasing functions ϕ.

Proposition 4.2. Let ϕ : R �→ R be a periodic function with period p and finite mean

value ν = p−1
∫ p

0
ϕ(x)dx. Assume that ϕ is non-increasing on (β, β + p) for some
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β ∈ R. Then, for every B > 0,

M(ϕ,B) = ν +
B

2

∫ β+min{p,2/B}

β

(ϕν(x))
+dx.

Proof. We will derive an expression for M(ϕ̂, B) for ϕ̂ : R �→ R defined as ϕ̂(x) =

ϕ(x − β), x ∈ R, so that ϕ̂ is non-increasing on (0, p). Since M(ϕ,B) = M(ϕ̂, B) by

Lemma 4.1 (v), the desired result for M(ϕ,B) follows by straightforward transform-

ation.

Due to Lemma 4.10 we can restrict the optimization inM(ϕ̂, B) to packed densities

gp of the form

gp(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

g0, x = 0 or x = p

g+, 0 < x < z,

g−, z ≤ x < p,

0, otherwise,

for some z ∈ (0, p) with g+ ≥ g− ≥ 0. By definition of ν it follows immediately that∫ p

z
ϕ̂ν(x)dx = − ∫ z

0
ϕ̂ν(x)dx, and thus

Egp [ϕ̂(ω)] = ν +

∫ p

0

(ϕ̂(x)− ν)gp(x)dx

= ν + g+
∫ z

0

(ϕ̂(x)− ν)dx+ g−
∫ p

z

(ϕ̂(x)− ν)dx

= ν + (g+ − g−)
∫ z

0

ϕ̂ν(x)dx.

Moreover, since

|Δ|gp([0, p]) = |g+ − g0|+ (g+ − g−) + |g− − g0|,

it follows that

min
g0∈R+

|Δ|gp([0, p]) = 2(g+ − g−)

where the minimum is attained by any g0 ∈ [g−, g+]. Since the variable g0 does only
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occur in the expression for |Δ|gp([0, p]), we assume without loss that g0 attains such

a minimizing value. Hence, the optimization problem that we have to solve reads

M(ϕ,B) = ν + sup
g+,g−,z

(g+ − g−)
∫ z

0

ϕ̂ν(x)dx

s.t. zg+ + (p− z)g− = 1 (4.12)

g+ − g− ≤ B/2 (4.13)

g+ ≥ g− ≥ 0,

where g+ ≥ 0, g− ≥ 0, and (4.12) guarantee that gp is a pdf and (4.13) captures the

bound on |Δ|gp[0, p].

In order to solve this problem, first fix z ∈ (0, p), and consider the resulting

optimization problem with optimal value denoted byMz(ϕ̂, B). Note that any feasible

solution with g+ − g− = B/2 is optimal yielding Mz(ϕ̂, B) = ν + B/2
∫ z

0
ϕ̂ν(x)dx.

Such a feasible solution exists if (4.12) holds, so if z ≤ 2/B. At the same time, since

(4.12) can be rewritten as g+ − g− = (1 − pg−)/z and by substituting this equality

in the objective, the solution g− = 0 and g+ = 1/z is optimal with Mz(ϕ̂, B) =

ν+ z−1
∫ z

0
ϕ̂ν(x)dx if it is feasible. This is the case if (4.13) holds, that is, if z ≥ 2/B.

Hence, for every z ∈ (0, p),

Mz(ϕ̂, B) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ν +
B

2

∫ z

0

ϕ̂ν(x)dx, z ≤ 2

B
,

ν +
1

z

∫ z

0

ϕ̂ν(x)dx, z ≥ 2

B
,

(4.14)

where for z = 2/B both formulas give the same result, of course. Now we will calculate

M(ϕ̂, B) = sup
z
{Mz(ϕ̂, B) : z ∈ (0, p)}. (4.15)

First consider the second case in (4.14). Since ϕ̂, and thus ϕ̂ν , is non-increasing on

(0, p), it follows that the mean value 1/z
∫ z

0
ϕ̂ν(x)dx of ϕ̂ν over (0, z) is non-increasing

in z on (0, p), so that z∗ ≤ 2/B, where z∗ is the optimal solution in (4.15). So, without

loss we may restrict ourselves to the first case in (4.14). Its objective is concave in

z on [0, p], non-decreasing for small values of z and non-increasing for large values

of z, since its right derivative is B
2 ϕ̂ν(z) which is non-increasing with mean value
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∫ p

0
ϕ̂ν(z)dz = 0. Hence,

z∗ = min{x0, 2/B},

where x0 is any global (i.e., on (0, p)) maximizer of the objective in the first case,

characterized by ϕ̂ν(x) ≥ 0 for x ∈ (0, x0) and ϕ̂ν(x) ≤ 0 for x ∈ (x0, p). We conclude

that

M(ϕ̂, B) = Mz∗(ϕ̂, B) = ν +
B

2

∫ min{x0,2/B}

0

ϕ̂ν(x)dx

= ν +
B

2

∫ min{p,2/B}

0

(ϕ̂ν(x))
+dx,

where the last equality is true since (ϕ̂ν(x))
+ = ϕ̂ν(x) if 0 < x < x0, and (ϕ̂ν(x))

+ = 0

if x0 < x < p.

Corollary 4.2. Let ϕ : R �→ R be a periodic function with period p and finite mean

value ν := p−1
∫ p

0
ϕ(x)dx. Then,

(i) if ϕ is non-increasing on (β, β + p) for some β ∈ R, then

M(ϕ,B) = ν +
B

2

∫ β+min{p,2/B}

β

(ϕν(x))
+dx, (4.16)

and

N(ϕ,B) = ν − B

2

∫ β+p

β+p−min{p,2/B}
(ϕν(x))

−dx. (4.17)

(ii) if ϕ is non-decreasing on (β, β + p) for some β ∈ R, then

M(ϕ,B) = ν +
B

2

∫ β+p

β+p−min{p,2/B}
(ϕν(x))

+dx, (4.18)

and

N(ϕ,B) = ν − B

2

∫ β+min{p,2/B}

β

(ϕν(x))
−dx. (4.19)
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Proof. For completeness (4.16) repeats Proposition 4.2. Next, continuing the analysis

of M(ϕ,B), suppose that ϕ is non-decreasing on (β, β+ p). Then, ϕ̄ : R �→ R defined

as ϕ̄(x) = ϕ(−x) is periodic with period p and mean value νϕ̄ = νϕ, and ϕ̄ is non-

increasing on (−β, p− β). Thus, using (4.16) we have

M(ϕ̄, B) = ν +
B

2

∫ −β+min{p,2/B}

−β

(ϕ̄ν(x))
+dx.

Since M(ϕ,B) = M(ϕ̄, B) by Lemma 4.1 (iv), simple computation using ϕ̄(x) =

ϕ(−x) yields (4.18).

The expressions for N(ϕ,B) in (4.17) and (4.19) are obtained using N(ϕ,B) =

−M(ϕ,B), which holds by Lemma 4.1 (i), and the observation that if ϕ is non-

increasing (non-decreasing) on (β, β+ p), then −ϕ is non-decreasing (non-increasing)

on (β, β+ p). Hence, (4.17) and (4.19) can be obtained by applying (4.18) and (4.16)

to −M(−ϕ,B), respectively.

Below we give two examples of periodically monotone functions ϕ and correspond-

ing expressions for M(ϕ,B) and N(ϕ,B). Both examples will be used in Section 4.4

to derive error bounds for approximations of recourse models.

Example 4.1. Let α, β ∈ R be given, and consider the function ϕα,β : R �→ R

defined as

ϕα,β(x) = 
x�α − 
x�β := 
x− α�+ α− 
x− β� − β, x ∈ R, (4.20)

see also Figure 4.1. This class of functions has been studied in Chapter 3 to derive

a uniform error bound for a class of convex approximations of TU integer recourse

models. In Lemma 3.5 we show that for every α, β ∈ R,

(i) ϕα,β is periodic with period p = 1 and mean value ν = 0.

(ii) If α− β ∈ Z, then ϕα,β ≡ 0.

(iii) If α− β /∈ Z, then ϕα,β is two-valued piecewise constant with

ϕα,β(x) =

⎧⎨
⎩

γα,β , x ∈ ∪l∈Z(α+ l, 
α�β + l],

γα,β − 1, x ∈ ∪l∈Z(
α�β + l, α+ l + 1],

with γα,β := α+ 1− 
α�β ∈ (0, 1).
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γα,β

0

γα,β − 1


α�β − 1 α 
α�β α + 1 α + 2

γα,β

Figure 4.1: The periodic function ϕα,β defined in (4.20).

Since ϕα,β is non-increasing on (α, α+ 1), using (4.16) in Corollary 4.2 gives

M(ϕα,β , B) =
B

2

∫ α+min{1,2/B}

α

(ϕα,β(x))
+dx.

After some calculations it follows that

M(ϕα,β , B) = min
{
γα,β , γα,β(1− γα,β)

B

2

}
, (4.21)

and

N(ϕα,β , B) = −min
{
1− γα,β , γα,β(1− γα,β)

B

2

}
.

Furthermore, M(ϕα,β , B) and N(ϕα,β , B) can be maximized and minimized, respect-

ively, over α, β ∈ R for every B > 0, yielding

sup
α,β

M(ϕα,β , B) = − inf
α,β

N(ϕα,β , B) = h(B), (4.22)

where h : (0,∞) �→ R is defined as

h(x) =

⎧⎨
⎩

x/8, 0 < x ≤ 4,

1− 2/x, x ≥ 4,
(4.23)
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similar as in (3.31) in Chapter 3. �

Example 4.2. Let α ∈ R be given, and consider the function ϕ̄α : R �→ R defined as

ϕ̄α(x) := x+ 1/2− 
x�α = x+ 1/2− 
x− α� − α, x ∈ R. (4.24)

For every α ∈ R, this function is periodic with period p = 1 and mean value ν = 0,

see also Figure 4.2. Moreover, ϕ̄α(R) = [−1/2, 1/2), and ϕ̄α is non-decreasing on

1/2

0

−1/2

α α + 1 α + 2

Figure 4.2: The periodic function ϕ̄α defined in (4.24).

(α, α+ 1). Since

∫ α+1

α+1−y

(
ϕ̄α(x)

)+

dx =

⎧⎨
⎩

1
2y(1− y), 0 ≤ y ≤ 1/2,

1
8 , 1/2 ≤ y ≤ 1,

it follows from (4.18) in Corollary 4.2, and using y = min{1, 2/B}, that

M(ϕ̄α, B) =
1

2
h(B) =

⎧⎨
⎩

B/16, 0 < B ≤ 4,

1/2− 1/B, B ≥ 4.
(4.25)

By symmetry we have N(ϕ̄α, B) = −M(ϕ̄α, B). �

4.3.4 Periodic functions with monotone amplitude

In this section we consider an extension of the results obtained so far. This extension

is necessary to derive error bounds of recourse approximations in Section 4.4. Instead
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of considering Ef [ϕ(ω)], we consider Ef [λ(ω)ϕ(ω)], where λ : R �→ R is a nonnegative

bounded monotone function. The function λϕ can be interpreted as a function that

is periodic in shape but has non-decreasing or non-increasing amplitude.

We show in Proposition 4.3 that for periodic functions with zero mean value ν,

we can derive bounds for Ef [λ(ω)ϕ(ω)] by rounding λ to its supremum, denoted λ∗.

This is not a trivial result since ϕ attains both positive and negative values.

Proposition 4.3. Let λ : R �→ R be a real-valued monotone function such that

0 ≤ λ(x) ≤ λ∗ for all x ∈ R, and let ϕ : R �→ R be a bounded periodic function with

period p and finite mean value ν := p−1
∫ p

0
ϕ(x)dx. Then, for every f ∈ F ,

λ∗N(ϕν , |Δ|f) ≤ Ef [λ(ω)ϕν(w)] ≤ λ∗M(ϕν , |Δ|f). (4.26)

Proof. First suppose that λ is monotone non-decreasing and define the constant L as

L :=
∫∞
−∞ λ(x)f(x)dx. Then, 0 ≤ L ≤ λ∗. If L = 0, then Ef [λ(ω)ϕν(ω)] = 0, and

(4.26) holds trivially. If L > 0, then define g : R �→ R as g := L−1λf . Observe that

g is nonnegative since both λ and f are nonnegative, and that g integrates to 1 by

definition of L, so that g is a pdf. Moreover,

Ef [λ(ω)ϕν(ω)] =

∫ ∞

−∞
λ(x)ϕν(x)f(x)dx

= L

∫ ∞

−∞
ϕν(x)g(x)dx

= LEg[ϕν(ω)].

Since f ∈ F , there exist bounded nonnegative monotone non-decreasing functions f1

and f2 such that f = f1 − f2, |Δ|f1 = |Δ|f2 = 1
2 |Δ|f , and

lim
x↓−∞

f1(x) = lim
x↓−∞

f2(x) = 0.

Then, g1 := L−1λf1 and g2 := L−1λf2 are both bounded monotone non-decreasing

with |Δ|g1 = |Δ|g2 ≤ 1
2L

−1λ∗|Δ|f , so that for g = g1−g2, we have |Δ|g ≤ L−1λ∗|Δ|f .
We conclude that g ∈ F , and

LN(ϕν , L
−1λ∗|Δ|f) ≤ Ef [λ(ω)ϕν(ω)] ≤ LM(ϕν , L

−1λ∗|Δ|f). (4.27)
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SinceM(ϕ,B) is concave inB by Lemma 4.2, and limB↓0 M(ϕν , B) = 0, it follows that

M(ϕν , t|Δ|f) as a function of t lies below the line through (0, 0) and (1,M(ϕ, |Δ|f))
for t ≥ 1. That is, for t ≥ 1 we have M(ϕν , t|Δ|f) ≤ tM(ϕν , |Δ|f). Similarly, using

the convexity of N(ϕ,B) we can show that tN(ϕν , |Δ|f) ≤ N(ϕν , t|Δ|f) for t ≥ 1.

Substituting these inequalities into (4.27) with t = L−1λ∗ ≥ 1 yields the desired

bounds.

If λ is monotone non-increasing, then the result can be obtained from the non-

decreasing case since λ̂(x) := λ(−x) is non-decreasing and f̂(x) := f(−x) satisfies

|Δ|f̂ = |Δ|f .

Remark 4.4. The bounds in (4.27) are actually tighter than the bounds in (4.26).

However, in order to derive error bounds for recourse approximations in Section 4.4

we will use the bounds in (4.26) since we are not able to compute L in that setting.

4.4 Approximations of two-stage recourse models

In previous sections we derived total variation bounds for the expectation of periodic

functions. The results can be applied in problems involving both uncertainty and

periodicity. Here, we apply the total variation bounds to approximation of two-stage

recourse models. The presence of uncertainty is inherent in these models, whereas

periodicity will appear as a result of rounding.

Recourse models can be used for many practical problems that deal with decision

making under uncertainty, including problems in energy, logistics, and finance (see,

e.g., [26, 89]). We consider the two-stage recourse model with random right-hand side

(only) defined as

min
x

{
cx+Q(z) : Ax ≥ b, z = Tx, x ∈ R

n1
+

}
,

where z ∈ R
m are so-called tender variables, and

Q(z) = Eω[v(ω − z)], z ∈ R
m,

with

v(s) = min
y

{
qy : Wy ≥ s, y ∈ Y ⊂ R

n2
+

}
, s ∈ R

m.
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Here, Q and v are called the (expected) recourse function and second-stage value

function, respectively. We assume that the distribution of the random vector ω is

known.

In this model, the first-stage decisions x have to be made here-and-now before

the realization of the random vector ω is observed. After the realization of ω is

revealed, we are allowed to take so-called recourse actions y to compensate for possible

infeasibilities of the random constraint Tx ≥ ω. The second-stage value function v

specifies the possible recourse actions and their cost. The objective (and challenge)

is to find feasible first-stage decisions x as to minimize the costs cx incurred now and

the expected recourse costs Q(z).

In general, it is very hard to solve two-stage recourse models, since Y ⊂ R
n2
+ may

impose integrality restrictions on the recourse actions y, and since the random vector

ω may be continuously distributed so that evaluating Q(z) is equivalent to computing

a multidimensional integral. However, in order to model many practical problems

realistically, we have to be able to deal with these two difficulties.

A typical approach to overcome these difficulties is to approximate the recourse

function Q with a recourse function Q̂ such that the approximating model can be

solved within reasonable time limits. For example, for continuous recourse functions

Q̂ (with Y = R
n2
+ ) with a discretely distributed random vector ω, efficient solution

methods are available, most of them based on the L-shaped method of [87]. In

this section, we consider several approximations Q̂ dealing with the abovementioned

difficulties, and, in particular, we derive error bounds for these approximations which

are necessary to guarantee the quality of the resulting approximating solutions.

To solve continuous recourse models with continuous random variables typically

discrete approximations are used, that is, the continuous random variables in the

model are approximated by discrete ones. We discuss two types of discrete approx-

imations in Section 4.4.3, one of them a lower bound of Q discussed in e.g. [36], and

we derive error bounds for these approximations showing that the approximations are

good as long as the total variations of the densities of the random variables in the

model are small enough.

The main difficulty solving integer recourse models (with Y = Z
n2
+ ) is that gener-

ally the integer recourse function is non-convex [56]. Several algorithms are available

for mixed-integer and pure integer recourse models (see [43], [47], and [72] for an

overview), but these algorithms are restricted to special cases or have difficulties solv-
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ing very large real-life problem instances. An alternative approach to obtain good

first-stage decisions x is to use convex approximations of Q. For example, for totally

unimodular (TU) integer recourse models convex approximations are derived in [83],

building on earlier work in [42], and in Chapter 3 we derive a uniform error bound for

this class of convex approximations. In Section 4.4.4 we show that this error bound

can be obtained using the results in Corollary 4.2 of Section 4.3.3. Moreover, we

construct a new convex approximation improving the error bound in Chapter 3 by a

factor 2, and we show that this convex approximation has the best worst-case error

bound possible.

In Section 4.4.5 we use the total variation bounds of Section 4.3.3 to derive a

tractable Lipschitz constant for pure integer recourse models.

Throughout the remainder of this chapter we assume that

(A1) the recourse is complete, i.e. v(s) < +∞ for all s ∈ R
m,

(A2) the recourse is sufficiently expensive, i.e. v(s) > −∞ for all s ∈ R
m, and

(A3) Eω[|ωi|] < +∞, i = 1, . . . ,m.

As a consequence the recourse function Q is finite for all z ∈ R
m.

4.4.1 Dual representations

For continuous recourse models with Y = R
n2
+ , a common approach is to use strong

LP-duality to rewrite the second-stage value function v, see e.g. [6] or [76]. We have

for every s ∈ R
m,

v(s) = min{qy : Wy ≥ s, y ∈ R
n2
+ }

= max{λs : λW ≤ q, λ ∈ R
m
+}.

Assumptions (A1) and (A2) imply that the dual feasible region Λ := {λ ∈ R
m : λW ≤

q} is non-empty and bounded, so that it is spanned by finitely many extreme points

denoted λ1, . . . , λK . Since v attains its optimum in one of these extreme points, we

have

v(s) = max
k=1,...,K

λks, s ∈ R
m.
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For totally unimodular (TU) integer recourse models with Y = Z
n2
+ and TU recourse

matrix W we can obtain a similar dual representation for v. Since W is TU, and thus

integral, we have

v(s) = min{qy : Wy ≥ 
s� , y ∈ Z
n2
+ }

= min{qy : Wy ≥ 
s� , y ∈ R
n2
+ }.

Again using strong LP-duality we find in this case that

v(s) = max
k=1,...,K

λk 
s� , s ∈ R
m.

Using these expressions we also obtain dual representations for the expected recourse

function Q. For continuous recourse models we have

Q(z) = Eω

[
max

k=1,...,K
λk(ω − z)

]
, z ∈ R

m, (4.28)

and for TU integer recourse

Q(z) = Eω

[
max

k=1,...,K
λk 
ω − z�

]
, z ∈ R

m. (4.29)

4.4.2 Extending total variation bounds to a multidimensional

setting

From the dual representation of Q in (4.28) and (4.29) it is still unclear how we can

use our one-dimensional results to derive error bounds for approximations of Q. One

of the difficulties is the maximum operator, since different dual vertices λk may be

optimal for different values of ω. Nevertheless, by analyzing properties of the function

λ(s) ∈ argmax
k=1,...,K

λks, s ∈ R
m,

in Lemma 4.11, we are able to prove Theorem 4.2, the main result of this section.

It allows to derive error bounds for discrete approximations of continuous recourse

models in Section 4.4.3 and for convex approximations of TU integer recourse models

in Section 4.4.4.

Lemma 4.11. Let λ1, . . . , λK ∈ R
m
+ be given, and let H : Rm �→ R

m be a separable
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function defined as

H(x) = (H1(x1), . . . , Hm(xm)),

where each Hi is non-decreasing. Then, there exists a function λ : Rm �→ R
m such

that

(i) λ(x) ∈ argmaxk=1,...,K λkH(x) for all x ∈ R
m, and

(ii) λi(·|x(i)) : R �→ R defined as λi(xi|x(i)) = λi(x) is non-decreasing for every

i = 1, . . . ,m, and x(i) ∈ R
m−1.

Here, x(i) denotes x without its i-th component.

Proof. Obviously, there exists λ : Rm �→ R
m such that (i) holds. However, such λ

is not necessarily unique because for some x ∈ R
m, the set argmaxk=1,...,K λkH(x)

may contain more than one element. Note that in order to prove that there exists λ

satisfying both (i) and (ii) it is of no restriction to assume, as we do, that λ(x1) =

λ(x2) if H(x1) = H(x2).

Now suppose for contradiction that for every λ satisfying (i) there exists i =

1, . . . ,m, and x(i) ∈ R
m−1 such that λi(·|x(i)) is not non-decreasing. That is, there

exist x1, x2 ∈ R
m with x1

(i) = x2
(i) and x1

i < x2
i such that λi(x

1) > λi(x
2). Note that

λi(x
1) > λi(x

2) implies that Hi(x
1
i ) �= Hi(x

2
i ) and thus Hi(x

1
i ) < Hi(x

2
i ) since Hi is

non-decreasing.

Since λ satisfies (i), we have

λ(x1)H(x1) ≥ λ(x2)H(x1) (4.30)

and

λ(x2)H(x2) ≥ λ(x1)H(x2). (4.31)

By adding the inequalities in (4.30) and (4.31) it follows that

[
λ(x1)− λ(x2)

] [
H(x1)−H(x2)

] ≥ 0,
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and since x1
(i) = x2

(i), implying Hj(x
1
j ) = Hj(x

2
j ) for j �= i, we have

[
λi(x

1)− λi(x
2)
] [
Hi(x

1
i )−Hi(x

2
i )
] ≥ 0.

This contradicts the assertion that λi(x
1) > λi(x

2) and Hi(x
1
i ) < Hi(x

2
i ).

Now we are almost ready to prove the main result of this section. First, however,

we need to define a sufficiently rich set Hm of ‘nice’ m-dimensional joint density

functions.

Definition 4.6. Let Hm denote the set of all m-dimensional joint pdf f whose con-

ditional density functions fi(·|x(i)) are of bounded variation. That is, fi(·|x(i)) ∈ F
for all i = 1, . . . ,m, and x(i) ∈ R

m−1.

An example of such a joint density function is the multivariate normal joint pdf

f since its conditional density functions fi(·|x(i)) are (one-dimensional) normal pdf

as well, and thus of bounded variation. Moreover, a joint pdf f belongs to Hm if f

corresponds to a continuous random vector with independent components ωi, whose

density functions fi are of bounded variation.

Theorem 4.2. Let ω be a random vector with joint pdf f ∈ Hm, and let λ1, . . . , λK

be a collection of vectors in R
m
+ . Define

Qj := Eω

[
max

k=1,...,K
λkHj(ω)

]
, j = 1, 2,

where Hj : R
m �→ R

m is a separable function for j = 1, 2, defined as Hj(x) =

(Hj
1(x1), . . . , H

j
m(xm)) with Hj

i non-decreasing for i = 1, . . . ,m. Moreover, assume

that ϕi(xi) := H1
i (xi) − H2

i (xi), xi ∈ R, is a periodic function with period pi and

finite mean value νi = p−1
i

∫ pi

0
ϕi(u)du = 0 for every i = 1, . . . ,m. Then,

m∑
i=1

λ∗
iEω(i)

[
N
(
ϕi, |Δ|fi(·|ω(i))

)]
≤ Q1−Q2 ≤

m∑
i=1

λ∗
iEω(i)

[
M
(
ϕi, |Δ|fi(·|ω(i))

)]
,

(4.32)

where λ∗
i := max

k=1,...,K
λk
i .

Proof. Since H1 is separable and its components are non-decreasing there exists a

function λ : R �→ R satisfying (i) and (ii) of Lemma 4.11. For this function λ, we
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have Q1 = Eω[λ(ω)H
1(ω)] and Q2 ≥ Eω[λ(ω)H

2(ω)]. Thus,

Q1 −Q2 ≤ Eω

[
λ(ω)

(
H1(ω)−H2(ω)

)]

=

m∑
i=1

Eω[λi(ω)ϕi(ωi)]

=

m∑
i=1

∫
Rm

λi(x)ϕi(xi)f(x)dx.

For every i = 1, . . . ,m, we condition on x(i) ∈ R
m−1 to obtain

Q1 −Q2 ≤
m∑
i=1

∫
Rm−1

{∫
R

λi(xi|x(i))ϕi(xi)fi(xi|x(i))dxi

}
f(i)(x(i))dx(i).

Observe that the inner integral can be bounded using Proposition 4.3, since ϕi is a

periodic function with period pi and mean value νi = 0, fi(·|x(i)) ∈ F , and λi(·|x(i))

is a non-decreasing function such that 0 ≤ λi(xi|x(i)) ≤ λ∗
i for all xi ∈ R. Hence, the

second inequality in (4.32) follows from

Q1 −Q2 ≤
m∑
i=1

∫
Rm−1

λ∗
iM

(
ϕi, |Δ|fi(·|x(i))

)
f(i)(x(i))dx(i)

=

m∑
i=1

λ∗
iEω(i)

[
M
(
ϕi, |Δ|fi(·|ω(i))

)]
.

The first inequality in (4.32) holds since by symmetry

Q2 −Q1 ≤
m∑
i=1

λ∗
iEω(i)

[
M
(
− ϕi, |Δ|fi(·|ω(i))

)]
,

and since M
(
− ϕi, |Δ|fi(·|ω(i))

)
= −N

(
ϕi, |Δ|fi(·|ω(i))

)
by Lemma 4.1 (i).

Corollary 4.3. Consider the same setting as in Theorem 4.2. Then,

|Q1 −Q2| ≤ 1

4

m∑
i=1

λ∗
iEω(i)

[
|Δ|fi(·|ω(i))

] ∫ pi

0

|ϕi(x)|dx, (4.33)

where λ∗
i := max

k=1,...,K
λk
i .
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Proof. The inequality in (4.33) follows immediately from applying Proposition 4.1 to

(4.32).

In the following sections we will rely on Theorem 4.2 to prove a variety of appro-

ximation results.

4.4.3 Discrete approximations for continuous recourse models

Consider the continuous recourse function

Q(z) = Ef

[
min

{
qy : Wy ≥ ω − z, y ∈ R

n2
+

}]
, z ∈ R

m, (4.34)

where ω is a continuous random vector with joint pdf f ∈ Hm. Solving the corres-

ponding recourse model is difficult, since evaluation of Q requires the computation of

a multidimensional integral. This is why the continuous random vector ω is typically

approximated by a discrete random vector ξ. The approximating model can be solved

efficiently using existing methods, most of them inspired by the L-shaped method of

[87].

There has been a vast amount of work in the literature on how to select a dis-

crete random vector ξ and how to guarantee the quality of the approximating solu-

tions. The construction of approximating distributions goes back to Jensen [35] and

Edmundson-Madansky [20, 50]. Examples of sampling methods are the sample aver-

age approximation, discussed in e.g. [76], and stochastic decomposition [34]. Scenario

generation for multistage recourse problems is surveyed in [16], see also [54], and scen-

ario reduction techniques, based on stability results (see e.g. [64]), are discussed in e.g.

[31] and [17]. In this section, we do not provide a detailed (numerical) comparison

with these existing methods but merely show initial results and indicate why they

might be useful.

We consider two types of discrete approximations and derive error bounds for

both, showing that the approximations are good as long as the total variations of the

densities in the model are small enough. The first so-called mid-point approximation,

is rather simple but an error bound can be derived directly from Theorem 4.2. The

second discrete approximation, the lower bound denoted as the Jensen approximation

[35], is more sophisticated so that deriving an error bound is not straightforward.

Nevertheless, we do so by comparing the Jensen approximation with the mid-point

approximation.
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The obvious advantage of an error bound for the Jensen approximation is that it

obviates the need for an upper bound for Q to guarantee the quality of the approxi-

mation, as is often the case in approximation schemes (see e.g. [8]) where iteratively

better lower and upper bounds are calculated until the gap is sufficiently small. This

might considerably speed up computations, especially in case this error bound is small,

since computing a tight upper bound is usually much more demanding than comput-

ing a lower bound. Precisely this latter observation motivated several studies deriving

tight upper bounds within reasonable time limits. For example, Frauendorfer [23],

Kall [37], Gassmann and Ziemba [25], Edirisinghe and Ziemba [19], and Birge and

Wets [9] use moment problems with varying conditions to derive such upper bounds,

Birge and Wallace [7] construct a separable piecewise linear upper bound that requires

a polynomial number of iterations in the number of random variables, and Birge [5]

derives bounds for aggregating scenarios and time stages in multistage problems.

Mid-point approximation

The mid-point approximation can be interpreted as follows. Partition R
m into equally

sized hyperrectangles Cl(α, ρ), defined as

Cl(α, ρ) :=

m∏
i=1

ρi

(
αi + li − 1, αi + li

]
, l ∈ Z

m.

Here, ρ ∈ R
m with ρ > 0 represents the size of the hyperrectangles and α ∈ R

m is a

shift parameter. Let ζl(α, ρ) denote the mid-point of Cl(α, ρ) defined as

ζl(α, ρ) := P (α+ l − 1

2
em), l ∈ Z

m,

with P = diag{ρ1, . . . , ρm} and em the all-one vector. Then, the mid-point appro-

ximation is obtained by concentrating all probability mass corresponding to ω on

Cl(α, ρ) in its mid-point ζl(α, ρ) for every l ∈ Z
m.

Definition 4.7. For every α ∈ R
m and ρ ∈ R

m with ρ > 0, let the ρ-size mid-point

approximation Q̂ρ
α of the continuous recourse function Q be defined as

Q̂ρ
α(z) := Ef

[
min

{
qy : Wy ≥ ξ(ω;α, ρ)− z, y ∈ R

n2
+

}]
, z ∈ R

m, (4.35)

where ξ(ω;α, ρ) := P
(⌈
P−1ω

⌉
α
− 1/2em

)
with P = diag{ρ1, . . . , ρm}, is a discrete
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random vector with support contained in {ζl(α, ρ) : l ∈ Z
m} such that

P

{
ξ(ω;α, ρ) = ζl(α, ρ)

}
= P

{
ω ∈ Cl(α, ρ)

}
, for all l ∈ Z

m.

Intuitively, it is clear that if the components of ρ are small enough, and thus the

size of the hyperrectangles is small, then Q̂ρ
α will be a good approximation of Q.

The shift parameter α does not influence the worst-case error bound for the ρ-size

mid-point approximation.

Theorem 4.3. Consider the continuous recourse function

Q(z) = Ef

[
min

{
qy : Wy ≥ ω − z, y ∈ R

n2
+

}]
, z ∈ R

m,

where ω is a continuous random vector with joint pdf f ∈ Hm, and consider its ρ-

size mid-point approximation with shift parameter α ∈ R
m, defined (according to

Definition 4.7) as

Q̂ρ
α(z) := Ef

[
min

{
qy : Wy ≥ P (

⌈
P−1ω

⌉
α
− 1/2em)− z, y ∈ R

n2
+

}]
, z ∈ R

m.

Then,

‖Q− Q̂ρ
α‖∞ ≤ 1

2

m∑
i=1

ρiλ
∗
iEω(i)

[
h
(
ρi|Δ|fi(·|ω(i))

)]
,

where λ∗
i := max

k=1,...,K
λk
i and h is defined in (4.23).

Proof. Using the dual representation for continuous recourse models in (4.28) we can

write

Q(z) = Ef

[
max

k=1,...,K
λk(ω − z)

]
, z ∈ R

m,

and

Q̂ρ
α(z) = Ef

[
max

k=1,...,K
λk
(
P (
⌈
P−1ω

⌉
α
− 1/2em)− z

)]
, z ∈ R

m.

For every z ∈ R
m, we define H1(ω) = ω − z and H2(ω) = P (

⌈
P−1ω

⌉
α
− 1/2em)− z,
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and observe that H1 and H2 are separable functions, the latter since P is a diag-

onal matrix. Moreover, the components of H1 and H2 are non-decreasing, and the

functions

ϕi(xi) = H1
i (xi)−H2

i (xi) = xi + ρi/2− ρi 
xi/ρi�αi
, xi ∈ R,

are periodic with period pi = ρi and mean value νi = 0. Thus, all conditions of

Theorem 4.2 are satisfied, and since the functions ϕi do not depend on z, we conclude

from (4.32) that

sup
z∈Rm

{
Q(z)− Q̂ρ

α(z)
}
≤

m∑
i=1

λ∗
iEω(i)

[
M(ϕi, |Δ|fi(·|ω(i)))

]
,

and

sup
z∈Rm

{
Q̂ρ

α(z)−Q(z)
}
≤ −

m∑
i=1

λ∗
iEω(i)

[
N(ϕi, |Δ|fi(·|ω(i)))

]
.

We can compute these upper bounds using special properties of the functions ϕi

involved. In fact, the ϕi are scaled versions of the function ϕ̄α in (4.24) in Example 4.2

of Section 4.3.3, since ϕi(xi) = ρiϕ̄αi(xi/ρi) for all xi ∈ R and all i = 1, . . . ,m. Hence

we will conclude the proof by showing that

M(ϕi, B) = ρiM(ϕ̄αi , ρiB) =
ρi
2
h(ρiB), (4.36)

and

N(ϕi, B) = ρiN(ϕ̄αi
, ρiB) = −ρi

2
h(ρiB). (4.37)

In both (4.36) and (4.37) the first equality follows from Lemma 4.1 (ii) and (iii), and

the second one from Example 4.2.

Theorem 4.3 shows that the error of the ρ-sized mid-point approximation decreases

as either the components of ρ or the total variations of the conditional densities de-

crease. The first is common for discrete approximations since finer discretizations gen-

erally reduce the ‘distance’ between the probability distributions of ω and ξ(ω;α, ρ)

(see e.g. Römisch [64] for a formal definition), leading to better approximations. The
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second, however, does not follow from a reduction in the distance between probability

distributions, since in Example 4.3 we show that the total variations may decrease

whereas the distance between the probability distribution and its approximation re-

mains the same. The example illustrates the unique nature of the error bound in

Theorem 4.3, which is not just obtained by comparing probability distributions but

by exploiting both the direct relation between ω and ξ(ω;α, ρ) and the structure of

the underlying second-stage value function v. Indeed, e.g. Kaut and Wallace [38]

advocate the use of scenario generation methods taking the latter into account.

Example 4.3. Consider the continuous recourse function Q and its ρ-sized mid-

point approximation Q̂ρ
α with ρ = em and α = 0, as defined in (4.34) and (4.35),

respectively. For every n ∈ N, let the continuous random vector ωn be uniformly

distributed on [0, n]m, so that its components ωn
i are independent and have pdf fn

i

defined as fn
i (x) = 1/n if x ∈ [0, n] and fn

i (x) = 0, otherwise. Since |Δ|fn
i = 2/n for

every i = 1, . . . ,m, it follows from Theorem 4.3 that for ω := ωn,

‖Q− Q̂ρ
α‖∞ ≤ (8n)−1

m∑
i=1

λ∗
i ,

which converges to zero as n → ∞.

Interestingly, the Kantorovich distance between the probability distributions of ωn

and its discrete approximation ξ(ωn;α, ρ) = 
ωn� − 1/2 is constant for all n ∈ N, im-

plying that the analysis of e.g. Römisch [64] cannot be used to derive the convergence

result above. �

Jensen approximation

The Jensen approximation is more sophisticated than the mid-point approximation:

instead of concentrating all probability mass of ω on a hyperrectangle Cl(α, ρ) in its

mid-point ζl(α, ρ), the Jensen approximation puts it in its conditional mean μl(α, ρ)

defined as

μl(α, ρ) := Ef

[
ω|ω ∈ Cl(α, ρ)

]
, l ∈ Z

m.

Although the Jensen approximation can be defined using any partition of Rm, we use

equally sized hyperrectangles Cl(α, ρ) to be able to compare the Jensen approximation

with the mid-point approximation.
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Definition 4.8. For every α ∈ R
m and ρ ∈ R

m with ρ > 0, let the ρ-size Jensen

approximation Q̃ρ
α of the continuous recourse function Q be defined as

Q̃ρ
α(z) := Eω

[
min

{
qy : Wy ≥ ξf (ω;α, ρ)− z, y ∈ R

n2
+

}]
, z ∈ R

m,

where ξf : Rm �→ R
m is defined as ξf (x;α, ρ) := μl(α, ρ) for x ∈ Cl(α, ρ), l ∈ Z

m,

and thus ξf (ω;α, ρ) is a discrete random vector with

P

{
ξf (ω;α, ρ) = μl(α, ρ)

}
= P

{
ω ∈ Cl(α, ρ)

}
, l ∈ Z

m.

We will derive an upper bound for ‖Q − Q̃ρ
α‖∞ by comparing the Jensen appro-

ximation Q̃ρ
α and the mid-point approximation Q̂ρ

α. In fact, the main purpose is to

find an upper bound for

sup
z∈Rm

Q̂ρ
α(z)− Q̃ρ

α(z).

Indeed, this bound yields an upper bound for Q(z)−Q̃ρ
α(z) = Q(z)−Q̂ρ

α(z)+Q̂ρ
α(z)−

Q̃ρ
α(z) for all z ∈ R

m, since ‖Q− Q̂ρ
α‖∞ is bounded by Theorem 4.3. Since the Jensen

approximation is a lower bound for Q, it holds Q(z)− Q̃ρ
α(z) ≥ 0, z ∈ R

m.

The difference Q̂ρ
α(z) − Q̃ρ

α(z) can not be bounded using Theorem 4.2, since the

underlying difference function is not periodic. Moreover, this function will depend

on the pdf f , since the conditional means μl(α, ρ) depend on f . Nevertheless, we

are able to find a uniform upper bound for the one-sided difference Q̂ρ
α(z) − Q̃ρ

α(z)

using additional analysis. The key observation is that for f constant on Cl(α, ρ), the

conditional mean μl(α, ρ) coincides with the mid-point ζl(α, ρ) of Cl(α, ρ).

Proposition 4.4. Let α ∈ R
m and ρ ∈ R

m be given. Consider the ρ-size mid-point

approximation Q̂ρ
α and the ρ-size Jensen approximation Q̃ρ

α. Then, for every z ∈ R
m,

Q̂ρ
α(z)− Q̃ρ

α(z) ≤
1

2

m∑
i=1

ρiλ
∗
iEω(i)

[
h
(
ρi|Δ|fi(·|ω(i))

)]
,

where λ∗
i := max

k=1,...,K
λk
i and h is defined in (4.23).

Proof. Let z ∈ R
m be given and consider the dual representations of Q̂ρ

α(z) and Q̃ρ
α(z)
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given by

Q̂ρ
α(z) = Ef

[
max

k=1,...,K
λk
(
P (
⌈
P−1ω

⌉
α
− 1

2
em)− z

)]
,

and

Q̃ρ
α(z) = Ef

[
max

k=1,...,K
λk
(
ξf (ω;α, ρ)− z

)]
,

respectively. Observe that for every l ∈ Z
m, both P

(⌈
P−1ω

⌉
α
− 1

2em
) − z and

ξf (ω;α, ρ) − z are constant for ω ∈ Cl(α, ρ). Because of the first, there exists λz :

R
m �→ R

m such that λz is constant on Cl(α, ρ) for every l ∈ Z
m, and

λz(x) ∈ argmax
k=1,...,K

λk

(
P (
⌈
P−1x

⌉
α
− 1

2
em)− z

)
, x ∈ R

m.

Thus,

Q̂ρ
α(z)− Q̃ρ

α(z) ≤ Ef

[
λz(ω)

(
P (
⌈
P−1ω

⌉
α
− 1

2
em)− ξf (ω;α, ρ)

)]
.

We can rewrite this expression as

Q̂ρ
α(z)− Q̃ρ

α(z) ≤
m∑
i=1

Ef

[
λz
i (ω)

(
ρi(
ωi/ρi�αi

− 1/2)− ξfi (ω;α, ρ)
)]

=

m∑
i=1

∫
Rm

λz
i (x)

(
ρi(
xi/ρi�αi

− 1/2)− ξfi (x;α, ρ)
)
f(x)dx.

(4.38)

Since for every l ∈ Z
m, the first terms of the integrand in (4.38) are constant in x on

Cl(α, ρ) and equal to λz
i (l)(ζ

l
i(α, ρ)− μl

i(α, ρ)), we obtain

Q̂ρ
α(z)− Q̃ρ

α(z) ≤
m∑
i=1

θfi (α, ρ), (4.39)

where θfi (α, ρ) is defined for every i = 1, . . . ,m as

θfi (α, ρ) :=
∑
l∈Zm

λz
i (l)

(
ζli(α, ρ)− μl

i(α, ρ)
)∫

Cl(α,ρ)

f(x)dx.
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Consider first the special case that ζli(α, ρ) ≥ μl
i(α, ρ) for all l ∈ Z

m for some i =

1, . . . ,m. Then,

θfi (α, ρ) ≤ λ∗
i

∑
l∈Zm

(
ζli(α, ρ)− μl

i(α, ρ)
)∫

Cl(α,ρ)

f(x)dx

= λ∗
i

∫
Rm

(ρi(
xi/ρi�αi
− 1/2)− xi)f(x)dx,

since for every l ∈ Z
m,

μl
i(α, ρ) := Ef

[
ωi|ω ∈ Cl(α, ρ)

]
=

∫
Cl(α,ρ)

xif(x)dx∫
Cl(α,ρ)

f(x)dx

and thus

∑
l∈Zm

μl
i(α, ρ)

∫
Cl(α,ρ)

f(x)dx =

∫
Rm

xif(x)dx.

Since ρi(
xi/ρi�αi
−1/2)−xi = −ρiϕ̄αi

(xi/ρi) with ϕ̄αi
the periodic function defined

in (4.24) of Example 4.2, proceeding as before to obtain

−
∫
Rm

ρiϕ̄αi(xi/ρi)f(x)dxi = −
∫
Rm−1

∫
R

ρiϕ̄αi(xi/ρi)fi(xi)dxif(i)(x(i))dx(i)

≤
∫
Rm−1

1

2
ρih

(
ρi|Δ|fi(·|x(i))

)
f(i)(x(i))dx(i)

=
1

2
ρiEω(i)

[
h
(
ρi|Δ|fi(·|ω(i))

)]
,

with h defined in (4.23), it follows that

θfi (α, ρ) ≤
1

2
ρiλ

∗
iEω(i)

[
h
(
ρi|Δ|fi(·|ω(i))

)]
. (4.40)

Hence, if indeed ζli(α, ρ) ≥ μl
i(α, ρ) holds for every i = 1, . . . ,m, and l ∈ Z

m, then

Q̂ρ
α(z)− Q̃ρ

α(z) ≤
1

2

m∑
i=1

ρiλ
∗
iEω(i)

[
h
(
ρi|Δ|fi(·|ω(i))

)]
.

Now consider the general case for some fixed i ∈ {1, . . . ,m}. Obviously, ζli(α, ρ) ≥



209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM

Total variation bounds on the expectation of periodic functions 117

μl
i(α, ρ) does not hold for every l ∈ Z

m and f ∈ Hm. We will show that nevertheless

(4.40) is also true in this case, by constructing a pdf g for which the above condition

holds together with θfi (α, ρ) ≤ θgi (α, ρ) and |Δ|gi(·|x(i)) ≤ |Δ|fi(·|x(i)) for every

x(i) ∈ R
m−1, so that

θfi (α, ρ) ≤ θgi (α, ρ) ≤
ρi
2
λ∗
iEω(i)

[
h
(
ρi|Δ|gi(·|ω(i))

)]
≤ ρi

2
λ∗
iEω(i)

[
h
(
ρi|Δ|fi(·|ω(i))

)]
.

(4.41)

This pdf g is obtained by flattening the i-th conditional densities of f , and is defined

as

g(x) = gi(xi|x(i))g(i)(x(i)), for all x ∈ R
m,

where g(i)(x(i)) := f(i)(x(i)) for all x(i) ∈ R
m−1, and for every l ∈ Z

m and x ∈ Cl(α, ρ)

we define

gi(xi|x(i)) =

{
fi(xi|x(i)), if ζli(α, ρ) ≥ μl

i(α, ρ),

Kl
i(x(i);α, ρ), otherwise,

with

Kl
i(x(i);α, ρ) := |Cl

i(α, ρ)|−1

∫
Cl

i(α,ρ)

fi(xi|x(i))dxi = ρ−1
i

∫
Cl

i(α,ρ)

fi(xi|x(i))dxi.

Here, Cl
i(α, ρ) ⊂ R is defined as Cl

i(α, ρ) := ρi(αi + li − 1, αi + li], and similarly, we

define Cl
(i)(α, ρ) ⊂ R

m−1 as Cl
(i)(α, ρ) :=

∏
j �=i C

l
j(α, ρ). In order to prove (4.41), we

will show that the pdf g satisfies the properties

(i) g(i)(x(i)) = f(i)(x(i)) for all x(i) ∈ R
m−1,

(ii)
∫
Cl

i(α,ρ)
gi(xi|x(i))dxi =

∫
Cl

i(α,ρ)
fi(xi|x(i))dxi for all l ∈ Z

m and x(i) ∈ Cl
(i)(α, ρ),

(iii)
∫
Cl(α,ρ)

f(x)dx =
∫
Cl(α,ρ)

g(x)dx for every l ∈ Z
m,

(iv) gi(·|x(i)) ∈ F and |Δ|gi(·|x(i)) ≤ |Δ|fi(·|x(i)) for all x(i) ∈ R
m−1,

(v) the conditional means μ̂l
i(α, ρ) corresponding to g satisfy ζli(α, ρ) ≥ μ̂l

i(α, ρ) for

all l ∈ Z
m,

(vi) μ̂l
i(α, ρ) ≤ μl

i(α, ρ) for all l ∈ Z
m.
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Note that (i) holds by definition of g(i), (ii) holds either trivially or

∫
Cl

i(α,ρ)

gi(xi|x(i))dxi =

∫
Cl

i(α,ρ)

Kl
i(x(i);α, ρ)dxi =

∫
Cl

i(α,ρ)

fi(xi|x(i))dxi,

and (iii) follows from (i) and (ii) by construction of g. Property (iv) holds since for

every x(i) ∈ R
m−1, g(·|x(i)) is a flattened version of f(·|x(i)) obtained by applying

Lemma 4.8 repeatedly. Moreover, if for some l ∈ Z
m, ζli(α, ρ) ≥ μl

i(α, ρ), then

gi(xi|x(i)) = f(xi|x(i)) for x ∈ Cl(α, ρ) so that μ̂l
i(α, ρ) = μl

i(α, ρ), and if ζli(α, ρ) <

μl
i(α, ρ), then gi(·|·) is constant on Cl(α, ρ) so that the conditional mean μ̂i(α, ρ)

coincides with the midpoint ζli(α, ρ). From these observations (v) and (vi) follow.

Combining (iii) and (vi) we immediately have

θfi (α, ρ) :=
∑
l∈Zm

λz
i (l)

(
ζli(α, ρ)− μl

i(α, ρ)
)∫

Cl(α,ρ)

f(x)dx

≤
∑
l∈Zm

λz
i (l)

(
ζli(α, ρ)− μ̂l

i(α, ρ)
)∫

Cl(α,ρ)

g(x)dx

= θgi (α, ρ).

Moreover, since ζli(α, ρ) ≥ μ̂l
i(α, ρ) for every l ∈ Z

m by (v), the inequality in (4.40)

holds for g, yielding

θgi (α, ρ) ≤
1

2
ρiλ

∗
iEω(i)

[
h
(
ρi|Δ|gi(·|ω(i))

)]
.

Since h is non-decreasing, it now follows from (iv) that

1

2
ρiλ

∗
iEω(i)

[
h
(
ρi|Δ|gi(·|ω(i))

)]
≤ 1

2
ρiλ

∗
iEω(i)

[
h
(
ρi|Δ|fi(·|ω(i))

)]
,

and we conclude that (4.41) holds, indeed. Hence, for every z ∈ R
m, (4.39) yields

Q̂ρ
α(z)− Q̃ρ

α(z) ≤
1

2

m∑
i=1

ρiλ
∗
iEω(i)

[
h
(
ρi|Δ|fi(·|ω(i))

)]
.

Using this proposition we derive an error bound for the Jensen approximation.

Theorem 4.4. Consider the continuous recourse function

Q(z) = Ef

[
min

{
qy : Wy ≥ ω − z, y ∈ R

n2
+

}]
, z ∈ R

m,
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where ω is a continuous random vector with joint pdf f ∈ Hm, and its ρ-size Jensen

approximation Q̃ρ
α with shift parameter α defined in Definition 4.8. Then,

sup
z∈Rm

|Q(z)− Q̃ρ
α(z)| ≤

m∑
i=1

ρiλ
∗
iEω(i)

[
h
(
ρi|Δ|fi(·|ω(i))

)]
,

where λ∗
i := max

k=1,...,K
λk
i and h is defined in (4.23).

Proof. Since every Jensen approximation is a lower bound for Q, we have Q(z) −
Q̃ρ

α(z) ≥ 0 for every z ∈ R
m. The claim follows from combining Theorem 4.3 and

Proposition 4.4.

Remark 4.5. The value of the error bound for the Jensen approximation is precisely

twice the value of the bound for the corresponding mid-point approximation in The-

orem 4.3. We suspect that the first bound is not tight, leaving room for improvement.

However, to our knowledge it is the first non-trivial a priori error bound for the Jensen

approximation.

4.4.4 Convex approximations for totally unimodular integer

recourse models

In this section we consider the totally unimodular integer recourse function

Q(z) := Ef

[
min

{
qy : Wy ≥ ω − z, y ∈ Z

n2
+

}]
, z ∈ R

m, (4.42)

where ω is a continuous random vector with joint pdf f ∈ Hm and W is a TU matrix.

In general, Q is a non-convex function. We discuss two types of convex approximations

for Q. The first type of so-called α-approximations has been developed by [83],

and in Chapter 3 we derived a uniform error bound for these approximations. The

second type is a new convex approximation for which we can derive an error bound

using Theorem 4.2, improving on α-approximations by a factor 2. Interestingly, the

underlying periodic functions in the derivation of this error bound are the same as for

the mid-point approximation of the previous section, providing a connection between

two seemingly unrelated research areas. Another interesting observation is that the

α-approximations can be obtained by applying the mid-point approximation to the

new convex approximation. We conclude this section by showing that the new convex

approximation has the best worst-case error bound possible.
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The α-approximations of [83] are defined for every α ∈ R
m as

Q̄α(z) := Ef

[
min

{
qy : Wy ≥ 
ω�α − z, y ∈ R

n2
+

}]
, z ∈ R

m, (4.43)

where 
ω�α := 
ω − α� + α is a discrete random vector with support contained in

α + Z
m. Since Q̄α is the recourse function of a continuous recourse model, it is

convex, and efficient solution methods are available to solve such models. Moreover,

we can use Theorem 4.2 to derive the same uniform error bound as in Chapter 3.

Theorem 4.5. Consider the totally unimodular integer recourse function Q defined

in (4.42) with ω a continuous random vector with joint pdf f ∈ Hm, and let Q̄α denote

its α-approximation defined in (4.43). Then, for every α ∈ R
m,

sup
z∈Rm

|Q(z)− Q̄α(z)| ≤
m∑
i=1

λ∗
iEω(i)

[
h
(
|Δ|fi(·|ω(i))

)]
,

where λ∗
i := max

k=1,...,K
λk
i and h is defined in (4.23).

Proof. Since Q̄α is a continuous recourse function we can use the dual representation

in (4.28) to obtain for every α ∈ R
m,

Q̄α(z) = Ef

[
max

k=1,...,K
λk(
ω�α − z)

]
, z ∈ R

m.

The dual representation of Q is given in (4.29). For every z ∈ R
m, we define H1(ω) =


ω�α − z and H2(ω) = 
ω − z� so that both H1 and H2 are separable and have

non-decreasing components. Moreover, for every i = 1, . . . ,m, the function

ϕi(xi) = H1
i (xi)−H2

i (xi) = 
xi�αi
− 
xi�zi , xi ∈ R,

is the same as ϕα,β in (4.20) in Example 4.1 with α = αi and β = zi, and thus

ϕi is periodic with period pi = 1 and mean value νi = 0. Since all conditions of

Theorem 4.2 are satisfied, we conclude from (4.32), and from (4.22) in Example 4.1,

that for every α ∈ R
m and z ∈ R

m,

|Q(z)− Q̄α(z)| ≤
m∑
i=1

λ∗
iEω(i)

[
h
(
|Δ|fi(·|ω(i))

)]
.

Next, we consider a new convex approximation which we denote as the shifted LP-
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relaxation approximation. This approximation is obtained by shifting the right-hand

side in the LP-relaxation of Q by 1
2em, and its error bound, which we will derive using

Theorem 4.2, yields an improvement over α-approximations by a factor 2.

Definition 4.9. Let the shifted LP-relaxation approximation Q̃ of the TU integer

recourse function Q be defined as

Q̃(z) := Ef

[
min

{
qy : Wy ≥ ω +

1

2
em − z, y ∈ R

n2
+

}]
, z ∈ R

m. (4.44)

Theorem 4.6. Consider the totally unimodular integer recourse function

Q(z) := Ef

[
min

{
qy : Wy ≥ ω − z, y ∈ Z

n2
+

}]
, z ∈ R

m,

where ω is a continuous random vector with joint pdf f ∈ Hm, and consider its shifted

LP-relaxation approximation Q̃ defined in (4.44). Then,

sup
z∈Rm

|Q(z)− Q̃(z)| ≤ 1

2

m∑
i=1

λ∗
iEω(i)

[
h
(
|Δ|fi(·|ω(i))

)]
,

where λ∗
i := max

k=1,...,K
λk
i and h is defined in (4.23).

Proof. Using the dual representation

Q̃(z) = Ef

[
max

k=1,...,K
λk(ω +

1

2
em − z)

]
, z ∈ R

m,

for Q̃, and (4.29) for Q, we can apply Theorem 4.2 for every z ∈ R
m with H1(ω) =

ω + 1
2em − z and H2(ω) = 
ω − z� yielding

ϕi(xi) = H1
i (xi)−H2

i (xi) = xi + 1/2− 
xi�zi , xi ∈ R,

for every i = 1, . . . ,m. The functions ϕi are the same as ϕ̄α in (4.24) of Example 4.2

with α := zi, so that using (4.25) and N(ϕ̄α, B) = −N(ϕ̄α, B) it follows immediately

that for every z ∈ R
m,

|Q(z)− Q̃(z)| ≤ 1

2

m∑
i=1

λ∗
iEω(i)

[
h
(
|Δ|fi(·|ω(i))

)]
.

Although the error bound of Q̃ is a factor 2 better than that of Q̄α, we do not
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necessarily prefer Q̃ to Q̄α. Both being continuous recourse functions, Q̃ involves con-

tinuous random variables whereas those of Q̄α are discrete. Indeed, this implies that

solving the approximating problem with Q̃ is much more demanding than that with

Q̄α. In order to solve the former problem, discrete approximations of the distribution

are required (except in special cases).

Surprisingly, Q̄α may also be obtained by applying the ρ-size mid-point approxi-

mation of Section 4.4.3 to Q̃ with ρ = em and α ∈ R
m. Hence, half of the (worst-

case) error bound of the α-approximations can be contributed to approximating a

non-convex TU integer recourse model by a convex continuous recourse model and

the remainder to applying a discrete approximation to a continuous distribution.

Note that it is also possible to apply a more refined discrete approximation to Q̃,

such as the ρ-size mid-point approximation where the components of ρ are small, or the

Jensen approximation, yielding a better approximation than Q̄α. Based on a tradeoff

between available computation time and required quality of the approximation one

may decide which discrete approximation to use.

Shifted LP-relaxation: best worst-case error bound

In Theorem 4.7 we show for the special case of (one-dimensional) simple integer re-

course, i.e., for the case W = Im as introduced in [48], that surprisingly the error

bound of the shifted LP-relaxation approximation is the best worst-case bound pos-

sible for any convex approximation. This result can easily be generalized to the

m-dimensional simple integer case (similar to the proof of Corollary 3.3 in Chapter 3,

where we show that the error bound of α-approximations in Theorem 4.5 is tight

in the simple integer recourse case) showing that indeed the shifted LP-relaxation

approximation is the best convex approximation in a worst-case sense.

Theorem 4.7. Let Q : R �→ R denote the simple integer recourse function defined as

Q(z) = Ef [
ω − z�+], z ∈ R. Then, for every B ∈ R with B > 0, there exists f ∈ F
with |Δ|f = B such that

sup
z∈R

|Q(z)− Q̂(z)| ≥ 1

2
h(B)

for every convex function Q̂ : R �→ R, where h is defined in (4.23). Thus, the shifted

LP-relaxation approximation gives the best worst-case error bound in simple integer

recourse.
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Proof. Let Q̂ : R �→ R be a convex function. Since the simple integer recourse function

Q restricted to Z is convex (see Lemma 3.1 in [42]) with Q(z)−Q(z− 1) ∈ [−1, 0] for

every z ∈ Z, it follows immediately that ‖Q− Q̂‖∞ = +∞ unless the right-derivative

Q̂′
+(z) of Q̂ is contained in [−1, 0] for every z ∈ R, which we assume without loss.

Under this condition we will construct for every B > 0 a pdf f ∈ F with |Δ|f = B

such that there exists z ∈ R with |Q(z)− Q̂(z)| ≥ 1
2h(B). We will consider the cases

B ≤ 4 and B ≥ 4 separately.

First, let B ≥ 4 be given, and let ω be uniformly distributed on [0, 2/B] with

density f̂ : R �→ R defined as

f̂(x) =

{
B/2, 0 < x < 2/B,

0, otherwise,

with |Δ|f̂ = B. Moreover, simple computation based on this density shows that

Q(0) = 1 and Q(2/B) = 0. Since Q̂′
+(z) ∈ [−1, 0] for every z ∈ R, it follows that

Q̂(0)− Q̂(2/B) ∈ [0, 2/B]. Thus,

|Q(0)−Q̂(0)|+ |Q̂(2/B)−Q(2/B)| ≥
(
Q(0)−Q(2/B)

)
−
(
Q̂(0)−Q̂(2/B)

)
≥ h(B),

since h(B) = 1− 2/B for B ≥ 4, and we conclude that either |Q(0)− Q̂(0)| ≥ 1
2h(B),

or |Q̂(2/B)−Q(2/B)| ≥ 1
2h(B), or both hold with equality.

Next, consider the case B ≤ 4, and define f̂ : R �→ R as

f̂(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

B/2, 1/2 < x ≤ k∗,

c∗, k∗ < x ≤ k∗ + 1

0, otherwise,

where k∗ ∈ Z with k∗ ≥ 1, and 0 ≤ c∗ ≤ B/2 are defined such that

B

2

(
k∗ − 1

2

)
+ c∗ = 1. (4.45)

Such a k∗ and c∗ exist for every B ≤ 4, with 0 ≤ c∗ ≤ B/2 ensuring that |Δ|f̂ = B

and (4.45) that f̂ is indeed a pdf. Moreover, straightforward computation based on f̂

shows that Q(−1/2) = μ+ 1 +B/16 and Q(0) = μ+ 1/2−B/16, where μ := Ef̂ [ω].

Hence, Q(−1/2)−Q(0) = 1/2+B/8. Since Q̂′
+(z) ∈ [−1, 0] for every z ∈ R, it follows
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that Q̂(−1/2)− Q̂(0) ∈ [0, 1/2], so that

|Q(−1/2)−Q̂(−1/2)|+|Q̂(0)−Q(0)| ≥
(
Q(−1/2)−Q(0)

)
−
(
Q̂(−1/2)−Q̂(0)

)
≥ h(B),

since h(B) = B/8 for B ≤ 4. Thus, either |Q(−1/2) − Q̂(−1/2)| ≥ 1
2h(B), or

|Q̂(0)−Q(0)| ≥ 1
2h(B), or both hold with equality.

Since the error bound for the shifted LP-relaxation approximation in Theorem 4.6

reduces to 1
2h(|Δ|f) for this special case, it follows immediately that this approxima-

tion gives the best worst-case error bound.

4.4.5 Lipschitz constant for pure integer recourse models

Continuity properties of mixed-integer expected value functions Q have been studied

in [68]. By carefully analyzing properties of the underlying mixed-integer value func-

tion Schultz shows that under certain conditions, the recourse function Q is Lipschitz

continuous. However, in the proof it is only shown that a finite-valued Lipschitz

constant exists. Here, we derive a Lipschitz constant for the pure integer recourse

function Q, depending on the underlying second-stage value function v and the total

variations of the marginal densities of f . Once more we rely on the total variation

bounds on the expectation of periodic functions, complemented with subadditivity of

v and related properties.

Lemma 4.12. Let v be the value function of a pure integer program defined as

v(s) = min
{
qy : Wy ≥ s, y ∈ Z

n2
+

}
, s ∈ R

m. (4.46)

Then,

(i) v(s+ t) ≤ v(s) + v(t) for every s, t ∈ R
m,

(ii) v(rs) ≤ rv(s) for every r ∈ Z+ and s ∈ R
m,

(iii) v(
∑N

i=1 risi) ≤
∑N

i=1 riv(si) for every r1, . . . , rN ∈ Z+ and s1, . . . , sN ∈ R
m.

Proof. See Proposition 2.3 in Chapter II.3 of [52] for a proof of (i). Results (ii) and

(iii) follow immediately from (i).
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Corollary 4.4. Consider v as defined in (4.46). Then, for every s, t ∈ Z
m,

v(s)− v(t) ≤
m∑
i=1

(si − ti)
+v(ei),

where ei denotes the i-th unit vector.

Proof. Let s, t ∈ Z
m be given. By subadditivity of v in Lemma 4.12 (i), we have

v(s) ≤ v(t) + v(s− t). (4.47)

For i = 1, . . . ,m, let ri = si− ti and si = ei if si ≥ ti, and let ri = ti−si and si = −ei

if si < ti. Observe that ri ∈ Z+ for all i = 1, . . . ,m, and that s − t =
∑m

i=1 ris
i so

that

v(s− t) ≤
m∑
i=1

riv(s
i) =

m∑
i=1

(
(si − ti)

+v(ei) + (ti − si)
+v(−ei)

)
(4.48)

by Lemma 4.12 (iii). The claim now follows from substituting (4.48) into (4.47) and

by observing that v(−ei) ≤ 0 for all i = 1, . . . ,m, since y = 0 is a feasible solution in

v(−ei).

Theorem 4.8. Consider the pure integer recourse function

Q(z) := Ef

[
min

{
qy : Wy ≥ ω − z, y ∈ Z

n2
+

}]
, z ∈ R

m,

where ω is a continuous random vector with joint pdf f ∈ Hm, and assume that

W ∈ Z
m×n2 . Under assumptions (A1) and (A2) it holds for every z1, z2 ∈ R

m that

|Q(z1)−Q(z2)| ≤
m∑
i=1

v(ei)(1 +
|Δ|fi
2

)|z1i − z2i |, (4.49)

and thus |Q(z1)−Q(z2)| ≤ L‖z1 − z2‖1, with Lipschitz constant

L := max
i=1,...,m

{
v(ei)(1 +

|Δ|fi
2

)
}
.

Proof. First, we show that the inequality (4.49) holds if we omit the absolute value

on the left-hand side. The claim then follows by symmetry.
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Let z1, z2 ∈ R
m be given. Since W ∈ Z

m×n2 , it follows that for all s ∈ R
m,

v(s) = v(
s�). Thus, by applying Corollary 4.4 we have

Q(z1)−Q(z2) = Ef

[
v(
⌈
ω − z1

⌉
)− v(

⌈
ω − z2

⌉
)
]

≤ Ef

[
m∑
i=1

(
⌈
ωi − z1i

⌉− ⌈
ωi − z2i

⌉
)+v(ei)

]

=

m∑
i=1

v(ei)Efi

[
(
⌈
ωi − z1i

⌉− ⌈
ωi − z2i

⌉
)+
]
.

Observe that

Efi

[
(
⌈
ωi − z1i

⌉− ⌈
ωi − z2i

⌉
)+
]
=

⎧⎨
⎩

Efi

[
(
⌈
ωi − z1i

⌉− ⌈
ωi − z2i

⌉
)
]
, z1i ≤ z2i ,

0, z1i ≥ z2i .

Thus, we have

Q(z1)−Q(z2) ≤
m∑
i=1

�{z1
i ≤z2

i }v(ei)Efi

[
(
⌈
ωi − z1i

⌉− ⌈
ωi − z2i

⌉
)
]
,

where �{z1
i ≤z2

i } is an indicator function equal to 1 if z1i ≤ z2i , and 0 otherwise. It

remains to show that Efi

[
(
⌈
ωi − z1i

⌉− ⌈
ωi − z2i

⌉
)
] ≤ (1 + |Δ|fi

2 )|z1i − z2i | if z1i ≤ z2i .

In order to do so, observe that Efi

[
(
⌈
ωi − z1i

⌉− ⌈
ωi − z2i

⌉
)
]
= Efi [ϕα,β(ωi)]+β−α,

with ϕα,β defined in (4.20) of Example 4.1 with α := z1i and β := z2i . It follows from

(4.21) that

Efi

[
(
⌈
ωi − z1i

⌉− ⌈
ωi − z2i

⌉
)
]
≤ min

{
γz1

i ,z
2
i
, γz1

i ,z
2
i
(1− γz1

i ,z
2
i
)
|Δ|fi
2

}
+ z2i − z1i

≤ (1− γz1
i ,z

2
i
)
|Δ|fi
2

+ z2i − z1i ,

where the last inequality is true since γz1
i ,z

2
i
:= z1i +1− ⌈

z1i
⌉
z2
i

∈ (0, 1]. Since z1i ≤ z2i ,

1− γz1
i ,z

2
i
=
⌈
z1i
⌉
z2
i

− z1i =
⌈
z1i − z2i

⌉
+ z2i − z1i

≤ z2i − z1i ,
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and thus

Efi

[
(
⌈
ωi − z1i

⌉− ⌈
ωi − z2i

⌉
)
] ≤ (z2i − z1i )

|Δ|fi
2

+ z2i − z1i

≤ (1 +
|Δ|fi
2

)|z1i − z2i |.

4.5 Summary and conclusions

We use worst-case analysis to derive upper and lower bounds for the expectation

Ef [ϕ(ω)] of periodic functions ϕ depending on the total variation |Δ|f of the prob-

ability density function f of the underlying random variable ω. For periodically

monotone functions we obtain exact worst-case bounds. The bounds show that if the

total variation |Δ|f of the pdf f is small, then the expectation Ef [ϕ(ω)] will be close

to the mean value ν := p−1
∫ p

0
ϕ(x)dx of the periodic function ϕ with period p. These

results are derived in a general setting so that they can readily be applied in problems

involving both uncertainty and periodicity.

We apply these total variation bounds to approximations of recourse models, using

additional analysis to be able to apply these one-dimensional bounds in a multidi-

mensional setting. Interestingly, the same analysis is used to obtain error bounds for

approximations of both continuous and integer recourse models.

For continuous recourse models with continuous random variables we derive error

bounds for two types of discrete approximations: the so-called mid-point approxima-

tion and the Jensen approximation. In general, the smaller the total variations of the

densities of the random variables in the model are, the smaller the error bounds.

For totally unimodular integer recourse models we introduce the so-called shifted

LP-relaxation approximation. Its error bound improves the bound for α-approxima-

tions of [83] – the best convex approximations known so far – by a factor 2. Moreover,

we show that, in a worst-case sense, this shifted LP-relaxation provides the best

convex approximation possible. Interestingly, the α-approximations can be obtained

by applying the mid-point approximation to the shifted LP-relaxation approximation.

This implies that half of the (worst-case) α-approximation error can be contributed

to coping with non-convexity, whereas the other half accounts for approximating

continuous distributions by discrete ones.

Finally, we use total variation bounds to derive a tractable Lipschitz constant for

the pure integer recourse function Q.



209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM

128 Chapter 4

Extensions to multistage models may be considered for future research. Another

research direction is to assess the actual performance of the approximations (compared

to their error bounds) in a numerical study.

Appendix

In this appendix we give the proofs of Lemma 4.1 and Lemma 4.2 of Section 4.1.1.

Proof of Lemma 4.1:

Properties (i) and (ii) follow trivially from the definition of M and N .

To show (iii) let r > 0 be given, and consider ϕ̄r(x) := ϕ(x/r), x ∈ R. We will

show that for every f ∈ F with |Δ|f ≤ B, there exists g ∈ F with |Δ|g ≤ rB such

that Ef [ϕ̄r(ω)] = Eg[ϕ(ω)], and vice versa, that for every f ∈ F with |Δ|f ≤ rB there

exists g ∈ F with |Δ|g ≤ B such that Ef [ϕ(ω)] = Eg[ϕ̄r(ω)]. Together these results

imply that (iii) holds. Observe that for f ∈ F with |Δ|f ≤ B the pdf g defined as

g(x) := rf(rx), x ∈ R satisfies the first conditions and for f ∈ F with |Δ|f ≤ rB the

pdf g defined as g(x) := r−1f(x/r) satisfies the latter.

Similarly, for ϕ̂(x) := ϕ(−x), x ∈ R, let f ∈ F with |Δ|f ≤ B be given. Then,

g(x) := f(−x), x ∈ R, satisfies g ∈ F with |Δ|g = |Δ|f ≤ B and Ef [ϕ̂(ω)] =

Eg[ϕ(ω)], implying

M(ϕ̂, B) ≥ M(ϕ,B) and N(ϕ̂, B) ≤ N(ϕ,B).

Since ϕ(x) = ϕ̂(−x), x ∈ R, the reverse inequalities hold as well, proving (iv).

Finally, property (v) can be proven in a similar way, using that for every f ∈ F
with |Δ|f ≤ B, and β ∈ R, the pdf g(x) := f(x+ β), x ∈ R, satisfies |Δ|g = |Δ|f ≤
B.

Proof of Lemma 4.2:

Since for every f0, f1 ∈ F with |Δ|f0 ≤ B and |Δ|f1 ≤ B, and 0 ≤ t ≤ 1, the pdf

f := (1− t)f0 + tf1 satisfies

|Δ|f ≤ (1− t)|Δ|f0 + t|Δ|f1 ≤ B,

it follows that the constraint |Δ|f ≤ B in M(ϕ,B) and N(ϕ,B) is convex. Since, in

addition, the objective Ef [ϕ(ω)] is linear in f , we conclude that both M(ϕ,B) and
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N(ϕ,B) are convex optimization problems with a linear objective. Since M(ϕ,B)

is a maximization problem and N(ϕ,B) is a minimization problem, it follows that

M(ϕ,B) is concave in B, and N(ϕ,B) is convex in B, respectively.
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Assessing the quality of

convex approximations using

sampling

Abstract. We consider two types of convex approximations of two-stage totally un-

imodular integer recourse models. Although worst-case error bounds are available for

these approximations, their actual performance has not yet been investigated, mainly

because this requires solving the original recourse model. In this chapter we assess the

quality of the approximating solutions using Monte Carlo sampling, or more specific-

ally, using the so-called multiple replications procedure. Based on numerical experi-

ments for an integer newsvendor problem and a fleet allocation and routing problem,

we conclude that the actual performance is much better than the error bounds sug-

gest, especially if the variability of the random parameters in the model is medium

to large. In case this variability is small, the performance of the approximations is

not so good. However, these are precisely the cases for which sampling methods, with

modest sample sizes, may perform best. In this sense, the convex approximations and

sampling methods can be considered as complementary solution methods. Finally,

for a fleet allocation and routing problem, we derive a new error bound dealing with

deterministic second-stage side constraints and relatively complete recourse.

This chapter is submitted for publication as [58].
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5.1 Introduction

We consider the stochastic optimization problem

η∗ := min
x

{
Eω[g(x, ω)] : x ∈ X

}
, (5.1)

where the uncertainty is explicitly modeled using the random vector ω (with known

distribution function F ) and the objective is to find optimal here-and-now decisions

x ∈ X to minimize the expected value function G(x) := Eω[g(x, ω)].

In its general form, model (5.1) can represent many stochastic programming prob-

lems (see, e.g., [6, 55, 76, 89]). However, throughout this chapter we restrict attention

to two-stage integer recourse models, where X ⊂ R
n1
+ , Y ⊂ R

n2
+ , and g is defined for

every x ∈ X and ω ∈ Ω as

g(x, ω) = cx+min
y

{
q(ω)y : Wy ≥ ζ(ω)− T (ω)x, y ∈ Y ∩ Z

n2

}
. (5.2)

Here, the cost vector q(ω), right-hand side vector ζ(ω), and technology matrix T (ω)

are random and depend on the underlying random vector ω. We introduce the nota-

tion in (5.1) since several of our ideas, methods, and results also hold in this more

general setting.

The function g in (5.2) is called an integer recourse function because of the integer-

constrained recourse variables y. Such decision variables arise often in practice to

model indivisibilities or on-off decisions. With the corresponding model (5.1) in mind,

these recourse variables y are determined after realization of the random vector ω, and

can be used to compensate for infeasibilities of the underlying random goal constraints

T (ω)x ≥ ζ(ω).

The integer recourse function g is clearly non-convex in x for every ω ∈ Ω be-

cause of the integer programming problem involved. As a consequence, the expected

value function G is generally non-convex as well [56]; see [42] for exceptions in the

simple integer recourse case. This lack of convexity is the main reason why integer re-

course models are much harder to solve than their continuous counterparts. Indeed,

for the latter type of problems, efficient algorithms such as the L-shaped method

[87], regularized decomposition [66], and stochastic decomposition [32] are available

that explicitly use convexity (see [94] for a recent numerical study comparing several

algorithms).
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A possible approach for solving integer recourse models is to replace g in (5.1) by a

function ĝ : X×Ω �→ R that is convex in x for every ω ∈ Ω. Then, the approximating

model

η̂ := min
x

{Ĝ(x) : x ∈ X} (5.3)

with Ĝ(x) := Eω[ĝ(x, ω)], x ∈ X, can be solved using tools from convex optimization

(yielding an approximating solution x̂). For the special case of totally unimodular

(TU) integer recourse models, i.e., for TU recourse matrices W , with Y = R
n2
+ and

deterministic q and T , such convex approximations have been developed [83, 62]. In

fact, these references show that model (5.3) corresponding to these approximations

can be represented as a continuous recourse model and can thus be solved efficiently

using one of the methods mentioned above. The question that remains, and the main

topic of this chapter, concerns the quality of the approximating solution, x̂, of model

(5.3).

In Chapters 3 and 4 we measure the performance of the convex approximations

by upper bounds U(G, Ĝ) on ‖G− Ĝ‖∞ := sup{|G(x)− Ĝ(x)| : x ∈ X}. Such upper

bounds are useful since

|η̂ − η∗| ≤ ‖G− Ĝ‖∞ ≤ U(G, Ĝ)

and

G(x̂)− η∗ ≤ 2‖G− Ĝ‖∞ ≤ 2U(G, Ĝ). (5.4)

See, e.g., Chapter 3 for a proof of these results for the TU integer recourse case.

Numerical experiments in Section 3.5.2 for several (small) examples suggest that

the second inequality in (5.4) is reasonably tight if the upper bounds U(G, Ĝ) of

Chapters 3 and 4 are used. The sharpness of the first inequality in (5.4), however, has

not yet been investigated. The main difficulty of doing so, and in fact the motivation

for deriving convex approximations of g, is that it is very hard to solve the original

integer recourse model (5.1) to obtain η∗, especially for larger problem instances.

In this chapter we assess the quality of x̂, and thus the sharpness of the first

inequality in (5.4), using sampling. In particular, we will use the multiple replica-

tions procedure (MRP) developed in [51]. We carry out numerical experiments for
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an integer newsvendor problem and for a fleet allocation and routing problem. These

experiments show that the convex approximations are much better than their error

bounds suggest, especially if the ‘variability’ of the random parameters in the models

is medium to large. If this ‘variability’ is small then the performance of the convex ap-

proximations is not so good. However, these are precisely the cases in which sampling

methods can work quite well with modest sample sizes, and in this sense we may

view convex approximations and sampling methods as complementary approaches for

approximately solving TU integer recourse models.

The remainder of this chapter is organized as follows. In Section 5.2 we discuss

the literature on convex approximations for integer recourse models and the literature

on sampling methods for assessing the quality of candidate solutions in stochastic

programs. In Section 5.3 we show numerical experiments for an integer newsvendor

problem and in Section 5.4 for a fleet allocation and routing problem. For this latter

problem we have to extend the analysis of Chapter 4 to derive an error bound for

the convex approximation to deal with deterministic second-stage side constraints

and relatively complete recourse instead of complete recourse. Finally, Section 5.5

comprises a summary and conclusions.

5.2 Literature review

We review the literature on both solution methods for integer recourse models (Sec-

tion 5.2.1) and sampling methods for assessing the quality of candidate solutions in

stochastic programming problems (Section 5.2.2). Our focus is on convex approxim-

ations of integer recourse models, their error bounds, and the multiple replications

procedure (MRP) to be used in Sections 5.3 and 5.4.

5.2.1 Solution methods for integer recourse models

During the last decades a variety of solution methods have been developed for integer

recourse models, including the integer L-shaped method [46], dual decomposition [11],

branch-and-bound [1], and disjunctive decomposition [73]. These solution methods

typically combine ideas from deterministic integer programming and stochastic con-

tinuous programming, and are aimed at finding (near-)optimal solutions. This is

the main reason why these methods, in general, have difficulties solving very large

problem instances, motivating the development of convex approximations.
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In the remainder of this section we restrict our attention to the literature on

these convex approximations and their error bounds. For readers interested in other

solution methods for integer recourse models we refer to the survey papers of Klein

Haneveld and Van der Vlerk [43], Louveaux and Schultz [47], Schultz [70], and Sen

[72].

Convex approximations for integer recourse models

Klein Haneveld et al. [42] were the first to develop a class of convex approximations for

the special case of simple integer recourse models. These so-called α-approximations

were later extended by van der Vlerk to the cases of TU integer recourse [83] and

simple mixed-integer recourse [85]. The recurring idea in these approximations (see

also Section 3 of the survey paper [60]) is to simultaneously relax the integrality

constraints in the model defining g and perturb the distribution of the random right-

hand side ω. For g defined in (5.2) with Y = R
n2
+ , ζ(ω) = ω, and deterministic q and

T , this, for every α ∈ R
m, yields

gα(x, ω) := cx+min
y

{
qy : Wy ≥ 
ω�α − Tx, y ∈ R

n2
+

}
, x ∈ X, ω ∈ Ω, (5.5)

where 
ω�α := 
ω − α�+α is a discrete random vector with support contained in α+

Z
m. As already mentioned in the introduction, the resulting approximating problem

with g replaced by gα in (5.1) corresponds to a (convex) continuous recourse model

with a discrete distribution that, with existing algorithms, is more computationally

tractable.

An alternative convex approximation that also can be represented as a continu-

ous recourse model is the so-called shifted LP-relaxation approximation developed in

Chapter 4, defined as

ĝ(x, ω) = cx+min
y

{
qy : Wy ≥ ω+1/2em−Tx, y ∈ R

n2
+

}
, x ∈ X, ω ∈ Ω, (5.6)

where em is the m-dimensional all-one vector. The error bound of this approximation

(see Theorem 5.1 below) improves the bound of the α-approximation by a factor 2.

Moreover, in Chapter 4 we show that the bound is tight in a worst-case sense.
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Error bounds for convex approximations of TU integer recourse models

Error bounds, i.e., upper bounds on ‖G − Gα‖∞ and ‖G − Ĝ‖∞ with Gα(x) :=

Eω[gα(x, ω)] and Ĝ(x) := Eω[ĝ(x, ω)], x ∈ X, are derived under several assumptions:

(A1) Complete recourse: g(x, ω) < +∞ for every x ∈ R
n1 and ω ∈ R

m.

(A2) Sufficiently expensive (or dual feasible) recourse: Λ := {λ ∈ R
m
+ : λW ≤ q} �= ∅.

(A3) Finite expectations: Eω[|ωi|] < +∞ for every i = 1, . . . ,m.

In Section 5.4 we consider a problem where the complete recourse assumption is

violated. Instead, a relaxation of this assumption holds:

(A1’) Relatively complete recourse: g(x, ω) < +∞ for every x ∈ X and ω ∈ Ω.

As we show in Section 5.4 this has consequences for the type of convex approximation

to use and its corresponding error bound.

Theorem 5.1 below shows error bounds for α-approximations and the shifted LP-

relaxation approximation. They correspond to upper bounds U(G,Gα) and U(G, Ĝ)

that can appear on the right-hand side of (5.4), and in Sections 5.3 and 5.4 we

compare them with the optimality gaps G(xα)− η∗ and G(x̂)− η∗. A detailed proof

of Theorem 5.1 is omitted here and can be found in Chapter 4. We do discuss the

main line of the proof because it helps facilitate our proof in Section 5.4 of an error

bound for a convex approximation of the fleet allocation and routing problem.

Theorem 5.1. Consider the totally unimodular integer recourse function

g(x, ω) := cx+min
y

{
qy : Wy ≥ ω − Tx, y ∈ Z

n2
+

}
, x ∈ X, ω ∈ Ω,

where ω is a continuous random vector with joint pdf f and with independently distrib-

uted components. Let gα and ĝ denote the α-approximation and shifted LP-relaxation

approximation defined in (5.5) and (5.6), respectively, with Gα and Ĝ denoting their

expected value functions. Then, under assumptions (A1)–(A3) we have for every

α ∈ R
m,

‖G−Gα‖∞ ≤
m∑
i=1

λ∗
i h(|Δ|fi) and ‖G− Ĝ‖∞ ≤ 1

2

m∑
i=1

λ∗
i h(|Δ|fi),
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where λ∗
i := max{λi : λW ≤ q, λ ∈ R

m
+}, |Δ|fi denotes the total variation of the i-th

marginal density function, fi, and h : (0,∞) �→ R is defined as

h(t) =

⎧⎨
⎩

t/8, t ≤ 4

1− 2/t, t ≥ 4,
(5.7)

similar as in (3.31) and (4.23) in Chapters 3 and 4, respectively.

Remark 5.1. The assumption in Theorem 5.1 that the components of ω are inde-

pendently distributed is not necessary. Indeed, in Chapters 3 and 4 bounds for the

dependent case are derived involving conditional density functions instead of marginal

ones. However, since we do not consider the latter case in our numerical experiments

in Sections 5.3 and 5.4, we present Theorem 5.1 in its current form for ease of expos-

ition.

The error bounds in Theorem 5.1 are smaller if the total variations |Δ|fi of the

marginal densities fi are smaller. For example, for a normally distributed random

vector, ω, this implies that we expect the performance of the convex approximations

to be better if the standard deviations are larger. We will confirm this conjecture by

numerical experiments in Sections 5.3 and 5.4.

Main line of the proof of Theorem 5.1

Since the derivation of the error bounds in Theorem 5.1 is very similar for both the

α-approximation and the shifted LP-relaxation approximation, we only discuss the

proof for the α-approximation.

First, we derive a dual representation of the optimization problems in g and gα.

Since W is TU, we have for every x ∈ X and ω ∈ Ω,

g(x, ω) = cx+min
y

{
qy : Wy ≥ 
ω − Tx� , y ∈ R

n2
+

}
(5.8)

= cx+max
λ

{
λ 
ω − Tx� : λ ∈ Λ

}
, (5.9)

where the second equality follows from strong LP duality and where the dual feasible

region Λ := {λ ∈ R
m
+ : λW ≤ q} is non-empty and bounded by assumptions (A1) and

(A2). Similarly, for the α-approximation we have for every α ∈ R
m,

gα(x, ω) = cx+max
λ

{
λ(
ω�α − Tx) : λ ∈ Λ

}
, x ∈ X, ω ∈ Ω. (5.10)
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Suppose for the moment that the dual feasible region Λ contains only a single point.

Then, for every fixed x ∈ X, ω ∈ Ω, and defining tender variables z := Tx,

g(x, ω)− gα(x, ω) = λ
(

ω − Tx�+ Tx− 
ω�α

)

=

m∑
i=1

λi

(

ωi − zi�+ zi − 
ωi�αi

)

=
m∑
i=1

λi

(

ωi�zi − 
ωi�αi

)
.

Thus, for fixed z and α the difference g−gα can be decomposed componentwise in ωi.

Moreover, all properties of g − gα follow directly from those of the one-dimensional

function ϕ̄zi,αi given in Definition 5.1.

Definition 5.1. For every zi ∈ R and αi ∈ R we define the function ϕ̄zi,αi
: R �→ R

as

ϕ̄zi,αi
(t) = 
t�zi − 
t�αi

=
(

t− zi�+ zi

)
−
(

t− αi�+ αi

)
, t ∈ R.

Moreover, for every zi ∈ R we define ϕ̂zi : R �→ R as

ϕ̂zi(t) = 
t�zi −
(
t+ 1/2

)
=
(

t− zi�+ zi

)
−
(
t+ 1/2

)
, t ∈ R.

The function ϕ̂zi can be interpreted as the underlying difference function of the

shifted LP-relaxation approximation, which we use in Section 5.4. Both functions

ϕ̄zi,αi and ϕ̂zi are periodic in t with period p = 1 and mean value p−1
∫ p

0
ϕ̄zi,ai(t)dt =

p−1
∫ p

0
ϕ̂zi(t)dt = 0. We use these properties to bound Eωi

[ϕ̄zi,αi
(ωi)], yielding an

upper bound on ‖G−Gα‖∞ since

G(x)−Gα(x) =

m∑
i=1

λiEωi

[
ϕ̄zi,αi(ωi)

]
.

Surprisingly, in the general case (without the assumption that Λ is a singleton)

the analysis above is still helpful since it turns out that we are allowed to ‘round up’

the λ’s to a single vector λ∗ with λ ≤ λ∗ for every λ ∈ Λ. Below we illustrate this

idea by deriving an upper bound for G(x) − Gα(x), x ∈ X. A lower bound can be
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obtained in a similar way.

Let x ∈ X be given and let λ(ω) ∈ Λ denote maximizers in model (5.9) for each

ω ∈ Ω. Since λ(ω) is feasible but not necessarily optimal in model (5.10), we have

g(x, ω)− gα(x, ω) ≤
m∑
i=1

λi(ω)
(

ωi�zi − 
ωi�αi

)
=

m∑
i=1

λi(ω)ϕ̄zi,αi
(ωi).

Moreover, it is not hard to show that λi(ω) is monotone non-decreasing in ωi for every

ω(i) ∈ R
m−1, where ω(i) denotes ω without its i-th component. This monotonicity

property is one of the assumptions in Proposition 5.1, which is key to ‘round up’ λi(ω)

to λ∗
i .

The proof of Proposition 5.1 can be found in Chapter 4. Observe that we use

F to denote the set of probability density functions f of bounded variation (i.e.,

|Δ|f < +∞).

Proposition 5.1. Let λ : R �→ R be a real-valued monotone function such that

0 ≤ λ(x) ≤ λ∗ for all x ∈ R, and let ϕ : R �→ R be a bounded periodic function with

period p and mean value ν := p−1
∫ p

0
ϕ(x)dx = 0. Then, for every continuous random

variable ω with probability density function f ∈ F ,

−λ∗M(−ϕ, |Δ|f) ≤ Eω[λ(ω)ϕ(ω)] ≤ λ∗M(ϕ, |Δ|f),

where for every B ∈ R with B > 0,

M(ϕ,B) := sup
f∈F

{
Eω[ϕ(ω)] : |Δ|f ≤ B

}
. (5.11)

Using Proposition 5.1 we are able to reduce the problem of finding an upper bound

on ‖G−Gα‖∞ to the bound of (5.11) since for every x ∈ X and α ∈ R
m,

G(x)−Gα(x) ≤
m∑
i=1

λ∗
iM(ϕ̄zi,αi

, |Δ|fi), (5.12)

with λ∗
i = max{λi : λ ∈ Λ}. It turns out that for periodically monotone functions ϕ

(including ϕ̄zi,αi
and ϕ̂zi) exact expressions of M(ϕ,B) can be obtained; in all other

cases an upper bound is available. Moreover, as shown in Examples 4.1 and 4.2 of
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Chapter 4 we have for every zi, αi ∈ R and for every B ∈ R with B > 0 that

M(ϕ̄zi,αi
, B) ≤ h(B) and M(ϕ̂zi , B) = M(−ϕ̂zi , B) =

1

2
h(B) (5.13)

with h defined in (5.7). Combining (5.12) and the first inequality in (5.13) we ob-

tain the error bound from Theorem 5.1. Moreover, observe that the difference of

a factor 2 between M(ϕ̄zi,αi , B) and M(ϕ̂zi , B) in (5.13) causes the factor 2 differ-

ence between the error bounds of the α-approximations and the shifted LP-relaxation

approximation.

Since the error bounds in Theorem 5.1 are determined using worst-case analysis,

among others in the form of (5.11), the question arises how sharp these error bounds

actually are. As already mentioned in the introduction they are reasonably tight when

compared with ‖G−Gα‖∞ and ‖G− Ĝ‖∞. In Sections 5.3 and 5.4, however, we will

compare the error bounds with G(xα)− η∗ and G(x̂)− η∗ and show that the quality

of the convex approximations may in fact be much better than the error bounds of

Theorem 5.1 suggest.

5.2.2 Assessing the quality of candidate solutions using sam-

pling

In this section we review sampling methods for assessing the quality of candidate

solutions, x ∈ X, for model (5.1). In particular, we discuss the multiple replications

procedure (MRP) of [51]. This procedure is easy to implement and works under very

general assumptions, which are satisfied by the integer recourse function g defined

in (5.2), at least if g(x, ω) has finite variance for all x ∈ X. On the other hand, we

note that the single- and two-replications procedures in [3], for example, assume that

g(·, ω) is continuous for every ω ∈ Ω, which is not the case when integer decision

variables are involved in the second stage.

The MRP can be applied to any candidate solution, x ∈ X, independent of the

method by which x is obtained. So, for the TU integer recourse models that we

consider in Sections 5.3 and 5.4 we can use the MRP with x := xα and x := x̂,

where xα and x̂ denote solutions of the α-approximations and shifted LP-relaxation

approximation, respectively.

Other sampling methods for assessing solution quality in stochastic programming

problems include [27, 32, 33, 77]; see also the tutorial of Bayraksan and Morton [4].
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Although descriptions of MRP can be found in this tutorial and in, e.g., [3], we discuss

it here to set notation for what follows.

Multiple replications procedure

We measure the quality of a candidate solution, x ∈ X, of (5.1) by its optimality gap

θ(x) := G(x) − η∗. This gap cannot be obtained by straightforward computation,

since it is typically impossible to calculate η∗ exactly and because evaluating G(x)

can require computing a higher-dimensional integral. Nonetheless, the optimality gap

may be estimated using sampling.

Let ω1, . . . , ωn denote an i.i.d. sample from the distribution of ω. Then,

n−1
∑n

j=1 g(x, ω
j) is a consistent estimator of G(x). We can estimate η∗ by solving

(SPn) η∗n := min
x

{ 1

n

n∑
j=1

g(x, ωj) : x ∈ X
}
. (5.14)

Model (5.14) is of the same form as model (5.1), but will be computationally tractable

if the sample size is small enough. The estimator η∗n of η∗ has a negative bias, i.e.,

E[η∗n] ≤ η∗; see [51]. In this way, θn(x) := n−1
∑n

j=1 g(x, ω
j)−η∗n will be a conservative

estimate of the optimality gap θ(x) in the sense that E[θn(x)] ≥ θ(x).

The distribution of θn(x) may be asymptotically non-normal, making it more

difficult to derive probabilistic statements on θn(x). This issue is circumvented by

replicating the procedure Nr times and applying the central limit theorem (CLT). A

complete description of the MRP is given below.

MRP:

Step 1: For i = 1, . . . , Nr,

(i) Sample (i.i.d.) observations ωi1, . . . , ωin from the distribution of ω.

(ii) Solve (SPn) in (5.14) using the sample ωi1, . . . , ωin of (i), yielding

objective ηi∗n and solution xi∗
n .

(iii) Calculate θin(x) := n−1
∑n

j=1(g(x, ω
ij)− g(xi∗

n , ωij)).
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Step 2: Calculate the gap estimate θ̄n(x) and sample variance s2θ(x) by

θ̄n(x) :=
1

Nr

Nr∑
i=1

θin(x) and s2θ(x) =
1

Nr − 1

Nr∑
i=1

(θin(x)− θ̄n(x))
2.

Step 3: Let εθ := tNr−1,γ ·sθ(x)/
√
Nr, where tNr−1,γ denotes the (1−γ)% quantile

of the t distribution with Nr − 1 degrees of freedom. Then, the one-sided

(1−γ)% confidence interval on θ(x) = G(x)− η∗ is given by [0, θ̄n(x)+ εθ].

That is, if the CLT were to hold exactly for finite sample size, Nr, we would

have

P

{
G(x)− η∗ ∈ [0, θ̄n(x) + εθ]

}
= 1− γ.

Step 1(i) of the MRP need not use i.i.d. sample; only i.i.d. samples over replications

i are required. For example, throughout this chapter we use Latin hypercube sampling

(LHS) in this step, which reduces variance and also often decreases the bias. This is

important because the width of the confidence interval of θ(x) may be large since (i)

x is suboptimal, (ii) the negative bias of θ̄n(x) is large, or (iii) the sample variance,

and thus εθ, is large. Using LHS we reduce the effect of (ii) and (iii) so that we can

better assess the quality of the candidate solution x; see, e.g., [24].

Although the purpose of the MRP is to assess the quality of a candidate solution,

x ∈ X, it also calculates potential candidate solutions xi∗
n in Step 1(ii), and can thus

also be considered a sampling (solution) method. The candidate solutions will most

likely be suboptimal, particularly when the sample size n is small, but we can obtain

the best among them using an out-of-sample evaluation or by averaging them [74] if

X is convex. In Sections 5.3 and 5.4 we compare the solution of this sampling method

with the solutions obtained from the convex approximations.

5.3 Integer newsvendor problem

5.3.1 Problem definition and analysis

In this section we consider an integer newsvendor problem. This problem, which is

an example of a model with simple integer recourse, is the simplest version of a TU
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integer recourse problem with g as in (5.2), and is defined as

η∗ = min
x≥0

{
cx+ rEω[
ω − x�+]

}
, (5.15)

with 0 < c < r and 
s�+ := max{0, 
s�}, s ∈ R. We have substituted the exact

expression

g(x, ω) = cx+min
y

{ry : y ≥ ω − x, y ∈ Z+} = cx+ r 
ω − x�+ , x ≥ 0, ω ∈ R,

in the objective function of (5.15). Moreover, observe that the problem is generally

non-convex because of the round-up operator.

The approximating models corresponding to the α-approximations and shifted

LP-relaxation approximation defined in (5.5) and (5.6), respectively, reduce to

ηα := min
x≥0

{
cx+ rEω[(
ω�α − x)+]

}
, (5.16)

and

η̂ := min
x≥0

{
cx+ rEω[(ω + 1/2− x)+]

}
. (5.17)

Both models are newsvendor problems for which closed-form solutions can be ob-

tained. For example, for the shifted LP-relaxation approximation we have x̂ =

(1/2 + F−1( r−c
r ))+ with F−1 denoting the quantile function of ω. The quality of

these solutions is guaranteed by the error bounds in Theorem 5.1. Combining those

with (5.4) we have for this integer newsvendor problem that

G(xα)− η∗ ≤ 2rh(|Δ|f) and G(x̂)− η∗ ≤ rh(|Δ|f),

where h is defined in (5.7). In the next section we analyze the sharpness of these

bounds using numerical experiments. Below we compute these bounds for both normal

and lognormal random variables ω.

Example 5.1. Let ω ∼ N(μ, σ2) be a normally distributed random variable with

pdf f . Then, f is unimodal with maximum 1/
√
2πσ2 at x = μ, so that |Δ|f =
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2/
√
2πσ2 = σ−1

√
2/π, and thus

G(xα)− η∗ ≤ 2rh(σ−1
√
2/π) and G(x̂)− η∗ ≤ rh(σ−1

√
2/π),

where

h(σ−1
√
2/π) =

⎧⎨
⎩

1− σ
√
2π, σ ≤ 1/

√
8π,

(8σ)−1
√

2/π, σ ≥ 1/
√
8π.

Similarly, we have ‖G − Gα‖∞ ≤ rh(σ−1
√
2/π) and ‖G − Ĝ‖∞ ≤ 1

2rh(σ
−1
√
2/π).

Figure 5.1 compares the actual values of the supremum norms with their upper bound

for the case r = 1. It is the same figure as in Example 3.2 of Chapter 3, but now

with the values of ‖G − Ĝ‖∞ included. Observe that indeed the upper bound is

reasonably tight, and that the shifted LP-relaxation approximation is better than the

α-approximations. �

Example 5.2. Let ω be lognormally distributed, i.e., lnω ∼ N(μ, σ2). In this case,

Eω[ω] = exp{μ + σ2/2} and Var(ω) = (exp{σ2} − 1) exp{2μ + σ2}, and moreover ω

has pdf

f(x) =

⎧⎪⎨
⎪⎩

1

x
√
2πσ2

exp
{
− 1

2

( lnx− μ

σ

)2}
, x > 0

0, otherwise.

The pdf f is unimodal with mode exp{μ− σ2}. It follows immediately that

|Δ|f =

√
2

πσ2
exp

{1

2
σ2 − μ

}
.

In contrast to the normal case, the total variation |Δ|f of f depends on the mean

μ, and it decreases as μ increases. Moreover, for large values of σ the total variation

|Δ|f is also large in the lognormal case, even though the variance of ω is large. This

illustrates that there is not necessarily a one-to-one relation between the variance of

ω and the total variation |Δ|f of the pdf, f , of ω, as is the case when ω is normally

distributed. �

Remark 5.2. In general it is hard to compute ‖G − Gα‖∞ and ‖G − Ĝ‖∞, but for

this integer newsvendor problem it is possible using brute force computation. In fact,
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Figure 5.1: The supremum norms ‖G− Ĝ‖∞ and ‖G−Gα‖∞, and their upper bound
rh(|Δ|f), of Example 5.1 (with r = 1) as a function of σ, the standard deviation
of the random variable ω ∼ N(0, σ2). The dotted line corresponds to h(|Δ|f), the
dashed lines to ‖G− Ĝ‖∞, and the solid lines to ‖G−Gα‖∞ for α = 0, 0.5, 0.75, 0.99.
The solid lines can be identified by their limit points at σ → 0. For α = 0.75 and
α = 0.99, this limit point equals (0, α). For both α = 0 and α = 0.5, this limit point
is (0, 0.5) and the graph of ‖G − Gα‖∞ corresponding to α = 0.5 lies below the one
corresponding to α = 0.

values of G(xα)−η∗ and G(x̂)−η∗ might also be obtained in a similar way. However,

we prefer to use the MRP here instead for comparison with the fleet allocation and

routing problem of Section 5.4 for which brute force computations are intractable.

5.3.2 Numerical experiments

Here, we carry out numerical experiments for the integer newsvendor problem. We

compare the performance of xα and x̂, the approximating solutions of the α-approxi-

mation and shifted LP-relaxation approximation, respectively. We also apply the

MRP to estimate the optimality gaps θ(xα) = G(xα)− η∗ and θ(x̂) = G(x̂)− η∗, and

we compare these optimality gaps, or rather their estimates, with the upper bounds
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2rh(|Δ|f) and rh(|Δ|f).
We consider two types of distributions, the normal (ω ∼ N(μ, σ2)) and lognormal

(lnω ∼ N(μ, σ2)). The latter is a distribution with heavy tails, whereas the tails of

the normal distribution decrease exponentially. The value of c is standardized to 1

and we use r ∈ {1.05, 1.3, 2, 4, 20} in our experiments. The values of r are chosen

such that (approximately) r−c
r ∈ {0.05, 0.25, 0.5, 0.75, 0.95}, and thus the solution x̂

is obtained by computing very different quantiles of the distribution of ω.

Table 5.1: Comparison of the shifted LP-relaxation approximation and the α-
approximation for the integer newsvendor problem (5.15) when ω is normally dis-
tributed. Exact objective values G(x̂) and G(xα) with α = 0, 0.25, 0.5, and 0.75 are
given; for each experiment the minimum of these objective values is displayed in bold.

Exp. μ σ r G(x̂) G(x0) G(x0.25) G(x0.5) G(x0.75)

1 1 0.1 1.05 1.336 1.526 1.257 1.500 1.750
2 1 0.1 1.3 1.433 1.667 1.258 1.500 1.750
3 1 0.1 2 1.500 2.000 1.262 1.500 1.750
4 1 0.1 4 1.567 2.000 1.275 1.500 1.750
5 1 0.1 20 1.664 2.000 1.374 1.500 1.750

6 1 0.5 1.05 1.550 1.550 1.564 1.554 1.548
7 1 0.5 1.3 1.673 1.697 1.670 1.713 1.761
8 1 0.5 2 1.820 2.046 1.880 1.820 1.884
9 1 0.5 4 2.026 2.091 2.275 2.140 2.018
10 1 0.5 20 2.404 2.456 2.374 2.527 2.755

11 1 1 1.05 1.604 1.604 1.611 1.604 1.604
12 1 1 1.3 1.906 1.910 1.943 1.931 1.908
13 1 1 2 2.264 2.366 2.290 2.264 2.290
14 1 1 4 2.717 2.731 2.724 2.793 2.829
15 1 1 20 3.481 3.482 3.506 3.629 3.613

16 1 3 1.05 2.198 2.198 2.198 2.198 2.198
17 1 3 1.3 2.785 2.785 2.785 2.785 2.785
18 1 3 2 3.883 3.916 3.891 3.883 3.891
19 1 3 4 5.296 5.344 5.311 5.296 5.307
20 1 3 20 7.660 7.723 7.669 7.662 7.697

21 1 10 1.05 5.034 5.034 5.034 5.034 5.034
22 1 10 1.3 6.377 6.377 6.377 6.377 6.377
23 1 10 2 9.476 9.485 9.478 9.476 9.478
24 1 10 4 14.206 14.210 14.206 14.210 14.221
25 1 10 20 22.119 22.119 22.128 22.139 22.122

Table 5.1 compares the shifted LP-relaxation approximation and the α-approxi-

mation with α = 0, 0.25, 0.5, and 0.75 for ω normally distributed. For large values of

σ, i.e., σ = 10, the difference between the approximations is very small, whereas for
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small values of σ, i.e., σ = 0.1, the approximations differ significantly. In the latter

case, the solution x0.25 is best. In some sense, this can be considered a coincidence

because by construction the optimal solution to (5.16) is either xα = 0 or xα ∈
α + Z, and x0.25 = 1.25 is close to the optimal solution of the integer newsvendor

problem (5.15). On the other hand, for medium to large values of σ, the shifted LP-

relaxation approximation outperforms all α-approximations, in line with the fact that

its error bound is better by a factor of 2. We thus prefer the shifted LP-relaxation

approximation, also because in contrast to the α-approximation it does not require

specification of parameter α. For the α-approximations the experiments suggest that

it is important to select a good value of α, in particular if σ is small, but this value of

α depends on the fractional value of the unknown optimal solution x∗ of (5.15). The

analog of Table 5.1 when ω is lognormal is similar, and so we do not include those

results here.

Table 5.1 does not give any information on how close to optimal the approx-

imations are. So, we use the MRP to evaluate the optimality gaps. We restrict

our attention here to the shifted LP-relaxation approximation. Results for the α-

approximations are very similar.

Table 5.2: Numerical results for the shifted LP-relaxation approximation applied to
the integer newsvendor problem (5.15) with ω normally distributed. The MRP is
applied with Nr = 30, n = 1000, and γ = 0.05.

Optimality gap compared with Optimality gap compared with
upper bound (in %): optimal objective (in %):

ρ1(x̂) ρ2(x̂)

r r
μ σ |Δ|f 1.05 1.3 2 4 20 1.05 1.3 2 4 20

1 0.1 7.9 15.2 20.6 17.1 10.0 2.3 9.9 16.8 20.6 23.5 26.8
1 0.5 1.5 1.9 2.0 0.6 1.6 1.5 0.3 0.3 0.1 0.6 2.5
1 1 0.8 2.5 2.2 1.9 1.7 1.3 0.2 0.2 0.2 0.2 0.7
1 3 0.26 2.2 5.6 10.6 8.0 5.8 0.03 0.1 0.2 0.2 0.5
1 10 0.08 9.4 11.1 61.0 46.3 32.7 0.02 0.02 0.1 0.1 0.3

For the MRP we use Nr = 30, n = 1000, and γ = 0.05, and we use LHS in Step

1(i) of the procedure. The approximating solutions x̂ are obtained by solving (5.17)

exactly. Alternatively, this solution could also have been obtained using a sample

average approximation of (5.17) with a large sample. We report three performance

measures ρ1, ρ2, and ρ3.
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The first,

ρ1(x̂) :=
θ̄n(x̂) + εθ
rh(|Δ|f) × 100%,

compares the optimality gap, or more precisely the width of the MRP’s 95% confidence

interval on the optimality gap, G(x̂) − η∗, with the error bound of Theorem 5.1. If

ρ1(x̂) is small, then the actual performance of the shifted LP-relaxation approximation

is better than its error bound suggests.

The second performance measure,

ρ2(x̂) :=
θ̄n(x̂) + εθ

N−1
r

∑Nr

i=1 η
i∗
n

× 100%,

compares the same estimate of the optimality gap with an estimate of the optimal

objective value, η∗. Obviously, the approximating solution x̂ is estimated to be a good

solution if ρ2(x̂) is small. Note that because E[ηi∗n ] ≤ η∗ and E[θ̄n(x̂)+εθ] ≥ G(x̂)−η∗

the performance measure ρ2(x̂) is a conservative estimate of (G(x̂)− η∗)/η∗ × 100%.

Furthermore, we compare the approximating solution x̂ with a sampling solution

xS . This sampling solution is the best of the solutions xi∗
n , i = 1, . . . , Nr, obtained dur-

ing the MRP, and their average N−1
r

∑Nr

i=1 x
i∗
n . To assess the quality of the sampling

solution we report ρ2(x
S), and to compare x̂ and xS we use the performance measure,

ρ3(x̂, x
S) :=

G(x̂)−G(xS)

N−1
r

∑Nr

i=1 η
i∗
n

× 100%.

We note that we use the MRP twice; first to obtain the sampling solution, xS , and

second to assess the performance of x̂ and xS .

In Table 5.2 we show the performance measures ρ1(x̂) and ρ2(x̂) for normally

distributed ω and in Table 5.3 for lognormal ω. For the normal case, we observe that

ρ1(x̂) is small in case of medium variability (i.e., σ = 0.5, 1, 3). In these cases, the

quality of the solution x̂ is much better than the error bound of Theorem 5.1 suggests.

Indeed, ρ2(x̂) suggests that, with high confidence, the objective value of the solution

x̂ is within 1% of the optimal objective function value in almost all cases. In contrast,

for both low variability (σ = 0.1) and high variability (σ = 10), the value of ρ1(x̂) may

be above 15% and range up to 60%. In the first case this is because the solution x̂ is

not good: ρ2(x̂) may exceed 20%. In the second case, however, the value of ρ2(x̂) is
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Table 5.3: Numerical results for the shifted LP-relaxation approximation applied to
the integer newsvendor problem (5.15) with ω lognormally distributed. The MRP is
applied with Nr = 30, n = 1000, and γ = 0.05.

Optimality gap compared with Optimality gap compared with
upper bound (in %): optimal objective (in %):

ρ1(x̂) ρ2(x̂)

r r
μ σ |Δ|f 1.05 1.3 2 4 20 1.05 1.3 2 4 20

0 0.1 8.0 15.2 19.1 15.7 9.1 2.1 9.7 15.4 18.6 20.9 23.6
0 0.5 1.8 2.8 0.9 1.3 1.3 0.7 0.4 0.1 0.3 0.5 0.9
0 1.5 1.6 2.6 2.6 2.3 1.9 2.0 0.2 0.2 0.2 0.2 0.3
1 0.5 0.67 5.0 3.8 3.1 3.0 2.5 0.1 0.1 0.1 0.2 0.5
2 1.7 0.26 30.9 33.5 31.8 32.4 15.1 0.03 0.04 0.04 0.04 0.03

small, and thus x̂ is a good solution. The large values of ρ1(x̂) in this case are inherent

to the nature of the total variation error bound and the MRP optimality gap. As

the standard deviation σ grows, the total variation error bound shrinks, whereas the

MRP optimality gap remains approximately the same, explaining the large values of

ρ1(x̂) for the high variability case (σ = 10). For the lognormal case, we obtain similar

results (see Table 5.3). We have selected values of μ and σ so that |Δ|f approximately

matches those in the normal case. As detailed in Example 5.2 this does not mean

that the variances of ω match, however. For example, in the lognormal case with

μ = 0 and σ = 1.5, we have Var(ω) ≈ 80.5, and for μ = 1 and σ = 0.5, we have

Var(ω) ≈ 2.7.

Comparing the shifted LP-relaxation approximation solution, x̂, and the sampling

solution, xS , in Table 5.4 for normal random variables, ω, we observe that ρ3(x̂, x
S)

is only large in the case of low variability (i.e., σ = 0.1). Indeed, in contrast to the

shifted LP-relaxation approximation, the sampling solution, xS , is good in the low

variability case as well. In fact, ρ2(x
S) is small in all cases. This is as expected,

since we use a large sample (of size n = 1000) to obtain the sampling solution,

xS . In some higher-dimensional problems, larger sample sizes are required to obtain

high-quality solutions, and yet such problems are more difficult to solve and could

be intractable even with modest sample sizes. With this in mind, the shifted LP-

relaxation approximation performs well in case of medium to high variability. In

these cases both solution methods perform approximately the same. Since we obtain

similar results for the lognormal case, we omit those computational results here.
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Table 5.4: A comparison between the shifted LP-relaxation approximation and a
sampling solution method for the integer newsvendor problem (5.15) with ω normally
distributed. The MRP is applied with Nr = 30, n = 1000, and γ = 0.05. Values
reported as ± 0.00 are small in magnitude while values reported as 0 are indeed zero.

Difference between sampling and Optimality gap compared
approximation (in %): with optimal objective (in %):

ρ3(x̂, x
S) ρ2(x

S)

r r
μ σ |Δ|f 1.05 1.3 2 4 20 1.05 1.3 2 4 20

1 0.1 7.9 9.8 16.7 20.5 23.2 25.7 0.08 0.1 0.2 0.3 1.1
1 0.5 1.5 0.15 0.18 0.00 0.4 1.8 0.1 0.1 0.1 0.2 0.8
1 1 0.8 -0.00 0.01 -0.00 0.02 0.15 0.2 0.2 0.2 0.2 0.7
1 3 0.26 0 0 -0.00 0.00 0.002 0.04 0.1 0.2 0.2 0.5
1 10 0.08 0 0 -0.00 -0.00 -0.00 0.02 0.02 0.1 0.1 0.3

5.4 Fleet allocation and routing problem

This section discusses a variant of the fleet allocation and routing problem introduced

in [15]. Mak et al. [51] also report numerical results for this problem.

The problem may be viewed as a two-stage totally unimodular integer recourse

model, but with relatively complete recourse instead of complete recourse and with

deterministic side constraints in the second stage. This is why we have to reconsider

what type of convex approximations are suitable for this problem, and, moreover,

why we (again) have to derive an error bound for these approximations.

First, we define the problem, formulate it as a two-stage integer recourse model,

and derive properties of this model in Section 5.4.1. Next, in Section 5.4.2 we construct

a concave approximation g0 —since we are maximizing—of the recourse function g,

and we derive an error bound for this approximation. Finally, in Section 5.4.3 we carry

out numerical experiments comparing the actual error of the concave approximation

with its error bound.

5.4.1 Problem definition and model formulation

In this section, we define the problem, formulate it as a stochastic integer program,

and discusses properties of the model.
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Figure 5.2: The graph G = (V,E) used for the numerical experiments. Nodes 1-5 are
source nodes (Vs) and node 20 is the sink node (t). All arcs are directed from left to
right.

Problem definition

Consider an acyclic directed graph G = (V,E), modeling a road network. A fleet of

trucks will traverse this network starting at source nodes Vs ⊂ V and finishing at a

sink node t ∈ V . For every arc (i, j) ∈ E, the first Dij trucks traversing the arc receive

a reward rij > 0 and subsequent trucks incur a cost cij > 0. The quantities Dij are

“soft” demands, or customers requesting service, along arc (i, j). Trucks receive profit

if they serve a customer, and incur a cost otherwise. The problem is to allocate N

trucks to the source nodes Vs and route them through the network to maximize profit.

When we allocate trucks to the source nodes, the demands Dij are unknown.

We assume that they are in part random but may be increased by investments, or

marketing actions βij , which incur unit costs qij . That is, the demand Dij(ωij , βij)

is a function of the random variable ωij (with known probability distribution) and

the investments βij . The effect of the investments may be additive (Dij(ωij , βij) =

ωij + βij) or multiplicative (Dij(ωij , βij) = ωij(1 + βij)). In either case, when the

investment is zero, we have Dij(ωij , 0) = ωij . Observe that we do not define demands

to be integer; instead we will impose integrality restrictions on the number of trucks

traversing an arc. Thus, our objective is to allocate the trucks to the source nodes
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and invest β in the arcs at costs q to maximize expected profits.

Model formulation: two-stage recourse

This problem can be formulated as a two-stage integer recourse model. In the first

stage we decide the number of trucks, ni, to allocate to each source node, i ∈ Vs,

and on the investments, βij ≥ 0, for each arc, (i, j) ∈ E. In the second stage we

let yij ∈ Z+ denote the number of trucks receiving a reward rij when traversing arc

(i, j), and we let zij ∈ Z+ denote the number of trucks incurring a cost cij . Then,

the two-stage integer recourse model for this problem is given by

η∗ := max
x

{
Eω[g(x, ω)] : x ∈ X

}
, (5.18)

where x := (n, β) with feasible region X := {(n, β) ∈ Z
|Vs|
+ × R

|E|
+ :

∑
i∈Vs

ni = N},
and g(x, ω) := −qβ + π(x, ω) with

π(x, ω) := max
y,z

ry − cz

s.t.
∑

j:(i,j)∈E

(yij + zij) = ni i ∈ Vs (5.19)

∑
j:(i,j)∈E

(yij + zij)−
∑

j:(j,i)∈E

(yji + zji) = 0 i ∈ V \(Vs ∪ {t})

(5.20)∑
j:(j,i)∈E

(yji + zji) = N i = t (5.21)

0 ≤ yij ≤ Dij(ωij , βij), 0 ≤ zij (i, j) ∈ E

y, z ∈ Z
|E|.

Here, constraints (5.19)–(5.21) represent flow balance constraints, modeling, respect-

ively, that ni trucks must leave source node i ∈ Vs, that every truck that enters node

i ∈ V \(Vs∪{t}) must leave that node, and that all N trucks must arrive at sink node

t.

Remark 5.3. We assume without loss of generality that the source nodes only have

outgoing arcs and the sink node only has incoming arcs.

Remark 5.4. This fleet allocation and routing model is a special case of the two-stage

integer recourse model defined in (5.2), since maximization can easily be reformulated
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as minimization and the flow balance constraints can be capture by the set Y . When

the effect of investments is only additive, there is only randomness in the right-hand

side vector ζ(ω). If multiplicative effects are considered, then also the technology

matrix T (ω) is random.

Let A denote the node-arc incidence matrix of G, where the rows of A correspond to

the nodes of G and the columns of A to the arcs of G. The column of A corresponding

to arc (i, j) ∈ E has one entry equal to +1 in row i, one entry equal to −1 in row

j, and the remaining entries equal zero. Defining b(n) = (n, 0,−N), the flow balance

constraints can be written as Ay +Az = b(n). Thus, for every x = (n, β) ∈ X,

g(x, ω) = −qβ+max
y,z

{
ry− cz : Ay+Az = b(n), y ≤ D(ω, β), y, z ∈ Z

|E|
+

}
. (5.22)

Properties of the recourse function g

Here, we discuss properties of the recourse function g. We assume that the directed

acyclic graph G is t-connected ; i.e., we assume that for every node i in the graph

there is a directed i-t path. Under this assumption, we show that the recourse is

relatively complete and that the recourse matrix corresponding to the second-stage

optimization problem in g is TU.

Lemma 5.1. Let graph G = (V,E) be t-connected, let g be the recourse function

defined in (5.22), and let G(x) := Eω[g(x, ω)], x ∈ X. Then, the recourse is relatively

complete and sufficiently expensive; that is,

(i) g(x, ω) is finite for every x ∈ X and ω ∈ R
|E|
+ ; and,

(ii) G(x) is finite for every x ∈ X and nonnegative random vector ω.

Proof. Let x ∈ X and ω ∈ R
|E|
+ be given. Clearly, there exists a feasible solution

of the maximization problem in g, for example using y = 0 and z such that (y, z)

is feasible. Moreover, since the graph G is acyclic, it follows immediately from the

flow balance constraints that for any feasible solution we have 0 ≤ yij , zij ≤ N for all

(i, j) ∈ E, and thus

−N
∑

(i,j)∈E

cij ≤ g(x, ω) ≤ N
∑

(i,j)∈E

rij ,
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implying that (i) g(x, ω) is finite. Now it is not hard to prove (ii) since for every

x ∈ X and nonnegative random vector ω we have

−N
∑

(i,j)∈E

cij ≤ G(x) ≤ N
∑

(i,j)∈E

rij .

Next, we show that the recourse matrix W , defined in (5.23) below, of the max-

imization problem in g is TU, implying that we can represent it as a linear program.

This does not imply, however, that (5.18) is as easy to solve as a two-stage continu-

ous recourse problem since the LP representation of g involves rounding down the

demands Dij(ωij , βij).

Lemma 5.2. Let A denote the node-arc incidence matrix of a directed graph G =

(V,E) and define

W =

[
A A

I 0

]
. (5.23)

Then, W is totally unimodular.

Proof. The matrix A is TU since every node-arc incidence matrix of a directed G is

TU [67]. The matrix [A A] is TU as well, since every square submatrix of [A A] is

either a submatrix of A or has two identical columns. Finally, W is TU since it is an

extension of a TU matrix by [I 0].

In what follows we use Lemma 5.2 to obtain a dual representation of g.

5.4.2 Concave approximation

Here, we derive a concave approximation of g (since here we are maximizing instead

of minimizing) using the same type of approximations as in Section 5.2.1, i.e., an α-

approximation and a shifted LP-relaxation approximation. However, difficulties arise

because the recourse is relatively complete rather than complete. Moreover, to derive

an error bound we have to extend the analysis in Section 5.2.1 to be able to deal

with the flow balance constraints, which we may view as deterministic second-stage

side constraints. We will do so by using the same line of proof as in Section 5.2.1,

exploiting the results presented there.



209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM

Assessing the quality of convex approximations using sampling 155

Definition of the concave approximation g0

The main idea in the convex approximations of Section 5.2.1 is to simultaneously relax

the integrality constraints and replace the right-hand side ω by 
ω�α or ω + 1/2em.

In this case, since we are maximizing instead of minimizing, and the right-hand side

D(ω, β) is rounded down instead of up, we analogously replace ω by either �ωα :=

�ω − α+ α or ω − 1/2em.

However, ω−1/2em may be negative with positive probability, even if the random

vector ω ≥ 0, which implies that for β = 0, or small, the approximating demands

may be negative, and thus the approximating maximization problem infeasible. The

same holds for �ωα, unless α ∈ Z
m. For such α ∈ Z

m, we have that �ωα = �ω ≥ 0

if ω ≥ 0.

Thus, interestingly, the only reasonable concave approximation that can be used

for every nonnegative random vector ω is an α-approximation with α = 0. This

approximation, denoted g0, is defined for every x ∈ X and ω ∈ R
|E|
+ as

g0(x, ω) = −qβ+max
y,z

{
ry−cz : Ay+Az = b(n), y ≤ D̃(ω, β), y, z ∈ R

|E|
+

}
, (5.24)

where for every (i, j) ∈ E,

D̃ij(ωij , βij) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

�ωij+ ωijβij , (i, j) ∈ E∗,

�ωij+ βij , (i, j) ∈ E+,

�ωij , (i, j) ∈ E0,

and where E∗, E+, and E0 partition E into subsets with multiplicative, additive,

and no investment effects, respectively. Observe that g0(x, ω) is concave in x for

every ω ∈ R
|E|
+ . Moreover, notice that for multiplicative investments effects we

have D̃ij(ωij , βij) �= Dij(�ωij , βij) unless ωij ∈ Z. The latter approximation,

Dij(�ωij , βij) = �ωij + �ωijβij , would be too small for larger values of βij , and

this is why we propose D̃ij instead.

Although the approximating model

η0 := max
x

{
Eω[g0(x, ω)] : x ∈ X

}
,

yielding the approximating solution x0 = (n0, β0), has integer first-stage decision
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variables, it is generally much easier to solve than the original problem (5.18) since

this approximating model has a concave objective function. In Section 5.4.3 we use

numerical experiments to analyze the quality of the solution x0 = (n0, β0). First,

however, we derive an error bound for the concave approximation g0, similar to that

in Theorem 5.1.

Dual representation of g and g0

To derive an upper bound on ‖G−G0‖∞ with G0(x) := Eω[g0(x, ω)], x ∈ X, we first

derive a dual representation of g and g0. Here, we use the fact that, by Lemma 5.2,

g is a TU integer recourse function.

In analogous fashion to (5.8) and (5.9) in Section 5.2.1, we round down D(ω, β),

relax the integrality constraints, and apply strong LP duality to obtain

g(x, ω) = −qβ+min
μ,λ

{
μb(n)+λ �D(ω, β) : (μ, λ) ∈ Λ

}
, x ∈ X,ω ∈ R

|E|
+ , (5.25)

where Λ := {(μ, λ) ∈ R
|V | × R

|E|
+ : μA+ λ ≥ r, μA ≥ −c}. Similarly,

g0(x, ω) = −qβ+min
μ,λ

{
μb(n)+λD̃(ω, β) : (μ, λ) ∈ Λ

}
, x ∈ X,ω ∈ R

|E|
+ . (5.26)

Next, we derive, for a fixed x ∈ X, monotonicity properties of minimizers (μ(ω), λ(ω))

and (μ̃(ω), λ̃(ω)) of the optimization problems in g(x, ω) and g0(x, ω), respectively,

for every ω ∈ R
|E|
+ . These properties are necessary to apply Proposition 5.1 to ‘round

up’ λ(ω) and λ̃(ω) in the proof of Theorem 5.2.

Lemma 5.3. Let the directed acyclic graph G be t-connected. Consider the dual

feasible region Λ defined as

Λ =
{
(μ, λ) ∈ R

|V | × R
|E|
+ : μA+ λ ≥ r, μA ≥ −c

}

and let x ∈ X be given. Let H : R
|E|
+ �→ R

|E| be a separable nonnegative function for

which Hij(ωij) is non-decreasing in ωij for every (i, j) ∈ E, and let ω(ij) ∈ R
|E|−1

denote ω without its ij-th component. Then, there exist minimizers (μ̂(ω), λ̂(ω)) of

min
μ,λ

{
μb(n) + λH(ω) : (μ, λ) ∈ Λ

}
(5.27)
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such that for every (i, j) ∈ E and ω(ij) ≥ 0, the function λ̂ij(·|ω(ij)) : R+ �→ R defined

as λ̂ij(ωij |ω(ij)) = λ̂ij(ω), satisfies

(i) λ̂ij(·|ω(ij)) is monotone non-increasing, and

(ii) λ̂ij(·|ω(ij)) ≤ rij + cij.

Proof. The proof of (i) is straightforward and similar to the proof of Lemma 4.11 in

Chapter 4. Moreover, λ̂(ω) is bounded since for every fixed μ̂(ω) an optimal solution

λ̂(ω) of (5.27) takes values λ̂(ω) = r− μ̂(ω)A. Here, we use the hypothesis that H(ω)

is nonnegative and the fact that λ ≥ r− μA for every (μ, λ) ∈ Λ. Since −μA ≤ c, we

conclude that λ̂(ω) = r − μ̂(ω)A ≤ r + c, proving (ii).

Notice that for fixed x ∈ X, or more specifically for fixed investments, β ≥ 0, both

�D(ω, β) and D̃(ω, β) satisfy the assumptions of H(ω) in Lemma 5.3. Moreover, the

monotonicity result in (i) is one of the assumptions in Proposition 5.1 of Section 5.2.1.

We can apply this proposition if for every (i, j) ∈ E, the function ψij(ωij ;βij), defined

as

ψij(ωij ;βij) = �Dij(ωij , βij) − D̃ij(ωij , βij), (5.28)

is periodic in ωij for some period pij with zero mean νij := p−1
ij

∫ pij

0
ψij(t;βij)dt = 0.

If there are no investment effects; i.e., if (i, j) ∈ E0, then this is trivially true since

ψij(ωij ;βij) = 0 for all ωij ≥ 0. The result also holds if the investment effects are

additive, i.e., if (i, j) ∈ E+, since in this case ψij(ωij ;βij) = �ωij + βij−�ωij−βij =

�ωij−βij
−�ωij which is the same as ϕ̄zi,αi

defined in Section 5.2.1 with zi := −βij ,

αi := 0, and the round-up operators replaced by round-down operators. However, for

multiplicative investment effects, i.e., for (i, j) ∈ E∗, the function ψij(ωij ;βij), given

for every ωij ≥ 0 by

ψij(ωij ;βij) = �ωij(1 + βij) − �ωij − ωijβij ,

is periodic in ωij if and only if βij is rational, in which case its period is the least

common multiple of 1 and 1/(1+βij). If βij is irrational, however, this least common

multiple does not exist. This implies that for multiplicative investment effects the

assumptions of Proposition 5.1 are not satisfied. We can circumvent this problem by
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decomposing ψij(ωij ;βij) as the sum of two zero-mean periodic functions:

ψij(ωij ;βij) =
(
�ωij(1 + βij)−ωij(1+βij)+1/2

)
+
(
ωij −1/2−�ωij

)
, (5.29)

where the first and second periodic functions equal ϕ̂zi(ωij(1 + βij)) and −ϕ̂zi(ωij),

respectively, with ϕ̂zi defined in Section 5.2.1 and in both cases with zi := 0, the

round-up operator replaced by a round-down operator, and the addition of 1.

Error bound

Now we are ready to derive an upper bound on ‖G−G0‖∞.

Theorem 5.2. Let G = (V,E) be a directed acyclic graph that is t-connected, and let

E∗, E+, E0 ⊂ E denote subsets of arcs with multiplicative, additive, and no investment

effects, respectively. Let g denote the recourse function corresponding to the fleet

allocation and routing problem defined for every x ∈ X and ω ∈ R
|E|
+ as

g(x, ω) = −qβ +max
y,z

{
ry − cz : Ay +Az = b(n), y ≤ D(ω, β), y, z ∈ Z

|E|
+

}
,

and let g0 denote its concave approximation defined in (5.24). Then, under the as-

sumption that ω is a continuous random vector with joint pdf f and with independently

distributed components, it holds for every x ∈ X, that

|G(x)−G0(x)| ≤
∑

(i,j)∈E∗∪E+

(rij + cij)h(|Δ|fij),

where h is defined in (5.7), G(x) := Eω[g(x, ω)] and G0(x) := Eω[g0(x, ω)], x ∈ X,

and |Δ|fij is the total variation of the marginal density function fij.

Proof. Let x ∈ X and consider the dual representation of g in (5.25). Let (μ(ω), λ(ω))

be minimizers of (5.27) with H(ω) := �D(ω, β), satisfying the properties of Lem-

ma 5.3, so that g(x, ω) = −qβ + μ(ω)b(n) + λ(ω) �D(ω, β) for every ω ∈ R
|E|
+ . Since

(μ(ω), λ(ω)) is feasible but not necessarily optimal for (5.27) with H(ω) := D̃(ω, β), it

follows from the dual representation of g0 in (5.26) that g0(x, ω) ≤ −qβ+μ(ω)b(n)+
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λ(ω)D̃(ω, β), and thus

G0(x)−G(x) ≤ Eω

[
λ(ω)

(
D̃(ω, β)− �D(ω, β)

)]
=

∑
(i,j)∈E

Eω

[
λij(ω)

(
− ψij(ωij ;βij)

)]
,

where ψij(ωij ;βij) is defined in (5.28). Similarly, with (μ̃(ω), λ̃(ω)) denoting minim-

izers of (5.27) with H(ω) := D̃(ω, β), we have

G(x)−G0(x) ≤
∑

(i,j)∈E

Eω

[
λ̃ij(ω)ψij(ωij ;βij)

]
. (5.30)

We will derive an upper bound on G(x)−G0(x); an upper bound for G0(x)−G(x) can

be obtained in a similar way. We obtain this upper bound by separately bounding

the individual terms, Ψij(βij), in (5.30), defined for each (i, j) ∈ E as Ψij(βij) =

Eω

[
λ̃ij(ω)ψij(ωij ;βij)

]
.

Obviously, if (i, j) ∈ E0, then Ψij(βij) = 0 since ψij(ωij ;βij) = 0 for all ωij ≥ 0.

Moreover, if (i, j) ∈ E+, then

Ψij(βij) = Eω

[
λ̃ij(ω)

(
�ωij−βij

− �ωij
)]

= Eω

[
λ̃ij(ω)ϕ̄−βij ,0(ωij)

]
,

where ϕ̄−βij ,0 is given in Definition 5.1. The second equality holds since we take

the expectation with respect to a continuously distributed random vector ω, and

thus it does not matter that by replacing the round-down operators by round-up

operators we change the underlying difference function at countable many points

ωij ∈ {0,−βij}+ Z.

Writing the expectation as an integral and using the hypothesis that the compon-

ents of ω are independent we have

Ψij(βij) =

∫
R|E|−1

[ ∫
R

λ̃ij(uij |u(ij))ϕ̄−βij ,0(uij)fij(uij)duij

]
f(ij)(u(ij))du(ij).

Consider the inner integral for a fixed u(ij) ∈ R
|E|−1 and observe that λ̃ij(·|u(ij)) is

monotone non-increasing and bounded by rij+cij according to Lemma 5.3. Moreover,

ϕ̄−βij ,0 is periodic with zero mean value, so that all assumptions of Proposition 5.1
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are satisfied. Applying this proposition to the inner integral yields

Ψij(βij) ≤
∫
R|E|−1

(rij + cij)M(ϕ̄−βij ,0, |Δ|fij)f(ij)(u(ij))du(ij)

= (rij + cij)M(ϕ̄−βij ,0, |Δ|fij)
≤ (rij + cij)h(|Δ|fij),

where M is defined in (5.11) and the last inequality follows from (5.13).

It remains to show that Ψij(βij) ≤ (rij +cij)h(|Δ|fij) for (i, j) ∈ E∗. In this case,

using (5.29), we have

Ψij(βij) = Eω

[
λ̃ij(ω)

(
�ωij(1 + βij) − �ωij − ωijβij

)]
= Eω

[
λ̃ij(ω)

(
− ϕ̂0(ωij)

)]
+ Eω

[
λ̃ij(ω)ϕ̂0

(
ωij(1 + βij)

)]
,

with ϕ̂0 given in Definition 5.1, and where again the second equality holds even though

we replaced the round-down operators by round-up operators. Since ϕ̂0 is periodic

with zero mean value, we can apply Proposition 5.1 twice, in a similar way as for

(i, j) ∈ E+, to obtain

Ψij(βij) ≤ (rij + cij)M
(
− ϕ̂0, |Δ|fij

)
+ (rij + cij)M

(
ϕ̂0,

|Δ|fij
1 + βij

)
. (5.31)

Here we use Lemma 4.1(iii) of Chapter 4 for the second term, recognizing that pdf

f ′
ij of ω′

ij = ωij(1 + βij) has total variation |Δ|f ′
ij = (1 + βij)

−1|Δ|fij . Inserting the

expressions of (5.13) for M(ϕ̂0, B) and M(−ϕ̂0, B) into (5.31), we have

Ψij(βij) ≤ 1

2
(rij + cij)h(|Δ|fij) + 1

2
(rij + cij)h

( |Δ|fij
1 + βij

)
≤ (rij + cij)h(|Δ|fij),

where the second inequality holds because h is increasing and βij ≥ 0.

Substituting the bounds on Ψij(βij) into (5.30) yields

G(x)−G0(x) ≤
∑

(i,j)∈E∗∪E+

(rij + cij)h(|Δ|fij).

As already mentioned, the same upper bound can be obtained for G0(x)−G(x) using
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a similar line of reasoning.

5.4.3 Computational study

We use numerical experiments to evaluate the actual performance of the concave

approximation, defined in (5.24), of the fleet allocation and routing problem. All

experiments are carried out on the graph instance of [15], given in Figure 5.2, and

the cost and reward parameters, r and c, are also taken from this reference. The

computational results we report use GAMS 24.2.1 and IBM ILOG CPLEX 12.6 to

solve the MILPs on a Dell Poweredge 2950 computer with two dual-core Intel (Xenon)

3.73 GHz Xeon processors and 24 GB of shared memory running Ubuntu Linux.

Experimental design

We assume that all random variables, ωij , are independently distributed and follow

a truncated normal distribution; i.e., ωij := [ω̄ij |ω̄ij ≥ 0], where ω̄ij ∼ N(μij , σ
2).

The mean, μij , is the same as in [15] and differs per arc (i, j), whereas the standard

deviation σ is the same for each arc, but varies over the experiments. We also vary

the investment cost parameters q by defining q = κq(r + c) and selecting different

values for the scalar inflation factor, κq.

We let κq ∈ {0.2, 0.5, 0.8} and σ ∈ {0.1, 1, 10} so that the values of σ correspond

to low, medium, and high variability. Moreover, we consider two settings, one with

additive investment effects and one with multiplicative investment effects. In the first

case E+ = {(1, 8), (4, 9), (7, 13), (11, 16), (14, 17)} and in the second case E∗ is the

same arc set. (Again, see Figure 5.2.) For other experiments with different arc sets

we obtained similar results.

Numerical results

We evaluate the performance of the α-approximation with α = 0, defined in (5.24),

using the same approach as in Section 5.3.2 for the integer newsvendor problem.

Here, we apply the MRP with n = 50 instead of n = 1000, because of the increased

computational effort required to solve the deterministic equivalent MILP. In fact, for

each MILP we stop the branch-and-bound procedure at either a relative tolerance of

0.001% or after five minutes of computation time, which ever occurs first, and we let

xi∗
n be the best integer solution obtained.
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To obtain the approximating solution, x0, we solve the approximating problem

using a sample average approximation with a sample size of 250. The deterministic

equivalent problem of this approximation is also a MILP, but it is easier to solve

because the approximating model has integer variables in the first stage only. Finally,

to obtain the sampling solution, xS , we compare the solutions xi∗
n , i = 1, . . . , Nr, using

an out-of-sample estimation with a sample of size 1000. Note that we do not consider

the average of the solutions xi∗
n because this average is not necessarily feasible.

We report the same performance measures ρ1(x0), ρ2(x0), ρ2(x
S), and ρ3(x0, x

S)

as in Section 5.3.2. However, here the denominator in ρ1(x0) is Theorem 5.2’s error

bound. Thus, ρ1(x0) compares the MRP optimality gap with the total variation

error bound; ρ2(x0) and ρ2(x
S) compare the MRP optimality gap with the near-

optimal objective value; and, ρ3(x0, x
S) compares the approximating solution and

the sampling solution. To estimate G(x0) − G(xS) we use a sample of size 10, 000.

Even though the MILPs are not solved to optimality, we use xi∗
n in Step 1(iii) of the

MRP and its objective function value ηi∗n in the denominators of ρ2 and ρ3. As a result,

the values of ρ1(x0), ρ2(x0), and ρ2(x
S) may be too small when the (deterministic)

MILP optimality gap is not small enough. For this reason, we also report Γ, a bound

on the (deterministic) optimality gap of these MILPs as a percentage of the objective

function value. Summing Γ and ρ2 has the effect of replacing the objective function

value of xi∗
n with the MILP relaxation bound in ρ2’s numerator.

Table 5.5: Numerical results for fleet allocation and routing problem. The effect of
investments are additive, E+ = {(1, 8), (4, 9), (7, 13), (11, 16), (14, 17)}, and the ρ- and
Γ-values are reported as percentages. Because we are maximizing, positive values for
ρ3 mean that x0 outperforms xS and negative values mean the opposite.

Exp. σ κq Γ ρ1(x0) ρ2(x0) ρ2(x
S) ρ3(x0, x

S)

1 0.1 0.2 0.00 5.4 0.69 0.05 -0.63
2 0.1 0.5 0.03 15.2 2.51 0.12 -2.39
3 0.1 0.8 0.15 23.1 4.86 0.21 -4.63

4 1 0.2 0.07 11.6 0.20 0.21 0.02
5 1 0.5 0.69 17.6 0.38 0.39 0.03
6 1 0.8 1.55 17.0 0.44 0.53 0.12

7 10 0.2 0.00 34.6 0.06 0.07 0.003
8 10 0.5 0.00 22.3 0.04 0.05 0.003
9 10 0.8 0.00 30.8 0.05 0.06 0.008

Table 5.5’s results for additive investment effects are similar to Section 5.3.2’s
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results for the integer newsvendor problem. The concave approximation is good in

case of medium and high variability (ρ2(x0) is smaller than 1%, and also the values of Γ

are fairly small) and the approximation is worse in the case of low variability. Indeed,

for Experiment 3 the value of ρ2(x0) is almost 5%. Moreover, the actual performance

of the concave approximation is significantly better than what the (worst-case) error

bound of Theorem 5.2 suggests. Interestingly, the values of ρ1(x0) are higher for

σ = 10 than for σ = 0.1. This is caused by the fact that the error bound decreases as

σ increases, whereas the MRP optimality gap increases due to the increased variability

in the model. For medium and high variability the concave approximation is as good

as the sampling solution. Keeping in mind that obtaining the sampling solution xS

requires much more computational effort, we prefer to use the concave approximation

under these circumstances. (The typical time to compute x0 with a sample size of

250 is one second, whereas the time to compute a single xi∗
n with a sample size of

50 often exceeds five minutes.) For low variability, however, the sampling solution

is better (as can be observed from the values of ρ3(x0, x
S)), and is in fact close to

optimal (since the values of ρ2(x
S) and Γ are small). Moreover, for low variability

the sampling method typically gives good solutions even if the sample size is small, so

that the sampling method can be carried out within reasonable time limits. Thus, in

some sense the concave approximation and the sampling method can be considered

as complementary approaches: the concave approximation can be used in case of

medium and high variability, and the sampling method in case of low variability.

For multiplicative investment effects we obtain similar results; see Table 5.6. The

main difference is that the performance of the concave approximation is also good in

the low variability case. This may be caused by the fact that for additive investment

effects and σ = 0.1, the demands, D̃ij(ωij , βij) = �ωij + βij , in the approximat-

ing model are almost deterministic, whereas for multiplicative investment effects the

variability in the demands, D̃ij(ωij , βij) = �ωij+ ωijβij , is larger.

5.5 Summary and conclusions

Two-stage integer recourse models can be very difficult to solve because they are

non-convex. That is why we consider convex approximations for totally unimodular

integer recourse models. In particular, we consider the α-approximations of Van der

Vlerk [83] and the shifted LP-relaxation approximation developed in Chapter 4. Both



209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM

164 Chapter 5

Table 5.6: Numerical results for fleet allocation and routing problem. The effect of
investments are multiplicative, E∗ = {(1, 8), (4, 9), (7, 13), (11, 16), (14, 17)}, and the
ρ- and Γ-values are reported as percentages. Because we are maximizing, positive
values for ρ3 mean that x0 outperforms xS and negative values mean the opposite.

Exp. σ κq Γ ρ1(x0) ρ2(x0) ρ2(x
S) ρ3(x0, x

S)

1 0.1 0.2 0.00 1.28 0.15 0.06 -0.09
2 0.1 0.5 0.25 1.56 0.20 0.12 -0.09
3 0.1 0.8 0.60 5.10 0.75 0.18 -0.55

4 1 0.2 0.02 15.3 0.25 0.28 -0.01
5 1 0.5 0.59 20.2 0.38 0.43 0.04
6 1 0.8 1.22 21.4 0.45 0.47 -0.01

7 10 0.2 0.00 73.1 0.12 0.13 0.006
8 10 0.5 0.00 51.1 0.08 0.09 0.009
9 10 0.8 0.00 40.6 0.07 0.07 0.009

approximations are obtained by simultaneously relaxing the second-stage integrality

constraints and perturbing the distribution of the random right-hand side vector. The

resulting approximating models can be considered as continuous recourse models, and

can be solved efficiently by existing solution methods.

For both α-approximations and the shifted LP-relaxation approximation there are

error bounds available that depend on the total variation of the probability density

functions of the random variables in the model. The smaller these total variations,

the smaller the error bounds, suggesting that the performance of the approximations

is better in these cases. The actual performance, however, of these approximations

had not yet been investigated.

We assess the quality of the approximating solutions using sampling. To do so, we

use the multiple replications procedure of Mak et al. [51], which can be used to assess

the solution quality of a candidate solution for stochastic programming problems.

We carry out numerical experiments on an integer newsvendor problem and a fleet

allocation and routing problem. For this latter problem we derive a new error bound

to deal with the deterministic flow balance constraints in the second stage, and the

fact that the recourse is relatively complete instead of complete.

From these numerical experiments we conclude that the actual performance of

the convex approximations is much better than their error bounds suggest, especially

if the variability of the random parameters in the model is medium to large. In

case this variability is small, the performance of the approximations is not as good.
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However, these are precisely the cases where sampling methods may be useful so that

the convex approximations and sampling methods can be considered complementary

solution methods for two-stage totally unimodular integer recourse problems.
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Chapter 6

A convex approximation for

mixed-integer recourse

models

Abstract. We develop a convex approximation for two-stage mixed-integer recourse

models and we derive an error bound for this approximation that depends on all total

variations of the probability density functions of the random variables in the model.

We show that the error bound converges to zero if all these total variations converge to

zero. Our convex approximation is a generalization of the one in Chapter 4 restricted

to totally unimodular integer recourse models. For this special case it has the best

worst-case error bound possible. The error bound in this chapter is the first in the

general setting of mixed-integer recourse models. As main building blocks in its deriv-

ation we generalize the asymptotic periodicity results of Gomory [29] for pure integer

programs to the mixed-integer case, and we use the total variation error bounds on

the expectation of periodic functions derived in Chapter 4.

This chapter is submitted for publication as [59].
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6.1 Introduction

We consider the two-stage mixed-integer recourse model (with random right-hand

side only):

min
{
cx+Q(z) : Ax = b, z = Tx, x ∈ R

n1
+

}
,

where, for tender variables z ∈ R
m,

Q(z) := Eω[v(ω − z)], z ∈ R
m, (6.1)

and

v(s) := min
{
qy : Wy = s, y ∈ Z

n2
+ × R

n3
+

}
, s ∈ R

m. (6.2)

The functions Q and v are called the recourse function and second-stage value func-

tion, respectively. They represent the (expected) costs of the so-called recourse actions

y for compensating infeasibilities of the random goal constraints Tx = ω. We assume

throughout that W is an integer matrix and that ω is a continuous random vector

with joint probability density function (pdf) f . Moreover, we focus on mixed-integer

recourse models having integer restrictions on (some of) the recourse actions y, and

for ease of composition we disregard any integer decision variables in the first stage;

the results presented in this chapter also hold without this latter assumption.

Many practical problems can be cast into this framework, see e.g. [26, 39, 89] for

examples in logistics, energy, and finance. In these problems integer decision variables

may arise naturally to model indivisibilities or on/off decisions. However, solving such

recourse problems with integer decision variables poses additional challenges over

continuous recourse problems, since the latter are convex (and thus the rich toolbox

of convex optimization can be used) whereas the former are generally not [56].

To overcome this difficulty we use convex approximations Q̂ for the recourse func-

tionQ. The idea is to construct an approximating model that (1) is convex, so that the

model can be solved efficiently, and (2) is a close approximation of the original mixed-

integer recourse model, so that we obtain good or even (near-)optimal first-stage de-

cisions x. We will contribute to this second objective by deriving an error bound for

Q̂. To be precise, we derive an upper bound for ‖Q− Q̂‖∞ := supz∈Rm |Q(z)− Q̂(z)|.
Convex approximations of mixed-integer recourse models have first been developed
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for the special case of simple integer recourse models [42] where the recourse matrix

W is separable, and have later been extended to the totally unimodular integer [83]

and simple mixed-integer [85] cases. The key idea in these approximations is to

simultaneously relax the integrality constraints in the second-stage model and perturb

the distribution of the random right-hand side ω to obtain a convex recourse function

Q̂ corresponding to a continuous recourse model, for which efficient algorithms are

available.

Recently, significant progress has been made in deriving error bounds for these

approximations in case the recourse matrix W has a non-separable structure. For

example, in Chapter 3 we derive an error bound for the convex approximations of [83]

for the TU integer case that depends on all total variations of the density functions

of the random variables in the model. The main building block in the derivation

is a total variation error bound on the expectation of a particular one-dimensional

two-valued periodic function. In Chapter 4 this result is generalized to arbitrary one-

dimensional periodic functions leading to among others a new convex approximation

for TU integer recourse models with an error bound that is tight in a worst-case sense.

In this chapter we construct a convex approximation Q̂ for general two-stage

mixed-integer recourse models. We derive an error bound for Q̂ that converges to zero

as all total variations of the probability density functions of the random variables in

the model converge to zero. To derive this error bound we use asymptotic periodicity

of the underlying mixed-integer value function (generalizing results in Gomory [29] for

the pure integer case) and the total variation bounds on the expectation of periodic

functions of Chapter 4.

Our approach differs considerably from alternative approaches in the literature for

solving mixed-integer recourse models. These alternative approaches typically com-

bine solution methods from deterministic integer programming and stochastic con-

tinuous programming to obtain (near-)optimal solutions, and have difficulties solving

large problem instances. We do not elaborate on these methods here. The interested

reader is referred to [1, 11, 30, 46, 71] or the survey papers Klein Haneveld and Van

der Vlerk [43], Louveaux and Schultz [47], Schultz [70], and Sen [72].

In the remainder of this chapter we first discuss asymptotic periodicity of the

mixed-integer value function v in Section 6.2. Next, we construct a convex approxi-

mation Q̂ of Q in Section 6.3 and we derive total variation bounds in Section 6.4. In

Section 6.5 we combine all results to derive an upper bound on ‖Q − Q̂‖∞, and we
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end with a discussion in Section 6.6.

Throughout this chapter we make the following assumptions.

(A1) The recourse is complete, i.e., for every s ∈ R
m there exists a feasible recourse

action y.

(A2) Dual feasibility of the LP-relaxation: {λ ∈ R
m : λW ≤ q} �= ∅.

(A3) Finite first moment:
∫
Rm ‖z‖2f(z)dz < +∞.

Assumptions (A1) and (A2) ensure that v(s) is finite for all s ∈ R
m and (A1)–(A3)

imply that Q(z) is finite for all z ∈ R
m.

6.2 Asymptotic periodicity in mixed-integer linear

programming

In this section we derive an asymptotic periodicity result for the value function of

a mixed-integer linear programming problem. The result, given in Theorem 6.1, is

similar to the results of Gomory [29] for the pure integer case and of Wolsey [92]

for the mixed-integer case with integer right-hand side only. To our knowledge the

generalization to mixed-integer linear programming problems presented here is new.

Although the main line of the proof is the same as in Gomory [29], some adjustments

have been made to deal with this more general case. Throughout, we will point out

these differences.

We consider the optimal value function v of a mixed-integer linear program,

v(s) = min
{
qy : Wy = s, y ∈ Z

n2
+ × R

n3
+

}
, s ∈ R

m,

as defined in (6.2). In our terminology we do not distinguish between a value function

and its associated optimization problem. For example, we call the value function vLP

defined as

vLP (s) := min
{
qy : Wy = s, y ∈ R

n2
+ × R

n3
+

}
, s ∈ R

m,

the LP-relaxation of v.
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As already mentioned, we assume that W is an integer matrix. Moreover, since

v(s) is finite for all s ∈ R
m by (A1) and (A2), we have n2+n3 ≥ m+1, and we define

n := n2 + n3 −m, so n ≥ 1.

6.2.1 The Gomory relaxation vB

Let B be a dual feasible basis matrix of vLP , the LP-relaxation of v. Then, W ≡
[B N ], meaning that the left and right-hand sides are equal up to a permutation of

the columns. Using the same permutation we have q ≡ [qB qN ] and y ≡ [yB yN ], and

we assume that the permutation is such that only the first nB and nN components

of yB and yN , respectively, are restricted to be integer. Then, we can rewrite the

mixed-integer value function v(s) for every s ∈ R
m as

v(s) = min
{
qByB+qNyN : ByB+NyN = s, yB ∈ Z

nB
+ ×R

m−nB
+ , yN ∈ Z

nN
+ ×R

n−nN
+

}
.

Since B is a basis matrix it is non-singular, and we can substitute yB = B−1(s−NyN )

to obtain for every s ∈ R
m,

v(s) = min
yN

q̄NyN + qBB
−1s

s.t. B−1s−B−1NyN ∈ Z
nB
+ × R

m−nB
+

yN ∈ Z
nN
+ × R

n−nN
+ ,

where q̄N := qN − qBB
−1N denote the reduced costs of yN . Since B is a dual feasible

basis matrix, we have q̄N ≥ 0. This implies that the solution yN = 0 is optimal

for vLP (s) if B−1s ≥ 0, with objective value qBB
−1s. In the mixed-integer case

the non-basic variables yN are typically not all zero in any optimal solution. We

use the relaxation introduced by Gomory [29] to derive properties of these non-basic

solutions, parametrically in s. This Gomory relaxation is obtained by relaxing the

nonnegativity constraints on yB .

Definition 6.1. Consider the mixed-integer value function v defined in (6.2) and let

B denote a dual feasible basis matrix of its LP-relaxation vLP . For any s ∈ R
m, we
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define the Gomory relaxation of v(s) with respect to B as vB(s), given by

vB(s) := min
yN

q̄NyN + qBB
−1s

s.t. B−1s−B−1NyN ∈ Z
nB × R

m−nB

yN ∈ Z
nN
+ × R

n−nN
+ ,

where q̄N := qN − qBB
−1N ≥ 0 denote the reduced costs of yN .

Notice that every optimal solution y∗N (s) of the Gomory relaxation vB(s) is optimal

for the mixed-integer value function v(s) if B−1s−B−1Ny∗N (s) ≥ 0. Thus, by deriving

properties of the optimal solutions y∗N (s) of vB(s) we also obtain properties of v(s)

for those s ∈ R
m satisfying B−1s − B−1Ny∗N (s) ≥ 0. Below we will derive these

properties.

6.2.2 Properties of the Gomory relaxation vB

At this point we will deviate from the work of Gomory [29] and Wolsey [92]. For the

pure integer case Gomory introduces a group equation to model the constraints of vB .

He shows that the optimal solutions y∗N (s) are uniformly bounded and periodic in s.

Wolsey [92] obtains similar results for the mixed-integer case with integer right-hand

side, by deriving an equivalent pure integer programming problem for the mixed-

integer value function and applying group theory to this pure integer program. For

the general mixed-integer value function we will show using an alternative proof that

also in this case the optimal solutions y∗N (s) are periodic and bounded uniformly

in s. It is not surprising that these properties arise: y∗N (s) is periodic since the

optimization problem in vB(s) is identical for s = s1 and s = s2 if the fractional

values of the vectors B−1s1 and B−1s2 are equal, and y∗N (s) is uniformly bounded

since the cost coefficients q̄N ≥ 0, the variables yN ≥ 0, and we are minimizing.

Before we prove these properties in Lemma 6.1, we first give a definition of B-

periodicity in the spirit of Gomory [29]. Moreover, we let det(B) denote the determ-

inant of B and adj(B) its adjoint.

Definition 6.2. Let the function g : Rm �→ R
n be given and let B be an m × m

matrix. Then, g is called B-periodic if and only if for every x ∈ R
m and l ∈ Z

m

g(x) = g(x+Bl).



209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM

A convex approximation for mixed-integer recourse models 173

Lemma 6.1. Let B be a dual feasible basis matrix of the LP-relaxation of v and

consider its Gomory relaxation vB. Assume that (A1) and (A2) hold. Then, there

exists a function y∗N (·) : Rm �→ R
n such that

(i) y∗N (s) is optimal for vB(s) for every s ∈ R
m,

(ii) y∗N (s) ∈ [0, p]n for every s ∈ R
m with p = |det(B)|, and

(iii) y∗N (·) is B-periodic.

Proof. Let s ∈ R
m be given and let yN (s) be a feasible solution of vB(s). Such a

feasible solution exists by assumption (A1). We will show that y′N (s) := yN (s) −
p
⌊
p−1yN (s)

⌋
is also feasible and has an objective value at least as good as yN (s).

Moreover, since (componentwise) y′N (s) = yN (s) modulo p, we have y′N (s) ∈ [0, p]n.

Feasibility of y′N (s) follows from the observations that p ∈ Z, since p = |det(B)|
and B is an integer matrix, and B−1s − B−1Ny′N (s) ∈ Z

nB × R
m−nB . This latter

observation is true since, using B−1 = (det(B))−1adj(B),

B−1s−B−1Ny′N (s) =
(
B−1s−B−1NyN (s)

)
+

|det(B)|
det(B)

adj(B)N
⌊
p−1yN (s)

⌋
,

and both adj(B) and N are integer matrices.

The improvement in objective value follows since y′N (s) ≤ yN (s) and q̄N ≥ 0. We

conclude that without loss of generality we can rewrite the Gomory relaxation vB as

vB(s) := min
yN

q̄NyN + qBB
−1s

s.t. B−1s−B−1NyN ∈ Z
nB × R

m−nB

yN ∈ [0, p]n

yN ∈ Z
nN
+ × R

n−nN
+ .

This optimization problem can be considered as minimizing a continuous function

over a compact set, and thus it follows from Weierstrass’ theorem that (i) an optimal

solution y∗N (s) of vB(s) exists for every s ∈ R. This optimal solution satisfies (ii)

y∗N (s) ∈ [0, p]n. Moreover, we can assume without loss that (iii) y∗N (·) is B-periodic

since the fractional values of B−1(s + Bl) and B−1s are equal for every l ∈ Z
m and

thus the optimization problems vB(s+Bl) and vB(s) are the same up to a constant

for every l ∈ Z
m.
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Remark 6.1. We realize that the function y∗N (·) is not necessarily unique since the

Gomory relaxation vB(s) may have multiple optimal solutions. Nonetheless, we will

refer to y∗N (s) as the optimal solution of vB(s) with the understanding that y∗N (·)
satisfies the properties (i)–(iii) of Lemma 6.1.

Using the properties of y∗N (·) in Lemma 6.1 it is not hard to derive a sufficient

condition on s so that y∗N (s) is not only optimal for vB(s) but also for v(s). This

sufficient condition will guarantee that B−1s− B−1Ny∗N (s) ≥ 0 holds. Similar as in

Gomory [29] we will make use of the fact that ‖y∗N (s)‖∞ is bounded uniformly in s

by Lemma 6.1 (ii). We define Λ := {t ∈ R
m : B−1t ≥ 0}, so that y∗N (s) is optimal for

v(s) if s − Ny∗N (s) ∈ Λ. Clearly, if the distance from s ∈ Λ to the boundary of Λ is

large enough, then s−Ny∗N (s) ∈ Λ, motivating the following definition.

Definition 6.3. Let Λ ⊂ R
m be a closed convex cone and let d ∈ R with d > 0 be

given. Then, we define Λ(d) as

Λ(d) := {s ∈ Λ : B(s, d) ⊂ Λ},

where B(s, d) := {t ∈ R
m : ‖t − s‖2 ≤ d} is the closed ball centered at s with radius

d. We can interpret Λ(d) as the set of points in Λ with at least Euclidean distance d

to the boundary of Λ.

Example 6.1. Let H = {x ∈ R
m : aTx ≥ 0} be a closed halfspace through the origin

with normal vector a �= 0. Then, it follows from elementary geometry that for d ∈ R

with d > 0, H(d) = {x ∈ R
m : aTx ≥ d‖a‖2}. That is, H(d) is a closed halfspace with

the same normal vector a as H, but the boundary of H(d) is shifted by a distance d

in the direction of the normal vector a. �

Example 6.2. Let Λ = {x ∈ R
m : Ax ≥ 0} be a closed convex polyhedral cone

with A ∈ R
m×m non-singular. Then, Λ is the intersection of m closed halfspaces

Hi = {x ∈ R
m : aTi x ≥ 0}, i = 1, . . . ,m, where aTi denotes the i-th row of A. Since

s ∈ Λ(d) if and only if s ∈ Hi(d) for all i = 1, . . . ,m, it follows from Example 6.1 that

Λ(d) = {x ∈ R
m : Ax ≥ b} with bi = d‖ai‖2. Thus, Λ(d) is a closed convex set with

the same shape as Λ, but shifted by a vector A−1b, i.e. Λ(d) = A−1b+ Λ. �

Lemma 6.2. Let B denote a dual feasible basis matrix of the LP-relaxation of the

mixed-integer value function v defined in (6.2). For every s ∈ R
m, let y∗N (s) denote the

optimal solution to the Gomory relaxation vB(s), with y∗N (s) satisfying the properties
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in Lemma 6.1. Then, for the closed convex polyhedral cone Λ := {t ∈ R
m : B−1t ≥ 0}

and distance d̄ := |det(B)|∑n
j=1 ‖Nj‖2 with Nj denoting the j-th column of N , we

have for every s ∈ Λ(d̄),

(i) s−Ny∗N (s) ∈ Λ

(ii) y∗N (s) is an optimal solution of v(s).

Proof. Let s ∈ Λ(d̄) be given and define s′ := s − Ny∗N (s). We will prove (i) by

showing that ‖s′ − s‖2 ≤ d̄ and thus, by definition of Λ(d̄), we have s′ ∈ B(s, d̄) ⊂ Λ.

Rewriting ‖s′ − s‖2 yields

‖s′ − s‖2 = ‖Ny∗N (s)‖2 = ‖
n∑

j=1

y∗j (s)Nj‖2,

where y∗j (s) denotes the j-th component of y∗N (s). Applying the triangle inequality

and using |y∗j (s)| ≤ |det(B)| by Lemma 6.1 (ii) we obtain

‖s′ − s‖2 ≤
n∑

j=1

|y∗j (s)|‖Nj‖2 ≤ |det(B)|
n∑

j=1

‖Nj‖2 = d̄.

Hence, (i) s−Ny∗N (s) ∈ Λ, and by definition of Λ we have B−1s−B−1Ny∗N (s) ≥ 0.

This is precisely the nonnegativity constraint on yB that is relaxed to obtain the

Gomory relaxation vB(s). We conclude that the optimal solution y∗N (s) of vB(s) is

feasible, and thus also optimal, for v(s).

Combining Lemma 6.1 and Lemma 6.2 we observe that the optimal solution of

the mixed-integer value function is B-periodic on Λ(d̄). This B-periodicity is only

valid for sufficiently large right-hand side vectors s, since it holds on Λ(d̄) but not

necessarily on Λ. Moreover, the value of d̄ := |det(B)|∑n
j=1 ‖Nj‖2 may be large

depending on the matrix of coefficients W .

6.2.3 Asymptotic periodicity in mixed-integer programming

problems

Since the results obtained so far hold for every dual feasible basis matrix Bk, k =

1, . . . ,K, of the LP-relaxation of v, we are able to derive a complete characterization

of the asymptotic periodicity of v in Theorem 6.1, the main result of this section.
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Theorem 6.1. Consider the mixed-integer linear programming problem

v(s) = min
{
qy : Wy = s, y ∈ Z

n2
+ × R

n3
+

}
, s ∈ R

m,

where W is an integer matrix, and v(s) is finite for all s ∈ R
m by (A1) and (A2).

Then, there exist dual feasible basis matrices Bk of vLP , k = 1, . . . ,K, closed convex

polyhedral cones Λk := {t ∈ R
m : (Bk)−1t ≥ 0}, distances dk := |det(Bk)|∑n

j=1 ‖Nk
j ‖2,

and Bk-periodic functions πk and ψk such that

(i)

K⋃
k=1

Λk = R
m.

(ii) (int Λk) ∩ (int Λl) = ∅ for every k, l ∈ {1, . . . ,K} with k �= l.

(iii) for every s ∈ Λk(dk),

yBk(s) = (Bk)−1
(
s−Nkπk(s)

)
yNk(s) = πk(s)

is optimal for v(s).

(iv) for every s ∈ Λk(dk),

v(s) = vLP (s) + ψk(s),

where vLP (s) is the LP-relaxation of v(s), and ψk = ψl if qBk(Bk)−1 = qBl(Bl)−1.

Proof. Consider the LP-relaxation of v. By the Basis Decomposition Theorem in

Walkup and Wets [88], there exist dual feasible basis matrices Bk, k = 1, . . . ,K, and

corresponding simplicial cones Λk := {t ∈ R
m : (Bk)−1t ≥ 0} such that (i) and (ii)

hold.

To prove (iii) we let k = 1, . . . ,K be given and we consider the basis matrix Bk.

From Lemma 6.2 we conclude that for every s ∈ Λk(dk) an optimal solution of v(s)

is given by

yBk(s) := (Bk)−1(s−Nky∗Nk(s)),

yNk(s) := y∗Nk(s),
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where y∗Nk(s) denotes the optimal solution of the Gomory relaxation vBk(s). The

result in (iii) now follows from defining πk(s) := y∗Nk(s) and observing that y∗Nk(s) is

Bk-periodic by Lemma 6.1 (iii).

Obviously, if we define ψk(s) := q̄Nkπk(s) = q̄Nky∗Nk(s), then v(s) = vLP (s) +

ψk(s) for every s ∈ Λk(dk) and ψk is Bk-periodic. It remains to show that ψk =

ψl if qBk(Bk)−1 = qBl(Bl)−1. We do so by proving that in this case the Gomory

relaxations vBk(s) and vBl(s) have the same optimal objective value, and thus for

every s ∈ R
m,

vBk(s) = q̄Nky∗Nk(s) + qBk(Bk)−1s = q̄N ly∗N l(s) + qBl(Bl)−1s = vBl(s)

implying that ψk(s) = q̄Nky∗Nk(s) = q̄N ly∗N l(s) = ψl(s) since qBk(Bk)−1 = qBl(Bl)−1.

The key observation in the proof of vBk(s) = vBl(s) is that if (q̄N )j = 0, then re-

laxing the nonnegativity constraint on the j-th component of yN in the Gomory

relaxation vB(s) does not change its optimal objective value since we can argue

that without loss of generality 0 ≤ (y∗N (s))j ≤ |det(B)|, similarly as in the proof

of Lemma 6.1. Since the matrices Bk and Bl correspond to the same degenerate dual

vertex if qBk(Bk)−1 = qBl(Bl)−1, it follows that the columns of Bl not in Bk corres-

pond to zero components of q̄Nk and vice versa. This implies that the optimization

problem obtained by relaxing all nonnegativity constraints in vBk of non-basic vari-

ables yNk corresponding to columns of Bl not in Bk is the same as the one obtained by

relaxing all nonnegativity constraints in vBl of non-basic variables yN l corresponding

to columns of Bk not in Bl, and has the same objective value as both vBk(s) and

vBl(s). Thus, vBk(s) = vBl(s) for every s ∈ R
m.

6.3 Convex approximation of the recourse function

In this section we construct a convex approximation Q̂ of the mixed-integer recourse

function Q using the results from Theorem 6.1. The main idea is to approximate

the Bk-periodic functions ψk by constants Γk. In this way the approximating value

function v̂ is convex, and thus the recourse approximation Q̂(z) := Eω[v̂(ω − z)] is

convex. This approach contrasts strongly with the main stream literature in which

the main approach is to use mixed-integer programming based methods to obtain

(near-)optimal solutions.
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In the following sections we define v̂ and Q̂, and we derive properties of the ap-

proximating value function v̂ that will be used to bound ‖Q− Q̂‖∞ in Section 6.5.

6.3.1 The approximating second-stage value function v̂

By Theorem 6.1, on Λk(dk) the mixed-integer value function v is the sum of a linear

and a periodic function:

v(s) = qBk(Bk)−1s+ ψk(s), s ∈ Λk(dk),

where ψk is Bk-periodic. To obtain a convex approximation v̂ of v we replace ψk by

a constant Γk defined as

Γk := p−m
k

∫ pk

0

· · ·
∫ pk

0

ψk(x)dx1 . . . dxm,

with pk := |det(Bk)|. This constant Γk can be interpreted as the ‘average’ of ψk. It

is the only convex approximation ψ̂k of ψk leaving ‖ψk − ψ̂k‖∞ finite and satisfying∫ pk

0
· · · ∫ pk

0
(ψk(x)−ψ̂k(x))dx1 . . . dxm = 0. The latter will be crucial in our subsequent

analysis.

We define v̂ as the pointwise maximum of the affine functions qBk(Bk)−1s + Γk

so that v̂ is indeed convex on R
m.

Definition 6.4. Consider the mixed-integer value function v as defined in (6.2) and

let Bk and ψk denote the basis matrices and Bk-periodic functions, respectively, of

Theorem 6.1. Then, we define the approximating value function v̂ of v as

v̂(s) := max
k=1,...,K

{
qBk(Bk)−1s+ Γk

}
, s ∈ R

m,

where Γk := p−m
k

∫ pk

0
· · · ∫ pk

0
ψk(x)dx1 . . . dxm with pk := |det(Bk)|.

Example 6.3. Consider the simple mixed-integer second-stage value function

v(s) = min
{
y1 + 2y2 + 2y3 : y1 + y2 − y3 = s, y1 ∈ Z+, y2, y3 ∈ R+

}
, s ∈ R,
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with LP-relaxation vLP equal to

vLP (s) = max{s,−2s} =

⎧⎨
⎩

s, if s ≥ 0,

−2s, if s ≤ 0.

As can be observed from the expression of vLP , there are two dual feasible basis

matrices B1 = [1] and B2 = [−1] and closed convex polyhedral cones Λ1 = R+ and

Λ2 = R−. The first corresponds to the decision variable y1 and the second to y3.

For this particular example it is possible to obtain a closed-form expression of v

so that, using the notation of Theorem 6.1, v(s) = vLP (s) +ψk(s) if s ∈ Λk, k = 1, 2,

with

ψ1(s) =

⎧⎨
⎩

s− �s , if s− �s ≤ 3/4,

3− 3(s− �s), if s− �s ≥ 3/4,

and ψ2(s) = 0 for every s ∈ R. Thus, Γ1 =
∫ 1

0
ψ1(s)ds = 3/8 and Γ2 = 0 so that the

approximating value function v̂ defined in Definition 6.4 is given by

v̂(s) = max{s+ 3/8,−2s}, s ∈ R.

In Figure 6.1 we have depicted the second-stage value function v and its approximating

value function v̂. Observe that v̂ is convex whereas v is not. �

The approximating value function v̂ can be interpreted as a shifted version of the

LP-relaxation of v. The value function vLP of this LP-relaxation equals vLP (s) =

maxk=1,...,K qBk(Bk)−1s for every s ∈ R
m, and thus v̂ is obtained by shifting every

linear function qBk(Bk)−1s by Γk. In fact, for the special case of totally unimodular

(TU) integer recourse models we obtain v̂(s) = vLP (s +
1
2em) with em denoting the

m-dimensional all-one vector.

Example 6.4. Let W be a TU recourse matrix of the form W = [W ′ −Im] with

W ′ ∈ {0, 1,−1}m×n2 , and let q = [q′ 0] so that the continuous decision variables

represent slack variables and the mixed-integer second-stage value function v of (6.2)

reduces to

v(s) = min
{
q′y : W ′y ≥ s, y ∈ Z

n2
+

}
, s ∈ R

m.
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Figure 6.1: The simple mixed-integer second stage value function v of Example 6.3
(solid) and its convex approximating value function v̂ (dashed).

Since W ′ is an integer matrix we can round up the right-hand side s to 
s�. Next, we

are allowed to relax the integrality constraints since W ′ is TU, and we obtain

v(s) = min{q′y : W ′y ≥ 
s� , y ∈ R
n2
+ } = vLP (
s�), s ∈ R

m. (6.3)

According to Theorem 6.1 there exists dual feasible basis matrices Bk of vLP , closed

convex cones Λk, and distances dk > 0 such that for every s ∈ Λk(dk) we have

v(s) = vLP (s) + ψk(s). The expression in (6.3) implies that for every k = 1, . . . ,K,

ψk(s) = qBk(Bk)−1
(

s� − s

)
, s ∈ R

m,

which is indeed Bk-periodic. Moreover, pk = |det(Bk)| = 1 since Bk is a non-

singular submatrix of the TU matrix W , and we can obtain the averages Γk of ψk by

straightforward computation:

Γk =

∫ 1

0

· · ·
∫ 1

0

qBk(Bk)−1(
s� − s)ds1 . . . dsm =
1

2
qBk(Bk)−1em.
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We conclude that for every s ∈ R
m,

v̂(s) = max
k=1,...,K

{
qBk(Bk)−1s+ Γk

}
= max

k=1,...,K

{
qBk(Bk)−1

(
s+

1

2
em

)}
= vLP (s+

1

2
em).

This is precisely the convex approximation developed in Chapter 4 for this special

case. There we derive an error bound for this approximation using among others the

relation between v and vLP in (6.3). Moreover, we show that this particular convex

approximation has the best bound possible in a worst-case sense. �

The convex approximation Q̂ is defined analogously as Q(z) := Eω[v(ω − z)], z ∈
R

m.

Definition 6.5. We define the convex approximation Q̂ of the mixed-integer recourse

function Q defined in (6.1) as

Q̂(z) := Eω[v̂(ω − z)], z ∈ R
m,

where v̂ is the approximating value function of Definition 6.4.

6.3.2 Properties of the approximating value function v̂

In this section we discuss several properties of the approximating value function v̂.

We will first show that ‖v − v̂‖∞ is finite, and in the remainder we give a partial

characterization of v̂. That is, we identify areas of the domain of v̂ on which both

v̂(s) = qBk(Bk)−1s+Γk and v(s) = qBk(Bk)−1s+ψk(s) hold for some k = 1, . . . ,K,

and we show that the remainder of the domain can be covered by finitely many

hyperslices, to be defined in Definition 6.6.

Lemma 6.3. Consider the mixed-integer value function v as defined in (6.2) and its

approximating value function v̂ given in Definition 6.4. There exists a constant R > 0

such that

‖v − v̂‖∞ := sup
s∈Rm

|v(s)− v̂(s)| ≤ R.
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Proof. Let vLP denote the LP-relaxation of v. Then, by e.g. [13] and [10], there exists

a constant R′ such that

‖v − vLP ‖∞ ≤ R′.

Moreover, comparing v̂ and vLP we observe that ‖v̂− vLP ‖∞ ≤ maxk=1,...,K Γk since

Γk ≥ 0 for every k = 1, . . . ,K. Thus, defining R := R′ +maxk=1,...,K Γk we have

‖v − v̂‖∞ ≤ ‖v − vLP ‖∞ + ‖vLP − v̂‖∞ ≤ R′ + max
k=1,...,K

Γk = R.

In Proposition 6.1 we show for which values of s both v̂(s) = qBk(Bk)−1s+Γk and

v(s) = qBk(Bk)−1s+ ψk(s) hold. Obviously, the latter holds if s ∈ Λk(dk). However,

the former does not necessarily hold on the whole of Λk(dk) since a large constant Γj

may dominate the maximum defining v̂ on Λk(dk). We will show, however, that on a

subset of Λk(dk) this former equality is true, too.

Proposition 6.1. Consider the mixed-integer value function v as defined in (6.2)

and its approximating value function v̂ given in Definition 6.4. Moreover, let Bk,

ψk, Λk and dk, k = 1, . . . ,K, denote the basis matrices, Bk-periodic functions, closed

convex polyhedral cones, and distances, respectively, of Theorem 6.1. Then, for every

k = 1, . . . ,K, there exists σk ∈ Λk(dk) such that for all s ∈ σk + Λk ⊂ Λk(dk),

v̂(s) = qBk(Bk)−1s+ Γk and v(s) = qBk(Bk)−1s+ ψk(s). (6.4)

Moreover, there exists bk ∈ R
m
+ such that σk + Λk = {t ∈ R

m : (Bk)−1t ≥ bk}.

Proof. Let k ∈ {1, . . . ,K} be given. We will show that there exists σk ∈ Λk(dk) such

that for every j �= k and s ∈ σk + Λk,

qBk(Bk)−1s+ Γk ≥ qBj (Bj)−1s+ Γj . (6.5)

This proves the first equality in (6.4); the second follows immediately from The-

orem 6.1 since σk + Λk ⊂ Λk(dk) by Example 6.2.

To prove (6.5), let k, j ∈ {1, . . . ,K} with j �= k be given. Since Bk is an optimal

basis matrix of the LP-relaxation of v(s) for s ∈ Λk it follows that

qBk(Bk)−1s ≥ qBj (Bj)−1s, s ∈ Λk. (6.6)
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If qBk(Bk)−1 = qBj (Bj)−1, then ψk = ψj by Theorem 6.1, and thus their averages

Γk and Γj are equal so that (6.5) holds for every s ∈ Λk. Also, if Γk ≥ Γj , then (6.5)

holds for every s ∈ Λk, so we assume that qBk(Bk)−1 �= qBj (Bj)−1 and Γk < Γj .

Observe that in this case (6.6) holds with strict inequality for every s′ ∈ int Λk. Thus,

for such an s′ ∈ int Λk and α > 0 sufficiently large, we have αs′ ∈ Λk(dk) and

α
(
qBk(Bk)−1s′ − qBj (Bj)−1s′

)
≥ Γj − Γk,

so that (6.5) is true with s replaced by αs′. Using (6.6) it follows immediately that

(6.5) holds for all s ∈ σjk + Λk with σjk := αs′.

We conclude that (6.5) holds for all j �= k and s ∈ ⋂
j �=k(σjk + Λk). Moreover,

since

σjk + Λk = {t ∈ R
m : (Bk)−1t ≥ bjk}

with bjk := (Bk)−1σjk, it follows that for b
k defined as the componentwise maximum

of bjk, j �= k, and σk := Bkbk, we have

⋂
j �=k

(σjk + Λk) = {t ∈ R
m : (Bk)−1t ≥ bk} = σk + Λk.

Proposition 6.1 shows that on every closed convex polyhedral cone σk + Λk, k =

1, . . . ,K, we have v(s)− v̂(s) = ψk(s)−Γk, and thus the difference v− v̂ is Bk-periodic

on σk + Λk. For s ∈ N := R
m\(⋃K

k=1(σk + Λk)) we do not derive any property of

v(s) − v̂(s) other than the uniform bound of Lemma 6.3. However, we do show in

Lemma 6.4 that N can be covered by finitely many so-called hyperslices H of the

form H := {x ∈ R
m : 0 ≤ aTx ≤ δ}.

Definition 6.6. Consider the mixed-integer value function v as defined in (6.2) and

let Bk, k = 1, . . . ,K, denote the optimal basis matrices of Theorem 6.1 and bk,

k = 1, . . . ,K, the translation vectors of Proposition 6.1. Then, for every k = 1, . . . ,K

and j = 1, . . . ,m, let ajk denote the j-th row of (Bk)−1 and δjk the j-th component

of bk. We define the hyperslice Hjk as

Hjk := {t ∈ R
m : 0 ≤ ajkt ≤ δjk}.
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Lemma 6.4. Consider the hyperslices Hjk from Definition 6.6 and let σk and Λk,

k = 1, . . . ,K, be defined as in Proposition 6.1. Then,

N := R
m\(∪K

k=1(σk + Λk)) ⊂
K⋃

k=1

m⋃
j=1

Hjk. (6.7)

Proof. Since Λk := {t ∈ R
m : (Bk)−1t ≥ 0} and σk +Λk := {t ∈ R

m : (Bk)−1t ≥ bk},
it follows immediately from the definition of the hyperslices Hjk that

Λk\(σk + Λk) ⊂
m⋃
j=1

Hjk, k = 1, . . . ,K.

Taking the union over k = 1, . . . ,K, and using ∪K
k=1Λ

k = R
m and (intΛk)∩(int Λl) =

∅ by Theorem 6.1 (i) and (ii), we obtain the inclusion in (6.7).

6.4 Total variation bounds

In this section we develop the tools to bound ‖Q− Q̂‖∞ in Section 6.5. We will make

extensive use of the concept of total variation |Δ|f of a one-dimensional probability

density function f .

Definition 6.7. Let f : R �→ R be a real-valued function, and let I ⊂ R be an

interval. Let Π(I) denote the set of all finite ordered sets P = {x1, . . . , xN+1} with

x1 < · · · < xN+1 in I. Then, the total variation of f on I, denoted |Δ|f(I), is defined
as

|Δ|f(I) = sup
P∈Π(I)

Vf (P ),

where

Vf (P ) =

N∑
i=1

|f(xi+1)− f(xi)|.

We will write |Δ|f := |Δ|f(R).

In Section 6.4.1 we derive a total variation bound for the probability P{0 ≤ aTω ≤
δ} where δ > 0, a ∈ R

m\{0}, and ω a continuous random vector, and in Section 6.4.2
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we derive a total variation bound for the expectation Eω[�C(ω)(ψ(ω) − ν)], where

C ⊂ R
m is a convex set, �C(ω) is an indicator function equal to one if ω ∈ C,

ψ is a B-periodic function with ν representing its average, and ω is a continuous

random vector with joint pdf f . Both results will be used in Section 6.5 to derive an

error bound for ‖Q − Q̂‖∞, the first to bound P{ω ∈ Hjk} with Hjk the hyperslice

from Definition 6.6, and the second with C = σk + Λk, ψ = ψk, and ν = Γk. In

both Section 6.4.1 and Section 6.4.2 we assume that all one-dimensional conditional

densities of f are of bounded variation. We let Hm denote the set of such joint density

functions.

Definition 6.8. A function f : R �→ R is of bounded variation if and only if |Δ|f <

+∞.

We let F denote the set of one-dimensional probability density functions f of

bounded variation.

Remark 6.2. Obviously, by changing a pdf f on a set of measure zero the probability

distribution does not change. However, the total variation of f is sensitive to such

changes. That is why we assume pdf f to be left-continuous so that they are well-

behaved.

Definition 6.9. For every i = 1, . . . ,m, and x−i ∈ R
m−1 define the i-th conditional

density function fi(·|x−i) of the m-dimensional joint pdf f as

fi(xi|x−i) =
f(x)

f−i(x−i)
, x ∈ R

m,

with x−i ∈ R
m−1 representing x without its i-th component.

We let Hm denote the set of all m-dimensional joint pdf f whose conditional

density functions fi(·|x−i) are of bounded variation. That is, fi(·|x−i) ∈ F for all

i = 1, . . . ,m, and x−i ∈ R
m−1.

Remark 6.3. For simplicity of exposition, we assume that f(xi|x−i) is well-defined

for all x ∈ R
m. Adjustments for generalizations are obvious but cumbersome.

6.4.1 Probability bound

In this section we derive a total variation bound on the probability P{0 ≤ aTω ≤ δ}.
The bound shows that for fixed a ∈ R

m\{0} and δ > 0, this probability converges to
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0 if all total variations of the conditional densities of the joint pdf f of the continuous

random vector ω converge to 0.

Theorem 6.2. Let δ > 0 and a ∈ R
m\{0} be given. Then, there exists D > 0 such

that for every continuous random vector ω with joint pdf f ∈ Hm,

P

{
0 ≤ aTω ≤ δ

}
≤ D

m∑
i=1

Eω−i

[
|Δ|fi(·|ω−i)

]
.

Proof. Define H := {x ∈ R
m : 0 ≤ aTx ≤ δ}, so that P{0 ≤ aTω ≤ δ} =

∫
H
f(x)dx.

Since a �= 0, there exists j = 1, . . . ,m, such that aj �= 0. By conditioning on ω−j =

x−j we have

P

{
0 ≤ aTω ≤ δ

}
=

∫
Rm−1

∫
Hj(x−j)

fj(xj |x−j)dxjf−j(x−j)dx−j ,

where Hj(x−j) :=
{
xj ∈ R : x ∈ H

}
equals

Hj(x−j) =
{
xj ∈ R : −aT−jx−j

aj
≤ xj ≤ δ

aj
− aT−jx−j

aj

}
, if aj > 0,

and

Hj(x−j) =
{
xj ∈ R :

δ

aj
− aT−jx−j

aj
≤ xj ≤ −aT−jx−j

aj

}
, if aj < 0.

Observe that for every x−j ∈ R
m−1 and aj �= 0, the interval length |Hj(x−j)| =

|aj |−1δ. Thus, since fj(xj |x−j) ≤ 1
2 |Δ|fj(·|x−j) for every x ∈ R

m, it follows that

P

{
0 ≤ aTω ≤ δ

}
≤
∫
Rm−1

1

2
|aj |−1δ|Δ|fj(·|x−j)f−j(x−j)dx−j

=
1

2
|aj |−1δEω−j

[
|Δ|fj(·|ω−j)

]
(6.8)

≤ D

m∑
i=1

Eω−i

[
|Δ|fi(·|ω−i)

]
,

where D := 1
2 |aj |−1δ.

Remark 6.4. Observe that the bound in Theorem 6.2 can be improved by minimizing
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the expression in (6.8) over j = 1, . . . ,m. However, we prefer to present the result in

this way for notational convenience, since the error bound in Theorem 6.4 will also

contain terms of the form
∑m

i=1 Eω−i
[|Δ|fi(·|ω−i)] due to Theorem 6.3 in the next

section.

6.4.2 Bounds on the expectation of B-periodic functions

In this section we derive total variation error bounds on the expectation of B-periodic

functions ψ. In fact, we will bound
∫
Λ
(ψ(x) − ν)f(x)dx, where Λ ⊂ R

m is a convex

set, f ∈ Hm and ν represents the average of ψ. To do so we first introduce some

auxiliary lemmas on properties of B-periodic functions ψ and on extensions of the

total variation bounds on the expectation of one-dimensional periodic functions of

Chapter 4.

First, we consider properties of B-periodic functions ψ.

Lemma 6.5. Let ψ : Rm �→ R be a B-periodic function with B ∈ Z
m×m non-singular.

Then, ψ is pIm-periodic with p = |det(B)|.
Proof. Let x ∈ R

m and l ∈ Z
m be given. We need to show that ψ(x+pl) = ψ(x). Since

ψ(x+ pl) = ψ(x+BB−1(pl)), the result follows immediately from the B-periodicity

of ψ if B−1(pl) ∈ Z
m. Using B−1 = (det(B))−1adj(B), we can rewrite B−1(pl) as

B−1(pl) = pB−1l = |det(B)|(det(B))−1adj(B)l.

Since B is an integer matrix, it follows that adj(B) is an integer matrix, and thus

B−1(pl) ∈ Z
m. We conclude that ψ is pIm-periodic.

This implies that we can restrict our attention to pIm-periodic functions ψ. Such

functions are periodic in xi with period p for every given x−i ∈ R
m−1, so we can

apply the one-dimensional total variation bounds of Chapter 4. We use the following

notation.

Definition 6.10. Let ψ : Rm �→ R be pIm-periodic. We define for all i = 1, . . . ,m,

ψi(�xi) := p−i

∫ p

0

· · ·
∫ p

0

ψ(x)dx1 . . . dxi,

where �xi := (xi+1, . . . , xm). Moreover, we define ψ0(�x0) := ψ(x) and ψm(�xm) := ψm.
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Example 6.5. Let m = 2. Then,

ψ1(�x1) = ψ1(x2) := p−1

∫ p

0

ψ(x1, x2)dx1,

and

ψ2(�x2) = ψ2 := p−2

∫ p

0

∫ p

0

ψ(x1, x2)dx1dx2 = p−1

∫ p

0

ψ1(x2)dx2. �

The functions in Definition 6.10 are useful since they allow us to decompose ψ(x)−
ν with ν := ψm(�xm) = p−m

∫ p

0
· · · ∫ p

0
ψ(x)dx1 . . . dxm as

ψ(x)− ν =

m∑
i=1

(
ψi−1(�xi−1)− ψi(�xi)

)
, x ∈ R

m, (6.9)

where for a given �xi the function ψi−1 is periodic in xi with mean value ψi(�xi).

Lemma 6.6. Let ψ : Rm �→ R be pIm-periodic. Then, for every i = 1, . . . ,m and

x−i ∈ R
m−1, the function ψi−1(�xi−1) = ψi−1(xi, �xi) is periodic in xi with period p

and finite mean value p−1
∫ p

0
ψi−1(�xi−1)dxi = ψi(�xi).

Proof. Let i = 1, . . . ,m and x−i ∈ R
m be given. From the definition of pIm-

periodicity it follows directly that ψi−1(·, �xi) is a periodic function of xi. Moreover,

using Definition 6.10 for ψi−1(�xi−1), its mean value equals

p−1

∫ p

0

ψi−1(�xi−1)dxi = p−i

∫ p

0

· · ·
∫ p

0

ψ(x)dx1 . . . dxi = ψi(�xi).

Next, we derive an extension of Theorem 4.1 in Chapter 4. There we show that

for every one-dimensional periodic function ϕ : R �→ R with period p and finite mean

value ν := p−1
∫ p

0
ϕ(x)dx,

∣∣∣Ef [ϕ(ω)]− ν
∣∣∣ ≤ |Δ|f

4

∫ p

0

|ϕ(x)− ν|dx, (6.10)

where ω is a random variable with probability density function f ∈ F . Lemma 6.7

generalizes this result and will be used in the proof of Theorem 6.3.

Lemma 6.7. Let ϕ : R �→ R be a periodic function with period p and finite mean

value ν := p−1
∫ p

0
ϕ(x)dx. Moreover, let I ⊂ R denote an interval and assume that
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|ϕ(x)− ν| ≤ R for all x ∈ R. Then, for every f ∈ F ,

∣∣∣ ∫
I

(ϕ(x)− ν)f(x)dx
∣∣∣ ≤ |Δ|f

4
Rp. (6.11)

Proof. Define KI :=
∫
I
f(x)dx. If KI = 0, then the claim holds trivially. Otherwise,

if KI > 0, then define g : R �→ R as

g(x) =

{
K−1

I f(x), x ∈ I

0, otherwise.

Observe that g is a pdf with |Δ|g ≤ K−1
I |Δ|f and

∣∣∣ ∫
I

(ϕ(x)− ν)f(x)dx
∣∣∣ = KI

∣∣∣ ∫
R

(ϕ(x)− ν)g(x)dx
∣∣∣ = KI

∣∣∣Eg[ϕ(ω)]− ν
∣∣∣. (6.12)

Applying (6.10) to the right-hand side of (6.12) yields

∣∣∣ ∫
I

(ϕ(x)− ν)f(x)dx
∣∣∣ ≤ KI

|Δ|g
4

∫ p

0

|ϕ(x)− ν|dx ≤ |Δ|f
4

∫ p

0

|ϕ(x)− ν|dx.

The inequality in (6.11) holds since by assumption |ϕ(x)− ν| ≤ R for all x ∈ R and

thus
∫ p

0
|ϕ(x)− ν|dx ≤ Rp.

Now we are ready to prove the main result of this section.

Theorem 6.3. Let ψ : Rm �→ R be a B-periodic function with finite mean value ν :=

p−m
∫ p

0
· · · ∫ p

0
ψ(x)dx1 . . . xm, where B ∈ Z

m×m is non-singular and p = |det(B)|.
Assume that there exists R > 0 such that |ψ(x) − ν| ≤ R for all x ∈ R

m. Then, for

every convex set Λ ⊂ R
m and every continuous random vector ω with joint probability

density function f ∈ Hm,

∣∣∣ ∫
Λ

(ψ(x)− ν)f(x)dx
∣∣∣ ≤ 1

2
R |det(B)|

m∑
i=1

Eω−i

[
|Δ|fi(·|ω−i)

]
.

Proof. From Lemma 6.5 it follows that ψ is pIm-periodic with p = |det(B)|. Thus,

using the notation from Definition 6.10 and the expression for ψ(x) − ν in (6.9), we
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have

∣∣∣ ∫
Λ

(ϕ(x)− ν)f(x)dx
∣∣∣ = ∣∣∣ ∫

Λ

m∑
i=1

(
ψi−1(�xi−1)− ψi(�xi)

)
f(x)dx

∣∣∣
≤

m∑
i=1

∣∣∣ ∫
Λ

(
ψi−1(�xi−1)− ψi(�xi)

)
f(x)dx

∣∣∣,
where the inequality holds by interchanging summation and integration, and by ap-

plying the triangle inequality. We proceed by conditioning on the event ω−i = x−i

with x−i ∈ R
m−1, obtaining

∣∣∣ ∫
Λ

(ϕ(x)− ν)f(x)dx
∣∣∣ ≤ m∑

i=1

∣∣∣ ∫
Rm−1

Gi(x−i)f−i(x−i)dx−i

∣∣∣
≤

m∑
i=1

∫
Rm−1

|Gi(x−i)|f−i(x−i)dx−i,

where for every i = 1, . . . ,m and x−i ∈ R
m−1,

Gi(x−i) :=

∫
Λi(x−i)

(
ψi−1(�xi−1)− ψi(�xi)

)
fi(xi|x−i)dxi,

and where Λi(x−i) := {xi ∈ R : x ∈ Λ} is a convex set. By Lemma 6.6 the function

ψi−1(�xi−1) is periodic in xi with period p and mean value ψi(�xi) for every i = 1, . . . ,m,

and x−i ∈ R
m−1. Moreover, |ψi−1(�xi−1)− ψi(�xi)| ≤ 2R for all x ∈ R

m since |ψ(x)−
ν| ≤ R for all x ∈ R

m, and thus the |Gi(x−i)| can be bounded using (6.11) in

Lemma 6.7. We have

∣∣∣ ∫
Λ

(ϕ(x)− ν)f(x)dx
∣∣∣ ≤ m∑

i=1

∫
Rm−1

1

2
R |det(B)||Δ|fi(·|x−i)f−i(x−i)dx−i

=
1

2
R |det(B)|

m∑
i=1

Eω−i

[
|Δ|fi(·|ω−i)

]
.

6.5 Error bound for convex approximation Q̂

After these technical preparations in the previous section we are ready to derive an

upper bound for ‖Q− Q̂‖∞, the main result of this chapter.
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Theorem 6.4. Consider the mixed-integer recourse function

Q(z) := Ef

[
min

{
qy : Wy ≥ ω − z, y ∈ Z

n2
+ × R

n3
+

}]
, z ∈ R

m,

and let Q̂ denote its convex approximation defined as

Q̂(z) := Ef

[
v̂(ω − z)

]
, z ∈ R

m,

where v̂ is the approximating value function from Definition 6.4. Then, there exists a

constant C > 0 such that for every continuous random vector ω with joint probability

density function f ∈ Hm,

‖Q− Q̂‖∞ ≤ C
m∑
i=1

Eω−i

[
|Δ|fi(·|ω−i)

]
.

Proof. Let f ∈ Hm and z ∈ R
m be given, and define ω̂ := ω − z. Then, ω̂ has pdf

g ∈ Hm defined as g(x) = f(x + z). We consider |Q(z) − Q̂(z)| and we rewrite this

difference as

|Q(z)− Q̂(z)| =
∣∣∣Ef [v(ω − z)− v̂(ω − z)]

∣∣∣
=
∣∣∣Eg[v(ω̂)− v̂(ω̂)]

∣∣∣
≤

K∑
k=1

∣∣∣ ∫
σk+Λk

(v(x)− v̂(x))g(x)dx
∣∣∣+ ∣∣∣ ∫

N
(v(x)− v̂(x))g(x)dx

∣∣∣.
(6.13)

Here, Λk := {t ∈ R
m : (Bk)−1t ≥ 0} are the closed convex cones from Theorem 6.1,

with Bk denoting the optimal basis matrices of the LP-relaxation of v, and the vectors

σk are defined in Proposition 6.1 such that v(s)− v̂(s) = ψk(s)− Γk for s ∈ σk +Λk.

Moreover, by Theorem 6.1 the functions ψk are Bk-periodic with mean value

Γk := p−m
k

∫ pk

0

· · ·
∫ pk

0

ψk(x)dx1 . . . dxm

with pk := |det(Bk)|. Since by Lemma 6.3 there exists R > 0 such that |ψk(s)−Γk| ≤
R for every s ∈ R

m and since σk +Λk is convex, all assumptions of Theorem 6.3 hold
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and thus for every k = 1, . . . ,K,

∣∣∣ ∫
σk+Λk

(v(x)− v̂(x))g(x)dx
∣∣∣ ≤ 1

2
R |det(Bk)|

m∑
i=1

Eω̂−i

[
|Δ|gi(·|ω̂−i)

]
. (6.14)

Next, consider | ∫N (v(x)− v̂(x))g(x)dx| with N := R
m\(∪K

k=1(σk+Λk)). Again using

|v(s)− v̂(s)| ≤ R for all s ∈ R
m by Lemma 6.3 yields

∣∣∣ ∫
N
(v(x)− v̂(x))g(x)dx

∣∣∣ ≤ RP{ω̂ ∈ N}.

By Lemma 6.4 it follows that N can be covered by the hyperslices Hjk := {t ∈ R
m :

0 ≤ aTjkt ≤ δjk} given in Definition 6.6. Using this observation and applying the

union bound we obtain

∣∣∣ ∫
N
(v(x)− v̂(x))g(x)dx

∣∣∣ ≤ RP

{
ω̂ ∈

K⋃
k=1

m⋃
j=1

Hjk

}

≤ R

K∑
k=1

m∑
j=1

P{ω̂ ∈ Hjk}.

For every k = 1, . . . ,K and j = 1, . . . ,m, we bound P{ω̂ ∈ Hjk} using Theorem 6.2.

Hence, there exist constants Djk > 0 such that

∣∣∣ ∫
N
(v(x)− v̂(x))g(x)dx

∣∣∣ ≤ (
R

K∑
k=1

m∑
j=1

Djk

) m∑
i=1

Eω̂−i

[
|Δ|gi(·|ω̂−i)

]
. (6.15)

Substituting (6.14) and (6.15) into (6.13) yields

|Q(z)− Q̂(z)| ≤
(1
2
R

K∑
k=1

|det(Bk)|+R

K∑
k=1

m∑
j=1

Djk

) m∑
i=1

Eω̂−i

[
|Δ|gi(·|ω̂−i)

]
.

Finally, we define C := 1
2R

∑K
k=1|det(Bk)| + R

∑K
k=1

∑m
j=1 Djk > 0 and obtain the

desired result since Eω̂−i
[|Δ|gi(·|ω̂−i)] = Eω−i

[|Δ|fi(·|ω−i)] for every i = 1, . . . ,m.

Example 6.6. Consider the simple mixed-integer second-stage value function v from

Example 6.3 and suppose that ω is a normal random variable with mean μ and

variance σ2. Then, the pdf f is unimodal with maximum 1/
√
2πσ2 at x = μ so

that |Δ|f = 2/
√
2πσ2 = σ−1

√
2/π. Thus, according to Theorem 6.4 there exists a
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Figure 6.2: The supremum norm ‖Q − Q̂‖∞ for the simple mixed-integer recourse
function Q of Example 6.6 as a function of σ, the standard deviation of the normally
distributed random variable ω with mean μ = 0.

constant C > 0 such that ‖Q− Q̂‖∞ ≤ Cσ−1
√
2/π. In Figure 6.2 we show the value

of ‖Q− Q̂‖∞, obtained using brute force computation, as a function of σ; the mean μ

equals 0. We observe that ‖Q−Q̂‖∞ indeed decreases (approximately) hyberbolically

in σ as its upper bound Cσ−1
√
2/π suggests. �

The bound in Theorem 6.4 shows that ‖Q− Q̂‖∞ → 0 as all total variations of the

density functions of the random variables in the model converge to zero. For example,

for normal density functions this is the case if the standard deviations σ → +∞, see

Example 6.6. In fact, Theorem 6.4 implies that any mixed-integer recourse function

Q can be approximated reasonably well by a convex approximation Q̂ if the total

variations of the density functions of the random variables in the model are small

enough.

6.6 Discussion

We consider two-stage recourse models with randomness in the right-hand side, where

the second stage is a mixed-integer linear program. Inspired by and generalizing res-

ults of Gomory [29], we derive asymptotic periodicity results for the second-stage
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mixed-integer value function. Based on these results we construct a new convex

approximation v̂ of v that can be considered as a shifted LP-relaxation. The corres-

ponding convex approximation Q̂(z) := Eω[v̂(ω−z)], z ∈ R
m, of the recourse function

Q coincides with the one of Chapter 4 for the special case of totally unimodular in-

teger recourse models, in which case it is the convex approximation with the best

worst-case error bound possible.

We prove an error bound for Q̂ (by deriving an upper bound on ‖Q− Q̂‖∞) that

depends on the total variations of the probability density functions of the random

variables in the model, and that converges to zero as these total variations converge

to zero. This implies that any mixed-integer recourse function Q can be approxim-

ated well by Q̂ if these total variations are small enough, or in other words, if the

‘variability’ of the randomness in the model is large enough.

The results in this chapter are the first of this kind in the general setting of mixed-

integer recourse models. In fact, they are the first results more general than those for

the TU integer recourse case mentioned earlier. As such, it is not surprising that the

error bound for the convex approximation Q̂ in Theorem 6.4 is asymptotic in nature:

we merely show the existence of a constant C > 0 such that ‖Q− Q̂‖∞ ≤ Cθ(f) for

every continuous random vector ω with joint pdf f ∈ Hm, where θ(f) depends on the

total variations of the joint pdf f .

Although it is possible to obtain a closed-form expression for C based on the

analysis in this chapter, we do not present such an expression here, mainly because

the value of C will depend strongly on K, the number of dual feasible basis matrices

of the LP-relaxation vLP of v, which generally increases exponentially in the size of

the second-stage mixed-integer program. For this reason, the error bound may be too

large for practical purposes, even if the actual error is reasonably small, and further

research is needed to sharpen the bound.

Such a (practically meaningful) sharper bound might be hard to obtain in full

generality, but may first be obtained for special cases or particular problem instances,

where the structure at hand can be exploited. For example, for the TU integer recourse

case in Chapter 4 a dual representation of the second-stage value function v is used

to obtain such an error bound of Q̂ that is much sharper than the one presented here,

and, in fact, does not depend on the number K of dual feasible basis matrices of vLP .

From a computational point of view there are also several issues to be considered.

The most important one is the computation of the K constants Γk, since there may
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be a large number of them. This implies that for large problem instances, again some

sort of approximation may be needed, or alternatively, for special cases such as the

TU integer recourse case in Example 6.4, closed-form expressions for the Γk may be

obtained, and the approximating value function v̂ may be computationally tractable.

In any case, further research into these computational issues is required.

Acknowledging these computational issues, we would like to stress (again) the the-

oretical contribution of our convex approximation Q̂ and its associated error bound,

giving also insights into the behavior of the mixed-integer recourse function Q. For

example, if the error bound is small, then Q is approximately convex and might be

treated as if convex. On the other hand, if the error bound is large, then the ap-

proximating solution x̂ may be used as initial solution in some meta-heuristic, or

as feasible solution in a branch-and-bound scheme, speeding up computations in the

latter case if the solution x̂ is reasonably good.

Other directions for future research include extending the analysis to multistage

mixed-integer recourse models. Alternatively, for the two-stage case random cost

parameters q(ω) and random technology matrices T (ω) may be considered.
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Chapter 7

Total variation, dual norms,

and convex optimization

Abstract. We revisit the worst-case bounds M(ϕ,B) and N(ϕ,B), introduced in

Chapter 4, on the expectation Ef [ϕ(ω)] of one-dimensional periodic functions ϕ. We

show that these optimization problems can be embedded in the framework of convex op-

timization over (infinite-dimensional) vector spaces. For such optimization problems

rich theory exists, including that of duality, which we apply to M(ϕ,B) and N(ϕ,B).

As a result, we obtain bounds for M(ϕ,B) and N(ϕ,B) that hold under much more

general assumptions than those presented in Chapter 4; in fact, the assumption of

periodicity of ϕ is not required. A key observation in our analysis is that total vari-

ation can be considered as a norm on the space of real-valued functions of bounded

variation.

7.1 Intuitive introduction

In this section we will introduce the ideas behind the approach of this chapter. This

introduction is called intuitive since many technicalities are neglected.

Consider1 the worst-case error bound M(ϕ,B) := supf∈F{Ef [ϕ(ω)] : |Δ|f ≤ B},
introduced in Chapter 4, on the expectation Ef [ϕ(ω)] of a one-dimensional periodic

1In this chapter we consider M(ϕ,B) only. Using Lemma 4.1 (i), the analysis applies to N(ϕ,B)
as well.
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function ϕ. From the viewpoint of functional analysis, this expectation is a linear

functional on F for every ϕ, and the total variation |Δ|f is a norm on the space BV (R)

of real-valued functions of bounded variation. Thus, using suggestive notation, the

optimization problem in the definition of M(ϕ,B) can be interpreted as

M(ϕ,B) := sup
f∈BV (R)

{
〈ϕ, f〉 : ‖f‖ ≤ B, 〈e, f〉 = 1, f ≥ 0

}
.

That is, M(ϕ,B) equals the supremum of a linear functional 〈ϕ, f〉 over f , where the
total variation ‖f‖ of f is bounded by B, and moreover f satisfies the nonnegativity

constraint f ≥ 0 and the linear equality 〈e, f〉 = 1, with e ≡ 1 denoting the all-one

function. The latter two constraints ensure that f is a probability density function.

Without these latter two constraints and with B = 1, the problem reduces to the

definition of the dual norm of BV (R):

‖ϕ‖d := sup
f∈BV (R)

{
〈ϕ, f〉 : ‖f‖ ≤ 1

}
.

Here, ϕ is interpreted as an element in the dual space of BV (R). Such dual norms

arise naturally in the framework of normed vector spaces X and their dual spaces X∗.

In fact, the results we derive in this chapter are inspired by the Riesz Representation

Theorem for X = C[a, b], the space of all continuous real-valued functions on [a, b].

In Section 7.2 we discuss this theorem and we briefly review some general background

on normed vector spaces.

The optimization problem in the definition of M(ϕ,B) is a rather elementary con-

vex optimization problem in an infinite-dimensional vector space. As a consequence,

we can apply duality theory to solve it. At the same time, it turns out to be useful

to consider two relaxations of M(ϕ,B), also with B ∈ R and B > 0:

H(ϕ,B) := sup
f∈BV (R)

{
〈ϕ, f〉 : ‖f‖ ≤ B

}
= B‖ϕ‖d (7.1)

and

H+(ϕ,B) := sup
f∈BV (R)

{
〈ϕ, f〉 : ‖f‖ ≤ B, f ≥ 0

}
.

Standard convex duality based on perturbation of the right-hand sides leads to the
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dual problems

H+(ϕ,B) = B inf
y≥0

{
‖ϕ+ y‖d

}
(7.2)

and

M(ϕ,B) = inf
z∈R

{
z +H+(ϕ− ze,B)

}
= inf

z∈R

{
z +B inf

y≥0

{
‖ϕ− ze+ y‖d

}}
. (7.3)

Here, z ∈ R is the Lagrangian multiplier related to the constraint 〈e, f〉 = 1, and

y is the Lagrangian multiplier related to the nonnegativity constraint on f . Notice

that (7.2) and (7.3) indicate that the dual problems have the same optimal value as

the primal ones. In Section 7.3.1, where the dual problems are introduced, we will

argue that there is no duality gap, indeed. Thus, we observe that explicit formulas

for the dual norm are essential for finding expressions and bounds for H+(ϕ,B) and

M(ϕ,B).

The remainder of this chapter is organized as follows. First, we briefly introduce

general normed vector spaces X, their dual spaces X∗, and their dual norm in Sec-

tion 7.2. Next, in Section 7.3 we analyze these concepts for the special case where X

is a suitable space of real-valued functions of bounded variation, and we derive exact

expressions for ‖ϕ‖d, H(ϕ,B) and H+(ϕ,B) for a rather general class of functions ϕ.

In Section 7.4 we use these results to show that the worst-case bounds on M(ϕ,B)

in Chapter 4 for periodic functions ϕ can be derived as a special case. Finally, in

Section 7.5 we discuss several implications for future research.

7.2 General background on normed vector spaces

In this section we briefly review the concepts of normed vector spaces and their dual

spaces. Throughout, we follow the notation of Luenberger [49].

7.2.1 Normed vector spaces X

Let X denote a vector space and let ‖ · ‖ be a norm on X. Then, (X, ‖ · ‖) is called
a normed vector space. For every vector x ∈ X, the value ‖x‖ can be interpreted as

the length of x. A well-known example is the Euclidean norm ‖x‖2 :=
√∑n

i=1 x
2
i for

X = R
n. However, norms can also be defined on infinite-dimensional vector spaces
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X, such as for example X = C[a, b], the space of all real-valued continuous functions

on [a, b] equipped with the supremum norm.

Given a normed vector space X, we may consider linear functionals x∗ on X.

We say that x∗ is bounded if there exists K ∈ R such that for all x ∈ X, we have

|x∗(x)| ≤ K‖x‖. The vector space X∗ of all bounded linear functionals x∗ on X is

called the dual space of X. Instead of x∗(x) we will often use the symmetric notation

〈x∗, x〉 emphasizing that 〈x∗, x〉 is linear in x for a given x∗ ∈ X∗, and also linear in

x∗ for a given x ∈ X.

Similar as for X, we assign a length to all elements x∗ ∈ X∗ by means of a dual

norm ‖ · ‖d on X∗. It is induced by the norm on X.

Definition 7.1. Let (X, ‖ · ‖) be a normed vector space. Then, the dual space

X∗ consists of all bounded linear functionals x∗ on X. Moreover, the dual norm

‖ · ‖d : X∗ �→ R is defined as

‖x∗‖d = sup
x∈X

{
〈x∗, x〉 : ‖x‖ ≤ 1

}
, x∗ ∈ X∗.

Example 7.1. Consider the normed vector space (X, ‖ · ‖1), where X = R
n and

‖x‖1 :=
∑n

i=1 |xi| for all x ∈ X. Let x∗ be a linear functional on X. Since x∗ is

linear, it holds for every x ∈ X, that

x∗(x) = x∗
( n∑

i=1

xiei

)
=

n∑
i=1

xix
∗(ei),

where ei denotes the i-th unit vector in R
n. Thus, every linear functional x∗ on X is

uniquely defined by its values x∗
i (ei) at ei, i = 1, . . . , n. Defining, with slight abuse

of notation, x∗
i := x∗(ei), we can identify every linear functional on X by a vector

x∗ ∈ R
n; the linear functional corresponding to x∗ is given by the inner product

〈x∗, x〉 =
n∑

i=1

x∗
i xi.

Observe that it represents a bounded linear functional for every x∗ ∈ R
n. Thus, there

is a one-to-one correspondence between X∗ and R
n, and for convenience we write
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X∗ = R
n. The dual norm ‖ · ‖d : X∗ �→ R is given for every x∗ ∈ X∗ by

‖x∗‖d := sup
x∈X

{
〈x∗, x〉 : ‖x‖1 ≤ 1

}

= sup
x∈Rn

{ n∑
i=1

x∗
i xi :

n∑
i=1

|xi| ≤ 1
}

(7.4)

= max
i=1,...,n

|x∗
i |.

Here, the last equality holds, since the optimal objective value of the linear program-

ming problem in (7.4) is attained in one of the extreme points ±ei, i = 1, . . . , n, of

its feasible region. �

Remark 7.1. For every n-dimensional normed vector space (X, ‖·‖), there is a one-to-

one correspondence between X∗ and R
n. Throughout, we will often write X∗ = R

n

in such cases.

7.2.2 Riesz Representation Theorem

Contrary to the finite-dimensional case, for infinite-dimensional normed vector spaces

(X, ‖·‖) it may be hard to give a complete description of the dual space X∗. However,

an example where such a complete description has been obtained is X = C[a, b], the

normed space of all continuous functions on a compact interval [a, b].

Theorem 7.1 (Riesz Representation Theorem). Consider the normed vector space

(X, ‖ · ‖∞), where X = C[a, b] and ‖Φ‖∞ := maxa≤t≤b |Φ(t)| for all Φ ∈ X. Let x∗ be

a bounded linear functional on X. Then, there is a function f of bounded variation

on [a, b] such that for all Φ ∈ X,

〈x∗,Φ〉 =
∫ b

a

Φ(t)df(t), (7.5)

and such that

‖x∗‖d = sup
Φ∈X

{∫ b

a

Φ(t)df(t) : ‖Φ‖∞ ≤ 1
}
= |Δ|f([a, b]),

where |Δ|f([a, b]) denotes the total variation of f on [a, b]. Conversely, every function

f of bounded variation on [a, b] defines a bounded linear functional on X through (7.5).
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Proof. See e.g. [49].

Remark 7.2. The integral in (7.5) is a Riemann-Stieltjes integral. If f is continuously

differentiable, then it is equal to the Riemann integral
∫ b

a
Φ(t)f ′(t)dt.

We are particularly interested in the Riesz Representation Theorem since it shows

that the dual space X∗ of X = C[a, b] can be obtained directly from BV ([a, b]), the

space of functions f of bounded variation on [a, b], where the dual norm ‖ · ‖d appears

to be the total variation of such functions f on [a, b]. Ignoring several technical

details, such as for example that f is defined on [a, b] instead of R, this dual space of

X = C[a, b] is the space of feasible solutions in the optimization problems H(ϕ,B),

H+(ϕ,B), and M(ϕ,B), introduced in (7.1)–(7.3). However, to obtain expressions

for these optimization problems we need to analyze the dual space and dual norm of

the space of functions of bounded variation. That is, we are interested in the second

dual X∗∗ of X = C[a, b]. To our knowledge, a complete description of X∗∗ is not

available. However, since X ⊂ X∗∗ holds in general, it follows immediately from the

Riesz Representation Theorem that every continuous function Φ defines a bounded

linear functional on X∗ through (7.5). We are inspired by this observation in the next

section, where we analyze the space of real-valued functions of bounded variation on

R rather than on [a, b].

7.3 A suitable vector space of real-valued functions

of bounded variation

We consider the vector space X of real-valued functions x : R �→ R of bounded

variation that are absolutely integrable, i.e. |Δ|x < +∞ and
∫ +∞
−∞ |x(t)|dt < +∞.

This space contains all pdf f of bounded variation, so we can define X as the space

of feasible solutions of the optimization problems H(ϕ,B), H+(ϕ,B), and M(ϕ,B),

introduced in (7.1)–(7.3). Defining ‖x‖ := |Δ|x as the total variation of x for every

x ∈ X, we obtain a normed vector space (X, ‖ · ‖).
Lemma 7.1. Let X denote the space of real-valued functions x : R �→ R of bounded

variation that are absolutely integrable, and let ‖ ·‖ : X �→ R be defined as ‖x‖ = |Δ|x
for every x ∈ X. Then, (X, ‖ · ‖) is a normed vector space.

Remark 7.3. The tails of x vanish, i.e. limt→+∞ x(t) = limt→−∞ x(t) = 0, for every

x ∈ X, since x is absolutely integrable and of bounded variation.
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Remark 7.4. Without the assumption that x is absolutely integrable, |Δ|x is only a

pseudo-norm on X, since every constant function x on R has total variation 0.

In Section 7.3.1, we show that explicit formulas for the dual norm ofX are essential

for finding expressions and bounds for H(ϕ,B), H+(ϕ,B), and M(ϕ,B). However,

this dual norm is defined on the dual space X∗, and as discussed in the previous sec-

tion, we are not able to give a complete description ofX∗. Instead, we will characterize

a linear subspace X∗
s of X∗ that is large enough for our purposes. Its introduction

needs some steps.

Inspired by the Riesz Representation Theorem, we define for every bounded con-

tinuous function Φ : R �→ R, a linear functional on X through the improper Riemann-

Stieltjes integral

∫ +∞

−∞
x(t)dΦ(t), x ∈ X. (7.6)

This integral exists since Φ is bounded and continuous, and x is of bounded variation.

Observe that Φ needs to be defined up to a constant only, so that without loss of

generality we may assume Φ(0) = 0. Moreover, observe that we have interchanged

the role of x and Φ compared to (7.5) in the Riesz Representation Theorem. However,

by doing so only the sign of the integral in (7.6) changes, since the tails of x vanish

and we will assume that we may apply integration by parts.

Conveniently, the integral in (7.6) may represent the expectation Ef [ϕ(ω)] of a

function ϕ : R �→ R with respect to the random variable ω with pdf f . Indeed, in the

notation of this chapter, we denote x := f and x∗ := ϕ, and define

〈x∗, x〉 =
∫ +∞

−∞
x∗(t)x(t)dt, (7.7)

so that 〈x∗, x〉 = Ef [ϕ(ω)]. Throughout this chapter we only consider bounded func-

tions x∗ : R �→ R that are Riemann integrable on every bounded interval, so that

the integral in (7.7) exists, and thus 〈x∗, x〉 is well-defined since x ∈ X is absolutely

integrable. Under these assumptions, the inner product 〈x∗, x〉 is equal to

〈x∗, x〉 =
∫ +∞

−∞
x(t)dΦx∗(t),

that is, to the integral in (7.6) with Φ := Φx∗ and Φx∗ as defined below.
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Definition 7.2. For every function x∗ : R �→ R that is Riemann integrable on every

bounded interval, we define the function Φx∗ : R �→ R as

Φx∗(t) =

∫ t

0

x∗(s)ds, t ∈ R. (7.8)

We define the linear space X∗
s as the space of all bounded functions x∗ : R �→ R such

that Φx∗(t) exists for all t ∈ R, and Φx∗ is bounded, and we let Y ∗
s denote the space

X∗
s without this latter restriction.

Remark 7.5. Observe that by definition the function Φx∗ is continuous and Φ(0) = 0.

Throughout, we may omit the dependence of Φx∗ on x∗ if it is clear from the context.

The spaces X and X∗
s are defined so that all integrals in this chapter exists and

are well-behaved. That is, for every x ∈ X and x∗ ∈ X∗
s , we have

〈x∗, x〉 =
∫ +∞

−∞
x(t)dΦx∗(t) = −

∫ +∞

−∞
Φx∗(t)dx(t), (7.9)

where the last equality holds by applying integration by parts. The restriction in

X∗
s to x∗ with bounded Φx∗ is made to be sure that 〈x∗, x〉 =

∫ +∞
−∞ x(t)dΦx∗(t)

defines a bounded linear functional on X. Using (7.9) and starting with the Riesz

Representation Theorem, a straightforward proof shows that x∗ is a bounded linear

functional on X, so that X∗
s ⊂ X∗, indeed. Furthermore, looking at (7.9) and the

Riesz Representation Theorem again, we might conjecture that ‖x∗‖d = supt |Φx∗(t)|.
However, this is not true, as we will show later, since for all x ∈ X both tails of x

vanish.

We note that several restrictions imposed on X and X∗
s may be relaxed without

affecting the results of this section. The results presented here are a first step towards

a more general functional analytic framework for the optimization problem defined

in M(x∗, B). Since we assume that all integrals in this section are well-defined and

that (7.9) holds, expressions for ‖x∗‖d and H+(x∗, B) can be obtained by rather

elementary analysis.

In the remainder of this section we derive these expressions for the dual norm

‖x∗‖d and for the optimization problem H+(x∗, B). We do so for a finite-dimensional

version of (X, ‖ · ‖) in Section 7.3.2, and we generalize these results in Section 7.3.3.

First, however, we apply convex duality to M(x∗, B) in Section 7.3.1, deriving dual

problems of both H+(x∗, B) and M(x∗, B).
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7.3.1 The dual of M(x∗, B)

In this section, we apply convex duality to obtain the dual representation of M(x∗, B),

yielding (7.3) with ϕ := x∗. The analysis in this section holds for x∗ ∈ Y ∗
s and does

not require the assumption of periodicity, contrary to the analysis in Chapter 4.

The primal formulation of M(x∗, B) is given by

M(x∗, B) = sup
x∈X

{
〈x∗, x〉 : ‖x‖ ≤ B, 〈e, x〉 = 1, x ≥ 0

}
, (7.10)

where e is the all-one function, so that 〈e, x〉 = ∫ +∞
−∞ x(t)dt. Observe that e is con-

tained in Y ∗
s but not in X∗

s since Φe is unbounded. Relaxing the last two constraints

in (7.10), we obtain an upper bound on M(x∗, B), i.e. M(x∗, B) ≤ H(x∗, B) where

H(x∗, B) is a scaled version of the dual norm ‖x∗‖d defined as

H(x∗, B) = sup
x∈X

{
〈x∗, x〉 : ‖x‖ ≤ B

}
= B‖x∗‖d.

Alternatively, we may relax the constraint 〈e, x〉 = 1 only, so that M(x∗, B) ≤
H+(x∗, B) where

H+(x∗, B) = sup
x∈X

{
〈x∗, x〉 : ‖x‖ ≤ B, x ≥ 0

}
. (7.11)

The index in H+(x∗, B) emphasizes that the primal formulation of H+(x∗, B) con-

tains an additional nonnegativity constraint x ≥ 0 compared to the primal formulation

of H(x∗, B).

Moreover, we may obtain tighter bounds onM(x∗, B) thanH(x∗, B) andH+(x∗, B)

by applying Lagrangian relaxation. Introducing Lagrangian multipliers z ∈ R and

y ≥ 0, we have

M(x∗, B) ≤ sup
x∈X

{
〈x∗, x〉 − z(〈e, x〉 − 1) + 〈y, x〉 : ‖x‖ ≤ B

}
= z + sup

x∈X

{
〈x∗ − ze+ y, x〉 : ‖x‖ ≤ B

}
(7.12)

= z +B‖x∗ − ze+ y‖d, (7.13)

where the last equality holds since the optimization problem in (7.12) equals H(x∗ −
ze+y,B). Here, the Lagrangian multiplier y : R �→ R is contained in Y ∗

s . Observe that
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for Langrangian multipliers z = 0 and y = 0, we obtain the upper bound H(x∗, B) =

B‖x∗‖d. The dual of M(x∗, B) is the problem of minimizing the upper bound of

M(x∗, B) in (7.13) over z ∈ R and y ≥ 0. In general only weak duality holds.

However, given the fact that the primal formulation of M(x∗, B) only consist of a

linear objective, a single linear equality, and a nonnegativity constraint, we expect

that strong duality holds as well. In Section 7.4 we discuss an example where there is

no duality gap, indeed. Throughout this chapter we assume that there is no duality

gap. In case this is not true, the dual of M(x∗, B) only yields an upper bound on

M(x∗, B).

Definition 7.3. Let x∗ : R �→ R be a bounded function that is Riemann integrable

over every bounded interval, and let B ∈ R with B > 0 be given. Consider the

optimization problem M(x∗, B) defined in (7.10). Then, the dual of M(x∗, B) is

given by

M(x∗, B) = inf
z∈R

{
z +B inf

y≥0

{
‖x∗ − ze+ y‖d

}}
(7.14)

= inf
z∈R

{
z +H+(x∗ − ze,B)

}
, (7.15)

where H+(x∗, B) is defined in (7.11).

Remark 7.6. For every B ∈ R with B > 0, the dual of H+(x∗, B) is given by

H+(x∗, B) = B inf
y≥0

{
‖x∗ + y‖d

}
.

The advantage of the dual of M(x∗, B) over its primal formulation, is that it

reduces to a one-dimensional optimization problem over z ∈ R, if expressions for

‖x∗‖d and H+(x∗, B) are available. In the next sections such expressions will indeed

be derived.

7.3.2 Total variation in finite-dimensional vector spaces

To obtain insights into characteristics of the dual norm ‖ · ‖d of X, we first study the

concept of total variation in finite-dimensional vector spaces. Instead of functions x :

R �→ R that are defined on the entire real line, we consider functions x : {1, . . . , n} �→
R that are defined on a finite number of points only. Since there is a one-to-one

correspondence between such functions and vectors in R
n, we let X = R

n. Moreover,
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we denote the total variation of x ∈ X as ‖x‖, where ‖·‖ : X �→ R is the norm defined

as

‖x‖ :=

n∑
i=0

|xi+1 − xi|, x ∈ R
n,

with x0 = xn+1 = 0, mimicking the assumption that the tails of x vanish. Next, we

consider the corresponding dual norm.

Theorem 7.2. Let X = R
n and let ‖ · ‖ : X �→ R be defined as

‖x‖ =

n∑
i=0

|xi+1 − xi|, x ∈ X,

where x0 = xn+1 = 0. Then, (X, ‖ · ‖) is a normed vector space. Writing X∗ = R
n,

the dual norm ‖ · ‖d : X∗ �→ R equals, for every x∗ ∈ X∗,

‖x∗‖d := sup
x∈Rn

{ n∑
i=1

x∗
i xi :

n∑
i=0

|xi+1 − xi| ≤ 1
}

(7.16)

=
1

2
max

i,j∈{0,...,n}

(
Φj(x

∗)− Φi(x
∗)
)
, (7.17)

where

Φj(x
∗) :=

j∑
k=1

x∗
k, j = 0, . . . , n. (7.18)

Moreover, an optimal solution x̄ ∈ X of the optimization problem in (7.16) can be

described using i∗ and j∗, an arbitrary global minimizer and an arbitrary global max-

imizer in (7.17), respectively.

(i) If i∗ ≤ j∗, then x̄k = 1/2 if i∗ < k ≤ j∗ and x̄k = 0 otherwise.

(ii) If i∗ ≥ j∗, then x̄k = −1/2 if j∗ < k ≤ i∗ and x̄k = 0 otherwise.

Proof. It is easy to verify that ‖ · ‖ is a norm on X. Moreover, since X is finite-

dimensional we define X∗ = R
n, see Remark 7.1. Let x∗ ∈ X∗ be given and consider

the optimization problem in (7.16). Defining wi = xi−xi+1 so that xi =
∑n

j=i wj for
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i = 0, . . . , n, we can rewrite this optimization problem as

‖x∗‖d = sup
w∈Rn+1

⎧⎨
⎩

n∑
i=1

n∑
j=i

x∗
iwj :

n∑
i=0

|wi| ≤ 1,

n∑
i=0

wi = 0

⎫⎬
⎭

= sup
w∈Rn+1

⎧⎨
⎩

n∑
j=0

Φjwj :

n∑
i=0

|wi| ≤ 1,

n∑
i=0

wi = 0

⎫⎬
⎭ , (7.19)

where the second equality holds since Φ0 = 0 and

n∑
i=1

n∑
j=i

x∗
iwj =

n∑
j=1

j∑
i=1

x∗
iwj =

n∑
j=1

Φjwj ,

where Φ is as defined in (7.18). Notice that we have omitted the dependence of Φ

on x∗ for notational convenience. The feasible region W = {w ∈ R
n+1 :

∑n
i=0 |wi| ≤

1,
∑n

i=0 wi = 0} is a polytope with extreme points equal to vij = 1
2 (ej − ei), i, j ∈

{0, . . . , n} with i �= j, where ej denotes the j-th unit vector in R
n+1. Since the

objective of (7.19) is linear, the supremum is attained in one of the extreme points

of W , and since 〈Φ, vij〉 = 1
2 (Φj − Φi), we conclude that (7.17) holds. Moreover, if

i∗ and j∗ denote a global minimizer and maximizer of Φ(x∗) in (7.17), respectively,

then the supremum in (7.19) is attained by the solution w̄ defined as w̄j∗ = 1/2,

w̄i∗ = −1/2, and w̄k = 0, otherwise. Using the change of variables x̄i =
∑n

j=i w̄j for

every i = 0, . . . , n, we obtain x̄ as defined in (i) and (ii). We conclude that x̄ is indeed

an optimal solution of the optimization problem in (7.16).

Remark 7.7. The optimal solution x̄ defined in (i) and (ii) of Theorem 7.2 has a

special structure. It can be considered as a finite-dimensional version of a piecewise

constant function. Indeed, in Chapters 3 and 4 the worst-case probability density

functions are of this type.

The most important step in the proof of Theorem 7.2 is the change of variables

wi := xi−xi+1, for every i = 0, . . . , n. Applying this change of variables, the problem

reduces to that of the ‖ · ‖1 norm with the additional linear equality
∑n

j=0 wj = 0:

sup
x∈Rn

{ n∑
i=1

x∗
i xi :

n∑
i=0

|xi+1−xi| ≤ 1
}
= sup

w∈Rn+1

{ n∑
j=0

Φjwj :

n∑
j=0

|wj | ≤ 1,

n∑
j=0

wj = 0
}
.

(7.20)
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Comparing the two optimization problems in (7.20), we observe that in the first

problem, the order of the components of x is relevant to determine feasibility of x,

whereas in the second optimization problem the order of the components of w does

not matter. Instead, the ‘order’ is moved from the constraints to the coefficients

Φj(x
∗), which are partial sums of the vector x∗ as introduced in (7.18).

Definition 7.4. Let x∗ ∈ R
n be given. Then, we define Φ(x∗) ∈ R

n+1 as

Φj(x
∗) :=

j∑
k=1

x∗
k, j = 0, . . . , n. (7.21)

We will write Φj instead of Φj(x
∗) if the argument x∗ is clear from the context.

Remark 7.8. Since ‖x∗‖d is a function of the range of Φ(x∗), the vector Φ(x∗) needs

to be defined up to a constant only. Indeed, due to the constraint
∑n

j=0 wj = 0, the

second optimization problem in (7.20) is equivalent for every two vectors of coefficients

Φ1 and Φ2 that are the same up to a constant.

Thus, the change of variables wi = xi − xi+1, for every i = 0, . . . , n, leads to an

optimization problem with the differences w of x as decision variables, and the partial

sums Φ of x∗ as coefficients in the linear objective function. In a continuous setting,

this means that applying a similar change of variables will lead to an optimization

problem with the derivative x′ of x as decision variable, and the partial integral Φ of

x∗ as coefficient. Indeed, for continuously differentiable functions x : R �→ R, we have

the well-known expression

|Δ|x =

∫ +∞

−∞
|x′(t)|dt,

i.e., |Δ|x represents the L1-norm on the derivative x′ of x. Observe that
∫ +∞
−∞ |x′(t)|dt ≤

1 is the continuous analogue of the constraint
∑n

i=0 |wi| ≤ 1.

Before we discuss the dual norm for (X, ‖ · ‖) as defined in Lemma 7.1, we first

consider the finite-dimensional version of the optimization problem H+(x∗, B).

The optimization problem H+(x∗, B)

In this section we consider the finite-dimensional version of the optimization problem

H+(x∗, B) defined in (7.2). We consider this problem involving the nonnegativity
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constraint x ≥ 0, since x may represent a probability density function. Moreover,

once we obtain exact expressions for H+(x∗, B), the dual of M(x∗, B) reduces to a

one-dimensional optimization problem. Although the analysis of Section 7.3.1 holds

for functions x : R �→ R, the dual of H+(x∗, B) may be obtained in the same way in

this finite-dimensional setting, yielding

H+(x∗, B) = sup
x∈Rn

{ n∑
i=1

x∗
i xi : ‖x‖ ≤ B, x ≥ 0

}
= B inf

y≥0

{
‖x∗ + y‖d

}
,

representing the primal and dual of H+(x∗, B), respectively. Here, the Lagrangian

multiplier y is a vector in R
n with y ≥ 0. By weak duality, 〈x∗, x〉 ≤ B‖x∗ + y‖d for

every x ∈ X with ‖x‖ ≤ B and for every y ≥ 0.

Since Theorem 7.2 implies that the dual objective function is given by

B‖x∗ + y‖d =
B

2
max

i,j∈{0,...,n}

(
Φj(x

∗ + y)− Φi(x
∗ + y)

)
,

with Φ as defined in (7.21), the dual of H+(x∗, B) can be interpreted as selecting

y ≥ 0 to minimize the range of Φ(x∗ + y). By definition of Φ, for every x∗ ∈ R
n and

y ≥ 0 the differences Φk(x
∗ + y) − Φk(x

∗) =
∑k

j=1 yj do not depend on x∗, and are

nonnegative and non-decreasing in k. Thus, if the components Φk(x
∗) of the vector

Φ(x∗) are non-decreasing in k, then y = 0 is optimal and H+(x∗, B) = B‖x∗‖d. On

the other hand, if the components Φk(x
∗) of the vector Φ(x∗) are non-increasing in

k, then it is possible to select y = −x∗ ≥ 0 such that Φ(x∗ + y) = 0, and thus

H+(x∗, B) = 0.

Theorem 7.3. Let X = R
n and let ‖ · ‖ : X �→ R be defined for every x ∈ X as

‖x‖ =
∑n

i=0 |xi+1 − xi| with x0 = xn+1 = 0. Let x∗ ∈ R
n and B ∈ R with B > 0 be

given, and consider

H+(x∗, B) = sup
x∈X

{
〈x∗, x〉 : ‖x‖ ≤ B, x ≥ 0

}
= B inf

y≥0

{
‖x∗ + y‖d

}
.

Then,

H+(x∗, B) =
B

2
max
i≤j

(
Φj(x

∗)− Φi(x
∗)
)
, (7.22)

with Φ as defined in (7.21). Moreover, an optimal solution x̄ to the primal of
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H+(x∗, B) can be described using arbitrary optimal indices i∗ ≤ j∗ in (7.22). We

have x̄k = B/2 if i∗ < k ≤ j∗, and x̄k = 0, otherwise. Furthermore, an optimal

solution to the dual of H+(x∗, B) is given by ȳ ≥ 0, defined as

ȳj :=
(

min
i≤j−1

Φi(x
∗)− Φj(x

∗)
)+

, j = 0, . . . , n. (7.23)

Proof. Let x∗ ∈ R
n and B ∈ R with B > 0 be given, and denote the optimizers in

(7.22) by i∗ and j∗. We will show that

〈x∗, x̄〉 = B‖x∗ + ȳ‖d =
B

2
max
i≤j

(
Φj(x

∗)− Φi(x
∗)
)
, (7.24)

which means that both x̄ and ȳ are feasible solutions of the primal and dual problem

of H+(x∗, B), respectively, with the same objective value, so both are optimal and

there is no duality gap. For the primal problem of H+(x∗, B), we have

〈x∗, x̄〉 = B

2

j∗∑
k=i∗+1

x∗
k =

B

2

(
Φj∗(x

∗)− Φi∗(x
∗)
)
,

where the second equality holds by definition of Φ. We conclude that 〈x∗, x̄〉 equals

the right-hand side of (7.24). To prove that ȳ is an optimal dual solution we will show

that for every j = 0, . . . , n,

Φj(x
∗ + ȳ) = Φj(x

∗)−min
i≤j

Φi(x
∗) ≥ 0. (7.25)

Then, since Φ0(x
∗ + ȳ) = 0, it follows that the range of the vector Φ(x∗ + ȳ) is equal

to its largest component. Hence,

B‖x∗ + ȳ‖d =
B

2
max

j=0,...,n

(
Φj(x

∗)−min
i≤j

Φi(x
∗)
)

=
B

2
max
i≤j

(
Φj(x

∗)− Φi(x
∗)
)
,

and thus B‖x∗ + ȳ‖d equals the right-hand side of (7.24) if (7.25) is true. To prove

(7.25) we use induction on the components j of Φ(x∗ + ȳ). For j = 0, (7.25) is true

by definition of Φ. Next, let j = 1, . . . , n, be given and assume that (7.25) is true for
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j − 1. Then,

Φj(x
∗ + ȳ) = Φj(x

∗)− min
i≤j−1

Φi(x
∗) + ȳj , (7.26)

since Φj(x
∗ + ȳ) = Φj(x

∗) +
∑j

k=1 ȳk for every j = 0, . . . , n, and by the induction

hypothesis,
∑j−1

k=1 ȳk = −mini≤j−1 Φi(x
∗). Substituting the expression for ȳj in (7.23)

into (7.26), and using that t+ (−t)+ = (t)+ for every t ∈ R, we obtain

Φj(x
∗ + ȳ) =

(
Φj(x

∗)− min
i≤j−1

Φi(x
∗)
)+

, j = 0, . . . , n. (7.27)

Since we may equivalently minimize Φi(x
∗) in (7.27) over i ≤ j instead of over i ≤ j−1,

we conclude that indeed (7.25) holds.

Observe that Theorem 7.3 on H+(x∗, B) is similar to Theorem 7.2 on H(x∗, B) =

B‖x∗‖d. Indeed, alsoH+(x∗, B) can be derived directly from the vector Φ(x∗) defined

in (7.21). However, induced by the constraint x ≥ 0, we now require i ≤ j in the

maximization of Φj(x
∗) − Φi(x

∗), since for i > j the solution x̄ defined in (ii) of

Theorem 7.2 is infeasible.

7.3.3 Expressions for the dual norm ‖ · ‖d

The results for its finite-dimensional version can be generalized almost directly to

(X, ‖ · ‖), the space of functions x : R �→ R of bounded variation that are absolutely

integrable. For this normed space, expressions for ‖x∗‖d and H+(x∗, B) will not de-

pend on the vector of partial sums Φ defined in (7.21), but on its continuous analogue

Φx∗ defined in (7.8). That is, we will have to replace the vector of partial sums Φ by

the function of partial integrals Φx∗ .

We state expressions for ‖x∗‖d andH+(x∗, B) in Theorem 7.4 below without proof.

They can be derived from the finite-dimensional results in Theorems 7.2 and 7.3 using

limiting arguments with n → ∞. Similar as for the finite-dimensional case, ‖x∗‖d
equals half the range of Φx∗ . Moreover, H+(x∗, B) = 0 if Φx∗ is non-increasing.

Theorem 7.4. Let x∗ : R �→ R be a bounded function that is Riemann integrable on

every bounded interval, and let Φx∗ be as defined in Definition 7.2. If Φx∗ is bounded,
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then x∗ defines a bounded linear functional on X through

〈x∗, x〉 =
∫ ∞

−∞
x(t)dΦx∗(t), x ∈ X.

Moreover, for the dual norm ‖x∗‖d and the optimization problem H+(x∗, B) defined

in (7.11), we have

‖x∗‖d =
1

2
sup
s,t

(
Φx∗(t)− Φx∗(s)

)
, (7.28)

and for every B ∈ R with B > 0,

H+(x∗, B) =
B

2
sup
s≤t

(
Φx∗(t)− Φx∗(s)

)
. (7.29)

Since for every s, t ∈ R, we have Φx∗(t) − Φx∗(s) =
∫ t

s
x∗(u)du, we may substitute

this expression in (7.28) and (7.29).

Theorem 7.4 shows that expressions for ‖x∗‖d and H+(x∗, B) can be derived

directly from Φx∗ . By (7.15), this implies that for given functions x∗, the dual of

M(x∗, B) reduces to a one-dimensional optimization problem. Moreover, Theorem 7.4

does not only hold for periodic functions x∗, but for any function x∗ ∈ Y ∗
s . This may

be useful to improve the error bound in Chapter 6, as we discuss in Section 7.5.

7.4 Bounds on M(x∗, B) for periodic functions x∗

In this section, we show that the worst-case bounds on the expectation of periodic

functions in Proposition 4.1 and 4.2 of Chapter 4 can be derived directly from the

results in previous sections. That is, we show that for every periodic function x∗ :

R �→ R with period p and finite mean value ν := p−1
∫ p

0
x∗(t)dt, and for every B ∈ R

with B > 0,

M(x∗, B) ≤ ν +
B

4

∫ p

0

|x∗
ν(u)|du.

Moreover, if in addition x∗ is non-increasing on (β, β + p) for some β ∈ R, then

M(x∗, B) = ν +
B

2

∫ β+min{2/B,p}

β

(x∗
ν(u))

+du.
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An important observation for deriving these bounds is that the function Φx∗ , defined

in Definition 7.2, is periodic with period p if x∗ is periodic with period p and mean

value ν = 0.

Lemma 7.2. Let x∗ : R �→ R be a periodic function with period p and finite mean

value ν := p−1
∫ p

0
x∗(t)dt, and denote x∗

ν = x∗ − ν. Define the function Φx∗ : R �→ R

as Φx∗(t) =
∫ t

0
x∗(s)ds for all t ∈ R. Then,

Φx∗(t) = νt+ ψ(t), t ∈ R,

is the sum of a linear function with slope ν and a periodic function ψ with period p,

defined as ψ(t) :=
∫ t

0
x∗
ν(s)ds, t ∈ R.

Proof. Let Φx∗ and ψ be defined as above. Then, for every t ∈ R,

Φx∗(t) =

∫ t

0

x∗(s)ds = νt+

∫ t

0

(x∗(s)− ν)ds = νt+ ψ(t).

Moreover, since x∗
ν is periodic with period p and zero mean, it follows that ψ(t+ p)−

ψ(t) =
∫ t+p

t
x∗
ν(s)ds = 0 for every t ∈ R, and thus ψ is periodic with period p.

We conclude from Lemma 7.2 that the range of Φx∗ is finite if and only if ν = 0.

Moreover, in that case, the range of Φx∗ on R is equal to its range on [0, p]. Thus,

applying Theorem 7.4 to periodic functions x∗ with period p and mean value ν :=

p−1
∫ p

0
x∗(t)dt, we have

‖x∗‖d =

⎧⎪⎨
⎪⎩

1

2
sup

s,t∈[0,p]

(
Φx∗(t)− Φx∗(s)

)
, ν = 0,

+∞, ν �= 0.

Notice that for ν = 0 the supremum over s and t is attained since [0, p] is compact

and Φx∗ is continuous. Moreover, x∗ /∈ X∗
s if ν �= 0.

Using a similar line of reasoning, we obtain an expression for H+(x∗, B) for every

B ∈ R with B > 0. Since Φx∗(t) − Φx∗(s) = ν(t − s) + ψ(t) − ψ(s) for every s ≤ t,

it follows that H+(x∗, B) is finite if and only if ν ≤ 0. In Lemma 7.3 we summarize

these results without proof.

Lemma 7.3. Let x∗ : R �→ R be a periodic function with period p and finite mean

value ν := p−1
∫ p

0
x∗(t)dt. Define the function Φx∗ : R �→ R as Φx∗(t) =

∫ t

0
x∗(s)ds
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for all t ∈ R. Then,

‖x∗‖d =

⎧⎪⎨
⎪⎩

1

2
max

s,t∈[0,p]

(
Φx∗(t)− Φx∗(s)

)
, ν = 0,

+∞, ν �= 0.

(7.30)

Moreover, for every B ∈ R with B > 0, we have

H+(x∗, B) =

⎧⎪⎨
⎪⎩

B

2
max
s≤t

(
Φx∗(t)− Φx∗(s)

)
, ν ≤ 0,

+∞, ν > 0.

(7.31)

In addition, if ν ≤ 0, then there exist maximizers s∗, t∗ ∈ R in (7.31) such that

s∗ ≤ t∗ ≤ s∗ + p.

Remark 7.9. Since Φx∗(t) − Φx∗(s) =
∫ t

s
x∗(u)du for every s, t ∈ R, we may substi-

tute this equality in the expressions for ‖x∗‖d and H+(x∗, B) in (7.30) and (7.31),

respectively.

To derive Propositions 4.1 and 4.2 of Chapter 4, we consider the dual of M(x∗, B)

given in Definition 7.3. For every feasible dual solution z ∈ R and y ≥ 0, we obtain

an upper bound on M(x∗, B). We will show that by particular choices of z and y we

can derive the bounds in Propositions 4.1 and 4.2.

Proposition 7.1 (Proposition 4.1). Let x∗ : R �→ R be a periodic function with

period p and finite mean value ν := p−1
∫ p

0
x∗(u)du. Then,

M(x∗, B) ≤ ν +
B

4

∫ p

0

|x∗
ν(u)|du,

where x∗
ν := x∗ − ν.

Proof. Let x∗ be given and consider the dual of M(x∗, B) given in (7.14). Since z = ν

and y = 0 is a feasible dual solution, it follows immediately that

M(x∗, B) ≤ ν +B‖x∗
ν‖d = ν +

B

2
max

s,t∈[0,p]

∫ t

s

x∗
ν(u)du. (7.32)

Here, the last equality holds by (7.30) in Lemma 7.3 and by Remark 7.9 since x∗
ν is

periodic with period p and zero mean. To prove the claim, observe that for every
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s, t ∈ [0, p] with s ≤ t, we have

∫ t

s

x∗
ν(u)du =

∫ t

s

(x∗
ν(u))

+du−
∫ t

s

(x∗
ν(u))

−du ≤
∫ p

0

(x∗(u))+du.

Since x∗
ν is periodic with period p and zero mean, we have similar as in the proof of

Proposition 4.1, that
∫ p

0
(x∗

ν(u))
+du = 1

2

∫ p

0
|x∗

ν(u)|du. Thus,

max
s,t∈[0,p]

∫ t

s

x∗
ν(u)du ≤

∫ p

0

(x∗(u))+du =
1

2

∫ p

0

|x∗
ν(u)|du.

Combined with (7.32) this concludes the proof.

Next, we prove Proposition 4.2 using the results of this chapter. However, we only

prove an inequality; equality can be obtained as explained in the subsequent remarks.

Proposition 7.2 (Proposition 4.2). Let x∗ : R �→ R be a periodic function with

period p and finite mean value ν = p−1
∫ p

0
x∗(u)du. Assume that x∗ is non-increasing

on (β, β + p) for some β ∈ R. Then, for every B ∈ R with B > 0,

M(x∗, B) ≤ ν +
B

2

∫ β+min{p,2/B}

β

(x∗
ν(u))

+du. (7.33)

Proof. Let x∗ be given as above and consider the dual of M(x∗, B) given in (7.14). If

2/B ≥ p or x∗
ν(β + 2/B) < 0, then select the dual feasible solution z = ν and y = 0,

so that similar as in the proof of Proposition 7.1,

M(x∗, B) ≤ ν +B‖x∗
ν‖d = ν +

B

2
max

s,t∈[0,p]

∫ t

s

x∗
ν(u)du. (7.34)

Since x∗
ν is periodic with period p, we may equivalently maximize with respect to s

and t over [β, β + p] instead of over [0, p]. Moreover, since x∗
ν is non-increasing on

(β, β + p) it follows that s∗ = β and t∗ is such that x∗
ν(t) ≥ 0 for t ∈ (β, t∗) and

x∗
ν(t) ≤ 0 for t ∈ (t∗, β + p). Thus,

max
s,t∈[0,p]

∫ t

s

x∗
ν(u)du =

∫ β+p

β

(x∗
ν(u))

+du. (7.35)

Observe that since 2/B ≥ p or x∗
ν(β + 2/B) < 0, we may replace the upper limit of
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the right-hand side integral by β + min{2/B, p}. Combining this observation with

(7.35) and (7.34), we conclude that (7.33) holds if 2/B ≥ p or x∗
ν(β + 2/B) < 0.

If, on the other hand, 2/B < p and x∗
ν(β+2/B) > 0, then select z = x∗(β+2/B)

so that by (7.15) we have

M(x∗, B) ≤ z +H+(x∗ − ze,B) = z +
B

2
max
s≤t

∫ t

s

(x∗(u)− z)du. (7.36)

Here, the last equality holds by Lemma 7.3 since x∗
ν(β + 2/B) > 0 implies that

z = x∗(β + 2/B) > ν, and thus the mean of x∗ − ze is smaller than zero. Since the

function x∗ − ze is periodic with period p and mean value ν − z < 0, and x∗ − ze

is non-increasing on (β, β + p), it follows that s∗ = β and t∗ = β + 2/B are global

maximizers in (7.36). Indeed, we have x∗(t)− z > 0 for t ∈ (β, t∗) and x∗(t)− z < 0

for t ∈ (t∗, β + p). Thus,

M(x∗, B) ≤ z +
B

2

∫ β+2/B

β

(x∗(u)− z)du (7.37)

= ν +
B

2

∫ β+2/B

β

(x∗(u)− ν)du,

where we use that the right-hand side of (7.37) is constant in z. Since 2/B < p and

x∗
ν(u) > 0 for all β < u ≤ β + 2/B, we conclude that

M(x∗, B) ≤ ν +
B

2

∫ β+min{2/B,p}

β

(x∗
ν(u))

+du, (7.38)

and thus (7.33) holds for every B ∈ R with B > 0.

To prove (7.33) with equality as in Proposition 4.2, we can either show that there

exists a feasible primal solution x of

M(x∗, B) = sup
x∈X

{
〈x∗, x〉 : ‖x‖ ≤ B, 〈e, x〉 = 1, x ≥ 0

}

with objective value equal to the bound in (7.33), or we can prove that the dual

solutions z, selected in the proof of Proposition 7.2, are optimal solutions for the

dual of M(x∗, B), given in (7.15). The latter can be verified since expressions for

H+(x∗ − ze,B) can be obtained, and thus the optimization problem that remains is

one-dimensional in z, and can be solved analytically. In Example 7.2 we illustrate
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this approach for a specific periodic function x∗.

Example 7.2. Consider the periodic function x∗ : R �→ R defined as

x∗(t) := 
t� − t− 1/2, t ∈ R. (7.39)

This function x∗ is the same as ϕ̄α in Example 4.2 with α = 0. It is periodic with

p = 1 and mean value ν = 0, and moreover x∗ is non-increasing on (0, 1). Thus, we

may use Proposition 7.2 to obtain an expression for M(x∗, B) for every B ∈ R with

B > 0. In fact, as we show in Example 4.2, this leads to

M(x∗, B) =
1

2
h(B) =

{
B/16, B ≤ 4,

1/2− 1/B, B ≥ 4.
(7.40)

However, in this example we derive this bound by solving the dual of M(x∗, B) given

by

M(x∗, B) = inf
z∈R

{
z +H+(x∗ − ze,B)

}
. (7.41)

Since x∗ − ze is a periodic function with mean −z, it follows immediately from

Lemma 7.3 that H+(x∗ − ze,B) = +∞ if z < 0. Moreover, for z ≥ 0,

H+(x∗ − ze,B) =
B

2
max
s≤t

∫ t

s

(x∗(u)− z)du. (7.42)

Observe that if z > 1/2, then H+(x∗ − ze,B) = 0 since x∗(u)− z < 0 for all u ∈ R.

On the other hand, for z ∈ [0, 1/2], maximizers s∗ and t∗ in (7.42) are given by

s∗ = 0 and t∗ = 1/2 − z, since x∗(u) − z ≥ 0 for all u ∈ [k, 1/2 − z + k], k ∈ Z, and

x∗(u) − z ≤ 0 for all u ∈ [1/2 − z + k, k + 1), k ∈ Z, and moreover since we may

assume s∗ ≤ t∗ ≤ s∗ + p by Lemma 7.3. Thus, for z ∈ [0, 1/2], we have

H+(x∗ − ze,B) =
B

2

∫ 1/2−z

0

(x∗(u)− z)du =
B

4
(1/2− z)2.

Considering the dual ofM(x∗, B) in (7.41), we conclude that the optimal dual solution

z∗ is contained in [0, 1/2], and thus

M(x∗, B) = inf
z∈[0,1/2]

{
z +

B

4
(1/2− z)2

}
. (7.43)
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The objective function in (7.43) is a quadratic function with global minimum 1/2−2/B

at z = 1/2− 2/B. Hence, if B ≥ 4, then z∗ = 1/2− 2/B and M(x∗, B) = 1/2− 1/B,

and if B ≤ 4, then z∗ = 0 and M(x∗, B) = B/16. We conclude that we obtain the

same expression for M(x∗, B) as in (7.40). �

Remark 7.10. Observe that in the proof of Proposition 7.2, we select z = 0 if 2/B ≥ p

or x∗
ν(β + 2/B) < 0, and z = x∗(β + 2/B), otherwise. For x∗ as in Example 7.2, this

corresponds to selecting z = 0 if B ≤ 4, and z = 1/2− 2/B if B ≥ 4. Hence, the dual

solutions selected in the proof of Proposition 7.2 are indeed optimal for x∗ as defined

in (7.39).

7.5 Discussion

The key observation in this chapter is that the total variation |Δ|f may be interpreted

as a norm on the space of functions f of bounded variation. Combined with convex

duality, the worst-case bounds M(ϕ,B) on the expectation Ef [ϕ(ω)] of periodic func-

tions ϕ, derived in Chapter 4, can be expressed in terms of the dual norm ‖ϕ‖d of

ϕ. However, in this chapter we do not require ϕ to be periodic to obtain bounds

on M(ϕ,B). A direct advantage of this result is, for example, that we may bound

the error of the shifted-LP relaxation approximation, defined in (4.44), for the simple

integer recourse function Q directly, even though the underlying difference function

is not periodic.

Example 7.3. Consider the simple integer recourse function Q(x) = Ef [
ω − x�+],
x ∈ R, and let Q̂(x) = Ef [(ω + 1/2 − x)+], x ∈ R, denote the shifted-LP relaxation

approximation. Then, for example for x = 0, we have Q(0)− Q̂(0) = Ef [ϕ(ω)], where

ϕ(t) = 
t�+ − (t+ 1/2)+ =

{

t� − t− 1/2, t ≥ −1/2,

0, t ≤ −1/2.

It follows immediately from Example 7.2 that for every z ∈ R, we have H+(x∗ −
ze,B) = B

4 (1/2− z)2, and thus

Q(0)− Q̂(0) ≤ M(ϕ, |Δ|f) = 1

2
h(|Δ|f).

Using a similar line of reasoning, we can show that |Q(x)− Q̂(x)| ≤ 1
2h(|Δ|f) for all
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x ∈ R, and thus ‖Q− Q̂‖∞ ≤ 1
2h(|Δ|f). �

The results and insights of this chapter do not only provide a direct approach

to derive an error bound for ‖Q − Q̂‖∞ in Example 7.3, but they may also be used

to improve this error bound. For example, we may consider alternative worst-case

bounds

M ′(ϕ,B) = sup
f∈F

{
Ef [ϕ(ω)] : ‖f‖ ≤ B

}
,

where ‖f‖ may represent any norm, not necessarily the total variation |Δ|f . Ob-

viously, not every norm ‖f‖ leads to a nontrivial bound M ′(ϕ,B). For example,

for ‖f‖∞ := supt∈R
|f(t)| and ϕ periodic, we have M ′(ϕ,B) = supt∈R

ϕ(t), since

for every ε > 0 we may select a feasible pdf fε such that fε(x) > 0 if and only if

ϕ(x) > supt∈R
ϕ(t) − ε. To obtain nontrivial error bounds M ′(ϕ,B), however, we

propose to consider ‘standard’ norms on the derivative of f instead. This approach

is inspired by the insights of this chapter since for continuously differentiable pdf f

the total variation |Δ|f represents the L1-norm on the derivative f ′ of f . A natural

extension is to consider Lp-norms on f ′, i.e.,

‖f‖ =

(∫ +∞

∞
(f ′(t))p

)1/p

.

For example, for p = ∞, every pdf f with ‖f‖ ≤ B is Lipschitz continuous with

Lipschitz constant not exceeding B.

Alternatively, we may consider norms on functions f : Rm �→ R. As a result,

we might obtain error bounds for e.g. convex approximations of TU integer recourse

models that do not depend on the one-dimensional conditional probability density

functions such as in Chapters 3 and 4, but on the multidimensional joint density

function instead. This approach may also be useful to improve the error bound in

Chapter 6 for general two-stage mixed-integer recourse models. An additional ad-

vantage for these models, is that the results from this chapter do not require that the

underlying difference function is periodic. Indeed, the difference function ϕ corres-

ponding to the two-stage mixed integer recourse function Q and its convex approxi-

mation Q̂ in Chapter 6 is only periodic on particular convex subsets of its domain; on

their complement, the current error bound relies on a rather crude approximation.

Summing up, the novel approach introduced in this chapter has the potential to
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improve on several results as well as to extend the analysis of error bounds for (convex)

approximations to a larger class of problems.
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Chapter 8

Summary and conclusions

We consider several subclasses and problem instances of two-stage mixed-integer re-

course models, ranging from simple integer to general mixed-integer recourse models.

In such models we essentially have to minimize the recourse function Q, defined as

Q(x) = Eξ

[
min
y

{
qy : Wy ≥ ω − Tx, y ∈ Z

p
+ × R

n2−p
+

}]
, x ∈ R

n.

The underlying value function represents the optimal objective value of the second-

stage problem, and Q represents its expected value with respect to the stochastic

parameters ξ ⊂ {q,W, ω}, as a function of the vector of first-stage decisions x. In

general the mixed-integer recourse function Q is non-convex, so that it is hard solve

problems of realistic size exactly. For this reason, we consider convex approximations

Q̂ of the recourse function Q. These approximations are based on modifications of the

underlying optimal value function of the second-stage problem. The approximating

model with Q replaced by Q̂ can be solved more easily using the toolbox of convex

optimization, and in addition, if the convex function Q̂ is a close approximation of Q,

then we obtain a good or even near-optimal solution. To quantify the performance

of such approximating solutions we derive upper bounds on the approximation error

‖Q− Q̂‖∞ := supx∈Rn |Q(x)− Q̂(x)|.
To derive these error bounds we study the underlying value functions of Q and

Q̂. Interestingly, the difference between these value functions turns out to be periodic

if the domain of this difference function is restricted to particular convex subsets.

This observation inspired many of the results derived in this thesis and motivated an
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elegant analysis on the expectation of generic one-dimensional periodic functions ϕ.

For continuous one-dimensional random variables ω with probability density function

f we use a worst-case analysis, based on the total variation |Δ|f of f , to obtain upper

and lower bounds on

M(ϕ,B) := sup
f∈F

{
Ef [ϕ(ω)] : |Δ|f ≤ B

}
,

and

N(ϕ,B) := inf
f∈F

{
Ef [ϕ(ω)] : |Δ|f ≤ B

}
,

respectively, for all B ∈ R with B > 0, where F is the set of one-dimensional probab-

ility density functions of bounded variation. In fact, we obtain exact expressions for

M(ϕ,B) and N(ϕ,B) if ϕ is periodically monotone. A further main contribution of

this thesis is that we extend these one-dimensional bounds to the difference of multi-

dimensional recourse functions. However, before we reflect on the main contributions

of this thesis, we first summarize the results for each chapter separately.

In Chapter 2 we show that the claim of Van der Vlerk [83], that there exists a

vector of shift parameters α∗ ∈ [0, 1]m such that the α∗-approximation Q̂α∗ yields

the convex hull of the totally unimodular (TU) integer recourse function Q, needs

additional assumptions. In fact, a sufficient condition for the claim to hold is that

ωα∗ is first-order stochastically dominated by ω, which is true, for example, if the

components of ω are independently and uniformly distributed. However, for many

well-known distributions this condition is violated, and we show that for a large class

of random vectors ω the claim is incorrect.

Inspired by this negative result, we derive an error bound for α-approximations Q̂α

for TU integer recourse models in Chapter 3 . We show that for every random vector

ω with joint pdf f , whose one-dimensional conditional density functions fi(·|x(i)) are

of bounded variation, the following error bound holds:

‖Q− Q̂α‖∞ ≤
m∑
i=1

λ∗
iEω(i)

[
h
(
|Δ|fi(·|ω(i))

)]
,
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where ω(i) denotes ω without its i-th component, h : (0,∞) �→ R is defined as

h(x) =

⎧⎨
⎩

x/8, 0 < x ≤ 4,

1− 2/x, x ≥ 4,

and λ∗
i := maxk=1,...,K λk

i with λk, k = 1, . . . ,K, denoting the vertices of the dual

feasible region of the LP-relaxation of the second-stage optimization problem. Thus,

although these α-approximations Q̂α do not yield the convex hull of Q in general,

they are good approximations if this error bound is small, which is true if either the

dual vertices λk are small or the total variations of the one-dimensional conditional

densities fi(·|x(i)) are small. The latter case holds, for example, if the components

ωi of ω are independently and normally distributed with large variances. Numerical

experiments show that the upper bound on ‖Q−Qα‖∞ is reasonably tight, indeed.

In Chapter 4 we derive an upper bound on M(ϕ,B) and a lower bound on N(ϕ,B)

for arbitrary periodic functions ϕ, generalizing results in Chapter 3 where we consider

M(ϕ,B) and N(ϕ,B) for particular two-valued piecewise constant periodic functions

ϕ. Moreover, we obtain exact expressions for M(ϕ,B) and N(ϕ,B) in case ϕ is

periodically monotone. For example, if ϕ is such a periodically monotone function

with period p, finite mean value ν := p−1
∫ p

0
ϕ(x)dx, and ϕ is non-increasing on

(β, β + p) for some β ∈ R, then

M(ϕ,B) = ν +
B

2

∫ β+min{p,2/B}

β

(ϕ(x)− ν)+dx.

These expressions turn out to be pivotal in deriving error bounds for recourse ap-

proximations. For TU integer recourse models we derive an error bound for a novel

convex approximation Q̂, the so-called shifted LP-relaxation approximation, defined

as

Q̂(x) := Eω

[
min
y

{
qy : Wy ≥ ω +

1

2
e− Tx, y ∈ R

n2
+

}]
, x ∈ R

n,

where e is the m-dimensional all-one vector. The error bound, given by

‖Q− Q̂‖∞ ≤ 1

2

m∑
i=1

λ∗
iEω(i)

[
h
(
|Δ|fi(·|ω(i))

)]
,
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improves that of the α-approximations by a factor 2. Moreover, we show that the

shifted LP-relaxation approximation has the best possible worst-case error bound.

Furthermore, using similar analysis, we derive error bounds for two types of discrete

approximations of continuous recourse models with continuously distributed random

variables, connecting two seemingly unrelated fields of research. Finally, we derive a

Lipschitz constant for pure integer recourse models.

The error bounds in Chapters 3 and 4 are the result of worst-case analysis, among

others in the form ofM(ϕ,B) andN(ϕ,B). Thus, for particular problem instances the

proposed convex approximations may perform much better than their error bounds

suggest. For this reason, we assess the quality of the approximating solutions using

sampling for both simple integer recourse models and a TU fleet allocation and routing

problem in Chapter 5. For the latter problem, we extend the analysis of Chapter 4 to

deal with deterministic second-stage side constraints and random technology matrix

T . Using numerical experiments we show that indeed there are cases where the

convex approximations perform much better than guaranteed by their error bounds.

Moreover, we show that our convex approximations and sampling methods can be

considered as complementary solution approaches for TU integer recourse models, in

the sense that one performs well if the other does not.

In Chapter 6 we derive a convex approximation for the general class of two-stage

mixed-integer recourse models, using periodicity properties of the underlying mixed-

integer value function. To be precise, we generalize results of Gomory [29] for pure

integer models to the mixed-integer case, showing that there is (asymptotic) peri-

odicity in the optimal solutions of parametric mixed-integer linear programs. This

observation is key to deriving an error bound for our convex approximation, since we

can employ the bounds on the expectation of periodic functions obtained in Chapter 4.

Also in this more general setting, the resulting error bound converges to zero if the

total variations of all one-dimensional conditional probability density functions of the

random variables in the model converge to zero.

In Chapter 7 we revisit the worst-case bounds M(ϕ,B) and N(ϕ,B) of Chapter 4.

We show that these optimization problems can be embedded in the framework of

convex optimization over (infinite-dimensional) vector spaces, and we apply convex

duality to M(ϕ,B), yielding a dual representation of the worst-case bound:

M(ϕ,B) = sup
z∈R

{
z +B inf

y≥0

{
‖ϕ− ze+ y‖d

}}
, (8.1)
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where e is the all-one function, and ‖ · ‖d is the dual norm of the normed vector

space (X, ‖ · ‖), where X is the space of real-valued functions f of bounded variation

that are absolutely integrable, and ‖f‖ = |Δ|f . A key observation here is that the

total variation |Δ|f may be considered as a norm on X. Without assuming that ϕ is

periodic we show that

‖ϕ‖d = sup
s,t∈R

∫ t

s

ϕ(u)du,

so that in combination with (8.1) we derive bounds on M(ϕ,B) that hold under

more general assumptions than in Chapter 4. Moreover, we show that the results for

periodic functions ϕ in that chapter can be derived as a special case.

Discussion

In previous studies, error bounds are only available for α-approximations Q̂α for one-

dimensional recourse models such as simple integer [42], multiple simple integer [84],

and simple mixed-integer [85] recourse models. One of the main contributions of this

thesis is the derivation of error bounds for convex approximations formultidimensional

mixed-integer recourse models. Moreover, we construct new convex approximations

such as the shifted LP-relaxation approximation in Chapter 4, whose error bound

improves that of the α-approximations, and the convex approximation in Chapter 6,

whose error bound converges to zero if the total variations of all one-dimensional

conditional probability density functions involved do. This latter result implies that

every mixed-integer recourse function Q is approximately convex, i.e., can be ap-

proximated well by a convex function Q̂, if these total variations are small enough.

Thus, extending the well-known smoothing effect of taking expectations (with respect

to continuous distributions), our results imply that also a convexifying effect can be

observed.

An interesting direction for future research is to improve the error bound of

Chapter 6. Of course, depending on the properties of the underlying value func-

tion and the distribution of ω, the mixed-integer recourse function Q may be highly

non-convex, so that it cannot be approximated well by any convex function Q̂. On

the other hand, it is reasonable to expect that the current error bound is much larger

than the actual error, since it is only asymptotic in nature. In this case, the error

bound may be improved, for example, by using the results and insights of Chapter 7
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since contrary to Chapter 6, these results do not depend on the assumption that ϕ

is periodic. This may be a true advantage indeed, since the underlying difference

function ϕ in Chapter 6 is only periodic on particular convex subsets of its domain,

and on their complement the current error bound relies on a rather crude approxima-

tion. Alternatively, the error bound may be improved by considering other norms on f

than the total variation, or by considering multidimensional versions of total variation

measures. We may hope for a substantial improvement since for the special case of

TU integer recourse models we were able to derive tighter bounds in Chapters 3 and 4

using the special structure of the problem. Using numerical experiments we show in

Chapter 5 that indeed these bounds may be small compared to the optimal objective

value.

Another direction for future research is to consider specific subclasses and applica-

tions of mixed-integer recourse models, rather than the mixed-integer recourse model

in general. We might be able to identify subclasses and applications for which we

can prove tight error bounds for the convex approximations or for which we can show

numerically that the approximating solutions are good.

The results and insights of this thesis may also be used to improve existing

algorithms for pure integer and mixed-integer recourse models. For example, in

Chapter 5 we show that convex approximations and sampling methods may be con-

sidered as complementary solution approaches for TU integer recourse models. To

improve other existing algorithms, we need a better understanding of the interplay

between the integrality of the recourse variables and the distributions of the random

parameters in the model. Moreover, we have to investigate how the combination

of these problem aspects influences the performance and running time of these al-

gorithms. We conclude that there are ample opportunities for future research, also in

this direction.
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solving large-scale two-stage stochastic mixed-integer problems: Some theoretical

and experimental aspects. European Journal of Operational Research, 204:105–

116, 2010.

[23] K. Frauendorfer. Solving SLP recourse problems with arbitrary multivariate

distributions – the dependent case. Mathematics of Operations Research, 13:377–

394, 1988.

[24] M.B. Freimer, J.T. Linderoth, and D.J. Thomas. The impact of sampling meth-

ods on bias and variance in stochastic linear programs. Computational Optimiz-

ation and Applications, 51:51–75, 2012.

[25] H. Gassmann and W.T. Ziemba. A tight upper bound for the expectation of a

convex function of a multivariate random variable. Mathematical Programming

Study, 27:39–53, 1986.

[26] H.I. Gassmann and W.T. Ziemba, editors. Stochastic Programming: Applications

in Finance, Energy, Planning and Logistics. World Scientific Series in Finance:

Volume 4, World Scientific, 2013.

[27] P.W. Glynn and G. Infanger. Simulation-based confidence bounds for two-stage

stochastic programs. Mathematical Programming, 138:15–42, 2013.

[28] R. Gollmer, M.P. Nowak, W. Römisch, and R. Schultz. Unit commitment in

power generation – a basic model and some extensions. Annals of Operations

Research, 96:167–189, 2000.

[29] R.E. Gomory. Some polyhedra related to combinatorial problems. Linear Algebra

and its Applications, 2:451–558, 1969.

[30] Y. Guan, S. Ahmed, and G.L. Nemhauser. Cutting planes for multistage

stochastic integer programs. Operations Research, 57:287–298, 2009.

[31] H. Heitsch and W. Römisch. Scenario reduction algorithms in stochastic pro-

gramming. Computational Optimization and Applications, 24:187–206, 2003.



209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM

232

[32] J.L. Higle and S. Sen. Stochastic decomposition: An algorithm for two-stage

linear programs with recourse. Mathematics of Operations Research, 16:650–669,

1991.

[33] J.L. Higle and S. Sen. Duality and statistical tests of optimality for two stage

stochastic programs. Mathematical Programming, 75:257–275, 1996.

[34] J.L. Higle and S. Sen. Stochastic Decomposition: A Statistical Method for Large

Scale Stochastic Linear Programming. Kluwer, Dordrecht, 1996.

[35] J.L.W.V. Jensen. Sur les fonctions convexes et les inégalités entre les valeurs
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Samenvatting en conclusies

(Summary and conclusions in

Dutch)

We beschouwen verscheidene klassen en probleeminstanties van het gemengd-geheel-

tallige twee-stadia recourse model, variërend van enkelvoudig geheeltallige (simple

integer) tot algemeen gemengd-geheeltallige recourse modellen. In zulke modellen

gaat het in wezen om het minimaliseren van de recourse functie Q, gedefiniëerd als

Q(x) = Eξ

[
min
y

{
qy : Wy ≥ ω − Tx, y ∈ Z

p
+ × R

n2−p
+

}]
, x ∈ R

n.

De onderliggende waardefunctie stelt de optimale waarde van het tweede stadium

probleem voor, en hiervan is Q de verwachtingswaarde met betrekking tot de sto-

chastische parameters ξ ⊂ {q,W, ω}, als functie van de eerste stadium beslissingsvec-

tor x. In het algemeen is de gemengd-geheeltallige recourse functie Q niet convex.

Dit heeft tot gevolg dat de bijbehorende modellen van realistische grootte moeilijk

op te lossen zijn. Om deze reden beschouwen we convexe benaderingen Q̂ van de

recourse functie Q. Deze benaderingen zijn gebaseerd op modificaties van de on-

derliggende waardefunctie van het tweede stadium probleem. Het benaderingsmodel

waarin Q vervangen is door Q̂ kan worden opgelost met bestaande technieken voor

convexe optimalisering, en we vinden goede of zelfs (bijna-)optimale oplossingen als

de convexe functie Q̂ een goede benadering van Q is. Om de kwaliteit van de be-

nadering te kunnen kwantificeren leiden we bovengrenzen af op de benaderingsfout

‖Q− Q̂‖∞ := supx∈Rn |Q(x)− Q̂(x)|.
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Om deze benaderingsfout af te schatten bestuderen we de onderliggende waarde-

functies van Q and Q̂. Het verschil tussen deze waardefuncties blijkt periodiek te zijn

als we het domein van deze verschilfunctie beperken tot bepaalde convexe deelverza-

melingen. Deze observatie heeft als inspiratiebron gediend voor menig resultaat in

dit proefschrift en het heeft geleid tot een elegante analyse van de verwachting van

één-dimensionale periodieke functies ϕ. Voor continu verdeelde, één-dimensionale sto-

chasten (toevalsvariabelen) ω met kansdichtheidsfunctie f maken we gebruik van een

worst-case analyse gebaseerd op de totale variatie |Δ|f van f om boven- en onder-

grenzen af te leiden op respectievelijk

M(ϕ,B) := sup
f∈F

{
Ef [ϕ(ω)] : |Δ|f ≤ B

}
,

en

N(ϕ,B) := inf
f∈F

{
Ef [ϕ(ω)] : |Δ|f ≤ B

}
,

voor alle B ∈ R waarbij B > 0. Hierbij stelt F de verzameling van één-dimensionale

kansdichtheidfuncties van begrensde variatie voor. In het bijzonder leiden we exacte

uitdrukkingen voor M(ϕ,B) en N(ϕ,B) af als ϕ periodiek monotoon is. Een an-

dere belangrijke bijdrage van dit proefschrift is dat we in staat zijn om deze één-

dimensionale grenzen toe te passen op het verschil van multidimensionale recourse

functies. Voordat we reflecteren op deze en overige bijdrages vatten we eerst de be-

langrijkste resultaten per hoofdstuk samen.

In Hoofdstuk 2 laten we zien dat de stelling van Van der Vlerk [83], dat er een

vector α∗ ∈ [0, 1]m van verschuivingsparameters bestaat zodanig dat de α∗-benadering

Q̂α∗ gelijk is aan de convexe omhullende van de totaal unimodulaire (TU) geheeltallige

recourse functie Q, extra aannames nodig heeft. Een voldoende voorwaarde om de

stelling kloppend te maken is dat ω de stochast ωα∗ stochastisch domineert (eerste

orde), wat bijvoorbeeld waar is als de componenten van ω onafhankelijk en uniform

verdeeld zijn. Voor veel bekende verdelingen geldt deze voorwaarde echter niet en is

het resultaat van de stelling niet geldig.

Gëınspireerd door dit negatieve resultaat leiden we in Hoofdstuk 3 een bovengrens

af op de fout van α-benaderingen Q̂α voor het TU geheeltallige recourse model. We

laten zien dat voor elke stochast ω met gezamenlijke kansdichtheidsfunctie f , wiens

één-dimensionale conditionele kansdichtheidsfuncties fi(·|x(i)) van begrensde variatie
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zijn, de volgende foutafschatting geldt:

‖Q− Q̂α‖∞ ≤
m∑
i=1

λ∗
iEω(i)

[
h
(
|Δ|fi(·|ω(i))

)]
,

waarbij ω(i) de vector ω zonder component i voorstelt, de functie h : (0,∞) �→ R is

gedefiniëerd als

h(x) =

⎧⎨
⎩

x/8, 0 < x ≤ 4,

1− 2/x, x ≥ 4,

en λ∗
i is gedefiniëerd als λ∗

i := maxk=1,...,K λk
i waarbij λk, k = 1, . . . ,K, de vertices

zijn van het duale toelaatbare gebied van de LP-relaxatie van het tweede-stadium

optimaliseringsprobleem. De α-benaderingen zijn dus goede benaderingen als de bo-

vengrens op de benaderingsfout klein is, ook al zijn ze in het algemeen niet gelijk aan

de convexe omhullende van Q. De bovengrens is klein als de duale vertices λk of de

totale variaties van de één-dimensionale conditionele kansdichtheidsfuncties fi(·|x(i))

klein zijn. Dit laatste is bijvoorbeeld het geval als de componenten ωi van ω on-

afhankelijk en normaal verdeeld zijn en grote varianties hebben. Met behulp van

numerieke experimenten laten we zien dat de bovengrens op ‖Q − Qα‖∞ inderdaad

redelijk scherp is.

In Hoofdstuk 4 leiden we een bovengrens af op M(ϕ,B) en een ondergrens op

N(ϕ,B) voor willekeurige periodieke functies ϕ. Hiermee generaliseren we resul-

taten in Hoofdstuk 3, waar we M(ϕ,B) en N(ϕ,B) beschouwen voor specifieke

twee-waardige, stuksgewijs constante, periodieke functies ϕ. Daarnaast leiden we

exacte uitdrukkingen af voor M(ϕ,B) en N(ϕ,B) als ϕ periodiek monotoon is. Bij-

voorbeeld als ϕ periodiek is, een periode van lengte p heeft, een eindig gemiddelde

ν := p−1
∫ p

0
ϕ(x)dx heeft en als ϕ dalend is op (β, β + p) voor een bepaalde β ∈ R,

dan geldt

M(ϕ,B) = ν +
B

2

∫ β+min{p,2/B}

β

(ϕ(x)− ν)+dx.

Deze uitdrukkingen blijken cruciaal te zijn voor het afschatten van de fout van bena-

deringen van recourse modellen. Voor het TU geheeltallige recourse model schatten

we de benaderingsfout af van een nieuwe convexe benadering Q̂, de zogenaamde ver-
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schoven LP-relaxatie benadering (shifted LP-relaxation approximation), gedefiniëerd

als

Q̂(x) := Eω

[
min
y

{
qy : Wy ≥ ω +

1

2
e− Tx, y ∈ R

n2
+

}]
, x ∈ R

n,

waar e een m-dimensionale vector van enen is. De bovengrens op de benaderingsfout,

gegeven door

‖Q− Q̂‖∞ ≤ 1

2

m∑
i=1

λ∗
iEω(i)

[
h
(
|Δ|fi(·|ω(i))

)]
,

is een factor 2 kleiner dan die van de α-benaderingen. Bovendien laten we zien

dat de verschoven LP-relaxatie benadering Q̂ de beste bovengrens heeft vanuit een

worst-case perspectief. Met behulp van vergelijkbare analyse schatten we ook de

fout van twee soorten discrete benaderingen af voor recourse modellen met continue

beslissingsvariabelen en continu verdeelde stochasten. Hiermee verbinden we twee

schijnbaar ongerelateerde onderzoeksgebieden. Tot slot gebruiken we dezelfde analyse

om een Lipschitz constante af te leiden voor het puur geheeltallige recourse model.

De afschattingen van de benaderingsfouten in Hoofdstukken 3 and 4 zijn het re-

sultaat van worst-case analyse, onder andere omdat we M(ϕ,B) en N(ϕ,B) gebrui-

ken. Dit betekent dat de convexe benaderingen voor bepaalde probleeminstanties veel

nauwkeuriger zouden kunnen zijn dan de afschattingen van hun benaderingsfout sug-

gereren. Daarom gebruiken we in Hoofdstuk 5 steekproefmethoden om de kwaliteit

van de benaderende oplossingen te bepalen, voor zowel het enkelvoudig geheeltallige

(simple integer) recourse model als voor een TU allocatie- en routeringsprobleem.

Voor dit laatste probleem breiden we de analyse van Hoofdstuk 4 uit om rekening

te kunnen houden met deterministische tweede-stadium beperkingen en onzekerheid

in de technologie matrix T . Numerieke experimenten wijzen uit dat de convexe be-

naderingen inderdaad veel nauwkeuriger kunnen zijn dan de afschattingen van hun

benaderingsfout garanderen. Bovendien laten deze experimenten zien dat we con-

vexe benaderingen en steekproefmethoden kunnen beschouwen als complementaire

oplossingsmethoden voor TU geheeltallige recourse modellen.

In Hoofdstuk 6 leiden we een convexe benadering af voor het algemene, gemengd-

geheeltallige, twee-stadia recourse model door gebruik te maken van periodiciteits-

eigenschappen van de onderliggende gemengd-geheeltallige waardefunctie. Deze ei-
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genschappen leiden we af door resultaten van Gomory [29] voor puur geheeltallige,

lineaire programmeringsproblemen te generaliseren naar gemengd-geheeltallige pro-

blemen. We laten zien dat de optimale oplossingen van parametrische, gemengd-

geheeltallige, lineaire programmeringsproblemen (asymptotisch) periodiek zijn. Dit

is de sleutel tot het afschatten van de fout van onze convexe benadering aangezien we

nu de boven- en ondergrenzen op de verwachting van periodieke functies uit Hoofd-

stuk 4 kunnen gebruiken. Ook in dit algemenere geval convergeert de fout van de

resulterende afschatting naar nul als de totale variaties van alle één-dimensionale

conditionele kansdichtheidsfuncties van de stochasten in het model naar nul conver-

geren.

In Hoofdstuk 7 komen we terug op de optimaliseringsproblemen M(ϕ,B) en

N(ϕ,B) uit Hoofdstuk 4. We laten zien dat deze problemen beschouwd kunnen

worden als convexe optimaliseringsproblemen over een (oneindig dimensionale) vec-

torruimte, zodat we convexe dualiteit op deze problemen toe kunnen passen. Dit leidt

tot een duale representatie van de worst-case bovengrens:

M(ϕ,B) = sup
z∈R

{
z +B inf

y≥0

{
‖ϕ− ze+ y‖d

}}
,

waarbij e de constante functie gelijk aan 1 is en ‖ · ‖d de duale norm voorstelt van de

genormeerde vectorruimte (X, ‖·‖), waarbij X de ruimte van reële, absoluut integreer-

bare functies f van begrensde variatie is met als norm ‖f‖ = |Δ|f . Een belangrijke

observatie is hier dat de totale variatie beschouwd kan worden als een norm op X.

We laten zien, zonder aan te nemen dat ϕ periodiek is, dat

‖ϕ‖d = sup
s,t∈R

∫ t

s

ϕ(u)du,

zodat we in combinatie met de duale representatie van M(ϕ,B) bovengrenzen op

M(ϕ,B) kunnen afleiden die onder algemenere voorwaarden gelden dan die in Hoofd-

stuk 4. De resultaten voor periodieke functies ϕ volgen als een speciaal geval.

Discussie

In voorgaande studies zijn benaderingsfouten alleen afgeschat voor α-benaderingen

van één-dimensionale recourse modellen zoals het enkelvoudig geheeltallige (simple

integer, [42]), multipel enkelvoudig geheeltallige (multiple simple integer, [84]), en en-
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kelvoudig gemengd-geheeltallige (simple mixed-integer, [85]) recourse model. Eén van

de belangrijkste bijdrages van dit proefschrift is dat we benaderingsfouten afschatten

voor multidimensionale gemengd-geheeltallige recourse modellen. Dit doen we niet

alleen voor α-benaderingen maar ook voor nieuwe convexe benaderingen zoals de zoge-

naamde verschoven LP-relaxatie benadering (shifted LP-relaxation approximation),

waarvan de bovengrens op de benaderingsfout die van de α-benaderingen met een

factor 2 verbetert, en de convexe benadering in Hoofdstuk 6, waarvan de bovengrens

op de benaderingsfout naar nul convergeert als de totale variaties van alle betrokken

één-dimensionale conditionele kansdichtheidfuncties dat doen. Dit laatste resultaat

impliceert dat elk gemengd-geheeltallig recourse model bij benadering convex is, i.e.

goed benaderd kan worden door een convexe functie Q̂, als deze totale variaties klein

genoeg zijn. Onze resultaten impliceren dus dat er naast het bekende gladstrijkende

effect van het nemen van de verwachting (met betrekking tot continue verdelingen)

ook een convexificerend effect kan worden geobserveerd.

Een interessante richting voor vervolgonderzoek is om de bovengrens op de bena-

deringsfout uit Hoofdstuk 6 te verbeteren. Natuurlijk kan een gemengd-geheeltallige

recourse functie Q sterk niet-convex zijn, afhankelijk van de eigenschappen van de on-

derliggende waardefunctie en de verdeling van de stochast ω, zodat deze functie door

geen enkele convexe functie Q̂ goed benaderd kan worden. Toch zijn er goede redenen

om te verwachten dat de huidige afschatting van de benaderingsfout veel groter is dan

de benaderingsfout zelf aangezien de afschatting slechts asymptotisch is. In dit geval

zouden we de afschatting kunnen verbeteren, bijvoorbeeld door gebruik te maken van

de resultaten en inzichten uit Hoofdstuk 7. In tegenstelling tot de afschatting uit

Hoofdstuk 6 leunen deze resultaten niet op de aanname dat ϕ periodiek is. Dit is po-

tentieel een groot voordeel, aangezien de onderliggende waardefunctie in Hoofdstuk 6

slechts periodiek is op bepaalde convexe deelverzamelingen van zijn domein, en we op

de rest van het domein alleen een nogal grove afschatting gebruiken. Ook zouden we

de afschatting kunnen verbeteren door multidimensionale versies van totale variatie

maten of andere normen op f te beschouwen. Er is zeker hoop op een substantiële

verbetering aangezien we voor het speciale geval van het TU geheeltallige recourse

model in Hoofdstukken 3 en 4 scherpere bovengrenzen afleiden door gebruik te ma-

ken van de additionele structuur van het probleem. Bovendien wijzen de numerieke

experimenten in Hoofdstuk 5 uit dat de bovengrenzen op de benaderingsfout relatief

klein kunnen zijn ten opzichte van de optimale doelstellingsfunctiewaarde.
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Een andere richting voor vervolgonderzoek is om in plaats van het algemene,

gemengd-geheeltallige recourse model specifieke klassen en toepassingen hiervan te

beschouwen. We kunnen misschien klassen en toepassingen identificeren waarvoor

we scherpere bovengrenzen op de fout van convexe benaderingen kunnen afleiden of

waarvoor we numeriek kunnen laten zien dat de benaderende oplossingen goed zijn.

De resultaten en inzichten van dit proefschrift kunnen ook gebruikt worden om

bestaande algoritmes voor (gemengd-)geheeltallige recourse modellen te verbeteren.

Bijvoorbeeld in Hoofdstuk 5 laten we zien dat convexe benaderingen en steekproef-

methoden beschouwd kunnen worden als complementaire oplossingsmethoden voor

het TU geheeltallige recourse model. Om andere bestaande algoritmes te verbeteren

hebben we een beter begrip nodig van de interactie tussen de geheeltallige beslissings-

variabelen en de verdelingen van de stochastische parameters in het model. Daarnaast

moeten we uitzoeken hoe de combinatie van deze probleemaspecten de prestaties en

rekentijd van deze algoritmes bëınvloedt. We concluderen dat er veel mogelijkheden

zijn voor vervolgonderzoek, ook in deze richting.
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