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Chapter 1

Introduction

Many combinatorial or nonconvex quadratic problems are known to be

NP-hard. Unless 𝑃 = 𝑁𝑃 , one can not expect to find an efficient algo-

rithm to solve these problems. However, any improvements on bounds

for the optimal value or more powerful algorithms are of interest to better

understand these NP-hard problems. One of the successful approaches

to approximating the optimal solution of these NP-hard problems is to

relax them as semidefinite programs (SDP). We refer to [Nem07, SDP00,

Hel00] for literature on SDP.

Another recently emerged field is copositive programming (COP),

which deals with linear problems over the so-called copositive cone or its

dual, the completely positive cone. Interestingly, some NP-hard problems

such as the stable set problem or some nonconvex quadratic problems can

be formulated exactly as copositive programs, see e.g. [Dür10, Bur09,

Bur12]. In fact, the cone constraint conceals all the difficulty in itself, as

the complexity of the problem is still the same.

In this thesis, we look at general linear conic problems (CP). We

investigate properties which hold for almost all problem instances: Given

a random problem instance, what properties do we expect? Moreover,

from a numerical point of view, it is important that these properties

still hold under a small perturbation of the problem data. We look at

questions such as: when are these properties stable? To clarify what we

mean by genericity and stability, we have to describe the problem space.

Depending on the problem parameter space, the results may vary.

Firstly, Chapter 2 presents conic programs, the well-known KKT op-

timality conditions and certain properties such as nondegeneracy and
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Chapter 1. Introduction

strict complementarity.

Next, we review genericity results for properties such as uniqueness

and nondegeneracy in Chapter 3. For genericity-related statements in

conic programming, we refer to [BS00, AHO97, PT01, BDL11, BM10,

STO07, GLT03, GT08, GT09, GTVdS12]. Many branches of mathemat-

ics have been utilized to prove generic statements. For example, the

techniques in [AHO97] rely on differential topology whereas the results

in [PT01] are based on geometric measure theory.

We focus not only on the results but also on the techniques used in

proving genericity results. For instance, we start with a simple proof of

the genericity of Slater’s condition, which is proven by using Lebesgue’s

density theorem. To prove weak genericity of uniqueness of optimal solu-

tions, one can employ the fact that convex functions are differentiable al-

most everywhere in their domain. Furthermore, even more sophisticated

arguments and results need to be brought into play for weak genericity

of nondegeneracy and strict complementarity, see e.g. [PT01].

By making use of the structure of the cone, one can show the stabil-

ity of the above mentioned properties for the SDP case. This approach

mainly relies on tools from differential topology and is presented in Sec-

tions 3.4 and 3.5. It is necessary to have more information on the struc-

ture of the cone or a local description of the cone in order to show the

stability of these properties in general CP. If the cones are semi-algebraic,

a partial stability result is proven in [BDL11], and we outline this result

in Section 3.6. Moreover, as CP can be viewed as a special instance of

linear semi-infinite programming (SIP) (see e.g. [ADS13]), we compare

genericity results known for SIP with the results for linear conic programs

in Section 3.7.

In Chapter 4, we investigate the order of maximizers. The order of

a maximizer is related to the local description of the feasible set around

the optimal solution. As second order maximizers are weakly generic

in conic programming (see [BDL11]), we study first order maximizers in

particular. Furthermore, we provide necessary and sufficient conditions

for the stability of first order maximizers.
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One of the main differences between a semidefinite and a copositive

optimization problems is the complexity of membership checking, i.e.,

the problem to decide if a given matrix is contained in the cone or not.

While checking whether a matrix is positive semidefinite or not can be

tested in polynomial time, testing if a matrix is copositive or not is co-

NP-complete, (see [MK87]). The boundary structure and the extreme

rays of the copositive cone are not fully understood, and it seems that

the boundary structure becomes more and more complicated in higher

dimensions. In Chapter 5, we examine some particular cases where copos-

itivity can be identified or tested easily.
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Chapter 2

Linear conic programming

In linear conic programming, we maximize or minimize a linear function

over the intersection of an affine space and a convex cone. A conic pro-

gram is a convex problem and its feasible set is given by linear constraints

and a conic constraint. Depending on how the cone is described, check-

ing membership of this cone can be challenging itself and a difficult task.

The cone may have an implicit description. In this sense, linear conic

programs are closely related to linear semi-infinite programs (SIP). Yet

conic programs are not typical SIPs, since the cone constraints provide

a specific structure.

2.1 Formulating linear conic programs

In general, the bottleneck of a conic program is the cone in consideration.

In the thesis, we consider so-called proper cones.

Definition 2.1. Let 𝒮𝑘 be the space of real symmetric 𝑘 × 𝑘 matrices.

A proper cone 𝒦 is a subset of 𝒮𝑘 which satisfies the following:

(i) If 𝛼, 𝛽 ≥ 0 and 𝑋, 𝑌 ∈ 𝒦, then 𝛼𝑋 + 𝛽𝑌 ∈ 𝒦, i.e. 𝒦 is convex,

(ii) 𝒦 is closed,

(iii) 𝒦 is pointed : 𝒦 ∩−𝒦 = {0},

(iv) 𝒦 is full-dimensional: int𝒦 ̸= ∅.
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Chapter 2. Linear conic programming

We denote the interior, relative interior, boundary, convex hull, con-

vex conic hull, linear span and dimension of a set 𝑆 as int𝑆, ri𝑆, bd𝑆,

conv𝑆, cone𝑆, span𝑆, and dim𝑆, respectively.

Cones can also be defined in a real topological vector space, see e.g.

[Bar81]. However, as the thesis is mainly concerned with the finite dimen-

sional Euclidean space, we consider the space 𝒮𝑘 directly. By defining

𝑋 ⪯ 𝑌 if and only if 𝑌 − 𝑋 ∈ 𝒦, a proper convex cone induces a par-

tial ordering on 𝒮𝑘. Pointedness of the cone is necessary to show the

antisymmetry property: if 𝑋 ⪯ 𝑌 and 𝑌 ⪯ 𝑋 then 𝑋 = 𝑌 .

Note that we can simply identify 𝒮𝑘 ≡ R𝑚 where 𝑚 := 1
2
𝑘(𝑘 + 1).

Assumption 2.2. Throughout this thesis, we assume that 𝒦 ⊆ 𝒮𝑘 is a

proper cone.

Recall that tr(𝑀) =
𝑘∑︀

𝑖=1

𝑀𝑖𝑖 denotes the trace of a matrix 𝑀 ∈ 𝒮𝑘.

The standard inner product in the space 𝒮𝑘 is given by ⟨𝑋, 𝑌 ⟩ := tr(𝑋𝑌 )

for 𝑋, 𝑌 ∈ 𝒮𝑘. It is also called the Frobenius inner product on the space

of matrices.

Definition 2.3. Consider a cone 𝒦 ⊂ 𝒮𝑘. Its dual cone 𝒦* with respect

to the standard inner product ⟨·, ·⟩ in 𝒮𝑘 is defined as

𝒦* := {𝑌 ∈ 𝒮𝑘 | ⟨𝑌,𝑋⟩ ≥ 0 for all 𝑋 ∈ 𝒦}.

It follows easily from the definition that the dual cone 𝒦* is a closed,

convex cone. It is well known that if the primal cone 𝒦 is proper then

so is the dual cone.

Proposition 2.4. Under Assumption 2.2, the dual cone 𝒦* is a proper

cone as well.

Proof. We sketch the proof. We need to show that 𝒦* is pointed and

full-dimensional. By contradiction, suppose that 𝒦* was not pointed.

Then there exists a nonzero matrix 𝑍 ∈ 𝒦* ∩ −𝒦*. This implies that

⟨𝑍,𝑋⟩ ≥ 0 and ⟨−𝑍,𝑋⟩ ≥ 0 both hold for all 𝑋 ∈ 𝒦. By combining

6



2.1. Formulating linear conic programs

these two inequalities, we get ⟨𝑍,𝑋⟩ = 0 for all 𝑋 ∈ 𝒦. Using that 𝒦 is

full dimensional, we have 𝑍 = 0, a contradiction.

Let us sketch that 𝒦* is full-dimensional. Since 𝒦 is pointed, no

line is included in the cone. This implies that there exists a supporting

hyperplane at 0 such that no other element from 𝒦 is included in the

hyperplane. The normal matrix 𝐶 of this separating hyperplane fulfills

⟨𝐶,𝑋⟩ > 0 for all 𝑋 ∈ 𝒦 ∖ {0}. This implies that 𝐶 ∈ int𝒦*.

We list some proper cones which have been widely used in applica-

tions:

∙ Second order cone 𝒮𝒪𝒞𝑚 := {𝑣 ∈ R𝑚 | 𝑣1 ≥
√︀
𝑣22 + . . . 𝑣2𝑚}

∙ Nonnegative matrix cone 𝒩𝒩 𝑘 := {𝑀 ∈ 𝒮𝑘 | 𝑀𝑖𝑗 ≥ 0 for all 𝑖, 𝑗}.

∙ Positive semidefinite matrix cone

𝒮𝑘
+ := {𝑀 ∈ 𝒮𝑘 | 𝑦𝑇𝑀𝑦 ≥ 0 for all 𝑦 ∈ R𝑘}

∙ Copositive matrix cone

𝒞𝒪𝒫𝑘 := {𝑀 ∈ 𝒮𝑘 | 𝑦𝑇𝑀𝑦 ≥ 0 for all 𝑦 ∈ R𝑘
+}

We say that a cone 𝒦 is self-dual if 𝒦 = 𝒦*. For example, the second

order cone, the positive semidefinite cone and the nonnegative cone are

self-dual [AG03, Hel00]. On the other hand, the copositive cone is not

self dual (see e.g.[BSM03]). Its dual cone is the following cone:

∙ Completely positive cone

𝒞𝒫𝑘 := {𝐴 ∈ 𝒮𝑘 | 𝐴 =
𝑠∑︁

𝑖=1

𝑏𝑖(𝑏𝑖)𝑇 with 𝑏𝑖 ∈ R𝑘
+, 𝑠 ∈ N}.

Definition 2.5. Given a proper cone 𝒦, a face 𝐹 of 𝒦 is a convex

subset of 𝒦 with the following property: Consider any segment [𝑋, 𝑌 ] :=

{𝜆𝑋 + (1− 𝜆)𝑌 | 𝜆 ∈ [0, 1]} for 𝑋, 𝑌 ∈ 𝒦. If a relatively interior point

𝑋𝜆 := 𝜆𝑋 + (1 − 𝜆)𝑌 for some 𝜆 ∈ (0, 1) lies in 𝐹 , then the whole

segment [𝑋, 𝑌 ] is contained in 𝐹 .

7



Chapter 2. Linear conic programming

Trivial faces are {0} and 𝒦. We say that a face 𝐹 is proper if 𝐹 ̸= 𝒦
and 𝐹 ̸= ∅. Note that any intersection of a supporting hyperplane and a

cone 𝒦 defines a face. On the other hand, if a proper face 𝐹 can be given

as an intersection of a hyperplane and the cone 𝒦, then we say that 𝐹

is an exposed face. A cone is called facially exposed if all proper faces

are exposed. It is known that 𝒩𝒩 𝑘,𝒮𝑘
+ and 𝒮𝒪𝒞𝑚 are facially exposed

while 𝒞𝒪𝒫𝑘 is not, for the proofs see e.g. [Pat00, Dic11].

Standard formulation: Linear conic problems can be given in different

equivalent forms. First, let us consider the so-called “standard form” of

linear conic programs:

max 𝑐𝑇𝑥

s.t. 𝑋 := 𝐵 −
∑︀𝑛

𝑖=1 𝑥𝑖𝐴𝑖 ∈ 𝒦 (𝑃 )

where 𝑐 ∈ R𝑛, 𝐵,𝐴𝑖 ∈ 𝒮𝑘 (𝑖 = 1, . . . , 𝑛) and 𝒦 ⊆ 𝒮𝑘 is a proper cone.

The dual problem derived via the Lagrangian approach is

min ⟨𝐵, 𝑌 ⟩
s.t. ⟨𝐴𝑖, 𝑌 ⟩ = 𝑐𝑖, 𝑖 = 1, . . . , 𝑛,

𝑌 ∈ 𝒦*.

(𝐷)

In the thesis, we often denote matrices by capital letters and vectors

by lowercase letters. We reserve subscripts for the components of a vec-

tor 𝑥, denoted as 𝑥𝑖, and superscripts for indexing vectors. As mentioned

before, we regard 𝒮𝑘 ≡ R𝑚 where 𝑚 := 1
2
𝑘(𝑘 + 1).

Throughout the thesis, we assume the following

Assumption 2.6. Consider problem (𝑃 ). The matrices 𝐴1, . . . , 𝐴𝑛 are

linearly independent.

Under Assumption 2.6, there is a one-to-one correspondence between

a vector variable 𝑥 and a matrix variable 𝑋. Thus, we may refer to 𝑥 or

𝑋 as a feasible solution of problem (𝑃 ).

Without loss of generality, we can assume that dim𝒮𝑘 = 𝑘(𝑘+1)
2

≥ 𝑛.

In the sequel, the feasible sets and optimal values of the conic programs

(𝑃 ) and (𝐷) are denoted by ℱ𝑃 , ℱ𝐷 and 𝑣𝑃 , 𝑣𝐷, respectively.

8



2.1. Formulating linear conic programs

Linear conic programming represents an important class of convex

problems with a multitude of applications. It contains linear program-

ming (LP) with 𝒦 := 𝒩𝒩 𝑘, semidefinite programming with 𝒦 := 𝒮𝑘
+ and

copositive programming with 𝒦 := 𝒞𝒪𝒫𝑘 as special cases. For surveys,

we refer to [Nem07, Sha01, Pat00, Dür10].

We can rewrite a pair of conic problems (𝑃 ) and (𝐷) through a linear

operator 𝐴 ∈ R𝑚×𝑛 consisting of columns 𝐴𝑖 ∈ 𝒮𝑘. Thus, we sometimes

refer to the following formulation

max 𝑐𝑇𝑥 s. t. 𝑋 := 𝐵 − 𝐴𝑥 ∈ 𝒦 ( ̃︀𝑃 )
min ⟨𝐵, 𝑌 ⟩ s. t. 𝐴𝑇𝑌 = 𝑐, 𝑌 ∈ 𝒦* ( ̃︀𝐷)

with given vectors 𝑐 ∈ R𝑛, 𝐵 ∈ R𝑚, a matrix 𝐴 ∈ R𝑚×𝑛 and variables

𝑥 ∈ R𝑛, 𝑌 ∈ R𝑚.

Self-dual formulation: Let us introduce the self-dual formulation of

(𝑃 ) and (𝐷) for later use as well. We can rewrite (𝑃 ) and (𝐷) in so-called

“self-dual” form, see e.g. [PT01],

max ⟨𝐶,𝐵⟩ − ⟨𝐶,𝑋⟩ s. t. 𝑋 ∈ (𝐵 + ℒ) ∩ 𝒦 (𝑃0)

min ⟨𝐵, 𝑌 ⟩ s. t. 𝑌 ∈ (ℒ⊥ + 𝐶) ∩ 𝒦* (𝐷0)

where 𝐶,𝐵 ∈ 𝒮𝑘, ℒ is a linear subspace in 𝒮𝑘.

Below, we will see that the problems (𝑃 ) and (𝐷) are equivalent to

(𝑃0) and (𝐷0), respectively. Let us identify ℒ = span{𝐴1, . . . , 𝐴𝑛} and

choose some 𝐶 ∈ 𝒮𝑘 satisfying ⟨𝐴𝑖, 𝐶⟩ = 𝑐𝑖 for 𝑖 = 1, . . . , 𝑛. Then it is

straightforward to see that the feasible sets of (𝑃0) and (𝑃 ) coincide. For

𝑋 = 𝐵 −
∑︀𝑛

𝑖=1 𝑥𝑖𝐴𝑖, we obtain

⟨𝐶,𝐵⟩ − ⟨𝐶,𝑋⟩ = ⟨𝐶,𝐵 −𝑋⟩ = ⟨𝐶,
𝑛∑︁

𝑖=1

𝑥𝑖𝐴𝑖⟩ =
𝑛∑︁

𝑖=1

𝑥𝑖⟨𝐶,𝐴𝑖⟩ = 𝑐𝑇𝑥.

Thus, the objective function values of (𝑃 ) and (𝑃0) are the same. The

dual problems (𝐷0) and (𝐷) have the same objective function, and in

view of the relation

𝑌 −𝐶 ∈ ℒ⊥ ⇔ ⟨𝑌 −𝐶,𝐴𝑖⟩ = 0 for all 𝑖 ⇔ ⟨𝑌,𝐴𝑖⟩ = 𝑐𝑖 for all 𝑖

9



Chapter 2. Linear conic programming

the feasible sets coincide, so (𝐷0) and (𝐷) are equivalent as well.

SIP formulation: Linear semi-infinite programs (SIP) can be viewed

as an extension of linear programming. They are optimization problems

with a linear objective and possibly infinitely many linear constraints.

The representation of the feasible set is given by the intersection of in-

finitely many closed half spaces. Let us introduce the standard form of

a SIP.

max
𝑥∈R𝑛

𝑐𝑇𝑥 s. t. 𝑏(𝑌 )− 𝑎(𝑌 )𝑇𝑥 ≥ 0 for all 𝑌 ∈ 𝒵 (SIP𝑃 )

with a possibly infinite index set 𝒵 ⊂ R𝑚 and continuous functions

𝑎 : 𝒵 → R𝑛 and 𝑏 : 𝒵 → R. The Haar dual reads:

min
∑︁
𝑌𝑗∈𝒵

𝑦𝑗𝑏(𝑌𝑗) s. t.
∑︁
𝑌𝑗∈𝒵

𝑦𝑗𝑎(𝑌𝑗) = 𝑐, 𝑦𝑗 ≥ 0, (SIP𝐷)

where the min is taken over all finite sums. For an introduction to SIP

we refer to [GL98a, GG83, HK93].

As we mentioned earlier, linear conic programs can be seen as a special

case of (SIP). By identifying 𝑚 = 1
2
𝑘(𝑘+1) as before, the conic condition

𝑋 ∈ 𝒦 can be expressed as

⟨𝑋, 𝑌 ⟩ ≥ 0 for all 𝑌 ∈ 𝒵 = 𝒦*,

or equivalently, with a compact index set:

⟨𝑋, 𝑌 ⟩ ≥ 0 for all 𝑌 ∈ 𝒵 = 𝒦*
0 := {𝑌 ∈ 𝒦* | ‖𝑌 ‖ = 1}.

Here ‖𝑌 ‖ denotes a norm on 𝒮𝑘 (e.g. the Frobenius norm ‖𝑌 ‖ =√︀
tr(𝑌 𝑌 )). Let us consider conic programs in the form ( ̃︀𝑃 ) and ( ̃︀𝐷).

The primal program ( ̃︀𝑃 ) can be written as (SIP𝑃 ) with

𝑏(𝑌 ) := ⟨𝐵, 𝑌 ⟩ , 𝑎(𝑌 ) := 𝐴𝑇𝑌 and 𝒵 := 𝒦* (2.1)

where 𝐴 ∈ R𝑚×𝑛 with columns 𝐴𝑖 ∈ 𝒮𝑘, i.e.,

𝑎(𝑌 ) := (⟨𝐴1, 𝑌 ⟩, . . . , ⟨𝐴𝑛, 𝑌 ⟩)𝑇 .

10



2.2. Duality theory of conic problems

The feasibility condition for (SIP𝐷) then becomes

𝑐 =
∑︁
𝑗

𝑦𝑗𝐴
𝑇𝑌𝑗, 𝑦𝑗 ≥ 0

and by putting 𝑌 :=
∑︀

𝑗 𝑦𝑗𝑌𝑗 ∈ 𝒦*, this coincides with the feasibility

condition 𝑐 = 𝐴𝑇𝑌 of ( ̃︀𝐷). Moreover, in view of∑︁
𝑗

𝑦𝑗𝑏(𝑌𝑗) =
∑︁
𝑗

𝑦𝑗⟨𝑌𝑗, 𝐵⟩ = ⟨𝑌,𝐵⟩,

the dual (SIP𝐷) is equivalent to ( ̃︀𝐷). Thus, the dual problem obtained

via the Lagrangian is equivalent to the Haar dual of SIP in the conic

case.

2.2 Duality theory of conic problems

It is known that weak duality holds in general optimization problems, see

e.g. [GG83, Sha01]. Consider a pair (𝑃 ) and (𝐷) of conic problems in

standard form. For a primal feasible 𝑥 ∈ ℱ𝑃 and a dual feasible 𝑌 ∈ ℱ𝐷,

we have

⟨𝐵, 𝑌 ⟩ − 𝑐𝑇𝑥 = ⟨𝑋, 𝑌 ⟩+ ⟨
𝑛∑︁

𝑖=1

𝑥𝑖𝐴𝑖, 𝑌 ⟩ − 𝑐𝑇𝑥 = ⟨𝑋, 𝑌 ⟩ ≥ 0 (2.2)

as 𝑋 ∈ 𝒦 and 𝑌 ∈ 𝒦*. By convention let us put that if (𝑃 ) or (𝐷) is in-

feasible then 𝑣𝑃 = −∞ or 𝑣𝐷 = +∞, respectively. From this convention

and (2.2), the weak duality holds

𝑣𝐷 ≥ 𝑣𝑃 . (2.3)

A primal feasible problem (𝑃 ) is said to be bounded if 𝑣𝑃 is finite,

otherwise (𝑃 ) is unbounded (𝑣𝑃 = +∞ ). Similarly, a dual feasible

problem can be bounded or unbounded. Note that our feasible sets are

closed.

Table 2.1 illustrates the possible states for (𝑃 ) and (𝐷), see[GG83].

The states x in Table 2.1 are excluded due to the weak duality (2.3). In

11



Chapter 2. Linear conic programming

linear programming, if a primal or dual problem is feasible and bounded,

then so is the other. Thus, the cases 2 and 3 do not occur in linear

programming and we can easily construct examples for the other cases

in LP. However, in conic programming, the cases 2 and 3 occur, see

Example 2.7.

(𝐷)

(𝑃 )
Infeasible Bounded Unbounded

Infeasible 1 2 4

Bounded 3 5 x

Unbounded 6 x x

Table 2.1: Duality states

Example 2.7. Consider the following pair of conic problems: 1

max 𝑥1

s.t. 𝑋 =

⎛⎝𝑥1 1 0

1 𝑥2 0

0 0 −𝑥1

⎞⎠ ∈ 𝒞𝒫

min 2𝑌12

s.t. − 𝑌11 + 𝑌33 = 1

− 𝑌22 = 0

𝑌 ∈ 𝒞𝒪𝒫3

It is known in [Dia62] that 𝒞𝒪𝒫𝑘 = 𝒮𝑘
+ +𝒩𝒩 𝑘 and 𝒞𝒫𝑘 = 𝒮𝑘

+ ∩ 𝒩𝒩 𝑘

for 𝑘 ≤ 4. If a copositive matrix has a zero on the diagonal, then the

corresponding row and column have to be nonnegative. As 𝑌22 = 0, the

component 𝑌12 has to be nonnegative to be feasible. By taking 𝑌33 = 1

and all other components zero, the dual optimal solution is attained and

the optimal value is zero, so the dual problem is bounded. The diagonal

components of 𝑋 have to nonnegative, so 𝑥1 = 0 and hence the corre-

sponding row or column have to be zero, contradicting to 𝑋12 = 𝑋21 = 1.

Thus, the primal problem is infeasible.

Let us look at an overview of feasibility states. We consider the

conic problem in linear semi-infinite programming (SIP) form. Note that

1The author would like to thank P.J.C.Dickinson for providing Examples 2.7

and 2.11.
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2.2. Duality theory of conic problems

the representation of the feasible set ℱ𝑃 can be given in different ways.

However, in the thesis we assume that the system

𝜎𝑃 := {𝑏(𝑌 ) ≥ 𝑎(𝑌 )𝑇𝑥 for all 𝑌 ∈ 𝒦*}

is the linear representation of the feasible set ℱ𝑃 .

In SIP, the geometry of the feasible set ℱ𝑃 is closely related to the

following so-called moment cones:

∙ 1st moment cone 𝒩1 := cone(𝑎(𝑌 ), 𝑌 ∈ 𝒦*)

∙ 2nd moment cone 𝒩2 := cone

(︂{︂(︂
𝑎(𝑌 )

𝑏(𝑌 )

)︂
, 𝑌 ∈ 𝒦*

}︂)︂
Consider a finite set of indices 𝐼 ⊂ 𝒦* with |𝐼| < ∞, and the corre-

sponding finite subsystem

𝜎𝑃 (𝐼) = {𝑏(𝑌𝑖) ≥ 𝑎(𝑌𝑖)
𝑇𝑥 with 𝑌𝑖 ∈ 𝐼}.

The finite subsystem results in an outer polyhedral approximation of

ℱ𝑃 . In contrast to LP, an interesting situation occurs in SIP. Consider

an infeasible problem (𝑃 ). The linear system 𝜎𝑃 is called asymptotically

inconsistent if every finite subsystem 𝜎𝑃 (𝐼) of 𝜎𝑃 is feasible. Otherwise,

𝜎𝑃 is called strongly inconsistent.

Let us “illustrate” the asymptotically inconsistent case for a gen-

eral SIP problem, see [GL98a, Example 4.1.]. Consider the system 𝜎 =

{𝑎(𝑡)𝑇𝑥 ≥ 𝑏(𝑡) for all 𝑡 ∈ 𝒵} with 𝒵 = R ∪ {𝑠} and 𝑠 /∈ R. Let

𝑎(𝑡) = (− exp(𝑡), 1)𝑇 and 𝑏(𝑡) = (1 − 𝑡) exp(𝑡) for all 𝑡 ∈ R, and let

the remaining inequality for index 𝑠 be 𝑥2 ≤ 0.

Figure 2.1: Asymptotically inconsistent case

13



Chapter 2. Linear conic programming

In fact, the linear equations given by 𝑎(𝑡)𝑇𝑥 = 𝑏(𝑡) correspond-

ing to indices 𝑡 ∈ R are the tangent lines of the exponential function

𝑥2 = exp 𝑥1. Thus, the problem is not feasible. But every finite subset

of 𝜎 is feasible, see Figure 2.1.

Consider a conic problem in SIP form (SIP𝑃 ) and its feasible set ℱ𝑃 .

The following Table 2.2 from [GL98b] gives equivalent conditions for

feasibility, asymptotical and strong inconsistency of problem (SIP𝑃 ).

Feasible Asymptotically inconsistent Strongly inconsistent(︂
0𝑛
−1

)︂
/∈ cl(𝒩2)

(︂
0𝑛
−1

)︂
/∈ cl(𝒩2) ∖ 𝒩2

(︂
0𝑛
−1

)︂
∈ 𝒩2

Table 2.2: States of a linear system

In the following, we explain further each case in Table 2.2. We say

that a linear inequality 𝑏0 ≥ 𝑎𝑇0 𝑥 is a consequence of 𝜎𝑃 if the inequality

holds for all 𝑥 ∈ ℱ𝑃 . Utilizing a separation theorem for 𝒦 and (𝑎𝑇0 , 𝑏0)
𝑇 ,

one can show the following:

Lemma 2.8. [GL98a] Let a feasible problem (SIP𝑃 ) and the correspond-

ing linear system 𝜎𝑃 = {𝑏(𝑌 ) ≥ 𝑎(𝑌 )𝑇𝑥 for all 𝑌 ∈ 𝒦*} be given. The

inequality 𝑏0 ≥ 𝑎𝑇0 𝑥 is a consequence of 𝜎𝑃 if and only if(︂
𝑎0
𝑏0

)︂
∈ cl cone

{︂(︂
𝑎(𝑌 )

𝑏(𝑌 )

)︂
, 𝑌 ∈ 𝒦*

}︂
.

The equivalent condition for feasibility in Table 2.2 is a direct result

of the generalized Gale theorem. Using Lemma 2.8, let us demonstrate

the generalized Gale theorem.

Theorem 2.9 ([GL98a] Theorem of alternatives 1). Given a linear sys-

tem 𝜎 = {𝑏(𝑌 ) ≥ 𝑎(𝑌 )𝑇𝑥 for all 𝑌 ∈ 𝒦*}. Then exactly one of the

following alternatives holds:

∙ either ℱ = {𝑥 | 𝑏(𝑌 ) ≥ 𝑎(𝑌 )𝑇𝑥 for all 𝑌 ∈ 𝒦*} ≠ ∅

∙ or

(︂
0𝑛
−1

)︂
∈ cl cone

{︂(︂
𝑎(𝑌 )

𝑏(𝑌 )

)︂
, 𝑌 ∈ 𝒦*

}︂
.
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2.2. Duality theory of conic problems

Proof. First assume ℱ = {𝑥 ∈ R𝑛 | 𝑏(𝑌 ) ≥ 𝑎(𝑌 )𝑇𝑥 for all 𝑌 ∈ 𝒦*} = ∅.
Consider the following system in R𝑛+1:{︂

𝑏(𝑌 )𝑥𝑛+1 − 𝑎(𝑌 )𝑇𝑥 ≥ 0 for all 𝑌 ∈ 𝒦*

𝑥𝑛+1 > 0

}︂
(*)

By construction, the above system is also infeasible. However, the subsys-

tem {𝑏(𝑌 )𝑥𝑛+1 − 𝑎(𝑌 )𝑇𝑥 ≥ 0 for all 𝑌 ∈ 𝒦*} is homogeneous and thus

feasible. Moreover, every feasible solution of this subsystem must satisfy

𝑥𝑛+1 ≤ 0 as the linear system (*) is infeasible. Thus, by Lemma 2.8, we

have the following for system (*):⎛⎝ 0𝑛
−1

0

⎞⎠ ∈ cl cone

⎧⎨⎩
⎛⎝𝑎(𝑌 )

𝑏(𝑌 )

0

⎞⎠ , 𝑌 ∈ 𝒦*

⎫⎬⎭ and consequently

(︂
0𝑛
−1

)︂
∈ cl𝒩2.

Now, let (0𝑇𝑛 ,−1)𝑇 ∈ cl𝒩2. We need to show that ℱ is infeasible. There

exists a sequence (𝑎(𝑌𝑘)
𝑇 , 𝑏(𝑌𝑘))

𝑇 ∈ 𝒩2 with 𝑌𝑘 ∈ 𝒦* such that

lim
𝑘→∞

(︂
𝑎(𝑌𝑘)

𝑏(𝑌𝑘)

)︂
=

(︂
0

−1

)︂
.

Furthermore, every feasible solution 𝑥 ∈ ℱ satisfies 𝑏(𝑌𝑘) ≥ 𝑎(𝑌𝑘)
𝑇𝑥 for

all 𝑘. Then in the limit, −1 ≥ 0𝑇𝑥 has to hold for every feasible 𝑥 ∈ ℱ .

Thus, ℱ is empty.

The second case of Table 2.2 does not occur in linear programming,

as one can show that a linear image of a polyhedral cone is closed, for a

proof see e.g. [Pat07]. In general, a linear image of a proper cone does

not have to be closed (for a counterexample, see e.g. [Roc70, p.73] ) and

asymptotically inconsistent cases do occur in conic programming.

As we see from Table 2.2, asymptotically inconsistent cases arise only

when the cone 𝒩2 is not closed. The second moment cone 𝒩2 is a linear

image of the proper cone 𝒦*. A thorough study regarding the closedness

of linear images of a proper cone is done in [Pat07]. This article gives

necessary and sufficient conditions for the closedness of the linear image
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Chapter 2. Linear conic programming

of so-called “nice” cones, see Definition 2.26. A detailed examination of

the asymptotically inconsistent case for the semidefinite cone is studied

in [LMT14]. Let us give an example of a second moment cone which is

not closed.

Example 2.10. [Pat07, Example 4.3] Let us take 𝒦 = 𝒦* = 𝒮𝒪𝒞3 with

𝑎 = (1, 1, 0) and 𝑏 = (0, 0, 1). We defined the second moment cone as

𝒩2 = cone

(︂{︂(︂
𝑎(𝑌 )

𝑏(𝑌 )

)︂
, 𝑌 ∈ 𝒦*

}︂)︂
.

We show that 𝒩2 is not closed by checking that (0,−1)𝑇 ∈ cl𝒩2 ∖ 𝒩2.

First, it is easy to check that the system

(︂
1 1 0

0 0 1

)︂⎛⎝𝑦1𝑦2
𝑦3

⎞⎠ =

(︂
0

−1

)︂
and 𝑦1 ≥

√︁
𝑦22 + 𝑦23

has no solution. So(︂
0

−1

)︂
/∈ 𝒩2 = cone

(︂{︂(︂
𝑎(𝑌 )

𝑏(𝑌 )

)︂
, 𝑌 ∈ 𝒦*

}︂)︂
.

Consider the sequence 𝑣𝑘 = (𝜇𝑘,−𝜇𝑘+𝜀𝑘,−1)𝑇 with 𝜇𝑘 ≥ 𝜀𝑘
2
+ 1

2𝜀𝑘
and

𝜀𝑘 > 0. By construction, it is straightforward to check that 𝑣𝑘 ∈ 𝒮𝒪𝒞3

for all 𝑘. We have(︂
𝑎(𝑣𝑘)

𝑏(𝑣𝑘)

)︂
=

(︂
𝜀𝑘
−1

)︂
→
(︂

0

−1

)︂
as 𝜀𝑘 → 0.

Thus, (0,−1)𝑇 ∈ cl𝒩2 and we have shown that 𝒩2 is not closed.

In applications, one is mostly concerned with the case 5 of Table 2.1

where both primal and dual problems are feasible and bounded. Recall

that the difference 𝛿 := 𝑣𝐷 − 𝑣𝑃 is called the duality gap for a pair of

primal and dual problems. When the duality gap is zero, we say that

the strong duality holds. One needs some extra conditions to ensure
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2.2. Duality theory of conic problems

a zero duality gap. The following Table 2.3 from [GL98b] summarizes

strong duality and its relation to the 1st moment cone 𝒩1. Here we

assume that ℱ𝑃 ̸= ∅ and denote 𝐶1 := cl [({𝑐} × R) ∩𝒩2] and 𝐶2 :=

({𝑐} × R) ∩ (cl𝒩2). Note that for the linear map 𝑎(𝑌 ) = 𝐴𝑇𝑌 in (2.1)

and under Assumption 2.6, the corresponding 1st moment cone 𝒩1 is

full-dimensional.

Duality gap based on 𝑐

𝑐 ∈ ri𝒩1 𝛿 = 0

𝑐 ∈ rbd𝒩1 𝛿 = 0 ⇔ 𝐶1 = 𝐶2

𝑐 /∈ cl𝒩1 𝛿 = 0

Table 2.3: Duality gap states under the assumption ℱ𝑃 ̸= ∅

By definition of the 1st moment cone 𝒩1, it is clear that the dual

problem (𝑆𝐼𝑃𝐷) is feasible if and only if 𝑐 ∈ 𝒩1. In other words, the

condition 𝑐 /∈ cl𝒩1 implies that the dual problem is infeasible and the

corresponding feasible problem (𝑆𝐼𝑃𝑃 ) is unbounded.

In both cases 𝑐 ∈ int𝒩1 and 𝑐 /∈ cl𝒩1, the duality gap is zero. If

𝑐 ∈ bd𝒩1 and the condition 𝐶1 = 𝐶2 does not hold, any positive duality

gap can arise, see for example [SS00, Example 4.1.2] for SDP or the

following example for COP.

Example 2.11. Let 𝑎 > 0 and consider the problems:

max − 𝑥1

s.t.

⎛⎝𝑥1 + 𝑎 0 0

0 𝑥2 𝑥1
0 𝑥1 0

⎞⎠ ∈ 𝒞𝒪𝒫3

min 𝑎𝑌11

s.t. 𝑌11 + 2𝑌13 = 1

𝑌22 = 0

𝑌 ∈ 𝒞𝒫3

The corresponding feasible sets for these problem are

ℱ𝒞𝒪𝒫 = {(𝑥1, 𝑥2)|𝑥1, 𝑥2 ≥ 0},

ℱ𝒞𝒫 = {𝑌 ∈ 𝒮3|𝑌11 = 1, 𝑌12 = 𝑌22 = 𝑌13 = 0, 𝑌33 ≥ 0,
√︀
𝑌33 ≥ 𝑌13 ≥ 0}.

Therefore, both primal and dual problems are feasible and the duality

gap is 𝑎. Let us illustrate that this is the case 𝑐 ∈ bd𝒩1 of Table 2.3.
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Rewriting the primal copositive problem, we obtain

max − 𝑥1

s.t. (𝑧21 + 2𝑧2𝑧3)𝑥1 + 𝑧22𝑥2 + 𝑧21𝑎 ≥ 0 for all 𝑧1, 𝑧2, 𝑧3 ∈ R+.

Then we have

𝒩1 = −
{︂
cone

(︂
𝑧21 + 2𝑧2𝑧3

𝑧22

)︂
| 𝑧1, 𝑧2, 𝑧3 ∈ R+

}︂
.

Since 𝑧22 ≥ 0, the coefficient vector 𝑐 = (−1, 0)𝑇 of objective function is

an element of bd𝒩1.

Now we show that 𝐶1 ̸= 𝐶2 holds (see Table 2.3). It is straightforward

to check that 𝐶1 = {−(1, 0, 𝑎)𝑇} in this case.

Let us choose 𝑧1 = 0, 𝑧2(𝛽) = sin 𝛽, 𝑧3(𝛽) = 1/(2𝛽) for 𝛽 > 0 small

enough. By construction, with the choice of 𝑧1, 𝑧2, 𝑧3, it is clear that

−

⎛⎝(sin 𝛽)/𝛽

sin2 𝛽

0

⎞⎠ ∈ 𝒩2 =

⎧⎨⎩cone

⎛⎝ −𝑧21 − 2𝑧2𝑧3
−𝑧22
𝑧21𝑎

⎞⎠ | 𝑧1, 𝑧2, 𝑧3 ∈ R+

⎫⎬⎭
and the sequence converges to (−1, 0, 0)𝑇 ∈ cl𝒩2 as 𝛽 → 0. Therefore,

(−1, 0, 0)𝑇 ∈ 𝐶2 and 𝐶1 ̸= 𝐶2.

Before turning to the condition 𝑐 ∈ int𝒩1, let us introduce Slater’s

condition.

Definition 2.12. [Slater’s condition] We say that Slater’s condition

holds for ( ̃︀𝑃 ), if there exists a feasible solution 𝑥 such that

𝑋 := 𝐵 − 𝐴𝑥 ∈ int𝒦.

Analogously, we say that Slater’s condition holds for ( ̃︀𝐷), if there exists

a feasible solution 𝑌 , i.e., 𝐴𝑇𝑌 = 𝑐, such that 𝑌 ∈ int𝒦*.

In linear continuous SIP, we say that the feasible set ℱ𝑆𝐼𝑃 of (SIP𝑃 )

satisfies the Slater condition (see e.g. [GL98a]) if there exists 𝑥0 such

that

𝑏(𝑌 )− 𝑎(𝑌 )𝑇𝑥0 > 0 for all 𝑌 ∈ 𝒵 = 𝒦*
0.
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It is not difficult to show (see [ADS13]) that for the SIP formulation of

conic programming with 𝑎(𝑌 ) and 𝑏(𝑌 ) as in (2.1) this is equivalent to

the primal Slater condition in Definition 2.12.

The primal Slater condition enforces the closure of the 2nd moment

cone 𝒩2.

Proposition 2.13. [GG83, Theorem 7] Suppose that problem (𝑆𝐼𝑃𝑃 )

satisfies the primal Slater condition. Then the 2nd moment cone 𝒩2 is

closed.

Proof. Consider

𝒩0 := conv

(︂{︂(︂
𝑎(𝑌 )

𝑏(𝑌 )

)︂⃒⃒⃒⃒
𝑌 ∈ 𝒦*, ||𝑌 || = 1

}︂)︂
.

Note that cone(𝒩0) = 𝒩2 and the set 𝒩0 is compact as 𝑎(𝑌 ) and 𝑏(𝑌 )

are continuous. Take a vector 𝑧 ∈ cl𝒩2, then there exist sequences

𝛼𝑖 ≥ 0 and {𝑧𝑖} with 𝑧𝑖 ∈ 𝒩0 such that 𝑧 = lim
𝑖→∞

𝛼𝑖𝑧
𝑖. There exists a

subsequence of {𝑧𝑖} which converges to some ̃︀𝑧 ∈ 𝒩0 as the set 𝒩0 is

compact. If the corresponding subsequence {𝛼𝑖} is bounded, we obtain

𝑧 = lim
𝑖→∞

𝛼𝑖𝑧
𝑖 = 𝛼̃︀𝑧 with 𝛼 ≥ 0 and ̃︀𝑧 ∈ 𝒩0. Thus, in this case, 𝑧 ∈ 𝒩2.

It remains to consider the case when {𝛼𝑖} is unbounded. In this case,

we can assume 𝛼𝑖 > 0 and lim
𝑖→∞

1/𝛼𝑖 = 0. Therefore,

̃︀𝑧 = lim
𝑖→∞

𝑧𝑖 = lim
𝑖→∞

1

𝛼𝑖

𝛼𝑖𝑧
𝑖 = lim

𝑖→∞

1

𝛼𝑖

lim
𝑖→∞

𝛼𝑖𝑧
𝑖 = 0𝑧 = 0.

This means that 0 ∈ 𝒩0 and so there exist 𝑌1, . . . , 𝑌𝑞 ∈ 𝒦* with 𝑞 < ∞

and 𝛽1, . . . , 𝛽𝑞 ≥ 0 with
𝑞∑︀

𝑖=1

𝛽𝑖 = 1 such that

0 =

𝑞∑︁
𝑖=1

𝛽𝑖𝑏(𝑌𝑖) and 0 =

𝑞∑︁
𝑖=1

𝛽𝑖𝑎(𝑌𝑖).

Combining the above two equations, the following holds for any 𝑥 ∈ R𝑛

0 =

𝑞∑︁
𝑖=1

𝛽𝑖
(︀
𝑏(𝑌𝑖)− 𝑎(𝑌𝑖)

𝑇𝑥
)︀
.
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This is a contradiction to the primal Slater condition. Therefore, the

sequence {𝛼𝑖} can not be unbounded.

It is shown in [ADS13, Lemma 3.1] that the condition 𝑐 ∈ int𝒩1 is

equivalent to the dual Slater condition, i.e.

𝑐 ∈ int𝒩1 ⇔ there exists a feasible 𝑌 ∈ int𝒦*. (2.4)

Furthermore, this implies that the optimal solution set of (𝑆𝐼𝑃𝑃 ) is com-

pact, for the proof see e.g. [GL88, Theorem 2.1] or [ADS13]. More pre-

cisely for feasible (SIP𝑃 ) (see [ADS13, Theorem 3.1]), the following is

known

𝑐 ∈ int𝒩1 ⇔ the primal optimal solution set is nonempty and compact.

(2.5)

Similarly, it is known that if the primal problem satisfies Slater’s

condition, then the dual optimal solution is attained, see e.g. [ADS13,

Lemma 3.1]. By combining the above results, we have the following

standard result regarding solvability.

Corollary 2.14. Consider a pair of conic problems (𝑃 ) and (𝐷). Un-

der the primal and dual Slater conditions, the primal and dual optimal

solutions 𝑋 and 𝑌 are attained and the duality gap is zero.

2.3 Optimality conditions

Now let us turn to optimality conditions. Consider a conic problem (𝑃 ).

Given 𝑋 ∈ 𝒦, we denote the minimal face of the cone 𝒦 containing 𝑋

by face(𝑋,𝒦), the minimal face of 𝒦* containing 𝑌 ∈ 𝒦* by face(𝑌,𝒦*),

and we define

J(𝑋) := face(𝑋,𝒦) and 𝐺(𝑌 ) := face(𝑌,𝒦*). (2.6)

Clearly, we have 𝑋 ∈ ri J(𝑋) for each 𝑋 ∈ 𝒦. For a face 𝐹 of 𝒦, we

define the complementary face as

𝐹△ := {𝑄 ∈ 𝒦* | ⟨𝑄,𝑆⟩ = 0 for all 𝑆 ∈ 𝐹}.
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Clearly, 𝐹△ ⊆ 𝒦* is a closed convex cone. Moreover, it is not difficult

to see that if 𝑋 ∈ ri𝐹 , then 𝐹△ = {𝑄 ∈ 𝒦* | ⟨𝑄,𝑋⟩ = 0}. Thus, the

complementary face of J(𝑋) is equivalently described as

J△(𝑋) = {𝑌 ∈ 𝒦* | ⟨𝑌,𝑋⟩ = 0}. (2.7)

The complementary face 𝐺△(𝑌 ) of 𝐺(𝑌 ) is denoted analogously.

Primal and dual feasible solutions 𝑋 ∈ ℱ𝑃 , 𝑌 ∈ ℱ𝐷 are called com-

plementary if ⟨𝑋, 𝑌 ⟩ = 0, i.e., 𝑌 ∈ J△(𝑋). By weak duality, 𝑋 and 𝑌

must then be optimal solutions of (𝑃 ) and (𝐷).

In SIP, one considers the so-called set of active indices which corre-

sponds to the complementary face in our description. The complemen-

tary face J△(𝑋) of 𝑋 ∈ 𝒦 and the corresponding moment cone ℳ(𝑋)

play a crucial role in optimality conditions. We define

ℳ(𝑋) := cone{𝑎(𝑌𝑗) | 𝑌𝑗 ∈ J△(𝑋)}, (2.8)

where 𝑎(𝑌 ) is given by (2.1).

As usual, we say with respect to the SIP formulation that 𝑥 ∈ ℱ𝑃

or 𝑋 ∈ ℱ𝑃 satisfies the Karush-Kuhn-Tucker condition (KKT), if there

exist 𝑘 ∈ N, 𝑌𝑗 ∈ J△(𝑋) and multipliers 𝑦𝑗 > 0, 𝑗 = 1, . . . , 𝑘, such that

𝑐 =
𝑘∑︁

𝑗=1

𝑦𝑗𝑎(𝑌𝑗), or equivalently 𝑐 ∈ ℳ(𝑋). (2.9)

It is well known that the KKT condition is sufficient for optimality in

conic programming. Let us shortly discuss the sufficiency. Suppose that

𝑋 ∈ ℱ𝑃 satisfies the KKT condition. From (2.9), we have that the

matrix

𝑌 :=
𝑘∑︁

𝑗=1

𝑦𝑗𝑌𝑗 ∈ ℱ𝐷

is a dual feasible solution. As ⟨𝑋,𝑌 ⟩ = 0, the primal and dual feasible

solutions 𝑋 , 𝑌 are complementary and so 𝑋 is a maximizer of (𝑃 ) and

𝑌 is a minimizer of (𝐷) by weak duality. Thus, the KKT condition is

sufficient for optimality of 𝑋 ∈ ℱ𝑃 in conic programming.
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Next, let us consider necessary conditions for optimality. As in linear

programming, an extended Farkas lemma can be applied to show the

necessity of the KKT condition under a constraint qualification. The

following extended Farkas theorem follows directly from Lemma 2.8 by

considering the convex cone J△(𝑋) instead of 𝒦* and by choosing 𝑎0 := 𝑐.

Theorem 2.15 (Theorem of alternatives 2). Consider a conic prob-

lem (𝑃 ) and a feasible 𝑋. For every 𝑐 ∈ R𝑛, exactly one of the following

alternatives is true:

∙ 𝑐 ∈ clℳ(𝑋)

∙ there is a solution 𝑣 ∈ R𝑛 such that

{︃
𝑐𝑇𝑣 > 0, and

𝑎(𝑌 )𝑇𝑣 ≤ 0 for all 𝑌 ∈ J△(𝑋).

Suppose that 𝑋 ∈ ℱ𝑃 is an optimal solution of (𝑃 ). This implies

that there is no feasible ascent direction. Thus, considering the SIP

formulation of (𝑃 ), the following linear system is infeasible.{︃
𝑏(𝑌 ) ≥ 𝑎(𝑌 )𝑇 (𝑥+ 𝑣) for all 𝑌 ∈ J△(𝑋)

𝑐𝑇 (𝑥+ 𝑣) > 𝑐𝑇𝑥.

The above statement is equivalent to the following: There exists no

𝑣 ∈ R𝑛 such that {︃
𝑎(𝑌 )𝑇𝑣 ≤ 0 for all 𝑌 ∈ J△(𝑋)

𝑐𝑇𝑣 > 0.
(2.10)

Thus, applying the extended Farkas theorem (Theorem 2.15) to state-

ment (2.10), if 𝑋 is an optimal solution, then 𝑐 ∈ clℳ(𝑋) holds. So we

need a constraint qualification to impose closedness of the cone ℳ(𝑋).

Consider (𝑆𝐼𝑃𝑃 ) satisfying the Slater condition with feasible set ℱ𝑃 :=

{𝑥 | 𝑏(𝑌 ) ≥ 𝑎(𝑌 )𝑇𝑥 for all 𝑌 ∈ 𝒦*}. Instead of the index set 𝒵 := 𝒦*,

let us take 𝒵 := J△(𝑋). Similarly, as shown in Proposition 2.13, we have

that the corresponding moment cone ℳ(𝑋) is closed under the primal

Slater condition. Therefore, we derive the standard result that under the
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primal Slater condition, the KKT condition is necessary for optimality

of 𝑋 ∈ ℱ𝑃 .

Theorem 2.16. Consider conic problem (𝑃 ) in SIP form satisfying the

primal Slater condition. Let 𝑋 be an optimal solution of (𝑃 ), then KKT

condition (2.9) is satisfied at 𝑋.

2.4 Properties related to cones

In this section, we consider conic problems in self-dual form and introduce

some notions which are generalizations of terms well-known in linear

programming.

Definition 2.17. The extreme points of ℱ𝑃 (resp. ℱ𝐷) are called primal

(resp. dual) basic feasible solutions.

The following characterization of basic solutions is given in [PT01,

Theorem 1]:

Lemma 2.18. Let 𝑋 be feasible for a conic problem (𝑃0) in self dual

form. Then 𝑋 is a basic feasible solution if and only if

span(J(𝑋)) ∩ ℒ = {0}. (2.11)

A similar condition for the complementary face in the corresponding

dual problem leads to the concept of (primal) nondegeneracy:

Definition 2.19. A primal feasible solution 𝑋 is called nondegenerate,

if

span(J△(𝑋)) ∩ ℒ⊥ = {0}. (2.12)

Nondegeneracy of a dual feasible solution 𝑌 is defined analogously.

As in linear programming, for general conic programming it is shown

in [Pat00] that primal nondegeneracy implies uniqueness of the dual op-

timal solution if it exists. If the dual problem is feasible, then the primal

Slater condition implies the existence of a dual optimal solution, see e.g.
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Chapter 2. Linear conic programming

[ADS13, Theorem 3.1]. In the following, we demonstrate that nonde-

generacy implies the Slater condition. Thus, if the primal problem has

a nondegenerate optimal solution and the dual problem is feasible, then

there exists a unique dual optimal solution.

Now let us show a lemma before proving the statement that the ex-

istence of a nondegenerate solution implies the Slater condition.

Lemma 2.20. Let 𝑋 be a nondegenerate feasible solution of (𝑃 ), i.e.,

𝑋 ∈ ℱ𝑃 and ℒ⊥ ∩ span(J△(𝑋)) = {0}. Then there exists 𝐿 ∈ ℒ such

that

⟨𝑆, 𝐿⟩ > 0 for all 𝑆 ∈ J△(𝑋) ∩ ℬ1, (2.13)

where ℬ1 := {𝑆 ∈ 𝒮𝑘 | ||𝑆|| = 1} is the unit sphere.

Proof. The statement is shown using another version of a theorem of the

alternative (see [GL98a, p.68]): Let ∅ ≠ 𝐼, 𝐽 be (possibly infinite) index

sets, and let 𝑏𝑖, 𝑎𝑗 ∈ R𝑚 for 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽 . Suppose the set conv{𝑎𝑗 | 𝑗 ∈ 𝐽}
is closed. Then precisely one of the following alternatives is true:

(I)

{︂
⟨𝑎𝑗, 𝐿⟩ > 0 for all 𝑗 ∈ 𝐽

⟨𝑏𝑖, 𝐿⟩ = 0 for all 𝑖 ∈ 𝐼

}︂
has a solution 𝐿

(II) 0 ∈ conv{𝑎𝑗 | 𝑗 ∈ 𝐽}+ span{𝑏𝑖 | 𝑖 ∈ 𝐼}

For our purposes, let 𝐽 := J△(𝑋) ∩ ℬ1, and let 𝑎𝑆 := 𝑆 for 𝑆 ∈ 𝐽 . Then

the set conv{𝑆 | 𝑆 ∈ 𝐽} is compact and 0 /∈ conv{𝑆 | 𝑆 ∈ 𝐽}. Let

further {𝑏𝑖 | 𝑖 ∈ 𝐼} be a basis of ℒ⊥. Then obviously the nondegeneracy

assumption for 𝑋 implies ℒ⊥ ∩ conv(𝐽) = ∅, and thus

0 /∈ span{𝑏𝑖 | 𝑖 ∈ 𝐼}+ conv{𝑆 | 𝑆 ∈ 𝐽}.

Therefore, system (I) must be true. Hence, there exist some 𝐿 such that

⟨𝑆, 𝐿⟩ > 0 for all 𝑆 ∈ 𝐽 and ⟨𝑏𝑖, 𝐿⟩ = 0 for all 𝑖 ∈ 𝐼, i.e., 𝐿 ∈ ℒ, as
desired.

Proposition 2.21. Let 𝑋 be a nondegenerate feasible solution of (𝑃0).

Then Slater’s condition holds for (𝑃0). An analogous result is true for

the problem (𝐷0).
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Proof. From Lemma 2.20, the primal nondegeneracy condition

ℒ⊥ ∩ span(J△(𝑋)) = {0}

implies the existence of a vector 𝐿 ∈ ℒ such that

⟨𝑆, 𝐿⟩ > 0 for all 𝑆 ∈ J△(𝑋) ∩ ℬ1 (2.14)

with ℬ1 := {𝑆 ∈ 𝒮𝑘 | ‖𝑆‖ = 1}. It is sufficient to show that for some

𝛼 > 0 small enough we have

(𝑋 + 𝛼𝐿) ∈ (𝐵 + ℒ) ∩ int𝒦.

Indeed, 𝑋 ∈ (𝐵+ℒ) implies (𝑋+𝛼𝐿) ∈ (𝐵+ℒ), and to prove (𝑋+𝛼𝐿) ∈
int𝒦, one needs to show that

⟨𝑋 + 𝛼𝐿, 𝑆⟩ > 0 for all 𝑆 ∈ 𝒦* ∩ ℬ1

is valid for some 𝛼 > 0.

It follows from (2.14) and the compactness of the set J△(𝑋)∩ℬ1 that

there exists some 𝜀 > 0 such that ⟨𝐿, 𝑆⟩ ≥ 2𝜀 > 0 for all 𝑆 ∈ J△(𝑋)∩ℬ1.

By continuity of the linear function ⟨𝐿, ·⟩, there exists some 𝛿 > 0 such

that

⟨𝐿, 𝑆⟩ ≥ 𝜀 for all 𝑆 ∈ J△𝛿 (𝑋) ∩ ℬ1, (2.15)

where J△𝛿 (𝑋) := {𝑆 ∈ 𝒦* | ||𝑆 − 𝑆|| < 𝛿 for some 𝑆 ∈ J△(𝑋)}. Since

𝑋 ∈ 𝒦, we have ⟨𝑋,𝑆⟩ ≥ 0 for all 𝑆 ∈ 𝒦*, and by the definition of

J△(𝑋) in (2.7) we have that ⟨𝑋,𝑆⟩ > 0 for all 𝑆 ∈ (𝒦* ∖ J△𝛿 (𝑋)) ∩ ℬ1.

By compactness of this set, there exists some 𝑇 such that

⟨𝑋,𝑆⟩ ≥ 𝑇 > 0 for all 𝑆 ∈ (𝒦* ∖ J△𝛿 (𝑋)) ∩ ℬ1. (2.16)

Let𝑚 := min{⟨𝐿, 𝑆⟩ | 𝑆 ∈ (𝒦*∖J△𝛿 (𝑋))∩ℬ1}. We claim that (𝑋+𝛼𝐿) ∈
int𝒦 for all 0 < 𝛼 < 𝑇

|𝑚| . We have the following two cases:

∙ 𝑆 ∈ (𝒦* ∖ J△𝛿 (𝑋)) ∩ ℬ1: then

⟨𝑋 + 𝛼𝐿, 𝑆⟩ = ⟨𝑋,𝑆⟩+ ⟨𝛼𝐿, 𝑆⟩ ≥ 𝑇 + 𝛼𝑚 > 0.
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∙ 𝑆 ∈ J△𝛿 (𝑋) ∩ ℬ1: using ⟨𝑋,𝑆⟩ ≥ 0 and (2.15), we have

⟨𝑋 + 𝛼𝐿, 𝑆⟩ = ⟨𝑋,𝑆⟩+ ⟨𝛼𝐿, 𝑆⟩ ≥ 𝛼𝜀 > 0.

By combining these two cases, we have (𝑋 + 𝛼𝐿) ∈ (𝐵 +ℒ)∩ int𝒦.

Recall that the optimal solutions 𝑋 of (𝑃0) and 𝑌 of (𝐷0) are called

complementary, if 𝑌 ∈ J△(𝑋).

Definition 2.22. The solutions 𝑋 and 𝑌 are called strictly complemen-

tary, if

𝑋 ∈ ri J(𝑋) and 𝑌 ∈ ri J△(𝑋). (2.17)

Remark 2.23. By considering the dual problem, strict complementarity

can similarly be defined as

𝑌 ∈ ri𝐺(𝑌 ) and 𝑋 ∈ ri𝐺△(𝑌 ). (2.18)

Neither of the conditions (2.17) or (2.18) implies the other unless 𝒦
or 𝒦* are facially exposed, as noted in [Pat00, Remark 3.3.2]. For an

illustrative example for these “asymmetric” definitions of strict comple-

mentarity we refer to [DJ14, Example 1]. Throughout the thesis, strict

complementarity condition refers to the primal cone 𝒦 unless explicitly

stated.

As we mentioned earlier not all cones appearing in optimization are

facially exposed: it is well known that the cone of semidefinite matrices

is facially exposed, but the cone of copositive matrices is not, see [Dic11,

Theorem 8.22].

Remark 2.24. In [PT01], in order to describe the set of problem instances

which have strict complementary solutions, a slightly different definition

of strict complementarity is given: feasible solutions 𝑋 and 𝑌 are called

strictly complementary if

𝑋 ∈ ri𝐹 and 𝑌 ∈ ri𝐹△ holds for some face 𝐹 of 𝒦. (2.19)

It is clear that (2.17) implies (2.19). Conversely, let (2.19) be satisfied.

We always have 𝑋 ∈ ri J(𝑋). So 𝑋 ∈ ri𝐹 implies 𝐹△ = J△(𝑋) by (2.7).

Therefore, (2.17) and (2.19) are equivalent.
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In [Pat00], strict complementarity for 𝑋,𝑌 is defined by

J△(𝑋) = 𝐺(𝑌 ). (2.20)

It can be shown that (2.20) and (2.17) are equivalent, see the proof

of [PT01, Theorem 2].

The following lemma collects some relations between nondegeneracy,

strict complementarity, basic solutions and uniqueness.

Lemma 2.25. (see [Pat00], [PT01, Theorem 2]) Let 𝑋 be an optimal

solution of (𝑃0). Then the following hold.

(a) If 𝑋 is a unique solution, then 𝑋 is a basic solution.

(b) If 𝑋 is nondegenerate, then any complementary solution 𝑌 of (𝐷0)

must be basic. Moreover, if there is a complementary solution 𝑌 ,

it must be unique.

(c) Suppose that 𝑌 is a dual feasible solution and 𝑋 and 𝑌 are strictly

complementary. Then 𝑌 is basic if and only if 𝑋 is nondegenerate.

Next, we define so-called nice cones and tangent spaces, see [Pat13,

Pat07].

Definition 2.26. A closed convex cone 𝒦 is called nice if

𝒦* + 𝐹⊥ is closed for any face 𝐹 of 𝒦.

For example, it can be shown that polyhedral cones and the positive

semidefinite cone are nice, but the copositive cone is not (see [Pat13,

Theorem 3], [Pat07]). Every nice cones are facially exposed, see [Pat13].

But it is shown in [Ros14] that the reverse implication is not true.

As usual, the tangent space of a convex closed cone is defined (see

e.g. [Pat00]) as follows:

Definition 2.27. Let 𝒦 ⊆ 𝒮𝑘 be a closed convex cone. The tangent

space at 𝑋 ∈ 𝒦 is

tan(𝑋,𝒦) := {𝑍 ∈ 𝒮𝑘 | dist(𝑋 ± 𝑡𝑍,𝒦) = 𝑜(𝑡)}. (2.21)
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For nice cones, it has been shown in [Pat00, Lemma 3.2.1 or Re-

mark 3.3.4] that tangent spaces and complementary faces are closely

related:

Proposition 2.28. Let 𝒦 be a nice cone. Then for 𝑋 ∈ 𝒦

[J△(𝑋)]⊥ = tan(𝑋,𝒦). (2.22)

Let us specify these notions for linear programming and semidefinite

programming.

Linear programming:

(𝐿𝑃𝑃 )
max 𝑐𝑇𝑥

s.t. 𝑋 := 𝐵 − 𝐴𝑥 ∈ R𝑚
+

(𝐿𝑃𝐷)

min 𝐵𝑇𝑌

s.t. 𝐴𝑇𝑌 = 𝑐

𝑌 ∈ R𝑚
+

where 𝐴 ∈ R𝑚×𝑛, 𝑐 ∈ R𝑛, 𝐵 ∈ R𝑚. Suppose the optimal solutions

𝑋 := 𝐵 − 𝐴𝑥 and 𝑌 have exactly 𝑟 resp. 𝑠 nonzero components. After

permuting components, we can assume without loss of generality that

𝑋𝑟+1 = · · · = 𝑋𝑚 = 0, 𝑋1, . . . , 𝑋𝑟 > 0

and

𝑌 1 = · · · = 𝑌 𝑚−𝑠 = 0, 𝑌 𝑚−𝑠+1, . . . , 𝑌 𝑚 > 0.

Complementarity with 𝑋𝑖𝑌𝑖 = 0, 𝑖 = 1, . . .𝑚, implies 𝑟 + 𝑠 ≤ 𝑚. Faces

and complementary faces can be obtained directly:

J(𝑋) := face(𝑋,R𝑚
+ ) = {𝑋 ∈ R𝑚

+ | 𝑋𝑖 = 0 for all 𝑖 = (𝑟 + 1), . . . ,𝑚}

and

J△(𝑋) = {𝑌 ∈ R𝑚
+ | 𝑌𝑖 = 0 for all 𝑖 = 1, . . . , 𝑟}.

Furthermore, it is straightforward to check the following

∙ If 𝑟 + 𝑠 = 𝑚, then 𝑋 and 𝑌 are strictly complementary.
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2.4. Properties related to cones

∙ Let 𝑇 ∈ R(𝑚−𝑟)×𝑛 be the matrix consisting of the (𝑚−𝑟) rows of 𝐴
corresponding to zero components of 𝑋. It is not difficult to show

that the nondegeneracy condition (2.12) for 𝑋 is equivalent to the

standard definition of a nondegenerate feasible point 𝑋 in LP, that

is the rows of 𝑇 are linearly independent.

Semidefinite programming: Let us consider an SDP satisfying the

primal and dual Slater condition.

(𝑆𝐷𝑃𝑃 )

max 𝑐𝑇𝑥

s.t. 𝑋 := 𝐵 −
𝑛∑︁

𝑖=1

𝑥𝑖𝐴𝑖 ∈ 𝒮𝑘
+

(𝑆𝐷𝑃𝐷)

min ⟨𝐵, 𝑌 ⟩
s.t. ⟨𝐴𝑖, 𝑌 ⟩ = 𝑐𝑖

𝑌 ∈ 𝒮𝑘
+

Consider primal and dual solutions 𝑋 ∈ ℱ𝑃 and 𝑌 ∈ ℱ𝐷 with zero

duality gap. As 𝑋, 𝑌 are positive semidefinite, there exist unique posi-

tive semidefinite square root matrices 𝑋
1
2 , 𝑌

1
2 . Then using properties of

tr(𝑋) :=
𝑘∑︀

𝑖=1

𝑋𝑖𝑖, we derive the following:

0 = ⟨𝑋, 𝑌 ⟩ = tr(𝑋𝑌 ) = tr(𝑌
1
2𝑋

1
2𝑋

1
2𝑌

1
2 ) = ||𝑌

1
2𝑋

1
2 ||2.

Thus, 𝑌
1
2𝑋

1
2 = 0 and so 𝑌 𝑋 = 0. So the complementarity condition

⟨𝑋, 𝑌 ⟩ = 0 in SDP implies that𝑋𝑌 = 0 and 𝑌 𝑋 = 0. As𝑋, 𝑌 commute,

they share a common system of eigenvectors. Using this observation, one

can obtain the following results

Theorem 2.29. [AHO97, Lemma 3] Consider a pair of primal and dual

problems (𝑆𝐷𝑃𝑃 ) and (𝑆𝐷𝑃𝐷). The feasible solutions 𝑋 ∈ ℱ𝑃 and

𝑌 ∈ ℱ𝐷 are optimal if and only if there exists an orthonormal matrix 𝑄

and numbers 𝜆𝑖, 𝜔𝑖 (𝑖 = 1, . . . , 𝑘) such that

𝑋 = 𝑄Diag(𝜆1, . . . , 𝜆𝑘)𝑄
𝑇

𝑌 = 𝑄Diag(𝜔1, . . . , 𝜔𝑘)𝑄
𝑇

𝜆𝑖𝜔𝑖 = 0, 𝑖 = 1, . . . , 𝑘

where Diag(𝑑1, . . . , 𝑑𝑘) is a diagonal matrix whose 𝑖th diagonal entry is 𝑑𝑖.
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Chapter 2. Linear conic programming

The faces and the complementary faces of the positive semidefinite

cone are well known. Understanding facial structures and faces leads to

many results in semidefinite programming. To be self-contained, let us

demonstrate how a face and the complementary face are described for

the positive semidefinite cone, see e.g. [Pat00].

Theorem 2.30. Consider a matrix 𝑋 ∈ 𝒮𝑘
+. Then the corresponding

minimal face and the complementary face are the following:

face(𝑋,𝒮𝑘
+) = {𝑋 ∈ 𝒮𝑘

+ | ℛ(𝑋) ⊆ ℛ(𝑋)} (2.23)

and

face△(𝑋,𝒮𝑘
+) = {𝑋 ∈ 𝒮𝑘

+ | ℛ(𝑋) ⊆ ℛ(𝑋)⊥}, (2.24)

where ℛ(𝑋) is the column space of matrix 𝑋.

Proof. Suppose that 𝑋1, 𝑋2 ∈ 𝒮𝑘
+ such that 𝑋 = 𝛼𝑋1 + (1 − 𝛼)𝑋2 for

some 0 < 𝛼 < 1. We show that ℛ(𝑋1) ⊆ ℛ(𝑋). Let us denote the null

space of 𝑋 as Null(𝑋). For any 𝑧 ∈ Null(𝑋), we obtain

𝛼𝑧𝑇𝑋1𝑧 + (1− 𝛼)𝑧𝑇𝑋2𝑧 = 𝑧𝑇𝑋𝑧 = 0.

Using the above equality and 𝑋1, 𝑋2 ∈ 𝒮𝑘
+, we derive

0 = 𝑧𝑇𝑋1𝑧 = 𝑧𝑇𝑋
1
2
1 𝑋

1
2
1 𝑧 = ||𝑋

1
2
1 𝑧||.

Therefore, 𝑋
1
2
1 𝑧 = 0 and so 𝑋1𝑧 = 0. This means that Null(𝑋1) ⊇

Null(𝑋) and equivalently ℛ(𝑋1) ⊆ ℛ(𝑋). Similarly, we can show that

ℛ(𝑋2) ⊆ ℛ(𝑋).

Now let us take any 𝑋1 ∈ 𝒮𝑘
+ with ℛ(𝑋1) ⊆ ℛ(𝑋). We show that

𝑋1 ∈ face(𝑋,𝒮𝑘
+) by finding 1 > 𝛼 > 0 and 𝑋2 ∈ 𝒮𝑘

+ such that 𝑋 =

𝛼𝑋1 + (1 − 𝛼)𝑋2. As Null(𝑋) ⊆ Null(𝑋1), there exists 𝛼 > 0 small

enough such that 𝑧𝑇𝑋𝑧 ≥ 𝛼𝑧𝑇𝑋1𝑧 for all 𝑧 ∈ ℛ(𝑋) with ||𝑧|| = 1.

As scaling of 𝑧 does not affect the inequality, we have

0 ≤ 𝑧𝑇𝑋𝑧 − 𝛼𝑧𝑇𝑋1𝑧 (2.25)
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2.4. Properties related to cones

for all 𝑧 ∈ ℛ(𝑋). For this choice of 𝛼, we define

𝑋2 =
1

(1− 𝛼)
(𝑋 − 𝛼𝑋1).

Consider any 𝑎 = 𝑎1⊕𝑎2 ∈ R𝑘 with 𝑎1 ∈ Null(𝑋) and 𝑎2 ∈ ℛ(𝑋). Using

Null(𝑋) ⊆ Null(𝑋1), we derive

(1− 𝛼)𝑎𝑇𝑋2𝑎 = 𝑎𝑇𝑋𝑎− 𝛼𝑎𝑇𝑋1𝑎 = (𝑎2)𝑇𝑋𝑎2 − 𝛼(𝑎2)𝑇𝑋1𝑎
2 ≥ 0

for any 𝑎 ∈ R𝑘. The last inequality holds due to (2.25) as 𝑎2 ∈ ℛ(𝑋).

Therefore, 𝑋2 is positive semidefinite as desired.

Let us turn to (2.24). First, we show that ⟨𝑋,𝑌 ⟩ = 0 holds for any

𝑌 ∈ 𝒮𝑘
+ with ℛ(𝑌 ) ⊆ ℛ(𝑋)⊥, which means that 𝑌 ∈ face△(𝑋,𝒮𝑘

+). Let

us denote the 𝑖th column of 𝑋 as 𝑥𝑖. As 𝑥𝑖 ∈ ℛ(𝑋) and 𝑦𝑖 ∈ ℛ(𝑋)⊥, we

obtain ⟨𝑋,𝑌 ⟩ =
𝑘∑︀

𝑖=1

(𝑥𝑖)𝑇𝑦𝑖 = 0.

It remains to show that ℛ(𝑌 ) ⊆ ℛ(𝑋)⊥ = Null(𝑋) holds for any

𝑌 ∈ face△(𝑋,𝒮𝑘
+) = {𝑌 ∈ 𝒮𝑘

+ | ⟨𝑋,𝑌 ⟩ = 0}. As ⟨𝑋,𝑌 ⟩ = 0, we have

𝑋𝑌 = 0. So for any 𝑣 = 𝑌 𝑑 ∈ ℛ(𝑌 ), we find 𝑋𝑣 = 𝑋𝑌 𝑑 = 0, i.e.,

𝑣 ∈ Null(𝑋).

Consider 𝑋 ∈ 𝒮𝑘
+ with rank𝑋 = 𝑟, and an orthonormal matrix 𝑄

which diagonalizes 𝑋. In other words,

𝑄𝑇𝑋𝑄 =

(︂
Λ 0

0 0

)︂
with an 𝑟× 𝑟 diagonal matrix Λ consisting of the nonzero eigenvalues of

𝑋. The transformation 𝑋 ↦→ 𝑄𝑇𝑋𝑄 is a one to one mapping of 𝒮𝑘
+ to

itself. Therefore, we have that

𝑄𝑇 (face(𝑋,𝒮𝑘
+))𝑄 = face(𝑄𝑇𝑋𝑄,𝒮𝑘

+)

= face(

(︂
Λ 0

0 0

)︂
,𝒮𝑘

+) = face(

(︂
𝐼 0

0 0

)︂
,𝒮𝑘

+).

This implies that

dim face(𝑋,𝒮𝑘
+) =

𝑟(𝑟 + 1)

2
. (2.26)
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Chapter 2. Linear conic programming

Next let us specify strict complementarity and nondegeneracy for the

SDP case. For the proofs and further details see e.g. [AHO97, Pat00] :

Proposition 2.31. Consider a pair of primal and dual problems (𝑆𝐷𝑃𝑃 )

and (𝑆𝐷𝑃𝐷).

∙ Consider primal and dual optimal solutions 𝑋 ∈ 𝒮𝑘
+ and 𝑌 ∈ 𝒮𝑘

+

with rank𝑋 = 𝑟 and rank𝑌 = 𝑠. If 𝑟 + 𝑠 = 𝑘, then the optimal

solutions 𝑋 and 𝑌 are strictly complementary.

∙ Suppose 𝑋 ∈ ℱ𝑃 with rank𝑋 = 𝑟. Let the eigenvalue decomposi-

tion be

𝑋 = 𝑄

(︂
Λ 0

0 0

)︂
𝑄𝑇

with a 𝑟 × 𝑟 diagonal matrix Λ and an orthonormal matrix 𝑄. If

span{𝐴𝑖}+
{︂
𝑄

(︂
𝑊 𝑉

𝑉 𝑇 0

)︂
𝑄𝑇

⃒⃒⃒⃒
𝑊 ∈ 𝒮𝑟, 𝑉 ∈ R𝑟×(𝑘−𝑟)

}︂
= 𝒮𝑘,

then 𝑋 is nondegenerate

In other words, strict complementarity means that exactly one of the

two conditions 𝜆𝑖 = 0 or 𝜔𝑖 = 0 holds in Theorem 2.29.

In linear programming, if (𝑃 ) and (𝐷) are feasible, then a pair of

strictly complementary optimal solutions always exists. However, this is

not anymore the case in SDP even when both primal and dual optimal

solutions are unique and nondegenerate. For an illustrating example, see

[AHO97, Example page 117].
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Chapter 3

Genericity and Stability*

In this section, we study genericity and stability results for linear conic

programs. Informally, a property is stable if the property remains sat-

isfied under a small perturbation of the problem data, and one expects

generic properties to be stable and to hold at a random instance of a

problem.

Let us specify the conic problem parameter space first. Throughout

the thesis, we assume that the cone 𝒦 (and thus 𝒦*) and 𝑛, 𝑘 are arbi-

trarily fixed for results concerning genericity. Then the parameters of a

pair of conic problems (𝑃 ) and (𝐷) are 𝐴1, . . . , 𝐴𝑛 ∈ 𝒮𝑘, 𝐵 ∈ 𝒮𝑘 and

𝑐 ∈ R𝑛. As before (see p.9), we identify 𝒮𝑘 ≡ R𝑚 with 𝑚 = 1
2
𝑘(𝑘 + 1)

and denote 𝐴 as the 𝑚 × 𝑛 matrix with columns 𝐴𝑖. Thus the set of

problem instances of (𝑃 ) and (𝐷) is given by

𝒫 := {(𝐴,𝐵, 𝑐) ∈ R𝑚×𝑛 × R𝑚 × R𝑛} ≡ R𝑚·𝑛+𝑚+𝑛 (3.1)

endowed with some norm.

Definition 3.1. We say that a property is generic, if it holds for a subset

𝒫𝑔 of the set 𝒫 of problem instances such that 𝒫𝑔 is open in 𝒫 and 𝒫∖𝒫𝑔

has Lebesgue measure zero.

A property is said to be weakly generic if it holds for a subset 𝒫𝑔 such

that 𝒫 ∖ 𝒫𝑔 has Lebesgue measure zero.

*Submitted as

M. Dür, B. Jargalsaikhan, and G. Still. Genericity results in linear conic programming,

A tour d’horizon. Preprint, 2014
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Chapter 3. Genericity and Stability of properties of conic problems

Genericity implies both density and stability of “nice” problem in-

stances. On the other hand, it is well known that density and openness

do not imply genericity.

Throughout this section, we assume that 𝑛 ≤ 𝑚 holds. For the

case 𝑛 > 𝑚 the genericity results can be summarized by the following

statement:

Proposition 3.2. Generically for the case 𝑛 > 𝑚, we have an unbounded

primal (𝑃 ) and an infeasible dual (𝐷). In other words, generically strong

duality holds with 𝑣𝑃 = 𝑣𝐷 = +∞.

Proof. To prove this, we use the well-known fact that (see e.g. [JJT00,

Ex. 7.3.23])

a matrix 𝑈 ∈ R𝑡1×𝑡2 with 𝑡1 ≥ 𝑡2 generically has full rank 𝑡2. (3.2)

We first show that wrt. (𝑐, 𝐴)

generically, the system 𝑐 = 𝐴𝑇𝑌 has no solution 𝑌 ∈ R𝑚 . (3.3)

Indeed, by (3.2) the matrix 𝑈 := [𝐴𝑇 𝑐] ∈ R𝑛×(𝑚+1) generically has rank

𝑚 + 1 whence 𝑈𝑧 = 0 does not allow a nonzero solution. This means

that generically the system in (3.3) is infeasible.

To show that (𝑃 ) is generically unbounded we consider the system

𝐴𝑥 = 𝐵, 𝑐𝑇𝑥 = 𝜏 , any solution of which yields a primal feasible 𝑥 with

objective value 𝜏 . Again, by statement (3.2), generically, the matrix

𝑈 :=
[︀
𝐴
𝑐𝑇

]︀
∈ R(𝑚+1)×𝑛 has full rank𝑚+1, so 𝐴𝑥 = 𝐵, 𝑐𝑇𝑥 = 𝜏 is solvable

for any 𝜏 (and B).

In Assumption 2.6, for conic programs, we take the matrices𝐴1, . . . , 𝐴𝑛

to be linearly independent, i.e., they span an 𝑛-dimensional linear space

in 𝒮𝑘. Applying the standard result (3.2) for the matrix 𝐴 (𝑚 ≥ 𝑛), we

obtain that Assumption 2.6 is satisfied generically.

Suppose that a property is weakly generic. Any neighborhoud of a

problem parameter (𝐴,𝐵, 𝑐) ∈ 𝒫 contains a parameter (𝐴′, 𝐵′, 𝑐′) ∈ 𝒫𝑔,

otherwise set 𝒫 ∖ 𝒫𝑔 does not have measure zero. Thus, weak genericity
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implies density of the set 𝒫𝑔. Clearly, the other direction is not true, i.e.

density of a set 𝑆 does not imply that 𝑆 has full measure. For example,

consider 𝑆 := Q ⊂ R.
For weak genericity results, one can arbitrarily fix 𝐴 ∈ R𝑚×𝑛 and

prove that the property holds for all (𝐵, 𝑐) from a weakly generic set

𝑆(𝐴) ⊂ R𝑚+𝑛. We emphasize that this implies that the property holds

for almost all problem instances in the whole space 𝒫 = {(𝐴,𝐵, 𝑐)}.
Indeed, under this assumption for any fixed 𝐴 ∈ R𝑚×𝑛 the property

holds on the whole R𝑚+𝑛 except for the set 𝑆(𝐴)𝐶 := R𝑚+𝑛 ∖ 𝑆(𝐴) of

Lebesgue measure 𝜇(𝑆(𝐴)𝐶) = 0 in R𝑚+𝑛. But then by Fubini’s theorem

the property holds for (𝐴,𝐵, 𝑐) ∈ R𝑚×𝑛 × R𝑚 × R𝑛 except for a set of

measure
∫︀
R𝑚×𝑛 𝜇(𝑆(𝐴)

𝐶) 𝑑𝐴 = 0.

Concerning openness, however, we have to be careful: If for any

fixed 𝐴, a property holds for any (𝐵, 𝑐) from an open set 𝑆(𝐴) ⊂ R𝑚+𝑛,

then this property need not hold for an open set in 𝒫 . There are also

properties which are not weakly generic but stable. From a numerical

view point, stability is crucial.

Definition 3.3. We say that a property is stable at an instance 𝑄 :=

(𝐴,𝐵, 𝑐) ∈ 𝒫 if the property is satisfied for all 𝑄 := (𝐴,𝐵, 𝑐) ∈ 𝒫 in an

open neighborhood of 𝑄.

Genericity of properties like strong duality, nondegeneracy, strict com-

plementarity and uniqueness of solutions of linear conic programs have

been discussed before. For the SDP case, it is indicated in [Sha97, p. 310]

that the Slater condition (Mangasarian-Fromovitz condition) is generic.

Alizadeh, Haeberly, and Overton [AHO97] as well as Shapiro [Sha97]

specifically discuss generic properties of semidefinite programs (SDP).

Pataki and Tunçel [PT01] derive weak genericity results on strict com-

plementarity, uniqueness, and nondegeneracy for general linear conic pro-

grams. Recently in [BDL11] Bolte, Daniilidis and Lewis gave special full

genericity results with respect to the parameter 𝑐 under the extra as-

sumption that the cone 𝒦 is a semialgebraic set.

In the thesis, we attempt to prove our genericity results with tech-

niques which are as basic as possible. Genericity of Slater’s condition
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Chapter 3. Genericity and Stability of properties of conic problems

will be proven by topological arguments. Weak genericity of uniqueness

is shown based on the classical result that Lipschitz-functions (convex

functions) are differentiable almost everywhere. For weak genericity of

nondegeneracy and strict complementarity more sophisticated techniques

from geometric measure theory are still needed (see [PT01]).

3.1 Genericity of Slater’s condition and

strong duality

In most applications, one is concerned with the cases where optimal

solutions of (𝑃 ) and (𝐷) are attained with zero duality gap. In this

section, we illustrate that Slater’s condition and strong duality are generic

properties.

Genericity of the primal or dual Slater condition can be derived

in many different ways. For example, genericity of nondegeneracy (or

uniqueness of an optimal solution) implies genericity of Slater’s condi-

tion by Proposition 2.21. However, we give an independent easy proof of

the fact that in conic programming the Slater condition holds generically.

To do so we only make use of the result that the boundary of a convex

set has measure zero.

Lemma 3.4. Let 𝒯 be a full-dimensional closed convex set in R𝑠. Then

the boundary of 𝒯 has 𝑠-dimensional Lebesgue measure zero.

Proof. We repeat here the elegant proof of [Lan86]. Consider an open

ball ℬ𝜀(𝑝) with center 𝑝 ∈ bd 𝒯 and radius 𝜀 > 0. Since there exists a

hyperplane supporting the convex set 𝒯 at 𝑝, at least half of the ball

does not contain points of 𝒯 . Therefore,

lim sup
𝜀→0

𝜇(𝒯 ∩ ℬ𝜀(𝑝))

𝜇(ℬ𝜀(𝑝))
≤ 1

2
.

On the other hand, Lebesgue’s density theorem (see e.g., [Fau02]), says

that for almost all points 𝑝 of the Lebesgue measurable set 𝒯 we have
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3.1. Genericity of Slater’s condition and strong duality

that

lim
𝜀→0

𝜇(𝒯 ∩ ℬ𝜀(𝑝))

𝜇(ℬ𝜀(𝑝))
= 1.

This immediately implies that bd 𝒯 has measure zero.

Roughly speaking, Slater’s condition says that the feasible set of the

problem is not entirely contained in the boundary of the convex cone.

Theorem 3.5. Let matrices 𝐴𝑖 (𝑖 = 1, . . . , 𝑛) be given arbitrarily and

denote 𝐴 as the matrix with columns 𝐴𝑖. Then there exists a generic

subset 𝑆1 ⊂ R𝑛 (open with complement of measure zero), such that for

any 𝑐 ∈ 𝑆1 precisely one of the following alternatives holds for the corre-

sponding problem instance of (𝐷):

(1) either the feasible set of (𝐷) is empty, i.e., {𝑌 ∈ 𝒦* | 𝐴𝑇𝑌 = 𝑐} = ∅,
or

(2) Slater’s condition holds for (𝐷), i.e., {𝑌 ∈ int𝒦* | 𝐴𝑇𝑌 = 𝑐} ≠ ∅.

An analogous result holds for the primal program (𝑃 ), i.e., there is a

generic subset ̃︀𝑆1 of R𝑚 such that for any 𝐵 ∈ ̃︀𝑆1 either the corresponding

program (𝑃 ) is infeasible or (𝑃 ) satisfies the Slater condition.

Proof. For the case of program (𝐷), note that the set

𝑆 := {𝑐 = 𝐴𝑇𝑌 | 𝑌 ∈ 𝒦*} ⊂ R𝑛

is a convex set with dim𝑆 =: 𝑙 ≤ 𝑛. We define 𝑆1 := int𝑆∪(R𝑛∖cl𝑆). As
a union of two open sets, 𝑆1 is clearly open. Note that for 𝑐 ∈ (R𝑛 ∖ cl𝑆)
the alternative (1) holds, i.e., the feasible set is empty. If 𝑙 < 𝑛 (i.e., 𝐴

does not have full rank 𝑛), then the statement is true. So we can assume

dim𝑆 = 𝑛, and since by Lemma 3.4 the set bd𝑆 = R𝑛 ∖ 𝑆1 has measure

zero, it is sufficient to show that for 𝑐 ∈ int𝑆 the Slater condition holds

(alternative (2)).

So let 𝑐 ∈ int𝑆 be given. By assumption there exists some 𝑌0 ∈ 𝒦*

for which 𝐴𝑇𝑌0 = 𝑐 holds. Consider the affine space 𝑌0 + ker𝐴𝑇 . If

𝑌0 + ker𝐴𝑇 ∩ int𝒦* ̸= ∅, then Slater’s condition holds and we are done.
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So assume by contradiction that 𝑌0 + ker𝐴𝑇 ∩ int𝒦* = ∅. This

implies in particular that 𝑌0 ∈ bd𝒦*, and since int𝒦* ̸= ∅, there exists

a separating hyperplane with normal vector 𝑁 such that

⟨𝑁, 𝑌 ⟩ ≥ ⟨𝑁, 𝑌0⟩ for all 𝑌 ∈ 𝒦* and 𝑁 ⊥ ker𝐴𝑇 . (3.4)

(Here we have used that the affine space 𝑌0 + ker𝐴𝑇 “meets 𝒦* tangen-

tially” at 𝑌0.)

Since 𝑐 ∈ int𝑆, there exists an open neighborhood ∅ ≠ 𝒰𝜀(𝑐) ⊂ int𝑆

of 𝑐 and by continuity of the mapping 𝐴𝑇𝑌 there exists an open neigh-

borhood ∅ ≠ 𝒰𝛿(𝑌0) of 𝑌0 such that 𝐴𝑇𝒰𝛿(𝑌0) ⊂ 𝒰𝜀(𝑐). The separating

hyperplane divides 𝒰𝛿(𝑌0) into two parts. Take a point 𝑌1 ∈ 𝒰𝛿(𝑌0) such

that ⟨𝑁, 𝑌1⟩ < ⟨𝑁, 𝑌0⟩. By construction, 𝑐1 := 𝐴𝑇𝑌1 ∈ 𝒰𝜀(𝑐) ⊂ int𝑆. So

there must exist a pre-image ̃︀𝑌1 ∈ 𝒦* with 𝐴𝑇 ̃︀𝑌1 = 𝑐1, i.e., ̃︀𝑌1 = 𝑌1 + ̃︀𝑌0
with ̃︀𝑌0 ∈ ker𝐴𝑇 . Altogether using ⟨𝑁, ̃︀𝑌0⟩ = 0 and (3.4), we attain the

contradiction

⟨𝑁, 𝑌0⟩ ≤ ⟨𝑁, ̃︀𝑌1⟩ = ⟨𝑁, 𝑌1 + ̃︀𝑌0⟩ = ⟨𝑁, 𝑌1⟩ < ⟨𝑁, 𝑌0⟩.

This concludes the proof for problem (𝐷).

For the primal case we proceed as follows. We note that R𝑚 allows

an orthogonal decomposition

R𝑚 = im𝐴⊕ ker𝐴𝑇 , 𝐵 = 𝐵1 ⊕𝐵2 for 𝐵 ∈ R𝑚

where 𝐵2 is the projection projker𝐴𝑇 𝐵 of 𝐵 ∈ R𝑚 onto the linear space

ker𝐴𝑇 . Let 𝑄 ∈ R𝑚×𝑚 be the matrix representation of this projec-

tion, i.e., 𝐵2 = projker𝐴𝑇 𝐵 = 𝑄𝐵. We now consider the convex cone

𝑅 := 𝑄𝒦. As before we have

𝑄𝐵 ∈ ker𝐴𝑇 ∖ cl𝑅 ⇒ {𝐵 − 𝐴𝑥 | 𝑥 ∈ R𝑛} ∩ 𝒦 = ∅

and we can show (with int𝑅 relative to ker𝐴𝑇 )

𝑄𝐵 ∈ int𝑅 ⇒ {𝐵 − 𝐴𝑥 | 𝑥 ∈ R𝑛} ∩ int𝒦 ̸= ∅.

Here again bd𝑅 has measure zero and thus 𝑅1 := int𝑅 ∪ (ker𝐴𝑇 ∖ cl𝑅)
is relatively open in ker𝐴𝑇 with ker𝐴𝑇 ∖ 𝑅1 of measure zero in ker𝐴𝑇 .
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Consequently, the set ̃︀𝑆1 := im𝐴 ⊕ 𝑅1 is open in R𝑚 with R𝑚 ∖ ̃︀𝑆1 of

measure zero in R𝑚. By construction, for 𝐵 ∈ ̃︀𝑆1, precisely one of the

two alternatives holds.

Remark 3.6. The Slater conditions for (𝑃 ) and (𝑃0) are clearly equivalent.

Also the genericity result for (𝐷) in Theorem 3.5 wrt. parameter 𝑐 can be

translated to the following corresponding result for (𝐷0): Let ℒ be given.

Then there exists a generic subset 𝑄1 ⊂ R𝑚 such that for any 𝐶 ∈ 𝑄1

precisely one of the following alternatives holds for the corresponding

problem instance of (𝐷0):

(1’) either the feasible set of (𝐷0) is empty, or

(2’) Slater’s condition holds for (𝐷0), i.e.,

{𝑌 | 𝑌 ∈ (ℒ⊥ + 𝐶) ∩ int𝒦*} ≠ ∅.

To see this, similar to the second part of the proof of Theorem 3.5,

consider the orthogonal decomposition

R𝑚 = ℒ⊥ ⊕ ℒ, 𝐶 = 𝐶1 ⊕ 𝐶2 for 𝐶 ∈ R𝑚.

Let 𝑃 ∈ R𝑚×𝑚 be the matrix representation of the projection projℒ
onto ℒ, and let 𝐶2 = 𝑃𝐶 = projℒ𝐶. Then as in the the proof of

Theorem 3.5 above we consider the convex cone 𝑆 := 𝑃𝒦* ⊂ ℒ and the

set (relative to ℒ)
𝑆1 = int𝑆 ∪ (ℒ ∖ cl𝑆) ,

which is relatively open with ℒ ∖ 𝑆1 of measure zero. Note that for

𝑃𝐶 ∈ int𝑆 the alternative (2’) holds and for 𝑃𝐶 ∈ ℒ∖ cl𝑆 the condition

(1’) is true. So the set 𝑄1 = ℒ⊥ ⊕ 𝑆1 is the required generic set in R𝑚.

It is well-known that strong duality always holds in linear program-

ming (unless both programs are infeasible) but strong duality need not

hold in general conic programming as illustrated in Example 2.11. How-

ever, as we shall see, strong duality is a generic property.

From Proposition 2.13, we have that for given 𝐴,𝐵 the primal Slater

condition implies that 2nd moment cone 𝒩2 is closed, and so is the 1st
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moment cone 𝒩1. Under these assumptions, we derive that 𝐶1 = 𝐶2

and by applying Table 2.3, the duality gap is zero for all 𝑐, i.e. strong

duality holds for all 𝑐. Also, it is well-known that the primal Slater

condition implies that the dual optimal solution of a feasible dual problem

is attained, see e.g. [ADS13, Lemma 3.1]. So the genericity of Slater’s

condition in Theorem 3.5 leads to the following genericity result of strong

duality (similar to [STO07]):

Corollary 3.7. Let 𝐴 ∈ R𝑚×𝑛 be given arbitrarily. Then with the generic

subset ̃︀𝑆1 ⊂ R𝑚 from Theorem 3.5 the following holds for 𝐵 ∈ ̃︀𝑆1:

∙ either the feasible set of (𝑃 ) is empty,

∙ or (𝑃 ) is strictly feasible and for any 𝑐 ∈ R𝑛 we have 𝑣𝑃 = 𝑣𝐷,

meaning that if (𝐷) is infeasible, then 𝑣𝑃 = 𝑣𝐷 = +∞, and if (𝐷)

is feasible, then 𝑣𝑃 = 𝑣𝐷 is finite and the minimum value of (𝐷) is

attained.

An analogous result holds for the dual program (𝐷) wrt. 𝑐 ∈ 𝑆1 ⊂ R𝑛

(with 𝑆1 from Theorem 3.5).

The Slater condition is trivially stable. Indeed, assume that 𝑋 =

𝐵−
∑︀𝑛

𝑖=1 𝑥𝑖𝐴𝑖 is a Slater point for (𝑃 ) with respect to the data (𝐴,𝐵, 𝑐).

Then also the point 𝑋 := 𝐵 −
∑︀𝑛

𝑖=1 𝑥𝑖𝐴𝑖 is a Slater point after any

sufficiently small perturbation (𝐴,𝐵, 𝑐) of (𝐴,𝐵, 𝑐).

Note that in Corollary 3.7, a generic set was constructed for problem

instances either with infeasible (𝑃 ) or with strong duality. It follows

from Corollary 3.7 that strong duality is stable at (𝐴,𝐵, 𝑐) under Slater’s

condition. In general, the property “strong duality” can be unstable as

feasibility (of its dual problem) might be not a stable property.

By combining the results in Corollary 3.7 for the primal and dual

programs we obtain:

Corollary 3.8. Let 𝐴 ∈ R𝑚×𝑛 be given arbitrarily. Then with the generic

subsets 𝑆1 ⊂ R𝑛, ̃︀𝑆1 ⊂ R𝑚 from Theorem 3.5, for any (𝐵, 𝑐) ∈ ̃︀𝑆1 × 𝑆1

precisely one of the following alternatives holds:
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(1) Both feasible sets of (𝑃 ) and (𝐷) are empty.

(2) Precisely one of the feasible sets of (𝑃 ) or (𝐷) is empty and

𝑣𝑃 = 𝑣𝐷 = ±∞.

(3) Both (𝑃 ) and (𝐷) are feasible and for both problems the optimal value

is attained with 𝑣𝑃 = 𝑣𝐷.

A corresponding result for self-dual problems (𝑃0), (𝐷0) holds wrt. to a

generic set ̃︀𝑆1 ×𝑄1 ⊂ R𝑚 × R𝑚 of parameters (𝐵,𝐶) (cf. Remark 3.6).

In Corollary 3.8 , matrix 𝐴 is arbitrarily fixed and the parameters

are (𝐵, 𝑐). In [STO07], the authors consider 𝐴 as a parameter, and they

define that universal duality is said to hold with respect to 𝐴, if for

any (𝐵, 𝑐) the equality 𝑣𝑃 = 𝑣𝐷 holds for (𝑃 ) and (𝐷). Moreover, the

following is shown in [STO07, Theorem 4.5, Theorem 4.7].

Theorem 3.9. There is a generic subset 𝑆 ⊂ R𝑚×𝑛 such that for any

𝐴 ∈ 𝑆 universal duality holds.

The main difference between the statements in Corollary 3.8 and The-

orem 3.9 is that by taking 𝐴 as a parameter in the generic set 𝑆 of

Theorem 3.9, the case that both the primal and the dual problem are

infeasible is excluded. In Corollary 3.8, for fixed 𝐴 one cannot exclude

generically in (𝐵, 𝑐) the infeasibility of both programs (𝑃 ) and (𝐷).

Let us illustrate this difference by an example.

Example 3.10. Consider the LP:

(𝑃 ) max 𝑐𝑇𝑥 s. t. 𝐵 − 𝐴𝑥 ≥ 0

with

𝑐 =

(︂
−1

1

)︂
, 𝐵 =

⎛⎝ 0

−1

0

⎞⎠ , 𝐴 =

⎛⎝ 0 1

0 −1

1 0

⎞⎠ .

The corresponding dual problem is

(𝐷) min 𝐵𝑇𝑌 s. t. 𝐴𝑇𝑌 = 𝑐, 𝑌 = (𝑦1, 𝑦2, 𝑦3) ≥ 0.
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The primal and dual feasibility conditions are:

𝑥2 ≤ 0, 𝑥2 ≥ 1, 𝑥1 ≤ 0

and

𝑦1

(︂
0

1

)︂
+ 𝑦2

(︂
0

−1

)︂
+ 𝑦3

(︂
1

0

)︂
=

(︂
−1

1

)︂
, 𝑦𝑖 ≥ 0.

Both programs are infeasible, and for fixed 𝐴 this property is stable with

respect to small perturbations of 𝑐, 𝐵. So in Corollary 3.8, the alternative

(1) cannot be excluded generically. However, according to the genericity

concept in Theorem 3.9 (where 𝐴 is the parameter) a generic perturbation

of the matrix 𝐴 above makes either (𝑃 ) or (𝐷) feasible.

The notion of universal duality goes back to Duffin [DJK83]. Under

the assumption that (𝑃 ) is feasible, in [DJK83] the parameters (𝐴,𝐵) ∈
R𝑚×𝑛×R𝑚 are said to yield primal uniform LP duality for (𝑃 ) and (𝐷),

if for any 𝑐 ∈ R𝑛 either ℱ𝐷 = ∅ and 𝑣𝑃 = 𝑣𝐷 = ∞; or 𝑣𝑃 = 𝑣𝐷 is finite

and a solution of (𝐷) exists. As we mentioned in Table 2.3, if the primal

problem is feasible and 1st moment cone 𝒩1 is closed, then strong duality

holds for all 𝑐 ∈ R𝑛, i.e. the primal uniform LP duality holds.

By construction, moment cones are linear images of the cone 𝒦*.

In [BM10], the following genericity result on closedness of the linear image

of a cone is shown.

Theorem 3.11. Let 𝑘 ∈ N and let 𝒦 ⊂ R𝑚 be a closed convex cone.

Then the set

𝑆1 := R𝑘×𝑚 ∖ int{𝑇 ∈ R𝑘×𝑚 | 𝑇𝒦 is closed}

has Lebesgue measure zero.

Utilizing Theorem 3.11, this offers another approach to show (weak)

genericity of primal uniform LP duality similar to Theorem 3.9.

42



3.2. Weak genericity of uniqueness of solutions

3.2 Weak genericity of uniqueness of

optimal solutions

We now study the genericity of uniqueness of optimal solutions of conic

programs. We derive this result by using the fact that convex functions

are differentiable almost everywhere1.

In this section, let us fix (𝐴,𝐵) and consider our primal problem

(𝑆𝐼𝑃𝑃 ) = 𝑃 (𝑐) in SIP form with 𝑐 as a parameter:

𝑃 (𝑐) max 𝑐𝑇𝑥 s. t. (𝐵 − 𝐴𝑥)𝑇𝑌 ≥ 0 for all 𝑌 ∈ 𝒵 := 𝒦*.

Note that in this case the feasible set ℱ𝑃 is fixed and the problem depends

on parameter 𝑐 only. Let us denote the optimal value function as 𝑣𝑃 (𝑐)

and the set of primal optimal solutions as

ℱ*
𝑃 (𝑐) := {𝑥 ∈ ℱ𝑃 | 𝑐𝑇𝑥 = 𝑣𝑃 (𝑐)}.

Let us denote the subdifferential of the function 𝑣𝑃 (𝑐) as 𝜕𝑣𝑃 (𝑐). For the

proof of the following results, see [GL88, page 262] for (1), and [GL88,

Theorem 2.1] for (2).

Theorem 3.12. Let 𝐵 and 𝐴 be such that ℱ𝑃 ̸= ∅. Then the following

holds:

(1) 𝑣𝑃 (𝑐) is a proper closed convex function of 𝑐 on its effective do-

main 𝒟𝑃 .

(2) 𝜕𝑣𝑃 (𝑐) = ℱ*
𝑃 (𝑐).

By using Theorem 3.12 and Rademacher’s theorem for convex func-

tions we are ready to prove the weak genericity of uniqueness in conic

programming and obtain at the same time an alternative proof for the

genericity of the Slater condition.

Proposition 3.13. Let 𝐴 and 𝐵 be such that ℱ𝑃 ̸= ∅. Then for almost

all 𝑐 ∈ R𝑛 the following alternative holds:

1The author would like to thank A. Shapiro for pointing out the approach.
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∙ either the dual problem (𝐷) is infeasible and 𝑣𝑃 (𝑐) = +∞, or

∙ the Slater condition holds for (𝐷) and the solution of (𝑃 ) is unique.

A corresponding dual result holds with respect to 𝐵 (for fixed 𝐴, 𝑐).

Proof. Let 𝐴,𝐵 be such that ℱ𝑃 ̸= ∅. Let 𝒟𝑃 , with boundary bd𝒟𝑃 ,

be the (convex) effective domain of the convex function 𝑣𝑃 (𝑐) from The-

orem 3.12. We distinguish the following three cases for 𝑐 ∈ R𝑛:

(i) 𝑐 ∈ bd𝒟𝑃 , (ii) 𝑐 /∈ cl𝒟𝑃 , (iii) 𝑐 ∈ int𝒟𝑃 .

By Lemma 3.4, case (i) occurs on a set of measure zero in R𝑛. In

case (ii), in view of the relation

The dual problem is feasible ⇒ 𝑐 ∈ 𝒟𝑃

we get that the dual problem is infeasible. In this case, unboundedness

of 𝑃 (𝑐) follows from Table 2.3 and the first alternative holds.

In case (iii), we use the fact that the convex function 𝑣𝑃 (𝑐) defined

on the open set int𝒟𝑃 is differentiable for almost all 𝑐 ∈ int𝒟𝑃 (see

e.g. [Roc70, Theorem 25.5]). This implies that for these values of 𝑐

the subgradient 𝜕𝑣𝑃 (𝑐) = ℱ*
𝑃 (𝑐) = {∇𝑣𝑃 (𝑐)} is a singleton by Theo-

rem 3.12 (2). Moreover, in this case, combining (2.5) and (2.4), the

Slater condition holds for the dual problem.

The proof of the dual statement is similar.

A uniqueness result similar to the statement in Proposition 3.13 can

also be found in [BDL11], even for more general convex programs. Also,

another different proof is given in [PT01, Theorem 3] which is based on

deeper results from geometric measure theory.

By combining the statements of Proposition 3.13 for the primal and

dual we obtain:

Corollary 3.14. Let 𝐴 ∈ R𝑚×𝑛 be given arbitrarily. Then for almost all

(𝑐, 𝐵) ∈ R𝑛 × R𝑚 the following holds: If both (𝑃 ) and (𝐷) are feasi-

ble, then both satisfy the Slater condition and both have unique optimal

solutions 𝑋 and 𝑌 .
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3.3 Nondegeneracy and strict

complementarity

We now discuss weak genericity of nondegeneracy and strict comple-

mentarity of optimal solutions along the lines given in [PT01]. In this

section, we therefore consider problems in self-dual form (𝑃0) and (𝐷0)

as in [PT01]. Let 𝑋 and 𝑌 denote primal and dual optimal solutions.

In [PT01], the authors fix the parameter ℒ and consider the set of

problem instances where both primal and dual problems are feasible with

zero duality gap

𝒟(ℒ) := {(𝐶,𝐵) | the corresponding ℱ𝑃0 ̸= ∅, ℱ𝐷0 ̸= ∅ and 𝑣𝑃0 = 𝑣𝐷0}.

Furthermore, in this set of parameters, the set of problem instances which

have a pair of strictly complementary optimal solutions is denoted as

𝒟(ℒ) := {(𝐶,𝐵) ∈ 𝒟(ℒ) | ∃ strictly complementary 𝑋 ∈ ℱ𝑃0 , 𝑌 ∈ ℱ𝐷0}.

Using a deep result from geometric measure theory [PT01, Theo-

rem 3], the authors obtain weak genericity of strict complementarity.

Theorem 3.15. [PT01, Proposition 2] For fixed ℒ, the set 𝒟(ℒ) ∖𝒟(ℒ)
has dim(𝒟(ℒ))-dimensional Hausdorff measure zero.

Before going further, let us shortly introduce the Hausdorff measure.

For any subset 𝑆 of R𝑙, let us define the diameter of 𝑆

diam(𝑆) = sup{||𝑥− 𝑦|| | 𝑥, 𝑦 ∈ 𝑆}.

For 𝑆 ⊆ R𝑙 and for some 𝛿 > 0, a 𝜎−cover of the set 𝑆 is a family of

countably many sets 𝑆𝑗 with diam(𝑆𝑗) ≤ 𝛿 such that 𝑆 ⊆
∞⋃︀
𝑗=1

𝑆𝑗. For a

nonnegative 𝑡 ∈ R, the 𝑡-dimensional Hausdorff measure of 𝑆 is defined

as

𝐻 𝑡(𝑆) := 𝑣(𝑡) lim inf
𝛿→0

{︃
∞∑︁
𝑗=1

(diam(𝑆𝑗)/2)
𝑡 | {𝑆𝑗} is a 𝛿-cover of 𝑆

}︃
,
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where 𝑣(𝑡) := 𝜋𝑡/2

Γ(𝑡/2+1)
. For an integer 𝑡, the term 𝑣(𝑡) is the volume of the

Euclidean unit ball in R𝑡. It is well-known that the 𝑛-dimensional Haus-

dorff measure and the Lebesgue measure in R𝑛 coincide (see, e.g., [Mor95,

Corollary 2.8]). One of the advantages of the Hausdorff measure is the

possibility of measuring lower dimensional subsets in R𝑙. For example,

the one-dimensional Hausdorff measure of a simple curve in R𝑙 is equal to

the length of the curve, for a proof and further details see [Fed69, Mor95].

Now let us turn back to genericity of strict complementarity. We have

shown in Corollary 3.8 that the gap-free set 𝒟(ℒ) ⊂ R𝑚 × R𝑚 is not of

measure zero and has non-empty interior in the space R𝑚 × R𝑚. Thus,

Theorem 3.15 can be stated as follows

Theorem 3.16. For fixed ℒ, the set 𝒟(ℒ) ∖𝒟(ℒ) has Lebesgue measure

zero.

From Lemma 2.25, under strict complementarity, dual uniqueness of

an optimal solution implies primal nondegeneracy. Using similar argu-

ments as [PT01, p.456], we combine Corollary 3.8, Theorem 3.16, Corol-

lary 3.14 and Lemma 2.25 in order to prove that the primal nondegener-

acy condition is weakly generical at solutions of (𝑃0).

Note that Lemma 2.25(c) does not hold for 𝑋 and 𝑌 interchanged

unless 𝒦 is facially exposed. However, if we define strict complementarity

as in (2.18), then Lemma 2.25 (b) holds for 𝑋 and 𝑌 interchanged. Anal-

ogous to (2.17) following [PT01], one can show that (2.18) is a generic

property. Thus, using the same arguments, weakly generically at solu-

tions of (𝐷0) the nondegeneracy condition holds. Combining everything,

we have:

Corollary 3.17. Let ℒ be given arbitrarily. Then for almost all (𝐶,𝐵) ∈
R2𝑚 the following is true: If the corresponding programs (𝑃0), (𝐷0) are

both feasible, then there exist unique optimal solutions 𝑋 of (𝑃0) and 𝑌

of (𝐷0). These solutions are nondegenerate and satisfy the strict com-

plementarity condition.
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Remark 3.18. With the same projection trick as in Remark 3.6, the

genericity result of Corollary 3.17 for (𝑃0), (𝐷0) can directly be translated

to the following statement for the programs in the form (𝑃 ), (𝐷):

Let 𝐴 ∈ R𝑚×𝑛 be arbitrary. Then for almost all (𝑐, 𝐵) ∈ R𝑛 × R𝑚

we have that if (𝑃 ) and (𝐷) are both feasible, then there exist

unique optimal solutions 𝑋 of (𝑃 ) and 𝑌 of (𝐷). Moreover, 𝑋 and

𝑌 are both nondegenerate and satisfy the strict complementarity

condition.

Note that to assure uniqueness of the solution of (𝑃 ) in terms of the

variable 𝑥 ∈ R𝑛 we have to assume that 𝐴 has full rank 𝑛. Recall,

however, that for 𝑚 ≥ 𝑛 a matrix 𝐴 ∈ R𝑚×𝑛 generically has full rank 𝑛,

see (3.2).

3.4 Genericity results in the SDP case

In this section, we illustrate an approach from [AHO97] which is dif-

ferent from the previous ones to show genericity results for semidefinite

programming. Using techniques from differential topology or differen-

tial geometry, one can show directly that nondegeneracy and strict com-

plementarity are weakly generic properties for SDP, see [AHO97]. In

Proposition 2.21, we have shown that nondegeneracy implies the Slater

condition. Thus, if nondegeneracy holds for almost all feasible prob-

lem instances, then so does Slater’s condition. This was also established

in [Sha97, page 310]. Under strict complementarity, primal and dual

optimal solutions are nondegenerate if and only if the primal and dual

optimal solutions are unique, see Lemma 2.25. Thus, weak genericity of

uniqueness directly follows from weak genericity of nondegeneracy and

strict complementarity.

In the following, we investigate the boundary structure of the posi-

tive semidefinite cone and illustrate how a transversality theorem can be

applied to show such genericity results, see [AHO97].
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Consider the set

𝐷𝑟 := {𝑋 ∈ 𝒮𝑘 | rank𝑋 = 𝑟}

and

𝐷+
𝑟 = 𝒮𝑘

+ ∩𝐷𝑟 = {𝑋 ∈ 𝒮𝑘 | 𝑋 ∈ 𝒮𝑘
+ and rank𝑋 = 𝑟}.

It is a standard result in differential topology that the sets 𝐷𝑟 and 𝐷+
𝑟

are submanifolds in 𝒮𝑘, see e.g. [GP74] and [HS95, Prop 2.1] . Let us

sketch the proofs.

The set 𝑇𝑟 := {𝑋 ∈ 𝒮𝑘 | rank𝑋 ≥ 𝑟} is an open set in 𝒮𝑘 and thus it

is a smooth submanifold of 𝒮𝑘. For 𝑋 ∈ 𝑇𝑟, we can rearrange its columns

and rows such that 𝑋 has the following form

𝑋 =

(︂
𝑋1 𝑋2

𝑋𝑇
2 𝑋3

)︂
where 𝑋1 is an 𝑟×𝑟 nonsingular matrix. Multiplying 𝑋 by a nonsingular

matrix, we obtain(︂
𝑋1 𝑋2

𝑋𝑇
2 𝑋3

)︂(︂
𝐼 −𝑋−1

1 𝑋2

0 𝐼

)︂
=

(︂
𝑋1 0

𝑋𝑇
2 𝑋3 −𝑋𝑇

2 𝑋
−1
1 𝑋2

)︂
.

Thus, 𝑋 has rank 𝑟 if and only if 𝑋3 − 𝑋𝑇
2 𝑋

−1
1 𝑋2 = 0. Consider a

smooth map 𝑓 : 𝑇𝑟 ↦→ 𝒮𝑟 given by

𝑓(𝑋) = 𝑋3 −𝑋𝑇
2 𝑋

−1
1 𝑋2.

As the partial derivative ∇𝑋3𝑓(𝑋) of 𝑓 wrt. 𝑋3 is equal to the identity,

the function f is a submersion, i.e., a smooth map whose differential map

d𝑓(𝑋) is surjective for any 𝑋 ∈ 𝑇𝑟. Applying the Preimage theorem, we

derive that 𝑓−1(0) = 𝐷𝑟 is a submanifold of 𝑇𝑟.

The boundary of manifold 𝐷𝑟 consists of lower rank matrices

rbd𝐷𝑟 = 𝐷0 ∪ . . . ∪𝐷𝑟−1.

From continuity of eigenvalue functions, we can easily check that the

boundary of 𝒮𝑘
+ and the interior of 𝒮𝑘

+ are

bd𝒮𝑘
+ = 𝐷+

0 ∪ · · · ∪𝐷+
𝑘−1 and int𝒮𝑘

+ = 𝐷+
𝑘 .
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Using eigenvalue decomposition, one can directly check that

𝐷+
𝑟 = {𝑍𝑍𝑇 ∈ 𝒮𝑘 | 𝑍 ∈ R𝑘×𝑟 and rank𝑍 = 𝑟}.

Thus, 𝐷+
𝑟 is a smooth embedded submanifold of 𝒮𝑘 for all 0 ≤ 𝑟 ≤ 𝑘.

Moreover, it is known that 𝐷+
𝑟 has one connected component, see [HS95,

Prop 2.1].

Definition 3.19. Let 𝑓 : 𝑈 ↦→ 𝑊 be a smooth map between smooth

manifolds 𝑈 and 𝑊 and let 𝑉 ⊂ 𝑊 be a submanifold. We say that 𝑓 is

transversal to 𝑉 at a point 𝑥 ∈ 𝑈 if either 𝑓(𝑥) /∈ 𝑉 or

d𝑓(𝑥)(𝒯𝑥𝑈) + 𝒯𝑓(𝑥)𝑉 = 𝒯𝑓(𝑥)𝑊. (3.5)

Here 𝒯𝑥𝑈 denotes the tangent space to 𝑈 at 𝑥 and d𝑓(𝑥) denotes the dif-

ferential of 𝑓 at 𝑥. We say that 𝑓 is transversal to 𝑉 if the transversality

condition is satisfied for every 𝑥 ∈ 𝑈 .

Consider an SDP problem in self-dual form (𝑃0) and maps

𝜃 : R𝑛 × 𝒮𝑘 × 𝒱𝑚,𝑛 → 𝒮𝑘 given by 𝜃(𝑥,𝐵,𝐴1, . . . , 𝐴𝑛) = 𝐵 −
𝑛∑︁

𝑖=1

𝑥𝑖𝐴𝑖

and for fixed 𝑡 = (𝐵,𝐴1, . . . , 𝐴𝑛)

𝑓𝑡 : R𝑛 → 𝒮𝑘 given by 𝑓𝑡(𝑥) = 𝐵 −
𝑛∑︁

𝑖=1

𝑥𝑖𝐴𝑖.

Clearly, we have d𝑓𝑡(𝑥)(R𝑛) = span{𝐴𝑖}. Suppose that the rank of the

matrix 𝑋 := 𝐵 −
𝑛∑︀

𝑖=1

𝑥𝑖𝐴𝑖 is 𝑟 and take submanifold 𝐷𝑟. The transver-

sality condition (3.5) is equivalent to the following:

span{𝐴𝑖}+ 𝒯𝑋𝐷𝑟 = 𝒮𝑘. (3.6)

As the partial derivative ∇𝐵𝜃(𝑥,𝐵,𝐴1, . . . , 𝐴𝑛) of 𝜃 wrt. 𝐵 is equal to

the identity map, the mapping 𝜃 is transversal to any submanifold of

𝒮𝑘 and consequently 𝑓𝑡 is also transversal to any submanifold of 𝒮𝑘 for
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almost all 𝑡, for further details see [GP74, p.68] or [AHO97]. In other

words, equation (3.6) holds for almost all parameters (𝐵,𝐴1, . . . , 𝐴𝑛).

It is clear that 𝒯𝑋𝐷𝑟 is the tangent space tan(𝑋,𝒮𝑘
+), so

𝒮𝑘 = span{𝐴𝑖}+ tan(𝑋,𝒮𝑘
+). (3.7)

Let us denote ℒ = span{𝐴𝑖} as usual. The positive semidefinite cone is

nice (cf. Definition 2.26) and thus using equations (2.22) and (3.7), we

obtain that the above transversality condition is equivalent to

ℒ⊥ ∩ span J△(𝑋) = {0},

which is exactly the primal nondegeneracy condition. Therefore, primal

nondegeneracy holds for almost all parameters (𝐵,𝐴1, . . . , 𝐴𝑛).

Using a similar technique, one can show that strict complementarity

holds for almost all parameters (𝐵,𝐴1, . . . , 𝐴𝑛), for the proof see [AHO97,

Theorem 15].

3.5 Stability issues

We have seen in the previous sections that uniqueness, nondegeneracy

and strict complementarity hold for almost all problem instances of conic

programs. Now in this section, let us discuss stability of these properties.

In smooth nonlinear optimization (see e.g.[JJT00]), the stability of

properties such as uniqueness, nondegeneracy and strict complementarity

is typically proven by applying the (smooth) Implicit Function Theorem

to an appropriate system of optimality conditions. However, a general

linear conic program is not a smooth problem due to the cone constraint,

but rather a problem described by Lipschitz continuous functions. In

general, the stability of these properties in linear conic programming is

still an open question. Using extra information on the cone, stability

of these properties can be proven for the case of linear programming or

semidefinite programming. Let us consider the linear programming case

first.

50



3.5. Stability issues

Stability analysis for LP: Consider the pair of primal-dual LP’s

(𝐿𝑃 ) max 𝑐𝑇𝑥 s. t. 𝑋 := 𝐵 − 𝐴𝑥 ∈ R𝑚
+ ,

(𝐿𝐷) min 𝐵𝑇𝑌 s. t. 𝐴𝑇𝑌 = 𝑐, 𝑌 ∈ R𝑚
+ ,

for instances (𝐴,𝐵, 𝑐) near (𝐴,𝐵, 𝑐). We assume that the LP given by

parameter (𝐴,𝐵, 𝑐) is a generic instance. In other words, 𝐴 has full

rank 𝑛 and there are complementary solutions 𝑋,𝑌 ∈ R𝑚 satisfying

uniqueness, nondegeneracy and strict complementarity. Let us consider

the problem given by parameter (𝐴,𝐵, 𝑐) and denote the active index set

and its complement as

𝐼 = {𝑖 ∈ {1, . . . ,𝑚} | 𝑋 𝑖 = 0} and 𝐼
𝐶
= {𝑖 ∈ {1, . . . ,𝑚} | 𝑋 𝑖 > 0}.

Let ℒ := span{𝐴𝑗 | 𝑗 = 1, . . . 𝑛} where 𝐴𝑗 is the 𝑗th column of 𝐴.

The strict complementarity condition means that 𝑌 𝑖 = 0 holds if and

only if 𝑖 ∈ 𝐼
𝐶
. It follows that

J(𝑋) = cone{𝑒𝑖 | 𝑖 ∈ 𝐼
𝐶} = 𝐺△(𝑌 ) (3.8)

and

𝐺(𝑌 ) = cone{𝑒𝑖 | 𝑖 ∈ 𝐼} = J△(𝑋). (3.9)

The nondegeneracy conditions for 𝑋 and 𝑌 are

ℒ⊥ ∩ span J△(𝑋) = {0} and ℒ ∩ span𝐺△(𝑌 ) = {0} . (3.10)

From (3.10) we deduce |𝐼| ≤ 𝑛, resp. |𝐼𝐶 | ≤ 𝑚 − 𝑛 and thus, using

𝑚 = |𝐼| + |𝐼𝐶 | ≤ 𝑚 − 𝑛 + 𝑛 = 𝑚, we find |𝐼| = 𝑛. Moreover, the

condition ℒ ∩ span𝐺△(𝑌 ) = ℒ ∩ span{𝑒𝑖 | 𝑖 ∈ 𝐼
𝐶} = {0} implies that

the matrix (︂
𝐴

𝑇

𝑒𝑇𝑖 , 𝑖 ∈ 𝐼
𝐶

)︂
is nonsingular. Then the 𝑛× 𝑛-matrix

𝐴𝐼 :=
(︀
[𝐴1]𝐼 , . . . , [𝐴𝑛]𝐼

)︀
with [𝐴𝑖]𝐼 := ([𝐴𝑖]𝑗, 𝑗 ∈ 𝐼)𝑇
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is nonsingular as well. Therefore, under a small perturbation, the matrix

𝐴𝐼 remains nonsingular as the determinant is a continuous function.

The optimal solutions of the problem instance given by (𝐴,𝐵, 𝑐) sat-

isfy the following system of linear equations.

𝐵𝐼 − 𝐴𝐼𝑥 = 0 and 𝐴
𝑇

𝐼 𝑌 𝐼 − 𝑐 = 0

with 𝑌 𝑖 = 0 for 𝑖 /∈ 𝐼.

For a parameter (𝐴,𝐵, 𝑐) near (𝐴,𝐵, 𝑐), consider solutions 𝑥 (resp.𝑋)

and 𝑌 given as the solutions of the systems

𝐵𝐼 − 𝐴𝐼𝑥 = 0 and 𝐴𝑇
𝐼
𝑌𝐼 − 𝑐 = 0

with 𝑌 defined by 𝑌𝑖 = [𝑌𝐼 ]𝑖 for 𝑖 ∈ 𝐼 and 𝑌𝑖 = 0 otherwise.

One can check directly that the obtained 𝑥 and 𝑌 are strictly comple-

mentary, nondegenerate, unique optimal solutions of (𝑃 ) and (𝐷) with

parameter (𝐴,𝐵, 𝑐). Therefore, these “nice” properties are stable in lin-

ear programming.

Stability analysis for SDP: We now study the stability of uniqueness,

nondegeneracy and strict complementarity for SDP. Consider

(𝑆𝐷𝑃𝑃 ) max ⟨𝐶,𝐵⟩ − ⟨𝐶,𝑋⟩ s. t. 𝑋 := 𝐵 −
𝑛∑︁

𝑖=1

𝑥𝑖𝐴𝑖 ∈ 𝒮𝑘
+

(𝑆𝐷𝑃𝐷) min ⟨𝐵, 𝑌 ⟩ s. t. 𝑌 :=
𝑚−𝑛∑︁
𝑗=1

𝑦𝑗𝐴
⊥
𝑗 + 𝐶 ∈ 𝒮𝑘

+

as programs depending on the parameter𝑄 := (𝐵,𝐶, {𝐴𝑖}𝑛𝑖=1) ∈ (𝒮𝑘)𝑛+2.

We again assume that the matrices 𝐴𝑖, 𝑖 = 1, . . . , 𝑛, are linearly inde-

pendent and that 𝐴⊥
𝑗 , 𝑗 = 1, . . . ,𝑚 − 𝑛, is a basis of the orthogonal

complement of span{𝐴𝑖}𝑛𝑖=1.

Let 𝑄 := (𝐵,𝐶, {𝐴𝑖}𝑛𝑖=1) be a given parameter and assume that 𝑥, 𝑦

(or 𝑋,𝑌 ) are complementary solutions of the corresponding generic SDP

pair (𝑃0) and (𝐷0) with rank𝑋 = 𝑟 (where 𝑋 := 𝐵 −
∑︀𝑛

𝑖=1 𝑥𝑖𝐴𝑖), and

rank𝑌 = 𝑠 (where 𝑌 :=
∑︀𝑚−𝑛

𝑗=1 𝑦𝑗𝐴
⊥
𝑗 +𝐶). This means that the solutions

are unique, nondegenerate and strictly complementary, i.e. 𝑘 = 𝑠+ 𝑟.
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For parameters {𝐴𝑖}𝑛𝑖=1 in a sufficiently small neighborhood of {𝐴𝑖}𝑛𝑖=1

we can assume that the orthogonal complement {𝐴⊥
𝑗 }𝑗=1,...,𝑚−𝑛 depends

at least 𝐶1-smoothly on the parameters {𝐴𝑖}𝑛𝑖=1. Indeed, we can compute

the {𝐴⊥
𝑗 }’s by a smooth Gram-Schmidt orthogonalization process. So for

𝑄 = (𝐵,𝐶, {𝐴𝑖}𝑛𝑖=1) near 𝑄 we can define the functions

𝜃(𝑥,𝑄) := 𝐵 −
𝑛∑︁

𝑖=1

𝑥𝑖𝐴𝑖, 𝜓(𝑦,𝑄) :=
𝑚−𝑛∑︁
𝑗=1

𝑦𝑗𝐴
⊥
𝑗 + 𝐶

which smoothly depend on 𝑥, 𝑦 and on the parameter 𝑄. In [AHO97,

Lemma 22] it has been proven that the set

𝑊𝑟,𝑠 := {(𝑋, 𝑌 ) ∈ 𝒮𝑘 × 𝒮𝑘 | rank𝑋 = 𝑟, rank𝑌 = 𝑠, ⟨𝑋, 𝑌 ⟩ = 0}

with 𝑘 = 𝑟+𝑠 is a smooth 𝐶∞-submanifold of 𝒮𝑘×𝒮𝑘 with dim𝑊𝑟,𝑠 = 𝑚

and thus with codimension 𝑚. This means that in some neighborhood

of (𝑋,𝑌 ) ∈ 𝑊𝑟,𝑠 there are smooth functions 𝐻ℓ(𝑋, 𝑌 ) with ℓ = 1, . . . ,𝑚

such that for (𝑋, 𝑌 ) ≈ (𝑋,𝑌 ), (𝑋, 𝑌 ) ∈ 𝒮𝑘 × 𝒮𝑘 we have

(𝑋, 𝑌 ) ∈ 𝑊𝑟,𝑠 ⇐⇒ 𝐻ℓ(𝑋, 𝑌 ) = 0, ℓ = 1, . . . ,𝑚.

From [AHO97, proof of Theorem 15] it follows that for the weakly generic

parameter 𝑄 the mapping (𝜃(𝑥,𝑄), 𝜓(𝑦,𝑄)) : R𝑚 → 𝒮𝑘 × 𝒮𝑘, with

(𝑥, 𝑦) ↦→ (𝜃(𝑥,𝑄), 𝜓(𝑦,𝑄)), intersects the manifold 𝑊𝑟,𝑠 transversally

at (𝑥, 𝑦). By standard results in differential topology (see e.g. [JJT00,

Remark 7.3.1]), this means that the gradients

∇(𝑥,𝑦)𝐻ℓ(𝜃(𝑥,𝑄), 𝜓(𝑦,𝑄)), ℓ = 1, . . . ,𝑚 are linearly independent

(3.11)

at the solution (𝜃(𝑥,𝑄), 𝜓(𝑦,𝑄)) of𝐻ℓ(𝜃(𝑥,𝑄), 𝜓(𝑦,𝑄)) = 0, ℓ = 1, . . . ,𝑚.

Locally near (𝑥, 𝑦,𝑄) we consider the system of equations

�̃�ℓ(𝑥, 𝑦,𝑄) := 𝐻ℓ(𝜃(𝑥,𝑄), 𝜓(𝑦,𝑄)) = 0, ℓ = 1, . . . ,𝑚 (3.12)

in the variables (𝑥, 𝑦,𝑄). By applying the Implicit Function Theorem

to (3.12), and taking into account (3.11), we see that for 𝑄 ≈ 𝑄 there

exists a unique 𝐶∞-solution function 𝑥(𝑄), 𝑦(𝑄) of the system

�̃�ℓ(𝑥(𝑄), 𝑦(𝑄), 𝑄) = 0, ℓ = 1, . . . ,𝑚.

53



Chapter 3. Genericity and Stability of properties of conic problems

By continuity arguments, using the fact that 𝜃(𝑥(𝑄), 𝑄) = 𝑋 ∈ 𝒮𝑘
+ and

𝜓(𝑦(𝑄), 𝑄) = 𝑌 ∈ 𝒮𝑘
+, it follows that

(𝜃(𝑥(𝑄), 𝑄), 𝜓(𝑦(𝑄), 𝑄)) ∈ 𝒮𝑘
+ × 𝒮𝑘

+ ∩𝑊𝑟,𝑠

and the solutions 𝑥(𝑄), 𝑦(𝑄) define strict complementary solutions of

the programs (𝑃0), (𝐷0) wrt. the data 𝑄 ≈ 𝑄. So we have proven the

following stability result.

Proposition 3.20. Let 𝑄 be an instance from the generic set of SDP pro-

grams such that the solutions 𝑥, 𝑦 (or 𝑋,𝑌 with rank𝑋 = 𝑟, rank𝑌 = 𝑠)

of the correponding programs (𝑃0), (𝐷0) satisfy uniqueness, nondegener-

acy and strict complementarity. Then there exists a (nonempty open)

neighborhood 𝒰 of 𝑄 such that for any problem data 𝑄 ∈ 𝒰 the cor-

responding SDP programs (𝑃0) and (𝐷0) have solutions (𝑥(𝑄), 𝑦(𝑄)) ≈
(𝑥, 𝑦) ( or (𝑋(𝑄), 𝑌 (𝑄)) ≈ (𝑋,𝑌 ) ) that are unique, nondegenerate

and strictly complementary with the same ranks, rank𝑋(𝑄) = 𝑟 and

rank𝑌 (𝑄) = 𝑠.

3.6 Genericity results for semi-algebraic

cones

In the previous section for the stability of SDP, we made use of the fact

that the set of certain positive semidefinite matrices can locally be de-

scribed by smooth manifolds. This is generally possible if the cones 𝒦,𝒦*

are so-called semi-algebraic sets: it is well-known that semi-algebraic sets

allow a complete partition (stratification) of the set into smooth mani-

folds, see e.g. [BR90].

Definition 3.21. A semi-algebraic subset of R𝑛 is a set of points satisfy-

ing a finite boolean combination of polynomial equations and inequalities

with real coefficients.

Even though there exist convex sets which are not semi-algebraic,

most problems in applications have semi-algebraic feasible sets.
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Lemma 3.22. Let the cone 𝒦 ⊂ 𝒮𝑘 be semi-algebraic. Then the dual

cone is also semi-algebraic.

Proof. Since 𝒦 is semi-algebraic, there exist polynomials 𝑝𝑖 and 𝑞𝑗 with

real coefficients such that

𝒦 = {𝐴 ∈ 𝒮𝑘 | 𝑝𝑖(𝐴) ≤ 0, 𝑞𝑗(𝐴) = 0 for all 𝑖 = 1, . . . , 𝑡, 𝑗 = 1, . . . , 𝑙}.

Using the definition of the dual cone, we have

𝒦* = {𝐵 ∈ 𝒮𝑘 | ⟨𝐴,𝐵⟩ ≥ 0 for all 𝐴 ∈ 𝒦}.

By reformulating, we derive a so-called first order formula for 𝒦*,

𝒦* = {𝐵 ∈ 𝒮𝑘 | ∀𝐴 ∈ 𝒮𝑘(⟨𝐴,𝐵⟩ ≥ 0) ∨ (𝑝1(𝐴) > 0) ∨ . . .
· · · ∨ (𝑝𝑡(𝐴) > 0) ∨ (𝑞1(𝐴) ̸= 0) ∨ · · · ∨ (𝑞𝑙(𝐴) ̸= 0)}.

Now the Tarski-Seidenberg-Theorem [Che66, Theorem 2.6] implies that

the dual set 𝒦* is semi-algebraic.

It is straightforward to check that the copositive and completely pos-

itive cones are semi-algebraic.

Proposition 3.23. The copositive cone 𝒞𝒪𝒫 and the completely positive

cone 𝒞𝒫 are semi-algebraic sets.2

Proof. Let us consider the copositive cone first. Note that 𝒞𝒪𝒫 is rep-

resented by the following first order formula

𝒞𝒪𝒫 = {𝐴 ∈ 𝒮𝑘 | ∀𝑥 ∈ R𝑘(𝑥𝑇𝐴𝑥 ≥ 0) ∨ (min
𝑖
𝑥𝑖 < 0)}.

Using the Tarski-Seidenberg-Theorem [Che66, Theorem 2.6] again, we see

that the copositive cone is semi-algebraic. From Lemma 3.22, it directly

follows that the completely positive cone (the dual of the copositive cone)

is semi-algebraic.

2The author would like to thank D. Drusvyatskiy for pointing out Proposition 3.23

(personal communication).
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Without using Lemma 3.22, we can directly verify that the completely

positive cone 𝒞𝒫 is semi-algebraic. Denote 𝑚 := 1
2
𝑘(𝑘 + 1) and consider

the set

{(𝐴, 𝑏1, . . . , 𝑏𝑚) ∈ 𝒮𝑘 × (R𝑘)𝑚 | 𝐴−
𝑚∑︁
𝑗=1

𝑏𝑗(𝑏𝑗)𝑇 = 0 ∧ 𝑏𝑗 ≥ 0 for all 𝑗}.

The projection of the above set onto 𝒮𝑘 is exactly the completely positive

cone. From Tarski-Seidenberg-Theorem it follows that a projection of a

semi-algebraic set is semi-algebraic. Thus, 𝒞𝒫 is a semi-algebraic set.

In [BDL11], the authors consider the conic problem (𝑃 ) for a semi-

algebraic cone 𝒦 and fixed (𝐴,𝐵). In other words, the objective vector 𝑐

is the parameter of the conic program and the following genericity result

is obtained:

[BDL11, Theorem 5.1] Let 𝒦 be a semi-algebraic cone and 𝐴,𝐵

be given such that ℱ𝑃 is compact. Then there exists a generic set

𝑆 ⊂ R𝑛 such that for all 𝑐 ∈ 𝑆 the corresponding programs (𝑃 ) and

(𝐷) are strictly complementary and there exists a unique, primal

nondegenerate maximizer.

As we have outlined above, this result holds in particular for copositive

and completely positive problems.

3.7 Genericity results in linear semi-infinite

optimization

In the preceding discussions we have seen that a conic program can be

seen as a special case of a linear semi-infinite program SIP (cf. Sec-

tion 3.2). There are many papers dealing with generic properties (in

the sense of density and stability) of semi-infinite problems in the form

(𝑆𝐼𝑃𝑃 ), (𝑆𝐼𝑃𝐷). We refer the reader to [JZ85] and [GLT03, GT08,

GT09, GTVdS12].

One might expect that these genericity results for SIP can directly

be transferred to conic programming, but unfortunately this is not the
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case. In this section, we comment why most genericity results from lin-

ear semi-infinite optimisation (SIP) cannot be directly applied to conic

programming.

In the above articles, SIP programs are considered in the form (SIP𝑃 )

with infinite, compact index set 𝒵 ⊂ R𝑚. In [JZ85] the problem data

(𝑐, 𝑎(𝑌 ), 𝑏(𝑌 )) are elements of the space R𝑛×𝐶2(𝒵)𝑛×𝐶2(𝒵). In [GLT03,

GT08, GT09, GTVdS12] the problem data (𝑐, 𝑎(𝑌 ), 𝑏(𝑌 )) are taken from

R𝑛 × 𝐶(𝒵)𝑛 × 𝐶(𝒵) endowed with the norm of uniform convergence

‖(𝑐, 𝑎, 𝑏)‖ = max

{︂
‖𝑐‖∞ , max

𝑌 ∈𝒵
‖(𝑎(𝑌 ), 𝑏(𝑌 ))‖∞

}︂
.

But as we have seen previously, for the conic problem in (SIP𝑃 ) form,

the data (𝑎(𝑌 ), 𝑏(𝑌 )) are given by (2.1) and are of the special form

𝑎(𝑌 ) = 𝐴𝑇𝑌, 𝑏(𝑌 ) = ⟨𝐵, 𝑌 ⟩ ,

linear in 𝑌 . So the set of conic programs represents only a small subset

of the set of SIP instances, for example given by (𝑎(𝑌 ), 𝑏(𝑌 )) ∈ 𝐶(𝒵)𝑛×
𝐶(𝒵). Thus this subset of conic programs allows much less freedom for

perturbations, so that roughly speaking we can say:

∙ The density results cannot be transferred from the general SIP

theory to the special case of conic programming.

∙ Openness results remain valid in the following sense: the sufficient

conditions for stability in SIP remain valid for conic programming,

but not the necessary conditions. Typically the sufficient conditions

for stability in SIP are too strong in conic programming.

We just remark that [GT09, Theorem 1] gives genericity results (density

and openness) for the special case of (finite) linear programs. The above

statements are explained further and exemplified in Section 4.2.
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Chapter 4

Order of maximizers*

In this section, we are interested in the so-called order of optimizers.

The order of maximizers provides information about the sharpness of

the optimal solution: the smaller the order, the sharper is the maximizer.

Geometrically, the order is related to the “curvature” of the feasible set

around the optimal solution 𝑥.

Definition 4.1. A feasible solution 𝑥 (or 𝑋) of (𝑃 ) is called a maximizer

of order 𝑝 > 0 if there exist 𝛾 > 0 and 𝜀 > 0 such that

𝑐𝑇𝑥− 𝑐𝑇𝑥 ≥ 𝛾‖𝑥− 𝑥‖𝑝 for all 𝑥 ∈ ℱ𝑃 with ‖𝑥− 𝑥‖ < 𝜀.

The following figures illustrate first and second order maximizers for

the problem

max 𝑐𝑇𝑥

s.t. 𝑥 ∈ ℱ𝑃

First order maximizer Second order maximizer

*Submitted as

M. Dür, B. Jargalsaikhan, and G. Still. First order solutions in conic programming.

Preprint, 2014
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Chapter 4. Order of maximizers

From the definition of the order of a maximizer, we directly obtain

the following

∙ If 𝑥 is a maximizer of order 𝑝 > 0, then 𝑥 is a unique maximizer.

∙ A maximizer of order 𝑝 is also a maximizer of any order 𝑝′ > 𝑝.

In linear programming, since there is no curvature, any unique max-

imizer is a first order maximizer, for the proof see e.g. [GLT95, Theo-

rem 3.1]. Let us directly show the above statement.

Proposition 4.2. Suppose that the following LP has a unique optimal

solution 𝑥.

(𝐿𝑃 ) max 𝑐𝑇𝑥 s. t. 𝐵 − 𝐴𝑇𝑥 ≥ 0

where 𝐴 is an 𝑛×𝑚 matrix and 𝑐 ∈ R𝑛, 𝐵 ∈ R𝑚. Then 𝑥 is a first order

maximizer.

Proof. Let us denote the active index set

𝐼(𝑥) = {𝑖 ∈ {1, . . . ,𝑚} | 𝐴𝑇
𝑖 𝑥 = 𝐵𝑖}

where 𝐴𝑖 is the 𝑖th column of the matrix 𝐴. Locally 𝑥 is given uniquely

by the equations 𝐴𝑇
𝑖 𝑥 = 𝐵𝑖 with 𝑖 ∈ 𝐼(𝑥). As 𝑥 is unique, we can assume

that |𝐼(𝑥)| = 𝑛 and that the 𝐴𝑖 with 𝑖 ∈ 𝐼(𝑥) are linearly independent.

By the KKT conditions, we have 𝑐 =
∑︀

𝑖∈𝐼(𝑥)
𝑦𝑖𝐴𝑖. Uniqueness is equivalent

to the condition 𝑐 ∈ intℳ(𝑥) = int cone{𝐴𝑖 | 𝑖 ∈ 𝐼(𝑥)}, for the proof see
e.g. [GLT95, Theorem 3.1]. Thus, the KKT condition holds with 𝑦𝑖 > 0

for all 𝑖 ∈ 𝐼(𝑥) and we can rewrite the KKT condition as 𝑐 = 𝐴𝐼(𝑥)𝑦

where 𝑦 > 0 and 𝐴𝐼(𝑥) is the 𝑛× 𝑛 nonsingular matrix with columns 𝐴𝑖

with 𝑖 ∈ 𝐼(𝑥). Thus,

𝑐𝑇𝑥− 𝑐𝑇𝑥 = 𝑐𝑇 (𝑥− 𝑥) = 𝑦𝑇𝐴𝑇
𝐼(𝑥)(𝑥− 𝑥).

Let us denote 𝜀 := min
𝑗
𝑦𝑗 > 0. Then we have

𝑦𝑇𝐴𝑇
𝐼(𝑥)(𝑥− 𝑥) ≥ 𝜀||𝐴𝑇

𝐼(𝑥)(𝑥− 𝑥)||1 ≥ 𝜀
1

||(𝐴𝑇
𝐼(𝑥))

−1||1
||(𝑥− 𝑥)||,

60



where we used with appropriate matrix norm ||𝐴||1 for any 𝑑 ∈ R𝑛

||𝑑||1 = ||(𝐴𝑇
𝐼(𝑥))

−1𝐴𝑇
𝐼(𝑥)𝑑||1 ≤ ||(𝐴𝑇

𝐼(𝑥))
−1||1||𝐴𝑇

𝐼(𝑥)𝑑||1.

Therefore, 𝑐𝑇𝑥− 𝑐𝑇𝑥 ≥ 𝛾||𝑥− 𝑥|| holds with 𝛾 = 𝜀/||(𝐴𝑇
𝐼(𝑥))

−1||1.

First order maximizers have been well studied in semi-infinite pro-

gramming, see e.g [Fis91], [Nür85], [HT98]. It is a classical result, for

example, that the optimal solution of the problem “Tchebycheff approx-

imation by polynomials” always has a first order optimal solution, see

e.g. [Che66] . In semi-infinite programming, one of the numerical ap-

proaches of solving SIP is the uniform discretization method. The rate

of convergence of these uniform discretization methods depends partially

on the order of maximizer, see [Sti01]. In copositive programming, the

discretization method has been applied and analysed in [ADS13, Yıl12].

In general, the order of an optimal solution does not have to be an

integer. It is shown in [GLT95, Theorem 3.1] that if an optimal solution

is of order 0 < 𝑝 < 1, then the feasible set is a singleton. Also, there are

examples whose optimal solutions have any order 𝑝 ≥ 1 (not neccessarily

an integer), see [GLT95, Example 3.2]. Furthermore, it is possible that

a problem has a unique optimal solution but no order. Let us illustrate

this example with no order.

Example 4.3. [GLT95, Example 3.3] Consider the following problem in

R2:

min𝑥2 s. t. 𝑥2 ≤ 𝑒−
3
2 and 𝑥2 ≥ 𝑓(𝑥1)

where

𝑓(𝑥1) =

⎧⎨⎩𝑒
− 1

𝑥21 , 𝑥1 ̸= 0

0, 𝑥1 = 0
.

We can check that the problem has the unique optimal solution 𝑥𝑇 =

(𝑥1, 𝑥2)
𝑇 = (0, 0). The shaded region in Figure 4.2 is the feasible set of

the problem.

We show that there is no 𝑝 > 0 exists such that 𝑥 has order 𝑝. Suppose

by contradiction that 𝑥 was of some order 𝑝 ≥ 1. Then there exist 𝛾 > 0
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Figure 4.2: A problem with no order

and 𝜌 > 0 such that

𝑥2 ≥ 𝛾||𝑥||𝑝 for all 𝑥 ∈ ℱ ∩ ℬ𝜌(0)

where ℱ is the feasible set of the problem. Let us consider solutions on

the boundary of the feasible set ℱ . For 𝜀 > 0 small enough, we have for

0 < 𝑥1 < 𝜀 that

𝑓(𝑥1) ≥ 𝛾||𝑥||𝑝 > 𝛾𝑥𝑝1.

Equivalently,
𝑓(𝑥1)

𝑥𝑝1
> 𝛾 for all 0 < 𝑥1 < 𝜀.

However, this is a contradiction, as lim
𝑥1→0+

𝑓(𝑥1)/𝑥
𝑝
1 = 0.

In conic programming, the order of maximizers may differ depending

on the geometry of the cone 𝒦. In the following, we discuss the order of

maximizers for some specific cones.

∙ As we have seen, in linear programming unique maximizers are of

first order.

∙ In SDP or COP, maximizers of arbitrarily high order are possible.

Let us give an example from [ADS13] for a 4th order maximizer:

max 𝑥1

s.t. 𝑋 =

⎛⎜⎜⎜⎝
−𝑥1 𝑥2 0 0

𝑥2 1 0 0

0 0 −𝑥2 𝑥3
0 0 𝑥3 1

⎞⎟⎟⎟⎠ ∈ 𝒮4
+.
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The optimal solution is 𝑥 = (0, 0, 0). Note that a feasible 𝑥 must

fulfill

𝑥1 ≤ −𝑥43, 𝑥1 ≤ 0.

These imply 𝑐𝑇𝑥−𝑐𝑇𝑥 ≥ 𝑥43 = ||𝑥||4∞, so 𝑥 is a 4th order maximizer.

For the case that the cone𝒦 is semi-algebraic (such as the semidefinite

or the copositive cone), a genericity result with respect to the parameter

𝑐 is given in [BDL11]:

Proposition 4.4. Let 𝒦 be a semi-algebraic cone and 𝐴,𝐵 be given such

that ℱ𝑃 is compact. Then there exists a generic set 𝑆 ⊂ R𝑛 such that for

all 𝑐 ∈ 𝑆 the corresponding program (𝑃 ) has a second order maximizer.

In SDP, it is shown that uniqueness of an optimal solution is equiva-

lent to second order maximizer under generic properties.

Theorem 4.5. [SS00, Theorem 4.2.1] Consider an SDP with optimal

solution 𝑥. Assume that Slater’s condition and strict complementarity

hold. Then 𝑥 is the unique optimal solution if and only if 𝑥 is of second

order.

As we have seen in Proposition 3.20, generically Slater’s condition,

strict complementarity and uniqueness are stable properties of SDP.

Thus, the following can be obtained:

Corollary 4.6. Let parameter 𝑄 = (𝐴,𝐵, 𝑐) ∈ 𝒫 describe a generic

instance of SDP such that unique primal and dual nondegenerate opti-

mal solutions exist and satisfy strict complementarity. Then the optimal

solution 𝑋 of (𝑃 ) is a stable second order maximizer at 𝑄 ∈ 𝒫.

Combining the above corollary and Corollary 3.17, we have that sec-

ond order maximizer is a generic property in the parameter space 𝒟(ℒ)
for SDP. Let us illustrate a simple example with stable second order

(non-first order) maximizer in SDP.
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Example 4.7. [SDP, stable second order (non-first order) maximizer]

Consider the program

(𝑃 ) max (0, 1)𝑥 s.t. 𝑋 :=

(︂
1− 𝑥1 −𝑥2
−𝑥2 1 + 𝑥1

)︂
∈ 𝒮2

+.

Our problem data is given by

𝑐 =

(︂
0

1

)︂
, 𝐵 =

(︂
1 0

0 1

)︂
, 𝐴1 =

(︂
1 0

0 −1

)︂
, 𝐴2 =

(︂
0 1

1 0

)︂
It is not difficult to see that this program is equivalent to

max 𝑥2 s.t. 𝑥21 + 𝑥22 ≤ 1, −1 ≤ 𝑥1 ≤ 1.

The solution 𝑥 = (0, 1) or 𝑋 =

(︂
1 −1

−1 1

)︂
is not of first order, but of

second order. It is not difficult to verify that this second (non-first) order

maximizer is stable.

4.1 First order solutions in conic

programming

We have seen that second order maximizers are weakly generic in conic

programming. In this section, we focus on first order maximizers (which

are also of second order) and their characterizations. The next lemma is

frequently used in the following discussion.

Lemma 4.8. Let 𝑋 ∈ ℱ𝑃 , 𝑌 ∈ ℱ𝐷 be complementary solutions of (𝑃 )

and (𝐷). Let the KKT condition 𝑐 =
∑︀𝑙

𝑗=1 𝑦𝑗𝑎(𝑌𝑗) hold with 𝑦𝑗 > 0,

𝑌𝑗 ∈ J△(𝑋) and let 𝑌 :=
∑︀𝑙

𝑗=1 𝑦𝑗𝑌𝑗. Suppose that

span{𝑌1, . . . , 𝑌𝑙} = span J△(𝑋).

Then

span{𝑌1, . . . , 𝑌𝑙} = span𝐺(𝑌 ).

In particular, 𝑋 and 𝑌 are strictly complementary.
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Proof. Observe that for the minimal face 𝐺(𝑌 ) we have

𝐺(𝑌 ) = {𝑌 ∈ 𝒦* | 𝑌 ± 𝜆𝑌 ∈ 𝒦* for some 𝜆 > 0}.

Since the coefficients in the representation of 𝑌 satisfy 𝑦𝑗 > 0, we must

have 𝑌𝑗 ∈ 𝐺(𝑌 ) for all 𝑗. Moreover, 𝐺(𝑌 ) ⊆ J△(𝑋) holds, for the proof

see [PT01, p. 452]. These imply

span{𝑌1, . . . , 𝑌𝑙} = span J△(𝑋) ⊆ span𝐺(𝑌 ) ⊆ span J△(𝑋),

so equality must hold for all these sets. We also have 𝑌 ∈ ri J△(𝑋) since

span{𝑌1, . . . , 𝑌𝑙} = span J△(𝑋). By definition of strict complementar-

ity (2.17), the complementary solutions 𝑋 and 𝑌 are strictly comple-

mentary.

Next, let us translate well-known characterizations of first order so-

lutions from semi-infinite programming to the special case of conic pro-

grams. Consider the general SIP problem (SIP𝑃 ) and denote its feasible

set as ℱ𝑆𝐼𝑃 and the active index set as

𝐼(𝑥) := {𝑌 ∈ 𝒵 | 𝑏(𝑌 )− 𝑎(𝑌 )𝑇𝑥 = 0}.

Recall that we identify 𝑥 with 𝑋 = 𝑏(𝑌 )− 𝑎(𝑌 )𝑇𝑥. The following neces-

sary and sufficient conditions for first order maximizers are well-known,

see e.g. [GLT95, Theorem 4.1] or [Fis91, Theorem 3.1].

Theorem 4.9. [SIP-result] Let 𝑥 ∈ ℱ𝑆𝐼𝑃 and consider the moment

cone ℳ(𝑥) := cone{𝑎(𝑌𝑗) | 𝑌𝑗 ∈ 𝐼(𝑥)}. We have the following

(1) If 𝑐 ∈ intℳ(𝑥), then 𝑥 is a first order maximizer. Conversely, if the

Slater condition holds for (SIP𝑃 ) and 𝑥 is a first order maximizer,

then 𝑐 ∈ intℳ(𝑥).

(2) The following conditions are equivalent.

(a) 𝑐 ∈ intℳ(𝑥)
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(b) 𝑐 =
𝑙∑︀

𝑗=1

𝑦𝑗𝑎(𝑌𝑗) with 𝑦𝑗 > 0, 𝑌𝑗 ∈ 𝐼(𝑥), and

span{𝑎(𝑌1), . . . , 𝑎(𝑌𝑙)} = R𝑛.

Note that in the conic formulation, the active index set is precisely

the complementary face J△(𝑋). In order to formulate these conditions

in terms of conic programs, we need an auxiliary lemma.

Lemma 4.10. Let 𝐴1, . . . , 𝐴𝑛 ∈ 𝒮𝑘 be linearly independent matrices and

let 𝑌1, . . . , 𝑌𝑙 ∈ 𝒮𝑘. Define ℒ := span{𝐴1, . . . , 𝐴𝑛}, ℛ := span{𝑌1, . . . , 𝑌𝑙},
and 𝑇 := (⟨𝐴𝑖, 𝑌𝑗⟩)𝑖,𝑗 ∈ R𝑛×𝑙. Then we have:

rank𝑇 = 𝑛 ⇐⇒ ℒ∩ℛ⊥ = {0} and dimℛ ≥ 𝑛+ dim(ℒ⊥ ∩ℛ).

Proof. Denote 𝑖1 := dim(ℒ∩ℛ⊥) and 𝑗1 := dim(ℒ⊥∩ℛ). Without loss of

generality, we can assume that the matrices 𝑌𝑗 are linearly independent,

and that they are ordered according to

span{𝑌1, . . . , 𝑌𝑙−𝑗1} ∩ ℒ⊥ = {0} and span{𝑌𝑙−𝑗1+1, . . . , 𝑌𝑙} ⊆ ℒ⊥.

Then ℛ is decomposed as

ℛ = span{𝑌1, . . . , 𝑌𝑙−𝑗1} ⊕ span{𝑌𝑙−𝑗1+1, . . . , 𝑌𝑙}.

Similarly, we may assume that

span{𝐴1, . . . , 𝐴𝑛−𝑖1}∩ℛ⊥ = {0} and span{𝐴𝑛−𝑖1+1, . . . , 𝐴𝑛} ⊆ ℛ⊥.

Then ℒ is decomposed as

ℒ = span{𝐴1, . . . , 𝐴𝑛−𝑖1} ⊕ span{𝐴𝑛−𝑖1+1, . . . , 𝐴𝑛}.

By removing all zero rows and columns from 𝑇 , we obtain a matrix̃︀𝑇 := (⟨𝐴𝑖, 𝑌𝑗⟩)𝑖,𝑗 for 𝑖 = 1, . . . , 𝑛−𝑖1 and 𝑗 = 1, . . . , 𝑙−𝑗1 which obviously

has rank ̃︀𝑇 = rank𝑇 .

(⇒): If 𝑛 = rank𝑇 = rank ̃︀𝑇 , then we immediately get that 𝑛− 𝑖1 ≥ 𝑛
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and 𝑙 − 𝑗1 ≥ 𝑛. Hence 𝑖1 = 0, which implies that ℒ ∩ ℛ⊥ = {0}, and
from 𝑙 − 𝑗1 ≥ 𝑛 we conclude that dimℛ ≥ 𝑛+ dim(ℒ⊥ ∩ℛ).

(⇐): Let ℒ ∩ ℛ⊥ = {0} and dimℛ ≥ 𝑛 + dim(ℒ⊥ ∩ ℛ). To prove

that rank𝑇 = 𝑛, it is sufficient to show that 𝑑𝑇𝑇 = 0 implies 𝑑 = 0. By

contradiction, assume that 𝑑 ̸= 0 solves 𝑑𝑇𝑇 = 0. Then

0 ̸= 𝐷 :=
𝑛∑︁

𝑖=1

𝑑𝑖𝐴𝑖 ∈ ℒ.

Since ℒ ∩ ℛ⊥ = {0}, we have 𝐷 /∈ ℛ⊥. Hence there exists an index 𝑗0
such that for the corresponding unit basis vector 𝑒𝑗0 we have

0 ̸= ⟨𝐷, 𝑌𝑗0⟩ = 𝑑𝑇𝑇𝑒𝑗0 .

Therefore, we have 𝑑𝑇𝑇 ̸= 0, a contradiction.

We can now restate the SIP-condition from Theorem 4.9 (2) in terms

of conic programming.

Theorem 4.11. The following conditions are equivalent for 𝑋 in ℱ𝑃 .

(a) 𝑐 ∈ intℳ(𝑋).

(b) There exist 𝑌𝑗 ∈ J△(𝑋), 𝑗 = 1, . . . 𝑙, and multipliers 𝑦𝑗 > 0 such that

𝑌 :=
∑︀𝑙

𝑗=1 𝑦𝑗𝑌𝑗 is an optimal solution of (𝐷), and we have

ℒ ∩ℛ⊥ = {0} and dimℛ ≥ 𝑛+ dim(ℒ⊥ ∩ℛ). (4.1)

Here again ℒ = span{𝐴1, . . . , 𝐴𝑛} and ℛ = span{𝑌1, . . . , 𝑌𝑙}.

Proof. The proof follows directly from Theorem 4.9 (2) and Lemma 4.10

by noticing that 𝑎(𝑌1), . . . , 𝑎(𝑌𝑙) are the columns of the matrix 𝑇 .

Suppose now that 𝑋 ∈ ℱ𝑃 and 𝑌 ∈ ℱ𝐷 satisfy the conditions of

Theorem 4.11 (b). By the arguments in the proof of Lemma 4.8 the

relations

ℛ ⊆ span𝐺(𝑌 ) ⊆ span J△(𝑋) (4.2)

hold, and the inequality in (4.1) implies that 𝑛 ≤ dimℛ. In view of

Theorem 4.9, this immediately yields the following
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Corollary 4.12. Consider problem (𝑃 ) satisfying the Slater condition.

If 𝑋 = 𝐵−
∑︀𝑛

𝑖=1 𝑥𝑖𝐴𝑖 is a first order maximizer of (𝑃 ), then there exists

an optimal solution 𝑌 of (𝐷) with dim𝐺(𝑌 ) ≥ 𝑛.

Moreover, for a nondegenerate optimal solution, the first order char-

acterization can be stated as follows

Corollary 4.13. Let 𝑋 = 𝐵 −
∑︀𝑛

𝑖=1 𝑥𝑖𝐴𝑖 ∈ ℱ𝑃 be a nondegenerate

maximizer of (𝑃 ) and let 𝑌 be the optimal solution of (𝐷) which is unique

by Lemma 2.25(b). Then 𝑋 is a first order maximizer if and only if

dim𝐺(𝑌 ) = 𝑛 and 𝑋,𝑌 are strictly complementary.

Proof. (⇒) From Proposition 2.21, we have that if there exists a non-

degenerate 𝑋 ∈ ℱ𝑃 , then the primal Slater condition holds. By The-

orem 4.9 (1), we have 𝑐 ∈ intℳ(𝑋) and thus the conditions of Theo-

rem 4.11 (b) hold. As 𝑋 is nondegenerate, we have by definition that

ℒ⊥ ∩ span J△(𝑋) = {0}. Since dimℒ⊥ = 1
2
𝑘(𝑘 + 1) − 𝑛, we obtain

dim J△(𝑋) ≤ 𝑛. Combining this with (4.2) and Corollary 4.12, we con-

clude that if 𝑋 is nondegenerate, then

𝑛 ≤ dimℛ ≤ dim𝐺(𝑌 ) ≤ dimJ△(𝑋) ≤ 𝑛.

This implies ℛ = span𝐺(𝑌 ) = span J△(𝑋), and by Lemma 4.8, the

matrices 𝑋 and 𝑌 are strictly complementary.

(⇐) By strict complementarity (2.20), we have 𝐺(𝑌 ) = J△(𝑋).

Using 𝑌 ∈ ri J△(𝑋), there exist 𝑌𝑗 ∈ J△(𝑋), 𝑦𝑗 > 0 (𝑗 = 1, . . . , 𝑙) such

that 𝑌 =
∑︀𝑙

𝑗=1 𝑦𝑗𝑌𝑗 and

ℛ := span{𝑌1, . . . , 𝑌𝑙} = span J△(𝑋) (4.3)

with dimℛ = dim𝐺(𝑌 ) = 𝑛. By Theorems 4.9 and 4.11, it suffices

to show that (4.1) is satisfied. Nondegeneracy of 𝑋 together with (4.3)

implies that {0} = ℒ⊥∩ span J△(𝑋) = ℒ⊥∩ℛ. Using dimℛ = 𝑛, we see

that the second condition in (4.1) is valid. Since dimℒ⊥ = 1
2
𝑘(𝑘+1)−𝑛

and dimℛ = 𝑛, we get from {0} = ℒ⊥ ∩ℛ that ℒ⊥ +ℛ = 𝒮𝑘, and thus

ℒ ∩ℛ⊥ = {0}.
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Remark 4.14. Note that the conditions for first order maximizers in The-

orem 4.11 (b) allow that dimℛ > 𝑛, in which case 𝑋 is degenerate.

Remark 4.15. From Corollary 4.13, we conclude that if 𝑋 is a nondegen-

erate first order maximizer of (𝑃 ), then for the (unique) solution 𝑌 of (𝐷)

the strict complementary holds. For non-first order maximizers this need

not be the case, even if both 𝑋 and 𝑌 are nondegenerate, see [AHO97,

p.117] for a counterexample in SDP.

We now present some examples of first order maximizers in SDP

and COP. Note that it is geometrically clear that for the case 𝑛 = 1,

i.e. dimℒ = 1, under the conditions ∅ ̸= ℱ𝑃 * bd𝒦 and 𝑐 ̸= 0, any

maximizer is of first order. So we give examples with 𝑛 ≥ 2.

Example 4.16. [SDP with 𝑛 = 𝑘 = 2] Consider

(𝑃 ) max (1, 1)𝑥 s.t. 𝑋 :=

(︂
1− 𝑥1 0

0 1− 𝑥2

)︂
∈ 𝒮2

+.

(𝐷) min

⟨(︂
1 0

0 1

)︂
, 𝑌

⟩
s.t. 𝑌11 = 1, 𝑌22 = 1, 𝑌 ∈ 𝒮2

+.

The solution of (𝑃 ) is 𝑥 = (1, 1) or 𝑋 = 0, and all matrices of the form

𝑌 =

(︂
1 𝑌12
𝑌12 1

)︂
with −1 ≤ 𝑌12 ≤ 1 are optimal solutions of (𝐷). With J△(𝑋) = 𝒮2

+, we

can see that the assumptions of Theorem 4.11 (b) are satisfied for

𝑌 :=

(︂
1 0

0 1

)︂
= 1 · 𝑌1 + 1 · 𝑌2

with

𝑌1 =

(︂
1 0

0 0

)︂
, 𝑌2 =

(︂
0 0

0 1

)︂
∈ J△(𝑋).

So 𝑋 = 0 is a first order maximizer. However, for the solution 𝑌 of (𝐷)

we have here dim𝐺(𝑌 ) = 3, so 𝑋 must be degenerate by Corollary 4.13.

We will see later that the first order maximizer 𝑋 is not stable in this

example, see Example 4.22 .
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Example 4.17. [COP with 𝑛 = 𝑘 = 2] It is known that

𝒞𝒪𝒫2 = 𝒩𝒩 2 + 𝒮2
+ and (𝒞𝒪𝒫2)* = 𝒞𝒫2 = 𝒩𝒩 2 ∩ 𝒮2

+.

Consider

(𝑃 ) max(1, 1)𝑥 s.t.

(︂
1− 𝑥1 1

1 1− 𝑥2

)︂
∈ 𝒞𝒪𝒫2,

(𝐷) min

⟨(︂
1 1

1 1

)︂
, 𝑌

⟩
s.t. 𝑌11 = 1, 𝑌22 = 1, 𝑌 ∈ 𝒞𝒫2.

The dual can be rewritten as:

(𝐷) min(2 + 2𝑌12) s.t. 𝑌 =

(︂
1 𝑌12
𝑌12 1

)︂
∈ 𝒩𝒩 2 ∩ 𝒮2

+.

The feasibility condition for (𝐷) is given by 0 ≤ 𝑌12 ≤ 1 and the feasibility

condition for (𝑃 ) by 𝑥𝑖 ≤ 1 for 𝑖 = 1, 2. So 𝑥 = (1, 1) or 𝑋 =

(︂
0 1

1 0

)︂
is

the optimal solution of (𝑃 ) with

J△(𝑋) = {𝛼 · 𝑌1 + 𝛽 · 𝑌2 | 𝛼, 𝛽 ≥ 0}

where

𝑌1 :=

(︂
1 0

0 0

)︂
, 𝑌2 :=

(︂
0 0

0 1

)︂
∈ J△(𝑋).

The unique solution of (𝐷) is

𝑌 :=

(︂
1 0

0 1

)︂
= 1 · 𝑌1 + 1 · 𝑌2,

so again the conditions of Thereom 4.11 (b) are satisfied and 𝑋 is a first

order maximizer. It is not difficult to see that 𝑌 is also a first order

minimizer and that both first order solutions are stable.

The next example is similar to Example 4.16 but with a stable first

order maximizer.
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Example 4.18. [SDP with 𝑛 = 3, 𝑘 = 2] Consider

(𝑃 ) max (1, 1, 1)𝑥 s.t.

(︂
1− 𝑥1 1− 𝑥3
1− 𝑥3 1− 𝑥2

)︂
∈ 𝒮2

+,

(𝐷) min

⟨(︂
1 1

1 1

)︂
, 𝑌

⟩
s.t. 𝑌11 = 1, 𝑌22 = 1, 𝑌12 =

1
2
, 𝑌 ∈ 𝒮2

+.

The maximizer of (𝑃 ) is 𝑥 = (1, 1, 1) (or 𝑋 = 0) and the minimizer of

(𝐷) is

𝑌 =

(︂
1 1/2

1/2 1

)︂
∈ int𝒮2

+

with dim𝐺(𝑌 ) = 3. It is not difficult to see that the optimal solutions

𝑋 of (𝑃 ) and 𝑌 of (𝐷) are both of first order, as they are given by the

unique solutions of the linear systems

𝐵 − 𝑥1𝐴1 − 𝑥2𝐴2 − 𝑥3𝐴3 = 0 and ⟨𝐴𝑖, 𝑌 ⟩ = 𝑐𝑖, 𝑖 = 1, 2, 3.

Also here, the first order solutions 𝑋 and 𝑌 are stable.

Semidefinite programming: For the SDP case, the result in Corol-

lary 4.13 can be further specified as one can determine the dimension of

a particular face.

Corollary 4.19. Let 𝑋 = 𝐵 −
∑︀𝑛

𝑖=1 𝑥𝑖𝐴𝑖 ∈ 𝒮𝑘
+ be a nondegenerate

maximizer of (𝑆𝐷𝑃𝑃 ) with rank𝑋 = 𝑟 and let 𝑌 ∈ 𝒮𝑘
+ be the minimizer

of (𝑆𝐷𝑃𝐷) with rank𝑌 = 𝑠. Then 𝑋 is of first order if and only if

1
2
𝑠(𝑠+ 1) = 1

2
(𝑘 − 𝑟)(𝑘 − 𝑟 + 1) = 𝑛. (4.4)

Proof. From Proposition 2.31, we know that strict complementarity is

equivalent to 𝑘 = 𝑟 + 𝑠, and dim𝐺(𝑌 ) = 1
2
𝑠(𝑠 + 1) holds by (2.26). By

applying Corollary 4.13, the result follows directly.

By this formula, nondegenerate first order maximizers are excluded

for many choices of 𝑛. The above formulation provides a necessary con-

dition:
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Corollary 4.20. Let 𝑋 = 𝐵 −
∑︀𝑛

𝑖=1 𝑥𝑖𝐴𝑖 ∈ 𝒮𝑘
+ be a nondegenerate first

order maximizer of (𝑆𝐷𝑃𝑃 ). Then there exists 𝑠 ∈ N such that

1
2
𝑠(𝑠+ 1) = 𝑛. (4.5)

Table 4.1 gives a list of pairs (𝑠, 𝑛) such that 1
2
𝑠(𝑠+ 1) = 𝑛.

𝑠 1 2 3 4 5 6

𝑛 1 3 6 10 15 21

Table 4.1: Pairs (𝑠, 𝑛) such that (4.5) holds.

Note that for the numbers 𝑛 in Table 4.1, stable first order maxi-

mizers are possible for all 𝑘 ≥ 𝑠. Recall that nondegeneracy and strict

complementarity are generically fullfilled in SDP and hence first order

maximizers of (𝑃 ) are generically excluded for numbers 𝑛 not satisfying

the condition of (4.5).

The cones 𝒞𝒪𝒫𝑘 and 𝒞𝒫𝑘 have much richer structure than 𝒮𝑘
+. There-

fore, in contrast to SDP, we expect that in COP stable first order max-

imizers occur for any 𝑛. For instance, the maximizer in Example 4.17

with 𝑛 = 𝑘 = 2 is stable.

We close this section with some remarks on related properties. The

tangent space given in (2.21) is the subspace of directions where the

boundary of 𝒦 at 𝑋 is smooth. The smaller the dimension of tan(𝑋,𝒦),

the higher the non-smoothness (“kinkiness”) of 𝒦 at 𝑋. Let us introduce

the order of kinkiness. Defining 𝑚 := 1
2
𝑘(𝑘 + 1), we say that the cone

𝒦 has a kink at 𝑋 ∈ 𝒦 of order 𝑙 = 𝑚 − 𝑝 (i.e. a kink of co-order 𝑝), if

dim(tan(𝑋,𝒦)) = 𝑝. Clearly, there is a relation between the order of a

kink at 𝑋 ∈ 𝒦 and the fact that 𝑋 is a first order maximizer. Assume 𝒦
is a nice cone (cf. Definition 2.26). Let (𝑃 ) satisfy the Slater condition

and let 𝑋 be a first order maximizer with unique strict complementary

solution 𝑌 ∈ ℱ𝐷. Then by Corollary 4.12, we obtain that

dim J△(𝑋) = dim𝐺(𝑌 ) ≥ 𝑛.
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Using the fact that 𝒦 is nice and equation (2.22), this implies

dim(tan(𝑋,𝒦)) = dim(J△(𝑋)⊥) ≤ 𝑚− 𝑛.

If moreover 𝑋 is nondegenerate, we deduce from Corollary 4.13 that

dim(𝐺(𝑌 )) = 𝑛 and thus

dim(tan(𝑋,𝒦)) = dim(J△(𝑋)⊥) = 𝑚− 𝑛.

4.2 Stability of first order maximizers

In this section, we investigate the stability of first order maximizers of

conic programs. As mentioned before, in SDP generically the optimal

solutions are at least of order two. However, stable first order maximizers

do occur, see Example 4.18. In this respect, first order maximizers are

especially “nice” sharp maximizers which also may occur in the generic

situation.

In semi-infinite optimization (SIP), starting with the paper [Nür85],

the stability of first order maximizers of SIP was studied in several papers,

see e.g. [HT98, GTVdS12]. In [Nür85, HT98], the set

Π := {(𝑎, 𝑏, 𝑐) ∈ 𝐶(𝒵)𝑛 × 𝐶(𝒵)× R𝑛}

has been considered as the set of input data for SIP of the general form

(SIP𝑃 ), where 𝒵 ⊂ R𝑙 and 𝐶(𝒵) denotes the set of continuous functionals

on 𝒵. In these papers, the set Π is endowed with the topology given by

𝑑
(︀
(𝑎, 𝑏, 𝑐), (�̃�, �̃�, 𝑐)

)︀
:= max

𝑌 ∈𝒵
‖𝑎(𝑌 )− �̃�(𝑌 )‖+max

𝑌 ∈𝒵
|𝑏(𝑌 )− �̃�(𝑌 )|+ ‖𝑐− 𝑐‖.

Consider the general SIP problem (SIP𝑃 ) and let 𝑥 be the maximizer of

(SIP𝑃 ). Before discussing genericity results for general SIP, let us define

the subsets 𝒰 ,𝒰1 ⊂ Π as

𝒰 := {(𝑎, 𝑏, 𝑐) ∈ Π | 𝑥 of the corresponding SIP is unique},
𝒰1 := {(𝑎, 𝑏, 𝑐) ∈ Π | 𝑥 of the corresponding SIP is of first order}.
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As before, denote its feasible set of (SIP𝑃 ) as ℱ𝑆𝐼𝑃 and the active index

set for 𝑥 ∈ ℱ𝑆𝐼𝑃 as 𝐼(𝑥) = {𝑌 ∈ 𝒵 | 𝑏(𝑌 ) − 𝑎(𝑌 )𝑇𝑥 = 0}. For general

linear SIP, the following stability results have been proven in [Nür85,

HT98]

Theorem 4.21. Let 𝜋 = (𝑎, 𝑏, 𝑐) ∈ Π satisfy the Slater condition and let

0 ̸= 𝑐 ∈ R𝑛. Then the following statements are equivalent:

(a) 𝜋 ∈ int𝒰1,

(b) 𝜋 ∈ int𝒰 ,

(c) There exist 𝑥 ∈ ℱ𝑆𝐼𝑃 and 𝑌𝑗 ∈ 𝐼(𝑥), 𝑦𝑗 > 0 (𝑗 = 1, . . . , 𝑛) such that

𝑐 =
∑︀𝑛

𝑗=1 𝑦𝑗𝑎(𝑌𝑗), and for every selection ̃︀𝑌𝑗 ∈ 𝐼(𝑥) (𝑗 = 1, . . . , 𝑛)

with 𝑐 =
∑︀𝑛

𝑗=1 𝑦𝑗𝑎(
̃︀𝑌𝑗), 𝑦𝑗 ≥ 0, any subset of 𝑛 vectors from

𝑐, 𝑎(̃︀𝑌𝑗), (𝑗 = 1, . . . , 𝑛) are linearly independent. (4.6)

As we mentioned before in Section 3.7, the parameter space 𝒫 as

defined in (3.1) of conic programs given by the linear functions 𝑎(𝑌 ), 𝑏(𝑌 )

in (2.1) is only a small subset of the parameter set Π of general SIP

problems. It is clear that the topology in Π allows more (also nonsmooth)

perturbations and the stability conditions in SIP are too strong for conic

programming.

For example, the conditions in Theorem 4.21 (c) can never hold at

first order maximizers of conic problems if 𝑛 > 1: Note that the condi-

tion (4.6) states in particular that the KKT relations 𝑐 =
∑︀𝑙

𝑗=1 𝑦𝑗𝑎(𝑌𝑗)

cannot be fulfilled with 𝑙 < 𝑛. However, given any first order optimizer

𝑥 (or 𝑋) of a conic program, the linearity of 𝑏(𝑌 ) − 𝑎(𝑌 )𝑇𝑥 = ⟨(𝐵 −∑︀
𝑖 𝑥𝑖𝐴𝑖), 𝑌 ⟩ in 𝑌 implies that if 𝑐 =

∑︀𝑙
𝑗=1 𝑦𝑗𝑎(𝑌𝑗) with 𝑌𝑗 ∈ 𝐼(𝑋), 𝑦𝑗 > 0

for 𝑗 = 1, . . . , 𝑙, then with the solution 𝑌 :=
∑︀𝑙

𝑗=1 𝑦𝑗𝑌𝑗 of (𝐷) we have

(assuming 𝑌 ̸= 0):

̃︀𝑌 :=
1

‖𝑌 ‖
𝑌 ∈ 𝐼(𝑋) and 𝑐 = ‖𝑌 ‖ · 𝑎(̃︀𝑌 ).
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Consequently, the KKT condition holds with 𝑙 = 1 and for 𝑛 > 1 the

condition (4.6) in Theorem 4.21 (c) always fails. Moreover, the equiva-

lence of conditions (𝑎) and (𝑏) of Theorem 4.21 does not hold as there

are stable second order (not first) maximizers in conic programming, see

Example 4.7.

Next, we discuss how the conditions for stability of first order max-

imizers in Theorem 4.21 (c) have to be modified in conic programming

in order to obtain necessary and sufficient conditions for the stability of

first order maximizers in conic programming. As an illustrative example,

we go back to the SDP problem of Example 4.16.

Example 4.22. [Example 4.16 continued] The SDP instance with

𝑛 = 𝑘 = 2 is given by 𝑄 = (𝑐, 𝐵,𝐴1, 𝐴2) with

𝑐 =

(︂
1

1

)︂
, 𝐵 =

(︂
1 0

0 1

)︂
, 𝐴1 =

(︂
1 0

0 0

)︂
, 𝐴2 =

(︂
0 0

0 1

)︂
.

Recall that the primal maximizer wrt. 𝑄 is given by 𝑋 = 0, 𝑥 = (1, 1)

and the corresponding set of dual optimal solutions is

ℱ*
𝐷(𝑋) :=

{︂
𝑌 =

(︂
1 𝑌12
𝑌12 1

)︂
| −1 ≤ 𝑌12 ≤ 1

}︂
.

For 𝑌12 = ±1, we obtain solutions on the boundary of 𝒮2
+:

𝑌 + :=

(︂
1 1

1 1

)︂
, 𝑌 − :=

(︂
1 −1

−1 1

)︂
.

Both are extreme rays satisfying dim𝐺(𝑌 ±) = 1 < 𝑛. Choose one of

them, say 𝑌 +, and consider for small 𝜀 > 0 the perturbed instance

𝑄𝜀 = (𝑐, 𝐵𝜀, 𝐴1, 𝐴2) with 𝐵𝜀 = 𝐵 + 𝜀𝑌 + =

(︂
1 + 𝜀 𝜀

𝜀 1 + 𝜀

)︂
.

The primal feasibility condition now changes from 𝑥1 ≤ 1, 𝑥2 ≤ 1 (for 𝑄

which corresponds to 𝜀 = 0) to

𝐵𝜀 − 𝑥1𝐴1 − 𝑥2𝐴2 =

(︂
1 + 𝜀− 𝑥1 𝜀

𝜀 1 + 𝜀− 𝑥2

)︂
∈ 𝒮2

+
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for 𝑄𝜀, i.e.
𝑥1 ≤ 1 + 𝜀

𝑥2 ≤ 1 + 𝜀

(1 + 𝜀− 𝑥1)(1 + 𝜀− 𝑥2) ≥ 𝜀2.

The primal maximizer wrt. 𝑄𝜀 is now given by

𝑥𝜀 = (1, 1), 𝑋𝜀 =

(︂
𝜀 𝜀

𝜀 𝜀

)︂
with J△(𝑋𝜀) =

{︂
𝛾

(︂
1 −1

−1 1

)︂
| 𝛾 ≥ 0

}︂
.

The corresponding dual problem has the unique minimizer

𝑌 𝜀 = 𝑌 − =

(︂
1 −1

−1 1

)︂
with dim𝐺(𝑌 𝜀) = 1 < 𝑛.

Note that the primal program satisfies the Slater condition, so by

Corollary 4.12 the solution 𝑥𝜀 is not a first order minimizer for 𝜀 > 0.

The maximizer 𝑥𝜀 is of second order for any 𝜀 > 0 and the first order

maximizer 𝑥 is unstable at 𝑄, as displayed in Figure 4.3.

Figure 4.3: Perturbed and unperturbed feasible set

Let us now consider a general instance 𝑄 ∈ 𝒫 . If 𝑄 satisfies the

primal Slater condition and a solution 𝑋 of (𝑃 ) exists, then by strong

duality a complementary dual solution 𝑌 exists and thus the set

ℱ*
𝐷(𝑋) := {𝑌 ∈ ℱ𝐷 | ⟨𝑌 ,𝑋⟩ = 0}

of dual optimal solutions is nonempty and compact, see e.g. [GL98a,

Theorem 9.8]). The analysis in Example 4.22 now suggests to replace

the condition in Theorem 4.21 (c) by the following condition.

76



4.2. Stability of first order maximizers

C1. There is no dual optimal solution 𝑌 ∈ ℱ*
𝐷(𝑋) with dim𝐹 < 𝑛,

where 𝐹 ⊂ 𝒦* is the minimal exposed face containing 𝐺(𝑌 ).

Note that since the set J△(𝑋) is an exposed face of 𝒦* and 𝐺(𝑌 ) ⊆
J△(𝑋), this minimal face 𝐹 must satisfy 𝐹 ⊆ J△(𝑋). It turns out that

condition C1 is necessary for the stability of the first order maximizer.

Theorem 4.23. Assume that 𝑄 = (𝑐, 𝐵,𝐴1, . . . , 𝐴𝑛) ∈ 𝒫 satisfies the

primal Slater condition, and let 𝑋 be the first order maximizer of the

corresponding primal program. If the first order maximizer is stable,

then condition C1 holds.

Proof. Assume by contradiction that there exist 𝑌 ∈ ℱ*
𝐷(𝑋) and a min-

imal exposed face 𝐹 such that 𝐺(𝑌 ) ⊆ 𝐹 ⊆ J△(𝑋) and dim𝐹 < 𝑛.

Since 𝐹 ⊂ 𝒦* is an exposed face, there exists a supporting hyperplane

𝐻 = {𝑌 ∈ 𝒮𝑘 | ⟨𝑆, 𝑌 ⟩ = 0} with normal vector 0 ̸= 𝑆 ∈ 𝒦 such that

𝐹 = 𝐻 ∩ 𝒦*, i.e.

⟨𝑆, 𝑌 ⟩ = 0 for all 𝑌 ∈ 𝐹,

⟨𝑆, 𝑌 ⟩ > 0 for all 0 ̸= 𝑌 ∈ 𝒦* ∖ 𝐹. (4.7)

For small 𝜀 > 0 consider the perturbed instance

𝑄𝜀 = (𝑐, 𝐵𝜀, 𝐴1, . . . , 𝐴𝑛) with 𝐵𝜀 = 𝐵 + 𝜀𝑆.

Let 𝑋𝜀 := 𝑋 + 𝜀𝑆 ∈ 𝒦. Using (4.7) and 𝐹 ⊂ J△(𝑋), we have the

following for any 𝑌 ∈ 𝒦*:

⟨𝑋𝜀, 𝑌 ⟩ = ⟨𝑋,𝑌 ⟩+ 𝜀⟨𝑆, 𝑌 ⟩ = 0 ⇔ 𝑌 ∈ 𝐹.

So wrt. 𝑄𝜀 the matrix 𝑋𝜀 is a maximizer with dual complementary so-

lution 𝑌 such that 𝐺(𝑌 ) ⊆ 𝐹 = J△(𝑋𝜀). Furthermore, note that any

dual solution ̃︀𝑌 with respect to 𝑄𝜀 must be contained in 𝐹 = J△(𝑋𝜀)

and thus satisfies

dim𝐺(̃︀𝑌 ) ≤ dim𝐹 < 𝑛.

Since the primal Slater condition holds at 𝑄, it also holds at 𝑄𝜀 for

𝜀 small enough. So by Corollary 4.12, the maximizer 𝑋𝜀 cannot be of

first order, i.e. first order stability fails.
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We now turn to sufficient conditions for stability of a first order max-

imizer 𝑋 of a conic problem. We look for natural assumptions such as

nondegeneracy of 𝑋 or conditions on 𝐺(𝑌 ). Let again 𝑄 ∈ 𝒫 be fixed

with a first order maximizer 𝑋 and a unique complementary minimizer

𝑌 with dim𝐺(𝑌 ) = 𝑛. Let 𝑄 satisfy the Slater condition and assume

that uniqueness of the primal and dual optimizers are stable at 𝑄, i.e.

for 𝑄 in an neigbourhood of 𝑄 there are unique complementary solutions

𝑋 = 𝑋(𝑄), 𝑌 = 𝑌 (𝑄). Since the Slater condition is stable, we infer from

Corollary 4.12 that there exists an 𝜀 > 0 such that for any first order

maximizer 𝑋 = 𝑋(𝑄) we have

dim𝐺(𝑌 ) ≥ 𝑛 = dim𝐺(𝑌 ) for 𝑌 = 𝑌 (𝑄), ‖𝑄−𝑄‖ < 𝜀.

This means that the function dim𝐺(𝑌 ) is lower semicontinuous at 𝑌 .

So we consider the lower semicontinuity of the set-valued minimal face

mapping

𝐺 : 𝒦* ⇒ 𝒦*, 𝐺(𝑌 ) = face(𝑌,𝒦*).

Definition 4.24. The set-valued mapping 𝐺 : 𝒦* ⇒ 𝒦* is called lower

semicontinuous (lsc) at 𝑌 ∈ 𝒦*, if for any open set 𝑉 ⊂ 𝒮𝑘 there exists

𝛿 > 0 such that

𝐺(𝑌 )∩𝑉 ̸= ∅ ⇒ 𝐺(𝑌 )∩𝑉 ̸= ∅ for all 𝑌 ∈ 𝒦* with ‖𝑌 −𝑌 ‖ < 𝛿.

It is easy to see that lower semicontinuity of 𝐺 implies lower semicon-

tinuity of dim𝐺(𝑌 ): if 𝐺 is lsc at 𝑌 , then there exists 𝛿 > 0 such that

dim𝐺(𝑌 ) ≥ 𝑛 = dim𝐺(𝑌 ) for all 𝑌 ∈ 𝒦* with ‖𝑌 − 𝑌 ‖ < 𝛿. Moreover,

it is shown in [Pap77, Theorem 2.3] that lower semi-continuity of 𝐺 and

lower semi-continuity of dim𝐺(𝑌 ) are equivalent. By these arguments

it is clear that the lower semicontinuity of 𝐺 is a natural condition for

stable first order maximizers at 𝑄.

We shortly discuss the lower semicontinuity of the face mapping 𝐺

before turning to sufficient conditions of first order maximizers. This

condition depends on the structure of the cone 𝒦*.
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Definition 4.25. [Pap77, Definition 3.1] The closed convex cone 𝒦*

is called stable at 𝑌0 ∈ 𝒦*, if the mapping ℎ : 𝒦* ×𝒦* → 𝒦*,

ℎ(𝑉,𝑊 ) =
1

2
(𝑉 +𝑊 )

is open at 𝑌0.

It has been shown in [Pap77, Proposition 3.3] that if a closed con-

vex set 𝒪 of a topological vector space is stable at 𝑍 ∈ 𝒪, then the

corresponding minimal face map 𝐺 : 𝒪 ⇒ 𝒪 is lower semi-continuous

at 𝑍. Also, it is shown that lower semi-continuity of the minimal face

mapping implies the closedness of the so-called 𝑞-skeletons, the set of all

points 𝑥 ∈ 𝒪 such that the minimal face 𝐹 containing 𝑥 has dimension

less than or equal to 𝑞 (see [Pap77]). For compact convex sets in the

Euclidean space, the stability of 𝒪, the lower semicontinuity of 𝐺, and

the closedness of all 𝑞-skeletons are equivalent conditions (see [Pap77]).

Let us look at an example of a convex compact set where the minimal

face map is not lower semi-continuous.

Example 4.26. [Pap77, p.193] Consider the set

𝒪 := conv({(𝑥, 𝑦, 0) | (𝑥− 1)2 + 𝑦2 ≤ 1} ∪ {(0, 0, 1), (0, 0,−1)})

Extreme points of 𝒪 include {(𝑥, 𝑦, 0) | (𝑥 − 1)2 + 𝑦2 = 1} except the

point (0, 0, 0). In other words, a sequence of extreme points of the set 𝒪
does not neccessarily converge to an extreme point, see Figure 4.4. This

means that the so-called 0-skeleton (the set of extreme points of 𝒪) is not

closed and the minimal face map 𝐺 is not lower semi-continuous.

Figure 4.4
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We now give a sufficient condition for the stability.

Theorem 4.27. Let 𝑄 ∈ 𝒫 and let 𝑋 be a corresponding nondegenerate

primal first order maximizer. (Then there is a unique dual optimal solu-

tion 𝑌 with dim𝐺(𝑌 ) = 𝑛.) Assume in addition that primal uniqueness

and nondegeneracy are stable at 𝑄 and that the minimal face mapping 𝐺

is lsc at 𝑌 . Then the first order maximizer 𝑋 is stable at 𝑄.

Proof. Stability of nondegeneracy of the maximizer at 𝑄 implies stability

of the primal Slater condition by Proposition 2.21. Since 𝑋 is a max-

imizer of order 𝑝 > 0 and the Slater condition holds, standard results

in parametric SIP (see e.g. [GL98a, Theorem 10.4] or [BS00, Proposi-

tion 4.41]) yield the continuity condition (upper semicontinuity) for the

unique solutions 𝑋𝜈 of any sequence 𝑄𝜈 → 𝑄:

𝑋𝜈 → 𝑋.

The stability of the Slater condition implies that for 𝑄 ≈ 𝑄 the solution

set of the dual is nonempty and compact (see e.g. [GL98a, Theorem 9.8]),

and the stability of primal nondegeneracy assures that there is a unique

dual solution 𝑌 = 𝑌 (𝑄) by Lemma 2.25. Since there is no duality gap

for the problems 𝑄𝜈 and the primal optimal solutions 𝑋𝜈 converge to 𝑋,

the corresponding unique dual solutions 𝑌𝜈 are bounded. Therefore, 𝑌𝜈
must converge to 𝑌 as well.

Now assume that the first order maximizer is not stable at 𝑄. Then

there exists a sequence 𝑄𝜈 = (𝑐𝜈 , 𝐵𝜈 , 𝐴𝜈
1, . . . , 𝐴

𝜈
𝑛) with 𝑄𝜈 → 𝑄 such that

the maximizers 𝑋𝜈 wrt. 𝑄𝜈 are not of first order. (4.8)

Since 𝑋 is a first order maximizer, we have dim𝐺(𝑌 ) = 𝑛 and strict

complementarity holds for 𝑋,𝑌 by Corollary 4.13. Consider now the

unique dual solutions 𝑌𝜈 wrt. 𝑄𝜈 . Since 𝐺 is lsc at 𝑌 , it follows that

dim𝐺(𝑌𝜈) ≥ 𝑛. Since 𝑌𝜈 ∈ ri𝐺(𝑌𝜈), for any fixed 𝜈 there exist linearly

independent matrices 𝑉 𝜈
𝑗 ∈ 𝐺(𝑌𝜈) and scalars 𝑣𝜈𝑗 > 0 (for 𝑗 = 1, . . . , 𝑘𝜈

with 𝑘𝜈 ≥ 𝑛) such that

𝑌𝜈 =
𝑘𝜈∑︁
𝑗=1

𝑣𝜈𝑗 𝑉
𝜈
𝑗 .
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Let us put ℒ𝜈 := span{𝐴𝜈
1, . . . , 𝐴

𝜈
𝑛} and ℛ𝜈 := span{𝑉 𝜈

1 , . . . , 𝑉
𝜈
𝑘𝜈
} with

dimℛ𝜈 = 𝑘𝜈 ≥ 𝑛. We will show that (4.1) is satisfied for 𝑋𝜈 , 𝑌𝜈 , so

that by Theorems 4.9 and 4.11 the maximizers 𝑋𝜈 are of first order in

contradiction to (4.8). To do so, note that ℛ𝜈 ⊆ 𝐺(𝑌𝜈) ⊆ J△(𝑋𝜈), and

the stable nondegeneracy of 𝑋𝜈 gives

ℒ⊥
𝜈 ∩ span J△(𝑋𝜈) = {0} ⇒ ℒ⊥

𝜈 ∩ℛ𝜈 = {0}.

This immediately gives that dimℛ𝜈 ≥ 𝑛 = 𝑛+ dim(ℒ⊥
𝜈 ∩ℛ𝜈).

Finally, as in the proof of Corollary 4.13, using dimℒ⊥
𝜈 = 1

2
𝑘(𝑘+1)−𝑛

and ℒ⊥
𝜈 ∩ ℛ𝜈 = {0}, we find that dimℛ𝜈 ≤ 𝑛, and thus dimℛ𝜈 = 𝑛.

With {0} = ℒ⊥
𝜈 ∩ℛ𝜈 , we obtain ℒ⊥

𝜈 +ℛ𝜈 = 𝒮𝑘, and thus ℒ𝜈 ∩ℛ⊥
𝜈 = {0}.

Hence, the conditions in (4.1) are satisfied.

Let us specify further sufficient conditions for the stability of first

order maximizers for the SDP case. By Proposition 3.20, there is a

generic subset 𝒫𝑔 ⊂ 𝒫 such that for any 𝑄 ∈ 𝒫𝑔, properties such

as nondegeneracy and uniqueness are satisfied and rank𝑋 = 𝑟 and

rank𝑌 = 𝑠 with 𝑘 = 𝑟 + 𝑠 are stable. In other words, the condi-

tion 1
2
𝑠(𝑠 + 1) = 1

2
(𝑘 − 𝑟)(𝑘 − 𝑟 + 1) = 𝑛 in Corollary 4.19 is stable for

𝑄 ∈ 𝒫𝑔. Thus, we obtain the following for SDP case:

Corollary 4.28. Consider an SDP instance given by a parameter 𝑄 ∈ 𝒫𝑔.

Suppose the unique maximizer 𝑋 wrt. 𝑄 is of first order. Then the first

order maximizer is a stable at 𝑄.

4.3 First order minimizers of (D)

Finally, in this short section, we finish with some remarks on first order

solutions for the dual problem (𝐷). We can apply the results for the

first order maximizers 𝑋 of (𝑃 ) to the dual. Let us consider the self-

dual formulation of the dual problem: denote as usual 𝑚 = 1
2
𝑘(𝑘 + 1)

and choose (under Assumption 2.6) a basis {𝐴⊥
1 , . . . , 𝐴

⊥
𝑚−𝑛} of ℒ⊥. Then

any feasible solution 𝑌 has the form 𝑌 = 𝐶 +
∑︀𝑚−𝑛

𝑗=1 𝑦𝑗𝐴
⊥
𝑗 . By defining

81



Chapter 4. Order of maximizers

𝑏 := (⟨𝐵,𝐴⊥
1 ⟩, . . . , ⟨𝐵,𝐴⊥

𝑚−𝑛⟩), the dual (𝐷) can be equivalently written

in form of a “primal”:

(𝐷0) min 𝑏𝑇𝑦 s.t. 𝑌 = 𝐶 +
𝑚−𝑛∑︁
𝑗=1

𝑦𝑗𝐴
⊥
𝑗 ∈ 𝒦*,

with corresponding “dual” problem (𝑃0). We can now apply all results of

the previous sections to (𝐷0), we only have to make the obvious changes,

e.g., we have to replace 𝐺(𝑌 ) by J(𝑋) and 𝑛 by 𝑚− 𝑛. As an example,

we formulate Corollary 4.13 in terms of the dual.

Corollary 4.29. Let 𝑌 ∈ ℱ𝐷0 be a nondegenerate minimizer of (𝐷0) and

let 𝑋 be the optimal solution of (𝑃0) which is unique by Lemma 2.25 (b).

Then 𝑌 is a first order minimizer if and only if dimJ(𝑋) = 𝑚− 𝑛 and

𝑋,𝑌 satisfy the dual strict complementarity condition J(𝑋) = 𝐺△(𝑌 ).

Remark 4.30. Semidefinite programming: Again we can be more

specific in the case of 𝒦 = 𝒦* = 𝒮𝑘
+. As before, let us denote the

rank of the optimal solutions 𝑋 of (𝑃0) and 𝑌 of (𝐷0) by 𝑟 := rank𝑋

and 𝑠 := rank𝑌 , and recall that strict complementarity is equivalent to

𝑘 = 𝑟 + 𝑠. We obtain: if 𝑌 is a nondegenerate minimizer of (𝐷0), then

𝑌 is of first order ⇔ 1
2
(𝑘 − 𝑠)(𝑘 − 𝑠+ 1) = 1

2
𝑘(𝑘 + 1)− 𝑛.

Moreover, under primal and dual nondegeneracy and strict complemen-

tarity, the optimal solutions 𝑋,𝑌 are both first order if and only if

1
2
𝑠(𝑠+ 1) = 𝑛 and 1

2
𝑟(𝑟 + 1) = 1

2
𝑘(𝑘 + 1)− 𝑛.

Note that this is only possible for 𝑟 = 𝑘 and 𝑠 = 𝑛 = 0 or for 𝑠 = 𝑘 and

𝑟 = 0 (see Example 4.18).
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Copositive programming and the
copositive cone*

Many combinatorial optimization problems such as computing the clique

number, the stability number and the chromatic number of a graph can

be formulated exactly as linear optimization problems over the copositive

cone. For general surveys on copositive programming, we refer to [Dür10,

Bur12, BSM03].

Definition 5.1. A clique in an undirected graph Γ is a subset 𝑆 of the

vertex set such that for every two vertices in 𝑆, there exists an edge

connecting the two. The clique number is the largest possible size of a

clique in Γ.

For example, in the following graph, the clique number is four.

Finding the clique number can be formulated as the following copos-

itive program (see [MS65] )

𝜔(Γ) = min{𝜆 | 𝜆(𝐸 − 𝐴Γ)− 𝐸 ∈ 𝒞𝒪𝒫𝑘},
*Published as

B. Jargalsaikhan. Indefinite copositive matrices with exactly one positive eigenvalue

or exactly one negative eigenvalue. Electron. J. Linear Algebra, 26:754–761, 2013
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where 𝐴Γ ∈ 𝒮𝑘 is the adjacency matrix of the graph Γ with 𝑘 vertices

and 𝐸 is the matrix of all ones. The corresponding dual problem is

max ⟨𝐸, 𝑌 ⟩
s.t. ⟨𝐸 − 𝐴Γ, 𝑌 ⟩ = 1

𝑌 ∈ 𝒞𝒫𝑘

As (𝐸−𝐴Γ) is a nonnegative matrix whose diagonal components are

all one, we have (𝐸 −𝐴Γ) ∈ int 𝒞𝒪𝒫𝑘. Thus, the feasible set of the dual

problem is a cross section of the completely positive cone. This implies

that the dual Slater condition holds. Moreover, for a big enough 𝜆, one

can show that the primal Slater condition holds for the clique problem

as well. By Corollary 2.14, the primal and the dual optimal solutions

exist and the duality gap is zero for the clique problem. As 𝑛 = 1 or

equivalently dimℒ = 1, the primal optimal solution is of first order.

Note that since 𝜔(Γ) is an integer, the clique number can be com-

puted by checking copositivity of at most 𝑘 matrices. It has been shown

in [MK87] that checking copositivity is a NP-hard problem. Even though

checking copositivity in general is computationally hard problem, there

are particular cases where one can identify or verify copositivity in poly-

nomial time. For example, checking copositivity of a tridiagonal matrix

can be done in linear time, see [Bom00]. Also it is known that the set

of copositive matrices with entries from {0,±1} can be identified easily

(see [HP73, HH69]).

In this chapter, we are interested in some particular cases where

copositivity can be checked efficiently. By no means is this chapter an

exhaustive study; it is rather a small collection of easily solvable cases.

5.1 Copositive matrices with exactly one

positive eigenvalue

One can check positive semidefiniteness of a matrix by checking its eigen-

values. On the other hand, one cannot decide whether a matrix is copos-

itive or not based only on its eigenvalues. In this section, we study some
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subsets of the copositive cone which can be characterized easily, depend-

ing on the number of negative eigenvalues of the matrix.

Clearly, checking copositivity of a matrix 𝑀 ∈ 𝒮𝑘 is equivalent to

verifying if the quadratic form 𝑥𝑇𝑀𝑥 is nonnegative over the standard

simplex {𝑥 ∈ R𝑘
+ |

𝑘∑︀
𝑖=1

𝑥𝑖 = 1}.

Note that the quadratic form given by 𝑀 can be simplified by trans-

forming it into diagonal form. To this end, let the eigenvalues of 𝑀 be

ordered as 𝜆1 ≤ · · · ≤ 𝜆𝑘−1 ≤ 𝜆𝑘. Since 𝑀 ∈ 𝒮𝑘, we can decompose 𝑀

into 𝑀 = 𝑄Λ𝑄𝑇 , where Λ = Diag(𝜆1, . . . , 𝜆𝑘) and 𝑄 is an orthogo-

nal matrix whose columns are the corresponding eigenvectors. Denote

the linearly independent columns of 𝑄𝑇 as 𝑞1, . . . , 𝑞𝑘 ∈ R𝑘, and define

𝒬 := conv{𝑞1, . . . , 𝑞𝑘} and 𝑦 := 𝑄𝑇𝑥. With these notations, we have

𝑀 ∈ 𝒞𝒪𝒫𝑘 ⇔ 𝑦𝑇Λ𝑦 ≥ 0 for all 𝑦 ∈ 𝒬. (5.1)

Note that 𝒬 is a polytope. Actually, 𝒬 is the image of the standard

simplex, which is a base of R𝑘
+, under the linear mapping 𝑥 ↦→ 𝑄𝑇𝑥,

whence 𝒬 is also a simplex.

Definition 5.2. We say that the Perron-Frobenius property holds for a

matrix 𝑀 ∈ 𝒮𝑘 if 𝑀 has a positive dominant eigenvalue with a corre-

sponding nonnegative eigenvector.

It is shown in [HH69] that a copositive matrix has a dominant pos-

itive eigenvalue. The Perron-Frobenius property of copositive matrices

was studied in [JR05], [HH69] and [Bom08]. In particular, it is known

(e.g. [JR05, Theorem 11]) that if an indefinite matrix with exactly one

positive eigenvalue is copositive, then it has the Perron-Frobenius prop-

erty. In this section, we show that the converse is true for matrices with

nonnegative diagonal elements.

As any positive semidefinite matrix is copositive, we may and do

assume in the following that 𝑀 has a negative eigenvalue. Moreover,

this section deals with an indefinite matrix with exactly one positive

eigenvalue, i.e.

𝜆1 ≤ · · · ≤ 𝜆𝑘−1 ≤ 0 < 𝜆𝑘 and 𝜆1 < 0. (5.2)
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As we mentioned earlier, an indefinite matrix𝑀 ∈ 𝒞𝒪𝒫𝑘 satisfying (5.2)

has the Perron-Frobenius property. However, in the case 𝜆1 = 0, the

Perron-Frobenius property might not be fulfilled. For instance, consider

([JR05, page 280])

𝑀 =

[︂
1 −1

−1 1

]︂
.

In this case, 𝜆1 = 0 and 𝜆2 = 2 and 𝑀 has a nonnegative eigenvector

corresponding to 𝜆1, but not to 𝜆2.

We study further copositive matrices satisfying (5.2).

Proposition 5.3. Let 𝑀 be an indefinite matrix with exactly one pos-

itive eigenvalue. Then 𝑀 is copositive if and only if the following two

conditions both hold:

(a) 𝑀𝑖𝑖 ≥ 0 for all 𝑖 = 1, . . . , 𝑘 and

(b) the Perron-Frobenius property holds for 𝑀 .

Proof. Let 𝑀 ∈ 𝒞𝒪𝒫𝑘 be indefinite and satisfy (5.2). Then it is well

known that 𝑀𝑖𝑖 ≥ 0 for all 𝑖 and the Perron-Frobenius property holds

for 𝑀 . Thus, one implication is clear.

Now let us consider the other direction. Suppose properties (𝑎) and

(𝑏) hold. Define Pos(𝑀) := {𝑧 ∈ R𝑘 | 𝑧𝑇Λ𝑧 ≥ 0}. Obviously, Pos(𝑀) is

a cone. Let

Pos+(𝑀) := {𝑧 ∈ R𝑘 | 𝑧𝑘 ≥ 0, 𝑧𝑇Λ𝑧 ≥ 0}

and

Pos−(𝑀) := {𝑧 ∈ R𝑘 | 𝑧𝑘 ≤ 0, 𝑧𝑇Λ𝑧 ≥ 0}.
It is clear that

Pos(𝑀) = Pos+(𝑀) ∪ Pos−(𝑀).

We claim that both Pos+(𝑀) and Pos−(𝑀) are convex cones and prove

this for Pos+(𝑀). Obviously, Pos+(𝑀) is a cone. Define a function of

(𝑘 − 1) variables as

𝑓(𝑧1, . . . , 𝑧𝑘−1) := |𝜆𝑘|−
1
2

(︃
𝑘−1∑︁
𝑖=1

|𝜆𝑖|𝑧2𝑖

)︃ 1
2

.
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5.1. Copositive matrices with exactly one positive eigenvalue

It is easy to see that 𝑓 is convex. With this, we have

Pos+(𝑀) = {𝑧 ∈ R𝑘 | 𝑧𝑘 ≥ 0, 𝜆𝑘𝑧
2
𝑘 ≥ |𝜆1|𝑧21 + · · ·+ |𝜆𝑘−1|𝑧2𝑘−1}

= {𝑧 ∈ R𝑘 | 𝑧𝑘 ≥ 𝑓(𝑧1, . . . , 𝑧𝑘−1)} = epi(𝑓).

So Pos+(𝑀) is the epigraph of a convex function, and hence convex. An

analogous argument shows that Pos−(𝑀) is a convex cone.

From property (𝑎), we have 0 ≤ 𝑀𝑖𝑖 = (𝑞𝑖)𝑇Λ𝑞𝑖, so 𝑞𝑖 ∈ Pos(𝑀) for

all 𝑖. Note that the last components of the 𝑞𝑖s make up the eigenvec-

tor corresponding to the largest eigenvalue 𝜆𝑘. Using property (𝑏), we

have that the 𝑞𝑖𝑘 have the same sign for all 𝑖. This implies that either

𝑞𝑖 ∈ Pos+(𝑀) for all 𝑖 or 𝑞𝑖 ∈ Pos−(𝑀) for all 𝑖. If 𝑞𝑖 ∈ Pos+(𝑀)

for all 𝑖, then using convexity of Pos+(𝑀) we have that 𝒬 ⊆ Pos+(𝑀)

and hence 𝑀 ∈ 𝒞𝒪𝒫𝑘. If 𝑞𝑖 ∈ Pos−(𝑀) for all 𝑖, then using similar

arguments we have that 𝒬 ⊆ Pos−(𝑀) which implies 𝑀 ∈ 𝒞𝒪𝒫𝑘.

It is well known that by the Perron-Frobenius theorem, nonnegative

matrices have the Perron-Frobenius property. In our case, the copositive

matrices satisfying (5.2) turn out to be nonnegative.

Proposition 5.4. Let𝑀 be an indefinite matrix with exactly one positive

eigenvalue. Then

𝑀 ∈ 𝒞𝒪𝒫𝑘 ⇔ 𝑀 ∈ 𝒩𝒩 𝑘.

Proof. Clearly, 𝒩𝒩 𝑘 ⊂ 𝒞𝒪𝒫𝑘, so one implication is trivial. To prove the

converse, let𝑀 ∈ 𝒞𝒪𝒫𝑘 and pick arbitrary indices 𝑖, 𝑗. We need to show

that 0 ≤𝑀𝑖𝑗 = (𝑞𝑖)𝑇Λ𝑞𝑗. Since by Proposition 5.3 the Perron-Frobenius

property holds for 𝑀 = 𝑄Λ𝑄𝑇 , the last column of 𝑄 is nonnegative, so

𝑞𝑖𝑘 ≥ 0 and 𝑞𝑗𝑘 ≥ 0.

From Proposition 5.3(𝑎), we have 0 ≤ (𝑞𝑙)𝑇Λ𝑞𝑙 =
𝑘∑︀

𝑣=1

𝜆𝑣(𝑞
𝑙
𝑣)

2 for

𝑙 = 𝑖, 𝑗. Using 𝜆1 ≤ · · · ≤ 𝜆𝑘−1 ≤ 0 < 𝜆𝑘, this implies

(𝜆𝑘)
1
2 𝑞𝑙𝑘 ≥

(︃
𝑘−1∑︁
𝑣=1

|𝜆𝑣|(𝑞𝑙𝑣)2
)︃ 1

2

for 𝑙 = 𝑖, 𝑗. (5.3)
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Chapter 5. Copositive programming and the copositive cone

By multiplying these two inequalities and using Cauchy-Schwarz, we get

𝜆𝑘𝑞
𝑖
𝑘𝑞

𝑗
𝑘 ≥

(︃
𝑘−1∑︁
𝑣=1

|𝜆𝑣|(𝑞𝑖𝑣)2
)︃ 1

2
(︃

𝑘−1∑︁
𝑣=1

|𝜆𝑣|(𝑞𝑗𝑣)2
)︃ 1

2

≥ |𝜆1|𝑞𝑖1𝑞
𝑗
1 + · · ·+ |𝜆𝑘−1|𝑞𝑖𝑘−1𝑞

𝑗
𝑘−1.

This is equivalent to

0 ≤
𝑘∑︁

𝑣=1

𝜆𝑣𝑞
𝑖
𝑣𝑞

𝑗
𝑣 = (𝑞𝑖)𝑇Λ𝑞𝑗 =𝑀𝑖𝑗

which shows that 𝑀 ∈ 𝒩𝒩 𝑘.

By combining Propositions 5.3 and 5.4, we obtain the following the-

orem:

Theorem 5.5. Let 𝑀 be an indefinite symmetric matrix with exactly

one positive eigenvalue. Then the following are equivalent:

(a) The Perron-Frobenius property holds for 𝑀 and 𝑀𝑖𝑖 ≥ 0 for all 𝑖,

(b) 𝑀 is nonnegative,

(c) 𝑀 is copositive.

Furthermore, we identify whether or not the copositive/nonnegative

matrices satisfying (5.2) are on the boundary of the copositive cone.

Corollary 5.6. Let 𝑀 be an indefinite matrix with exactly one positive

eigenvalue. Then 𝑀 ∈ bd 𝒞𝒪𝒫𝑘 if and only if 𝑀 ∈ 𝒩𝒩 𝑘 and there

exists an index 𝑖 such that 𝑀𝑖𝑖 = 0.

Proof. If 𝑀𝑖𝑖 = 0, then (𝑒𝑖)𝑇𝑀𝑒𝑖 = 0 where 𝑒𝑖 is the 𝑖-th unit vector,

so 𝑀 ∈ bd 𝒞𝒪𝒫𝑘. To show the converse, let 𝑀 ∈ bd 𝒞𝒪𝒫𝑘, i.e., there

exists 𝑥 ≥ 0, 𝑥 ̸= 0 such that 𝑥𝑇𝑀𝑥 = 0. By Theorem 5.5, we have

𝑀 ∈ 𝒩𝒩 𝑘. Then we obtain

0 = 𝑥𝑇𝑀𝑥 ≥
𝑘∑︁

𝑖=1

𝑀𝑖𝑖𝑥
2
𝑖 .

As 𝑥 ̸= 0, there exists an index 𝑖 such that 𝑀𝑖𝑖 = 0.
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5.2. Copositive matrices with exactly one negative eigenvalue

5.2 Copositive matrices with exactly one

negative eigenvalue

Consider a quadratic programming problem

min 𝑥𝑇𝑀𝑥+ 𝑏𝑇𝑥 s. t. 𝐴𝑥 ≤ 0 (𝑄𝑃 )

where 𝑏 ∈ R𝑘, 𝑀 ∈ 𝒮𝑘 and 𝐴 is an 𝑛× 𝑘 matrix. The problem is known

to be NP-hard even in the case 𝑀 has only one negative eigenvalue, see

[PV91].

Taking 𝑏 = 0 and 𝐴 = −𝐼, we have that the optimal value of (QP) is

nonnegative if and only if matrix 𝑀 is copositive. In the particular case

when 𝑀 has exactly one negative eigenvalue, it is shown that checking

copositivity is solvable in polynomial time, see [Din96, Theorem 4.3.1] 1.

Moreover, an algorithm to test copositivity of a matrix with exactly

one negative eigenvalue is proposed in [Din96, Algorithm 4.2.1]. In this

algorithm, the author considers the quadratic form on a hyperplane such

that the corresponding so-called projected Hessian on the hyperplane has

exactly one negative eigenvalue less than 𝑀 . More specifically, when 𝑀

has exactly one negative eigenvalue, a vector ℎ ∈ R𝑘 can be found such

that 𝑥𝑇𝑀𝑥 is convex on hyperplane ℎ𝑇𝑥 = 1. Then the author shows

that minimizing the quadratic form 𝑥𝑇𝑀𝑥 over the set

{𝑥 ∈ ℱ𝑄𝑃 | 𝑥1 ≥ 0 and ℎ𝑇𝑥 = 1}

is a convex quadratic programming problem. If the optimal solution

of this subproblem is nonnegative or the problem is infeasible, then it

is proven that 𝑀 is copositive on the set {𝑥 ∈ ℱ𝑄𝑃 | 𝑥1 ≥ 0}. The

remaining case {𝑥 ∈ ℱ𝑄𝑃 | 𝑥1 ≤ 0 and ℎ𝑇𝑥 = 1} is analysed similarly.

Then the results are combined to identify whether matrix𝑀 is copositive

or not.

The observations from Section 5.1 can be applied to matrices with

exactly one negative eigenvalue as well. The approach in [Din96] and the

one based on the method from Section 5.1 are not the same.
1The author would like to thank I. Bomze for pointing out this thesis.
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Chapter 5. Copositive programming and the copositive cone

So based on observations from Section 5.1, let us next investigate

matrices with exactly one negative eigenvalue. Throughout this section,

𝑀 is an indefinite matrix with exactly one negative eigenvalue, i.e.

𝜆1 < 0 ≤ 𝜆2 ≤ · · · ≤ 𝜆𝑘 and 0 < 𝜆𝑘. (5.4)

Similar to Section 5.1, we study copositivity of a matrix 𝑀 which sat-

isfies (5.4) by transforming its quadratic form into diagonal form. Con-

sider the cone Neg(𝑀) := {𝑧 ∈ R𝑘 | 𝑧𝑇Λ𝑧 ≤ 0}. Clearly, we have

Neg(𝑀) = Pos(−𝑀). So similarly as in the proof of Proposition 5.3,

we can decompose Neg(𝑀) into two full-dimensional convex cones, i.e.

Neg(𝑀) = Neg+(𝑀) ∪ Neg−(𝑀) with

Neg+(𝑀) := {𝑧 ∈ R𝑘 | 𝑧1 ≥ 0, 𝑧𝑇Λ𝑧 ≤ 0}

and

Neg−(𝑀) := {𝑧 ∈ R𝑘 | 𝑧1 ≤ 0, 𝑧𝑇Λ𝑧 ≤ 0}.

From (5.1), it is clear that 𝑀 ∈ 𝒞𝒪𝒫𝑘 ⇔ 𝒬 ∩ intNeg(𝑀) = ∅. Using
Neg+(𝑀) ∩ Neg−(𝑀) = {𝑧 ∈ R𝑘 | 𝑧𝑖 = 0 if 𝜆𝑖 ̸= 0} and 𝜆1 < 0 < 𝜆𝑘, we

have intNeg+(𝑀) ∩ intNeg−(𝑀) = ∅. Therefore, we derive

𝑀 ∈ 𝒞𝒪𝒫𝑘 ⇔ 𝒬∩ intNeg+(𝑀) = ∅ and 𝒬∩ intNeg−(𝑀) = ∅.

Note that the sets Neg+(𝑀) and Neg−(𝑀) are second order cones and

𝒬 is a polytope, as displayed in Figure 5.1.

Figure 5.1
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5.2. Copositive matrices with exactly one negative eigenvalue

Hence, we have transformed the problem of checking copositivity into

two convex feasibility problems. By choosing a suitable objective func-

tion, we can rephrase these as the following two convex optimization

problems:
inf ||𝑥− 𝑧||2

s. t. 𝑥 ∈ 𝒬
𝑧 ∈ intNeg±(𝑀)

(5.5)

where Neg±(𝑀) stands for either Neg+(𝑀) or Neg−(𝑀). If for at least

one of the sets Neg+(𝑀) and Neg−(𝑀) the optimal value of problem (5.5)

is zero and the optimal solution is attained, then 𝒬∩ intNeg(𝑀) ̸= ∅. In
other words, 𝑀 is not copositive. Otherwise, 𝒬 ∩ intNeg(𝑀) = ∅ holds

and thus 𝑀 is copositive.

Observe that the feasible set in (5.5) is not closed, which is disad-

vantageous for practical implementations. Considering the closure of the

feasible set, it is easy to see that

𝑀 ∈ int 𝒞𝒪𝒫𝑘 ⇔ 𝒬∩ Neg+(𝑀) = ∅ and 𝒬∩ Neg−(𝑀) = ∅.

Thus, to check if𝑀 ∈ int 𝒞𝒪𝒫 , we have to solve the following two convex

problems
min ||𝑥− 𝑧||2

s. t. 𝑥 ∈ 𝒬
𝑧 ∈ Neg±(𝑀)

(5.6)

where again Neg±(𝑀) stands for either Neg+(𝑀) or Neg−(𝑀). If the

optimal value of (5.6) is strictly positive for both cases, then 𝑀 ∈ int 𝒞,
otherwise 𝑀 /∈ int 𝒞.

Example 5.7. Consider the following matrix from [BE13, Example 2.12]

which has eigenvalues as studied in this section.

𝑀 =

⎡⎢⎢⎢⎢⎢⎣
1 1.63 1 −0.77 −0.67

1.63 1 0 0.32 −0.82

1 0 1 −0.26 −0.67

−0.77 0.32 −0.26 1 0.77

−0.67 −0.82 −0.67 0.77 1

⎤⎥⎥⎥⎥⎥⎦
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We solved problems (5.6) for 𝑀 using SeDuMi [Stu99]. The optimal

value is zero and 𝑧 = 𝑥 = (0.008, 0.315, 0.258, 0.009, 0.41)𝑇 . Note that the

obtained 𝑥 is a negative certificate which means 𝑥𝑇𝑀𝑥 = −0.0052 < 0,

so 𝑀 /∈ 𝒞𝒪𝒫 .

In [Väl89], it was shown for 𝑀 ∈ 𝒮𝑘 that if the order of the maxi-

mal positive definite principal submatrix is (𝑘 − 1), then copositivity of

the matrix can be verified by a convex quadratic program. The following

example shows that an indefinite matrix with exactly one negative eigen-

value does not necessarily contain a maximal positive definite principal

submatrix of order (𝑘 − 1), so the two approaches are complementary.

Example 5.8. Consider the following matrix from [Väl89, Example 4.1]

𝑀 =

⎡⎢⎢⎢⎢⎢⎣
1 −1 1 2 −3

−1 2 −3 −3 4

1 −3 5 6 −4

2 −3 6 5 −8

−3 4 −4 −8 16

⎤⎥⎥⎥⎥⎥⎦
𝑀 is indefinite and has exactly one negative eigenvalue, but the maximal

positive semidefinite submatrix of 𝑀 is the leading 3 × 3 principal sub-

matrix. So, in this example, the formulation of [Väl89] is not a convex

quadratic problem.

We numerically tested copositivity of 𝑀 by solving (5.6). There is

no negative certificate and the optimal values are very close to zero, so

within a given accuracy 𝑀 is not strictly copositive. This can also be

checked directly since 𝑥𝑇𝑀𝑥 = 0 for 𝑥 = (1, 2, 1, 0, 0). In fact, it can be

shown that 𝑀 is copositive by the methods from [DDGH13].
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Summary

In this thesis, the following conic problem is considered

max 𝑐𝑇𝑥

s.t. 𝑋 := 𝐵 −
∑︀𝑛

𝑖=1 𝑥𝑖𝐴𝑖 ∈ 𝒦 (𝑃 )

where 𝑐 ∈ R𝑛, 𝐵,𝐴𝑖 (𝑖 = 1, . . . , 𝑛) are 𝑘 × 𝑘 matrices belonging to the

space of real symmetric matrices 𝒮𝑘 and 𝒦 ⊆ 𝒮𝑘 is a proper cone. One

important type of conic problems is the class of semidefinite programs

(SDP) where 𝒦 is the cone of positive semidefinite matrices. In appli-

cations, many NP-hard problems are relaxed and have been successfully

approximated by SDP’s. Another class included in (𝑃 ) is copositive op-

timization. A matrix 𝑀 ∈ 𝒮𝑘 is called copositive if

𝑥𝑇𝑀𝑥 ≥ 0 holds for all 𝑥 ∈ R𝑘
+.

It is known that some NP-hard problems such as the stable set prob-

lem or some nonconvex quadratic problems can be formulated exactly as

copositive programs (COP). In the thesis, we looked at conic problems

for a general proper cone and then specialized our findings to the SDP

or COP cases.

Let us fix the cone 𝒦 and define 𝑚 := 1
2
𝑘(𝑘 + 1). By denoting 𝐴 as

the 𝑚 × 𝑛 matrix with columns 𝐴𝑖, the corresponding parameter space
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of problem instances of (𝑃 ) is given by

𝒫 := {(𝐴,𝐵, 𝑐) ∈ R𝑚×𝑛 × R𝑚 × R𝑛} ≡ R𝑚·𝑛+𝑚+𝑛

endowed with some norm.

A property is said to be stable at a problem instance 𝑄 = (𝐴,𝐵, 𝑐) ∈ 𝒫
if there exists 𝜀 > 0 such that the property holds for all 𝑄 ∈ 𝒫 with

‖𝑄 − 𝑄‖ < 𝜀. We say that a property is weakly generic if the property

holds for almost all problem instances, i.e., it holds for a set of problems

𝒫𝑔 with 𝒫 ∖𝒫𝑔 of measure zero. We say that a property is generic if the

property holds for a set 𝒫𝑔 ⊂ 𝒫 with 𝒫 ∖ 𝒫𝑔 of Lebesgue measure zero

and such that for any 𝑄 ∈ 𝒫𝑔 the property is stable.

The main achievements of the thesis can be subdivided into three

parts: results on generic properties of conic programs, results on first or-

der maximizers in conic programs and special results on checking copos-

itivity for a certain class of matrices.

In the first part (Chapter 3), generic properties of conic problems were

reviewed and completed. A simple proof is provided for Theorem 3.5,

based on topological arguments that generically in the parameter space

𝒫 either the problem is infeasible or the Slater condition holds. Unlike the

linear programming case, a bounded primal program with corresponding

infeasible dual may occur in conic programming. However, due to the

genericity result of strong duality shown in Corollary 3.8, the parame-

ter set of conic problems with bounded primal and infeasible dual has

measure zero.

We next focused on the set of problem instances where both primal

and dual problems are feasible. In this case, other desired properties such

as uniqueness, nondegeneracy and strict complementarity are known to

be weakly generic under the assumption that strong duality holds, e.g.

[PT01]. Corollary 3.8 establishes that for a generic instance, if the primal

and dual problems are feasible, then the strong duality holds. Thus,

combining the above statements, Corollary 3.17 completes the picture of

previously known weak genericity results.

Moreover, based on the proof in [AHO97] of weak genericity of these

desired properties, we show in Proposition 3.20 that stability holds for

94



these weakly generic instances in the SDP case. In other words, all these

“nice” properties such as nondegeneracy and strict complementarity are

generic in the SDP case. It seems that proving a general stability result

for a proper cone 𝒦 may require extra conditions. A partial stability

result with respect to the objective vector 𝑐 ∈ R𝑛 (fixing all other pa-

rameters) is proven in [BDL11] for semi-algebraic cones. However, for

a general proper cone 𝒦, the stability in the parameter space 𝒫 still

remains an open question.

In the second part (Chapter 4), we were interested in first order max-

imizers of conic programs. A feasible solution 𝑥 of (𝑃 ) is called a maxi-

mizer of order 𝑝 > 0 if there exist 𝛾 > 0 and 𝜀 > 0 such that

𝑐𝑇𝑥− 𝑐𝑇𝑥 ≥ 𝛾‖𝑥− 𝑥‖𝑝 for all feasible 𝑥 with ‖𝑥− 𝑥‖ < 𝜀.

It has been shown in [BDL11] that second order maximizers occur weakly

generically. This means that a quadratic growth condition holds at op-

timal solutions of conic programs for almost all feasible pairs of problem

instances. In the SDP case, second order maximizers are stable as well

at these weakly generic problem instances, see Corollary 4.6.

In particular, an even sharper condition than second order maximizers

are the first order maximizers. In Theorem 4.11, we formulate a charac-

terization of first order maximizers in terms of conic programs. First or-

der maximizers are well-studied in semi-infinite programming. However,

genericity results from the more general class of semi-infinite programs

do no more hold in the special class of conic programs. Examples 4.16

and 4.18 illustrate stable versus unstable first order maximizers in conic

programming. We investigated how to modify the results in semi-infinite

programming to the case of conic problems (𝑃 ). In particular, Theo-

rem 4.23 gives necessary conditions for stability of first order maximizers

and Theorem 4.27 gives a sufficient condition. The above result implies

that despite not being a generic property, first order maximizers are not

generically excluded in SDP or COP. Corollaries 4.19 and 4.28 summa-

rize results on first order maximizers and their stability in the SDP case.

Example 4.17 illustrates a stable first order maximizer in the COP case.
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Summary

In the third part (Chapter 5), we focused on a particular class of

conic programs: the copositive program. While SDP is known to be nu-

merically solvable in polynomial time within a given accuracy, verifying

copositivity of a matrix alone is known to be NP-hard. All faces of the

positive semidefinite cone are well understood. On the other hand, little

is known about the boundary structure or extreme rays of the copositive

cone, and understanding them remains a challenge. We studied some

special cases where copositivity can be numerically tested to a given ac-

curacy in polynomial time. Especially, Theorem 5.4 shows that a matrix

with exactly one positive eigenvalue is copositive if and only if it is a

nonnegative matrix.
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Samenvatting

In dit proefschrijft beschouwden wij het volgende conische probleem

max 𝑐𝑇𝑥

s.t. 𝑋 := 𝐵 −
∑︀𝑛

𝑖=1 𝑥𝑖𝐴𝑖 ∈ 𝒦 (𝑃 )

waarbij 𝑐 ∈ R𝑛, 𝐵,𝐴𝑖 (𝑖 = 1, . . . , 𝑛) 𝑘 × 𝑘 matrices zijn behorende

tot de ruimte van reële symmetrische matrices 𝒮𝑘 en 𝒦 ⊆ 𝒮𝑘 een be-

hoorlijke kegel is. Een belangrijk type conische problemen is de klasse

van semidefiniete programmeringsproblemen (SDP) waarbij 𝒦 de kegel

van positief-semidefiniete matrices is. In toepassingen worden veel NP-

moeilijke problemen gerelaxeerd en succesvol benaderd door SDP’s. Een

andere klasse die tot (𝑃 ) behoort is copositieve optimalisatie. Een matrix

𝑀 ∈ 𝒮𝑘 is copositief wanneer

𝑥𝑇𝑀𝑥 ≥ 0 geldt voor alle 𝑥 ∈ R𝑘
+.

Het is bekend dat enkele NP-moeilijke problemen, zoals het stabiliteits-

probleem en enkele niet-convexe kwadratische problemen, exact kunnen

worden geformuleerd als copositieve programmeringsproblemen (COP).

In dit proefschrift bekeken we conische problemen voor een algemene be-

hoorlijke kegel, waarna we onze bevindingen specialiseerden voor SDP

en COP.
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Samenvatting

Gegeven een kegel𝒦, definieer𝑚 := 1
2
𝑘(𝑘+1). Laat 𝐴 de𝑚×𝑛matrix

zijn met kolommen 𝐴𝑖, dan wordt de bijbehorende parameterruimte van

problemen van de vorm (𝑃 ) gegeven door

𝒫 := {(𝐴,𝐵, 𝑐) ∈ R𝑚×𝑛 × R𝑚 × R𝑛} ≡ R𝑚·𝑛+𝑚+𝑛,

toegerust met een bepaalde norm.

We noemen een eigenschap stabiel voor een probleem 𝑄 = (𝐴,𝐵, 𝑐) ∈ 𝒫
wanneer er een 𝜀 > 0 bestaat zodanig dat de eigenschap geldt voor alle

𝑄 ∈ 𝒫 waarvoor geldt dat ‖𝑄 − 𝑄‖ < 𝜀. We noemen een eigenschap

zwak generiek wanneer de eigenschap geldt voor bijna alle gevallen van

een probleem, d.w.z. geldt voor een set van problemen 𝒫𝑔 waarbij 𝒫 ∖𝒫𝑔

maat nul heeft. Een eigenschap is generiek wanneer deze geldt voor een

set 𝒫𝑔 ⊂ 𝒫 waarbij 𝒫 ∖𝒫𝑔 Lebesgue-maat nul heeft en voor elke 𝑄 ∈ 𝒫𝑔

de eigenschap stabiel is.

De voornaamste resultaten van dit proefschrijft kunnen in drie delen

worden onderverdeeld: resultaten met betrekking tot generieke eigen-

schappen van conische programmeringsproblemen, resultaten met be-

trekking tot eerste-orde maximizers voor conische programmeringspro-

blemen en specifieke resultaten aangaande het verifiëren van copositivi-

teit voor een bepaalde klasse van matrices.

In het eerste deel (Hoofdstuk 3), worden generieke eigenschappen van

conische problemen bekeken en compleet gemaakt (voltooid). Stelling 3.5

geeft een simpel bewijs gebaseerd op topologische argumenten dat in het

generieke geval in de parameterruimte 𝒫 , het probleem geen toelaatbare

oplossing heeft of dat de Slater condities gelden. In tegenstelling tot

lineair programmeren, kan het bij conische programmeringsproblemen

voorkomen dat een begrensd primair probleem een bijbehorend duaal

probleem heeft zonder toelaatbare oplossingen. Echter, uit het generi-

citeitsresultaat voor sterke dualiteit, zoals weergegeven in Gevolg 3.8,

volgt dat de parameterset van conische problemen met bovengenoemde

eigenschappen maat nul heeft.

We vestigen vervolgens onze aandacht op de programmeringsproble-

men waarbij zowel het primaire als het duale probleem een toelaatbare
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oplossing heeft. In dit geval is het bekend dat andere gewilde eigen-

schappen zoals uniekheid, niet-ontaardheid en strikte complementariteit

zwak generiek zijn onder de aanname dat sterke dualiteit geldt, zie bijv.

[PT01]. Gevolg 3.8 stelt dat voor een generiek probleem, wanneer het

primaire en het duale probleem toelaatbare oplossingen hebben, sterke

dualiteit geldt. Door vervolgens bovenstaande stellingen te combineren

voltooit Gevolg 3.17 het plaatje van reeds bekende resultaten met be-

trekking tot zwakke genericiteit.

Bovendien hebben wij, gebaseerd op het bewijs in [AHO97] aangaande

zwakke genericiteit van deze gewilde eigenschappen, in Propositie 3.20

laten zien dat stabiliteit geldt voor deze zwak generieke gevallen aan-

gaande SDP’s. In andere woorden, al deze ‘goede’ eigenschappen zoals

niet-ontaardheid en strikte complementariteit zijn generiek voor SDP’s.

Het lijkt erop dat extra condities nodig zijn om een algemeen stabili-

teitsresultaat te kunnen bewijzen voor een behoorlijke kegel 𝒦. Een ge-

deeltelijk stabiliteitsresultaat met betrekking tot de vector 𝑐 ∈ R𝑛 (alle

andere parameters constant nemend) is bewezen in [BDL11] voor semi-

algebräısche kegels. Echter, voor een algemene behoorlijke kegel 𝒦 is de

stabiliteit van de parameterruimte 𝒫 nog altijd een open vraag.

In het tweede deel (Hoofdstuk 4), zijn we gëınteresseerd in eerste-orde

maximizers van conische programmeringsproblemen. Een toelaatbare op-

lossing 𝑥 voor (𝑃 ) wordt een maximizer van orde 𝑝 > 0 genoemd wanneer

er een 𝛾 > 0 en 𝜀 > 0 bestaan zodanig dat

𝑐𝑇𝑥− 𝑐𝑇𝑥 ≥ 𝛾‖𝑥− 𝑥‖𝑝

voor elke toelaatbare 𝑥 waarvoor geldt ‖𝑥− 𝑥‖ < 𝜀.

Het is aangetoond in [BDL11] dat tweede-orde maximizers zwak ge-

neriek zijn. Dit betekent dat een kwadratische groeiconditie geldt bij op-

timale oplossingen van conische problemen voor bijna alle paren van pro-

blemen met toelaatbare oplossingen. In het geval van SDP zijn tweede-

orde maximizers ook stabiel bij deze zwak generieke problemen, zie Ge-

volg 4.6.

Een nog sterkere conditie dan tweede-orde maximizers zijn de eerste-

orde maximizers. In Stelling 4.11 formuleren we een karakterisering
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Samenvatting

van eerste-orde maximizers met betrekking tot conische programmerings-

problemen. Eerste-orde maximizers zijn grondig bestudeerd voor semi-

oneindig programmeringsproblemen. Echter, genericiteitsresultaten van

de algemenere klasse van semi-oneindige programmeringsproblemen gel-

den niet meer voor de speciale klasse van conische programmeringspro-

blemen. Voorbeelden 4.16 en 4.18 illustreren het verschil tussen stabiele

en onstabiele eerste-orde maximizers voor conisch programmeringspro-

blemen. We onderzochten hoe we de resultaten in semi-oneindig pro-

grammeringsproblemen kunnen aanpassen voor conische problemen (𝑃 ).

Zo geeft Stelling 4.23 een noodzakelijke voorwaarde voor stabiliteit van

eerste-orde maximizers en geeft Stelling 4.27 een voldoende voorwaarde.

Het bovenstaande resultaat impliceert dat ondanks dat het niet om een

generieke eigenschap gaat, eerste-orde maximizers niet generiek zijn uit-

gesloten voor SDP of COP. Gevolgen 4.19 en 4.28 geven een samenvatting

van resultaten met betrekking tot eerste-orde maximizers en hun stabili-

teit voor SDP’s. Voorbeeld 4.17 illustreert een eerste-orde maximizer in

het COP geval.

In het derde deel (Hoofdstuk 5), focussen we op een speciale klasse

van conische programmeringsproblemen: de copositieve programmerings-

problemen. Hoewel van SDP’s bekend is dat deze numeriek oplosbaar

zijn voor een gegeven nauwkeurigheid in polynomiale tijd, is enkel het

vaststellen van copositiviteit van een matrix daarentegen NP-moeilijk.

Alle zijvlakken van de positief-semidefiniete kegel zijn goed begrepen.

Daarentegen is er weinig bekend over de structuur van de rand of de

extreme stralen van de copositieve kegel; hier inzicht in verschaffen blijft

een uitdaging. We bestuderen enkele speciale gevallen waar numeriek

op copositiviteit kan worden getest, voor een gegeven nauwkeurigheid,

in polynomiale tijd. Stelling 5.4 laat zien dat een matrix met exact één

positieve eigenwaarde copositief is dan en slechts dan wanneer het een

niet-negatieve matrix is.
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Товч хураангуй

Энэхүү диссертацид дараах конус зааглалттай оптимизацийн бодло-
гыг судалсан:

max 𝑐𝑇𝑥

s.t. 𝑋 := 𝐵 −
∑︀𝑛

𝑖=1 𝑥𝑖𝐴𝑖 ∈ 𝒦, (𝑃 )

энд 𝑐 ∈ R𝑛, 𝐵,𝐴𝑖 (𝑖 = 1, . . . , 𝑛) нь 𝑘 эрэмбийн бодит, тэгш хэмтэй
квадрат матрицууд ба 𝒦 нь битүү, бүрэн хэмжээст, гүдгэр, шулуун
агуулдаггүй конус болно. Конус зааглалттай оптимизацийн бодло-
гын нэг чухал төлөөлөгч нь сөрөг биш тодорхойлогдсон матрицуу-
даас бүрдэх конус зааглалттай бодлого юм. Зарим NP-hard хүндрэл-
тэй бодлогуудын шийдийг сөрөг биш тодорхойлогдсон матрицуудаас
бүрдэх конус зааглалттай гүдгэр бодлогуудыг бодох замаар өндөр на-
рийвчлалтайгаар тооцоолон бодож гаргадаг билээ. Өөр нэг томоохон
төлөөлөгч нь зааглагдсан эерэгээр тодорхойлогдсон матрицуудын ко-
нус буюу “copositve” конус юм. Аливаа сөрөг биш 𝑥 ∈ R𝑛-ийн хувьд

𝑥𝑇𝑀𝑥 ≥ 0

квадратлаг хэлбэрийн тэнцэтгэл бишийг хангах, 𝑘 эрэмбийн бодит,
тэгш хэмтэй квадрат матриц 𝑀 -ийг “copositive” матриц гэнэ.
“Copositive” конус нь эдгээр “copositive” матрицуудаас бүрддэг. Гүд-
гэр бус квадратлаг оптимизацийн бодлогууд болон зарим нэг гра-
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Товч хураангуй

фийн NP-hard хүндрэлтэй бодлогуудыг энэхүү “copositive” конус зааг-
лалттай бодлого болгон томъёолж болдогоороо энэхүү конус нь су-
далгааны чухал объект юм. Энэхүү диссертацид конус зааглалттай
оптимизацийн бодлогуудыг ерөнхийд нь судлахаас гадна сөрөг биш
тодорхойлогдсон матрицууд болон зааглагдсан эерэгээр тодорхойлогд-
сон матрицуудын конусын тохиолдлуудыг тусгайлан авч үзсэн болно.

Конус 𝒦 өгөгдсөн ба 𝑚 := 1
2
𝑘(𝑘+1) гэж үзье. Түүнчлэн баганууд

нь 𝐴𝑖-ээс бүрдэх 𝑚 × 𝑛 хэмжээтэй матрицыг 𝐴 гэе. Энэ тохиолдолд
конус зааглалттай бодлогуудын параметрийн огторгуй нь

𝒫 := {(𝐴,𝐵, 𝑐) ∈ R𝑚×𝑛 × R𝑚 × R𝑛} ≡ R𝑚·𝑛+𝑚+𝑛

болно. Параметр 𝑄 = (𝐴,𝐵, 𝑐) ∈ 𝒫 -ээр өгөгдсөн бодлого нь аливаа
нэг чанарыг хангадаг байг. Параметр 𝑄-ийн 𝜀 > 0 орчинд өгөгдсөн
‖𝑄−𝑄‖ < 𝜀 байх бүх 𝑄 ∈ 𝒫 бодлогуудад тухайн чанар хадгалагддаг
бол тогтвортой чанар гэнэ. Хэрэв параметрийн огторгуй 𝒫-д өгөгд-
сөн чанарыг хангадаггүй бодлогуудын параметрүүдийн олонлог нь
тэг хэмжээстэй бол сул нийтлэг чанар гэнэ. Сул нийтлэг чанарыг
бараг бүх бодлогууд хангадаг. Түүнчлэн сул нийтлэг чанарыг ханга-
даг бүх бодлогууд нь тогтвортой бол тухайн чанарыг нийтлэг чанар
гэдэг. Нийтлэг чанарыг хангадаг бодлогуудын параметрүүдийн олон-
лог нь задгай байдаг.

Энэхүү диссертаци нь таван бүлгээс бүрдэх бөгөөд, үр дүнгүүдийг
конус зааглалттай бодлогуудын нийтлэг чанаруудын тухай, конус
зааглалттай бодлогын нэгдүгээр эрэмбийн оновчтой шийдийн тухай,
матрицуудыг зааглагдсан эерэгээр тодорхойлогдсон эсэхийг тогтоох
тухай гэсэн үндсэн гурван хэсэгт ангилж болно.

Эхний хэсэгт (Бүлэг 3) конус зааглалттай бодлогуудын нийтлэг
чанаруудыг судалсан ба Теорем 3.5-д конус зааглалттай бараг бүх
бодлогууд зааглалтын муж нь хоосон эсвэл Slater нөхцөлийг ханга-
даг болохыг харуулсан. Конус зааглалттай бодлого ба түүний хосмог
бодлогын зааглалтуудын мужууд нь хоосон биш тохиолдолд бодлого
цор ганц оновчтой шийдтэй байх нь оптимизацийн бодлогуудын сул
нийтлэг шинж юм. Түүнчлэн nondegeneracy, strict complementarity
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гэх мэт чанарууд өргөн судлагдсан байдаг ба эдгээр чанарууд нь
мөн сул нийтлэг шинжүүд юм. Диссертацид конус нь сөрөг биш то-
дорхойлогдсон матрицууд байсан тохиолдолд (Өгүүлбэр 3.20-д) дээр
дурьдсан чанарууд нь тогтвортой болохыг харуулсан болно. Ерөн-
хий тохиолдолд дээрх чанарууд нь тогтвортой эсэх нь тодорхойгүй
болно.

Хоёрдугаар хэсэгт (Бүлэг 4) конус зааглалттай оптимизацийн бод-
логын нэгдүгээр эрэмбийн оновчтой шийдийн тухай судалсан. Хэрэв
‖𝑥− 𝑥‖ < 𝜀 байх боломжит шийд 𝑥-ийн хувьд

𝑐𝑇𝑥− 𝑐𝑇𝑥 ≥ 𝛾‖𝑥− 𝑥‖𝑝

нөхцөлийг хангах 𝛾 > 0 ба 𝜀 > 0 олддог бол 𝑥-ийг 𝑝 эрэмбийн оновч-
той шийд гэе. Хоёрдугаар эрэмбийн оновчтой шийд нь сул нийтлэг
чанар болохыг [BDL11]-д баталсан байдаг. Тодорхойлолт ёсоор бүх
нэгдүгээр эрэмбийн оновчтой шийд нь хоёрдугаар эрэмбийн нөхцө-
лийг хангана. Сул нийтлэг тохиолдолд нэгдүгээр эрэмбийн шийдтэй
бодлогууд оршин байдаг болох нь Жишээ 4.16 болон 4.17-оос хараг-
даж байна. Нэгдүгээр эрэмбийн оновчтой шийд оршин байх нөхцө-
лийг Теорем 4.11-т тодорхойлсон ба түүнчлэн нэгдүгээр эрэмбийн
оновчтой шийд тогтвортой байх зайлшгүй бөгөөд хүрэлцээтэй нөх-
цөлүүдийг Теорем 4.23 ба 4.27-д томъёолсон болно.

Гуравдугаар хэсэгт (Бүлэг 5) зарим нэг өгөгдсөн матрицыг зааг-
лагдсан эерэгээр тодорхойлогдсон эсэхийг тогтоох арга, шалгах алго-
ритмүүдийг авч үзсэн. Матрицуудын хувийн утгуудыг шинжилж сө-
рөг биш тодорхойлогдсон эсэхийг тогтоох боломжтой байдаг. Харин
ерөнхий тохиолдолд зааглагдсан эерэгээр тодорхойлогдсон матриц
мөн эсэхийг тогтоох нь NP-hard хүндрэлтэй бодлого юм. Зарим то-
хиолдолд зааглагдсан эерэгээр тодорхойлогдсон матрицуудыг нягт-
лан судалж, бүрэн тодорхойлох боломжтой байдаг. Жишээ нь Тео-
рем 5.4-т үзүүлснээр яг нэг эерэг хувийн утгатай матриц нь “copositive”
байх гарцаагүй бөгөөд хүрэлцээтэй нөхцөл нь матрицын элемент бүр
нь сөрөг биш байх явдал юм.
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Nomenclature

Acronyms

CP Linear conic programming

SIP Linear semi-infinite programming

LP Linear programming

SOCP Second order cone programming

SDP Semidefinite programming

COP Copositive programming

Cones

𝒦 a proper cone

𝒦* the dual cone of 𝒦

𝒮𝑘
+ the cone of 𝑘 × 𝑘 positive semidefinite matrices, page 7

𝒩𝒩 𝑘 the cone of 𝑘 × 𝑘 nonnegative matrices, page 7

𝒞𝒪𝒫𝑘 the cone of 𝑘 × 𝑘 copositive matrices, page 7
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𝒮𝒪𝒞𝑘 Second order cone of dimension 𝑘, page 7

𝒞𝒫𝑘 the cone of 𝑘 × 𝑘 completely positive matrices, page 7

Cone related notations

face(𝑋,𝒦) the minimal face of 𝒦 containing 𝑋, page 20

face△(𝑋,𝒦) the complementary face of 𝑋, page 21

J(𝑋) the minimal face of 𝒦 containing 𝑋, page 20

J△(𝑋) the complementary face of 𝑋, page 21

𝐺(𝑌 ) the minimal face of 𝒦* containing 𝑌 , page 20

𝐹 a face of 𝒦, page 7

tan(𝑋,𝒦) the tangent space at 𝑋 ∈ 𝒦, page 27

Cone problem related notations

𝜎𝑃 system of linear equations describing the feasible set ℱ𝑃 , page 13

𝒩1 1st moment cone, page 13

𝒩2 2nd moment cone, page 13

ℳ(𝑋) the moment cone corresponding to complementary face of 𝑋,

page 21

ℱ𝑃 the feasible set of problem (𝑃 ), page 8

ℱ*
𝑃 the optimal solution set of problem (𝑃 ), page 43

𝑣𝑃 the optimal value of problem (𝑃 ), page 8

ℒ span of the matrices 𝐴1, . . . , 𝐴𝑛, page 9

𝐴 an 𝑚× 𝑛 matrix whose 𝑖th column is matrix 𝐴𝑖, page 9
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Parameter space of programs

𝒫 parameter space 𝒫 := {(𝐴,𝐵, 𝑐) ∈ R𝑚×𝑛 × R𝑚 × R𝑛} of conic

problems, page 33

𝒟(ℒ) For fixed ℒ, the parameter set (𝐶,𝐵) ∈ R2𝑚 of self-dual conic

problems where both primal and dual problems are feasible and

with zero duality gap, page 45

𝒟(ℒ) For fixed ℒ, the parameter set (𝐶,𝐵) ∈ R2𝑚 of self-dual conic

problems such that there exist strictly complementary optimal so-

lutions, page 45

Π parameter space Π := {(𝑎, 𝑏, 𝑐) ∈ 𝐶(𝒵)𝑛 × 𝐶(𝒵) × R𝑛} of SIP

problems with an index set 𝒵, page 73

Spaces, sets and maps

𝒮𝑘 Space of real symmetric 𝑘 × 𝑘 matrices

R𝑘 Real space of dimension 𝑘

R𝑘
+ Set of nonnegative reals of dimension 𝑘

Q Set of rational numbers

N Set of natural numbers

𝐺 the minimal face mapping 𝒦* ⇒ 𝒦* given by 𝐺(𝑌 ) = face(𝑌,𝒦*),

page 78

Miscellaneous

Γ an undirected graph, page 83

𝐴Γ the adjacency matrix of the graph Γ, page 84

𝜔(Γ) The clique number of the graph Γ, page 83
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Index

asymptotically inconsistent problem,

13

cone

completely positive cone, 7

copositive cone, 7

dual cone, 6

facially exposed, 8

nice cone, 27

nonnegative cone, 7

positive semidefinite cone, 7

proper cone, 5

second order cone, 7

self-dual cone, 7

semi-algebraic cone, 54

conic problem formulation, 8

self-dual, 9

SIP, 10

standard, 8

duality, 11

duality gap states table, 17

duality states table, 12

strong duality, 17

universal duality, 41

weak duality, 11

face, 7

complementary face, 21

exposed face, 8

proper face, 8

genericity, 33

weak genericity, 33

Hausdorff measure, 45

KKT condition, 21

linear programming, 28, 51, 60

lower semi-continuity, 78

minimal face mapping, 78

moment cone, 13

1st moment cone, 13

2nd moment cone, 13

moment cone corresponding to

a complementary face, 21
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nondegeneracy, 23

order of maximizers, 59

first order maximizers, 65

Perron Frobenius property, 85

semidefinite programming, 29, 47,

52, 63, 71, 82

Slater’s condition, 18

solution

basic solution, 23

extreme solution, 23

stability, 35

strict complementarity, 26

tangent space, 27

Theorem of alternatives, 14, 22
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