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1.1 Motivation

Commonly, research in the �eld of medical and epidemiological sciences requires

collection of data to study treatment e�ects or associations between risk factors

and disease outcomes. These outcomes can be measured with di�erent tools.

One of these tools is multi-item questionnaires, with items having an ordered

set of values. Depending on the research question, individual items are either

analyzed separately, they are analyzed simultaneously, or they are analyzed as a

certain composite scores. In all these settings, the statistical analysis is not always

straightforward, in particular when questionnaires are applied repeatedly to the

same subjects, i.e. repeated measures. The main goals of the current thesis is to

provide insight in the performance of a few existing methods and to develop new

statistical models for the analysis of this type of data.

1.2 Background

1.2.1 Brief History of Categorical Data Analysis

A categorical variable has a measurement scale consisting of a �nite set of cate-

gories2. It is called an ordinal variable if the categories can be ordered with respect

to a (set of) characteristic(s). Ordinal measurements are used in medical sciences

to assess for instance disease severity, in public health to evaluate for instance

quality of life, in quality control and engineering to indicate for example the level

of acceptance of products, and in social sciences to assess for instance perspectives

and attitudes. Some researchers deal with categorical variables as if they were

normally distributed and analyze them with statistical approaches that have been

developed for normally distributed variables. Although, not always, this may lead

to incorrect interpretations. First of all, the mean of categorical variables does not

have the same interpretation as the mean of numerical variables. Secondly, the

predicted outcome from a model �t may actually lay outside the possible range of

the ordinal outcome (i.e. below the lowest score or above the highest score), when

statistical methods do not respect the natural range of ordinal variables. Finally,

ordinary linear regression may not be applicable due to heterogeneous variances.

It has been shown, via examples, that analysis of ordinal outcomes with ordinary

regression may result in misleading conclusions49,82,25.

In recent years, more attention has been given to the analysis of categorical
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data, but the origin of categorical data analysis goes back decades ago (1960's)

when researchers started to use unobservable continuous or discrete random vari-

ables underneath categorical variables in contingency tables35,34,36. This idea

contributed to the introduction of regression models for the analysis of ordinal

outcomes75. Somewhat later, a model for measuring the association between cat-

egorical variables in a contingency table was introduced by computing odds of

the expected frequency in each cell of the table20. This expected frequency was

computed by assuming that the counts in the contingency table have a (or two)

multinomial distribution(s). Ultimately, models for categorical outcome variables

�ourished when the cumulative probability models were introduced as regression

models47, and log-linear models were developed to model the association in con-

tingency tables21. In the �rst class of models, the cumulative probabilities of

ordinal outcomes are connected to a linear function of covariates (predictors) via

a link function. Essentially, a link function can be any monotone increasing func-

tion which maps the (cell) probability into a number on the real line. Popular

link functions are: logit, probit, and complementary log-log. Selection of the link

function depends on the aim of the analysis: estimators from the cumulative logit

models have odds ratio interpretations, estimators from the cumulative probit

have ordinary-linear-regression interpretations for an underlying distribution, and

complementary log-log has an interpretation related to survival analysis47. The

cumulative model was further extended by assuming nonlinear additive models26,

smooth spline models84, partially linear models30, and non-parametric models77.

In the second class of models, the log-linear models, the natural logarithm of the

expected frequency of each cell in a contingency table is described by a linear

additive model of the parameters corresponding to the row, column, and possibly

the row-column interactions.

1.2.2 Statistical Models and Estimation

Similar to the statistical models in the previous section are the latent variable

models for categorical variables, which are often referred to as item response the-

ory (IRT)67. These models are particularly suitable for analyzing multiple items,

since these models typically assume independence of the items given the latent

variable. This latent variable is often considered normally distributed. In many

scienti�c areas, changes in the outcomes over time and the impact of covariates
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on these changes are more informative than a relation between outcome and co-

variates at a particular time point (cross-sectional data analysis). This is relevant

for instance in medical sciences where changes in disease outcomes are studied for

interventions. To investigate these changes, the same characteristic or variable is

repeatedly assessed at di�erent time points on the same unit or subject (longitudi-

nal data). Therefore, outcomes are inter-dependent. Providing a valid statistical

inference from these data requires statistical models that are capable to address

the associations among repeated outcomes. There are commonly two statistical

classes that could take these associations into account: subject-speci�c models and

population-average models.

Subject-speci�c models, which are also called random-e�ect models, indirectly

describe the association among observations by introducing random e�ects into

the mean model. A common assumption for such models is independence among

outcomes given the random e�ects, like the latent variable models for IRT. Fixed

e�ects and variance component parameters can be estimated by maximum likeli-

hood, penalized quasi-likelihood, marginalized quasi-likelihood, Monte Carlo Markov

chained, and Monte Carlo EM algorithm. To be able to perform this, likelihood

function should be formulated. It essentially requires choosing a distribution for

the random e�ects since the likelihood depends on both the regression parameters

(�xed e�ects in the mean model) and the distribution of the random e�ects. Typ-

ically, random e�ects are presumed to have a (multivariate) normal distribution

even for non-normal outcomes. Consequently, inferences about �xed e�ect param-

eters on a population level from subject-speci�c models require integrating out the

random e�ects from the likelihood function. This means that the marginal mean

or unconditional mean model does not necessarily have the same model form15,

and thus the parameter interpretation at the population level is di�erent from

a subject-speci�c model interpretation in particular for generalized linear mixed

models. For instance, if the logit link function is used with normally distributed

random e�ects, integrals over the random e�ects do not even have a close form

expression15.

In contrast to subject-speci�c models, population-average models specify the

association among repeated observations directly (conditional on covariates) through

a set of association parameters. These models are also referred to as marginal

models since they provide a marginal (distribution) inference about the mean of a

population. Maximum likelihood estimations of marginal models for non-normal
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outcomes are not straightforward since the likelihood function needs a fully speci-

�ed multivariate distribution. Some research has attempted to develop likelihood

approaches for binary and ordinal outcomes. For instance, the Bahadur model

describes the multivariate binary distribution using a product of marginal dis-

tributions and a correction factor that contains the second and higher order of

correlation coe�cients6. A likelihood approach has also been developed for binary

variables based on odds ratio in log-linear models48, in a marginal logit model8,

or in ordinary logistic regression44. Multivariate probit models5,37 construct a

likelihood-based model for ordinal variables by assuming a multivariate normal

latent variable and describing the associations via polychoric correlations65. An-

other class is multivariate logistic models that use log transformation of each cell

probability as well as all higher-order moments19,33,48. Moreover, a model for or-

dinal variables relies on marginal cumulative logit in combination with global odds

ratios as measures of association14,54,55. Nevertheless, these models are applicable

for low dimensions of repeated measurements40.

An appealing alternative estimation method for marginal models is general-

ized estimating equations (GEE) which was primarily introduced for continuous

and discrete data39,85, and extended to ordinal outcomes later42. This method

requires only speci�cation of the �rst two moments of the outcomes, but the sec-

ond moments or associations are treated as nuisance parameters. For ordinal data,

moments are speci�ed by a set of binary variables that are used to code the ordinal

outcomes. The main advantage of GEE is that it produces consistent estimators

for the regression parameters if the �rst moment is correctly speci�ed. In other

word, estimates are robust to miss-speci�cation of the second moment. GEE was

enhanced for binary outcomes by using a second set of equations for estimating the

correlation coe�cients66. As an alternative to correlation coe�cients, odds ratios

for binary outcomes43. Furthermore, global odds ratios27 or local odds ratios76

have also been employed to measure the association between ordinal outcomes.

GEE does not always lead to e�cient estimators for the association parameters41.

To achieve a solution, the second-order generalized estimating equations (GEE2)

has been introduced that is almost fully e�cient for both regression parameters and

correlation coe�cients41. The fundamental di�erence between GEE (GEE1) and

GEE2 is that GEE2 is built upon a single vector that integrates all the outcomes

(the �rst order) and the pairwise (the second order) terms. As a consequence,

estimators of the regression parameters are consistent if all of the elements in this
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vector are correctly speci�ed. This method, in contrast to GEE1, induces biases

in both regression parameters and association parameters if the second moment

is miss-speci�ed17. As an alternative to correlation coe�cient in GEE2, odds

ratio and global odds ratio can be applied for binary38 and ordinal outcomes27,

respectively.

1.2.3 Missing Data

Whether a subject-speci�c or marginal model is applied, missing data is a partic-

ular complication in parameter estimations. It is a pervasive issue for repeated

measurements data which may disturb the statistical inference. Three di�erent

mechanisms have been de�ned to distinguish the statistical properties or conse-

quences of missingness70. The simplest missing mechanism is missing completely

at random (MCAR), which assumes that the probability of missingness is not

related to any of the (observed or unobserved) outcomes. In other word, the

incomplete data set is a random sample of the full data set conditionally on the

covariates52,80. The second missing mechanism is called missing at random (MAR)

and occurs when the probability of missingness depends on covariates as well as

the observed outcomes. The most general mechanism is referred to as missing not

at random (MNAR), and assumes that the probability of missingness depends on

covariates, the observed, and the unobserved outcomes (that should have been

observed in principle). This taxonomy of missing mechanism is essentially in-

dependent of the statistical analysis model used to analyze the data. However,

there is another classi�cation of the missing mechanisms that does depend on

the inferential models56. In this classi�cation the missing mechanism is modeled

simultaneously with the observed data. The missingness is referred to as ignor-

able70, if parameters of the model for missingness and for the data analysis are

independent and they form separate parameter spaces. In contrast, when these

conditions are not ful�lled, the missingness is called non-ignorable. Figure 1.1

illustrates the three mechanisms MCAR, MAR, and MNAR more intuitively by a

graphical representation. The missing parts in the top left tea cup does not cause

any lack of interpretation, since the observed data clearly demonstrate a tea cup.

Thus the missing parts on this cup illustrate MCAR. The top middle and top right

cups illustrate the MAR assumption, since both cups are identical, but the handle

is missing in the middle cup. One may argue that the handle is on the back of the
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Fig. 1.1 Visual illustration of the missing mechanisms MCAR, MAR, and MNAR.

tea cup and the unobserved data (handle) is blocked by (and therefore dependent

on) the observed part of the tea cup. The two tea cups at the bottom of the �gure

demonstrate MNAR. Again the two tea cups are identical, but we have missing

data at the left tea cup. From the observed part on the left tea cup, we could

reconstruct that it is a tea cup, though it is impossible to determine the print on

the cup. Since the print is completely missing, the missing mechanism depends

on the unobserved data.

From the illustration, it is clear that knowledge of the missing mechanism is

fundamental for incomplete data analysis. For instance, if the missing mechanism

is MCAR, then a complete case analysis results in unbiased estimators. For the

top left tea cup all aspects of the tea cup are observed in enough details to fully re-

construct the tea cup. In contrast, an analysis may lead to biased estimators when

other mechanisms are applicable. For instance, a complete case analysis of the top

middle tea cup would never identify the handle and would lead to a biased view

of the tea cup. However, there are two statistical techniques, multiple imputation

and maximum likelihood, that can successfully deal with MAR53,15,11,13. Multiple

imputation (MI)71,78 replaces missing values with plausible values multiple times

to obtain several separate complete data sets. Consequently, inference is drawn

from all of these data sets and Rubin's rules71 are used to pool the estimates from

the multiple analyses. Although this approach is relatively simple to use, it comes

with some debates, for instance on the required numbers of repeating imputa-

tion69,23,10,81 or on the selection of models and methods to conduct imputation.

The other technique is maximum likelihood (ML) inference56,15, which speci�es

the likelihood function based on the observed data rather than full data. This

technique works due to the fact that MAR is equivalent to the ignorable mecha-
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nism in the likelihood context56,70. However, ML is less suitable whenever there

is missing covariate information. MI and ML for the top middle and top right tea

cup would know that there is missing data. Thus, the full data should form a tea

cup with a handle since the observed data suggests it is a tea cup. Under MNAR

advanced statistical methods, like selection models, pattern-mixture models, or

shared-parameter models, possibly in combination with MI12, are required. The

reason is that MNAR implies non-ignorability, thus both the missing mechanism

and the outcome data should be modeled. Indeed, additional assumptions are

needed to be able to also reconstruct the picture on the left bottom tea cup. The

illustration in Figure 1 indicates the fundamental problem with missing data; that

is, we never know if we also need to reconstruct a print on the tea cup, since it

might be fully missing. Thus each MNAR mechanism has a MAR counterpart51.

1.3 Aim of the Thesis

1.3.1 Assessing a few Existing Methods

In the last few decades, enormous progress has been achieved on the analysis of

repeated ordinal outcomes in both model frameworks and estimation methods.

Consequently, it has led to the development of many macros and software pro-

cedures. That is, most statistical software is capable of analyzing categorical or

ordinal variables cross-sectionally using logit or probit regression and longitudi-

nally using either marginal or subject-speci�c models. The most well-known and

popular models and approaches for the analysis of categorical data are described

in books2,1,56 and literature overviews46,4,16,3. A general concise list of existing

software packages for the analysis of categorical data is also available61,62,63. These

huge advancements may confuse users to select the most accurate and appropriate

method(s) and/or (possibly) software package. It is therefore important to inves-

tigate the strengths and weaknesses of the available software procedures. Indeed,

Professors Liu and Agresti have stated46 that �The past quarter century has seen

substantial developments in specialized methods for ordinal data. In the next, quar-

ter century, perhaps the main challenge is to make these methods better known to

methodologists who commonly encounter ordinal data�.

In particular, the GEE method has been reviewed88,90,86,24, compared with

pseudo likelihood18; and with maximum likelihood for normally64; as well as with
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random e�ect models for normal83, continuous60, and binary outcomes57. A com-

parison with ML, even for ordinal data, was conducted31 but only for limited

repeated outcomes. Selection of di�erent correlation structures has also been in-

vestigated74,89 but only for binary outcomes. Furthermore, GEE1 and GEE2

have been compared for binary outcomes7. Note that the method of GEE can

be employed in R (Splus), SAS, STATA, and SPSS and the performance of these

procedures has been investigated for binary outcomes87,28. However, availability,

�exibility, accuracy, and the underlying theory of GEE in these software packages

have not been compared for ordinal outcomes.

As we already mentioned earlier, dealing with missing data is crucially impor-

tant to obtain valid conclusions from incomplete data sets. Focusing on MAR, MI

was considered as one of the appealing approaches that can successfully handle

missing data. There are two commonly used classes of MI: one requires fully de-

scribed multivariate distributions, whereas the other one requires the conditional

distribution of each univariate given the rest of the predictors. These approaches

have been described in detail in several books71,45,11,79. The use of ML for missing

data has been described in detail in literature15,53,53,56,80. Although MI and ML

should theoretically produce the same results under MAR, they may practically

lead to various results under di�erent circumstances23. For this reason, several

researchers have compared ML with MI for multivariate cross-sectional or univari-

ate longitudinal outcomes13,58,72,29,50,73,9. Nonetheless when the main interest is

in scales from questionnaire data, it is probably better to use MI on item level

since it would use the information from all partially available items. This was

discovered in a few comparison studies22,68, but it was only studied under MCAR

or they lacked relevant imputation methods at item level and scale level. Thus

there is still a need to detect which MI approach is best or �nd out if ML is really

performing less than MI under MAR for questionnaire data.

1.3.2 Developing Some New Methodology

Subject-speci�c models are relatively straightforward to use, in particular under

normality assumptions of the random e�ects, but for ordinal outcomes they do not

provide clear interpretation about the �xed e�ects and association parameters at

the population level. Marginal models would overcome this limitation by directly

modeling ordinal outcomes and formulating the population mean and associations
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via functions of a set of parameters. Parameters in marginal models are frequently

estimated with GEE. Nevertheless, it also raises some issues. First of all, it is a

semi-parametric approach and does not support likelihood-based tests, which can

be used to compare di�erent models. Another issue is its sensitivity to missing

data. It is widely known that GEE leads to biased estimators for an incomplete

data sets with MAR or MNAR mechanisms. Moreover, GEE for ordinal outcomes

requires transforming each ordinal outcome into a vector of binary variables. This

transformation streamlines the application of GEE, but the interpretations of the

estimated correlation parameters are not straightforward. Finally, GEE does not

create a joint distribution for the ordinal outcomes, which makes it hard to address

statistical inferences other than inferences on the �rst moments.

One particular approach for modeling joint distributions of ordinal outcomes is

assuming continuous latent variables underneath the ordinal outcomes. Multivari-

ate logistic distributions are a natural choice since it would directly connect to logit

link functions and the �xed e�ects parameter estimates would have the popular

odds ratio interpretation. However, extension of the univariate logistic distribu-

tion to higher dimensions is not straightforward15. The correlation matrices for

the existing classes of multivariate logistic distributions32 are not very �exible.

Indeed, the class of Gumbel distributions only allow for the compound symmetry

structure, although any size of positive correlation coe�cient would be possible,

whereas the Farlie-Gumbel-Morgentern distribution can only handle weak correla-

tion coe�cients due to the necessary parameter restrictions, although the unstruc-

tured form would be possible. An alternative multivariate logistic distribution has

been recently introduced via the T-copula that would provide marginal logistic

distributions59. This multivariate distribution has been formulated in a Bayesian

paradigm but with covariate-independent correlation matrices. It is still unclear

how to formulate and estimate joint logistic distributions for ordinal outcomes with

�exible correlation matrices, such that it would be able to incorporate any size of

correlation coe�cients, and also adapt to possible covariates to describe di�erent

associations for di�erent subgroups. The joint distribution of disease severity is a

concern in for instance medical sciences where diseases can manifest at multiple

locations at a human body. So, there is an interest in modeling correlations with

covariates in a maximum likelihood framework.

Sometimes, longitudinal research entails multiple outcomes at each occasion

of follow-up. This would complicate the analysis even further, since the analy-
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sis of these types of outcomes requires a joint model that addresses both cross-

sectional and longitudinal correlations, as well as possible in�uences of covariates.

Most of the models for longitudinally multivariate outcomes have focused on nor-

mally distributed, continuous, or binary outcomes. Furthermore, most research

has given attention to random e�ects models. Therefore, marginal models with

a distributional interpretation for ordinal outcomes are lacking. In some cases,

the multivariate setting at each time point can be reduced to a univariate out-

come via summary statistics or some other pre-de�ned functions. For example, in

questionnaire type of data, researchers might not be interested in the individual

items, but would rather study the sum score of the items. These scores are often

analyzed as normally distributed variables, but this could be incorrect when the

scales would demonstrate either ceiling or �oor e�ects. It would be better to �nd

alternative distributions that could handle such data but would be close to the

normal distribution when the scales would behave normally.

1.4 Outline of the Thesis

This thesis comprises in-depth assessments of some of the existing methods as well

as methodological developments for the analysis of multivariate ordinal data. The

primary aim of the evaluations of the existing methods is to investigate di�erences

in performances of relevant approaches and software procedures that are used

for marginal inference. Furthermore, the methodological part involves new and

alternative statistical approaches with distributional interpretations.

The thesis begins with an interest in estimation of marginal models. The com-

mon estimation approach for such models is GEE. This method would provide

consistent estimators, at least asymptotically, but its performance on ordinal out-

come data in �nite settings has not really been studied yet. Therefore, Chapter

2 is dedicated to this approach to provide insight in the similarities and dissim-

ilarities of the di�erent procedures implemented in di�erent software packages,

both theoretically and practically. This paper was published in Computational

Statistics and Data Analysis. To accommodate some of the limitations of GEE,

we tried to develop a full-likelihood-based marginal model for longitudinal ordinal

outcomes using an approximate �exible multivariate logistic distribution as the

continuous underlying distribution. The model can incorporate covariates into

the mean model and in the associations. Furthermore, it can deal with MAR
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missing outcomes. The results are presented in Chapter 3 and we have been

given the opportunity to revise the material for publication in a statistical jour-

nal. In Chapter 4, we apply this method to compute correlation coe�cients

between severity of Dupuytren's disease in �ngers. Knowledge on the correlation

would help surgeons to decide whether they should operate only one �nger or that

they should consider multiple �ngers simultaneously. Results of this chapter was

published in Plastic and Reconstructive Surgery. We further extend the model of

Chapter 3 to multivariate longitudinal ordinal outcome data. These results are

displayed in Chapter 7 and submitted to a statistical journal for publication.

We studied the same questionnaire data from a Dutch cohort in Chapter 3 and

Chapter 7 to inspect whether items' time trajectories are the same, and therefore

permit an analysis of sum scores. In Chapter 6, we develop a technique for the

analysis of longitudinal sum scores based on the Binomial distribution. This ap-

proach is also capable of estimating the variability in the di�culty parameter and

it can handle partially available items naturally when not all items are answered

by participants. Comparisons of missing data approaches for longitudinal ques-

tionnaire type of data are provided in Chapter 5. In this chapter, the focus is

on analyzing the scales under assumption of normality. We compared maximum

likelihood (ML), multiple imputation (MI), and a hybrid approach. The hybrid

approach is a synthesis of MI and ML to incorporate both strengths. This re-

sult has been submitted for publication. Chapter 8 integrates the �ndings and

discusses further prospective research.
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2.1 Abstract

Studies in epidemiology and social sciences are often longitudinal and outcome measures

are frequently obtained by questionnaires in ordinal scales. To understand the relationship

between explanatory variables and outcome measures, generalized estimating equations

can be applied to provide a population-averaged interpretation and address the corre-

lation between outcome measures. It can be performed by di�erent software packages,

but a motivating example showed di�erences in the output. This paper investigated the

performance of GEE in R (version 3.0.2), SAS (version 9.4), and SPSS (version 22.0.0)

using simulated data under default settings. Multivariate logistic distributions were used

in the simulation to generate correlated ordinal data. The simulation study demonstrated

substantial bias in the parameter estimates and numerical issues for data sets with rel-

ative small number of subjects. The unstructured working association matrix requires

larger numbers of subjects than the independence and exchangeable working association

matrices to reduce the bias and diminish numerical issues. The coverage probabilities of

the con�dence intervals for �xed parameters were satisfactory for the independence and

exchangeable working association matrix, but they were frequently liberal for the unstruc-

tured option. Based on the performance and the available options, SPSS and multgee,

and repolr in R all perform quite well for relatively large sample sizes (e.g. 300 subjects),

but multgee seems to do a little better than SPSS and repolr in most settings.

Key words: Correlated ordinal data, generalized estimating equations, copula, mul-

tivariate logistic distribution, Bridge distribution.
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2.2 Introduction

2.2.1 Motivating example

Change in Quality of Life was investigated in a study of women who underwent

a laparoscopic hysterectomy (surgery). In total, 72 patients were measured using

the Short Form-36 Health Survey questionnaire before surgery (baseline), and six

weeks after surgery, and then six months after surgery. One speci�c domain is the

emotional role (ER). It was scored with just one item having four possible outcome

levels, coded {1, 2, 3, 4}. Higher scores indicate a higher quality of life. The goal

was to investigate whether ER was a�ected by surgery and to determine the role

of some explanatory variables, such as age (a), comorbidity (cm), blood loss (bl)

and complications (c) during surgery, and duration (d) of surgery. We decided to

implement the following model

logit
[
P
(
Oij ≤ c

)]
= β0c + β1ai + β2cmi + β3tij + (α1bli + α2ci + α3di) δtij ,

with Oij the j
th ordinal response for subject i, tij the j

th time moment for subject

i (ti1 = 0, ti2 = 6, and ti3 = 26 weeks), and with δx an indicator variable equal

to one when x > 0 and zero otherwise. The indicator δx is needed because the

covariates bl, d, c can only a�ect ER after surgery. The parameter β3 would

indicate the e�ect of surgery over time when corrected for other variables.

We decided to estimate the parameters with generalized estimating equations

(GEE) to obtain a population-averaged interpretation and to address the correla-

tion between subject outcomes. We applied the geepack (ordgee function), repolr

(repolr function) and multgee (ordLORgee function) packages in R under default

settings and selected the most complex working association structure available

in each package: unstructured working association in geepack and multgee, and

exchangeable working correlation in repolr. Geepack and multgee provided surpris-

ingly di�erent results (Table 2.1), while repolr produced no parameter estimates

due to the estimation of cell probabilities equal to one. The highest score of 4 was

indeed frequently observed: almost 90 percent after six months of surgery. Not yet

completely satis�ed with the results, we decided to analyse this data also with SAS

(GENMOD procedure) and SPSS (GENLIN command) to verify the parameter

estimates of multgee and geepack. We chose unstructured working correlation ma-
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trix in SPSS and independence structure in SAS, based on the options available.

Similar to repolr, SPSS did not converge, but SPSS was able to produced results

with the exchangeable correlation structure. The results are listed again in Table

2.1.

Table 2.1 The parameter estimates (robust/empirical standard error) under an indepen-
dent working correlation matrix.

Parameters geepack multgee SPSS SAS multgee

Unstructured Unstructured Exchangeable Independent Exchangeable

Threshold 1 0.702(1.040) 0.533(0.947) 0.846(0.932) 0.289(1.063) 0.647(0.995)

Threshold 2 1.139(1.020) 1.007(0.907) 1.306(0.902) 0.739(1.009) 1.090(0.918)

Threshold 3 1.464(1.019) 1.368(0.925) 1.657(0.916) 1.077(1.023) 1.438(0.934)

Age -0.035(0.019) -0.033(0.017) 0.039(0.017) -0.026(0.019) -0.034(0.017)

Comorbidity -0.910(0.551) -0.506(0.411) 0.508(0.414) -0.631(0.439) -0.556(0.421)

Time -0.025(0.020) -0.025(0.017) 0.025(0.018) -0.022(0.018) -0.023(0.017)

Blood loss -0.002(0.001) -0.002(0.001) 0.003(0.001) -0.002(0.001) -0.003(0.001)

Complication 0.592(1.001) 1.832(0.677) -1.725(0.626) 1.812(0.800) 1.700(0.654)

Duration 0.000(0.000) 0.000(0.000) 0.000(0.000) 0.000(0.000) 0.000(0.000)

Comparing the results demonstrates several di�erences. First, not all packages

seem to converge, but secondly, there exist di�erences in the parameter estimates

between the packages (Table 2.1). This could be due to the di�erent choices in

correlation structure, but di�erences remain even when the same class of structure

is chosen. Indeed, as we already mentioned, geepack and multgee provided di�er-

ent results for the unstructured association, but also SPSS and multgee produce

di�erent results under the exchangeable structure (Table 2.1). Not only did the

estimates di�er in this case, they are also opposite in sign. When each package is

run with the independence structure, all packages are identical (to the results of

SAS in Table 2.1), except for geepack, which leads to completely di�erent results,

and for SPSS, which gives opposite signs, but the same absolute numbers.

These di�erent results in performance and in estimates encouraged us to in-

vestigate the similarities and discrepancy between the GEE methods in R (version

3.0.2), SAS (version 9.4), and SPSS (version 22.0.0) for longitudinal ordinal data

using simulation studies. In these studies we would know what mean models the

software should estimate. Note that they all estimate the same mean model, and

that they treat the associations as nuisance parameters, although they may have

implemented di�erent association structures (even in the same class).
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2.2.2 Background

Generalized estimating equations (GEE) were introduced by Liang and Zeger18,52

as general approach for handling correlated discrete and continuous outcome vari-

ables. It only requires speci�cation of the �rst moments, the second moments,

and correlation among the outcome variables. The goal of this procedure is to

estimate �xed parameters without specifying the joint distribution. Prentice39

extended the GEE approach by improving the estimation of the correlation pa-

rameters using a second set of equations based on Pearson's residuals, see also

Lipsitz and Fitzmaurice20. Others modeled the association parameter as an odds

ratio22,19,4. An alternative approach considered latent variables with a bivariate

normal distribution underneath the correlated binary variables, see Qu et al.40.

Extending GEE to ordinal data is not immediately obvious because the �rst

and second moments are not de�ned for ordinal observations. It requires the

introduction of a vector of binary variables that relates one-to-one to the ordinal

variables7. With this set of binary variables the original GEE method18,52 as

well as the method for estimation of the association parameters can be extended

to ordinal data21,11,38,44. Di�erent approaches have been used to estimate the

association parameters in GEE. Lipsitz et al.21 used Pearson's residual, while

Parsons et al.38 minimized the logarithm of the determinant of the covariance

matrix of the �xed parameters, i.e. minimized the standard errors of the parameter

estimates.

Instead of using correlations, Lumley24 applied common odds ratios for the

association of multivariate ordinal variables to reduce the number of association

parameters. Williamson et al.46 suggested a GEE method for bivariate ordinal

responses with the global odds ratio as measure of dependency. In this context,

two sets of equations were used: one for the �xed parameters and one for the

association parameters. To make the approach available to others, Williamson

et al.47 developed two SAS macros but they were not o�cially incorporated in

SAS. Yu and Yuan51 developed one macro that extended these two macros to

unbalanced data and it is only available upon request from the authors. The

approach with two sets of equations was further extended to multivariate ordinal

outcomes using global odds ratios as measure of dependency, while the two sets of

equations can be integrated into one set of equations for the �xed and association

parameters simultaneously (see Heagerty and Zeger11). Nores and del Pilar Díaz31
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investigated the e�ciency and convergence of this approach via simulation. They

applied function ordgee of R. Recently, Touloumis et al.44 extended the GEE

method for ordinal outcomes by considering local odds ratios as the measure of

association.

Several overviews of GEE have been provided. Ziegler et al.55 developed a

bibliography of GEE, and Zorn56 indicated the use of GEE in Political science.

To recent books of of Ziegler53; Hardin and Hilbe53,10 were fully dedicated to

GEE, while Agresti and Natarajan2, Liu and Agresti23, and Agresti1 discussed

comprehensive reviews of more general models and methods for (correlated) cate-

gorical data. Two particular overviews focused on the models and tests that were

programmed in the software packages LogXact 4.1, SAS 8.2, Stata 7, StatXact 5,

and Testimate 6 for (correlated) categorical outcomes, including GEE32,33. Oster

and Hilbe34 also presented a general overview of software packages on exact meth-

ods, but they did not investigate the performance of these packages. Ziegler and

Gromping54; Horton and Lipsitz13 did compare software packages for the analysis

of correlated data via GEE, but they focused on binary outcomes only. A com-

prehensive comparison of frequently used software packages for correlated ordinal

data using GEE has not yet been conducted.

We applied a simulation study to compare the functions ordgee in geepack,

ordLORgee in multgee and repolr in package repolr in R 3.0.2, the procedure

GENMOD in SAS 9.4, and �nally the procedure GENLIN in SPSS 22.0.0. We

took the perspective of a general user with limited knowledge of the mathematical

and numerical details of GEE. This means that we mainly used default settings in

the simulation study. We simulated moderately to highly correlated multivariate

logistic distributed latent variables using copula functions to obtain correlated

ordinal data. This choice implies the logit models for the marginal distributions,

but the correlation between the binary variables coding the ordinal outcomes is

di�erent from choices implemented in the software. We investigated the frequency

of simulation runs with numerical convergence issues, and the bias in parameter

estimates. We reported the coverage probabilities of the con�dence intervals on

these parameters using the Wald statistic. Finally we provided rejection rates of

the proportionality test (if available).
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2.3 Generalized estimating equations

Generalized estimating equations for ordinal outcomes require several aspects.

The �rst aspect is to choose a model for the covariates and a non-linear link

function to connect the model to the cumulative probabilities. Then the second

aspect is to create a set of binary variables describing all possible outcomes for the

ordinal observations7. The third aspect is to choose a working correlation matrix

or working association structure to describe the possible association between all

binary variables. The fourth and �nal aspect is the estimation method for the

association parameters involved in the association structure.

To illustrate these aspects in more detail, consider a random sample of obser-

vations from n subjects. Let Oi =
(
Oi1, Oi2, ..., Oini

)
be the ordinal responses of

subject i and Oit takes values in {1, 2, ..., C} and let Xi
⊤ =

(
X⊤

i1, X
⊤
i2, ..., X

⊤
ini

)
be a p× ni dimensional matrix of time varying and/or time stationary covariates

for subject i. Then the connection between the covariates and the conditional

probabilities of each ordinal outcome is described by

h[P(Oit ≤ c|Xit = xit)] = β0c + x⊤itβ1, (2.1)

for c = 1, 2, ..., C − 1, β0c the threshold parameter for level c, β1 the vector of

regression coe�cients corresponding to the covariates and with h a known link

function. Any monotone increasing function h which would transfer the interval

(0, 1) to (−∞,∞) could be applied as the link function26, e.g. logit, probit and

complementary log-log. The cumulative logits model is very popular for clustered

ordinal outcomes due to its simple and comprehensive interpretation, the same

as in logistic regression. This model is often referred to as the proportional odds

model1. The cumulative probabilities with probit link function is more popular in

econometrics, but then the model should no longer be interpreted as an odds ratio.

The formulation in (2.1) is ascending in terms of level of ordinal outcomes but the

model can be changed to descending in which Oit ≤ c is replaced by Oit > c.

There are three options for choosing the binary variables Y ⊤
it =(Yit1, Yit2,

..., YitC−1), with dimension C − 1. The �rst option selects Yitc = I(Oit = c) (see

Lipsitz et al.21, and Touloumis et al.44 ) the second option selects Yitc = I(Oit > c)

(see Heagerty and Zeger11), and �nally the third option selects Yitc = I(Oit ≤ c)

(see Parsons et al.38). Note that for all options c = 1, 2, ..., C − 1 and I(.) is the

indicator function equal to one when the argument is true and zero otherwise.
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Consequently, the mean vector µi = E(Yi|Xi = xi) is the mean of all binary

variables Y ⊤
i = (Y ⊤

i1 , ..., Y
⊤
ini

). Now the vector of regression parameter β = (β01,

β02, ..., β0C−1, β11, β12, ..., β1p)
⊤ can be estimated using the GEE method by

solving

u(β) =
N∑
i=1

D⊤
i V

−1
i [Yi − µi] = 0, (2.2)

where Di = ∂µi/∂β and Vi is the so-called weight matrix or working covariance

matrix of Yi. This matrix may depend on the vector of parameters β and the

vector of association parameters α for the binary variables.

Liang and Zeger18; Lipsitz et al.21 showed that given any parameterisations of

the matrix Vi and assuming that the marginal model (2.1) is correctly speci�ed,

the solution β̂ for (2.2) is a consistent estimator of β and
√
n(β̂ − β) has an

asymptotic multivariate normal distribution with mean vector 0 and covariance

matrix Vβ = limn→∞ nVβ(n), with Vβ(n) de�ned by

Vβ(n) =
( n∑

i=1

D⊤
i V

−1
i Di

)−1[ n∑
i=1

D⊤
i V

−1
i COV

(
Yi)V

−1
i Di

]( n∑
i=1

D⊤
i V

−1
i Di

)−1

.(2.3)

This form of variance is referred to as the empirical or robust variance estimator

since it provides a consistent estimator regardless of the (mis)speci�cation of Vi
21.

A model-based standard error would be obtained when COV (Yi) in (2.3) is replaced

by matrix Vi and then the covariance matrix in (2.3) would reduce to the last

term in (2.3), which means that V −1
β (n) =

∑n
i=1D

⊤
i V

−1
i Di. It should be noted

however, that the choice for a model-based estimator does not imply that the

working covariance matrix Vi for the binary vector Yi is a true covariance matrix.

Issues related to covariance matrices for multivariate binary outcome variables

were discussed by5,6. Fortunately, these issues do not cause di�culties in applying

GEE, since the multivariate distribution can always partially be described by semi-

parametric models, see Molenberghs and Kenward28.

To be able to determine GEE estimates, the vector of association parameters

α should be estimated. Commonly, the matrix Vi is re-parameterized by

Vi = A
1
2
i Ri(α)A

1
2
i , (2.4)

with Ai a ni(C − 1)× ni(C − 1) diagonal matrix with elements given by the vari-

ance of the binary variable Yitc, and the matrix Ri(α) consists of the associations
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between the binary variables. The Ri matrix contains three parts of associations.

The �rst part is the association between the binary variables at one time point.

The second one is the association of the same coded binary variables across time,

and the third and �nal part is the association of two di�erently coded binary

variables across time. Thus the �variance� of each ordinal outcome and the asso-

ciation between any pair of ordinal outcomes are represented by matrices rather

than scalers.

Although Pearson's correlation has been applied to the association between bi-

nary variables within the same time point, di�erent association measures have been

applied to model the dependency between binary variables across time. Lipsitz et

al.21 assumed Pearson's correlation for all associations between binary variables

and estimate the association parameters α with Pearson's residuals. Restricting

to the logit link function, Parsons et al.38 described the association between each

pair of the binary variables over time as a product of a function of single parame-

ter α and Pearson's correlation of the same pair of binary variable within a time

point, i.e. gst(α) exp(−|β0c−β0k|/2), see Kenward et al.15. This scaler parameter

is estimated by minimizing the logarithm of the determinant of the covariance

matrix (log |V̂β(n)|) of the parameter estimates in each step of the �tting algo-

rithm for solving (2.2). As an alternative to Pearson's correlation, one can use the

odds ratio. Heagerty and Zeger11 applied global odds ratios for the association

of repeated binary variables in the matrix Vi. They applied a second set of esti-

mating equations of the form (2.2) to obtain these association parameters. This

choice was �rst introduced for binary outcomes by Prentice39, and for ordinal out-

comes by Miller et al.27. Touloumis et al.44 utilized local odds ratios to capture

the association parameters in the Vi matrix. They used the Goodman's row and

column e�ects model9 to reparameterize the local odds, and then estimated the

parameters using the iterative proportional �tting procedure8.

All papers use the same de�nition for an independence, exchangeable and

unstructured association matrix, but this does not imply that they �t identical

associations. Under the independence working assumption all o�-diagonal blocks

are constant and equal to zero. Exchangeability over time indicates that the

association between the binary variables Yitc and Yisk, for time t and s, t ̸= s,

is independent of time, but it may depend on the levels c and k. Finally, for

unstructured associations there are no restrictions implied.
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2.3.1 Software packages

R

R software o�ers several options for �tting marginal ordinal models with GEE

approach. In the current paper, we compare all three packages: geepack, repolr

and multgee.

The function ordgee in geepack49 produces estimations according to the method

of Heagerty and Zeger12. The function allows to choose logit, probit, and comple-

mentary log-log link function as well as four association structures (independence,

exchangeable, unstructured, and user-de�ned). Selection of initial values for the

regression parameters and odds ratio parameters are possible. An option is also

available to change the default setting from descending to ascending. This package

o�ers the robust estimator for the covariance matrix of the �xed parameters and

the Wald statistic for testing the statistical signi�cance of each coe�cient in the

model. The numerical procedure is the Fisher-scoring algorithm with the default

number for the maximum number of iterations 25. The iteration procedure stops

when the change in the parameter estimates is less than 0.0001.

Another function, repolr, is implemented in the repolr package36. The gee

package needs to be uploaded in advance. The function repolr has implemented the

GEE method of Parsons et al.37 which exclusively supports the logit link function.

An independence, uniform (exchangeable) and AR(1) working correlation struc-

ture can be selected. Under the uniform (exchangeable) assumption each element

on the o�-diagonal block of the matrix Ri(α) is de�ned with CORR(Yitc, Yisk)

= α exp(−|β0c − β0k|/2). Under AR(1) the correlation is CORR(Yitc, Yisk) =

α|s−t|exp(−|β0c − β0k|/2). Repolr has an option to choose an initial value for the

correlation parameter. It automatically provides standard errors of the parame-

ter estimates based on both the robust estimator and the model-based estimator.

Furthermore, the function also has an option to test the proportionality assump-

tion based on the score test41. The numerical procedure is the Newton-Raphson

algorithm and the default setting for convergence of the numerical procedure is a

relative change in parameters estimates less than 0.001 or a maximum number of

iterations equal to 10.

The �nal option to peform GEE for ordinal outcomes in R is to use the ord-

LORgee function which is implemented in the multgee package43. This package

requires the user to upload gnm and VGAM packages in advance. The ordLORgee
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function uses the method of Touloumis et al.44. Beside the cumulative link func-

tions logit, probit, cauchit, and cloglog, it could also �t adjacent-category logit

models. An independence, uniform, category exchangeable, time exchangeable,

unstructured, and a user-de�ned structure can be used. Under the uniform struc-

ture, all local odds ratios are identical. Relaxing this structure a little bit leads

to two types of exchangeability assumptions. The category exchangeability struc-

ture assumes that local odds ratios are the same within time pairs, but could still

be di�erent between time pairs. An alternative is time exchangeability, which

assumes that local odds ratios are independent of time, but could change with

ordinal levels. Finally, the unstructured association is indicated by RC in this

package. Robust and model-based variance estimators can be used. The numeri-

cal procedure for estimation of the �xed e�ects uses the Fisher-scoring algorithm.

It stops if the relative change in the parameter estimates between two successive

iterations is smaller than 0.001, or whenever it completes to 15 iterations.

SAS

PROC GENMOD in SAS software is a procedure to �t models for correlated binary

and ordinal data (see Stokes et al.42). The SAS system selects Yitc = I(Oit = c)

as binary coding for the ordinal outcome. It can also change from ascending to

descending. The procedure supports logit, probit, and complementary log-log link

function, but is limited to the independence working correlation matrix for ordi-

nal data. It is possible to specify initial values for the regression parameters. The

quasi information criterion (QIC)35, type I and type III testing using either the

Wald statistic or the generalized score statistic are available in this procedure.

Although the default setting in SAS is the use of the robust estimator, model

based standard errors can be obtained as well. The numerical procedure for solving

(2.2) is Newton-Raphson14, but another alternative is to use the Fisher scoring

algorithm. For parameter estimates with an absolute value larger than 0.08, the

numerical iteration procedure stops when the relative change in the regression

parameter estimates is less than 0.0001 for two successive iterations. For parameter

estimates with an absolute value smaller or equal to 0.08, convergence is based on

absolute change. The default number of maximum iterations is 50.
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SPSS

The GENLIN command in SPSS performs GEE. It can also be selected from

the menu using Analyze / Generalized Linear Models / Generalized Estimating

Equations. SPSS has implemented the binary coding Yitc = I(Oit = c). It also

has the option to change the reference category from the highest level to the

lowest. Moreover, it provides �ve options for the working correlation matrix:

independent, exchangeable, AR(1), M-independent, and unstructured. SPSS uses

Pearson's correlation as the association parameter and applies some functions of

Pearson's residual, the so-called Pearson-like residuals, to estimate the association

parameters. All of these options can be used with both logit and probit link

function.

The robust estimator is the default setting, but a model-based estimator can

also be selected. In addition, users are able to choose type I and type III tests

using the Wald statistic (default) and the generalized score statistic.

One of the three numerical methods (Newton-Raphson, Fisher scoring and

hybrid) for iteration can be chosen. The hybrid procedure is the default. The

numerical procedure stops when the absolute change in parameter estimates is

less than 0.000001. There is an option to choose for a relative change. The default

value for the maximum number of iterations is set to 100, but this can be changed

as well.

2.4 Simulation study

2.4.1 Simulation method: multivariate logistic distributions

In our simulation, we used multivariate logistic distributions to generate repeated

continuous data �rst and then changed them to ordinal variables using suitable in-

tervals. Both the k-dimensional logistic Gumbel distribution and a generalization

of the k-dimensional Farlie-Gumbel-Morgenstern (FGM) distribution16 were ap-

plied. The standardized multivariate Gumbel distribution has only one parameter

θ, and its joint distribution function is given by

FG (y1, ..., yk) = exp

[
−

{ k∑
i=1

(
log(1 + e−yi)

)θ} 1
θ

]
, (2.5)
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where θ must satisfy: θ ≥ 1. This distribution speci�es an exchangeable corre-

lation structure among the continuous logistic distributed variables. This means

that the correlation of any pair of the k-dimensional vector (Y1, ..., Yk) would be

the same. Kendall's tau correlation coe�cient is given by τ = (θ − 1) /θ, but there

is no closed form for Pearson's correlation coe�cient. Pearson's correlation coef-

�cient can be determined numerically for di�erent values of θ, see Table 2.2. The

Table 2.2 Pearson's correlation coe�cient for Gumbel copula.

θ 2 3 4 5

ρ 0.7 0.85 0.91 0.95

standardized (generalization of the) FGM distribution with 2s − s− 1 parameters

is given by

FFGM (y1, ..., yk) =

{ k∏
i=1

eyi

1 + eyi

}
g (y1, y2, ..., yk) , (2.6)

with

g (y1, y2, ..., yk)

= 1 +
k∑

j=2

∑
1≤r1<...<rj≤k

λr1r2...rj
( 1

1 + eyr1

)( 1

1 + eyr2

)
...
( 1

1 + eyrj

)
,

and each parameter must at least satisfy
∣∣∣λr1r2...rj ∣∣∣ ≤ 1. There are some other

restrictions that require that the absolute value of sums of the parameters are also

less than one (see Armstrong and Galli,3). Choosing di�erent values for elements

of the λ's would create an unstructured correlation matrix, i.e. each pairwise

correlation of the k-dimensional vector (Y1, ..., Yk) could be another value. For

example, if the higher order parameters are taken equal to zero and only the

bivariate parameters λij are non-zero, the correlation of Yi and Yj is equal to

3λij/π
2 (i ̸= j).

To be able to simulate from these joint distributions, we applied copula func-

tions. A copula function C links the univariate marginal distributions to their full

multivariate distribution30, i.e.

C
[
F1 (y1) , F2 (y2) , ...., Fk (yk)

]
= F (y1, y2, ..., yk) .

If FL is the standardized univariate logistic distribution, i.e. FL (y) =
(
1 +
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exp (−y)
)−1

, then Gumbel copula CG(u1, ..., uk) is obtained by substituting

F−1
L (ui) for yi in (2.5). The FGM copula CFGM (u1, ..., uk) is obtained similarly,

by substituting F−1
L (ui) for yi in (2.6). These copulas are programmed in package

copula of R and they can be used to simulate multivariate data (see Yan48 and

Yan et al.50).

For the standardized k-dimensional Gumbel logistic distribution, we need to

use function archmCopula �rst and then apply the standard univariate logistic

distribution as the marginal distributions for each variable in the function mvdc.

The function rMvdc would then generate k-dimensional random variables. For

generating a set of k-dimensional variables from the Farlie-Gumbel-Morgenstern

distribution, we need to use function fgmCopula �rst and again apply the stan-

dardized univariate logistic distributions as marginal distributions. Generating

random variables with function rMvdc for the FGM copula returns a warning

which means that the random generation needs to be properly tested. We inves-

tigated the generated data and they had the appropriate means and covariances.

For the Gumbel distribution it is easy to generate highly correlated data, since

this is determined by the parameter θ directly, see Table 2.2. For the FGM, the

restrictions on the parameters imply that the correlations are low. To be able to

increase the correlations we added a random intercept variable using the so-called

bridge distribution function45. The density of this one-parameter distribution

function is given by

fb (x) =
1

2π

sin (ϕπ)

cosh (ϕx) + cos (ϕπ)
, (2.7)

with 0 < ϕ < 1 and −∞ < x <∞ and it's distribution function is given by

Fb (x) =
1

ϕπ sin (ϕπ)

{
arctan

[
1− cos (ϕπ)

sin (ϕπ)

]
−

arctan

[
cos (ϕπ)− 1

sin (ϕπ)
tanh

(
ϕπ

2

)]}
. (2.8)

The mean of the bridge distribution is zero and the variance is π2 (ϕ−2− 1)/3.

The marginal distribution of the Y 's remain of the logistic form in (2.1) and

therefore the regression parameters still have an odds ratio interpretation. The

bridge distribution was developed for this purpose45.

The standardized latent variables generated with the multivariate logistic dis-
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tributions are not yet related to any covariates. We have selected two explanatory

variables time (x1) and group (x2) to shift the mean value of the latent variable

Yit from zero to ηit. We have chosen for ηit the following

ηit = −[βT x1it + βG x2i + βTG x1itx2i], (2.9)

with βT = 0.5, βG = −0.5, and βTG = −0.5, with x1it representing time points

at which subject i has been observed and with x2i ∈ {0, 1} a group variable. The

group variable may represent for instance treatment or gender. Then the shifted

latent variable is Zit = ηit+Yit and the ordinal outcome Oit ∈ {1, 2, 3, 4} is created
by the cutpoints β01 = −1, β02 = 0, and β03 = 1 to indicate in which of the four

intervals (−∞,−1] ; (−1, 0] ; (0, 1] ; and (1,∞) the variable Zit is contained.

2.4.2 Simulation method: working correlation matrices

Now consider the binary variable Yitc = I(Oit ≤ c) = I(Zit ≤ β0c) to transform

an ordinal variable to a set of binary variables using the coding of38. Using logit

link function, Pearson's correlation coe�cient between any pair of binary variables

Yitc and Yitk within one time point t is given by exp(−|β0c − β0k|/2) and does not

depend on time nor on any other covariate (see Kenward et al.15). This would

also be true for the coding Yitc = I(Oit > c) but this is not the case for the coding

Yitc = I(Oit = c).

Indeed, the correlation coe�cient between I(Oit = c) and I(Oit = k) is deter-

mined by the multinomial distribution function and it is of the form −[µitcµitk/(1−
µitc)(1− µitk)]

1/2, with µitc, in terms of the general model (2.1), given by

µitc =
exp

[
β0c + xTitβ

]
1 + exp

[
β0c + xTitβ

] − exp
[
β0c−1 + xTitβ

]
1 + exp

[
β0c−1 + xTitβ

] .
Hence, the correlation between the coded binary variables I(Oit = c) and I(Oit =

k) do depend on time t and on subject speci�c values of the covariates for subject

i. Thus as soon as the simulated variables were a�ected by covariates, the Pearson

correlation between the coded binary variables Yitc = I(Oit = c) would depend

on the covariate time t and subject speci�c variables. Despite the di�erence in

correlation coe�cients between these choices of coding, sofar it all �ts nicely with

the theory and the software packages we are studying. The software packages have

implemented these exact same correlations.
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If we now investigate the correlation of the binary variables (Yitc, Yisk) from

di�erent time points t and s, with t ̸= s, Pearson's correlation coe�cient is given

by

CORR(Yitc, Yisk) =
Fts (β0c, β0k)− Ft (β0c)Fs (β0k){

Ft (β0c)
[
1− Ft (β0c)

]
Fs (β0k)

[
1− Fs (β0k)

]} 1
2

, (2.10)

with Fts (β0c, β0k) the bivariate distribution of the latent variables Zit and Zis

evaluated in (β0c, β0k). Note that the correlation in (2.10) holds when c = k and

c ̸= k. This correlation coe�cient will depend on the time points t and s through

the means ηit and ηis of Zit and Zis in (2.9) and through the correlation of the

latent variables Zit and Zis. Thus for the Gumbel distribution, the correlations

of the latent variables Zit and Zis are exchangeable but the correlation between

the binary variables Yitc and Yisk are not exchangeable due to the time dependent

mean in (2.9). Furthermore, the correlation in (2.10) does also depend on the

subject speci�c variables of the covariates used in (2.9). This means that the

correlation of the binary variables Yitc and Yisk would still depend on the subjects

whenever the mean (2.9) would include covariates even if all subjects would have

been observed at the exact same time points. This implies that the Gumbel and the

FGM distribution using the mean in (2.9) would never impose the correct weight

matrix or working correlation matrix for multgee, geepack, repolr, SAS and SPSS,

due to the use of covariates in the latent variables. Note that this would remain

true when we would use I(Oit = c) or I(Oit > c) for binary variables. Therefore,

the correlation between binary variables can be quite di�erent from the correlation

between the latent variables29.

Only in case the mean in (2.9) would be independent of the covariates and time,

i.e. ηit = η is constant, then the Gumbel distribution would provide the exact

exchangeable working correlation used in SPSS. Indeed, the correlation coe�cient

in (2.10) for I(Oit = c) is only a function of the cutpoints β0c and β0k, say ρck, and

independent of time. However, the correlation coe�cient in (2.10) for the Gumbel

distribution would not generate the uniform working correlation matrix of repolr,

since they have implemented the form ρck = α exp(−|β0c−β0k|/2) which is unequal
to (2.10). When the mean would be constant, any exchangeable multivariate latent

variable would lead to the exchangeable working correlation matrix used in SPSS,

but only a speci�c subset of this class of multivariate distributions would generate

the uniform working correlation matrix of repolr. The mis-speci�cation of the
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correlation matrices when (2.9) is used should not be an issue though, since GEE

should still lead to the correct estimates of the parameters β when the mean in

(2.1) is correctly speci�ed28.

2.4.3 Simulation method: parameter settings

We simulated three dimensional logistic distributed variables (three time points)

using parameters θ ∈ {2, 3, 4, 5} for the Gumbel distribution (Gθ) and parame-

ters λ12 = 0.3, λ13 = −0.3, λ23 = 0.3, and λ123 = 0 for the FGM distribution in

combination with a bridge distribution having parameter ϕ =
√
0.5. Pearson's cor-

relation coe�cients of the three-dimensional latent variable will be in the interval

(0.45, 0.55) for this selected FGM distribution with bridge distribution. We used

the same number of subjects for both levels of the group variable x2. Furthermore,

we used constant time points for all subjects, x1i1 = 0, x1i2 = 1, and x1i3 = 2 and

time varying time points x1i1 = 0, x1i2 = 1+ ui2, and x1i3 = 2+ ui3, with ui2 and

ui3 independently generated using the uniform distribution on (−0.25, 0.25). The

time varying time points were included to simulate data that is not perfectly bal-

anced for the time and group variable. For binary data it has been demonstrated

that the independent working correlation matrix is as e�cient as the exchangeable

working correlation matrix in such balanced settings25.

We also investigated the e�ect of some variance heterogeneity in the latent

variable. The heterogeneity is determined by multiplying the latent variable, be-

fore shifting it with mean (2.9), at each time point with exp{−0.1x2i}. This means

that the group of subjects with x2i = 1 has a decreased variance of approximately

20% at each time point compared to the subjects with x2i = 0. This variance

heterogeneity does not a�ect the mean in (2.9) for the shifted latent variable Zit,

since only the variance of the latent variable has changed, but it does e�ect the

linear relationship in (2.1) for the ordinal outcome variable.

The relationship becomes of the following form logit[P(Oit ≤ c)] = β0c +

βTx1it + β2cx2it + β12x1itx2it, with β2c = (exp{0.1} − 1)β0c + βG exp{0.1} and

β12 = (exp{0.1} − 1)βT + βTG exp{0.1}, and βT , βG, and βTG de�ned in (2.9).

It destroys the assumption of proportionality for the main e�ect of the variable

x2i. Thus in this setting the linear relationship in (2.1) is incorrectly speci�ed,

although we have correctly selected the right variables and the linear relationship

in (2.9) is still true for the latent variables. Thus both the mean in the logit
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scale and the working association matrix would be incorrectly speci�ed when this

variance heterogeneity is present in the latent variable. We evaluated how well

the proportionality test, which is available in repolr only, would pick up this small

violation compared to the other models for which proportionality would be true.

An overview of the parameter settings we used to simulate data are provided

in the Table 2.3. The Gumbel distribution with θ = 3 includes the heterogeneity

in variance for the group variable. For each parameter setting, 1000 simulated

data sets were determined. Each data set was analysed with R, SAS, and SPSS.

On each data set, we applied �independence�, �exchangeable�, and �unstructured�

association structures with each package (if available).

Table 2.3 Overview of settings for the simulations study.

Number of subjects Time points are Time points vary

the same with individuals

15 subjects per groups G2; FGM -

50 subjects per groups G5; FGM G2; G3; G4; G5; FGM

150 subjects per groups G4 -

2.5 Results

2.5.1 Theoretical considerations

As mentioned in Section 2.3.1, SAS and SPSS work with the same set of coded

binary variables that is also chosen in the approach of Lipsitz et al.21. They also

used Pearson's correlation coe�cients to estimate of the working correlation. The

di�erence in signs in the parameters estimates, shown in the example, is due to

SPSS, which uses β0c − x⊤itβ1 in (2.1) rather than β0c + x⊤itβ1, which is used by

other packages.

Recall that there were three ways of coding the ordinal outcomes into binary

variables21,44,11,38 and that there were di�erent estimation approaches for the as-

sociation parameters. The di�erence in coding should, in principle, not lead to

di�erent estimates of the �xed parameters β, since there a linear transformation

exists between the binary variables. If Y L
it is a vector of binary variables with

Y L
itc = I(Oit = c) and Y P

it is a vector with Y P
itc = I(Oit ≤ c), then Y L

it = GY P
it ,

with G a (C − 1) × (C − 1) lower triangular matrix. The matrix G is invertible

since all the elements on the main diagonal are equal to one. This unique relation-

ship between the binary variables connects the means and covariances between the
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two sets of binary variables: i.e. µLi = GµPi and V L
i = GV P

i G
⊤. Hence, under

these two sets of coding the GEE equations solve the same set of parameters β.

This would hold true with any two pair-wise comparisons of the three di�erent

theories. However, di�erent parameterisations of the association parameters and

di�erent methods for estimation of these parameters could still lead to di�erent

estimation of α, and thus of β.

The parameter estimates generated by R-geepack in our case study compared

to the estimates of the other packages (under independence) is awkward consid-

ering the linear transformation in binary variables. We could not identify what

causes the di�erence, but we did observe an inconsistency with Pearson's correla-

tion coe�cient for the association of binary variables within one time point. The

correlation coe�cient between any pair Yitc = I(Oit > c) and Yitk = I(Oit > k)

with the choice of the logit link function, results into exp(−|β0c − β0k|/2). For a
small and simple data set, where the ordinal outcome has only three levels and

two time points and were generated independently, we substituted the parameter

estimates of ordgee in the GEE's. We used the incorrect value exp(|β0c − β0k|/2)
for the correlation coe�cient of Yitc and Yitk with the independence association

structure and we obtained a set of equations that is almost equal to zero. This

did not occur when we used the correct estimated correlation coe�cients.

2.5.2 Simulation results

Due to the unexpected results of function ordgee in the geepack and the above

explanation, we decided to exclude this package from our simulation study. The

results of SAS were also excluded since it has only one option for the working

correlation matrix. Furthermore, the SAS and SPSS results are the same with

this choice of working correlation matrix (except of course for the di�erence in

regression parameter signs). Hence, this simulation study provides the results of

SPSS, repolr and multgee using the logit link function under independence, time

exchangeability and unstructured association structures.

Simulation results: numerical convergence

Convergence problems were observed with SPSS, repolr, and multgee. Tables 2.4

and 2.5 present an overview of the percentages of simulation runs with numerical

issues for each of the simulation studies.
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Table 2.4 Percentages of convergence issues for simulated data sets with constant time
points for individuals.

Analysis approach G2 G3 G4 G5 FGM FGM

n = 30 n = 100 n = 300 n = 100 n = 30 n = 100

Exchangeable

SPSS 3.4% 0.01% 0 0.01% 1.5% 0

repolr 14.1% 6.6% 0 4.3% 1.9% 0

multgee 0.4% 0 0 0 0 0

Unstructured
SPSS 26.7% 3.7% 0.01 11.2% 17.8% 0

multgee 32.2% 1.6% 0 16.2% 10.2% 0

For constant time points, repolr has more numerical issues than multgee and

SPSS when the exchangeable working association matrix is selected. It seems that

the numerical issues for replor are related to the number of subjects. For the

choice of coded binary variables used in repolr, the correlation coe�cient across

time gets closer to the exchangeable structure and is more alike for each subject as

the parameter θ of the Gumbel distribution decreases. This means that we expect

fewer numerical issues at θ = 2 than at θ = 5. The relatively high percentage

of 14.1% at θ = 2 compared to the percentage 4.3% at θ = 5, suggests that the

di�erence in sample size may play a role in the convergence. For the coding of

binary variables used in SPSS all selected Gumbel distributions will yield working

correlation matrices for the association over time that are quite di�erent from

exchangeability and are not alike for subjects from the di�erent groups. Numerical

issues with SPSS are limited to the choice of unstructured working correlation

matrix. When the total number subjects is relatively small, substantial numbers

of data sets will demonstrate numerical issues. Note that the unstructured working

correlation matrix in SPSS requires 27 correlation coe�cients alone to describe all

of the association parameters across time, which is substantial for this relative

small set of subjects. Multgee shows the lowest numbers of non-convergence with

respect to repolr and SPSS for exchangeability, but it performs worse than SPSS

for G2 and G5 when the unstructured association is applied. Similar to SPSS,

sample size appears to a�ect the convergence for an unstructured association.

This may be caused by estimated local odds ratios close to the boundary values44.

For varying time points we do see that the numerical issues of repolr and

multgee increase with the parameter θ of the Gumbel distribution. Note that the

number of subjects is constant at 100. This is probably explained by the fact that

the working association diverges from exchangeability when θ increases. Compar-
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Table 2.5 Percentages of convergence issues for simulated data sets with time varying time
points for individuals.

Analysis approach G2 G3 G4 G5 FGM

n = 100 n = 100 n = 100 n = 100 n = 100

Exchangeable

SPSS 28.2% 5.6% 2.5% 0.8% 0

repolr 0.8% 3.6% 9.0% 5.4% 0

multgee 0 0 0.01% 0.2% 0

Unstructured
SPSS 22.8% 9.24% 10.7% 14.2% 0.9%

multgee 0 1.2% 8.2 % 20.9% 0

ing Gumbel distribution G5 from Table 2.5 with the same distribution in Table

2.4, suggests that the varying time points for subjects enhance the numerical issues

for repolr and multgee, because the working association matrix is now di�erent

for each subject due to the subject speci�c time points. For varying time points

SPSS has substantial numerical issues when the unstructured working correlation

matrix is selected, but also with the exchangeable working correlation matrix for

Gumbel G2. We suspect that the true correlation matrix for the ordinal outcomes,

that is induced by the latent variables strongly, mismatch with the choice of work-

ing correlation matrix that is estimated. This may indicate that the estimated

working correlation matrix is not a genuine correlation matrix, which may imply

that the estimated correlation matrix is not invertible (see Chaganty and Joe5,6).

This applies to for both SPSS and repolr, because they both reported a problem

with the covariance matrix Vi for most of their numerical issues (repolr: �grad2 <

0 minimum for alpha not achieved�; SPSS: �the Hessian matrix is singular�). Un-

fortunately, multgee does not provide any clear information useful to diagnose the

non-convergence issue. Changing some of the default settings, such as relaxing the

criteria of the convergence of the parameter estimates or the maximum number of

iterations, solved only a few of the numerical issues.

2.5.3 Simulation results: parameter estimates

When the working association matrix is selected as independence or exchangeable

and the number of subjects is moderate to large (say 100 subjects or more), most of

the simulation cases provided a bias in the parameter estimates up to a few percent

(0−4%). This is illustrated for the Gumbel distribution with θ = 5 for 100 subjects

and θ = 4 with 300 subjects given in Tables 2.6 and 2.7, respectively. Furthermore,

recall that the true parameters for G5 are equal to β01 = −1, β02 = 0, β03 = 1,
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βT = 0.5, and βG = βTG = −0.5. Signi�cant bias is obtained for the simulations

Table 2.6 The mean parameter estimates (standard error) of 1000 simulated data sets,
from the Gumbel distribution with θ = 5, 100 subjects, and constant time points.

Independence Exchangeable Unstructured

All⋆ SPSS repolr multgee SPSS multgee

β01 -1.04(0.28) -1.04(0.32) -1.04(0.28) -1.03(0.28) -0.97(0.30) -1.04(0.28)

β02 -0.01(0.26) 0.00(0.32) -0.01(0.26) 0.00(0.26) 0.04(0.29) -0.01(0.26)

β03 1.01(0.28) 1.02(0.34) 1.01(0.28) 1.02(0.28) 1.06(0.32) 1.01(0.28)

βT 0.51(0.08) -0.50(0.10) 0.51(0.08) 0.51(0.08) -0.49(0.09) 0.50(0.08)

βG -0.50(0.36) 0.51(0.41) -0.49(0.36) -0.51(0.36) 0.59(0.40) -0.52(0.36)

βTG -0.51(0.10) 0.51(0.12) -0.51(0.10) -0.50(0.10) 0.48(0.13) -0.48(0.10)
⋆ SPSS gives the same values but with opposite signs on βT , βG, and βTG.

Table 2.7 The mean parameter estimates (standard error) of 1000 simulated data sets,
from the Gumbel distribution with θ = 4, 300 subjects, and constant time points.

Independence Exchangeable Unstructured

All⋆ SPSS repolr multgee SPSS multgee

β01 -1.01(0.15) -1.01(0.18) -1.01(0.16) -1.01(0.16) -1.00(0.17) -1.01(0.16)

β02 -0.01(0.15) 0.00(0.19) -0.01(0.15) -0.01(0.15) 0.01(0.17) 0.00(0.15)

β03 1.00(0.16) 1.01(0.19) 1.00(0.16) 1.00(0.16) 1.01(0.18) 1.00(0.16)

βT 0.50(0.05) -0.50(0.06) 0.50(0.05) 0.50(0.05) -0.50(0.06) 0.50(0.05)

βG -0.49(0.21) 0.50(0.23) -0.49(0.21) -0.50(0.21) 0.52(0.22) -0.50(0.21)

βTG -0.51(0.06) 0.50(0.07) -0.51(0.06) -0.50(0.06) 0.50(0.07) -0.49(0.06)
⋆ SPSS gives the same values but with opposite signs on βT , βG, and βTG.

with only 30 subjects using independence or exchangeability. The bias increases

to approximately 10% for the Gumbel distribution with θ = 2 (Table 2.8) and

to 17.2% for the FGM with constant time points across individuals (Table 2.9).

Note that the true parameter values for the FGM distribution, combined with the

bridge distribution, are equal to β01 = −0.71, β02 = 0, β03 = 0.71, βT = 0.35,

and βG = βTG = −0.35. This change in true value compared to the Gumbel

distribution is caused by the additional variation of the random intercept value

that follows the bridge distribution. When the unstructured working association

is used, even higher biases are obtained. The bias with multgee can be as high

as 20% for the FGM distribution combined with the bridge distribution (Table

2.9) while SPSS yields biases of 40% for both G2 distribution (Table 2.8) and

FGM distribution (Table 2.9). When the number of subjects increases to 100, the

biases with multgee and SPSS under the unstructured association reduce to values

as high as 4% and 18%, respectively (Table 2.6). When the number of subjects

increases further to 300, the biases with multgee and SPSS almost vanish(Table
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2.7).

Table 2.8 The mean parameter estimates (standard error) of 1000 simulated data sets,
for the Gumbel distribution with θ = 2, 30 subjects and constant time point.

Independence Exchangeable Unstructured

All⋆ SPSS repolr multgee SPSS multgee

β01 -1.05(0.48) -1.05(0.55) -1.06(0.48) -1.04(0.47) -0.91(0.52) -1.03(0.47)

β02 0.00(0.46) 0.01(0.55) -0.01(0.47) 0.00(0.46) 0.12(0.52) 0.00(0.45)

β03 1.04(0.49) 1.07(0.58) 1.04(0.49) 1.05(0.49) 1.20(0.60) 1.05(0.49)

βT 0.53(0.22) -0.51(0.26) 0.51(0.22) 0.51(0.21) -0.45(0.28) 0.48(0.21)

βG -0.52(0.65) 0.55(0.71) -0.51(0.65) -0.53(0.64) 0.70(0.76) -0.55(0.63)

βTG -0.54(0.30) 0.53(0.34) -0.53(0.31) -0.51(0.29) 0.43(0.42) -0.47(0.29)
⋆ SPSS gives the same values but with opposite signs on βT , βG, and βTG.

Table 2.9 The mean parameter estimates (standard error) of 1000 simulated data sets,
for the FGM with the bridge distribution for 30 subjects and constant time point.

Independence Exchangeable Unstructured

All⋆ SPSS repolr multgee SPSS multgee

β01 -0.73(0.47) -0.73(0.48) -0.73(0.47) -0.74(0.47) -0.67(0.53) -0.74(0.46)

β02 0.01(0.46) 0.01(0.47) 0.01(0.46) 0.00(0.46) 0.08(0.52) 0.01(0.45)

β03 0.76(0.47) 0.77(0.49) 0.77(0.47) 0.75(0.47) 0.86(0.59) 0.76(0.46)

βT 0.36(0.27) -0.36(0.28) 0.36(0.27) 0.36(0.26) -0.32(0.32) 0.34(0.25)

βG -0.40(0.64) 0.41(0.65) -0.41(0.64) -0.40(0.64) 0.49(0.74) -0.42(0.62)

βTG -0.35(0.38) 0.35(0.39) -0.35(0.38) -0.34(0.38) 0.29(0.47) -0.30(0.36)
⋆ SPSS gives the same values but with opposite signs on βT , βG, and βTG.

The bias results presented here were obtained from using simulations with

constant time points across subjects. With varying time points, the bias was

similar to the results for constant time points, except for SPSS, which gave biases as

high as 16% for the parameter estimate of the group variable with the exchangeable

working correlation matrix. For unstructured association this increased to 26%.

These in�ation in biases were not seen with repolr and multgee.

Bias could possibly a�ect the coverage probability of the Wald con�dence in-

terval on the parameter. Absence of bias however, does not guarantee a nominal

level of coverage, since the standard error of the parameter estimate would also

a�ect the coverage probability. Tables 2.10 and 2.11 provide coverage probabilities

for two simulation settings.

Overall, the coverage probabilities were relatively close to the nominal value

of 95% when either the independence or exchangeable working association matrix

was used. The coverage probabilities for the independence working association

matrix ranged from 93.0% to 96.5%, and for exchangeability it ranged from 92.0%
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Table 2.10 The percentage of coverage probability for the FGM distribution combined
with bridge distribution with 30 subjects and constant time points.

Independence Exchangeable Unstructured

SPSS repolr multgee SPSS repolr multgee SPSS multgee

β01 95.4 95.4 95.4 95.4 95.5 95.1 92.8 95.1

β02 95.0 95.0 95.0 95.3 95.0 95.3 92.7 95.8

β03 94.7 94.7 94.7 95.0 94.5 94.9 92.3 93.8

βT 93.2 93.0 93.2 93.0 93.1 92.6 90.0 90.4

βG 93.9 93.9 93.9 93.4 94.2 93.6 91.1 93.9

βTG 95.1 95.1 95.1 95.5 95.0 94.9 90.4 93.4

Table 2.11 The percentage of coverage probability for the Gumbel distribution with θ = 5
and 100 subject with time varying.

Independence Exchangeable Unstructured

SPSS repolr multgee SPSS repolr multgee SPSS multgee

β01 95.1 94.7 95.1 94.8 94.8 94.2 91.0 93.8

β02 94.8 94.3 94.8 93.4 95.0 94.2 92.2 94.1

β03 94.3 93.9 94.3 95.0 94.4 93.9 93.1 93.5

βT 94.1 93.5 94.1 92.5 93.7 92.7 89.9 92.2

βG 95.6 95.6 95.6 95.9 95.6 95.1 94.1 94.8

βTG 94.2 94.9 94.2 95.6 94.9 94.2 92.3 92.5

to 96.4%. The coverage probability has a tendency to be somewhat more liberal

than being conservative for smaller sample sizes. In general however, the standard

errors seem to be estimated at the correct level, despite the di�erence between the

selected working association matrices and the true correlation matrix induced by

the latent variable models, and the coverage probabilities are reasonably close to

the nominal value.

For the unstructured association matrix we obtained in some cases poor cov-

erage probabilities (see Tables 2.10 and 2.11). The observed range of coverage

probabilities for the unstructured working association matrix was equal to 89.7%

to 95.8% for all our simulation settings, which demonstrates liberal coverage prob-

abilities. It should be noted that the bias for the parameter βT in Table 2.10 was

only 2.8% for multgee, but the coverage probability was still only 90.4%. This

may indicate an underestimated standard error for this parameter when the un-

structured association matrix is used. This issue has been reported before by17,

who indicated that these issues may be related to small sample sizes. On the other

hand, this setting also demonstrated substantial numbers of simulated data sets

with non-convergence, which could also be an explanation of the poor coverage.
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Table 2.12 The percentage of coverage probability for the Gumbel distribution with θ = 4
and 300 subject with time constant.

Independence Exchangeable Unstructured

SPSS repolr multgee SPSS repolr multgee SPSS multgee

β01 94.3 94.3 94.3 94.3 94.2 94.7 93.8 94.5

β02 94.1 94.0 94.0 94.7 94.1 94.1 94.3 94.1

β03 94.3 94.3 94.3 94.1 94.2 93.6 93.9 93.7

βT 93.6 93.6 93.6 94.9 93.8 93.9 94.3 94.3

βG 95.2 95.2 95.2 95.1 95.2 95.2 95.2 95.4

βTG 95.0 95.0 95.0 95.0 94.9 94.6 94.2 93.5

2.5.4 Simulation results: test for proportionality

Only R-repolr has a test for the assumption of proportionality and we investigated

the test in our simulation. The proportionality assumption was guaranteed for all

our latent variable models, except for the Gumbel distribution with θ = 3, when

we used constant time points for the 100 subjects. To violate the proportionality

assumption, we introduced variance heterogeneity for the group variable. The

rejection rates are presented in Table 2.13.

Table 2.13 Percentages of rejection the proportionality assumption in the simulated data
sets.

G2 G2 G3 G4 G4 G5 FGM FGM

n=30 n=100 n=100 n=100 n=300 n=100 n=30 n=100

Time points �xed 14.3% NA 11.4% NA 11.1% 16.1% 15.5% 5.2%

Time points varying NA 8.5% 11.6% 14.3% NA 13.7% NA 5.9%

The proportionality test has an in�ated type I rejection rate, since it fre-

quently rejected the proportionality assumption more than 5%, which was the

selected level of signi�cance. The type I error rate was close to 5%, only for the

FGM distribution combined with the bridge distribution using 100 subjects. Only

11.4% of the simulated data sets with a violated proportionality assumption was

detected using heterogeneity setting. This is as large as the false rejection rates

for situations where the proportionality is true. The di�erence in variance in the

latent variable between the two groups of subjects (x2 = 0 versus x2 = 1) was

only 20%. This could have been too small to be detected with the proportionality

test, although a 20% change in variance could be clinically relevant.
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2.6 Conclusions and recommendations

In this paper, we reviewed the GEE method for longitudinal ordinal data with

�ve software packages: SAS 9.4 (GENMOD procedure), SPSS 22.0.0 (GENLIN

command), repolr (function repolr), multgee (function ordLORgee), and geepack

(function ordgee) in R 3.0.2. We saw that SPSS implements a minus sign for

the regression parameters, implying a di�erent interpretation of the coe�cients.

If an explanatory variable has a positive e�ect on the response, SPSS estimates

a negative e�ect and vice versa. SAS provides only the independence working

correlation matrix available, while SPSS is �exible in o�ering other types of work-

ing correlation matrices. Within R, the geepack, multgee and repolr packages all

use a di�erent set of binary variables for coding ordinal data. SAS, SPSS, and

multgee use the same coding. We demonstrated theoretically that this should not

lead to di�erent parameter estimates, since the coding of the ordinal outcome into

binary variables are linearly related. The numerical procedures and the method of

estimation of the association parameters could lead to possible di�erences, how-

ever, particularly for the estimation of the standard errors. Ultimately, geepack

provided results that di�er signi�cantly from the other packages. The parameter

estimates may give rise to a correlation coe�cient for the coded binary variables

within a time point that is larger than one. The �nal comparison included SPSS,

multgee, and repolr.

We applied copula functions for generating multivariate logistic distributed

latent variables underneath the ordinal outcomes. This provided us with a com-

pletely speci�ed multivariate distribution on which we could evaluate the perfor-

mance of the software packages. The covariates in the mean of the latent variables

induce a correlation matrix for the ordinal outcomes across time that does not

seem to �t with the current choices of the software packages. The reason is that

the covariates change the associations across subjects for time dependent asso-

ciation, while SPSS, repolr, and multgee �t constant associations for subjects.

Moreover, correlation of coded binary outcomes across time must satisfy a spe-

ci�c exponential form for repolr which is not required for multgee and SPSS when

both packages use the exchangeable associations. Mis-speci�cation of the working

correlation should however not be any problem since GEE should still be able to

estimate the mean parameters appropriately when the robust estimator is applied.

The sample size for subjects has a strong e�ect on the numerical process.
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SPSS, repolr, and multgee show non-convergence issues when we apply the non-

independence association matrices. When we used time points that were exactly

the same for each subject and the exchangeable working association matrix, SPSS

appeared to have fewer numerical issues than repolr and multgee seems to have

less numerical issues than SPSS. Multgee with exchangeable association is again

the best for varying time points but no clear conclusion could be given between

SPSS and repolr. For some settings repolr was (substantially) better, but in other

settings SPSS seem to do better again. The unstructured association in SPSS

and multgee, which is not o�ered by repolr, seem to cause the largest problems

with numerical convergence. Multgee seems to do better than SPSS, although

multgee was worse than SPSS for settings with large correlations among the latent

variables. Most numerical issues in SPSS were related to problems with non-

invertible covariance matrices. It could almost never be resolved by changing the

default settings. On the other hand, multgee did not provide clear information on

the numerical issues at all.

For relative small numbers of subjects, say 30 subjects in total, we saw the

largest bias in the parameter estimates. This bias declined to less than 4% when

the number of subjects increased to more than 100 and the association matrix

was equal to independence or exchangeable. The unstructured association matrix

needed even more subjects (N = 300) to reduce the bias to acceptable levels on

all parameters for both packages (although multgee had less bias than SPSS). The

coverage probabilities on the mean parameters were relatively close to the nominal

value for both the independence and exchangeable association matrices, although

they would be more liberal than conservative. The coverage probabilities ranged

from 93.0% to 96.5% and from 92.0% to 96.4%, respectively. The unstructured

association matrix showed mostly liberal coverage probabilities, even for larger

sample sizes and for settings without strong biases. The coverage probabilities

ranged from 89.7% to 95.8%.

R-repolr, which can only �t the cumulative logistic link function, has an ad-

vantage over SPSS and multgee because it contains an option for testing the pro-

portionality assumption. Unfortunately, the type I error rate of this test is highly

in�ated, which is consistent with results published on logistic regression1. When

we introduced a simulation setting that has a violated proportionality assumption,

by introducing variance heterogeneity in the latent variables across subjects, the

proportionality test did not �nd this violation frequently. This has to do with the
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size of the variance heterogeneity, which was in our setting at 20% di�erence, i.e.

one group had a 20% lower variance than the other group systematically at across

time points. We conclude that this test should be applied with care.

Overall, the GEE method performed quite well when there are more than

100 subjects and the association structure is not too complex (no unstructured).

GEE produced limited bias and the numerical procedures work appropriately.

When sample size is small or proportionality is violated, the methods may result

in biased estimates and more numerical issues. In all our simulated data sets

the independence association structure with the robust estimator performed quite

well and can be used at least as starting point for the analysis. Both SPSS and

repolr are recommended but in our simulation multgee outperformed SPSS and

repolr in parameter estimation. Both SPSS and multgee provide more �exibility

in their choice of association and allow di�erent link functions, but repolr allows

proportionality testing. Additional research on GEE is needed, in particular on

addressing the subject-speci�c correlation of the ordinal outcomes across time, and

for improving methods on detecting issues with the assumption of proportionality.
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3.1 Abstract

Subject-speci�c and marginal models have been developed for the analysis of longitudi-

nal ordinal data. Subject-speci�c models often lack a population-average interpretation of

the model parameters due to the conditional formulation of random intercepts and slopes.

Marginal models frequently lack an underlying distribution for the ordinal data, in partic-

ular when generalized estimating equations are applied. To overcome these issues, latent

variable models underneath the ordinal outcomes with a multivariate logistic distribu-

tion can be applied. However, multivariate logistic distributions with �exible correlation

structures do not exist. In this paper, we extend the work of35, who studied the multi-

variate t-distribution with marginal logistic distributions. We use maximum likelihood,

instead of a Bayesian approach, and incorporated covariates in the correlation structure,

in addition to the mean model. We compared our method with GEE and demonstrated

that it performs better than GEE with respect to the �xed e�ect parameter estimation

when the latent variables have an approximately elliptical distribution, or at least as good

as GEE for other types of latent variable distributions.

Key words: Flexible correlation matrix, Latent variable, Longitudinal ordinal outcomes,

Marginal models, Maximum likelihood, t-distribution.
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3.2 Introduction

There has been interest in modeling ordinal outcomes using generalized linear

models (GLM) for many years2,32. In many applications, ordinal outcomes are

correlated since they are measured longitudinally on subjects. Extensions of GLM

to the longitudinal settings have led to two types of generalizations: subject-

speci�c models and marginal models14.

Subject speci�c models are typically indicated by the class of generalized linear

mixed models (GLMM). These models take into account the association between

(ordinal) outcomes within a subject by treating some of the model parameters as

random variables. The �xed and random parameters are usually estimated with

maximum likelihood (ML). A consequence of the random e�ects is that the as-

sociation is always positive and interpretations of the �xed parameter estimates

for the population of subjects are not straightforward, especially for time invari-

ant covariates14. Indeed, a population averaged interpretation, commonly called

the marginal model, is not obvious due to the complication of integrating out the

random e�ects, which are generally assumed normally distributed. To overcome

this issue some quasi-likelihood methods, such as penalized quasi-likelihood46 and

marginal quasi-likelihood7, have been proposed. Alternatively, Lee and Daniels23,

that extended the work of Heagerty19 on binary outcomes to ordinal outcomes,

applied a marginal and subject-speci�c models simultaneously using two regres-

sion equations. Although all of these approaches provide a population average

interpretation, they do not necessarily imply a marginal distribution for the lon-

gitudinal ordinal data of the population. Focusing on binary logistic models with

only one random e�ect, Zeger et al.52 provided an approximate relation between

the marginal model and subject speci�c models. Recently, Wang and Louis49 and

Parzen et al.39 have developed a non-normal distribution function for the random

e�ects that would generate a marginal logistic distribution for the binary outcomes

after integrating out the random e�ects. However, interpretation of this so-called

bridge distribution for the random e�ects is complicated.

In contrast to GLMMs, marginal models take into account the association be-

tween (ordinal) outcomes at a population level. In the class of marginal models,

the unknown �xed parameters are predominantly estimated with generalized es-

timating equations (GEE)51,25 which was further developed for ordinal data by

Lipsitz et al.27. This semiparametric method considers the underlying associations
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as nuisance parameters. Nevertheless, GEE is robust against mis-speci�cation of

these associations. That is, GEE provides consistent estimators for the regression

parameters when the mean model has been correctly speci�ed even if the associ-

ation structure has been incorrectly speci�ed. Di�erent forms for modelling the

association structure have been proposed, for instance Pearson correlations27,38,

Polychoric correlations40, odds ratios28, global odds ratios50,20, and local odds

ratios48.

The GEE method has two drawbacks. A restriction of GEE is that there is

no information on the association between outcomes since they are treated as nui-

sance parameters. This can be overcome by specifying a set of equations for the

�xed parameters and for the association parameters (GEE2), see Zhao and Pren-

tice53 for binary, Liang et al.26 for count, and Heagerty and Zeger20 for ordinal

variables. However, it does not necessarily lead to a multivariate distribution for

the ordinal outcomes and thus complicates the interpretation of the association

structure. Even if such a distribution would exist11, interpretation of the associ-

ation structure is still di�cult due to the translation of the ordinal variables to a

binary vector. Another potential drawback of GEE is that it may result in biased

estimates when missing data occurs and the mechanism is other than missing com-

pletely at random (MCAR)30. This problem can be solved by the introduction of

weighted GEE (WGEE)41, doubly-robust inverse probability weighting (IPW)44

or a combination of multiple imputation and GEE (MI-GEE)43. To the best of

our knowledge there is no comparison among these three approaches for ordinal

outcomes, but Beunckensa et al.5 compared WGEE and MI-GEE for binary out-

comes via simulation studies. They showed that MI-GEE is superior to WGEE for

small (N = 100) to moderate (N = 500) sample sizes when longitudinal data has

an exchangeable, AR(2), or an unstructured correlation structure. A comparison

of these three approaches for continuous data by Carpenter et al.10 showd that

doubly-robust IPW is as e�cient as MI-GEE.

Molenberghs and Lesa�re31 introduced a distributional approach for longitudi-

nal ordinal data that supports a population-average interpretation, by specifying

the joint probabilities via the extended Dale model13, i.e. the joint probabilities

(cell probabilities) are decomposed into main e�ects and higher order associations

using global odds ratios. The maximum likelihood procedure is used to estimate

the unknown parameters and therefore the estimations would remain unbiased

even in the presence of incomplete data of the type of missing (completely) at
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random21. Unfortunately this model is not easy to implement3. As alternative,

a fully-speci�ed multivariate latent variable can be used to model the repeated

ordinal outcomes. Li and Schafer24 assumed a multivariate normal distribution

underneath the ordinal outcomes and the unknown parameters of this multivari-

ate probit model were estimated using maximum likelihood. A limitation of this

model is that it does not provide a log odds interpretation as GEE does.

Extension of the univariate logit models to longitudinal settings using the

available multivariate logistic distributions22 is not straightforward since �exible

correlation structures are not accessible through these distributions. Therefore,

our aim was to provide a full likelihood based logit model for longitudinal ordinal

outcomes. To do this we used the approximate multivariate logistic distribution

introduced by O'Brien and Dunson35 which has a marginal logistic distribution

and which is �exible with respect to correlation structures. Instead of the Bayesian

approach used by O'Brien and Dunson35, we estimated the parameters using max-

imum likelihood with a quasi Newton approach. Hence, the model can cope with

incomplete sets of outcomes that satisfy MCAR or MAR. Furthermore, we ex-

tended the model to be able to implement time-(in)variant covariates in the corre-

lation structure. We examined the performance of this approach using simulation

studies. We simulated ordinal outcomes via moderately to highly correlated latent

variables with marginal logistic distributions. In addition, we simulated settings

with marginally normally distributed latent variables to investigate the robustness

of our method. Finally, our approach is compared with GEE.

The rest of the paper is organized as following. The statistical models and

the estimation procedure are considered in the Section 5.3. The simulation study

are described in the Section 7.4. Section 3.5 presents a real case study. Finally,

Section 3.6 discusses the model and results.

3.3 Methods

Let Oij represents an ordinal outcome, having C levels, for subject i (i = 1, ..., N)

at time point j (j = 1, ..., J). Corresponding to each subject i, let Xi be a J × p

matrix containing all time varying and time invariant covariates. The e�ect of

covariates on an ordinal outcome can be evaluated through the proportional odds
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cumulative model, i.e.

logit[P(Oij ≤ c|Xij = xij)] = γc − x′ijβ (3.1)

with γc a threshold parameter for level c (c = 0, 1, ..., C), such that

−∞ = γ0 < γ1 < .... < γC = ∞, (3.2)

and β a p-dimensional vector of regression parameters29. This model may be

viewed as a latent variable model in which an unobservable continuous random

variable Y lies underneath the ordinal variable such that it transforms the contin-

uous outcome into an ordinal outcome for each subject i at time j, i.e. if Oij = c

then γc−1 < Yij ≤ γc. To satisfy equation (3.1) the latent variable Yij must have

a logistic distribution with mean parameter µij = x′ijβ and scale parameter 1.

Thus the multivariate density function for Oi = (Oi1, Oi2, ..., OiJ) can be written

through the multivariate latent variable Yi = (Yi1, Yi2, ..., YiJ), given by

g(ci|γ, β,R) =
∫ γci1

γci1−1

∫ γci2

γci2−1

....

∫ γciJ

γciJ−1

f(yi|Xi, β,R)dyi (3.3)

with ci = (ci1, ..., ciJ) a vector of levels, f(.| X,β,R) a multivariate (J- dimen-

sional) logistic density with Xi a matrix of p covariates, β a vector of regression

parameters, and R a correlation matrix.

3.3.1 Multivariate logit model

There exist a few multivariate logistic distribution functions. A widely known bi-

variate logistic distribution was introduced by Gumbel18 and further extended in

Kotz et al.22. This distribution belongs to the class of Archimedean distributions33

and has only one parameter that de�nes the association between variables. There-

fore, the multivariate distribution has only the exchangeable (symmetric in the

arguments) correlation matrix (in view of the discussion of Frees and Valdez15).

Relaxing the correlation matrix to any �exible structure is not straightforward.

The (Generalized) Farlie-Gumbel-Morgenstern distribution22 has an unstructured

correlation matrix but the correlation coe�cients are usually low due to the re-

strictions on parameters of the distribution. An alternative distribution is the

multivariate logistic distribution established by O'Brien and Dunson35. They de-
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veloped a multivariate t-distribution that has marginal logistic distributions. The

density function of this multivariate logistic distribution for subject i is given by

f(yi|Xi, β,R) =
t
(
h(zi1), h(zi2), ..., h(ziJ)|R

)
∏J

j=1 t1(h(zij))

J∏
j=1

f1(yij), (3.4)

with zi = (yi1 − µi1, yi2 − µi2, ..., yiJ − µiJ), t and t1 indicate the multivariate and

its univariate t-density with ν degrees of freedom, respectively, and f1 denotes

the density function of the univariate logistic distribution. In this model h(.) is

represented by

h(y) = T−1
1 (

ey

1 + ey
), (3.5)

with T1 the univariate t-distribution function.

Albert and Chib4 showed that the univariate logistic distribution, with formu-

lation [exp(yij − µij)]/[1 + exp(yij − µij)], can be approximated by a univariate

t-distribution with ν = 8 degrees of freedom. To make the distributions simi-

lar, a scale parameter π2(ν − 2)/3ν in the t-distribution is needed. Using these

approximations, equation (3.4) becomes approximately

f(yi|Xi, β,R) ≈ t
(
h(zi1), h(zi2), ..., h(ziJ)|R̃

)
, (3.6)

with R̃ = [π2(ν − 2)/3ν]R.

3.3.2 The covariance structure

To continue with and improve on this known model, we will increase the com-

plexity by implementing covariates also into the correlation matrix R. The aim

of this model is to explore the impact of a set of covariates in the correlation

coe�cients. This makes it possible to estimate correlation matrices separately for

categorical variables, but also to include continuous variables. We reparameterize

each element of R using Fisher's z transformation, such that

log(
1 + ρjk
1− ρjk

) = α0jk + wijkαjk (3.7)

with ρjk the correlation coe�cient between latent variable outcome at time j and

k (j ̸= k), wijk a vector of covariates, α0jk an intercept and αjk the slopes. The
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structure is �exible in terms of intercepts as well as slopes and makes it possible to

model di�erent correlation structures for subgroups of subjects. When the param-

eter α0jk = αjk = 0, the R matrix is the identity matrix. When αjk = 0, no covari-

ates in�uence the correlation matrix, but the matrix can still attain several struc-

tures: the exchangeable structure (α0jk = α0 ∀j, k), an AR(1) structure
(
α0jk =

ln
(
1 + C (α)

)
− ln

(
1− C (α)

)
with C (.) =

[(
exp (.)− 1

)
/
(
exp (.)− 1

)]|j−k| )
,

and the unstructured form. When αjk ̸= 0, covariates in model (3.7) may explain

variation in the correlation coe�cients for each subgroup over time.

In principle, any value in the range [−1, 1] can be substituted in for ρjk, but

the correlation matrix must be (semi)positive de�nite and it leads to constraints

on ρjk's. These constrains have been discussed for three variables36 and four

variables8. For example, each element of a three dimensional correlation matrix,

ρjk, should be in the interval[
ρjsρks −

√
(1− ρ2js)(1− ρ2ks); ρjsρks +

√
(1− ρ2js)(1− ρ2ks)

]
, (3.8)

for s ̸= j, k. These restrictions implicitly constrain the parameters α0jk and αjk.

3.3.3 Parameter estimation: Maximum likelihood approach

As an alternative to the Bayesian approach for estimation the parameters in equa-

tion (3.6)35, we applied maximum likelihood estimation. This choice of estimation

is computationally less expensive, and it does not require selecting a prior distri-

bution. Furthermore, the estimation is easier when covariates are implemented

into the correlation matrix. However, computing multivariate t-distribution with

an arbitrary correlation matrix is still computationally burdensome. We employed

the numerical method of Genz and Bretz16 and combined this with the multivari-

ate t-distribution introduced by Cornish12 to calculate the t-density in (3.6). It

is just a di�erent form of the same t-density16. The multivariate t-distribution is

then given by

T (γci |µ, R̃) =
21−ν/2

Γ(ν/2)

∫ ∞

0
qν−1 exp(−q2/2)Φ(qγci√

ν
− µ|R̃)dq (3.9)
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with Φ(.|R̃) represents the multivariate normal distribution, i.e.

Φ(γc1 , ..., γci |R̃) = (2π|R̃|)J/2
∫ γc1

−∞
...

∫ γci

−∞
exp(−q′R̃q/2)dq.

Genz and Bretz17 showed that their numerical method computes the multivariate

t-distribution robustly and reliably up to 20 parameters.

To maximize the likelihood function based on the density in (3.3) with the t-

density in (3.6) using the form in (3.9), we utilize the Broyden-Fletcher- Goldfarb-

Shanno (BFGS) algorithm45 which is a quasi-Newton method and computes the

optimum value for nonlinear functions. To increase the speed of convergence, the

continuous covariates are standardized with the associated means and standard

deviations. Similar to Li and Schafer24 we assume γc = γc−1 + d2c−1, to ensure

that the threshold parameters adhere to inequality (3.2).

The missing mechanism is referred to as ignorable when data are MAR and the

model parameters of the observed data and the missing mechanism are unrelated42.

Then only the likelihood of the observed data needs to be �tted. In case ordinal

data is missing at one or more time points, the resulting likelihood function is the

same likelihood as the full likelihood but with a reduced dimension. For instance,

if Oi2 would be missing for a subset of subjects, the likelihood function for each

of these subjects equals t
(
h(zi1), h(zi3))|R̃13

)
, with R̃13 the partition of R̃.

3.4 Simulation Study

3.4.1 Data generation

In all settings, we generated independently three covariates: gender (x1), age at

baseline (x2), and follow-up times (x30 = 0, x31 and x32). We assumed that x1

has a Bernoulli distribution with parameter 0.49, x2 has a normal distribution

N(11, 0.52), and �nally x31 and x32 have normal distribution with N(2.5, 0.42)

and N(5, 0.62), respectively.

To simulate three-dimensional logistic distributed variables, (Zi1, Zi2, Zi3), we

applied the t-copula33. We used logit transformation to transform the marginal

uniform distribution to a logistic distribution and refer to this multivariate dis-

tribution as �t-logistic�. At �rst, three di�erent correlation matrices were simu-

lated with the t-copula, i.e. (ρ12, ρ13, ρ23) is (0.45, 0.30, 0.70), (0.85, 0.85, 0.85),
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and (0.80, 0.70, 0.90), respectively. Secondly, we simulated correlations that were

a�ected by either a binary covariate (sex) or a continuous covariate (age at base-

line). For the binary covariate, we selected α0jk = 1 and α1jk = 0.5 for all j

and k. This choice imposes an exchangeable correlation for males and females

separately (ρ = 0.76 for females and ρ = 0.90 for males). We also simulated

(α012, α013, α023) = (0.4, 0.3, 0.5) and (α12, α13, α23)= (0.3, 0.1, 0.1) to generate

unstructured correlation matrices for males and females. For the continuous co-

variate, we took α0jk = 0.5 and αjk = 0.07, for all j ̸= k. In this setting, the

correlation matrix of each individual has an exchangeable form but it varies with

individuals. Due to a positive slope (αijk > 0), older individuals at baseline have

stronger correlations. In all of these circumstances, we applied the constraint (3.8)

to impose a semi-positive de�nite correlation matrix over studies. Additionally,

we simulated the multivariate Gumbel logistic distribution via the Gumbel cop-

ula with the association parameter, θ, equal to 2 and 5. These choices generate

a strong (≃ 0.70), and an extremely strong (≃ 0.95) Pearson's correlation co-

e�cient, respectively34. Finally, we generated multivariate normally distributed

random variables using the normal-copula, with a standard deviation equal to 1.7.

This variance makes the marginal normal distribution close to the logistic distri-

bution. We used (0.45, 0.30, 0.70) as the correlation coe�cients of the normally

distributed latent variables.

To generate ordinal data, we �rst considered

Yij = βSXi1 + βAXi2 + βTXi3j + Zij

with (β1, β2, β3) = (−1,−0.2,−0.1) or (−1,−0.5,−0.5). The 4-level ordinal out-

comes were produced by �xing the threshold parameters such that about 50% of

observations are in the �rst level, 25%, 15% and 10% are in the second, third

and the fourth level, respectively.The cut-point values varied with the choice of

distribution for the latent variables but they are �xed when di�erent correlation

matrices were selected.

For some settings, we also simulated missing indicators, Dij , by

P(Dij = 1|Xi, Zi1) = logit−1(ψ0j + ψ1jxi1 + ψ2jxi2 + ψ3jxi3j + ψ4jZi1), (3.10)

with (ψ0j , ψ1j , ψ2j , ψ3j , ψ4j) given by (0, 0, 0, 0, 0), (−2.0 , −2.0, 0.5, 1.0, 0.5),
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and (−0.8, −1.5, 1.5, −2.0, 1.5) for j = 1, j = 2, and j = 3. Note that with these

choices, the missingness ful�lls MAR and they resulted in approximately 0%, 9.5%

and 14% missingness at the �rst, second and the third follow-up, respectively.

To compare our approach with the most popular estimation method for marginal

models, we applied the latest version of GEE for ordinal outcomes, that was de-

veloped by Touloumis et al.48. They used local odds ratios to measure the associ-

ation between ordinal outcomes. We utilized their R package, multgee, with the

independent association and the robust or empirical estimator. Other association

structures gave many convergence issues. Nooraee et al.34 demonstrated that this

GEE approach is considered appropriate with respect to parameter estimation and

numerical convergence.

We studied mainly small sample size (50 subjects), simulated each setting 1000

times, and calculated from the estimates the bias and MSE.

3.4.2 Results

Bias in the parameter estimates with ML is limited to 2% for correlation coe�cients

and 7% for the regression parameters when the underlying latent variables have

a t-logistic distribution (Table 3.1). A comparison of ML and GEE demonstrates

that ML has less absolute bias. Additionally, GEE has a slightly higher MSE

than ML (Table 3.2). The likelihood ratio test for testing exchangeability with

respect to the unstructured association gave a type I error rate of 0.05 when

the exchangeable correlation was 0.85. Whenever we include covariates into the

correlation matrix, the absolute bias of the association parameters α's is at most

3% (Table 3.4). In these analyses we applied an unstructured association even

though we simulated exchangeable correlations for two settings. The MSE for the

association parameters is comparable with the MSE results for settings that do

not include covariates in the correlation matrix. This is also true for the bias and

the MSE of the regression parameters (data not shown).

Estimation of the model parameters using exchangeablity resulted into a bias

for a few regression parameters when the latent variables were simulated with the

Gumbel distribution and the number of subjects was small (Table 3.5). Increasing

the sample size reduced the bias, although it did not completely disappear. On

the other hand, the bias was almost eliminated when the unstructured association

matrix was applied, even for the small sample size (Table 3.6). The observed
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Table 3.1 Bias of estimated parameters for 1000 simulated data sets with t-logistic latent
variables and 50 subjects. The true correlation coe�cients are indicated in the �rst row.

Parameter True value (0.45, 0.30, 0.70) (0.85, 0.85, 0.85) (0.80, 0.70, 0.90)

ML GEE ML GEE ML GEE

γ1 -0.5 0.018 0.024 0.037 0.037 0.032 0.034

γ2 1 -0.017 -0.035 -0.019 -0.050 -0.015 -0.043

γ3 2 -0.044 -0.099 -0.041 -0.115 -0.048 -0.114

βS -1 0.017 -0.046 0.044 -0.068 0.039 -0.064

βA -0.2 0.003 -0.014 0.010 -0.022 0.008 -0.018

βT -0.1 -0.005 -0.001 -0.006 -0.003 -0.007 0.000

ρ12 - 0.007 - 0.003 - 0.007 -

ρ13 - 0.005 - 0.001 - 0.006 -

ρ23 - 0.011 - 0.005 - 0.004 -

Table 3.2 MSE of estimated parameters for 1000 simulated data sets with t-logistic latent
variables. The true correlation coe�cients are indicated in the �rst row.

Parameter True value (0.45, 0.30, 0.70) (0.85, 0.85, 0.85) (0.80, 0.70, 0.90)

ML GEE ML GEE ML GEE

γ1 -0.5 0.099 0.101 0.146 0.146 0.136 0.140

γ2 1 0.108 0.110 0.154 0.158 0.149 0.151

γ3 2 0.187 0.199 0.265 0.289 0.250 0.271

βS -1 0.191 0.209 0.291 0.311 0.274 0.297

βA -0.2 0.049 0.053 0.067 0.073 0.064 0.070

βT -0.1 0.018 0.021 0.006 0.008 0.010 0.013

ρ12 - 0.026 - 0.005 - 0.007 -

ρ13 - 0.032 - 0.005 - 0.013 -

ρ23 - 0.014 - 0.005 - 0.003 -

bias with the exchangeable association, might be the result of a di�erence in the

Archimedean copula of the Gumbel distribution and elliptical copula of the t-

distribution. By choosing the unstructured association, apparently the �t of the

t-distribution seems to get closer to the Gumbel distribution. However, a small

bias in the association parameters seems to remain present, that could not be

resolved by a larger sample size (data not shown). It should be noted though

that the performance of ML is not worse than GEE (Table 3.6) for the Gumbel

distribution.

For normally distributed latent variables, the bias and MSE of the parameter

estimates were comparable with the bias and MSE of the parameter estimates for

t-logistic distributed latent variables. Again, results show smaller MSE with ML

than with GEE (Table 3.7).

On average, about 12% of the data were missing for the second and third
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Table 3.3 Bias and MSE of parameter estimates, considering the impact of covariate on
the correlation over time, from 1000 simulated data sets containing 50 individuals.

Sex Age at baseline

Parameters True value Bias MSE True value Bias MSE True value Bias MSE

α012 1.0 -0.004 0.061 0.4 0.019 0.057 0.5 0.000 0.001

α12 0.5 -0.008 0.109 0.3 -0.014 0.120 0.07 0.001 0.000

α013 1.0 -0.019 0.066 0.3 0.018 0.060 0.5 0.001 0.001

α13 0.5 -0.014 0.135 0.1 -0.012 0.126 0.07 -0.001 0.001

α023 1.0 -0.004 0.064 0.5 -0.001 0.056 0.5 0.000 0.002

α23 0.5 -0.008 0.125 0.1 0.008 0.118 0.07 0.001 0.000

Table 3.4 Bias and MSE of parameter estimates, considering the impact of covariate on
the correlation over time, from 1000 simulated data sets containing 50 individuals.

Sex Age at baseline

(1, 0.5, 1, 0.5, 1, 0.5) (0.4, 0.3, 0.3, 0.1, 0.5, 0.1) (0.5, 0.07, 0.05, 0.07, 0.5, 0.07)

Parameters Bias MSE Bias MSE Bias MSE

α012 -0.004 0.061 0.019 0.057 0.000 0.001

α12 -0.008 0.109 -0.014 0.120 0.001 0.000

α013 -0.019 0.066 0.018 0.060 0.001 0.001

α13 -0.014 0.135 -0.012 0.126 -0.001 0.001

α023 -0.004 0.064 -0.001 0.056 0.000 0.002

α23 -0.008 0.125 0.008 0.118 0.001 0.000

occasion. Results of the analyses with the ML approach are presented in Table

3.8. Biases in the regression parameters are limited to at most 2% in all settings.

However, some larger biases were observed in the correlation coe�cients for small

sample sizes. By increasing the sample size to 100 subjects, the bias diminishes

to at most 4% for the correlation parameters.

3.5 Application: the TRAILS analysis

The TRacking Adolescents' Individual Lives Survey (TRAILS) is a prospective

cohort study of Dutch adolescents using bi- or triennial measurements from age

11 onward. Its aim is to chart and explain the development of mental health from

preadolescence into adulthood. Previous publication has extensively described

its design, methods, and response rates and bias37. Brie�y, participants were

selected from �ve municipalities in the North of the Netherlands, both urban and

rural areas, including the three largest cities. Children born between 1 October,

1989 and 30 September, 1991 were eligible for inclusion, providing their schools

were willing to participate and they met the study's inclusion criteria. Over 90%
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Table 3.5 Bias and MSE in the parameter estimates with the exchangeable correlation
matrix for 1000 simulated data sets from the Gumbel distribution with parameter θ = 2.

N 50 400

Parameter True value Bias MSE Bias MSE

γ1 -0.5 -0.056 0.090 0.001 0.008

γ2 0.75 -0.089 0.164 0.024 0.013

γ3 2 -0.311 1.310 -0.012 0.029

βS -1 -0.127 0.161 -0.045 0.012

βA 0.2 0.004 0.054 -0.005 0.077

βT -0.1 -0.003 0.009 -0.006 0.001

ρ 0.7 0.038 0.009 -0.054 0.004

Table 3.6 Bias and MSE in the parameter estimates for 1000 simulated data sets, consist
of 50 subjects, from the Gumbel distribution with parameter θ = 2.

ML GEE

Parameter True value Bias MSE Bias MSE

γ1 -0.5 0.038 0.110 -0.027 0.111

γ2 0.75 0.019 0.121 -0.032 0.119

γ3 2 -0.100 0.290 -0.135 0.305

βS -1 0.027 0.233 -0.055 0.252

βA 0.2 0.018 0.056 -0.024 0.063

βT -0.1 0.000 0.009 -0.009 0.011

ρ12 0.7 -0.043 0.013 - -

ρ13 0.7 -0.051 0.013 - -

ρ23 0.7 -0.043 0.013 - -

of the schools, enrolling a total of 2935 eligible children, agreed to participate

in the study. Through extended e�orts, 76% of these children and their parents

consented to participate (T1, n = 2230, mean age = 11.1±0.6 years, 50.8% girls).

Response rates at the �rst two follow-ups ranged from 96.4% (T2, n = 2149, mean

age=13.6±0.5, 51.0% girls) to 81.4% (T3, n = 1816, mean age = 16.3±0.7, 52.3%
girls). Each assessment wave was approved by the Dutch Central Committee on

Research Involving Human Subjects (CCMO); www.ccmo.nl.

In the current work, we will focus on the depression domain and the �rst three

assessments (baseline and two follow-ups). Depression was measured with the

depression subscale of the Youth Self-Report (YSR) which has good psychometric

properties1. This subscale consists of 13 items and each item has three levels, (0,

1, 2): a higher level indicates more depression. The sum scale of the 13 items was

categorized for boys and girls di�erently into four levels; that is, into a sum scale of

which scores [0; 5] or [0; 7] indicate a normal range for boys and girls, respectively.

A sum score of [6; 8] or [8; 11] indicates mild depressive symptoms, while a sum
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Table 3.7 Bias and MSE of the estimated parameters for 1000 simulated data sets with
multivariate normal latent variables.

N ML GEE

Parameter True value Bias MSE Bias MSE

γ1 0 0.010 0.089 0.021 0.186

γ2 1 0.004 0.107 -0.014 0.107

γ3 2.5 -0.197 0.351 -0.798 0.417

βS -1 -0.016 0.196 -0.014 0.214

βA -0.2 -0.013 0.048 0.001 0.056

βT -0.1 0.004 0.020 -0.003 0.024

ρ12 0.45 0.016 0.031 - -

ρ13 0.30 0.013 0.037 - -

ρ23 0.70 0.015 0.016 - -

Table 3.8 Bias and MSE of parameter estimates, from 1000 simulated incomplete data
sets.

(βS , βA, βT ) (-1,-0.2,-0.1) (-1,-0.5,-0.5)

N 50 100 50

Parameter True value Bias MSE Bias MSE Bias MSE

γ1 -0.5 0.032 0.115 0.011 0.050 0.011 0.117

γ2 0.5 -0.009 0.119 -0.004 0.052 -0.022 0.118

γ3 1.65 -0.031 0.177 -0.011 0.084 -0.059 0.176

βS - 0.018 0.212 0.003 0.093 -0.009 0.213

βA - 0.006 0.053 0.004 0.025 0.011 0.057

βT - 0.003 0.020 -0.001 0.010 0.006 0.024

ρ12 0.45 0.037 0.035 0.015 0.015 0.042 0.035

ρ13 0.30 0.032 0.044 0.011 0.021 0.046 0.053

ρ23 0.70 0.024 0.019 0.012 0.009 0.029 0.021

score of [9; 11] or in [12; 14] indicates subthreshold depressive symptoms. Finally,

sum scores above 12 and 15 suggest signi�cant depressive symptoms and possibly

clinical depression for boys and girls, respectively. Age and gender of adolescents,

a history of parental internalizing and externalizing problems, family structure,

and social-economic status of family were considered explanatory variables for

depression status.

We investigated a gender speci�c model in the mean and correlation of the

latent variable underneath the ordinal outcomes. Di�erent correlation matrices

would indicate that di�erential stability of depression symptoms are gender spe-

ci�c. The threshold values should however be considered the same for gender,

since the ordinal outcomes were already gender speci�cally coded from the scales.

To compute 95% con�dence intervals, we conducted 1000 samples of the non-

parametric bootstrapping9. Likelihood ratio tests were also used to investigate
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simpler models.

For the missing outcomes at di�erent follow-up times, age was also missing. In

the algorithms that we used, age should be fully available and we used the age at

the planned follow-up times when age was missing. In total 71 individuals were

omitted from the analysis due to the missingness in internalizing or externalizing

behavior of parents or both. Table 3.9 gives the estimates of the regression pa-

rameters and correlation coe�cients together with their 95% con�dence intervals.

About 6.5% of the bootstrap samples that did not converged were removed from

the computations. The results seem to demonstrate that the correlations for boys

and girls were similar. This was con�rmed by the likelihood ratio test (LRT =

6.48; df=3; P-value = 0.090). We also investigated whether boys and girls would

have the same mean model with respect to the selected variables. The likelihood

ratio test rejected this hypothesis (LRT = 40.6; df = 6; P-value = 0.000), indicat-

ing gender speci�c models for depression status. Results in Table 3.9 shows that

internalizing problems of parents in�uence signi�cantly on girls. This �nding is in

line with6.

Table 3.9 Estimation and con�dence intervals for the TRAILS data set.

boys girls

Regression Parameter

Intercept 0.506[ 0.097 ; 0.937] -

Age -0.038[-0.162 ; 0.108] -0.068[-0.223 ; 0.028]

Externalizing 0.023[-0.496 ; 0.453] -0.085[-0.646 ; 0.275]

Internalizing 0.084[-0.114 ; 0.264] 0.230[ 0.048 ; 0.434]

social-economic status -0.004[-0.184 ; 0.188] 0.045[-0.191 ; 0.177]

structure of family 0.038[-0.379 ; 0.505] 0.133[-0.125 ; 0.718]

Follow-up time -0.134[-0.199 ; 0.095] 0.019[-0.010 ; 0.068]

Correlation coe�cient

ρ12 0.486[0.368 ; 0.593] 0.522[0.311 ; 0.577]

ρ13 0.393[0.177 ; 0.508] 0.347[0.201 ; 0.483]

ρ23 0.564[0.332 ; 0.654] 0.488[0.330 ; 0.608]

3.6 Discussion

We utilized and extended the multivariate logistic distribution, introduced by

O'Brien and Dunson35, for analysis of longitudinal ordinal data. This choice leads

to a population-averaged odds ratio interpretation of the regression parameters.

We applied maximum likelihood instead of a Bayesian approach, which provided
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the opportunity to include covariates in the time-related correlations. We simu-

lated di�erent distributions for the latent variables underneath the ordinal data

via di�erent copula functions to assess the performance of our approach in terms

of bias and MSE and compared it with GEE. The main focus of this paper was

on small sample sizes (N=50). The results demonstrate ignorable bias and small

MSE's when the multivariate distribution of the latent variables has an elliptical

shape. For the exchangeable Gumbel copula with an Archimedean shape, a bias

on the regression parameters was obtained when an exchangeable correlation ma-

trix was assumed. Under unstructured correlation matrix biases seem to become

smaller and almost disappear. In all our simulations, ML either performed better

than GEE or it performed similar.

The advantage of our approach is that it provides a similar interpretation as

GEE with an option to model the time-related correlations at least with currently

available software. Furthermore, if incomplete outcome data ful�lls the ignobility

assumption and sample size are not too small (say at least 100 individuals), then

our approach can be simply applied without having to use additional analysis such

as multiple imputation. We believe that our approach is also more appropriate

than the method of Li and Schafer24. They considered the multivariate normal

distribution for the latent variable, but this choice does not support an odds ratio

interpretation of the parameter estimates and may lead to bias when the latent

variables have a heavier tail. Although Tan et al.47 demonstrated robustness

with respect to the normal distribution assumption for correlated binary data

via a simulation study, we doubt that this conclusion remains true for ordinal

outcomes. Molenberghs and Lesa�re31 extended the Dale model, which provides

a joint distribution of the ordinal data, but our approach is simpler to apply and

can be extended to larger dimensions (up to 20 variables). We will extend this

analysis to the exact multivariate distribution in the future work. Limitations of

our approach is that it may be sensitive to strong deviations from the multivariate

t-distribution for the latent variables, in particular for estimation of the correlation

coe�cients. The Gumbel distribution seems to suggest this.

In the current study, we applied our method to analyze the depression status

of a cohort of Dutch adolescents. We found out that the mean model for boys and

girls are di�erent but a di�erence in correlations between time-varying depression

scores for gender could not be demonstrated. Our model may also be useful for

other applications, in particular to situations where disease patterns are of interest.
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To summarize, we used the multivariate logistic distributed latent variables to

introduce a joint logistic distribution for the longitudinal ordinal outcomes. The

dependency between ordinal outcomes can be measured via the correlation coe�-

cients and the association with covariates can be modeled with parameters having

a population-averaged odds ratio interpretation. Simulation studies demonstrate

superiority of this approach over GEE in terms of bias and MSE for several set-

tings. Finally, implementation of this approach can be performed with existing

packages in R.
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4.1 Abstract

Background: Dupuytren disease a�ects �ngers in a variable fashion. Knowledge about

speci�c disease patterns (phenotype) based on location and severity of the disease is lack-

ing.

Methods: In this cross-sectional study, 344 primary a�ected hands with Dupuytren

disease were physically examined. The Pearson correlation coe�cient between the co-

existence of Dupuytren disease in pairs of �ngers was calculated, and agglomerative hi-

erarchical clustering was applied to identify possible clusters of a�ected �ngers. With a

multivariate ordinal logit model we studied the correlation on severity, taking into account

age and sex, and tested hypotheses on independence between groups of �ngers.

Results: The ring �nger was most frequently a�ected by Dupuytren disease, and con-

tractures were seen in 15.1 percent of a�ected rays. The severity of thumb and index

�nger, middle and ring �nger, and the middle and little �nger was signi�cantly corre-

lated. Occurrences in pairs of �ngers were highest in the middle and ring �nger, and

lowest in the thumb and index �nger. Correlation between the ring and little �nger, and

a correlation between �ngers from the ulnar and radial side could not be demonstrated.

Conclusions: Rays on the ulnar side of the hand are predominantly a�ected. The mid-

dle �nger is substantially correlated with other �ngers on the ulnar side, the thumb and

index �nger are correlated, however there was no evidence that the ulnar side and the

radial side were correlated in any way, which suggests that occurrence on one side of the

hand does not predict Dupuytren disease on the other side of the hand.
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4.2 Introduction

Dupuytren disease is an incurable �bromatosis of the hand and �ngers, giving rise

to the development of skin pitting and subcutaneous nodules in the palm. At a

later stage of disease cords appear that connect the nodules and may contract the

�ngers into a �exed position. A contracture can occur isolated in a single joint,

but may also involve more joints of a single ray or even multiple rays, whereby the

metacarpophalangeal joints (MCPJ), proximal interphalangeal joints (PIPJ), and

distal interphalangeal joints (DIPJ) are a�ected in decreasing order. The disease

is usually located on the ulnar side of the hand, and in particular the ring �nger

and the little �nger are frequently a�ected25,13,19.

Several authors have described the patterns of occurrence of Dupuytren dis-

ease in multiple �ngers empirically. Meyerding noticed that the combination of

an a�ected ring and little �nger occurred most often, followed by the combination

of an a�ected third, fourth, and �fth digit18. In addition, Tubiana has stated

that isolated radial side involvement in Dupuytren disease is rare, and that ra-

dial involvement in most cases is associated with an a�ected ulnar side29. Milner

et al. found that patients with a severely a�ected thumb which had required

surgery, were on average eight years older, and had su�ered signi�cantly longer

from Dupuytren disease than patients with a mildly a�ected radial side. Fur-

thermore, these patients with severe disease of the thumb su�ered from ulnar

disease which repeatedly had required surgery, suggesting an intractable form of

disease19,1.

Orlando et al. reported that in most hands two rays are a�ected by Dupuytren

disease, followed by one �nger and three �ngers. A�ection of four or even �ve

�ngers was rarely seen21. A previous study of ours showed an average of 2.7

a�ected rays per patient13.

In summary, the frequency in which each ray is a�ected has been described

previously, as well as intra operative �ndings in relatively small samples16, but �rm

statistical substantiation is lacking. The consequence is that certain �ndings may

be spurious and not tested appropriately. For instance, the higher frequency of an

a�ected ring and little �nger may well be determined by the higher occurrences in

these �ngers, and may not be more frequent than expected by chance. This may

be true also for other pairs, and additionally for triplets, quadruples, or even for

the a�ection of all rays of one hand.
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Furthermore, the existence of speci�c disease patterns (phenotype) based on

location and severity of the disease has never been studied before. Therefore, the

aim of this study is �rstly to investigate the patterns of occurrence and severity

of primary Dupuytren disease in both men and women, and secondly to test the

earlier suggested correlations in Dupuytren disease occurrence between the little

and ring �nger, but more importantly between the ulnar and radial side of the

hand.

4.3 Patients and Methods

4.3.1 Participants

To obtain a representative cross-sectional set of patients with Dupuytren disease,

we included 105 patients from the general population of the northern Nether-

lands13, as well as 134 patients from the outpatient clinic of the Department of

Plastic Surgery of the University Medical Center Groningen. This study was ap-

proved by the institutional ethics review board.

4.3.2 Physical examination

Both hands of all included patients were physically examined by the �rst author

(R.L.) at the outpatient clinic. Signs of Dupuytren disease, including presence of

subcutaneous nodules and fascial cords, with or without �nger contractures, were

noted for each ray of each hand. The severity of �exion contractures was measured

with a goniometer, and the passive extension de�cit was noted in degrees for each

joint separately. Thereafter, the severity of disease was categorized using the

classi�cation of Tubiana et al.27, in which stage N refers to a�ection with only a

nodus or cord without contracture28 (Table 4.1).

4.3.3 Statistical analyses

Descriptive statistics of our population were calculated �rst. Furthermore, Pear-

son's correlation coe�cient between the coexistence of Dupuytren disease among

pairs of �ngers in each hand separately was calculated and tested for its statistical

signi�cance. We performed a post-hoc power analysis, to calculate what minimal

correlation we could detect with our sample size3.
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Table 4.1 Tubiana Classi�cation.

Stage Total Passive Extension

De�cit (degrees)

0 No lesion

N⋆ 0

1 1 � 45

2 46 � 90

3 91 � 135

4 >135
⋆Stage N refers to a�ection with
only a nodus or cord without con-
tracture.

To identify possible occurrence of patterns in �ngers with Dupuytren disease,

a hierarchical cluster analysis was conducted, assuming that patterns would be

similar in both hands. The measure of similarity between �ngers was based on

Jaccard4, and the complete-linkage method26 was applied to form clusters of �n-

gers. Agglomerative hierarchical clustering (from bottom to top) was used8.

To investigate the in�uence of sex and age on the coexistence of Dupuytren

disease, and to evaluate the patterns of severity, a multivariate ordinal logit model

was �tted to the Tubiana stage of all �ve �ngers simultaneously (assuming that

patterns are similar in both hands again). For this statistical analysis we collapsed

the three most severe categories of Tubiana into one category. This multivariate

model is similar to a probit model14, but it was altered to be able to �t logits

instead of probits, so that the e�ects of age and sex have interpretations similar

to logistic regression. Instead of correlations on the occurrence, this multivariate

model provides correlations on the severity between �ngers, corrected for covari-

ates. To obtain con�dence intervals on the parameter estimates of the multivari-

ate model, bootstrapping of 1000 samples was applied. Based on the multivariate

model, the predicted probabilities of occurrence of Dupuytren disease in multiple

�ngers simultaneously are presented, and compared to the probabilities based on

independence. If �ngers are a�ected completely independent from each other, it

can be expected that they co-occur with a frequency that equals the product of

the occurrence rates of the individually a�ected �ngers. Independency on severity

between the radial side and ulnar side was tested with the likelihood ratio test.

The statistical terminology is explained in more detail online in A..
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4.4 Results

In this study, data of 152 (63.6 percent) males and 87 (36.4 percent) females were

used. Mean age of patients was 65.4 years (SD 9.8), and 344 hands were a�ected.

The ulnar side of the hand was predominantly a�ected; the most frequently af-

fected ray was the ring �nger, followed by the little �nger and middle �nger (Figure

4.1).

Fig. 4.1 Occurrence of rays a�ected with Dupuytren disease per hand.

The Pearson correlation coe�cient for the coexistence of Dupuytren disease

between �ngers of both hands separately is provided in Table 2. We found that

the thumb and index �nger are signi�cantly positively correlated in both hands

(left 0.149; right 0.205), as well as the middle �nger and the little �nger of the

left hand (0.262). Besides this, no high correlations were observed. Note that a

correlation of 0.15 or higher could be detected with at least 80 percent power with

the sample size of our cohort3.

Assuming that the patterns would be the same across hands (which seems

plausible considering the results from Figure 4.1 and Table 4.2), the dendrogram of

the hierarchical clustering demonstrates that the middle �nger and the ring �nger

should form the �rst cluster (Figure 4.2). This cluster was thereafter sequentially

enlarged with the little �nger, the thumb and the index �nger. However, the short

length(s) of the arms in the dendrogram suggest that the middle, ring, and little

�nger together form one cluster, while based on the longer length(s) of the arms,

the thumb and the index �nger should be seen as separate clusters. Thus three

clusters were formed by the hierarchical clustering, where the ulnar side seems

separate from the radial side.
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Table 4.2 Pearson Correlation Coe�cient for the Coexistence of Dupuytren Disease among
Fingers on the Left Hand (lower triangle) and Right Hand (upper triangle).

Thumb Index Finger Middle Finger Ring Finger Little Finger

Thumb NA 0.205† 0.084 0.028 0.079

Index Finger 0.149⋆ NA 0.090 -0.019 0.141

Middle Finger 0.133 0.054 NA 0.019 0.127

Ring Finger 0.002 -0.134 0.099 NA -0.035

Little Finger 0.026 0.025 0.262† 0.002 NA
NA, not applicable.
⋆Signi�cant correlation at 0.05.
†Signi�cant correlation at 0.01.

Fig. 4.2 Dendrogram of the hierarchical clustering of the occurrence of �ngers using the
Jaccard distance and complete linkage.

Table 4.3 shows the distribution of the severity of Dupuytren disease based on

Tubiana stages. In most a�ected rays only nodules and cords were found, without

an extension de�cit. Contractures were seen in 15.1 percent of the a�ected rays.

Table 4.3 Frequency of Severity of Dupuytren Disease per Finger.

Tubiana Stage

Una�ected (%) N⋆ 1 (%) ≥2 (%)

Thumb 240(69.8) 103(29.9) 1 (0.3) -

Index Finger 309(89.8) 26( 7.6) 8( 2.3) 1(0.3)

Middle Finger 165(48.0) 159(46.2) 16( 4.6) 4(1.2)

Ring Finger 65(18.9) 233(67.7) 44(12.8) 2(0.6)

Little Finger 159(46.2) 143(41.6) 32(9.3) 10(2.9)
⋆Stage N refers to a�ection with only a nodus or cord without contracture.

None of the identi�ed patterns so far used information on the Tubiana stage,
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and the results were not adjusted for covariates such as sex and age. Therefore, a

multivariate logit model on severity�which takes age and sex into account� was

�tted to the data. No e�ect of age (OR, 1.06; 95 [0.97 ; 1.19]) and sex (sex OR:

1.27 [0.98 ; 1.64]) on the severity of Dupuytren disease could be demonstrated.

The correlation coe�cients with 95 percent con�dence intervals for severity of

Dupuytren disease between pairs of �ngers are presented in Table 4.4. There was a

signi�cant correlation between thumb and index �nger, the middle and ring �nger,

and the middle and little �nger. The signi�cant positive correlations imply that

those pairs occur more frequently than can be expected based on independence,

and that a more severe disease of, for example, the middle �nger is accompanied

by more severe disease of the ring �nger. The radial side (thumb and index) and

the ring �nger, as well as the ring �nger and little �nger, seem to be negatively

correlated, although not signi�cant.

Table 4.4 Correlation Coe�cients with 95 Percent Con�dence Intervals for Severity of
Dupuytren Disease between Pairs of Fingers Based on the Multivariate Logit Model.

Index Finger Middle Finger Ring Finger Little Finger

Thumb 0.22†(0.01; 0.42) 0.16 (-0.04; 0.34) -0.009(-0.24; 0.21) 0.09 (-0.08; 0.25)

Index Finger NA 0.12 (-0.12; 0.35) -0.17 (-0.39; 0.06) 0.14 (-0.06; 0.35)

Middle Finger NA 0.29⋆(0.10; 0.47) 0.17†(0.02; 0.31)
Ring Finger NA -0.12 (-0.30; 0.05)
NA, not applicable.
⋆Signi�cant correlation at 0.01.
†Signi�cant correlation at 0.05.

The multivariate logit model makes it also possible to predict the occurrences

of Dupuytren disease in single, pairs, triplets, quadruples, and quintets of rays for

both genders at di�erent ages. Since age only had a minor e�ect on the severity

of Dupuytren disease in �ngers, we report only the results at age 65 years (the

average age of the sample). In Table 4.5, the highest predicted occurrence of

Dupuytren disease in pairs of �ngers was observed in the middle and ring �nger

at 46.2 percent (95 percent CI, [39.7 ; 53.0]) for men and 39.7 percent (95 percent

CI, [32.8 ; 46.7] for women. Dupuytren disease in any pair of �ngers seem to occur

least frequent in the thumb and index �nger at 5.4 percent (95 percent CI, [3.0 ;

8.3]) for men and 3.7 percent (95 percent CI, [1.9 ; 6.3]) for women. The highest

predicted occurrence of all triplet combinations is a combination of the middle,

ring and little �nger with a occurrence of 29.5 percent (95 percent CI, [23.4 ; 35.4]

for men and 23.2 percent (95 percent CI, [17.3 ; 29.5]) for women. For quintets

the occurrence decreases to 2.1 percent (95 percent CI, [1.0 ; 3.5]) for men and 1.2
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percent (95 percent CI, [0.4 ; 2.3]) for women. As expected from the occurrences of

individual �ngers and pairs, the triplet and quadruple combinations which include

�ngers from the ulnar side are more prevalent.

Table 4.5 Predicted Occurrences of Dupuytren Disease with 95% Con�dence Intervals in
Single and Combinations of Fingers for Men and Women Separately at Age 65 Years

Occurrence, % (95% CI)

Fingers⋆ Men Women

One or two �ngers

1 30.9(25.6; 36.4) 26.1(20.8;31.6)

2 12.8( 8.8; 17.4) 10.4( 6.8;14.9)

3 53.8(47.8; 60.1) 48.7(41.3;54.3)

4 77.3(73.0; 81.1) 72.9(67.5;77.8)

5 59.5(53.0; 65.1) 53.6(46.7;59.9)

1, 2 5.4( 3.0; 8.3) 3.7( 1.9; 6.3)

1, 3 19.4(14.8; 24.1) 14.9(10.5;19.9)

1, 4 24.5(19.4; 29.6) 19.4(14.0;25.1)

1, 5 20.2(15.6; 25.1) 15.6(11.2;20.8)

2, 3 7.4( 4.3; 11.0) 5.3( 2.8; 8.3)

2, 4 8.3( 5.1; 12.0) 5.8( 3.1; 9.4)

2, 5 8.2( 5.0; 12.0) 5.9( 3.1; 9.3)

3, 4 46.2(39.7; 53.0) 39.7(32.8;46.7)

3, 5 35.5(29.4; 41.5) 29.2(23.1;35.5)

4, 5 45.9(39.5; 51.8) 38.7(31.5;45.8)

Three or more �ngers

1, 2, 3 3.7( 1.9; 5.8) 2.4( 1.1; 4.0)

1, 2, 4 3.9( 2.0; 6.2) 2.4( 1.0; 4.5)

1, 2, 5 3.9( 2.1; 6.2) 2.5( 1.2; 4.5)

1, 3, 4 16.3(11.9; 21.0) 12.1( 7.9; 16.7)

1, 3, 5 13.3( 9.4; 17.7) 9.5( 6.1; 14.0)

1, 4, 5 15.5(11.5; 20.0) 11.2( 7.2; 16.1)

2, 3, 4 5.7( 3.1; 8.9) 3.8( 1.8; 6.4)

2, 3, 5 5.4( 2.9; 8.5) 3.6( 1.7; 6.2)

2, 4, 5 5.6( 3.2; 8.5) 3.7( 1.7; 6.5)

3, 4, 5 29.5(23.4; 35.4) 23.2(17.3; 29.5)

1, 2, 3, 4 2.8( 1.4; 4.7) 1.7( 0.7; 3.1)

1, 2, 3, 5 2.8( 1.3; 4.6) 1.7( 0.7; 3.1)

1, 2, 4, 5 2.7( 1.4; 4.5) 1.6( 0.6; 3.2)

1, 3, 4, 5 11.0( 7.6; 15.2) 7.5( 4.5; 11.7)

2, 3, 4, 5 4.1( 2.1; 6.7) 2.6( 1.0; 4.6)

1, 2, 3, 4, 5 2.1( 1.0; 3.5) 1.2( 0.4; 2.3)
⋆ 1, thumb; 2, index; 3, middle, 4, ring; 5, little.

The correlations in occurrence (Table 4.2) and severity (Table 4.4) in Dupuytren

disease between the little �nger and ring �nger were not strong. We tested the

hypothesis of independence by comparing the predicted occurrence of Dupuytren
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disease in these �ngers with the product of the predicted occurrences of the sin-

gle �ngers. The p-value was determined at p=0.491 for males and p=0.376 for

females, which suggests that we cannot demonstrate a correlation between the

little and ring �nger. We also tested, in a similar fashion, whether the ulnar and

radial side are independent. The predicted occurrence of the quintet is quite close

to the product of the predicted occurrence of the triplet �little, ring, and middle

�nger� and the pair �thumb and index �nger� (men, p=0.202; women, p=0.218).

However, since the predicted occurrences are quite small, we also tested this hy-

pothesis with the likelihood ratio test, by comparing our multivariate logit model

with a similar multivariate logit model where all of the correlations on severity

between �ngers on the radial side and �ngers on the ulnar side were set equal to

zero. Again, independence between the ulnar side and radial side could not be

rejected (LRT=9.53; df=6; p=0.146).

4.5 Discussion

The aim of this study was to scrutinize the phenotype (i.e. disease patterns) of

primary Dupuytren disease in men and women. When studying the phenotype of

Dupuytren disease, it is important to realize that supposed patterns are dependent

on the number of times the individual rays are a�ected. For example, the ring

�nger and little �nger are most frequently a�ected. As a consequence, these �ngers

will often be seen a�ected with Dupuytren disease in combination with other

a�ected rays, and one could therefore inadvertently conclude that there is a disease

pattern. However, true patterns only exist when they appear more often than is

expected based on the individual frequencies. In our study, we have investigated

this, in particular on patterns that were recognized in the past.

Several aspects should be noted regarding the etiology of the phenotype. The

anatomy of the hand is very complex, and has been the subject of numerous

publications. In addition, several authors have tried to elucidate which anatom-

ical structures are a�ected in Dupuytren disease, Tubiana has written about

Dupuytren disease on the radial side of the hand, where a close relation exists

between the thumb and index �nger through the distal and proximal transverse

commissural ligaments29. Based on this anatomical �nding it is conceivable that

thumb and index �nger a�ection is correlated. This correlation could be proven

both in the occurrence, and with respect to the severity of Dupuytren disease.
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Tubiana also suggested that isolated Dupuytren disease of the radial side is rare,

however, we could not demonstrate that the radial and ulnar side were correlated.

Thus, we conclude that the in past literature frequently observed occurrence of

an a�ected radial side in combination with a single ray or multiple rays from the

ulnar side, is just explained by the high occurrences of Dupuytren disease in �n-

gers in the ulnar side, and low frequency in the radial side. Indeed, our results

show that the ring �nger ray is frequently a�ected, while the disease in the radial

rays of the hand, especially the index �nger, is relatively rare. Furthermore, in

our sample with only primary a�ected hands, the minority of rays had a passive

extension de�cit. These �ndings on occurrence are in agreement with the results

of previous research19,10,2. In our analyses we assumed that severity of disease

does not a�ect the correlations between �ngers. This assumption implies that late

stage disease would show similar disease patterns as early stage disease, but with

higher levels of severity. This is di�cult to test, but the goodness-of-�t test of our

statistical model did not show a lack-of-�t, which we interpreted as evidence for

our assumptions. Therefore, we expect that a higher prevalence of contractures in

our sample would not have changed the conclusions.

McGrouther has described di�erent layers of longitudinal �bers in the distal

palm, from which the most super�cial �bers insert into the dermis of the distal

palm and proximal phalanx. These �bers are especially prominent in the middle

and ring �nger17, and this might be an explanation for the correlation between

these two �ngers. Besides, these �bers are also seen in the little �nger, and this

supports the correlation between the middle and little �nger, and the high pre-

dicted occurrences of the triplet combination of the middle, ring and little �nger.

Besides anatomical variations, at present unknown molecular abnormalities of

the extracellular matrix (ECM) as well as cytokines and growth factors that are

associated with pathogenesis of Dupuytren disease, may play a role in the phe-

notype. Although results of di�erent studies are not unambiguous, it has been

suggested that ECM-proteins, such as collagen, periostin and β-catenin stimulate

the proliferation, di�erentiation, and invasiveness of �broblasts22,24. Furthermore,

oxidative stress is thought to be involved in the pathogenesis of Dupuytren dis-

ease24. Hypoxia activates the xanthine oxidase pathway, eventually resulting in

formation of oxygen free radicals, which are thought to stimulate myo�broblast

proliferation22,20. Based on these pathogenic processes, it is possible that areas in

the hand that contain more ECM-proteins or are exposed to hypoxia, will be more
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a�ected with Dupuytren disease. In this respect, environmental risk factors that

are thought to be associated with Dupuytren disease, such as heavy manual work

and exposure to vibration5, may also a�ect the phenotype. It is conceivable that

DD will be more present in areas in the hand where the largest forces are applied

to. Since the little and ring �nger are the �ngers that are predominantly used to

grip and hold objects, this might explain their more frequent a�ection, although

we could not demonstrate a correlation between this pair of �ngers. However, more

fundamental research is needed to elucidate the e�ect of these external forces on

various tissues. Furthermore, attention should be paid to the e�ect of the amount

of force, the duration of exposure, and the recovery time between exposure.

Dolmans et al. identi�ed genetic risk factors that contribute to Dupuytren

disease. The presence of nine speci�c SNPs can be used to calculate a genetic

risk score for each patient7,6. Patients with certain clinical �ndings, such as a

positive family history or ectopic lesions, had a higher genetic risk score6. It would

be interesting to study whether this genetic risk score is associated with certain

disease patterns. For instance, whether patients that carry more risk alleles have

a more extensive phenotype.

One of the strengths of this cross-sectional study is the large number of primary

a�ected hands that were included. Furthermore, the severity of disease in all

cases was measured by only one observer and categorized using the well known

classi�cation of Tubiana27. However, our sample represents patients from the

northern Netherlands alone, and the �ndings of our study may not necessarily

be transferable to other parts of the world. Indeed, it has been suggested that

race and geographical location might play a role in the onset of the disease, and

will therefore in�uence the prevalence of Dupuytren disease. On the other hand,

there is no clear in�uence of race and geographical location on prevalence12, which

makes it even more di�cult to understand the potential in�uence of geography on

disease patterns and correlations. Previous publications from Europe19,29 and

Japan1, showed a comparable distribution of occurrence of Dupuytren disease

among �ngers. Thus, we expect that our results will also be applicable to patients

with Dupuytren disease from other countries, but this needs to be con�rmed with

other studies.

Previous studies on the phenotype of Dupuytren disease were most often ob-

servational studies without �rm statistical analyses19,18,29. Therefore, our study

with agglomerative hierarchical clustering and a multivariate ordinal logit model
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adds great value to the existing literature.

In articles studying disease patterns or clusters of disease, hierarchical clus-

tering is a frequently used method15,23,9. However, it is an explorative analysis,

and there are several disadvantages to this method. Firstly, errors in clustering

methods for binary data may be quite substantial, although an evaluation revealed

that our method, using Jaccard's distance and complete linkage, is one of the best

methods to choose26. Secondly, this analysis will forcedly create s clusters, even

when in the data no natural clusters exist11. A third drawback is the inability to

address risk factors with this explorative analysis.

In our multivariate model these disadvantages do not apply, and we included

age and gender as covariates. Therefore, our results are applicable to a broad

population. Although there was no statistically signi�cant relation between sever-

ity of Dupuytren disease and gender and age, the results suggest that males and

older patients have more severe disease. It has been stated that younger patients

have a more aggressive form of the disease with a higher recurrence rate30, so

consequently these patients will have a more severe disease already at younger

ages, reducing the overall e�ect of age on severity. It might have been interesting

to include age of onset or duration of disease as well. However, we noticed that

patients have di�culty remembering the exact age of onset of the disease, which

makes use of this information unreliable.

4.6 Conclusions

Our study substantiates that the ulnar side of the hand is predominantly a�ected in

Dupuytren disease. In addition, regarding severity of Dupuytren disease, we found

a signi�cant correlation between the thumb and the index �nger, the middle and

ring �nger, and the middle and little �nger. The ulnar and radial side of the hand

do not seem to be signi�cantly correlated in any way, nor could we demonstrate

a correlation between the little and ring �nger. Knowledge of these phenotypes

is a �rst step towards further analysis of the role of the genotype in causing the

various forms of Dupuytren.
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A. Appendix

Cluster analysis: Cluster analysis is a statistical technique to discover homoge-

neous subgroups based on a set of measurements. In practice, a cluster analysis is

the end product of a series of analytical decisions. This series of analytic decisions

typically involve choices about what objects to cluster, what proximity measure

to use to determine similarity or dissimilarity among the objects, and what type

of clustering algorithm to use4. In our data, we aimed to cluster �ngers that were

a�ected with Dupuytren disease. The measures of proximity and type of clustering

algorithms are explained below.

Measures of proximity: To identify clusters of observations (i.e. combina-

tions of a�ected �ngers) in the data, it is important to know how similar individual

observations (i.e. individual a�ected �ngers) are, or how far apart they are. For

binary data (a �nger is a�ected with Dupuytren disease or not) several measures of

similarity can be used, all based on measures of a 2×2 contingency table. We used

Jaccard's coe�cient. This method only gives weight to the similarity of two �ngers

when Dupuytren disease is present in these �ngers. Fingers without Dupuytren

disease are ignored in this similarity measure. Besides the proximity between two

individual observations (for example a�ected thumb and a�ected little �nger), it

is important to measure the dissimilarity of groups of observations in a cluster

analysis. This inter-group proximity is based on the inter-individual proximity. In

the complete linkage cluster method, which we used, the inter-group dissimilarity

is de�ned as the largest distance between two individual observations, one from

each group26. This is also known as furthest-neighbor distance8.

Type of clustering algorithm: Clustering algorithms can be classi�ed as

hierarchical or non-hierarchical. Hierarchical algorithms are most appropriate for

classi�cation when objects are related via some underlying systematic structure4.

Hierarchical algorithms are further classi�ed according to whether the algorithm

proceeds by successively merging individual observations into groups (agglomera-

tive method) or starts with one large cluster and separates the observations into

smaller groups (divisive method). Agglomerative methods are most widely used4,8.

In agglomerative hierarchical clustering the clusters are formed in several

steps. It starts with all single objects as separate clusters, in our case all �ve �ngers

are seen as separate cluster at the beginning of the analysis. Successively these

objects are grouped into larger clusters until the �nal grouping contains all the
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original objects in one group. A dendogram illustrates which fusions are made in

each step of the analysis11. For example, our dendogram (Figure 4.2 in the paper)

shows that in the �rst step the middle �nger and ring �nger are clustered (and

thus are most similar compared to other combinations). In the following step the

little �nger was added to this �rst cluster, keeping the thumb and index �nger still

as single clusters.

With a multivariate ordinal logit model an ordinal logistic regression-like

analysis was performed. This model is suitable for categorical data with ordered

categories (i.e. Tubiana stage), measured at multiple time points or locations (i.e.

�ve �ngers)14. The model takes into account that observations on one hand could

be correlated. In addition, covariates can be included in the statistical model to

distinguish in severity level between subgroups of patients. In our paper, we used

this model to calculate the correlations on the severity between �ngers, corrected

for age and gender.

Bootstrapping: method to obtain con�dence intervals on the parameter es-

timates of the multivariate model.
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5.1 Abstract

The performance of di�erent missing data methods for the analysis of scales from longitu-

dinal questionnaire data were investigated via simulation. We used maximum likelihood

at scale level and treated a scale missing when at least one item was missing and alter-

natively when all items were missing. We also applied predictive mean matching (PMM)

and logistic regression multiple imputation method at item level and the PMM and the

multivariate normal multiple imputation method at the scale level. Furthermore, we in-

vestigated the impact of eliminating scales from the imputed data sets with each multiple

imputation method when all items for that scale were fully missing originally (the hybrid

approach). Parameter estimates were examined in terms of bias and mean square error

(MSE) relative to the full data set. Maximum likelihood seems to provide occasionally

the best results in bias, but hardly ever on MSE . All imputation methods at scale level

and logistic regression at item level hardly ever showed the best performance. The hybrid

approach though does seem to provide similar or better results than its original method.

The hybrid approach with PMM at item level demonstrated the best MSE for most set-

tings and in some cases also the smallest bias.

Key words: Longitudinal questionnaire surveys, multidimensional questionnaire, linear

mixed models, fully conditional speci�cation imputation, multivariate normal imputation
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5.2 Introduction

Handling missing data is a challenge in the analysis of questionnaire data. Nu-

merous approaches have been applied to deal with this complication. Historically,

complete case analysis (CC) and single imputation (SI) have been used frequently

to manage this issue10. The CC approach uses only individuals with a complete

set of recorded items (and other variables of interest). Although this method is

very simple to apply, it always leads to increased variability of the estimators and

it may also result in bias36. The strategy of SI is to substitute plausible val-

ues once for the unrecorded observations. SI covers a broad class of approaches,

for instance: individual-mean, item-mean, overall-mean, two-way imputation and

two-way with normally distributed errors4, response-function and mean response-

function58. Although these approaches may be relevant (to for instance survey

data bases), it has been well known that SI often underestimates the standard

error of parameter estimates since it does not take into account the imputation

uncertainty36,72. In order to diminish biases in estimators and in their correspond-

ing standard errors, multiple imputation (MI) has been developed. The idea of

MI is to substitute values for the missing observations multiple times, say M ,

and create M complete data sets. Consequently, each complete data set should

be analysed independently and then the results of analyses should be combined

with for instance Rubin's rules44. Theoretically, MI is applicable when the missing

mechanism ful�lls the missing at random (MAR) assumption36,6, that is, the miss-

ing mechanism depends on observed outcome(s) only43. Superiority of MI over

CC and SI has been demonstrated by many authors16,64,41, although the di�erence

could be small for some settings57 .

There are two commonly used forms of MI: joint modeling44,50 and fully con-

ditional speci�cation (FCS)62,63. While joint modeling mainly assumes a multi-

variate normal distribution (MVN) for all variables, FCS uses only conditional

distributions. Van Ginkel et al.66,65 have evaluated MVN with multiple two-way

imputation, two-way imputation with normlally distributed error, random imputa-

tion, and response-function imputation at item level for cross-sectional data. They

concluded that the multiple two-way imputation method provided the smallest dis-

crepancy when normally distributed errors are added to the two-way imputation

for the purpose of validating questionnaires. Parent41 has indicated that available

case analysis and MVN produce approximately similar results. Other studies have
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examined the e�ects of di�erent MI methods applied to the item and scale lev-

els under the missing completely at random (the missing mechanism depends on

covariates only) assumption in cross sectional studies. Gottschall et al.17 have ap-

plied the expectation-maximization (EM) algorithm without forcing the imputed

values to be integers. Although their analyses showed negligible biases in the

parameter estimates, the mean square error (MSE) indicated that imputation at

item level increases the statistical power. Resseguier at al.42 have investigated

the performance of predictive mean matching (PMM) and polytomous unordered

regression at item level with PMM at scale level on a real data set. They rec-

ommended either PMM or polytomous unordered regression imputation at item

level. A comparison between EM and the Monte Carlo Markov Chain (MCMC)

method did not demonstrate any signi�cant di�erences between these two meth-

ods when applied to the scale or item levels29. Another cross-sectional simulation

study investigated the in�uence of various MI methods on a covariate, that is con-

structed from multiple items, under all three missing mechanisms MCAR, MAR,

and MNAR11. This study has suggested imputation at item level with either

PMM or multiple stochastic regression before calculating the scale or sum score.

Under MAR and when missing data occur only at the outcome, there is es-

sentially no need for MI, since maximum likelihood (ML) estimation provides also

valid results36,30,6,7,25,12. For this reason, several researchers have compared ML

with MI on non-questionnaire data7,38,51,19,39,24,34,53,26,75,2. Both methods seem to

be valid approaches for handling missing outcome data. On the other hand, when

the main interest is in scales from questionnaire data, ML seems less appealing

since it can not use partially available items. Von Hippel69 and White et al.72 have

demonstrated that it can better to discard the imputed outcomes after applying

MI to missing outcomes and covariates for non-questionnaire data. The imputed

outcomes add noise to the parameter estimates72. Thus despite the multitude

of studies, several elusive issues still remain for questionnaire data. Firstly, most

comparisons have been conducted only for the MCAR assumption. Secondly, not

all methods have been compared on questionnaire data, e.g. MVN versus PMM.

Thirdly, as far as we know no studies have investigated widely the performance of

missing data approaches on longitudinal questionnaire type of data. Finally, it is

unknown whether we could improve MI when part of the imputed items would be

discarded again.

Hence, the purpose of our study has been to determine the most appropriate
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available tools for handling missing data in longitudinal questionnaire surveys. We

focused on incomplete outcomes only and thoroughly simulated incomplete longi-

tudinal binary items such that they would mimic questionnaire data. We applied

settings that are based on a real case study and simulated di�erent scenarios of

missingness. We investigated PMM and logistic regression at item level, PMM

and MVN with the EM algorithm at scale level, and ML without any imputation.

For the MI approaches we also applied a hybrid approach, in line with Von Hip-

pel69 and White et al.72, to exclude imputed scales when all items were missing

for that scale. The performance of the missing methods are compared with the

same statistical analysis model on the full data set, i.e. the data that is available

before missingness is introduced. Finally, we analyzed the data from a longitudinal

Dutch cohort study (TRAILS).

The rest of the paper is organized as follows. The next section presents the

statistical methods, i.e. the statistical model governing how longitudinal scales

are analyzed, the missing data methods, and the statistical models used for the

simulations. Then we provide the results of the simulations and discuss the meth-

ods on a real case study from psychiatric epidemiology. The paper ends with a

discussion.

5.3 Methods

Let Yit(j) be a binary item j ∈ (1, 2, ..., J) for subject i ∈ (1, 2, ..., N), measured

at time t ∈ (1, 2, ..., T ). In case all items are available, the mean scale Yit is

typically calculated as the average of all items. Let Xit be a p-dimensional vector

of covariates for subject i at time t. The covariates can be continuous, discrete,

time dynamic, and/or time stationary. To assess the associations between the

covariates and the mean scales, linear mixed models with normally distributed

variables errors are often applied68,76,37,15,45,59,70,35,73,1,5,56,61, i.e.

Yi = Xiβ + Ziγi + ϵi, (5.1)

with Xi = (Xi1,Xi2, ....,XiT ) a matrix of covariates corresponding to the �xed

e�ects β, Zi a matrix of covariates for the vector of random e�ects γi, and ϵi a

vector of residuals.

We chose to focus only on marginal models, which implies that we did not



98 Handling Missing Data

include any random e�ects γi and assumed that the residual has a normal dis-

tribution ϵi ∼ N(0,V), with V a covariance matrix of essentially any form (un-

structured). We assumed that each subject i has in principle the same number of

follow-ups in our simulation and case study, although follow-up time points may

still vary slightly. The marginal model was estimated with maximum likelihood

(ML) in combination with di�erent approaches for handling missing data, since

subjects may not have a full set of scales available due to missing data issues. We

used the MIXED procedure48 in SAS, version 9.3, using the default settings.

In principle, a scale would be missing whenever one of the items is missing,

because the set of items is incomplete and the scale cannot be calculated fully.

However, researchers may still calculate the scale based on the available items

when only a few items (say less than 30%) are missing. Note that the linear mixed

model in (5.1) with ML can handle missing scales whenever the missing mechanism

is either MCAR or MAR36,30,6,7,25,12. Thus one of our missing data approaches

was maximum likelihood that treated a scale as missing when the set of items was

incomplete (the MLJ approach). The other maximum likelihood approach was to

calculate the mean scale from the available items when at least one item would be

present (the ML1 approach). In this case a scale was missing only when all items

were missing (unit missing).

Other approaches for handling missing scales was included the application

of multiple imputation either at item level or at scale level. FCS imputation

at item level was conducted with predictive mean matching (the PMM item ap-

proach)31,21,52,63, and logistic regression (the LRitem approach)44,63 . Additionally,

PMM was applied to scales directly, whenever the set of items was incomplete (the

PMM scale approach). In this approach, we constrained the imputed sum scores

such that they would not con�ict with the observed available items. Thus, if a

subject answered part of the items, the imputed sum scores using PMM were not

allowed to be lower than the sum scores of the available items. If PMM did not

provide this constraint, the imputed sum score was replaced by this lower bound.

Another approach for imputing missing scales for a set of incomplete items was

MVN with the EM-algorithm (the EM scale approach)
50,32,33. To regulate the im-

puted sum scores, we replaced the imputed sum score outside the boundaries (i.e.

zero and J) by the boundary values. All of these imputation approaches were

conducted with the MI46 procedures in SAS, version 9.3, generating 10 imputed

data sets under default settings.
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To accommodate the ideas of Von Hippel69 and White et al.72, we removed

the imputed values whenever an individual did not answer any of the items, i.e.

unit missingness. This resulted in four hybrid approaches named: H-PMM item,

H-LRitem, H-PMM scale, and H-EM scale. To pool the results of the analyses of the

imputed data sets we used Rubin's rules with the MIANALYZE47 procedure in

SAS.

The methods for handling missing data were compared with the full data set.

We applied the same statistical analysis, i.e. the marginal model above, on the

full, imputed and incomplete data and investigated the parameter estimates of

the missing data approaches with the full data set. We calculated the �bias� and

the square root of the Mean Square Error (MSE). The bias indicated how close

the missing data methods would produce the same estimates as the full data set

over all our simulations and the MSE indicated how close these estimates were for

individual simulations.

5.3.1 Simulation model

To investigate the proposed missing data approaches, we needed to generate realis-

tic longitudinal questionnaire data. To do this we �rst generated a full data set of

items including independent and dependent variables across follow up time using

a generalized linear mixed model. Then the second step was to generate a binary

indicator for each item in the full data set, again with a generalized linear mixed

model. The �nal step was to eliminate items from the full data set for which the

indicator variable was equal to zero.

To generate the full data set, one time-dependent covariate and �ve baseline

variables were generated �rst. The time-dependent covariate (x1it), t = 1, 2, 3, 4,

representing ages of four follow-up times of individuals, was simulated with a mul-

tivariate normal distribution having vector of means µa and variance-covariance

matrix Σa. One baseline binary variable (x2i), which indicated gender, was simu-

lated independent of age and with a Bernoulli distribution with success probability

pg. The remaining four baseline variables (x3i, x4i, x5i, x6i) were simultaneously

simulated, independent of both age and gender, using a multivariate normal distri-

bution with a vector of means µc and variance-covariance matrix Σc. Then three

of these baseline variables were transformed to binary variables, leaving just one

covariate continuous. Comparing the inverse normal standard distribution func-
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tion of x3i, x4i, and x5i with success probabilities p3, p4, and p5, respectively, would

then generate these binary values. Furthermore, to be able to simulate J = 10

correlated items across time, we generated four correlated abilities or latent vari-

ables Zit, t = 1, 2, 3, 4, via a multivariate normal distribution having a vector of

means equal to zero and a Toeplitz correlation matrix ΣL. Then conditionally on

the simulated covariates and latent variables, the items Yit(1), Yit(2), ....., Yit(J)

were generated independently with a Bernoulli distribution. The probability for

item Yit(j) was given by

logit(P[Yit(j) = 1 | Xit, Zit]) = atj + btjZit +XT
itctj , (5.2)

with XT
it = (X1it, X2i, ..., X6i) the vector of covariates, ctj = (c1tj , c2tj , ..., c6tj)

a vector of coe�cients for the covariates, atj the di�culty parameter, and btj the

discrimination parameter for item j at time point t.

To generate the missing indicators, which would satisfy the assumption of

MAR, we decided not to generate any missing items at the �rst visit, i.e. Ri1(j) =

1. Furthermore, we chose a logistic regression model for the probability of a

missing item at time t > 1 that would depend on the covariates and the latent

variable from the �rst occasion. We selected two approaches of generating the

indicator variables. The �rst approach assumed independence, conditionally on the

covariates and latent variable. More speci�cally, we chose the following Bernoulli

probability, for t > 1,

logit(P[Rit(j) = 1 |= Xit, Zit]) = ãtj + b̃tjZi1 +XT
itc̃tj . (5.3)

The second approach assumed conditional dependence among the indicators by

drawing a uniform random variables Uit for subject i at time t > 1, and making

the indicator variable Rit(j) equal to one whenever the probability P[Rit(j) = 1 |
Xit, Zit] in (5.3) was larger than Uit. Thus the second approach would make all

indicator variables one when their probabilities were larger than the unit Uit. This

would generate more unit missing data than the �rst approach.

Finally, the indicator data set was used to identify which item would be and

which item would not be missing. The item Yit(j) was removed from the full data

set when the corresponding indicator Rit(j) was equal to 0. Note that our system

of missing items follow an intermittent pattern of missingness and not a drop out
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pattern8.

The settings of the parameters in the simulation model were based on our case

study, and are provided in Appendix B.. The settings for generating the items in

the full data set were kept the same in all simulation. We used three settings for

the parameters (ãtj , b̃tj , c̃tj) generating missing items, which we will refer to as

small, medium, and large. These settings could have been studied with both the

independent and dependent approaches for generating missing items. However,

the small setting with independent missing items would generate little missing

data, and the large setting with the dependent missing items would generate too

much missing data. Therefore, these two combinations were not studied.

5.4 Simulation results

The average percentage of missingness for the three di�erent settings of generating

missing data indicators are presented in Table 5.1. It provides the percentages of

missing items and the percentage of subjects who did not record any items (unit

missing) for each follow-up time. Note that we simulated no missing data at

baseline, so it is omitted from Table 5.1.

Table 5.1 Percentage of missingness at di�erent levels.

Unit missing Item missing

Visit 2 Visit 3 Visit 4 Visit 2 Visit 3 Visit 4

Independent Small 0.004 0.72 1.46 4.19 13.95 10.15

Medium 0.000 1.75 8.80 7.20 26.23 24.04

Large NA NA NA NA NA NA

Dependent Small NA NA NA NA NA NA

Medium 4.95 23.43 23.56 7.26 26.33 24.06

Large 8.93 45.73 37.06 12.75 53.12 44.03

We also veri�ed whether the 10 imputed data sets would be informative enough

for all imputation methods. All imputation methods demonstrated at least 95%

average relative e�ciency over simulations for almost all parameters and the set-

tings of generating missing data, except for a few cases. The smallest average

relative e�ciency for the �xed e�ects was obtained with logistic regression im-

putation at item level (LRitem) for the e�ect of the third and fourth follow-up

times when large amounts of missing items were generated with the dependence

setting for indicators. This average e�ciency was determined at 92%. The lowest
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average relative e�ciency for the correlation coe�cients and variance components

was observed with the same imputation method but now for the medium depen-

dent setting (approximately 91%). Although other possible criteria for judging

the required number of imputed data sets could have been used63, we focused on

relative e�ciency and demonstrated acceptable e�ciency in our simulations.

Investigating the bias in the �xed e�ects showed that the logistic regression

on items and the two imputation methods on scales, all three with or without

the hybrid approach, hardly ever indicate the smallest bias compared with the

other methods. Among the four remaining missing data methods, there is no clear

winner for the �xed e�ect estimates, since they alter in their rankings on small-

est bias across parameters and missing data settings. For instance, the smallest

absolute bias for the �xed e�ect of the second follow-up time βT2 is obtained by

ML10, H-PMM item, PMM item, and ML1, respectively, when a large number of

missing items was generated (Table 5.2). However, this order is fully reversed for

the same parameter when only a small number of items are missing. On the other

hand, it seems that the maximum likelihood methods provide somewhat smaller

biases, in general, for the �xed e�ects parameters that are related to follow-up

times. For the bias in correlation coe�cients, the maximum likelihood method

ML10 performs best for large numbers of missing items, while the hybrid method

H-PMM item does best for all other settings of generating missing data. Testing

for no biases with the Wilcoxon signed rank test demonstrates that bias of almost

all parameters on all methods and under all settings are signi�cant at the level of

α = 0.05. The bias with respect to the estimate of the full data set, is not just

signi�cant, but can also be substantial even for the best performing method. For

instance, the smallest absolute bias for parameter βT3 is 0.792 with ML10 (Table

5.2) but the parameter is estimated about -2.375 with the full data set, which

is more than 33% bias. In other words, the missing data methods are not fully

unbiased when the missing mechanism satis�es MAR.

The simulation results on MSE demonstrate that the hybrid methodH-PMM item

performs generally best on almost all �xed e�ects parameters and on the correla-

tion parameters in all our settings compared with all other methods. For instance,

the square root MSE is determined at 0.783 for an average estimate of 1.411 in

the full data set for the interaction e�ect of gender and follow-up time β2T4 in

the setting with large numbers of missing items (Table 5.3). The other methods

are closer to or even above a square root MSE of 1. When the hybrid method H-
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PMM item is outperformed by another method for a speci�c parameter, the hybrid

method is still close to the other method (relative to the estimate in the full data

set). Even stronger, we could see that the hybrid method H-PMM item and H-

LRitem outperform their original methods PMMitem and LRitem, respectively, on

almost all �xed e�ects and correlation coe�cients. Although di�erences between

the hybrid and the original method are never very large relative to the estimates in

the full data set. Contrary to this, the hybrid approach at the scale level does not

seem to contribute a lot or is even somewhat worse. Finally, MSE does not reveal

a clear winner for the estimation of variance components. The worst performing

methods on variance components are in general the hybrid EM method on scales

(H-EM scale) and the maximum likelihood approach (Table 5.3 and Table 5.4).

5.5 The TRAILS cohort: a motivating example

The Dutch cohort �Tracking Adolescents' Individual Lives Survey: TRAILS", is

a longitudinal study to assess the development of mental health from childhood

towards adulthood40. Data on the psychological, social and physical health of 2230

participants (49% boys and 51% girls) at age 10-12 was collected through a special

questionnaire, and they were asked to participate in the bi-annual follow-ups until

they reach age 24. In the current study, we decided to study the depression

domain of the �rst four waves. This domain is investigated with a questionnaire

containing 13 items for the �rst three waves (youth self-report) and 18 items for

the fourth wave (adolescent self-report). This change in questionnaire is due to

the psychological changes during adolescence. All relevant items were designed as

multiple choice with 3 levels (0, 1, 2). We only used the 10 common items in all

four waves and treated the items as binary responses (0 and 1 or 2).

Patterns of missingness for the sum scores are provided in Table 5.5. In this

table, the signs �X� and �.� indicate observed and missing outcome, respectively.

Moreover, the percentage of participants are provided based on two approaches:

one column indicates the percentage of participants with complete set of items at

each wave, and the other column provides the percentage of participants that have

at least one item available.

For instance, 61.06% of participants have answered all 10 items at all four

waves, while 11.11% of participants have all 10 items present at the �rst two

waves but missed at least one item at the other two waves. Furthermore, 7.55% of
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Pattern Wave 1 Wave 2 Wave 3 Wavet4 %Complete set %Available items

of items

1 X X X X 61.06 65.91

2 X X . . 11.11 11.48

3 X X . X 9.41 8.54

4 X X X . 7.31 7.55

5 X . . . 4.07 3.98

6 . X X X 3.02 0.36

7 X . X X 1.42 0.63

8 X . . X 1.05 0.86

9 . X . X 0.82 -

10 . X . . 0.73 0.32

Table 5.5 Pattern of missing during the follow-up of the TRAILS

all participants have at least one item available at the �rst three waves, but none

of the items available at the fourth wave.

To study the risk factors for depression status and development, data was col-

lected on the history of parental internalizing and externalizing behaviour, family

structure, and social-economic status of the family, next to age and gender of

participants. To understand the association of these factors with depression, we

studied their relation with the depression scale, i.e. the mean score of 10 items

expressed as percentages. We applied the two maximum likelihood methods and

the predictive mean matching at item level with and without the hybrid approach,

since these four methods were most promising in the simulation study.

Results of these analysis are presented in Table 5.6. Comparing the four meth-

ods of handling missing data demonstrates that the estimates are not identical.

For most of the parameters, the di�erences are relatively small compared to the

size of the estimate, although some substantial di�erences also occur. For instance,

PMM item gives a di�erent e�ect for the third time point with respect to the other

three. For the e�ect of the fourth time point and the e�ect of social economic

status, ML1 deviates strongly from the other three methods. Moreover, it seems

that the maximum likelihood ML1 seems to deviate for most parameters from the

other three. In our example, there was only one parameter where the methods

con�ict in signi�cance. The hybrid PMM method at item level demonstrates a

signi�cant e�ect of time point four, while the other methods do not. Considering

our simulation study, this hybrid method would be the closest to the value of a

complete data set.
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Table 5.6 Parameter estimates (standard errors) of the real data set.

Parameter ML10 ML1 PMM item H-PMM item

Intercept 39.229*(8.398) 36.771*(8.620) 37.538*(8.383) 38.187*(8.334)

Time2 3.601*(0.818) 4.445*(0.816) 3.706*(0.811) 3.713*(0.807)

Time3 1.254 (0.935) 1.453 (0.920) 0.792 (0.943) 1.350 (0.921)

Time4 -2.008 (0.916) 0.084 (1.019) -1.760 (0.908) -1.953*(0.909)

Gender -5.740*(1.146) -5.478*(1.126) -5.555*(1.133) -5.497*(1.125)

Age at baseline -0.759 (0.755) -0.554 (0.776) -0.614 (0.756) -0.672 (0.749)

Externalizing behaviour -0.400 (1.105) -0.837 (1.133) -0.339 (1.092) -0.351 (1.090)

Internalizing behaviour 2.075*(0.544) 2.240*(0.560) 2.030*(0.521) 2.045*(0.539)

Social-economic status -0.104 (0.546) -0.533 (0.560) -0.299 (0.535) -0.159 (0.540)

Family structure 1.950 (1.094) 2.157 (1.124) 2.026 (1.094) 1.995 (1.082)

Gender*Time2 -7.136*(1.179) -7.527*(1.173) -7.304*(1.146) -7.357*(1.155)

Gender*Time3 -9.790*(1.359) -9.911*(1.335) -9.006*(1.247) -9.931*(1.335)

Gender*Time4 -5.356*(1.341) -3.054*(1.489) -4.834*(1.316) -5.401*(1.330)

Covriance12 306.49*(16.016) 316.24*(16.198) 300.707*(15.714) 302.492*(15.638)

Covriance13 222.15*(16.129) 224.10*(15.787) 215.958*(15.748) 220.527*(15.724)

Covriance14 198.90*(15.107) 199.07*(17.271) 188.141*(14.789) 191.465*(14.666)

Covriance23 301.23*(15.962) 311.89*(16.661) 291.893*(15.218) 298.555*(15.764)

Covriance24 230.64*(14.767) 243.70*(17.933) 222.762*(13.886) 228.730*(14.452)

Covriance34 318.53*(15.893) 341.36*(18.165) 308.323*(14.203) 316.594*(15.812)

Variance21 675.13*(21.141) 674.43*(20.680) 671.106*(20.703) 672.612*(20.664)

Variance22 620.60*(19.587) 667.63*(20.741) 615.468*(19.198) 619.058*(19.428)

Variance23 585.14*(20.535) 588.40*(20.499) 564.072*(19.633) 585.522*(20.316)

Variance24 531.54*(18.279) 753.31*(25.542) 513.644*(16.838) 526.272*(18.187)

5.6 Discussion

In this study, we sought to determine the most appropriate approaches to handle

incomplete data from longitudinal questionnaire surveys under an MAR mecha-

nism. We conducted multiple imputation (MI) at item level and scale level as well

as applying maximum likelihood (ML) without imputation in a simulation study.

We also investigated hybrid approaches that would �rst impute items or scales and

then eliminate the scales whenever all items for that scale were originally missing.

These methods have not yet been explored widely, and it is also unclear how they

perform for longitudinal surveys. We set out di�erent proportions of missingness

with intermittent patterns in the simulations. All data sets were analyzed using

linear mixed models and the parameter estimates of each method were compared

with the estimates of the full data set, in terms of bias and mean square error.

We performed FCS using logistic regression and predictive mean matching

(PMM) at item levels, and applied FCS using PMM and MVN using the EM
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algorithm at scale level. PMM is suitable for imputation both at item and at scale

level since it retains the distribution of variables, is robust to transformation, and

less sensitive to mis-speci�cation of the model63. Furthermore, we avoided MVN

at item level since prior studies on non-questionnaire data have suggested not to

utilize MVN when the input variables violate normality assumption60,74,62,66,3,27.22

have demonstrated a bias in the parameter estimates when the imputed values of

the MVN are rounded to binary variables.

The multiple imputation methods at item level outperformed imputation at

scale level in our simulations. This conclusion has been observed by others for

cross-sectional data17,42. However, the longitudinal setting with multiple scales

at di�erent time points were unable to improve the imputation methods at scale

level. It seems that the available scales from other time points are not informative

enough to compensate the loss of partially incomplete items, even if we would con-

sider the known boundaries from the observed items. In other words, imputation

at scale level was unable to fully exploit the association between items, which was

apparently handled better with the imputation methods at item level. This argu-

ment would then also count for the maximum likelihood approaches, but contrary

to this, ML was the best approach for estimating the correlation coe�cients across

time in a few settings. Di�erences between the hybrid and its original method were

never extremely large compared to the size of the estimates in the full data set,

although it was somewhat worse for multiple imputation at scale level. On the

other hand, we did observe that the hybrid approach with PMM at item level has

superior MSE compared to the other techniques in almost all parameters and for

most of our simulation settings. For cases where it was not the best approach, it

was quite comparable to the best approach. Note that this approach also gave a

few di�erences with the other methods in the case study, making our comparison

relevant to practice.

This �nding supports the results from Von Hippel69 and White et al.72 who

demonstrated in other settings that removing imputed outcomes would improve

the performance of handling missing data with respect to the imputed method

using all imputed data. In our opinion, this suggests that we should in principle

not impute outcomes under MAR whenever all available information can be used

optimally in a maximum likelihood approach. Indeed, maximum likelihood cannot

use data from subjects who have missing covariates. But if imputation is used to

make the set of covariates complete, analyzing the data with missing outcomes
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(on the full sets of the imputed covariates) is better than an analysis that uses

all the imputed outcomes and covariates69,72. In our simulation study, we saw

something similar. The maximum likelihood methods did not perform optimally

in most cases, since they could not handle the partially available items. One

maximum likelihood method (ML10) ignored all this data, while the other method

(ML1) did not incorporate the di�erences in precision for calculating scales, i.e.

scales with all items available are more precise than scales with a subset of items

available. However, when this partial loss of information is corrected with multiple

imputation at item level, removing the imputed scales with an original full set of

missing items improves the method. This clearly demonstrates both the strengths

and weaknesses of the maximum likelihood method for handling missing data

under MAR.

Although we generated binary outcomes in our simulation study, the logistic

regression at item level did not result in the best method (with or without the hy-

brid approach). One possible explanation, is probably that the parametric logistic

regression at item level uses the logit link function, which does not match with

the simulated binary items. Due to a latent variable in the conditional logit link

function in the simulation study, the link function for the marginal distribution

of one item has not the logit form14. This mismatch with the logistic regression

imputation method may have caused a diminished performance. It also explains

why predictive mean matching performed better, since this method is less sensitive

to miss-speci�cations with respect to distribution of the data63.

One of the strengths of this study is the longitudinal simulation model. Pre-

vious studies utilized either real data sets or Monte Carlo simulations for cross-

sectional data. We simulated multivariate-longitudinal items using the idea of

item response theory and also took into account e�ects of independent variables.

We selected a setting based on a real case study, but we did not examine the

impact of possible other realistic settings for our simulation. It should be noted

that our simulation model for items can also be viewed as multi-dimensional ques-

tionnaires, where the di�erent time points would act as di�erent domains. Indeed,

in our simulation study we generated di�erent but correlated latent variables over

time and we selected time dynamic parameters (di�culty and discrimination) for

each item. We studied only missing data methods that would treat all items si-

multaneously and we did not implement missing data methods per time point

separately. This choice is supported by Graham et al.20 and Gottschall et al.17
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who advocated not to split domains in handling missing data, although Graham et

al.18 suggested earlier to treat the domains separately. Additionally, we generated

di�erent settings for creating missing items, all following the MAR assumption. In

one setting the missing indicator variables were conditionally independent given

the covariates and the latent variable at the �rst time point, while in the other

setting the missing indicators were conditionally dependent. As a consequence, we

could change the ratio of subjects with partially available items and fully missing

items (unit missing). Moreover, we studied di�erent amounts of missing data.

A potential topic for further research is a weighted approach in combination

with maximum likelihood. Indeed, if scales would be calculated on the basis of

the observed items, the precision would be determined by the number of available

items. Taking into account these di�erences in weights, we may actually improve

the maximum likelihood approach. Note that some theoretical work has been con-

ducted on weighted maximum likelihood methods23,13,9,71. Alternatively, inverse

probability weighting methods may also be investigated in this setting54,67,55,28,

but it is probably somewhat complicated for missing data patterns other than

drop-out. Furthermore, it would be of interest to investigate if a sequential ap-

proach of imputation would improve our investigated methods. One could start

imputing the �rst longitudinal observations using only the covariates and then

sequentially impute the outcomes at the next time points using the covariates and

the previous imputed outcomes. This approach would �t better with the way that

the data were collected, but whether this approach would be really better is not

immediately clear, since the correlation between an outcome at later time points

and an outcome at an earlier time point can be informative for the imputation

method when an outcome at an earlier time point is imputed.

In summary, handling missing data in longitudinal questionnaire type of out-

come data seems to perform best with a predictive mean matching approach at

item level when the imputed unit missing scales are eliminated (the hybrid ap-

proach). This method outperformed other approaches, in particular on the �xed

e�ects parameters of the marginal linear mixed model. For estimation of variance

components, no clear winner among missing data methods was observed. The

multiple imputation methods at the scale level performed worst across almost all

parameters.
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B. Appendix: Parameter settings simulation study

The TRAILS case study was used to generate questionnaire data in our simulation.

Thus we used the set-up and selected parameter values that would be close to the

parameter estimates when we would �t model (5.2). We used J = 10 items on

2230 individuals at T = 4 time points.

B. 1 Full data set: Covariates and latent variables

A descriptive analysis of the covariates showed that ages (x1t) had approximately

a mean vector µT
a = (11.1, 13.5, 16.3, 19.0), and standard deviation (0.5, 0.5, 0.7,

0.6). The correlation between x1t and x1,t+2 was selected 0.6 + 0.1(−1)t, for t =

1 and 2, and it was approximately equal to 0.6 for any other pair of time points.

We selected the success probability pg as 0.45 to obtain more females than males

in the simulation. The mean of the remaining covariates were selected µc = (0, 0,

0, 0.1) with standard deviations (1, 1, 1, 0.8) and correlation matrix

ρc =


1 0.20 0.15 −0.10

0.20 1 0.40 −0.15

0.15 0.40 1 −0.20

−0.10 −0.15 −0.20 1

 .

Then probabilities p3, p4, and p5 were chosen equal to 0.4, 0.1, and 0.2, respectively.

Finally, the correlation matrix for the latent variables ΣL was determined as 0.55

for time lags of 1, 0.45 for time lags of 2, and 0.35 for time lags of 3.

B. 2 Full data set: Items

We analyzed the 10 items per time point separately using the NLMIXED procedure

of SAS49, version 9.3, and model (5.2) to obtain the regression parameters for the

covariates, the di�culty, and discrimination parameter of each item and time

point. Based on the estimates, the coe�cient of age (x1t) was determined at -0.1

for the �rst-seven items and at 0.1 for the remaining items on all time points.

For gender (x2) we used time-varying coe�cients, meaning that there was an

interaction between time and gender for each item: if item was 1, 4, 6, or 10 the

coe�cient was -0.5 for the �rst visit and -1 for the other visits. For item 5, 7, and

8, it was -0.5 for the �rst and last visits and it was -1 for the second and third

visits. Finally, the coe�cient for items 2, 3, and 9 were �xed at 0 for visit 1, -1
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Table B1 The implemented intercepts and random e�ect in the simulation.

atj btj

Visit 1 Visit 2 Visit 3 Visit 4 Visit 1 Visit 2 Visit 3 Visit 4

Item 1 -0.5 -1.0 -1.5 -1.5 1.2 1.6 1.6 1.6

Item 2 -1.40 -1.40 -1.90 -2.50 1.6 1.7 1.6 1.7

Item 3 -1.5 -2.0 -2.5 -3.0 1.3 1.4 1.6 1.7

Item 4 -2.5 -3.0 -3.5 -4.0 2.0 2.5 3.0 3.5

Item 5 0.05 0.05 -0.20 -0.50 1.4 1.6 1.6 1.6

Item 6 -1.5 -2.0 -2.5 -3.0 2.0 2.0 2.0 2.0

Item 7 -1.0 -1.5 -2.0 -2.5 1.8 1.8 1.8 1.8

Item 8 -0.6 -0.1 -0.2 -0.5 1.5 1.5 2.0 2.0

Item 9 -3.0 -3.5 -4.0 -4.5 1.5 2.0 1.5 2.0

Item 10 -1.2 -0.2 0.8 -0.2 2.0 2.0 2.0 2.0

for visit two and three, and -0.5 for visit 4. We took time stationary coe�cients

of 0.1 and -0.1 for x3 and x4 on all items, respectively. For x5 we selected 0.3 for

item 1,3,4,9, and 10; and 0.1 for the rest of the items on all time points. Finally,

the regression coe�cients for x6 were selected at -0.1 for item 1, 3, 4, and 9; and

at 0.1 for the other items on all time points. Table B1 represents the values for

the di�culty and discrimination parameters at each time point.

B. 3 Missing indicator variables

For the medium proportion of missing items, the following coe�cients were chosen

to be implemented in (5.3). The coe�cient for age (x1) was 0.2 for the second

and fourth time points, and 0.1 for the third time point. E�ect of gender (x2) was

determined at 0.5 for item 1 and at 0.2 for the other items at the second visit. It

changed to -0.2 and -0.9 for the third and fourth time points, respectively. The

e�ects of x3 and x4 were taken zero for all items at all visits. Variable x5 had

an e�ect of -0.8 for item 1 and -0.4 for the remaining items at visit two, but a

constant e�ect of -0.1 and -0.6 for all items at the third and fourth time points,

respectively. The coe�cients for the �nal independent variable x6 was set to 0.2

for item 1 and at 0.06 for the other items at the second visit. It was 0.5 for all

items at the third and fourth time points. Furthermore, the di�culty parameter

was set at zero at all items and time point. The discrimination parameters are

listed in Table B2. These setting generated a similar pattern of missingness per

item over time as the TRAILS study when we use the independent indicators.

For the small proportion of missing items we tried to diminish the number of

missing items, while still having a dominant in�uence of the latent variable from
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the �rst time point. This changed the di�culty and discrimination parameters to

the values listed in Table B2. We could use the same settings from the variables

x1, x2, and x5 from the medium setting, but changed the settings for x3, x4, and

x6. The coe�cients for the ten items of variable x3 were selected at (0.1, 0.12,

0.2, 0.1, 0.2, 0.16, 0.9, 0.5, 0.3, 0.4), (0.2, 0.25, 0.18, 0.6, 0.4, 0.24, 1.1, 0.9, 0.7,

0.7), and ( 0.15, 0.1, 0.3, 0.4, 0.4, 0.2, 1.5, 1.5, 0.4, 0.5) for time points 2, 3, and 4,

respectively. For variable x4 the coe�cients for the second time points were 0.1,

0.25, 0.5, 0.2, 0.3, 0.5, 0.4, 0.8, 0.7, and 0.8 for the ten items, respectively. For

the third time point the coe�cients were 0.3 and 0.4 for item 1 and 2, and 0.2 for

the other items. No e�ect of x4 was applied at the fourth visit. The coe�cients

of x6 for the ten items were chosen at the second visit at 0.20, 0.16, 0.19, 0.30,

0.20, 0.16, 0.16, 0.14, 0.20, and 0.60, respectively, and 0.5 for all ten items at time

3 and 4.

For the large proportion of missingness we used almost similar settings as the

medium setting. was built up with the following coe�cients. The coe�cients of

covariate age (x1) at time two were 0.2 for item 1, 3, 4, 8, 9, and item 10; 0.18 for

item 2 and item 7; 0.3 for item 4; and 0.23 for item 6. For the third time point it

was selected at 0 for items 1, 2, and 5; -0.01 for items 3, 7, and 10; -0.03 for items

4, and 9; and -0.02 for items 6, and 8. For visit four the coe�cients were 0.1 for

Table B2 Intercept and coe�cient of the �rst latent variable in logistic regression model for
missing indicator variable.

Small Medium Large

(ãtj , b̃tj) (ãtj = 0 ,b̃tj) (ãtj = 0 ,b̃tj)

Visit 1 Visit 2 Visit 3 Visit 1 Visit 2 Visit 3 Visit1 Visit2 Visit3

Item1 (1.5, 1.1) (1.20, 2.0) (1.7, 3.2) 1.1 1.5 4.2 2.1 2.5 4.2

Item2 (1.1, 1.6) (1.10, 2.3) (1.9, 3.3) 0.6 1.8 4.3 1.2 4.6 7.3

Item3 (1.2, 1.5) (0.90, 2.2) (1.6, 3.3) 0.5 1.7 4.3 1.5 4.7 6.3

Item4 (1.4, 1.8) (1.50, 2.1) (0.8, 3.4) 0.8 1.8 4.4 3.5 5.8 6.4

Item5 (1.1, 1.7) (1.05, 2.0) (1.2, 3.2) 0.7 2.0 4.2 1.5 4.5 6.2

Item6 (1.1, 1.7) (1.30, 2.3) (1.5, 3.2) 0.7 1.9 4.2 2.0 4.9 7.2

Item7 (1.9, 1.4) (1.40, 2.5) (1.2, 3.3) 0.4 1.8 4.3 1.4 3.6 6.3

Item8 (1.6, 1.5) (1.50, 2.1) (1.1, 3.2) 0.5 1.8 4.2 1.8 3.0 6.2

Item9 (1.3, 1.5) (1.10, 1.9) (1.5, 3.4) 0.5 1.4 4.4 1.5 3.4 6.4

Item10 (1.0, 1.5) (1.40, 1.7) (1.1, 3.6) 0.7 1.5 4.6 1.5 3.5 6.6

items 1 and 2; 0.09 for items 3, 5, and 9; 0.06 for item 4; 0.08 for items 6, 7, and 8;

and 0.03 for item 10. The e�ect of (x2) were 0.2 for all items at visit two, except

for item 1 which was 0.5. For the third and fourth time points, the coe�cients
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were -0.2 and -0.9 for all items, except for item two which was was -2.2 and -2.9,

respectively.The e�ect of x3 was �xed at 0.2 and 0.1 for third and fourth visit for

item two, but it had no e�ect on the other items at any time points. Variable x4

had no e�ect at any items at any time points. The e�ect of independent variable

x5 was set at -0.8 for item 1 and at -0.4 for the other items at visit 2. These

coe�cients altered to -0.1 and -0.6 for the time 3, and 4, respectively. Covariate

x6 had a coe�cient of 0.2 for item 1 and 0.06 for the other items at visit 2. At

visit three and four, the e�ect of x6 was 1.5 for item 2 and 0.5 for the other items.

Furthermore, the di�culty parameter was set at zero at all items and time point.

The discrimination parameters are listed in Table B2.
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6.1 Abstract

Abstract The analysis of longitudinally observed sum scores from questionnaire data is

frequently conducted assuming a normal distribution. The assumption of normality is not

always tenable (e.g. ceiling or �oor issues). Furthermore, such analyses lack an interpre-

tation of the parameter estimates at an item level. Instead, this paper proposes a binomial

distribution for the conditional distribution of the sum score, given a latent variable. To

investigate the performance of this latent variable binomial model, we conducted simu-

lation studies using item response theory models. Under the assumption that the item

discrimination parameters are the same across items and that the regression parameters

for the covariates are also constant across items, the latent variable binomial model can

appropriately estimate the regression parameters at the item level and provide appro-

priate Wald-type con�dence intervals. The correlation among the normally distributed

longitudinal latent variables was also estimated almost unbiasedly, although coverage

probabilities of the con�dence intervals were liberal. Furthermore, it was demonstrated

that the average of the item di�culty parameters could be estimated almost unbiasedly,

but the variance of these parameters was somewhat underestimated. The approximate

binomial model could handle missing at random items quite well while it is faster than

multiple imputation and it comes without any debate on selecting imputation approaches.
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6.2 Introduction

The use of questionnaires in medical and social sciences is acceptable and impor-

tant for retrieval of information on the well-being of individuals. A questionnaire

typically consists of multiple items and researchers use the answers to these items

to determine one or a few summary measures, often referred to as scales or sum

scores. The sum score confronts us with a serious problem for the statistical

analysis, since the distribution of a sum score and the way that it changes with

sub-populations is typically unknown. Indeed, the sum score is discrete and has

a �nite range of outcome levels, which makes it di�cult to choose a suitable yet

tractible parametric distribution for statistical inference. One particular other

relevant issue is to determine how certain covariates a�ect the sum score.

The analysis of sum scores is often conducted with the use of the normal

distribution25,32,14,31,8,21,4, in particular when the range of sum scores is relatively

large. In case the focus is on population-averaged statistics and the number of

individuals is large, the central limit theory applies and statistical inference based

on the normal distribution may still be valid. Another option is to use ordinal data

analysis approaches (e.g. ordinal logistic regression), and treat each level or groups

of levels for the sum score as an ordinal outcome15. Indeed, it has been advocated

to treat scales as ordinal variables when the number of levels are less than seven

and treat it as continuous for higher levels28,10. Although both methods may lead

to reasonable results, there are still a few concerns.

First of all, the normal distribution is not capable of adapting to ceiling or �oor

e�ects and this may a�ect the calculation of standard errors even in large samples.

It may also lead to predictions of sum scores outside of the acceptable range.

Second, the normal distribution is less suitable for sum scores when the number

of items is small19. A third issue is that the normal distribution does not connect

very well to item response theory which is base upon a latent construct or ability

underneath the items15. The fourth concern is that neither the normal distribution

nor an ordinal data approach cannot handle partially available items directly. Both

methods need to rely on imputation approaches when the missing mechanism is

missing completely at random (MCAR) or missing at random (MAR). Indeed,

imputation at item level seems to provide less bias and higher precision than a

likelihood approach based on normality that would ignore sum scores with partially

available items16. Finally, an ordinal approach becomes less suitable when the
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numbers of items is relatively large, since large numbers of threshold values must

be estimated. Additionally, it does not �t well when a questionnaire is developed

to measure an individual's performance by counting the correctly answered items.

Thus the two suggested and applied approaches cannot deal appropriately with

most or all cases.

An alternative analysis approach may treat the sum score as a kind of binomial

count. For certain questionnaires, like memory tests for instance, this view of

counting the correctly answered items would perfectly connect with a binomial

distribution, although possibly overdispersed models might be required. For other

types of questionnaires, like questionnaires measuring quality of life, a binomial

distribution may still be appropriate, since it is one particular way of describing the

frequency distribution for the outcome levels. The binomial model would be able

to address most of the concerns that we mentioned for the statistical analysis with

a normal distribution or an ordinal data analysis approach. Indeed, the binomial

distribution would easily address boundary issues, it can handle small as well as

large number of items, it is able to use only partially available items, and it may

connect to item response theory models. Furthermore, the binomial distribution

closely resembles the normal distribution in case normality would be a reasonable

approach.

The use of a binomial distribution to questionnaire type of data is not new. For

instance, a binomial regression model using the log link function in combination

with a gamma distribution has been used to assess the association between physical

activity and anxiety symptoms5. In a cross-sectional study the beta-binomial

model was used to analyze sum scores from a questionnaire and its performance

was investigated using simulation studies1. The beta-binomial model was also used

to estimate the association between quality of life and some clinical covariates2.

In a comparison with normal, t-, and binomial distributions the beta-binomial

model showed superiority for skewed distributed sum scores in terms of information

criteria13.

The goal of this paper is to formulate a latent variable binomial model and

show that under certain conditions it can appropriately approximate the distribu-

tion of repeated sum scores calculated from binary multi-item questionnaires. We

demonstrate how our approach derives from item response theory models. More-

over, Our approach does not need multiple imputation approaches, when items

would be missing and the missing mechanism is not of the type of missing not at
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random(MNAR). Our focus is on the estimation of the association between co-

variates and sum scores with an item level interpretation, and we use simulation

studies to investigate the performance of our approach.

6.3 Methods

To describe our latent variable binomial model for the analysis of sum scores, we

will �rst describe the model at the item level. Let Yit(j) ∈ {0, 1} denotes the

binary response for subject i ∈ {1, 2, ....., N} of item j ∈ {1, 2, ...,M} at time

t ∈ {1, 2, ..., T}. Assume that xit = (xit1, xit2, ....., xitp) represents a p-dimensional

vector of numerical and/or categorical (possibly time dependent) covariates, and

let Zit be a latent variable or construct for subject i at time t. In line with

item response theory, Zit is often referred to as the ability of subject i (at time

t) and it typically follows a standard normal distribution. We further assume

that the items (Yit(1), Yit(2), ....., Yit(M)) at time t for subject i are independently

distributed, conditionally on the ability Zit. Therefore, each item Yit(j), given the

ability Zit = z, can be viewed as a Bernoulli random variable with probability

pitj(z). We assume that this probability can be written as a function of some

linear predictors, i.e.,

pitj (z) ≡ P
(
Yit(j) = 1|Zit = z

)
= h

(
θt(j) + ηt(j)z +

p∑
k=1

γtk (j)xitk

)
, (6.1)

with h : R → (0, 1) a known smooth inverse link function, θt(j) and ηt(j) the

di�culty and discrimination parameters for item j at time t, respectively, and

γt (j) =(γt1 (j) , γt2 (j),..., γtp (j)) a vector of p coe�cients for item j at time t

corresponding to the covariates xit = (xit1, xit2, ..., xitp) .

It is well known that the sum of independent binary variables has the Poisson-

binomial distribution9, although di�erent forms have been described23,22. Thus,

the conditional distribution of the sum score Sit, with Sit =
∑M

j=1 Yit(j), given

the ability Zit = z, follows a Poisson-binomial distribution. The Poisson-binomial

distribution can be approximated with a binomial distribution having parameters

M and pit (z) =
∑M

j=1 pitj (z) /M
6,18. The total variation distance between the

Poisson-binomial and the binomial distribution is then bounded from below and
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above. The total variation distance is de�ned by

Dit (z) =
1

2

M∑
x=0

|PBit

(
x|z

)
−Bit

(
x|z

)
, | (6.2)

with PBit

(
x|z

)
= P(Sit ≤ x|Zit = z) and Bit

(
x|z

)
the binomial distribution

function in x with parameters M and pit (z). The lower and upper bounds are

then given by6

C∧ C

Mpit(z)
(
1− pit(z)

) ≤ Dit(z)∑M
j=1

(
pitj(z)− pit(z)

)2 ≤
1−

[
pit(z)

]M+1 −
[
1− pit(z)

]M+1

(M + 1)pit(z)
(
1− pit(z)

)
with C an universal constant equal to or larger than 1/124 and u∧v indicating the
minimum of u and v. The binomial distribution is close to the Poisson-binomial

distribution whenever 1−
[
pit (z)

]M+1 −
[
1− pit (z)

]M+1
is close to zero. Clearly,

this may not be guaranteed for all ability values z, since z can essentially vary over

R (although not every value is as likely). This indicates that we need to study how

well a binomial distribution may be adequate when a latent variable is imposed.

To do this, we made a few assumptions.

We assumed that the vector of parameters γt(j) did not depend on item j, i.e.,

γt (j) = γt. The reason was that an analysis at the level of the sum score is never

be able to estimate the item level parameters γit (j) back, unless it is constant

across items. Furthermore, the di�culty and discrimination parameters at time t

were considered one realization of the bivariate random variables (Ut, Vt). Then,

the conditional expectation and variance of Sit, given Zit = z, were given by

E(Sit|Zit = z) =MEh
(
Ut + Vtz +

p∑
k=1

γtkxitk

)
, (6.3)

Var(Sit|Zit = z)

=M

[
Eh

(
Ut + Vtz +

p∑
k=1

γtkxitk

)(
1− Eh

(
Ut + Vtz +

p∑
k=1

γtkxitk
))]

.(6.4)

Note that these �rst two moments follow the functional form of the �rst two

moments of a binomial distribution with parameters M and πit = Eh
(
Ut +Vtz

+
∑p

k=1 γtkxitk
)
. Moreover, if we chose the probit link function, h = Φ with

Φ the standard normal cumulative distribution function, and we assumed that

(Ut, Vt) was bivariate normally distributed with mean (αt, βt), variances
(
σ2t , τ

2
t

)
,
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and correlation coe�cient ρ, the conditional expectation in (6.3) became

MΦ

((
αt + βtz +

p∑
k=1

γtkxitk

)/√
1 + σ2t + 2ρσtτtz + τ2t z

2

)
. (6.5)

Thus, the conditional expectation of Sit given the ability Zit was no longer a lin-

ear predictor in the ability Zit, unless the variance τ2t would vanish. Therefore,

we assumed that the discrimination parameter was independent of the items, i.e.,

ηt(j) = βt, and only the di�culty parameters are viewed randomly. In that case,

the expected value in (6.5) became equal to MΦ((αt + βtz +
∑p

k=1 γtkxitk)/{1 +
σ2t }1/2). This expected value reveals an over-parametrization. Indeed, we needed

to assume that the discrimination parameter βt was equal to one, since MΦ((α̃t+

z +
∑p

k=1 γ̃tkxitk)/{1 + σ̃2t }1/2) would give the exact same expected value as

MΦ((αt + βtz +
∑p

k=1 γtkxitk)/{1 + σ2t }1/2), when α̃t = αt/βt, γ̃t = γt/βt, and

σ̃2t = (1 + σ2t − β2t )/β
2
t . Hence, the parametrization was not unique and di�erent

parameter settings might lead to the same expectation. Furthermore, we only fo-

cused on the probit link function, but we did not necessarily study realizations for

the di�culty parameters from a normal distribution. Only under the assumption

of normality would the parameters αt and σt represent the mean and standard

deviation for the di�culty parameters, but under other distributions these pa-

rameters are considered unknown nuisance parameters for the estimation of the

regression parameters γt1, γt2,.....,γtp. Note that a binomial distribution for the

sum score Sit given Zit, under the stated assumptions, can be �tted with standard

software (e.g. SAS procedure NLMIXED) also in a longitudinal setting.

6.4 Simulation

To investigate the performance of the latent variable binomial model, we conducted

several simulation studies. The total number of individuals in each simulation was

selected at 200 and the number of simulations was selected equal to 500. When

we used multiple imputation for the incomplete data sets, we always used ten

imputations.

We �rst simulated a four-dimensional vector Zi = (Zi1, Zi2, Zi3, Zi4) from a

multivariate normal distribution, which would act as the latent variable for indi-

vidual i at four di�erent time points t ∈ {1, 2, 3, 4}. We used a Toeplitz structure

with unity on the diagonal for the variance-covariance matrix of the normal distri-
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bution. We further used correlation coe�cients of 0.55, 0.45, and 0.35 for time lags

of one, two, and three, respectively. A binary covariate xi1 was generated, indepen-

dently from the latent variables, using a Bernoulli distribution having probability

0.45. The covariate may represent, for instance, the gender of participants. We as-

sumed that the questionnaire would contain ten (M = 10) di�erent binary items.

For each time point, we generated one set of di�culty parameters θt(1), θt(2),

....,θt(M) that would be used to generate the ten binary outcomes Yit(1), Yit(2),

...,Yit(M) on all individuals. Hence, the di�culty parameters did not change with

individuals.

We created the di�culty parameter from di�erent distributions: the normal, t-,

uniform, and lognormal distribution. For the t-distribution we used three degrees

of freedom. We selected the same mean value for each distribution, and we chose

the values 0.7, 1.0, 1.2, and 1.3 for the mean di�culty at four time points, respec-

tively. All distributions had a variance σ2t = 0.25 at each time point t ∈ {1, 2, 3,
4}. The di�culty parameters were created by taking an appropriate quantile, i.e.,

θt (j) = F−1
t

(
j/(M + 1)

)
, to best �t the di�culty parameters with the selected

distribution Ft at time t. We used the quantiles stemming from the Weibull29 to

prevent a maximum value from in�nity. For one set of simulations, we draw a ran-

dom sample from the normal distribution for the set of di�culty parameters and

used this at the �rst time point. The set of di�culty parameters at the other time

points were then created from the �rst time point by shifting each parameter with

the same number. The shift was 0.3, 0.5, and 0.6 for the second, third, and fourth

time point. To examine also other ratios for the variance of the latent variables and

the variance of the di�culty parameters, we used a discrimination parameters βt

at the value 0.5 and 2, additionally to its default setting of one. The binary items

Yit(1), Yit(2), ...,Yit(M), were then generated independently using a Bernoulli dis-

tribution with P
(
Yit (j) = 1|Zit, xi1, θt (j) , βt, γ

)
= Φ

(
θt (j) + βtZit + γxi1

)
.Then

the sum score Sit was calculated at each time point t.

Incomplete data was generated from a full data set by generating indicator

variables Rit (j) for item j of subject i at time t > 1. Thus, we did not generate

missing data at the �rst time point. The indicator variables were generated with

a Bernoulli distribution, given the latent variable Z1t of the �rst time point, i.e.,

P
(
Rit (j) = 1|Zit = z

)
=

exp
(
ωjt + ξjtz + ζjtxit

)
1 + exp

(
ωjt + ξjtz + ζjtxit

)



6.4 Simulation 131

Furthermore, we assumed that the indicators Rit(1), Rit(2),...., Rit(M) were in-

dependently distributed within and across time, conditionally on latent variable

Zi1. Item Yit(j) was then eliminated from the data when the indicator Rit(j) was

equal to zero, but stayed in the data when Rit(j) was equal to one. Note that this

procedure imposes an MAR missing mechanism to the data set. For generating

the indicators, we chose the intercept ωj2 equal to 1.9 and ωj3 equal to 1.5 for

j ≤ 7 and ωj2 = 2.0 and ωj3 = 1.7 for 8 ≤ j ≤ M . For time point t = 4 we

used ωj4 = 1.8 for j ≤ 5 and ωj4 = 2.0 for 5 < j ≤ M . The coe�cient ζjtwas

selected equal to 0.2, 2.4, and 3.2 for j ≤ 4 for the second, third and fourth time

points, respectively. They were selected at 0.4, 2.5, and 3.4 for 5 ≤ j ≤ 7 and at

0.5, 2.7, and 3.5 for 8 ≤ j ≤ M , respectively. Therefore, the latent variable has

the largest e�ect on missingness at the fourth time point. The coe�cients for the

binary covariates were selected as follows. For time point t = 2, we chose ζj2 = 1.0

for j ≤ 4, ζj2 = 1.2 for 5 ≤ j ≤ 7, and ζj2 = 1.4 for 8 ≤ j ≤ M . For the third

time point, the coe�cients of the �rst four items did not change. The remaining

items were selected by ζj3 = 1.0 for 5 ≤ j ≤ 7, and ζj3 = 1.2 for 8 ≤ j ≤ M ,

which increased the probability for missing the last six items compared to the

second time point. At the fourth time point, we set all coe�cients equal to 1.9,

i.e., ζj4 = 1.9 for j ≤ M , essentially reducing the e�ect of the binary variable on

missingness.

The performance of the latent variable binomial approach on the incomplete

data was compared with the same model in combination with multiple imputation.

We applied the hybrid approach26,30,16 with predictive mean matching on an item

level11,20,24. The hybrid part indicates that imputed unit missing sum scores are

removed from the data again. Therefore, we essentially used only the imputed

items for sum scores that would have at least one item available in the origi-

nal incomplete data set. This approach outperformed other multiple imputation

strategies in a comparison study16 but it was proposed years earlier26,30.

The data was analyzed with SAS procedure NLMIXED, using its default set-

tings and 5 quadrature points. The multiple imputation was conducted with the

MI procedure also under its default settings.
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6.5 Results

6.5.1 Simulations

The results of the simulation study are presented in Tables 6.1-6.3. The �rst ta-

ble provides the bias, mean squared error (MSE), and coverage probability (CP)

of a con�dence intervals for the parameter estimates when the di�culty param-

eters were selected from a normal distribution. One setting was based on the

quantiles θt (j) = F−1
t

(
j/(M + 1)

)
, with Ft(x) = Φ(2(x − αt)) and αt de�ned

as before, while the other setting was based on a random realization from the

normal distribution with mean αt and standard deviation of 0.5. The random

realization of the di�culty parameters θt(1), θt(2), ..., θt(M) were found to be

equal to (0.57, 0.20, 0.46, 1.08, 0.78, 0.56, 0.42, 0.59, 1.90, 1.64) at the �rst time

point. We calculated the true mean and variance as α̂1 =
∑M

j=1 θ1 (j) = 0.824,

α̂2 = α̂1 + 0.3 = 1.124, α̂3 = α̂1 + 0.5 = 1.324, α̂4 = α̂1 + 0.6 = 1.424 and

σ̂2t =
∑M

j=1(θt (j)−αt)
2/(M−1) = 0.307, and applied these values to compare our

estimates with. Table 6.2 shows the same results, but now for the t-distribution,

the uniform distribution, and the lognormal distribution. Table 3 provides the

results for the incomplete data sets. In this table, the parameter estimates are

compared to the estimates of the full data set (using our approximate binomial

distribution).

Table 6.1 Bias, MSE, CP for the estimates of the latent variable binomial model using
normally distributed di�cult parameters.

Parameter True value θt (j) = F−1
t

(
j/(M + 1)

)
θt (j) ∼ N

(
µt, σ

2
t

)
Bias MSE CP Bias MSE CP

α1 0.7 -0.010 0.014 93.40 -0.001 0.014 93.20

α2 1.0 -0.014 0.014 95.00 -0.006 0.014 95.00

α3 1.2 -0.023 0.017 92.60 -0.015 0.017 93.80

α4 1.3 -0.024 0.016 95.40 -0.018 0.017 95.40

σt 0.5 0.035 0.018 96.00 0.003 0.052 94.80

ρ12 0.55 -0.012 0.002 92.40 -0.018 0.003 91.60

ρ13 0.45 -0.010 0.004 92.00 -0.014 0.004 94.40

ρ23 0.35 -0.006 0.007 94.20 -0.009 0.008 92.80

γ1 0 0.006 0.027 96.60 0.008 0.026 95.80

γ2 -0.15 -0.005 0.028 94.40 -0.003 0.029 95.00

γ3 -0.30 0.002 0.030 94.60 0.000 0.031 95.20

γ4 -0.45 0.002 0.030 94.20 0.009 0.000 93.60

The simulation results demonstrate that the regression parameters for the co-

variate, which would be our primary interest, is estimated with hardly any bias.
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The coverage probabilities on these associations using the Wald-type statistic

demonstrated almost nominal 95% coverage, although they seem to be slightly

liberal. The bias of the correlation coe�cients for the latent variable over time

also seem to be quite small, although the coverage probability is somewhat liberal.

The bias for the mean di�culty parameters αt seems to be relatively small as well,

at least it was not more than 2%. The coverage probabilities are also close to the

nominal value. The only parameter that did not seem to be estimated with small

bias, is the variance of the di�culty parameters σt = 0.5 (t ∈ {1, 2, 3, 4}). The

standard deviation is underestimated with about 7%. Surprisingly, the coverage

probability for the con�dence interval seems quite close to the nominal value. The

MSE values seem to be quite small, except for the variance σt. Hence, Table 6.1

shows that the approximation works quite well, in particular for the estimation of

the main parameter γt.

The simulation results for the t- and uniform distribution show a similar result

as for the normal distribution. However, the bias for the variance of the di�culty

parameters is extremely large (about 35%),for the t-distribution. For the log-

normal distribution the variance of the di�culty parameters (about 20%) is also

large, but there is now also a bias for the mean di�culty (about 6%). The bias

on the mean di�culty is caused by the fact that the average over the di�culty

parameters, i.e.
∑M

j=1 θt (j) /M =
∑M

j=1 F
−1
t

(
j/

(
(M + 1)

))
/M is unequal to the

mean αt of the distribution Ft when the distribution is skewed. When we compare

the estimates with the average value
∑M

j=1 F
−1
t

(
j/

(
(M + 1)

))
/M , instead of αt,

the bias almost disappears. Furthermore, the bias of the other parameters for the

log-normal distribution seems to be non-existent.

The incomplete data sets had approximately 9.4%, 25.7%, and 24.0% missing

items at time points 2, 3, and 4, respectively. The percentage of unit missing (all

items in the sum score were missing) were approximately equal to 0.0%, 4.3%,

and 6.4%, respectively. Fitting the latent variable binomial model to the imputed

data sets provided frequently numerical issues. From the 5000 imputed data sets,

25% gave numerical issues to �nd the parameter estimates, i.e. no valid parameter

points were found. In total, we had approximately 250 simulated data sets with

valid results for all ten imputed data sets. For the maximum likelihood approach

we lost only 3 data sets due to negative eigenvalues for the Hessian matrix.

Comparing the two approaches on their performance with respect to the results

of the full data set, demonstrates that both approaches are comparable. For
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Table 6.2 Bias, MSE, CP for the estimates of the latent variable binomial model using
the t-, uniform, log-normal distribution to generate the di�culty parameters.
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Table 6.3 Bias and MSE for the estimates of the latent variable binomial model using
normally distributed di�cult parameters obtained from maximum likelihood and multiple
imputation.

Parameter Full data set ML Hybrid PMM

Bias MSE Bias MSE

α1 0.710 -0.005 0.015 -0.037 0.016

α2 1.014 -0.080 0.059 -0.046 0.018

α3 1.223 -0.134 0.087 -0.045 0.019

α4 1.324 -0.121 0.079 -0.007 0.018

σt 0.500 -0.022 0.026 -0.016 0.037

ρ12 0.562 0.006 0.007 0.009 0.003

ρ13 0.460 0.029 0.020 -0.023 0.005

ρ23 0.356 0.053 0.043 -0.034 0.011

γ1 -0.006 -0.001 0.027 0.015 0.030

γ2 -0.144 0.058 0.076 0.013 0.030

γ3 -0.302 0.065 0.077 -0.026 0.029

γ4 -0.452 0.049 0.069 -0.059 0.033

some parameters, multiple imputation (hybrid approach) is better than maximum

likelihood, but for other parameters the situation is reversed. Overall though,

multiple imputation seems to perform slightly better, in particular on the mean

di�culty parameters. This also positively a�ects the MSE for multiple imputation.

6.5.2 Case Study

We exemplify our approach using the longitudinal Dutch cohort TRAILS: �Track-

ing Adolescents' Individual Lives Survey�. It was set up to evaluate the develop-

ment of mental health from youth to adolescence. The study began with assessing

11-year-old individuals using a special questionnaire and then continued follow-up

bi- or triennial17. Indeed, questionnaires were adjusted with the changes dur-

ing adolescence and multiple choice responses were proposed for answering the

questions (items). Data on the psychological, social and physical health of 2230

individuals (49% boys and 51% girls) as well as their parents were collected at

baseline. In this study, we used the 10 common items of the depression domain of

the �rst four waves (follow-up times). We transformed the responses into binary

responses and studied the relation between the covariates gender, age at baseline,

externalizing and internalizing behavior of parents, social economic status, and

family situation (living with biological parents: yes/no) and the longitudinal out-

come on depression. The results are provided in Table 6.4. The covariates gender

and internalizing behavior seem to a�ect signi�cantly the items across time. This



136 Latent Variable Binomial Model

Table 6.4 Parameter estimates (95%-con�dence interval) for latent variable binomial
model of case study..

Covariate Time point 1 Time point 2 Time point 3 Time point 4

Intercept -0.25 (-1.28, 0.78) 0.14(-0.89, 1.18) -0.89(-2.03, 0.25) -0.83(-1.99 , 0.31)

Gender -0.27 (-0.37, -0.17) -0.62(-0.72, -0.51) -0.79(-0.91, -0.68) -0.58(-0.70, -0.46)

Age -0.05 (-0.14, 0.04) -0.07(-0.17, 0.02) 0.01(-0.09, 0.11) -0.02(-0.12, 0.09)

Externalizing 0.03 (-0.10, 0.16) -0.02(-0.16, 0.11) -0.08(-0.24, 0.07) -0.01(-0.17, 0.14)

Internalizing 0.09 ( 0.03, 0.16) 0.11( 0.05, 0.18) 0.09( 0.02, 0.17) 0.12( 0.05, 0.20)

SES 0.01 (-0.05, 0.08) 0.03(-0.04, 0.10) -0.03(-0.11, 0.04) -0.04(-0.12, 0.03)

Family 0.03 (-0.10, 0.16) 0.07(-0.07, 0.20) 0.12(-0.03, 0.27) 0.17( 0.02, 0.32)

observation is consistent with the previous �nding3 on the �rst two follow ups,

in which mental problems of parents and gender are introduced as two signi�cant

covariates (risk factors) on depression symptom. In our analysis, gender seems to

have a smaller in�uence at baseline compared to theother age periods, but over-

all females have a higher risk of being depressed than males. Moreover, a higher

internalizing behavior of the parents seem to increase the risk on depression of

adolescents, but the in�uence seems quite stable over the complete teenage pe-

riod. None of the other covariates seem to have a statistically signi�cant in�uence

(at level of 0.01) on the risk of depression.

6.6 Conclusions

This paper investigates the possibility of using a latent variable binomial model

on sum scores of binary items from a questionnaire. The underlying distribution

of the sum score, conditionally on the latent variable, follows a Poisson-binomial

distribution. Under the assumption of a constant item discrimination parameter

and a constant regression parameter for the covariates (at item level), the selected

binomial approximation seems to provide good estimates for the regression param-

eters. The coverage probabilities of the Wald-type con�dence intervals are close to

nominal, albeit slightly liberal. The average of the item di�culty parameters could

be estimated back from our model, but estimating the variation in these param-

eters was more troublesome. The correlations of the longitudinal latent variable

are also recovered with our approximate binomial model.

The coverage probability of the correlation coe�cients for the longitudinal la-

tent variable was somewhat liberal. However, we are not fully convinced that this

is due to our approximate model, since we used large sample con�dence intervals.
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Such approximate intervals may not always work appropriately for variance com-

ponents and covariances7,27. In our simulation result, where we only used 200

participants, the coverage probabilities were considered acceptable.

The simulation results for the di�erent distributions of the di�culty parame-

ter, i.e. normal, t-, and uniform distribution, were quite similar. This observation

is not really unexpected for the t-distribution since its shape is similar to the nor-

mal distribution, although we implemented a t-distribution with three degrees of

freedom that has substantially thicker tails. Surprisingly, the average of the item

di�culty parameters were estimated almost unbiasedly for the uniform distribu-

tion. However, the expected value in (6.3) is not equal to (6.5), or at least the

parameters αt and σt do not necessarily have the interpretation of a mean and

standard deviation when the uniform distribution is applied. The fact that we did

observed a bias in the estimation of σt with the uniform distribution is probably

not caused by the choice of distribution since we also observed this amount of bias

in the standard deviation of the di�culty parameter with the normal distribution.

Missing data seem to demonstrate two issues. Firstly, the bias of the param-

eter estimates of the latent variable model with respect to the true parameters

is somewhat larger in missing data settings than with a full data set. Secondly,

multiple imputation with the hybrid approach produces less bias than the la-

tent variable model with the likelihood approach. It is di�cult to explain these

observations exactly, but it could be related to the way that we simulated the

probabilities for the items to be missing and to be answered correctly. An item

with somewhat higher probability to be one also had a somewhat higher prob-

ability of being missing. Both the likelihood approach and multiple imputation

use the available information, but the likelihood approach possibly predicts the

missing item information at coarse level12, while multiple imputation replaces the

missing items. Nevertheless, our likelihood approach applied directly on the sum

scores can still be recommended since multiple imputation comes at the expense

of running imputations at an item level and analyzing multiple data sets. Another

argument is that the results of likelihood approach are unique whereas results of

multiple imputation rely on the choice of the imputation method and the number

of repetitions. Finally, imputation led into numerous numerical issues in our sim-

ulations. Although in our simulations the di�erences in both methods on missing

data is limited, we believe that more research is needed to investigate how well

the approximate binomial model may recover the information.
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An alternative model for the analysis of sum score is the Tobit model, which

may also address �oor or ceiling e�ects. It uses a latent variable that may be

outside the range of the sum score, but the distribution of the observations are

still assumed normal. As we mentioned in the introduction, an alternative to our

latent variable binomial model might be the beta-binomial distribution. However,

the beta-binomial model does not connect to item response theory models like

our approach, since it does not implement a latent variable or ability for subjects.

Furthermore, it is less straightforward to use when modeling relations between co-

variates and sum scores of the questionnaires. Nevertheless, it would be interesting

to compare the performances of these two approaches in future studies.
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7.1 Abstract

In many biomedical studies the outcome is de�ned via a number of proxy variables that

together describe the dynamic process. Longitudinal analysis of such data has often re-

sorted to summarizing the outcome variables to some summary score of the multivariate

outcome. Truly multivariate longitudinal analysis has until now been restricted to ran-

dom e�ects models that lack a population-level interpretation or to marginal models for

only multivariate normal or binary responses. In this paper we propose a multivariate

longitudinal regression model for ordinal responses, which are very common in many epi-

demiological studies involving questionnaires, but also in other contexts. By de�ning the

multivariate logistic distribution via a multivariate t-copula with logistic marginals, we

are able to simplify the expression of the likelihood. We �nd the maximum likelihood

estimates through a computationally e�cient Monte Carlo EM approach. The method

is shown to work in extensive simulation studies. We apply the method to the Dutch

longitudinal survey TRAILS, where our aim is to validate whether the standardly applied

method of summarizing the multivariate ordinal score is, in fact, valid.

Key words: Marginal model, multivariate ordinal response, longitudinal response, mul-

tivariate logistic distribution, t-copula
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7.2 Introduction

Evaluation of multivariate longitudinal outcomes is common in clinical trials29,

medicine, public health, social sciences26, and pharmacokinetics. The statisti-

cal analysis of this type of data requires that both cross-sectional and longitudinal

associations are addressed. In some settings, the statistical analysis may be simpli-

�ed by reducing the dimension of the multivariate longitudinal data to univariate

longitudinal data using some kind of summary measure6,29. For instance, in social

sciences multi-item questionnaire data are often transformed to a scale or sum

score; in pharmacokinetics repeated blood measures are transformed to an area

under the curve. However, possibly, reduction of multi-dimensionality may lead

to loss of information.

For multivariate longitudinal data most research has centered around random

e�ect models. One approach is to use a subject-speci�c model for the longitudinal

part (typically random intercept models) and then, conditionally on these ran-

dom e�ects, to consider independent cross-sectional repeated outcomes58. These

types of models can easily be applied to both continuous and categorical outcome

data, using speci�c parametric distributions for the random e�ects (typically the

normal distribution) and a link function to connect several covariates and time to

the outcomes58,12. One extension of this model is to assume that the (vector of)

subject-speci�c random e�ects also varies with each cross-sectional outcome, gen-

erating multivariate correlated random e�ects across the repeated outcomes. This

model was �rst introduced for growth curve modelling on balanced data where

the distribution of the outcomes and random e�ects were assumed normal47. This

model contains a vector of random intercepts and a vector of random slopes, where

the intercepts and slopes are independent, but the multiple intercepts and multiple

slopes are not independent. These types of models have also been applied to latent

curve modeling35,7,8,13,42 in social science44, joint modeling of time-to-event45, and

time series modeling27,46,28. In the context of item response theory, these mod-

els have been used for continuous50, binary1, ordinal outcomes34,9, continuous

outcomes with incomplete covariates51, and incomplete ordinal outcomes33. Fur-

thermore, these models can also be implemented with mixed types of outcomes,

for instance for continuous and binary outcomes20,37.

One further extension of these random e�ects models is to relax the indepen-

dence assumption on the conditional distribution given (vectors of) random e�ects.
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For continuous outcomes typically a normal distribution has been used52,18,54,24,

but for binary outcomes the associations have been modeled by Pearson correla-

tions48 or odds ratios55. This random e�ects model has been used also for bivariate

longitudinal ordinal outcomes57 and multivariate ordinal outcomes29 by introduc-

ing a continuous distributed random variable underneath the ordinal outcomes,

some form of latent variable models.

Parameters in simple random e�ects models can be estimated straightforwardly

with either maximum likelihood56, Gibbs sampling36, or with MCMC12. For more

complex models, where the repeated outcomes given the random e�ects are not

independent, pseudo-likelihood approaches have been proposed18. The pseudo-

likelihood is a sum of likelihoods of all possible bivariate models (see also2 for

application in joint modeling). Maximization of the pseudo-likelihood can be

conducted with non-adaptive Gaussian quadrature19 or the EM algorithm29.

Random e�ects models have the advantage to model correlations among out-

comes indirectly through random e�ects, but a restriction is that they lack a

population-averaged interpretation for on-normally distributed outcomes. To keep

the computational advantages but eliminate this drawback, marginalized random

e�ects models have been developed for binary data25,31. They implement both a

marginal mean value and a conditional distribution given the random e�ects. The

link function of the marginal mean is a linear function of the covariates, but for

the conditional mean the �xed parts or parameters are a function of the marginal

mean. Estimation of the marginal and conditional means is typically performed

iteratively.

Marginal models, without implementing any random e�ects, have been applied

to multivariate longitudinal outcomes as well. These models formulate marginal

means and treat the associations as nuisance parameters, either as one large mul-

tivariate matrix of associations or as a Kronecker product of a cross-sectional

and longitudinal matrix of associations. These type of marginal models are typ-

ically estimated using generalized estimating equations (GEE). This method has

been applied to multivariate longitudinal binary outcomes53,4,5,40, continuous out-

comes21, and mixed types of outcomes49,22. Alternatively, the method of quasi-

least squares was used for estimation of the parameter for non-normally distributed

continuous or categorical data11. A few other studies have investigated maximum

likelihood estimation for marginal models, making certain distributional assump-

tions. For instance, the analysis of multivariate longitudinal normal distributions
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using damped exponentially autoregressive correlations10 and the analysis of mul-

tivariate longitudinal binary outcomes using the logit function and odds ratios

for associations14. An alternative approach introduced a copula function for each

non-normally distributed continuous longitudinal outcome and a copula for the

distribution of each outcome to specify the longitudinal and cross-sectional asso-

ciation conditional on the past, respectively30.

Finally, some papers have provided general comprehensive overviews on the

analysis of multivariate longitudinal outcomes23,6,58.

Despite numerous studies on multivariate longitudinal outcomes, relatively lit-

tle research has been performed on marginal models for ordinal outcomes. The aim

of this study is to establish a marginal model for multivariate longitudinal ordinal

outcomes using maximum likelihood estimation. We start with a continuous mul-

tivariate logistic distribution as the underlying multivariate distribution for the

ordinal outcomes that has been used for parameter estimation via maximum like-

lihood in39. This distribution has also been employed in a Bayesian context and

applied to a case study with repeated longitudinal ordinal outcomes41. In this

example, the correlation matrix consisted of two partitions: correlation within

longitudinal observation, and correlation between observations.

The Bayesian multivariate logistic regression model considered in O'Brien and

Dunson 41 provides easily interpretable parameters in terms of odds ratios and �ex-

ibility in implementing various correlation structures. In our work we follow their

approach of constructing multivariate logistic distribution to model longitudinal

multivariate ordinal data. Our research was motivated by the Dutch longitudi-

nal survey TRAILS43, which calculates scales from multiple ordinal items. This

reduction in dimensionality makes sense only when the items behave consistently

over time and with respect to covariates. Therefore, the aim of the analysis is to

investigated whether covariates in�uence each ordinal outcome di�erently across

time in a marginal model.

7.3 Multivariate logistic model for ordinal data

7.3.1 Multivariate logistic model

Let Y denotes p multivariate ordinal responses observed over T time points such
that Yjt is the jth ordinal response at time t for j = 1, . . . , p and t = 1, . . . , T .
Let Yjt has d levels numbered by {1, 2, . . . , d} for convenience. It is assumed that
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underlying the observed ordinal response Yjt is an unobservable continuous latent
variable Zjt having a relationship;

Yjt = k i� α
(k−1)
jt < Zjt ≤ α

(k)
jt , for k = 1, . . . , d (7.1)

where the thresholds α
(k)
jt are unknown parameters with restrictions

−∞ = α
(0)
jt < α

(1)
jt < · · · < α

(d−1)
jt < α

(d)
jt = ∞.

The standard proportional odds univariate ordinal logistic regression model for
Yjt, the jth observation at time t, is given by:

logitP
(
Yjt ≤ k | X,αjt,βjt

)
= α

(k)
jt −X

′
βjt for k = 1, . . . , d, (7.2)

where X is a vector of �xed or time varying covariates and β = (β11, . . . , β1T , β21,
. . . , β2T , βp1, . . . , βpT ) is a vector of unknown regression coe�cients. Relation 7.2
implies

P
(
Yjt = k | X,αjt,βjt

)
=

exp
(
α
(k)
jt −X

′
βjt

)
1 + exp

(
α
(k)
jt −X

′
βjt

) −
exp

(
α
(k−1)
jt −X

′
βjt

)
1 + exp

(
α
(k−1)
jt −X

′
βjt

)
= Fjt

(
α
(k)
jt −X

′
βjt

)
− Fjt

(
α
(k−1)
jt −X

′
βjt

)
, (7.3)

where Fjt is the standard logistic cumulative distribution function corresponding
to the jth outcome at time t with density

fjt(zjt | µjt) =
exp

{
− (zjt − µjt)

}[
1 + exp

{
− (zjt − µjt)

}]2 .
At a given time for a single outcome, the proportional odds univariate ordinal
logistic regression model estimates are obtained by maximizing the likelihood de-
�ned by equation 7.3 where the regression coe�cients from this model have simple
interpretations in terms of odds ratios. We are interested to have such type of sim-
ple interpretation for regression coe�cients in case of longitudinal multiple ordinal
outcomes by taking into account their dependence structure over time. In this re-
gard, a �exible and easily interpretable multivariate logistic regression model has
be considered by O'Brien and Dunson 41 using multivariate normal and t distri-
butions. Following this approach we construct a multivariate logistic regression
model for longitudinal multiple ordinal outcomes. Consider a vectorized form of
the ordinal longitudinal multivariate response with length pT :

Y = (Y11, . . . , Y1T , Y21, . . . , Y2T , . . . , Yp1, . . . , YpT )
′

where we assume each Yjt corresponds to a latent variable Zjt having a univariate
logistic distribution. This can be generalized to the multivariate response Y that
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corresponds to a vector of continuous latent variables Z = (Z11, . . . , Z1T , Z21, . . . ,
Z2T , . . . , Zp1, . . . , ZpT )

′ having a multivariate logistic distribution with logistic
marginals. Let e =

(
e11, . . . , epT

)
have a multivariate t-distribution with v degrees

of freedom, mean 0 and correlation matrixR of dimension pT×pT . The ejt follow a
standard univariate t-distribution with v degrees of freedom. Let ψ1,v and Ψ1,v de-
note the standard density and cumulative univariate t-distribution. Since Ψ1,v(ejt)
has the Uniform(0, 1), it follows that Zjt = µjt + log

[
Ψ1,v(ejt)/(1−Ψ1,v(ejt))

]
has a logistic distribution with mean µjt and scale parameter 1. It can be shown

that the joint distribution of Z =
(
Z11, . . . , ZpT

)′
is given by

h(z11, . . . , zpt | R,µ) = ψpT,v

(
Ψ−1

1,v(F11(z11 − µ11)), ....,Ψ
−1
1,v(FpT (zpT − µpT )) | 0,R

)
×

∏p
j=1

∏T
t=1 fjt(zjt | µjt)∏p

j=1

∏T
t=1 ψ1,v(Ψ

−1
1,v(Fjt(zjt − µjt)))

. (7.4)

Equation 7.4 is referred to as a multivariate distribution with logistic marginals.
In fact, it is a multivariate distribution based on t-copula with logistic marginals
where the t-copula density from equation 7.4 is

ct(u11, . . . , upT ) =
ψpT,v

(
Ψ−1

1,v(u11), . . . ,Ψ
−1
1,v(upT ) | 0,R

)
∏p

j=1

∏T
t=1 ψ1,v(Ψ

−1
1,v(ujt))

with ujt = Fjt(zjt − µjt) ∼ Uniform(0, 1).
We use 7.4 to de�ne the likelihood of the observed longitudinal multivariate

ordinal response. Given a sample of n observations (Y i,Xi), i = 1, . . . , n, the
likelihood contribution of the ith observation is given by

P
[
Y i = yi | Xi,R,α,β

]
=

∫
· · ·

∫ p∏
j=1

T∏
t=1

I
(
α
(yijt−1)

jt < zijt ≤ α
(yijt)

jt

)
h(zi | X

′
iβ,R)dzi

=

∫
· · ·

∫ p∏
j=1

T∏
t=1

I
(
α
(yijt−1)

jt < zijt ≤ α
(yijt)

jt

)
× ψpT,v

(
Ψ−1

1,v(ui11), . . . ,Ψ
−1
1,v(upT ) | 0,R

)
×
fjt(zijt | X ′

iβjt)

ψ1,v(Ψ
−1
1,v(ujt))

dzi. (7.5)

In what follows, let τ be Gamma G(v/2, v/2) distributed and assume that the
conditional distribution of e given τ is normal NpT

(
0 | τ−1R, v

)
. The marginal

distribution of e is now ψpT (0,R) distributed32, that is a multivariate t distribu-
tion given by

ψpT,v(e) =

∫
ℜ+

ϕpT (e | τ−1R, v)g(τ | v)dτ. (7.6)

Similarly, given e, η has a Gamma distribution G
((
v + pT

)
/2,

(
v + e

′
R−1e

)
/2

)
.
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Furthermore, in the longitudinal setting we allow the correlation matrix R to
account two sources of dependence structures: dependence among the responses
at a given time and dependence of repeated observations over time for the same
response. This can be achieved by rearranging the multivariate longitudinal out-
comes Y as a matrix where columns represent responses and rows represent time
points. Let Γp×p denotes dependence among the responses and ΩT×T denotes
serial dependence over time for repeated observations. Such that the correlation
matrix R is expressed as

R = Γ⊗ Ω (7.7)

where ⊗ is the Kronecker product.
We note that the matrix representation of Y and the partitioning of the corre-

lation matrix allow us to rewrite the multivariate normal NpT

(
0, τ−1(Γ⊗ Ω)

)
as

a matrix normal having density

ϕpT (z | Γ,Ω, τ) = (2π)−pT/2 det(Γ−T/2) det(Ω−p/2) exp

{
−1

2
tr

(
τΓ−1z

′
Ω−1z

)}
(7.8)

where tr is the trace of a matrix.
Substituting 7.6 and 7.8 into 7.5 we obtain for the likelihood contribution

P
[
Y i = yi | Γ,Ω,Xi,β,α, v

]
=

∫
· · ·

∫
︸ ︷︷ ︸

ℜpT

∫
ℜ+

p∏
j=1

T∏
t=1

I
(
α
(yijt−1)

jt < zijt ≤ α
(yijt)

jt

)

×ϕpT

(
Ψ−1

1,v(F1(zi11 −X
′
iβ11)), . . . ,Ψ

−1
1,v(Fp(zipT −X

′
iβpT )) | 0, τ

−1Γ⊗ Ω
)

×g(τ | v)
p∏

j=1

T∏
t=1

fjt(zjt | X
′
iβjt)

ψ1,v(Ψ
−1
1,v(Fjt(zijt −X

′
iβjt)))

dτdzi (7.9)

which for convenience we denote by

P
[
Y i = yi | Xi,Θ

]
=

∫
h∗(z, τ | Xi,Θ)dzdτ, (7.10)

where Θ = (Γ,Ω,β,α, v) that includes all model parameters and h∗(·) is the

expression inside the integral.
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7.3.2 Monte Carlo EM Algorithm (MCEM)

The log-likelihood based on a sample size of n observations and using 7.10 is given
by

ℓ(Θ | Y ,X) =

n∑
i=1

log

∫
h∗(z, τ | Xi,Θ)dzdτ (7.11)

This log-likelihood involves multiple integrals that brings computational challenges

in estimating the model parameter. For estimating model parameters a Bayesian

approach has been implemented based on an approximation to a likelihood similar

to 7.941. In this paper we use a Monte Carlo EM approach based on the log-

likelihood given in 7.11.

The EM algorithm is a popular method for maximum likelihood estimation

in the case of incomplete data, which naturally occurs in our setting as a result

of the latent nature of Z 15. Let the collection of intervals of the form in 7.1,

corresponding to all observed ordinal outcomes Y be denoted by D(Y ). The

relationship between the observed outcomes and the latent variables given in 7.1

indicates that observing the ordinal outcomes Y is equivalent to the occurrence of

the event Z ∈ D(Y ). This allow us to de�ne equivalent conditional distributions

given the occurrence of this event that replaces de�ning conditional distributions

when the conditioning information is ordinal.
Using standard results from EM algorithm the observed data log-likelihood is

given via

ℓY (Θ) = Q
(
Θ | Θ(m)

)
where Θ(m) is an estimate of Θ at the mth iteration of the EM algorithm and Q

(
Θ

| Θ(m)
)
is the expectation of the complete log-likelihood given the observed data

and is given via

Q
(
Θ | Θ(m)

)
= E

[ n∑
i=1

log h∗(Zi, τ | Xi,Θ) | z ∈ D(y),Θ(m)
]
. (7.12)

The EM algorithm is an iterative approach that alternates between E- and M-
steps. We note that the E-step based on 7.12 involves analytically intractable
expectations. These expectations can be estimated by means of a Monte Carlo EM
approach59. The Monte Carlo EM approach divides the E-step into a simulation
and a Monte Carlo integration steps. In general, in the simulation step the idea

is to generate N (m) realizations of
{(

z(m)(s), τ (m)(s)
)
, s = 1, . . . , N (m)

}
, from

the the distribution of z and τ given z ∈ D(y) using the mth iteration estimates



152 Multivariate Longitudinal Ordinal Data Analysis

of Θ(m). Since sampling is not straightforward in this case, we use a Markov
chain Monte Carlo approach41. Note that the likelihood in 7.9 can be equivalently
speci�ed as follows:

τi ∼ G

(
v

2
,
v

2

)
,

ei | Γ,Ω, τi ∼ NpT (0, τ
−1
i (Γ⊗ Ω)),

zi = βXi + log

[
Ψ1,v(ei)

1−Ψ1,v(ei)

]
, (7.13)

yijt =

d∑
k=1

k I(
α
(k−1)
jt ,α

(k−1)
jt

](zijt),

where Z are marginally logistic and the indicator function truncates Z to the

range implied by the observed ordinal values y.
The E-step that involves simulation and Monte Carlo integration can be im-

plemented as follows. In the simulation step, given the mth iteration estimates
Θ(m) =

(
Γ(m), Ω(m), β(m), α(m), v(m)

)
at the (m + 1)th iteration we sample

N (m+1) realizations of
(
z(m+1)(s), τ (m+1)(s)), s = 1, . . . , N (m+1)

)
from the full

conditionals. That is, given τ
(m)
i , we sample e at the (m+ 1)th step by

e
(m+1)
i ∼ NpT

(
0, τ−1

i

(m)(
Γ(m) ⊗ Ω(m)))

with z
(m+1)
i = β(m)Xi + log

[
Ψ1,v(e(m+1)

i )

1−Ψ1,v(e(m+1)
i )

]
where zijt truncated according to

the observed outcomes yijt. Similarly, given e
(m+1)
i , we sample τ at the (m+1)th

step by

τ
(m+1)
i ∼ G

((
v(m) + pT )

/
2,

(
v(m) +

(
e
(m+1)
i

)′(Γ(m) ⊗ Ω(m))−1(
e
(m+1)
i

))/
2
)
. (7.14)

In the Monte Carlo integration step, using the generated samples
(
z
(m+1)
i (s),

τ
(m+1)
i (s)

)
, s = 1, . . . N (m+1) we compute the current approximations of the ex-

pectations by the Monte Carlo average via:

Qmc

(
Θ | Θ(m)

)
=

1

N (m+1)

N(m+1)∑
s=1

n∑
i=1

log h∗
(
z
(m+1)
i (s), τ

(m+1)
i (s) | Xi,Θ

)
. (7.15)

The M-step maximizes the function Qmc with respect to all parameters. That is
the parameter estimates at the (m+ 1)th EM iteration are obtained by:

Θ(m+1) = argmaxΘQmc

(
Θ | Θ(m)

)
. (7.16)

Though direct maximization of 7.16 can be used, we suggest an e�cient com-
putational procedure similar to the idea of pro�le likelihood by partitioning the
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function 7.15. For convenience, let the indicator function ηijtk takes the value 1
when yijt = k and 0 otherwise which is equivalent to the indicator function in 7.9.
Then 7.15 can be written as

Qmc

(
Θ | Θ(m)

)
= Qmc3(Γ,Ω,β,α, v | Θ(m)) +Qmc2(v,β,α | Θ(m)) +Qmc1(β,α | Θ(m)), (7.17)

where

Qmc1(β,α | Θ(m)) =

p∑
j=1

T∑
t=1

1

N (m+1)

N(m+1)∑
s=1

n∑
i=1

d∑
k=1

ηijtk log fjt
(
z
(m+1)
ijt (s) | X

′
iβjt

)

=

p∑
j=1

T∑
t=1

Q
(jt)
mc1(βjt,αjt) (7.18)

Qmc2(v,β,α | Θ(m)) =
1

N (m+1)

N(m+1)∑
s=1

n∑
i=1

d∑
k=1

ηijtk
{
log g(τ

(m+1)
i (s) | v)

−
p∑

j=1

T∑
t=1

logψjt,1(Ψ
−1
jt,1(Fjt(z

(m+1)
ijt (s)−X

′
iβjt)))

}

Qmc3(Γ,Ω,β, α, v | Θ(m))

=
1

N (m+1)

N(m+1)∑
s=1

n∑
i=1

d∑
k=1

ηijtk log ϕpT

(
e
(m+1)
i (s) | 0,

(
τ
(m+1)
i

)−1

(s) (Γ⊗ Ω)
)
,

where e
(m+1)
i (s) =

(
Φ−1

1,v

(
F11(z

(m+1)
i11 (s)−X

′
iβ11)

)
, . . . ,Φ−1

1,v

(
FpT (z

(m+1)
ipT (s)−X

′
iβpT )

))
.

Noting that Qmc3 is de�ned as the matrix-normal density, Qmc2 as a combina-

tion of univariate t and Gamma densities and Qmc1 as univariate logistic densities,

the maximization step can be e�ciently performed as follows. First estimate β

and α using Qmc1, then plug-in these estimates into Qmc2 and use this to estimate

v, �nally estimate Γ and Ω using Qmc3 after plugging-in the estimated v, β and

α. In what follows we describe this estimation procedure.
Stage one: estimation of the regression and threshold parameters. Note that

each {j, t} combinations of Q
(jt)
mc1(βjt,αjt) in 7.18 can be seen as a Monte Carlo

approximation of the conditional expectation of the logarithm of a univariate lo-
gistic distribution, which in turn is a Q-function version of the observed data
log-likelihood obtained by transforming zjt back to yjt:

ℓYjt(βjt,αjt) =

n∑
i=1

log

∫ d∑
k=1

ηijtkfjt(zijt | X
′
iβjt)dzijt
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=
n∑

i=1

d∑
k=1

ηijtk log

∫ α
(k)
jt

α
(k−1)
jt

fjt(zijt | X
′
iβjt)dzijt

=
n∑

i=1

d∑
k=1

ηijtk log
(
Fjt(α

(k)
jt −X

′
iβjt)− Fjt(α

(k)
jt −X

′
iβjt)

)
.

Then estimates of αjt and βjt are obtained by maximizing(
β

(m+1)
jt ,α

(m+1)
jt

)
= argmaxβjt,αjt

{
ℓYjt(βjt,αjt)

}
,

under the constraint α
(1)
jt

(m+1)
< · · · < α

(d−1)
jt

(m+1)
. This estimation is equivalent

to using the univariate proportional odds method for response j at time t for

ordinal data. Repeating this for all combinations of (j, t) we obtain the parameter

estimates of the marginal logistic models β(m+1) and α(m+1).
Stage two: estimation of the degree of freedom, v. After plugging-in the esti-

mates β(m+1) and α(m+1) in Qmc2 one can optimize

v(m+1) = argmaxv

{
Qmc2(v | Γ(m),Ω(m),β(m+1),α(m+1))

}
.

For example, using optimization algorithms without derivatives38,3. Alternatively,

one can �x the degree of freedom at a reasonable choice, for example, v ≈ 8, see

O'Brien and Dunson41. This results in reduction in computational time and of

does not a�ect the estimation of parameters signi�cantly.
Stage three: estimation of the correlation matrices, Γ and Ω, associated with

the matrix normal distribution in Qmc3. We �rst update

e
(m+1)
ijt (s) = Ψ−1

1,v(m+1)

(
Fjt(z

(m+1)
ijt (s)−X

′
iβ

(m+1)
jt )

)
, (7.19)

where z
(m+1)
ijt truncated according to the observed outcome yijt. With this we

drop the summation with respect to the indicator function from Qmc3. Then, we
optimize Qmc3 by substituting 7.19 into 7.19 and ignoring constants with respect
to Γ and Ω. We have the following objective function

Qmc3(Γ,Ω) = −T log det(Γ)− p log det(Ω)−

1

N (m+1)

N(m+1)∑
s=1

1

n

n∑
i=1

tr

[(
τ
(m+1)
i

)−1

(s)Γ−1e
(m+1)
i (s)

′
Ω−1e

(m+1)
i (s)

]
.

This objective function is biconvex in Γ and Ω. At the (m + 1)th step, given
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the current estimate of Ω, Ω(m) we update Γ by

Γ(m+1) = argmaxΓ

− log det(Γ)− 1

N (m+1)

N(m+1)∑
s=1

1

nT

n∑
i=1

tr
(
S(m+1)
g Γ−1

)
where

S(m+1)
g =

1

N (m+1)

N(m+1)∑
s=1

1

nT

n∑
i=1

[(
τ
(m+1)
i

)−1

(s)e
(m+1)
i (s)

′ (
Ω(m)

)−1

e
(m+1)
i (s)

]
,

with ei arranged into a T × p data matrix as e
(m+1)
i (s) =

(
e
(m+1)
i1 (s), . . . , e

(m+1)
iT (s)

)′

.

Similarly, given the current estimate of Γ, Γ(m+1), we update Ω by

Ω(m+1) = argmaxΩ

− log det(Ω)− 1

N (m+1)

N(m+1)∑
s=1

1

np

n∑
i=1

tr
(
S(m+1)
o Ω−1

)
where

S(m+1)
o =

1

N (m+1)

N(m+1)∑
s=1

1

np

n∑
i=1

[(
τ
(m+1)
i

)−1

(s)e
(m+1)
i (s)

′ (
Γ(m+1)

)−1

e
(m+1)
i (s)

]
.

with ei arranged into a p× T data matrix as e
(m+1)
i (s)=

(
e
(m+1)
i1 (s),. . . ,e

(m+1)
ip (s)

)′

.

Whenever Ω and Γ are positive de�nite matrices, we have Γ(m+1) = S
(m+1)
g and

Ω(m+1) = S
(m+1)
o

16.

We repeat the above E- and M- steps until convergence. Though the Monte

Carlo approximation provides a solution to overcome the intractable E-step, it also

introduces a Monte Carlo error whose magnitude depends on the size of N (m). To

control the convergence of the Monte Carlo EM algorithm it has been suggested

to start the iterative EM steps with small values of N (m) and increase the size of

N (m) as the algorithm moves closer to convergence.

Denote by Θ̂ the parameter estimates on EM convergence. Estimation of the

covariance matrix of Θ̂ under the EM algorithm is not a straightforward approach.

Several methods have been suggested in the EM literature. Many such methods

attempt to exploit the computations in the EM steps. These methods are based

on the observed information matrix, the expected information matrix or on re-

sampling methods.

Here we consider the bootstrap re-sampling approach17. The covariance matrix

estimation of the parameter estimates Θ̂ using the bootstrap approach can be
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implemented as follows.

1. Using the estimates Θ̂ generate B bootstrap samples
(
Y ∗
1 , . . . , Y

∗
B

)
of size n

from the multivariate logistic distribution of the original observed data Y .

2. The EM algorithm is applied to each of the bootstrap observed data to

compute the bootstrap parameter estimates
(
Θ̂∗

1, . . . , Θ̂
∗
B

)
.

3. The bootstrap covariance matrix of can be approximated by the sample
covariance matrix of these B bootstrap replications to give

cov
(
Θ̂
)

≈
B∑

b=1

(
Θ̂∗

b − Θ̂∗
)(

Θ̂∗
b − Θ̂∗

)′

B − 1
, (7.20)

where Θ̂∗ =
∑B

b=1 Θ̂
∗
b/B. The standard error of the kth element of Θ̂ can

be estimated by the square root of the kth diagonal element of 7.20.

It has been suggested that 50 to 200 bootstrap replications are generally su�cient

for standard error estimation17.

7.4 Simulation studies

In order to examine the performance of the proposed multivariate logistic modeling

approach, a simulation study is carried out. The simulation scenario includes p =

10 ordinal responses (Y ) having three ordered values {1, 2, 3} and three covariates.
Simulated multivariate longitudinal latent data are generated from t copula with

logistic marginals for sample sizes of n = 300 and n = 1000 over T = 4 time

points with model parameters speci�ed as follows. The correlation over time Ω,

is assumed to have auto-regressive of order one structure structure where Ωtt′ =

ρ|t−t′|, for t′ ≥ t, and t, t′ = 1, 2, 3, 4, with ρ = 0.3. The correlations among

the responses, Γ, where Γjj′ , j, j′ = 1, . . . , 10, are listed in Tables 7.2 - 7.3.

The covariate set include one continuous time varying variable from a normal

distribution with means 11, 12, 15, and 17 and variances 0.5, 0.8, 1.0 and 1.2 at the

four time points, respectively, and two binary variables from Bernoulli distribution

with probabilities 0.41 and 0.74, respectively. The regression coe�cients associated

with these covariates and the cut-o� points used to discretize the multivariate

logistic latent data to ordinal outcomes are also listed in Tables 7.2 - 7.3.
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Table 7.1 Simulation results: the cut points estimates

n=300 n=1000

Parameter true Estimate SE Bias RMSE Estimate SE Bias RMSE

α11 0.290 0.276 0.231 -0.014 0.231 0.304 0.141 0.014 0.142

α12 0.090 0.093 0.249 0.003 0.249 0.089 0.132 -0.001 0.132

α13 -1.020 -1.041 0.236 -0.021 0.237 -1.021 0.135 -0.001 0.135

α14 -0.840 -0.848 0.249 -0.008 0.249 -0.844 0.137 -0.004 0.137

α15 -0.350 -0.363 0.236 -0.013 0.236 -0.351 0.128 -0.001 0.128

α16 -1.000 -1.020 0.234 -0.020 0.235 -0.995 0.138 0.005 0.138

α17 0.500 0.490 0.236 -0.010 0.236 0.511 0.137 0.011 0.137

α18 -1.300 -1.319 0.259 -0.019 0.260 -1.296 0.122 0.004 0.122

α19 0.100 0.093 0.224 -0.007 0.224 0.091 0.127 -0.009 0.127

α110 -0.500 -0.501 0.233 -0.001 0.233 -0.510 0.146 -0.010 0.146

α21 1.290 1.290 0.235 0.000 0.235 1.307 0.143 0.017 0.144

α22 1.390 1.408 0.255 0.018 0.256 1.397 0.140 0.007 0.140

α23 1.020 1.024 0.237 0.004 0.237 1.031 0.141 0.011 0.141

α24 0.400 0.406 0.247 0.006 0.247 0.397 0.141 -0.003 0.141

α25 0.350 0.349 0.232 -0.001 0.232 0.354 0.129 0.004 0.129

α26 0.500 0.497 0.227 -0.003 0.227 0.515 0.141 0.015 0.142

α27 1.200 1.196 0.235 -0.004 0.235 1.217 0.143 0.017 0.144

α28 1.100 1.105 0.251 0.005 0.251 1.118 0.128 0.018 0.129

α29 0.900 0.909 0.227 0.009 0.227 0.895 0.131 -0.005 0.131

α210 0.500 0.513 0.236 0.013 0.236 0.498 0.145 -0.002 0.145

7.4.1 Estimation accuracy

The results presented in Tables 7.2 - 7.3 are averages of 250 simulations for regres-

sion coe�cients, cut-o� points and correlations. In each simulation, the E-step of

the EM algorithm runs with an initial Monte Carlo sample size set at 100 and the

Monte Carlo sample size increased at each EM iteration by 50 until convergence

of the algorithm. Tables 7.2 - 7.3 display the true parameter values and the �-

nal simulation results that include estimates of model parameters, bias, standard

errors and root mean squared errors (RMSE). As can be seen from these tables,

the bias estimates are small in general and with the increase in the sample size

from 300 to 1000 the standard error estimates and the root mean squared values

decreased accordingly. However, the correlations are slightly underestimated.
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Table 7.2 Simulation results: the regression parameter estimates

n=300 n=1000

Parameter true Estimate SE Bias RMSE Estimate SE Bias RMSE

β11 -0.120 -0.121 0.144 -0.001 0.144 -0.114 0.071 0.006 0.071

β12 -0.250 -0.248 0.139 0.002 0.139 -0.245 0.070 0.005 0.070

β13 -0.300 -0.328 0.140 -0.028 0.143 -0.296 0.066 0.004 0.066

β14 -0.600 -0.614 0.137 -0.014 0.138 -0.606 0.071 -0.006 0.071

β15 -0.420 -0.432 0.121 -0.012 0.122 -0.418 0.073 0.002 0.073

β16 -0.700 -0.718 0.140 -0.018 0.141 -0.702 0.074 -0.002 0.074

β17 -0.350 -0.356 0.151 -0.006 0.151 -0.345 0.075 0.005 0.075

β18 -0.680 -0.692 0.137 -0.012 0.137 -0.682 0.071 -0.002 0.071

β19 -0.150 -0.152 0.129 -0.002 0.129 -0.153 0.072 -0.003 0.072

β110 -0.820 -0.840 0.130 -0.020 0.131 -0.816 0.077 0.004 0.077

β21 0.120 0.111 0.163 -0.009 0.163 0.124 0.092 0.004 0.092

β22 0.100 0.101 0.164 0.001 0.164 0.105 0.086 0.005 0.086

β23 0.150 0.145 0.157 -0.005 0.157 0.149 0.083 -0.001 0.083

β24 0.150 0.145 0.149 -0.005 0.149 0.141 0.079 -0.009 0.079

β25 0.110 0.104 0.140 -0.006 0.140 0.112 0.083 0.002 0.083

β26 0.130 0.128 0.150 -0.002 0.150 0.139 0.083 0.009 0.083

β27 0.160 0.164 0.169 0.004 0.169 0.161 0.099 0.001 0.099

β28 0.130 0.128 0.159 -0.002 0.159 0.140 0.079 0.010 0.080

β29 0.090 0.086 0.157 -0.004 0.157 0.086 0.083 -0.004 0.083

β210 0.140 0.152 0.154 0.012 0.154 0.143 0.083 0.003 0.083

β31 -0.150 -0.153 0.066 -0.003 0.066 -0.154 0.039 -0.004 0.039

β32 -0.020 -0.019 0.061 0.001 0.061 -0.022 0.038 -0.002 0.038

β33 -0.090 -0.092 0.067 -0.002 0.067 -0.094 0.033 -0.004 0.033

β34 -0.310 -0.311 0.065 -0.001 0.065 -0.313 0.034 -0.003 0.034

β35 -0.100 -0.104 0.067 -0.004 0.067 -0.100 0.035 0.000 0.035

β36 -0.100 -0.101 0.070 -0.001 0.070 -0.100 0.037 0.000 0.037

β37 0.020 0.017 0.071 -0.003 0.071 0.021 0.039 0.001 0.039

β38 -0.270 -0.268 0.067 0.002 0.067 -0.273 0.035 -0.003 0.035

β39 -0.050 -0.050 0.065 0.000 0.065 -0.054 0.031 -0.004 0.031

β310 -0.220 -0.228 0.068 -0.008 0.068 -0.220 0.035 0.000 0.035

β41 -0.250 -0.240 0.456 0.010 0.456 -0.236 0.236 0.014 0.236

β42 -0.210 -0.216 0.462 -0.006 0.462 -0.243 0.252 -0.033 0.254

β43 -0.020 0.009 0.429 0.029 0.430 -0.013 0.231 0.007 0.231

β44 -0.020 0.002 0.465 0.022 0.465 -0.012 0.248 0.008 0.248

β45 -0.110 -0.132 0.436 -0.022 0.436 -0.108 0.236 0.002 0.236

β46 -0.030 -0.031 0.409 -0.001 0.409 -0.021 0.263 0.009 0.263

β47 0.130 0.091 0.440 -0.039 0.442 0.132 0.274 0.002 0.274

β48 0.050 0.068 0.450 0.018 0.450 0.049 0.243 -0.001 0.243

β49 0.110 0.092 0.468 -0.018 0.468 0.104 0.244 -0.006 0.244

β410 0.280 0.293 0.450 0.013 0.450 0.252 0.259 -0.028 0.260
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7.4.2 Bootstrap accuracy for further inference

To evaluate the accuracy of the bootstrap approach for standard error computa-

tion and to suggest the required bootstrap samples we carried out a parametric

bootstrap with the simulation scenario described above. The results for a few se-

lected parameters for a single simulated data are displayed in Figures 7.1 and 7.2.

These plots suggest that the bootstrap standard error estimates tend to converge

Fig. 7.1 Bootstrap standard error estimates with increasing bootstrap samples for a few
selected parameters when n = 300. The standard error estimates tend to converge with
number of bootstrap samples that range between 200 and 250.

on average with around 200 bootstrap samples. Moreover, it is noted that as the

sample size increases from 300 to 1000 the bootstrap standard error estimates tend

to converge with fewer bootstrap samples.

7.5 Application

In this study, we utilized data from a longitudinal questionnaire survey, Tracking

Adolescents' Individual Lives Survey (TRAILS). It is aiming to illustrate the de-
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Table 7.3 Simulation results: inter- and intra- correlation parameter estimates

n=300 n=1000

Parameter true Estimate SE Bias RMSE Estimate SE Bias RMSE

ρ 0.300 0.293 0.026 -0.007 0.027 0.287 0.015 -0.013 0.020

Γ12 0.241 0.237 0.042 -0.004 0.042 0.234 0.021 -0.007 0.022

Γ13 0.267 0.245 0.039 -0.022 0.045 0.245 0.019 -0.022 0.029

Γ14 0.317 0.290 0.038 -0.027 0.047 0.293 0.020 -0.024 0.031

Γ15 0.281 0.263 0.042 -0.018 0.046 0.258 0.021 -0.023 0.031

Γ16 0.334 0.310 0.038 -0.024 0.045 0.306 0.019 -0.028 0.034

Γ17 0.299 0.292 0.039 -0.007 0.040 0.291 0.021 -0.008 0.022

Γ18 0.273 0.252 0.038 -0.021 0.043 0.248 0.019 -0.025 0.031

Γ19 0.200 0.191 0.042 -0.009 0.043 0.193 0.023 -0.007 0.024

Γ110 0.312 0.293 0.040 -0.019 0.044 0.288 0.022 -0.024 0.033

Γ23 0.280 0.259 0.037 -0.021 0.042 0.256 0.019 -0.024 0.031

Γ24 0.333 0.312 0.040 -0.021 0.045 0.306 0.019 -0.027 0.033

Γ25 0.298 0.278 0.041 -0.020 0.046 0.274 0.020 -0.024 0.031

Γ26 0.328 0.307 0.037 -0.021 0.042 0.302 0.019 -0.026 0.032

Γ27 0.321 0.312 0.037 -0.009 0.038 0.309 0.019 -0.012 0.022

Γ28 0.292 0.270 0.034 -0.022 0.040 0.266 0.019 -0.026 0.032

Γ29 0.192 0.183 0.040 -0.009 0.041 0.181 0.021 -0.011 0.024

Γ210 0.278 0.258 0.038 -0.020 0.043 0.256 0.020 -0.022 0.030

Γ34 0.473 0.447 0.032 -0.026 0.041 0.444 0.018 -0.029 0.034

Γ35 0.204 0.187 0.039 -0.017 0.042 0.185 0.020 -0.019 0.028

Γ36 0.264 0.248 0.037 -0.016 0.040 0.241 0.020 -0.023 0.030

Γ37 0.256 0.234 0.038 -0.022 0.044 0.231 0.021 -0.025 0.033

Γ38 0.246 0.229 0.034 -0.017 0.038 0.224 0.019 -0.022 0.029

Γ39 0.287 0.268 0.038 -0.019 0.042 0.262 0.022 -0.025 0.033

Γ310 0.244 0.226 0.037 -0.018 0.041 0.222 0.021 -0.022 0.030

Γ46 0.347 0.330 0.037 -0.017 0.041 0.325 0.018 -0.022 0.028

Γ47 0.338 0.313 0.039 -0.025 0.046 0.304 0.022 -0.034 0.040

Γ48 0.359 0.334 0.035 -0.025 0.043 0.330 0.019 -0.029 0.035

Γ49 0.313 0.291 0.037 -0.022 0.043 0.287 0.021 -0.026 0.033

Γ410 0.338 0.319 0.037 -0.019 0.042 0.315 0.019 -0.023 0.030

Γ56 0.353 0.335 0.037 -0.018 0.041 0.327 0.021 -0.026 0.030

Γ57 0.319 0.302 0.038 -0.017 0.042 0.292 0.020 -0.027 0.034

Γ58 0.350 0.330 0.039 -0.020 0.044 0.320 0.018 -0.030 0.035

Γ59 0.133 0.124 0.041 -0.009 0.042 0.123 0.020 -0.010 0.022

Γ510 0.367 0.348 0.040 -0.019 0.044 0.341 0.020 -0.026 0.033

Γ67 0.340 0.318 0.039 -0.022 0.045 0.310 0.022 -0.030 0.037

Γ68 0.338 0.319 0.035 -0.019 0.040 0.309 0.018 -0.029 0.034

Γ69 0.175 0.158 0.037 -0.017 0.041 0.158 0.019 -0.017 0.025

Γ610 0.323 0.308 0.037 -0.015 0.040 0.303 0.019 -0.020 0.028
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Table 7.3 (Continuation): Simulation results: inter- and intra- correlation parameter
estimates

n=300 n=1000

Parameter true Estimate SE Bias RMSE Estimate SE Bias RMSE

Γ78 0.296 0.270 0.037 -0.026 0.045 0.267 0.021 -0.029 0.036

Γ79 0.196 0.186 0.042 -0.010 0.043 0.185 0.022 -0.011 0.025

Γ710 0.339 0.319 0.041 -0.020 0.046 0.312 0.020 -0.027 0.034

Γ89 0.160 0.141 0.041 -0.019 0.045 0.145 0.020 -0.015 0.025

Γ810 0.381 0.358 0.036 -0.023 0.043 0.353 0.021 -0.028 0.035

Γ910 0.190 0.174 0.041 -0.016 0.044 0.173 0.021 -0.017 0.027

velopment of mental health from preadolescence into adulthood. In this cohort,

youth's mental health status at age 10-12 was evaluated using a special question-

naire; and afterwards participants were invited (almost) biannually to repeat the

assessment. Details about this cohort have been extensively described in a previ-

ous study43. We used data that assesses the depression domain; it consists of 13

items in the �rst three follow-ups (youth self-report) and 18 items in the fourth

follow-up (adolescent self-report). Response to each multiple choice item has 3

levels (0, 1, 2). In total, we included 1304 individuals (728 females and 576 males)

who had full sets of covariates and 10 common items in all four waves. We took

into account gender and age of participants as well as the internalizing behavior

of their parents in the model.

Signi�cant e�ects of gender and parents' internalizing behavior have been

showed in the analysis of sum score of items39. We used 6 iterations of the EM

algorithm and 100 parametric bootstraps to compute standard errors.

First cut-points Second cut-points

α1 -2.354(2.281) 0.150(2.253)

α2 -0.167(2.073) 2.808(2.121)

α3 -1.797(2.078) 0.397(2.056)

α4 -0.707(3.250) 1.637(3.316)

α5 -2.690(1.978) 0.415(1.964)

α6 -1.923(2.779) 0.759(2.872)

α7 -0.083(2.297) 2.490(2.396)

α8 -0.189(2.738) 2.481(2.781)

α9 2.744(3.404) 5.170(3.416)

α10 0.823(1.777) 3.160(1.716)

Table 7.4 Common cut-points on each of the 10 items
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Fig. 7.2 Bootstrap standard error estimates with increasing bootstrap samples for a few
selected parameters when n = 1000. The standard error estimates tend to converge with
number of bootstrap samples that range between 150 and 200.

Fig. 7.3 Heat map of cross-sectional correlation matrix for the 10 items.
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Results of the parameter estimates (standard error) are presented in Tables 7.4

and 7.5. These results may indicate that covariates a�ect each item di�erently,

both the average and cross time. However, none of the items were a�ected sig-

ni�cantly by covariates (when corrected for multiplicity) except may be for item

1 for the interaction e�ect of gender and time. Thus the results do not demon-

strate strongly that an analysis on item level is really bene�cial in this case, but

we could not investigated this without our methods. Note that the cross-sectional

correlations (Figure 7.3) as well as the AR(1) longitudinal correlation (0.303 with

standard error 0.016) are highly signi�cant. Thus the items are strongly correlated

both within and between time points.

7.6 Discussion and conclusion

Multivariate ordinal response items are common features in many health ques-

tionnaires. They often challenge the analyst to come up with roundabout ways to

analyze the data. Sum score analyses are very common, but it rather presupposes

that the items measure the same underlying process. Random e�ect models may

accommodate item level models, but they lack a natural population level interpre-

tation. In this paper, we have proposed a marginal model for multivariate ordinal

responses. Being able to �t such models can act as a sensible test to see whether

sum score analyses might have been su�cient. And when this is not the case, then

the model can be interpreted directly on a population level.

The computational implementation of the maximum likelihood estimation via

the Monte Carlo EM algorithm is an improvement over Bayesian implementations.

However, the method can still be time-consuming for large data sets, especially

when bootstrapping is used to determine standard errors of the estimates.
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Chapter 8

General Discussion
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Ordinal scales are prevalent in many studies since more informative measure-

ments may not yet exist or too expensive to be used routinely. Nowadays many

studies in epidemiology or medical sciences focus on collecting relevant ordinal out-

come(s) or variable(s) repeatedly, typically longitudinally. So far, sophisticated

statistical approaches have been established that could address the dependency

among these repeated ordinal measurements. However, there are still various open

research questions for longitudinal ordinal data analysis present. In this thesis,

we attempted to address a few of them. The introduction (Chapter 1) mentioned

the twofold goal of this dissertation on the analysis of multivariate (longitudinal)

ordinal data, i.e.

1. Assess some of the available approaches,

2. Develop a few new methods with enhanced statistical properties.

8.1 Appraisal of the familiar estimation method for

marginal models: GEE for ordinal outcomes

Di�culty in specifying the likelihood function for non-normal data led to a break-

through in estimation, the so-called generalized estimating equations (GEE). This

method can also be applied to ordinal outcomes with the use of correlation coe�-

cients25,37, global odds15,27, and local odds ratios46 for describing the associations.

However, using GEE is not completely straightforward for ordinal data since each

ordinal variable should be transformed into a vector of binary variables. This can

be carried out in 3 di�erent ways: a binary indicator can denote whether the or-

dinal variable is less or equal to a certain level, whether it is just equal to that

level, or indicate whether it is greater than the level. These methods have been

implemented in di�erent statistical software packages, e.g. R (S-Plus), SAS, and

SPSS. In Chapter 2, we explored the e�ects of the di�erent coding mathematically.

We showed that the di�erent coding does not essentially impact on the regression

parameter estimates. Of course, selecting di�erent types of association measures

and numerical procedures could cause di�erent estimates and, speci�cally, may

lead to di�erent standard errors of the regression parameters. In addition, we dis-

cussed the capability of the aforementioned software packages on performing GEE

for ordinal data and compared their accuracy on parameter estimations. To do

so, we conducted an elaborate simulation study and generated correlated ordinal
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data such that their latent variables had moderately to highly strong correlation

coe�cients (via copula).

We discovered that R has three di�erent packages that can perform GEE for

ordinal outcomes with di�erent association measures. One package estimates pa-

rameters based on the correlation coe�cients but it �ts only the logit link function,

i.e. function repolr in the repolr package; one package uses global odds ratios, i.e.

function ordgee in the geepack package; and yet the third package relies on local

odds ratios, i.e. function ordLORgee in the multgee package. SPSS (the GEN-

LIN command) applies functions of Pearson's residual, while SAS (the GENMOD

procedure) implements only the independent correlation structure between binary

vectors. We also wanted to include STATA, but we found out that STATA has not

incorporated GEE for ordinal outcomes. Eventually, we excluded geepack since

a preliminary simulation showed that ordgee may create correlation coe�cients

larger than one between the elements within a binary vector, and left out SAS

because it has the independent structure only. Therefore, our comparison was

limited to two packages in R (multgee and repolr) and SPSS. We selected inde-

pendent, (time) exchangeable, and unstructured association matrices for small (30

subjects), medium (100 subjects) and relatively large (300 subjects) sample sizes

and chose time varying and time constant covariates.

This study facilitates the understanding of GEE and its application in statis-

tical software packages for users of ordinal data. According to this study, GEE

accomplishes reasonably good (limited bias) estimators for the regression param-

eters when the simulated data set contained at least 100 subjects and the selected

association structure was not too complicated (no unstructured). When sample

size was small, the method may result in moderate to relatively large biases. The

numerical issues and convergence problems occurred frequently when the unstruc-

tured association matrix was applied or sample size was small. Overall, if the

user would favor GEE, these three packages provide reliable estimates. SPSS

and multgee are more �exible to choose association structures and link functions,

while repolr allows for proportionality testing. This comprehensive comparison

study pointed out some questions that need further research.

Our simulation study demonstrated that the independent working matrix was

almost as e�cient as the other working matrices that we selected. It has been

demonstrated for binary outcomes that independent working matrix is as e�cient

as exchangeable under special circumstances28. Although GEE is robust against
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mis-speci�cation of the association structure, that is, estimate the regression co-

e�cients consistently and asymptotically normal, some researchers advocated im-

plementing the �correct� association matrix in order to obtain more e�cient es-

timators45,54,10. One recommended technique on selecting the correct correlation

matrix is to compare the model-based and robust-estimator standard errors of the

parameter estimates. Then the most likely correlation structure is the one that

obtains closest model-based and robust-estimator standard errors31. Alternative

approaches are to use the quasi information criteria (QIC)36 or correlation infor-

mation criterion (CIC)17. QIC is a quasi-likelihood based test for GEE and CIC

is a modi�cation of this test, albeit these tests have been established exclusively

for non-categorical outcomes. It has been reported that CIC more frequently de-

termines the exchangeable and AR1 for balanced data sets17. In Chapter 2, we

studied the di�erences in working matrices via bias and coverage probabilities.

Although we did not thoroughly evaluate the e�ciency of the parameter estima-

tions in this chapter, our simulation study suggested that an independence matrix

was as e�cient as the other choices. It would be interesting to investigate these

aspects of GEE for ordinal data in more detail.

Two goodness-of-�t tests have been developed for testing the model �t for or-

dinal outcomes24. One test is based on Pearson chi-square statistic and the other

uses a function of the residuals. However, their simulation studies showed that the

type I error rates of these tests are slightly in�ated. We also observed an in�ated

type I error rate for the proportionality test, which is a goodness-of-�t test for a

speci�c aspect of the ordinal model. So, it seems that the existing goodness-of-�t

should be improved or new tests need to be developed to obtain less liberal type

I error rates. One other aspect that is important in goodness-of-�t is to develop

an approach that would be able to detect heterogeneity in the latent variable un-

derneath the ordinal data. This type of heterogeneity violates the proportionality

assumption that may be detected by the proportionality test, but this is just an

indirect approach. Furthermore, we did observe in our simulation that the power

of the proportionality test was small to be able to detect this form of violation of

the proportionality assumption. Clearly, this low power could partly be related to

a relative small size of heterogeneity, therefore it is imperative to determine how

well the proportionality test can detect heterogeneity. The relevance of this aspect

is huge, since heterogeneity in variance of the latent variable induces an incorrectly

speci�ed mean model for GEE, thus GEE will not lead to valid estimates.
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Another issue that might lead to biased estimates is applying GEE to incom-

plete data set with the type of MAR29,31. Combination with Multiple imputation

(MI-GEE)40, with inverse probability weighting (WGEE)39, or with doubly ro-

bust inverse probability weighting41 methods are available remedies to overcome

this issue. Hence, more research is required to gain insight when/whether any

of these approaches should be employed for ordinal data. Additionally, more re-

search is needed to enhance GEE2 for ordinal data. In fact, the existing GEE2

approaches for ordinal outcomes use global odds ratios as the association measure

and they must be correctly speci�ed to obtain consistent estimators for regression

parameters. As it has been demonstrated in literature4,5, existence of a correla-

tion matrix for high dimensional binary variables is questionable, which implies

that GEE2 most likely does not provide a distributional interpretation on a la-

tent variable underneath the ordinal data. This would particularly be true when

subpopulations have di�erent covariance structures. Thus if, for instance a multi-

variate logistic distribution along with some covariates are generating the ordinal

outcomes in a case study, GEE2 may not necessarily be an appropriate approach.

Hence, it is important to study how well GEE2 would behave under such multi-

variate distributions.

An alternative estimation approach to GEE is �alternating logistic regression�,

which is as e�cient as GEE2 and easier in computation since it models the asso-

ciation via a conditional modeling. Thus, it is rather di�erent from a GEE. This

method has been developed for ordinal outcomes16, though it is currently not

implemented in popular software packages. It should be noted here that the GIM-

MIX procedure in SAS has implemented a marginal �GEE-type� of method. In

this method, parameters are estimated by iteratively solving an equation, which

contains the linearized outcomes based on a �rst-order Taylor series expansion.

Furthermore, it incorporates random e�ects to estimate correlation coe�cients.

Unfortunately, this procedure has not yet been developed for ordinal data yet.

8.2 Likelihood estimation for a marginal logistic distri-

bution for longitudinal ordinal data

In contrast to multivariate normal distributions, which are completely speci�ed

by the �rst and second orders, multivariate distributions for discrete data requires
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describing higher order moment as well11. This makes it cumbersome to use

maximum likelihood approach, and hence limits the use of likelihood estimation

of marginal models to low dimensional data only2,30,19. Using continuous latent

variables underneath the ordinal variables would bypass this di�culty. In this case,

the marginal distribution of the latent variable is determined by the choice of the

link function. The logit link function is a common choice, which corresponds to

the logistic distribution. However, traditional multivariate logistic distributions20

are unfortunately restricted to address �exible correlation matrices, either in form

(exchangeable only) or in range of values for the individual elements (small cor-

relations). In Chapter 3, we used a newly established multivariate distribution33

to obtain a likelihood function for estimation of marginal ordinal models. This

multivariate distribution uses a T-copula with univariate marginal logistic distri-

butions. Therefore, the regression parameter estimates in the marginal models

have the appealing odds ratios interpretation. Moreover, we included covariates

into the correlation matrix that would provide a separate correlation matrix for

subpopulations by selecting an index categorical covariate in the correlation model.

Due to the property of maximum likelihood inference, this model became capable

of dealing with missing (outcome) data when the missing mechanism is other than

MNAR. We conducted simulation studies and generated latent variables with dif-

ferent distributions. The primary focus was on small sample sizes (50 subjects).

Our results indicated ignorable biases and small mean squared errors when the

multivariate distribution of the latent variables had an elliptical shape. Using an

unstructured correlation matrix in the analysis limited biases when the distribu-

tion of multivariate latent variables was asymmetric (non-elliptical).

The outstanding part of this study is that it provides odds ratios interpreta-

tions of regression parameters and estimates correlation coe�cients for the latent

variable of repeated ordinal outcomes. Even stronger, it always provides a mul-

tivariate distribution interpretation for the outcomes (with marginal logistics),

which is not guaranteed with GEE1 or GEE2. Furthermore, it can deal with

variance heterogeneity in the latent variables by including covariates into the cor-

relation matrix. A similar research was conducted for probit link function23, which

imposes a multivariate normal distribution for the latent variables. The logit and

probit link function may result in similar estimators, except for a scaling factor

of π/
√
31,31, but the distinction between probit and logit models is blurred when

the sample sizes are not large enough6. Furthermore, the logit and probit link
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functions are not similar when probabilities are close to one or zero31, since the

logistic distribution has heavier tails than normal distribution. The multivariate

probit model did not address variance heterogeneity. Thus one can advocate that

our multivariate model with the logit link function provide another view towards

modeling ordinal data.

The other strength of our model is that it is not fundamentally restricted to

longitudinal outcomes, but it can also be used for multivariate cross-sectional out-

comes. We were stimulated by a practical interest of surgeons who treat patients

with benign but annoying Dupuytren diseases in the palms of the hands. One way

to measure severity of this disease is categorizing the level of the contracture of �n-

gers into �ve stages, known as Tubiana. We modeled Tubiana outcomes of all �ve

�ngers simultaneously using a 5-dimensional ordinal model and took into account

age and gender as two known risk factors (covariates) for this disease (Chapter

4). Our statistical investigation on the possible correlation between �ngers as well

as the probability of co- and multi- occurrences among �ngers a�orded statistical

con�rmation to surgeons to operate on a�ected �ngers simultaneously.

Yet, in favor of maximum likelihood inference, we further extended the marginal

model for analysis of multivariate longitudinal ordinal outcomes in Chapter 7. We

assumed the aforementioned multivariate distribution as the latent variable again

but now included the Kronecker product of inter- and intra- correlation matri-

ces to address the overall correlation matrix. We employed the Monte Carlo EM

algorithm to estimate parameters along with the parametric bootstrap approach

for computing the corresponding standard errors. Moreover, this analysis enables

us to estimate degrees of freedom of the T distribution. This approach supports

marginal models for (relatively) high-dimensional data with limited biases in pa-

rameter estimates; however, the estimation approach is time consuming.

We applied the same data set in Chapters 3 and 7. The data set contained

questionnaire data from a longitudinal Dutch survey study, well known as the

Tracking Adolescent Individual Life Survey (TRAILS)35,34. We focused on the

items of the depression domain and studied the questionnaires data longitudinally

in both chapters. In Chapter 3, we categorized sum scores into 4 levels for females

and males separately, which (these classi�cations) have psychological interpreta-

tions. We found out a covariate having signi�cant e�ect for girls but not for boys.

Instead of an ordinal analysis on the sum scores, we considered a common sub-

set of these items simultaneously to obtain the evolution of multiple items over
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time with regard to some covariates in Chapter 7. The results of the analysis

demonstrated highly signi�cant coe�cients in both inter- and intra- correlation

matrices, but covariates did not a�ect items signi�cantly. There are some pos-

sible explanations for these results. The inconsistency among the results of the

aforesaid chapters might be due to classi�cation of sum scores in chapter 3. One

other possible reason is that analysis in chapter 3 was based on the �rst-three time

points, consisting of 13 common items, while we used only ten common items at

all four time points in chapter 7. Yet another reason might be that we used only

a complete set of observations to demonstrate the application of our methodology

in Chapter 7. Finally, it is likely that the impacts of covariates are not strong

enough to be detected on each item separately but the cumulative e�ect can be

captured in an analysis of sum scores.

The approach in Chapter 7 not only contributes to modeling multivariate lon-

gitudinal ordinal outcomes, it also provides evidence that an analysis of sum scores

might be su�cient in TRAILS. This conclusion is not bizarre. Indeed, a cross-

sectional random-e�ect model analysis of a multi-dimensional questionnaire data

showed that the relevant covariate had the same e�ect on all items of all the

domains9. In sum, our approaches are relevant also for research that uses large

cohorts, such as life course epidemiology.

The caveat of our model is its sensitivity to the shape of the copula, used for

the multivariate distribution of the latent variables. At this moment, it is di�cult

to �nd out the exact shape of the distribution of the latent variables. Theoreti-

cally, other forms of copulas could be selected and evaluated with likelihood based

information criteria, but the advantage of the selected t-copula is its approxima-

tion to the logistic distribution that makes the estimation procedure easier. This

becomes somewhat more cumbersome by using other copulas, but we may apply

the EM algorithm that was used for the multivariate longitudinal ordinal data.

Nevertheless, it would be more advantageous to develop a more �exible copula

that could adapt to the required shape of the distribution of the latent variable.

Using semi-parametric or non-parametric copula functions are possible options to

be investigated with logistic marginal. One other improvement for our analysis of

multivariate longitudinal data analysis is a modi�cation of the EM algorithm that

can handle also missing or incomplete data.

In the likelihood-based concept, yet, there is a method that synthesizes the idea

of marginal models and random e�ect models, i.e. the mean model is described
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by the generalized linear models and association is captured via the random-e�ect

models. It is usually referred to as marginalized random-e�ect models and devised

for binary14 and ordinal outcomes21. These models secure the interpretation of

the marginal model at population level, whereas associations are still at individual

level. Extension of the model to higher dimensions of random e�ects is accompa-

nied with computational complications even for binary variables11. Marginalized

random e�ect models, in contrast to our model, is not sensitive to the distribu-

tional shape of the (latent variable) of outcomes, but it does not provide knowledge

about the association among outcomes at a population level. Possibly, marginal-

ized random e�ect models can be extended in a way that can provide means and

associations at the population level, by incorporating more restrictions on the

marginal model.

8.3 Missing data analysis: how to deal with the recipe

of trouble

Despite all attempts to collect all the intended data in a study, observations may

still missing for various reasons, for instance mistakes in input information, occur-

rence of some unavoidable issues, termination of the study before the scheduled

plan, and unanswered questions in questionnaires. Thus, there is always a concern

about missingness in the analysis of the data. Numerous approaches have been

developed to tackle this issue. Over the last decades maximum likelihood (ML)

and multiple imputation (MI) have received more attention to address missingness

under MAR. In Chapter 5, we studied the impact of these approaches on missing

data in longitudinal questionnaires. We employed fully conditional speci�cation

(FSC) using predictive mean matching (PMM) and logistic regression at item level;

PMM and multivariate normal imputation (MVN) using the EM algorithm at scale

level; as well as maximum likelihood approach based on either available items and

based on complete sets of items. Furthermore, we applied a hybrid method that

merges MI and ML approaches, i.e. we �rstly imputed missing items or scales and

then eliminated the scales whenever all items for that scale had been originally

missing. Then the imputed data sets, which became partially incomplete again,

were analyzed with ML. We thoroughly simulated data at item level and imposed

MAR missingness with di�erent proportions and under di�erent circumstances.
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Our study revealed preference for MI at item level over MI at scale, which was

consistent with the previous �ndings in cross-sectional studies13,38. Furthermore,

the hybrid approach at item level outperformed its original MI parent for most of

the situations. This conclusion corroborates the idea of eliminating the imputed

outcomes before performing the �nal analysis. Indeed, it has been shown for non-

questionnaire data that using the imputed outcomes in an analysis add noises to

the parameter estimates49.

A limitation of this study lies in the selected analysis model; that is we an-

alyzed the sum scores using a marginal linear model. Applying linear models to

sum scores are still quite popular32,48,53,52,12,3,44, however it might not always be

appropriate. Our reason to use it anyway, was that if we would employ a more

complicate analysis model or made di�erent distributional assumptions, then it

would not be obvious whether biases in the results were due to the missing data

methods or because of a less common analysis model. Chapter 5 makes valuable

contributions to missing data analysis. First of all, we attempted to simulate data

such that it mimics data (items) of a longitudinal questionnaire as much as possi-

ble. Published studies used either a real data set38 or a Monte Carlo simulation13

for cross-sectional studies. To the best of our knowledge, this is the �rst time that

FCS has been compared with MVN for questionnaire data, especially on longitudi-

nal data. Furthermore, we did not restrict to the parametric imputation (logistic

regression and the EM algorithm) alone, but also applied semi-parametric impu-

tation (PMM) both at item level and at the scale level. One other strength of this

chapter is applying the hybrid approach, for the �rst time, on longitudinal ques-

tionnaire data. Indeed, this method was established for non-questionnaire data

and when there are missing covariates26,51,49. Borrowing this idea, we modi�ed

the imputation technique such that it can use all available information from other

items at the same or di�erent points.

As missing data is a pervasive issue, there is still abundant room for investiga-

tion. We demonstrated experimentally that the hybrid approach has superiority

over MI in most of the circumstances in this study. Yet, a precise mathematical

proof of its advantage is still open. Another research avenue is applying sequential

imputation for multivariate longitudinal data. This method begins with imputa-

tion at the �rst time point using some predictors and then sequentially imputes

the outcomes at the next time points using the covariates and the previous im-

puted outcomes, but later time points do not contribute to impute earlier time



182 Discussion

points. A comparison between this approach and FCS at item level would be

worthwhile. The inverse probability weighting approach is another treatment for

missingness in longitudinal studies42,22,47,43. Though, it might not be straightfor-

ward for intermittent missingness, it would be interesting to examine whether it is

a competitor for MI in non-likelihood-based approaches such as GEE for analysis

of sum scores. Finally, an interesting study would be to apply weighted likeli-

hood approaches18,8,7,50 to properly weight sum scores that were calculated with

partially available items. In this analysis incomplete sum scores will be down-

weighted in a linear mixed model. Taking into account these di�erences in weights

may actually improve the maximum likelihood approach for analysis of incomplete

data sets.

In face of the last suggestion above, we changed the analysis model for sum

scores using a binomial distribution in Chapter 6. Although we did not imple-

ment weights, the binomial distribution would automatically down-weight sum

scores calculated from fewer items. The binomial model assumes an independent

Bernoulli distribution for each item given the latent variable (ability) of individ-

ual and random intercept (di�culty). We showed that, under certain statistical

conditions, sum scores can be appropriately approximated with a latent variable

binomial model. This was demonstrated through simulation of binary items us-

ing a common latent variable and di�erent distribution for simulation of random

intercepts. We assessed the approach in terms of bias, mean square errors and

coverage probabilities for the coe�cients of the covariates. The latent variable

binomial model showed unbiased estimates of the regression parameter for the

covariate a�ecting the items of the questionnaire data with appropriate coverage

probabilities of the corresponding Wald-type con�dence intervals. It seemed that

the set of values for the di�culty parameters of the items did not a�ect this con-

clusion. This demonstrates that our model is suitable for analyzing sum scores

when certain statistical assumptions are satis�ed.
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English summary

Ordinal scales are inevitable in many research �elds. Nowadays, researchers pay

more attention to collect repeated outcomes, either cross-sectionally or longitu-

dinally. Therefore, various statistical models, approaches, and software packages

have been developed to handle such correlated data. Beside all of these develop-

ments, there are still possibilities/necessities to improve the methods for analysis

of multivariate ordinal data. Hence, this thesis was set out to enhance understand-

ing about some of the methods as well as develop some new analysis approaches,

with the main focus on marginal models.

Generalized estimating equations (GEE) form a popular method for estimat-

ing the parameters of marginal models. In Chapter 2, we compared the existing

GEE approaches in popular statistical software packages (R, SAS, and SPSS) for

ordinal data and evaluated its performance. We found out that the di�erent coding

of ordinal data into binary vectors do not a�ect the estimation of the regression

parameters. On the other hand, selecting di�erent types of association measures

and numerical procedures may result in di�erent estimates and, more speci�cally,

it could lead to di�erent standard errors of the regression parameters. In order

to compare software packages, we simulated correlated ordinal data via a copula

function of the latent variables. For the association working matrix, Repolr in R,

SPSS, and SAS use (a function of) correlation coe�cients; geepack in R applies

global odds ratios; multgee in R implements local odds ratios. Our �nal investiga-

tion focused on multgee, repolr, and SPSS, since geepack did not provide correct

estimates and SAS allows only for independent correlation structures. Regarding

the results of the simulations, GEE provided reasonably good (limited bias) es-

timators for the regression parameters when the data set contained at least 100

subjects and the association structure was not too complicated (no unstructured).

Larger bias in parameter estimates, numerical issues, and convergence problems

were observed when either the unstructured association matrix was applied or

the sample size was small. Overall, all of these three packages provide reliable

estimates, with a slight preference for multgee.

In Chapter 3, we applied a newly established multivariate logistic distribu-

tion from literature to model a continuous multivariate latent variable underneath

the ordinal outcomes. In this way, we generated a full likelihood approach for

modeling marginal ordinal models. The consequence of this model is an odds ra-
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tio interpretation of the regression parameters. Moreover, it gave the option to

include covariates in the correlation matrix to attain separate correlation matrices

for subpopulations. Due to the property of maximum likelihood, this model also

tackled missing data issues automatically when the missing mechanism was MCAR

or MAR. A comparison between our approach and GEE demonstrated that our ap-

proach outperformed or was at least as good as GEE for estimating the regression

parameters. In Chapter 4, we employed this method on a complicated medical

data set that contained (ordinal) severity measurements of Dupuytren disease.

We computed the underlying correlation coe�cients of severities between a�ected

�ngers and calculated the probability of co- and multiple- occurrences among all

possible �ngers. This application of our model assists surgeons to make good deci-

sions on curing single or multiple �ngers simultaneously. We further extended the

model for analysis of multivariate longitudinal ordinal outcomes by modeling the

overall correlation matrix via the Kroneker product of inter- and intra- correlation

(Chapter7). Parameters were estimated using the Monte Carlo EM algorithm

along with the parametric bootstrap approach to compute the standard errors.

Though the method was still time consuming, it provides a marginal model for

relatively high-dimensional data, and the observed estimates indicate relatively

small biases.

Missing data methods on questionnaire type of data were examined in Chap-

ter 5 and chapter 6. We conducted extensive simulations to generate longitu-

dinal questionnaire data, and investigated various missing data approaches: fully

conditional speci�cation (FSC) using predictive mean matching (PMM), and lo-

gistic regression at item level; as well as PMM and multivariate normal imputation

(MVN) only at the scale level; and maximum likelihood estimation based on the

available items or alternatively based on the complete set of items. Furthermore,

we applied a hybrid approach that eliminated the imputed values if all items for

that particular scale had been initially missing, and then employed ML on the new

�incomplete� data set. Our simulation demonstrated superiority of imputation at

item level over imputation at scale level. Furthermore, the hybrid approach at

item level using PMM is favored over all other applied approaches in this study.

Concerning that normality assumption is not always feasible for sum scores, we

developed a latent variable binomial model for longitudinal sum scores in Chap-

ter 6. Considering constant discrimination parameters and regression coe�cients

across items, the model at the scale level link closely to the item level. Focusing
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on estimation of the regression parameters, the simulation studies indicated only

small biases and mean square errors. Furthermore, coverage probabilities of the

approximate con�dence intervals were close to nominal when the di�culty param-

eters had a normal, t-, uniform, and log-normal distribution. In incomplete data

settings, we compared our model, which does not require any special treatment for

the missing data, with the preferred hybrid approach of Chapter 5. The results of

the hybrid approach indicated slightly less bias in parameter estimates but they

were accompanied with numerous convergence issues.
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Nederlandse samenvatting

Ordinale uitkomsten zijn onvermijdelijk in veel onderzoeksgebieden. Tegenwoordig

besteden onderzoekers meer aandacht aan herhaalde uitkomsten, al dan niet verza-

meld in een cross-sectionele of longitudinale studie. Er zijn verschillende statis-

tische modellen en softwarepakketten ontwikkeld om dergelijke gegevens goed te

kunnen verwerken. Naast al deze ontwikkelingen, is er nog steeds behoefte aan het

verbeteren en vernieuwen van methoden voor de analyse van multivariate ordinale

gegevens. Dit proefschrift probeert inzicht te geven in een aantal van deze meth-

oden probeert tevens enkele nieuwe analyse methoden te ontwikkelen. De nadruk

ligt op marginale modellen.

Gegeneralized Estimating Equations (GEE) vormt een populaire methode voor

het schatten van parameters in marginale modellen. In hoofdstuk 2 hebben we

de prestaties van bestaande GEE benaderingen voor ordinale gegevens, die zijn

geprogrammeerd in populaire statistische software pakketten (R, SAS en SPSS),

geëvalueerd. We hebben aangetoond dat verschillende coderingen van ordinale

gegevens naar binaire vectoren geen invloed hebben op de schatting van de regressie

parameters. Anderzijds, heeft het selecteren van verschillende associatiematrices

en numerieke procedures wel een e�ect op de schattingen en kunnen ze ook leiden

tot verschillende standaardfouten van de schattingen van de regressieparameters.

Om software pakketten te vergelijken, hebben we gecorreleerd ordinale gegevens

gesimuleerd door gebruik te maken een latente variabelen in combinatie met een

copula functie. Voor het parametriseren van de associatiematrix gebruikt Repolr

in R, SPSS en SAS correlatiecoë�ciënten, gebruikt geepack in R �global� odds ra-

tio's en gebruikt multgee in R �local� odds ratio's. Ons onderzoek richtte zich op

multgee, repolr, en SPSS, omdat geepack onjuiste schattingen gaf en SAS alleen

onafhankelijke correlatiestructuren aankan. De simulaties tonen aan dat GEE

beperkte systematische afwijkingen geeft in de schattingen van de regressieparam-

eters wanneer de gegevens ten minste 100 subjecten bevat en de associatiematrix

niet al te ingewikkeld wordt gekozen (geen �unstructured�). Wanneer de gese-

lecteerde associatiematrix �unstructured� is de steekproef-grootte klein is, neemt

de systematische afwijking in de parameterschattingen toe en ontstaan er nu-

merieke problemen, meestal in de vorm van convergentieproblemen. Alle drie de

software pakketten geven in het algemeen betrouwbare schattingen. We hebben

een lichte voorkeur voor multgee.
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In hoofdstuk 3, passen we een nieuw multivariate logistische verdeling toe op

ordinale gegevens. Dit model is gebaseerd op latente variabelen en op een model

beschreven in de literatuur. Het geeft een marginale kansverdeling voor ordinale

gegevens met een odds ratio interpretatie voor de regressieparameters. Boven-

dien geeft ons model de mogelijkheid de correlatiematrix te modeleren, waardoor

subpopulaties (man/vrouw) een eigen longitudinale correlatiematrix kunnen kri-

jgen. Doordat we gebruik maakte van maximum likelihood, worden ontbrekende

gegevens automatisch op een correcte wijze geanalyseerd wanneer de ontbrekende

gegevens voldoen aan de eisen MCAR of MAR. Een vergelijk tussen onze aanpak

en GEE toont aan dat onze aanpak beter presteert of minstens zo goed is als

GEE voor het schatten van de regressie parameters. In hoofdstuk 4 hebben we

onze methode toegepast op ingewikkelde medische gegevens, die de ernst van de

ziekte Dupuytren in ordinale categorieën meet. Wij berekenden de onderliggende

correlatiestructuur van de ernst tussen aangedane vingers en berekende tevens de

kans op een gezamenlijke ernstige uitkomst van meerdere of alle vingers tegelijk.

Ons model helpt chirurgen te beslissen over het behandelen van een of meerdere

vingers tegelijk. We hebben het model verder uitgebreid voor de analyse van multi-

variate longitudinale ordinale uitkomsten, door de totale correlatie matrix via een

Kroneker product te ontleden in een inter- en intra-correlatiematrix (Hoofdstuk

7). Parameters werden geschat met behulp van de Monte Carlo EM-algoritme.

Parametrische bootstrap werd toegepast voor het berekenen van standaardfouten.

Ondanks de tijdsintensieve berekeningen, kan ons marginaal model relatief hoog

dimensionale gegevens analyseren en geeft het relatief kleine systematische afwi-

jkingen in de parameterschattingen.

Methoden voor ontbrekende gegevens op uitkomsten van vragenlijsten wer-

den in hoofdstuk 5 en hoofdstuk 6 onderzocht. Doormiddel van simulaties

hebben wij longitudinale gegevens uit vragenlijsten genereert en onderzocht hoe

goed methoden voor ontbrekende gegevens werken De methoden die wij hebben

onderzocht zijn: fully conditional speci�cation (FSC) in combinatie met redictive

mean matching (PMM), standaard logistische regressie op individuele items, lo-

gistische regressie op individuele items met PMM, multivariate normal imputation

(MVN) alleen toegepast op de som scores, en als laatste maximum likelihood op

som scores van beschikbare items en op som scores van een volledige set van items.

Bovendien hebben we ook gebruik gemaakt van een hybride aanpak, die de geïm-

puteerde items weer verwijdert wanneer de volledige set van items van een subject
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op een bepaald tijdstip in eerste instantie ontbrak. Maximum likelihood werd

dan toegepast op deze data met ontbrekende gegevens. Onze simulatieresultaten

toonden aan dat imputeren op itemniveau overtuigend beter werkt dan imputeren

op schaalniveau. Bovendien is de hybride aanpak op itemniveau met behulp van

PMM beter dan alle andere toegepaste benaderingen in deze studie.

Normaliteit voor som scores uit vragenlijsten is meestal niet voldaan en we

hebben daarom een latente variabele binomiaal model ontwikkeld voor longitu-

dinale som scores (hoofdstuk 6). Indien we de discriminant parameter en de

regressieparameters voor covariaten niet laten variëren met items, kunnen we een

item interpretatie direct vertalen naar een som score. Een simulatiestudie laat

zien dat systematische afwijkingen in de schattingen van de regressieparameters

beperkt blijven. De dekkings-graad van de betrouwbaarheidsintervallen liggen

dicht bij de nominale waarde als de latente variabele een normale, t-, uniform, en

log-normale verdeling heeft. Verder hebben we dit model vergeleken met de op-

timale hybride aanpak uit hoofdstuk 5. De resultaten van de hybride benadering

gegeven iets minder systematische afwijkingen in de schattingen, maar dit gaat

ten koste van talloze numerieke problemen in de analyse.
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