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Chapter 8

General Discussion
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Ordinal scales are prevalent in many studies since more informative measure-

ments may not yet exist or too expensive to be used routinely. Nowadays many

studies in epidemiology or medical sciences focus on collecting relevant ordinal out-

come(s) or variable(s) repeatedly, typically longitudinally. So far, sophisticated

statistical approaches have been established that could address the dependency

among these repeated ordinal measurements. However, there are still various open

research questions for longitudinal ordinal data analysis present. In this thesis,

we attempted to address a few of them. The introduction (Chapter 1) mentioned

the twofold goal of this dissertation on the analysis of multivariate (longitudinal)

ordinal data, i.e.

1. Assess some of the available approaches,

2. Develop a few new methods with enhanced statistical properties.

8.1 Appraisal of the familiar estimation method for

marginal models: GEE for ordinal outcomes

Di�culty in specifying the likelihood function for non-normal data led to a break-

through in estimation, the so-called generalized estimating equations (GEE). This

method can also be applied to ordinal outcomes with the use of correlation coe�-

cients25,37, global odds15,27, and local odds ratios46 for describing the associations.

However, using GEE is not completely straightforward for ordinal data since each

ordinal variable should be transformed into a vector of binary variables. This can

be carried out in 3 di�erent ways: a binary indicator can denote whether the or-

dinal variable is less or equal to a certain level, whether it is just equal to that

level, or indicate whether it is greater than the level. These methods have been

implemented in di�erent statistical software packages, e.g. R (S-Plus), SAS, and

SPSS. In Chapter 2, we explored the e�ects of the di�erent coding mathematically.

We showed that the di�erent coding does not essentially impact on the regression

parameter estimates. Of course, selecting di�erent types of association measures

and numerical procedures could cause di�erent estimates and, speci�cally, may

lead to di�erent standard errors of the regression parameters. In addition, we dis-

cussed the capability of the aforementioned software packages on performing GEE

for ordinal data and compared their accuracy on parameter estimations. To do

so, we conducted an elaborate simulation study and generated correlated ordinal
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data such that their latent variables had moderately to highly strong correlation

coe�cients (via copula).

We discovered that R has three di�erent packages that can perform GEE for

ordinal outcomes with di�erent association measures. One package estimates pa-

rameters based on the correlation coe�cients but it �ts only the logit link function,

i.e. function repolr in the repolr package; one package uses global odds ratios, i.e.

function ordgee in the geepack package; and yet the third package relies on local

odds ratios, i.e. function ordLORgee in the multgee package. SPSS (the GEN-

LIN command) applies functions of Pearson's residual, while SAS (the GENMOD

procedure) implements only the independent correlation structure between binary

vectors. We also wanted to include STATA, but we found out that STATA has not

incorporated GEE for ordinal outcomes. Eventually, we excluded geepack since

a preliminary simulation showed that ordgee may create correlation coe�cients

larger than one between the elements within a binary vector, and left out SAS

because it has the independent structure only. Therefore, our comparison was

limited to two packages in R (multgee and repolr) and SPSS. We selected inde-

pendent, (time) exchangeable, and unstructured association matrices for small (30

subjects), medium (100 subjects) and relatively large (300 subjects) sample sizes

and chose time varying and time constant covariates.

This study facilitates the understanding of GEE and its application in statis-

tical software packages for users of ordinal data. According to this study, GEE

accomplishes reasonably good (limited bias) estimators for the regression param-

eters when the simulated data set contained at least 100 subjects and the selected

association structure was not too complicated (no unstructured). When sample

size was small, the method may result in moderate to relatively large biases. The

numerical issues and convergence problems occurred frequently when the unstruc-

tured association matrix was applied or sample size was small. Overall, if the

user would favor GEE, these three packages provide reliable estimates. SPSS

and multgee are more �exible to choose association structures and link functions,

while repolr allows for proportionality testing. This comprehensive comparison

study pointed out some questions that need further research.

Our simulation study demonstrated that the independent working matrix was

almost as e�cient as the other working matrices that we selected. It has been

demonstrated for binary outcomes that independent working matrix is as e�cient

as exchangeable under special circumstances28. Although GEE is robust against
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mis-speci�cation of the association structure, that is, estimate the regression co-

e�cients consistently and asymptotically normal, some researchers advocated im-

plementing the �correct� association matrix in order to obtain more e�cient es-

timators45,54,10. One recommended technique on selecting the correct correlation

matrix is to compare the model-based and robust-estimator standard errors of the

parameter estimates. Then the most likely correlation structure is the one that

obtains closest model-based and robust-estimator standard errors31. Alternative

approaches are to use the quasi information criteria (QIC)36 or correlation infor-

mation criterion (CIC)17. QIC is a quasi-likelihood based test for GEE and CIC

is a modi�cation of this test, albeit these tests have been established exclusively

for non-categorical outcomes. It has been reported that CIC more frequently de-

termines the exchangeable and AR1 for balanced data sets17. In Chapter 2, we

studied the di�erences in working matrices via bias and coverage probabilities.

Although we did not thoroughly evaluate the e�ciency of the parameter estima-

tions in this chapter, our simulation study suggested that an independence matrix

was as e�cient as the other choices. It would be interesting to investigate these

aspects of GEE for ordinal data in more detail.

Two goodness-of-�t tests have been developed for testing the model �t for or-

dinal outcomes24. One test is based on Pearson chi-square statistic and the other

uses a function of the residuals. However, their simulation studies showed that the

type I error rates of these tests are slightly in�ated. We also observed an in�ated

type I error rate for the proportionality test, which is a goodness-of-�t test for a

speci�c aspect of the ordinal model. So, it seems that the existing goodness-of-�t

should be improved or new tests need to be developed to obtain less liberal type

I error rates. One other aspect that is important in goodness-of-�t is to develop

an approach that would be able to detect heterogeneity in the latent variable un-

derneath the ordinal data. This type of heterogeneity violates the proportionality

assumption that may be detected by the proportionality test, but this is just an

indirect approach. Furthermore, we did observe in our simulation that the power

of the proportionality test was small to be able to detect this form of violation of

the proportionality assumption. Clearly, this low power could partly be related to

a relative small size of heterogeneity, therefore it is imperative to determine how

well the proportionality test can detect heterogeneity. The relevance of this aspect

is huge, since heterogeneity in variance of the latent variable induces an incorrectly

speci�ed mean model for GEE, thus GEE will not lead to valid estimates.
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Another issue that might lead to biased estimates is applying GEE to incom-

plete data set with the type of MAR29,31. Combination with Multiple imputation

(MI-GEE)40, with inverse probability weighting (WGEE)39, or with doubly ro-

bust inverse probability weighting41 methods are available remedies to overcome

this issue. Hence, more research is required to gain insight when/whether any

of these approaches should be employed for ordinal data. Additionally, more re-

search is needed to enhance GEE2 for ordinal data. In fact, the existing GEE2

approaches for ordinal outcomes use global odds ratios as the association measure

and they must be correctly speci�ed to obtain consistent estimators for regression

parameters. As it has been demonstrated in literature4,5, existence of a correla-

tion matrix for high dimensional binary variables is questionable, which implies

that GEE2 most likely does not provide a distributional interpretation on a la-

tent variable underneath the ordinal data. This would particularly be true when

subpopulations have di�erent covariance structures. Thus if, for instance a multi-

variate logistic distribution along with some covariates are generating the ordinal

outcomes in a case study, GEE2 may not necessarily be an appropriate approach.

Hence, it is important to study how well GEE2 would behave under such multi-

variate distributions.

An alternative estimation approach to GEE is �alternating logistic regression�,

which is as e�cient as GEE2 and easier in computation since it models the asso-

ciation via a conditional modeling. Thus, it is rather di�erent from a GEE. This

method has been developed for ordinal outcomes16, though it is currently not

implemented in popular software packages. It should be noted here that the GIM-

MIX procedure in SAS has implemented a marginal �GEE-type� of method. In

this method, parameters are estimated by iteratively solving an equation, which

contains the linearized outcomes based on a �rst-order Taylor series expansion.

Furthermore, it incorporates random e�ects to estimate correlation coe�cients.

Unfortunately, this procedure has not yet been developed for ordinal data yet.

8.2 Likelihood estimation for a marginal logistic distri-

bution for longitudinal ordinal data

In contrast to multivariate normal distributions, which are completely speci�ed

by the �rst and second orders, multivariate distributions for discrete data requires
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describing higher order moment as well11. This makes it cumbersome to use

maximum likelihood approach, and hence limits the use of likelihood estimation

of marginal models to low dimensional data only2,30,19. Using continuous latent

variables underneath the ordinal variables would bypass this di�culty. In this case,

the marginal distribution of the latent variable is determined by the choice of the

link function. The logit link function is a common choice, which corresponds to

the logistic distribution. However, traditional multivariate logistic distributions20

are unfortunately restricted to address �exible correlation matrices, either in form

(exchangeable only) or in range of values for the individual elements (small cor-

relations). In Chapter 3, we used a newly established multivariate distribution33

to obtain a likelihood function for estimation of marginal ordinal models. This

multivariate distribution uses a T-copula with univariate marginal logistic distri-

butions. Therefore, the regression parameter estimates in the marginal models

have the appealing odds ratios interpretation. Moreover, we included covariates

into the correlation matrix that would provide a separate correlation matrix for

subpopulations by selecting an index categorical covariate in the correlation model.

Due to the property of maximum likelihood inference, this model became capable

of dealing with missing (outcome) data when the missing mechanism is other than

MNAR. We conducted simulation studies and generated latent variables with dif-

ferent distributions. The primary focus was on small sample sizes (50 subjects).

Our results indicated ignorable biases and small mean squared errors when the

multivariate distribution of the latent variables had an elliptical shape. Using an

unstructured correlation matrix in the analysis limited biases when the distribu-

tion of multivariate latent variables was asymmetric (non-elliptical).

The outstanding part of this study is that it provides odds ratios interpreta-

tions of regression parameters and estimates correlation coe�cients for the latent

variable of repeated ordinal outcomes. Even stronger, it always provides a mul-

tivariate distribution interpretation for the outcomes (with marginal logistics),

which is not guaranteed with GEE1 or GEE2. Furthermore, it can deal with

variance heterogeneity in the latent variables by including covariates into the cor-

relation matrix. A similar research was conducted for probit link function23, which

imposes a multivariate normal distribution for the latent variables. The logit and

probit link function may result in similar estimators, except for a scaling factor

of π/
√
31,31, but the distinction between probit and logit models is blurred when

the sample sizes are not large enough6. Furthermore, the logit and probit link
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functions are not similar when probabilities are close to one or zero31, since the

logistic distribution has heavier tails than normal distribution. The multivariate

probit model did not address variance heterogeneity. Thus one can advocate that

our multivariate model with the logit link function provide another view towards

modeling ordinal data.

The other strength of our model is that it is not fundamentally restricted to

longitudinal outcomes, but it can also be used for multivariate cross-sectional out-

comes. We were stimulated by a practical interest of surgeons who treat patients

with benign but annoying Dupuytren diseases in the palms of the hands. One way

to measure severity of this disease is categorizing the level of the contracture of �n-

gers into �ve stages, known as Tubiana. We modeled Tubiana outcomes of all �ve

�ngers simultaneously using a 5-dimensional ordinal model and took into account

age and gender as two known risk factors (covariates) for this disease (Chapter

4). Our statistical investigation on the possible correlation between �ngers as well

as the probability of co- and multi- occurrences among �ngers a�orded statistical

con�rmation to surgeons to operate on a�ected �ngers simultaneously.

Yet, in favor of maximum likelihood inference, we further extended the marginal

model for analysis of multivariate longitudinal ordinal outcomes in Chapter 7. We

assumed the aforementioned multivariate distribution as the latent variable again

but now included the Kronecker product of inter- and intra- correlation matri-

ces to address the overall correlation matrix. We employed the Monte Carlo EM

algorithm to estimate parameters along with the parametric bootstrap approach

for computing the corresponding standard errors. Moreover, this analysis enables

us to estimate degrees of freedom of the T distribution. This approach supports

marginal models for (relatively) high-dimensional data with limited biases in pa-

rameter estimates; however, the estimation approach is time consuming.

We applied the same data set in Chapters 3 and 7. The data set contained

questionnaire data from a longitudinal Dutch survey study, well known as the

Tracking Adolescent Individual Life Survey (TRAILS)35,34. We focused on the

items of the depression domain and studied the questionnaires data longitudinally

in both chapters. In Chapter 3, we categorized sum scores into 4 levels for females

and males separately, which (these classi�cations) have psychological interpreta-

tions. We found out a covariate having signi�cant e�ect for girls but not for boys.

Instead of an ordinal analysis on the sum scores, we considered a common sub-

set of these items simultaneously to obtain the evolution of multiple items over
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time with regard to some covariates in Chapter 7. The results of the analysis

demonstrated highly signi�cant coe�cients in both inter- and intra- correlation

matrices, but covariates did not a�ect items signi�cantly. There are some pos-

sible explanations for these results. The inconsistency among the results of the

aforesaid chapters might be due to classi�cation of sum scores in chapter 3. One

other possible reason is that analysis in chapter 3 was based on the �rst-three time

points, consisting of 13 common items, while we used only ten common items at

all four time points in chapter 7. Yet another reason might be that we used only

a complete set of observations to demonstrate the application of our methodology

in Chapter 7. Finally, it is likely that the impacts of covariates are not strong

enough to be detected on each item separately but the cumulative e�ect can be

captured in an analysis of sum scores.

The approach in Chapter 7 not only contributes to modeling multivariate lon-

gitudinal ordinal outcomes, it also provides evidence that an analysis of sum scores

might be su�cient in TRAILS. This conclusion is not bizarre. Indeed, a cross-

sectional random-e�ect model analysis of a multi-dimensional questionnaire data

showed that the relevant covariate had the same e�ect on all items of all the

domains9. In sum, our approaches are relevant also for research that uses large

cohorts, such as life course epidemiology.

The caveat of our model is its sensitivity to the shape of the copula, used for

the multivariate distribution of the latent variables. At this moment, it is di�cult

to �nd out the exact shape of the distribution of the latent variables. Theoreti-

cally, other forms of copulas could be selected and evaluated with likelihood based

information criteria, but the advantage of the selected t-copula is its approxima-

tion to the logistic distribution that makes the estimation procedure easier. This

becomes somewhat more cumbersome by using other copulas, but we may apply

the EM algorithm that was used for the multivariate longitudinal ordinal data.

Nevertheless, it would be more advantageous to develop a more �exible copula

that could adapt to the required shape of the distribution of the latent variable.

Using semi-parametric or non-parametric copula functions are possible options to

be investigated with logistic marginal. One other improvement for our analysis of

multivariate longitudinal data analysis is a modi�cation of the EM algorithm that

can handle also missing or incomplete data.

In the likelihood-based concept, yet, there is a method that synthesizes the idea

of marginal models and random e�ect models, i.e. the mean model is described
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by the generalized linear models and association is captured via the random-e�ect

models. It is usually referred to as marginalized random-e�ect models and devised

for binary14 and ordinal outcomes21. These models secure the interpretation of

the marginal model at population level, whereas associations are still at individual

level. Extension of the model to higher dimensions of random e�ects is accompa-

nied with computational complications even for binary variables11. Marginalized

random e�ect models, in contrast to our model, is not sensitive to the distribu-

tional shape of the (latent variable) of outcomes, but it does not provide knowledge

about the association among outcomes at a population level. Possibly, marginal-

ized random e�ect models can be extended in a way that can provide means and

associations at the population level, by incorporating more restrictions on the

marginal model.

8.3 Missing data analysis: how to deal with the recipe

of trouble

Despite all attempts to collect all the intended data in a study, observations may

still missing for various reasons, for instance mistakes in input information, occur-

rence of some unavoidable issues, termination of the study before the scheduled

plan, and unanswered questions in questionnaires. Thus, there is always a concern

about missingness in the analysis of the data. Numerous approaches have been

developed to tackle this issue. Over the last decades maximum likelihood (ML)

and multiple imputation (MI) have received more attention to address missingness

under MAR. In Chapter 5, we studied the impact of these approaches on missing

data in longitudinal questionnaires. We employed fully conditional speci�cation

(FSC) using predictive mean matching (PMM) and logistic regression at item level;

PMM and multivariate normal imputation (MVN) using the EM algorithm at scale

level; as well as maximum likelihood approach based on either available items and

based on complete sets of items. Furthermore, we applied a hybrid method that

merges MI and ML approaches, i.e. we �rstly imputed missing items or scales and

then eliminated the scales whenever all items for that scale had been originally

missing. Then the imputed data sets, which became partially incomplete again,

were analyzed with ML. We thoroughly simulated data at item level and imposed

MAR missingness with di�erent proportions and under di�erent circumstances.
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Our study revealed preference for MI at item level over MI at scale, which was

consistent with the previous �ndings in cross-sectional studies13,38. Furthermore,

the hybrid approach at item level outperformed its original MI parent for most of

the situations. This conclusion corroborates the idea of eliminating the imputed

outcomes before performing the �nal analysis. Indeed, it has been shown for non-

questionnaire data that using the imputed outcomes in an analysis add noises to

the parameter estimates49.

A limitation of this study lies in the selected analysis model; that is we an-

alyzed the sum scores using a marginal linear model. Applying linear models to

sum scores are still quite popular32,48,53,52,12,3,44, however it might not always be

appropriate. Our reason to use it anyway, was that if we would employ a more

complicate analysis model or made di�erent distributional assumptions, then it

would not be obvious whether biases in the results were due to the missing data

methods or because of a less common analysis model. Chapter 5 makes valuable

contributions to missing data analysis. First of all, we attempted to simulate data

such that it mimics data (items) of a longitudinal questionnaire as much as possi-

ble. Published studies used either a real data set38 or a Monte Carlo simulation13

for cross-sectional studies. To the best of our knowledge, this is the �rst time that

FCS has been compared with MVN for questionnaire data, especially on longitudi-

nal data. Furthermore, we did not restrict to the parametric imputation (logistic

regression and the EM algorithm) alone, but also applied semi-parametric impu-

tation (PMM) both at item level and at the scale level. One other strength of this

chapter is applying the hybrid approach, for the �rst time, on longitudinal ques-

tionnaire data. Indeed, this method was established for non-questionnaire data

and when there are missing covariates26,51,49. Borrowing this idea, we modi�ed

the imputation technique such that it can use all available information from other

items at the same or di�erent points.

As missing data is a pervasive issue, there is still abundant room for investiga-

tion. We demonstrated experimentally that the hybrid approach has superiority

over MI in most of the circumstances in this study. Yet, a precise mathematical

proof of its advantage is still open. Another research avenue is applying sequential

imputation for multivariate longitudinal data. This method begins with imputa-

tion at the �rst time point using some predictors and then sequentially imputes

the outcomes at the next time points using the covariates and the previous im-

puted outcomes, but later time points do not contribute to impute earlier time
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points. A comparison between this approach and FCS at item level would be

worthwhile. The inverse probability weighting approach is another treatment for

missingness in longitudinal studies42,22,47,43. Though, it might not be straightfor-

ward for intermittent missingness, it would be interesting to examine whether it is

a competitor for MI in non-likelihood-based approaches such as GEE for analysis

of sum scores. Finally, an interesting study would be to apply weighted likeli-

hood approaches18,8,7,50 to properly weight sum scores that were calculated with

partially available items. In this analysis incomplete sum scores will be down-

weighted in a linear mixed model. Taking into account these di�erences in weights

may actually improve the maximum likelihood approach for analysis of incomplete

data sets.

In face of the last suggestion above, we changed the analysis model for sum

scores using a binomial distribution in Chapter 6. Although we did not imple-

ment weights, the binomial distribution would automatically down-weight sum

scores calculated from fewer items. The binomial model assumes an independent

Bernoulli distribution for each item given the latent variable (ability) of individ-

ual and random intercept (di�culty). We showed that, under certain statistical

conditions, sum scores can be appropriately approximated with a latent variable

binomial model. This was demonstrated through simulation of binary items us-

ing a common latent variable and di�erent distribution for simulation of random

intercepts. We assessed the approach in terms of bias, mean square errors and

coverage probabilities for the coe�cients of the covariates. The latent variable

binomial model showed unbiased estimates of the regression parameter for the

covariate a�ecting the items of the questionnaire data with appropriate coverage

probabilities of the corresponding Wald-type con�dence intervals. It seemed that

the set of values for the di�culty parameters of the items did not a�ect this con-

clusion. This demonstrates that our model is suitable for analyzing sum scores

when certain statistical assumptions are satis�ed.
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