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3.1 Abstract

Subject-speci�c and marginal models have been developed for the analysis of longitudi-

nal ordinal data. Subject-speci�c models often lack a population-average interpretation of

the model parameters due to the conditional formulation of random intercepts and slopes.

Marginal models frequently lack an underlying distribution for the ordinal data, in partic-

ular when generalized estimating equations are applied. To overcome these issues, latent

variable models underneath the ordinal outcomes with a multivariate logistic distribu-

tion can be applied. However, multivariate logistic distributions with �exible correlation

structures do not exist. In this paper, we extend the work of35, who studied the multi-

variate t-distribution with marginal logistic distributions. We use maximum likelihood,

instead of a Bayesian approach, and incorporated covariates in the correlation structure,

in addition to the mean model. We compared our method with GEE and demonstrated

that it performs better than GEE with respect to the �xed e�ect parameter estimation

when the latent variables have an approximately elliptical distribution, or at least as good

as GEE for other types of latent variable distributions.

Key words: Flexible correlation matrix, Latent variable, Longitudinal ordinal outcomes,

Marginal models, Maximum likelihood, t-distribution.
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3.2 Introduction

There has been interest in modeling ordinal outcomes using generalized linear

models (GLM) for many years2,32. In many applications, ordinal outcomes are

correlated since they are measured longitudinally on subjects. Extensions of GLM

to the longitudinal settings have led to two types of generalizations: subject-

speci�c models and marginal models14.

Subject speci�c models are typically indicated by the class of generalized linear

mixed models (GLMM). These models take into account the association between

(ordinal) outcomes within a subject by treating some of the model parameters as

random variables. The �xed and random parameters are usually estimated with

maximum likelihood (ML). A consequence of the random e�ects is that the as-

sociation is always positive and interpretations of the �xed parameter estimates

for the population of subjects are not straightforward, especially for time invari-

ant covariates14. Indeed, a population averaged interpretation, commonly called

the marginal model, is not obvious due to the complication of integrating out the

random e�ects, which are generally assumed normally distributed. To overcome

this issue some quasi-likelihood methods, such as penalized quasi-likelihood46 and

marginal quasi-likelihood7, have been proposed. Alternatively, Lee and Daniels23,

that extended the work of Heagerty19 on binary outcomes to ordinal outcomes,

applied a marginal and subject-speci�c models simultaneously using two regres-

sion equations. Although all of these approaches provide a population average

interpretation, they do not necessarily imply a marginal distribution for the lon-

gitudinal ordinal data of the population. Focusing on binary logistic models with

only one random e�ect, Zeger et al.52 provided an approximate relation between

the marginal model and subject speci�c models. Recently, Wang and Louis49 and

Parzen et al.39 have developed a non-normal distribution function for the random

e�ects that would generate a marginal logistic distribution for the binary outcomes

after integrating out the random e�ects. However, interpretation of this so-called

bridge distribution for the random e�ects is complicated.

In contrast to GLMMs, marginal models take into account the association be-

tween (ordinal) outcomes at a population level. In the class of marginal models,

the unknown �xed parameters are predominantly estimated with generalized es-

timating equations (GEE)51,25 which was further developed for ordinal data by

Lipsitz et al.27. This semiparametric method considers the underlying associations
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as nuisance parameters. Nevertheless, GEE is robust against mis-speci�cation of

these associations. That is, GEE provides consistent estimators for the regression

parameters when the mean model has been correctly speci�ed even if the associ-

ation structure has been incorrectly speci�ed. Di�erent forms for modelling the

association structure have been proposed, for instance Pearson correlations27,38,

Polychoric correlations40, odds ratios28, global odds ratios50,20, and local odds

ratios48.

The GEE method has two drawbacks. A restriction of GEE is that there is

no information on the association between outcomes since they are treated as nui-

sance parameters. This can be overcome by specifying a set of equations for the

�xed parameters and for the association parameters (GEE2), see Zhao and Pren-

tice53 for binary, Liang et al.26 for count, and Heagerty and Zeger20 for ordinal

variables. However, it does not necessarily lead to a multivariate distribution for

the ordinal outcomes and thus complicates the interpretation of the association

structure. Even if such a distribution would exist11, interpretation of the associ-

ation structure is still di�cult due to the translation of the ordinal variables to a

binary vector. Another potential drawback of GEE is that it may result in biased

estimates when missing data occurs and the mechanism is other than missing com-

pletely at random (MCAR)30. This problem can be solved by the introduction of

weighted GEE (WGEE)41, doubly-robust inverse probability weighting (IPW)44

or a combination of multiple imputation and GEE (MI-GEE)43. To the best of

our knowledge there is no comparison among these three approaches for ordinal

outcomes, but Beunckensa et al.5 compared WGEE and MI-GEE for binary out-

comes via simulation studies. They showed that MI-GEE is superior to WGEE for

small (N = 100) to moderate (N = 500) sample sizes when longitudinal data has

an exchangeable, AR(2), or an unstructured correlation structure. A comparison

of these three approaches for continuous data by Carpenter et al.10 showd that

doubly-robust IPW is as e�cient as MI-GEE.

Molenberghs and Lesa�re31 introduced a distributional approach for longitudi-

nal ordinal data that supports a population-average interpretation, by specifying

the joint probabilities via the extended Dale model13, i.e. the joint probabilities

(cell probabilities) are decomposed into main e�ects and higher order associations

using global odds ratios. The maximum likelihood procedure is used to estimate

the unknown parameters and therefore the estimations would remain unbiased

even in the presence of incomplete data of the type of missing (completely) at
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random21. Unfortunately this model is not easy to implement3. As alternative,

a fully-speci�ed multivariate latent variable can be used to model the repeated

ordinal outcomes. Li and Schafer24 assumed a multivariate normal distribution

underneath the ordinal outcomes and the unknown parameters of this multivari-

ate probit model were estimated using maximum likelihood. A limitation of this

model is that it does not provide a log odds interpretation as GEE does.

Extension of the univariate logit models to longitudinal settings using the

available multivariate logistic distributions22 is not straightforward since �exible

correlation structures are not accessible through these distributions. Therefore,

our aim was to provide a full likelihood based logit model for longitudinal ordinal

outcomes. To do this we used the approximate multivariate logistic distribution

introduced by O'Brien and Dunson35 which has a marginal logistic distribution

and which is �exible with respect to correlation structures. Instead of the Bayesian

approach used by O'Brien and Dunson35, we estimated the parameters using max-

imum likelihood with a quasi Newton approach. Hence, the model can cope with

incomplete sets of outcomes that satisfy MCAR or MAR. Furthermore, we ex-

tended the model to be able to implement time-(in)variant covariates in the corre-

lation structure. We examined the performance of this approach using simulation

studies. We simulated ordinal outcomes via moderately to highly correlated latent

variables with marginal logistic distributions. In addition, we simulated settings

with marginally normally distributed latent variables to investigate the robustness

of our method. Finally, our approach is compared with GEE.

The rest of the paper is organized as following. The statistical models and

the estimation procedure are considered in the Section 5.3. The simulation study

are described in the Section 7.4. Section 3.5 presents a real case study. Finally,

Section 3.6 discusses the model and results.

3.3 Methods

Let Oij represents an ordinal outcome, having C levels, for subject i (i = 1, ..., N)

at time point j (j = 1, ..., J). Corresponding to each subject i, let Xi be a J × p

matrix containing all time varying and time invariant covariates. The e�ect of

covariates on an ordinal outcome can be evaluated through the proportional odds
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cumulative model, i.e.

logit[P(Oij ≤ c|Xij = xij)] = γc − x′ijβ (3.1)

with γc a threshold parameter for level c (c = 0, 1, ..., C), such that

−∞ = γ0 < γ1 < .... < γC = ∞, (3.2)

and β a p-dimensional vector of regression parameters29. This model may be

viewed as a latent variable model in which an unobservable continuous random

variable Y lies underneath the ordinal variable such that it transforms the contin-

uous outcome into an ordinal outcome for each subject i at time j, i.e. if Oij = c

then γc−1 < Yij ≤ γc. To satisfy equation (3.1) the latent variable Yij must have

a logistic distribution with mean parameter µij = x′ijβ and scale parameter 1.

Thus the multivariate density function for Oi = (Oi1, Oi2, ..., OiJ) can be written

through the multivariate latent variable Yi = (Yi1, Yi2, ..., YiJ), given by

g(ci|γ, β,R) =
∫ γci1

γci1−1

∫ γci2

γci2−1

....

∫ γciJ

γciJ−1

f(yi|Xi, β,R)dyi (3.3)

with ci = (ci1, ..., ciJ) a vector of levels, f(.| X,β,R) a multivariate (J- dimen-

sional) logistic density with Xi a matrix of p covariates, β a vector of regression

parameters, and R a correlation matrix.

3.3.1 Multivariate logit model

There exist a few multivariate logistic distribution functions. A widely known bi-

variate logistic distribution was introduced by Gumbel18 and further extended in

Kotz et al.22. This distribution belongs to the class of Archimedean distributions33

and has only one parameter that de�nes the association between variables. There-

fore, the multivariate distribution has only the exchangeable (symmetric in the

arguments) correlation matrix (in view of the discussion of Frees and Valdez15).

Relaxing the correlation matrix to any �exible structure is not straightforward.

The (Generalized) Farlie-Gumbel-Morgenstern distribution22 has an unstructured

correlation matrix but the correlation coe�cients are usually low due to the re-

strictions on parameters of the distribution. An alternative distribution is the

multivariate logistic distribution established by O'Brien and Dunson35. They de-
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veloped a multivariate t-distribution that has marginal logistic distributions. The

density function of this multivariate logistic distribution for subject i is given by

f(yi|Xi, β,R) =
t
(
h(zi1), h(zi2), ..., h(ziJ)|R

)
∏J

j=1 t1(h(zij))

J∏
j=1

f1(yij), (3.4)

with zi = (yi1 − µi1, yi2 − µi2, ..., yiJ − µiJ), t and t1 indicate the multivariate and

its univariate t-density with ν degrees of freedom, respectively, and f1 denotes

the density function of the univariate logistic distribution. In this model h(.) is

represented by

h(y) = T−1
1 (

ey

1 + ey
), (3.5)

with T1 the univariate t-distribution function.

Albert and Chib4 showed that the univariate logistic distribution, with formu-

lation [exp(yij − µij)]/[1 + exp(yij − µij)], can be approximated by a univariate

t-distribution with ν = 8 degrees of freedom. To make the distributions simi-

lar, a scale parameter π2(ν − 2)/3ν in the t-distribution is needed. Using these

approximations, equation (3.4) becomes approximately

f(yi|Xi, β,R) ≈ t
(
h(zi1), h(zi2), ..., h(ziJ)|R̃

)
, (3.6)

with R̃ = [π2(ν − 2)/3ν]R.

3.3.2 The covariance structure

To continue with and improve on this known model, we will increase the com-

plexity by implementing covariates also into the correlation matrix R. The aim

of this model is to explore the impact of a set of covariates in the correlation

coe�cients. This makes it possible to estimate correlation matrices separately for

categorical variables, but also to include continuous variables. We reparameterize

each element of R using Fisher's z transformation, such that

log(
1 + ρjk
1− ρjk

) = α0jk + wijkαjk (3.7)

with ρjk the correlation coe�cient between latent variable outcome at time j and

k (j ̸= k), wijk a vector of covariates, α0jk an intercept and αjk the slopes. The
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structure is �exible in terms of intercepts as well as slopes and makes it possible to

model di�erent correlation structures for subgroups of subjects. When the param-

eter α0jk = αjk = 0, the R matrix is the identity matrix. When αjk = 0, no covari-

ates in�uence the correlation matrix, but the matrix can still attain several struc-

tures: the exchangeable structure (α0jk = α0 ∀j, k), an AR(1) structure
(
α0jk =

ln
(
1 + C (α)

)
− ln

(
1− C (α)

)
with C (.) =

[(
exp (.)− 1

)
/
(
exp (.)− 1

)]|j−k| )
,

and the unstructured form. When αjk ̸= 0, covariates in model (3.7) may explain

variation in the correlation coe�cients for each subgroup over time.

In principle, any value in the range [−1, 1] can be substituted in for ρjk, but

the correlation matrix must be (semi)positive de�nite and it leads to constraints

on ρjk's. These constrains have been discussed for three variables36 and four

variables8. For example, each element of a three dimensional correlation matrix,

ρjk, should be in the interval[
ρjsρks −

√
(1− ρ2js)(1− ρ2ks); ρjsρks +

√
(1− ρ2js)(1− ρ2ks)

]
, (3.8)

for s ̸= j, k. These restrictions implicitly constrain the parameters α0jk and αjk.

3.3.3 Parameter estimation: Maximum likelihood approach

As an alternative to the Bayesian approach for estimation the parameters in equa-

tion (3.6)35, we applied maximum likelihood estimation. This choice of estimation

is computationally less expensive, and it does not require selecting a prior distri-

bution. Furthermore, the estimation is easier when covariates are implemented

into the correlation matrix. However, computing multivariate t-distribution with

an arbitrary correlation matrix is still computationally burdensome. We employed

the numerical method of Genz and Bretz16 and combined this with the multivari-

ate t-distribution introduced by Cornish12 to calculate the t-density in (3.6). It

is just a di�erent form of the same t-density16. The multivariate t-distribution is

then given by

T (γci |µ, R̃) =
21−ν/2

Γ(ν/2)

∫ ∞

0
qν−1 exp(−q2/2)Φ(qγci√

ν
− µ|R̃)dq (3.9)
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with Φ(.|R̃) represents the multivariate normal distribution, i.e.

Φ(γc1 , ..., γci |R̃) = (2π|R̃|)J/2
∫ γc1

−∞
...

∫ γci

−∞
exp(−q′R̃q/2)dq.

Genz and Bretz17 showed that their numerical method computes the multivariate

t-distribution robustly and reliably up to 20 parameters.

To maximize the likelihood function based on the density in (3.3) with the t-

density in (3.6) using the form in (3.9), we utilize the Broyden-Fletcher- Goldfarb-

Shanno (BFGS) algorithm45 which is a quasi-Newton method and computes the

optimum value for nonlinear functions. To increase the speed of convergence, the

continuous covariates are standardized with the associated means and standard

deviations. Similar to Li and Schafer24 we assume γc = γc−1 + d2c−1, to ensure

that the threshold parameters adhere to inequality (3.2).

The missing mechanism is referred to as ignorable when data are MAR and the

model parameters of the observed data and the missing mechanism are unrelated42.

Then only the likelihood of the observed data needs to be �tted. In case ordinal

data is missing at one or more time points, the resulting likelihood function is the

same likelihood as the full likelihood but with a reduced dimension. For instance,

if Oi2 would be missing for a subset of subjects, the likelihood function for each

of these subjects equals t
(
h(zi1), h(zi3))|R̃13

)
, with R̃13 the partition of R̃.

3.4 Simulation Study

3.4.1 Data generation

In all settings, we generated independently three covariates: gender (x1), age at

baseline (x2), and follow-up times (x30 = 0, x31 and x32). We assumed that x1

has a Bernoulli distribution with parameter 0.49, x2 has a normal distribution

N(11, 0.52), and �nally x31 and x32 have normal distribution with N(2.5, 0.42)

and N(5, 0.62), respectively.

To simulate three-dimensional logistic distributed variables, (Zi1, Zi2, Zi3), we

applied the t-copula33. We used logit transformation to transform the marginal

uniform distribution to a logistic distribution and refer to this multivariate dis-

tribution as �t-logistic�. At �rst, three di�erent correlation matrices were simu-

lated with the t-copula, i.e. (ρ12, ρ13, ρ23) is (0.45, 0.30, 0.70), (0.85, 0.85, 0.85),
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and (0.80, 0.70, 0.90), respectively. Secondly, we simulated correlations that were

a�ected by either a binary covariate (sex) or a continuous covariate (age at base-

line). For the binary covariate, we selected α0jk = 1 and α1jk = 0.5 for all j

and k. This choice imposes an exchangeable correlation for males and females

separately (ρ = 0.76 for females and ρ = 0.90 for males). We also simulated

(α012, α013, α023) = (0.4, 0.3, 0.5) and (α12, α13, α23)= (0.3, 0.1, 0.1) to generate

unstructured correlation matrices for males and females. For the continuous co-

variate, we took α0jk = 0.5 and αjk = 0.07, for all j ̸= k. In this setting, the

correlation matrix of each individual has an exchangeable form but it varies with

individuals. Due to a positive slope (αijk > 0), older individuals at baseline have

stronger correlations. In all of these circumstances, we applied the constraint (3.8)

to impose a semi-positive de�nite correlation matrix over studies. Additionally,

we simulated the multivariate Gumbel logistic distribution via the Gumbel cop-

ula with the association parameter, θ, equal to 2 and 5. These choices generate

a strong (≃ 0.70), and an extremely strong (≃ 0.95) Pearson's correlation co-

e�cient, respectively34. Finally, we generated multivariate normally distributed

random variables using the normal-copula, with a standard deviation equal to 1.7.

This variance makes the marginal normal distribution close to the logistic distri-

bution. We used (0.45, 0.30, 0.70) as the correlation coe�cients of the normally

distributed latent variables.

To generate ordinal data, we �rst considered

Yij = βSXi1 + βAXi2 + βTXi3j + Zij

with (β1, β2, β3) = (−1,−0.2,−0.1) or (−1,−0.5,−0.5). The 4-level ordinal out-

comes were produced by �xing the threshold parameters such that about 50% of

observations are in the �rst level, 25%, 15% and 10% are in the second, third

and the fourth level, respectively.The cut-point values varied with the choice of

distribution for the latent variables but they are �xed when di�erent correlation

matrices were selected.

For some settings, we also simulated missing indicators, Dij , by

P(Dij = 1|Xi, Zi1) = logit−1(ψ0j + ψ1jxi1 + ψ2jxi2 + ψ3jxi3j + ψ4jZi1), (3.10)

with (ψ0j , ψ1j , ψ2j , ψ3j , ψ4j) given by (0, 0, 0, 0, 0), (−2.0 , −2.0, 0.5, 1.0, 0.5),
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and (−0.8, −1.5, 1.5, −2.0, 1.5) for j = 1, j = 2, and j = 3. Note that with these

choices, the missingness ful�lls MAR and they resulted in approximately 0%, 9.5%

and 14% missingness at the �rst, second and the third follow-up, respectively.

To compare our approach with the most popular estimation method for marginal

models, we applied the latest version of GEE for ordinal outcomes, that was de-

veloped by Touloumis et al.48. They used local odds ratios to measure the associ-

ation between ordinal outcomes. We utilized their R package, multgee, with the

independent association and the robust or empirical estimator. Other association

structures gave many convergence issues. Nooraee et al.34 demonstrated that this

GEE approach is considered appropriate with respect to parameter estimation and

numerical convergence.

We studied mainly small sample size (50 subjects), simulated each setting 1000

times, and calculated from the estimates the bias and MSE.

3.4.2 Results

Bias in the parameter estimates with ML is limited to 2% for correlation coe�cients

and 7% for the regression parameters when the underlying latent variables have

a t-logistic distribution (Table 3.1). A comparison of ML and GEE demonstrates

that ML has less absolute bias. Additionally, GEE has a slightly higher MSE

than ML (Table 3.2). The likelihood ratio test for testing exchangeability with

respect to the unstructured association gave a type I error rate of 0.05 when

the exchangeable correlation was 0.85. Whenever we include covariates into the

correlation matrix, the absolute bias of the association parameters α's is at most

3% (Table 3.4). In these analyses we applied an unstructured association even

though we simulated exchangeable correlations for two settings. The MSE for the

association parameters is comparable with the MSE results for settings that do

not include covariates in the correlation matrix. This is also true for the bias and

the MSE of the regression parameters (data not shown).

Estimation of the model parameters using exchangeablity resulted into a bias

for a few regression parameters when the latent variables were simulated with the

Gumbel distribution and the number of subjects was small (Table 3.5). Increasing

the sample size reduced the bias, although it did not completely disappear. On

the other hand, the bias was almost eliminated when the unstructured association

matrix was applied, even for the small sample size (Table 3.6). The observed
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Table 3.1 Bias of estimated parameters for 1000 simulated data sets with t-logistic latent
variables and 50 subjects. The true correlation coe�cients are indicated in the �rst row.

Parameter True value (0.45, 0.30, 0.70) (0.85, 0.85, 0.85) (0.80, 0.70, 0.90)

ML GEE ML GEE ML GEE

γ1 -0.5 0.018 0.024 0.037 0.037 0.032 0.034

γ2 1 -0.017 -0.035 -0.019 -0.050 -0.015 -0.043

γ3 2 -0.044 -0.099 -0.041 -0.115 -0.048 -0.114

βS -1 0.017 -0.046 0.044 -0.068 0.039 -0.064

βA -0.2 0.003 -0.014 0.010 -0.022 0.008 -0.018

βT -0.1 -0.005 -0.001 -0.006 -0.003 -0.007 0.000

ρ12 - 0.007 - 0.003 - 0.007 -

ρ13 - 0.005 - 0.001 - 0.006 -

ρ23 - 0.011 - 0.005 - 0.004 -

Table 3.2 MSE of estimated parameters for 1000 simulated data sets with t-logistic latent
variables. The true correlation coe�cients are indicated in the �rst row.

Parameter True value (0.45, 0.30, 0.70) (0.85, 0.85, 0.85) (0.80, 0.70, 0.90)

ML GEE ML GEE ML GEE

γ1 -0.5 0.099 0.101 0.146 0.146 0.136 0.140

γ2 1 0.108 0.110 0.154 0.158 0.149 0.151

γ3 2 0.187 0.199 0.265 0.289 0.250 0.271

βS -1 0.191 0.209 0.291 0.311 0.274 0.297

βA -0.2 0.049 0.053 0.067 0.073 0.064 0.070

βT -0.1 0.018 0.021 0.006 0.008 0.010 0.013

ρ12 - 0.026 - 0.005 - 0.007 -

ρ13 - 0.032 - 0.005 - 0.013 -

ρ23 - 0.014 - 0.005 - 0.003 -

bias with the exchangeable association, might be the result of a di�erence in the

Archimedean copula of the Gumbel distribution and elliptical copula of the t-

distribution. By choosing the unstructured association, apparently the �t of the

t-distribution seems to get closer to the Gumbel distribution. However, a small

bias in the association parameters seems to remain present, that could not be

resolved by a larger sample size (data not shown). It should be noted though

that the performance of ML is not worse than GEE (Table 3.6) for the Gumbel

distribution.

For normally distributed latent variables, the bias and MSE of the parameter

estimates were comparable with the bias and MSE of the parameter estimates for

t-logistic distributed latent variables. Again, results show smaller MSE with ML

than with GEE (Table 3.7).

On average, about 12% of the data were missing for the second and third
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Table 3.3 Bias and MSE of parameter estimates, considering the impact of covariate on
the correlation over time, from 1000 simulated data sets containing 50 individuals.

Sex Age at baseline

Parameters True value Bias MSE True value Bias MSE True value Bias MSE

α012 1.0 -0.004 0.061 0.4 0.019 0.057 0.5 0.000 0.001

α12 0.5 -0.008 0.109 0.3 -0.014 0.120 0.07 0.001 0.000

α013 1.0 -0.019 0.066 0.3 0.018 0.060 0.5 0.001 0.001

α13 0.5 -0.014 0.135 0.1 -0.012 0.126 0.07 -0.001 0.001

α023 1.0 -0.004 0.064 0.5 -0.001 0.056 0.5 0.000 0.002

α23 0.5 -0.008 0.125 0.1 0.008 0.118 0.07 0.001 0.000

Table 3.4 Bias and MSE of parameter estimates, considering the impact of covariate on
the correlation over time, from 1000 simulated data sets containing 50 individuals.

Sex Age at baseline

(1, 0.5, 1, 0.5, 1, 0.5) (0.4, 0.3, 0.3, 0.1, 0.5, 0.1) (0.5, 0.07, 0.05, 0.07, 0.5, 0.07)

Parameters Bias MSE Bias MSE Bias MSE

α012 -0.004 0.061 0.019 0.057 0.000 0.001

α12 -0.008 0.109 -0.014 0.120 0.001 0.000

α013 -0.019 0.066 0.018 0.060 0.001 0.001

α13 -0.014 0.135 -0.012 0.126 -0.001 0.001

α023 -0.004 0.064 -0.001 0.056 0.000 0.002

α23 -0.008 0.125 0.008 0.118 0.001 0.000

occasion. Results of the analyses with the ML approach are presented in Table

3.8. Biases in the regression parameters are limited to at most 2% in all settings.

However, some larger biases were observed in the correlation coe�cients for small

sample sizes. By increasing the sample size to 100 subjects, the bias diminishes

to at most 4% for the correlation parameters.

3.5 Application: the TRAILS analysis

The TRacking Adolescents' Individual Lives Survey (TRAILS) is a prospective

cohort study of Dutch adolescents using bi- or triennial measurements from age

11 onward. Its aim is to chart and explain the development of mental health from

preadolescence into adulthood. Previous publication has extensively described

its design, methods, and response rates and bias37. Brie�y, participants were

selected from �ve municipalities in the North of the Netherlands, both urban and

rural areas, including the three largest cities. Children born between 1 October,

1989 and 30 September, 1991 were eligible for inclusion, providing their schools

were willing to participate and they met the study's inclusion criteria. Over 90%
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Table 3.5 Bias and MSE in the parameter estimates with the exchangeable correlation
matrix for 1000 simulated data sets from the Gumbel distribution with parameter θ = 2.

N 50 400

Parameter True value Bias MSE Bias MSE

γ1 -0.5 -0.056 0.090 0.001 0.008

γ2 0.75 -0.089 0.164 0.024 0.013

γ3 2 -0.311 1.310 -0.012 0.029

βS -1 -0.127 0.161 -0.045 0.012

βA 0.2 0.004 0.054 -0.005 0.077

βT -0.1 -0.003 0.009 -0.006 0.001

ρ 0.7 0.038 0.009 -0.054 0.004

Table 3.6 Bias and MSE in the parameter estimates for 1000 simulated data sets, consist
of 50 subjects, from the Gumbel distribution with parameter θ = 2.

ML GEE

Parameter True value Bias MSE Bias MSE

γ1 -0.5 0.038 0.110 -0.027 0.111

γ2 0.75 0.019 0.121 -0.032 0.119

γ3 2 -0.100 0.290 -0.135 0.305

βS -1 0.027 0.233 -0.055 0.252

βA 0.2 0.018 0.056 -0.024 0.063

βT -0.1 0.000 0.009 -0.009 0.011

ρ12 0.7 -0.043 0.013 - -

ρ13 0.7 -0.051 0.013 - -

ρ23 0.7 -0.043 0.013 - -

of the schools, enrolling a total of 2935 eligible children, agreed to participate

in the study. Through extended e�orts, 76% of these children and their parents

consented to participate (T1, n = 2230, mean age = 11.1±0.6 years, 50.8% girls).

Response rates at the �rst two follow-ups ranged from 96.4% (T2, n = 2149, mean

age=13.6±0.5, 51.0% girls) to 81.4% (T3, n = 1816, mean age = 16.3±0.7, 52.3%
girls). Each assessment wave was approved by the Dutch Central Committee on

Research Involving Human Subjects (CCMO); www.ccmo.nl.

In the current work, we will focus on the depression domain and the �rst three

assessments (baseline and two follow-ups). Depression was measured with the

depression subscale of the Youth Self-Report (YSR) which has good psychometric

properties1. This subscale consists of 13 items and each item has three levels, (0,

1, 2): a higher level indicates more depression. The sum scale of the 13 items was

categorized for boys and girls di�erently into four levels; that is, into a sum scale of

which scores [0; 5] or [0; 7] indicate a normal range for boys and girls, respectively.

A sum score of [6; 8] or [8; 11] indicates mild depressive symptoms, while a sum
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Table 3.7 Bias and MSE of the estimated parameters for 1000 simulated data sets with
multivariate normal latent variables.

N ML GEE

Parameter True value Bias MSE Bias MSE

γ1 0 0.010 0.089 0.021 0.186

γ2 1 0.004 0.107 -0.014 0.107

γ3 2.5 -0.197 0.351 -0.798 0.417

βS -1 -0.016 0.196 -0.014 0.214

βA -0.2 -0.013 0.048 0.001 0.056

βT -0.1 0.004 0.020 -0.003 0.024

ρ12 0.45 0.016 0.031 - -

ρ13 0.30 0.013 0.037 - -

ρ23 0.70 0.015 0.016 - -

Table 3.8 Bias and MSE of parameter estimates, from 1000 simulated incomplete data
sets.

(βS , βA, βT ) (-1,-0.2,-0.1) (-1,-0.5,-0.5)

N 50 100 50

Parameter True value Bias MSE Bias MSE Bias MSE

γ1 -0.5 0.032 0.115 0.011 0.050 0.011 0.117

γ2 0.5 -0.009 0.119 -0.004 0.052 -0.022 0.118

γ3 1.65 -0.031 0.177 -0.011 0.084 -0.059 0.176

βS - 0.018 0.212 0.003 0.093 -0.009 0.213

βA - 0.006 0.053 0.004 0.025 0.011 0.057

βT - 0.003 0.020 -0.001 0.010 0.006 0.024

ρ12 0.45 0.037 0.035 0.015 0.015 0.042 0.035

ρ13 0.30 0.032 0.044 0.011 0.021 0.046 0.053

ρ23 0.70 0.024 0.019 0.012 0.009 0.029 0.021

score of [9; 11] or in [12; 14] indicates subthreshold depressive symptoms. Finally,

sum scores above 12 and 15 suggest signi�cant depressive symptoms and possibly

clinical depression for boys and girls, respectively. Age and gender of adolescents,

a history of parental internalizing and externalizing problems, family structure,

and social-economic status of family were considered explanatory variables for

depression status.

We investigated a gender speci�c model in the mean and correlation of the

latent variable underneath the ordinal outcomes. Di�erent correlation matrices

would indicate that di�erential stability of depression symptoms are gender spe-

ci�c. The threshold values should however be considered the same for gender,

since the ordinal outcomes were already gender speci�cally coded from the scales.

To compute 95% con�dence intervals, we conducted 1000 samples of the non-

parametric bootstrapping9. Likelihood ratio tests were also used to investigate
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simpler models.

For the missing outcomes at di�erent follow-up times, age was also missing. In

the algorithms that we used, age should be fully available and we used the age at

the planned follow-up times when age was missing. In total 71 individuals were

omitted from the analysis due to the missingness in internalizing or externalizing

behavior of parents or both. Table 3.9 gives the estimates of the regression pa-

rameters and correlation coe�cients together with their 95% con�dence intervals.

About 6.5% of the bootstrap samples that did not converged were removed from

the computations. The results seem to demonstrate that the correlations for boys

and girls were similar. This was con�rmed by the likelihood ratio test (LRT =

6.48; df=3; P-value = 0.090). We also investigated whether boys and girls would

have the same mean model with respect to the selected variables. The likelihood

ratio test rejected this hypothesis (LRT = 40.6; df = 6; P-value = 0.000), indicat-

ing gender speci�c models for depression status. Results in Table 3.9 shows that

internalizing problems of parents in�uence signi�cantly on girls. This �nding is in

line with6.

Table 3.9 Estimation and con�dence intervals for the TRAILS data set.

boys girls

Regression Parameter

Intercept 0.506[ 0.097 ; 0.937] -

Age -0.038[-0.162 ; 0.108] -0.068[-0.223 ; 0.028]

Externalizing 0.023[-0.496 ; 0.453] -0.085[-0.646 ; 0.275]

Internalizing 0.084[-0.114 ; 0.264] 0.230[ 0.048 ; 0.434]

social-economic status -0.004[-0.184 ; 0.188] 0.045[-0.191 ; 0.177]

structure of family 0.038[-0.379 ; 0.505] 0.133[-0.125 ; 0.718]

Follow-up time -0.134[-0.199 ; 0.095] 0.019[-0.010 ; 0.068]

Correlation coe�cient

ρ12 0.486[0.368 ; 0.593] 0.522[0.311 ; 0.577]

ρ13 0.393[0.177 ; 0.508] 0.347[0.201 ; 0.483]

ρ23 0.564[0.332 ; 0.654] 0.488[0.330 ; 0.608]

3.6 Discussion

We utilized and extended the multivariate logistic distribution, introduced by

O'Brien and Dunson35, for analysis of longitudinal ordinal data. This choice leads

to a population-averaged odds ratio interpretation of the regression parameters.

We applied maximum likelihood instead of a Bayesian approach, which provided
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the opportunity to include covariates in the time-related correlations. We simu-

lated di�erent distributions for the latent variables underneath the ordinal data

via di�erent copula functions to assess the performance of our approach in terms

of bias and MSE and compared it with GEE. The main focus of this paper was

on small sample sizes (N=50). The results demonstrate ignorable bias and small

MSE's when the multivariate distribution of the latent variables has an elliptical

shape. For the exchangeable Gumbel copula with an Archimedean shape, a bias

on the regression parameters was obtained when an exchangeable correlation ma-

trix was assumed. Under unstructured correlation matrix biases seem to become

smaller and almost disappear. In all our simulations, ML either performed better

than GEE or it performed similar.

The advantage of our approach is that it provides a similar interpretation as

GEE with an option to model the time-related correlations at least with currently

available software. Furthermore, if incomplete outcome data ful�lls the ignobility

assumption and sample size are not too small (say at least 100 individuals), then

our approach can be simply applied without having to use additional analysis such

as multiple imputation. We believe that our approach is also more appropriate

than the method of Li and Schafer24. They considered the multivariate normal

distribution for the latent variable, but this choice does not support an odds ratio

interpretation of the parameter estimates and may lead to bias when the latent

variables have a heavier tail. Although Tan et al.47 demonstrated robustness

with respect to the normal distribution assumption for correlated binary data

via a simulation study, we doubt that this conclusion remains true for ordinal

outcomes. Molenberghs and Lesa�re31 extended the Dale model, which provides

a joint distribution of the ordinal data, but our approach is simpler to apply and

can be extended to larger dimensions (up to 20 variables). We will extend this

analysis to the exact multivariate distribution in the future work. Limitations of

our approach is that it may be sensitive to strong deviations from the multivariate

t-distribution for the latent variables, in particular for estimation of the correlation

coe�cients. The Gumbel distribution seems to suggest this.

In the current study, we applied our method to analyze the depression status

of a cohort of Dutch adolescents. We found out that the mean model for boys and

girls are di�erent but a di�erence in correlations between time-varying depression

scores for gender could not be demonstrated. Our model may also be useful for

other applications, in particular to situations where disease patterns are of interest.
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To summarize, we used the multivariate logistic distributed latent variables to

introduce a joint logistic distribution for the longitudinal ordinal outcomes. The

dependency between ordinal outcomes can be measured via the correlation coe�-

cients and the association with covariates can be modeled with parameters having

a population-averaged odds ratio interpretation. Simulation studies demonstrate

superiority of this approach over GEE in terms of bias and MSE for several set-

tings. Finally, implementation of this approach can be performed with existing

packages in R.
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