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Chapter 1

General Introduction
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1.1 Motivation

Commonly, research in the �eld of medical and epidemiological sciences requires

collection of data to study treatment e�ects or associations between risk factors

and disease outcomes. These outcomes can be measured with di�erent tools.

One of these tools is multi-item questionnaires, with items having an ordered

set of values. Depending on the research question, individual items are either

analyzed separately, they are analyzed simultaneously, or they are analyzed as a

certain composite scores. In all these settings, the statistical analysis is not always

straightforward, in particular when questionnaires are applied repeatedly to the

same subjects, i.e. repeated measures. The main goals of the current thesis is to

provide insight in the performance of a few existing methods and to develop new

statistical models for the analysis of this type of data.

1.2 Background

1.2.1 Brief History of Categorical Data Analysis

A categorical variable has a measurement scale consisting of a �nite set of cate-

gories2. It is called an ordinal variable if the categories can be ordered with respect

to a (set of) characteristic(s). Ordinal measurements are used in medical sciences

to assess for instance disease severity, in public health to evaluate for instance

quality of life, in quality control and engineering to indicate for example the level

of acceptance of products, and in social sciences to assess for instance perspectives

and attitudes. Some researchers deal with categorical variables as if they were

normally distributed and analyze them with statistical approaches that have been

developed for normally distributed variables. Although, not always, this may lead

to incorrect interpretations. First of all, the mean of categorical variables does not

have the same interpretation as the mean of numerical variables. Secondly, the

predicted outcome from a model �t may actually lay outside the possible range of

the ordinal outcome (i.e. below the lowest score or above the highest score), when

statistical methods do not respect the natural range of ordinal variables. Finally,

ordinary linear regression may not be applicable due to heterogeneous variances.

It has been shown, via examples, that analysis of ordinal outcomes with ordinary

regression may result in misleading conclusions49,82,25.

In recent years, more attention has been given to the analysis of categorical
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data, but the origin of categorical data analysis goes back decades ago (1960's)

when researchers started to use unobservable continuous or discrete random vari-

ables underneath categorical variables in contingency tables35,34,36. This idea

contributed to the introduction of regression models for the analysis of ordinal

outcomes75. Somewhat later, a model for measuring the association between cat-

egorical variables in a contingency table was introduced by computing odds of

the expected frequency in each cell of the table20. This expected frequency was

computed by assuming that the counts in the contingency table have a (or two)

multinomial distribution(s). Ultimately, models for categorical outcome variables

�ourished when the cumulative probability models were introduced as regression

models47, and log-linear models were developed to model the association in con-

tingency tables21. In the �rst class of models, the cumulative probabilities of

ordinal outcomes are connected to a linear function of covariates (predictors) via

a link function. Essentially, a link function can be any monotone increasing func-

tion which maps the (cell) probability into a number on the real line. Popular

link functions are: logit, probit, and complementary log-log. Selection of the link

function depends on the aim of the analysis: estimators from the cumulative logit

models have odds ratio interpretations, estimators from the cumulative probit

have ordinary-linear-regression interpretations for an underlying distribution, and

complementary log-log has an interpretation related to survival analysis47. The

cumulative model was further extended by assuming nonlinear additive models26,

smooth spline models84, partially linear models30, and non-parametric models77.

In the second class of models, the log-linear models, the natural logarithm of the

expected frequency of each cell in a contingency table is described by a linear

additive model of the parameters corresponding to the row, column, and possibly

the row-column interactions.

1.2.2 Statistical Models and Estimation

Similar to the statistical models in the previous section are the latent variable

models for categorical variables, which are often referred to as item response the-

ory (IRT)67. These models are particularly suitable for analyzing multiple items,

since these models typically assume independence of the items given the latent

variable. This latent variable is often considered normally distributed. In many

scienti�c areas, changes in the outcomes over time and the impact of covariates
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on these changes are more informative than a relation between outcome and co-

variates at a particular time point (cross-sectional data analysis). This is relevant

for instance in medical sciences where changes in disease outcomes are studied for

interventions. To investigate these changes, the same characteristic or variable is

repeatedly assessed at di�erent time points on the same unit or subject (longitudi-

nal data). Therefore, outcomes are inter-dependent. Providing a valid statistical

inference from these data requires statistical models that are capable to address

the associations among repeated outcomes. There are commonly two statistical

classes that could take these associations into account: subject-speci�c models and

population-average models.

Subject-speci�c models, which are also called random-e�ect models, indirectly

describe the association among observations by introducing random e�ects into

the mean model. A common assumption for such models is independence among

outcomes given the random e�ects, like the latent variable models for IRT. Fixed

e�ects and variance component parameters can be estimated by maximum likeli-

hood, penalized quasi-likelihood, marginalized quasi-likelihood, Monte Carlo Markov

chained, and Monte Carlo EM algorithm. To be able to perform this, likelihood

function should be formulated. It essentially requires choosing a distribution for

the random e�ects since the likelihood depends on both the regression parameters

(�xed e�ects in the mean model) and the distribution of the random e�ects. Typ-

ically, random e�ects are presumed to have a (multivariate) normal distribution

even for non-normal outcomes. Consequently, inferences about �xed e�ect param-

eters on a population level from subject-speci�c models require integrating out the

random e�ects from the likelihood function. This means that the marginal mean

or unconditional mean model does not necessarily have the same model form15,

and thus the parameter interpretation at the population level is di�erent from

a subject-speci�c model interpretation in particular for generalized linear mixed

models. For instance, if the logit link function is used with normally distributed

random e�ects, integrals over the random e�ects do not even have a close form

expression15.

In contrast to subject-speci�c models, population-average models specify the

association among repeated observations directly (conditional on covariates) through

a set of association parameters. These models are also referred to as marginal

models since they provide a marginal (distribution) inference about the mean of a

population. Maximum likelihood estimations of marginal models for non-normal
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outcomes are not straightforward since the likelihood function needs a fully speci-

�ed multivariate distribution. Some research has attempted to develop likelihood

approaches for binary and ordinal outcomes. For instance, the Bahadur model

describes the multivariate binary distribution using a product of marginal dis-

tributions and a correction factor that contains the second and higher order of

correlation coe�cients6. A likelihood approach has also been developed for binary

variables based on odds ratio in log-linear models48, in a marginal logit model8,

or in ordinary logistic regression44. Multivariate probit models5,37 construct a

likelihood-based model for ordinal variables by assuming a multivariate normal

latent variable and describing the associations via polychoric correlations65. An-

other class is multivariate logistic models that use log transformation of each cell

probability as well as all higher-order moments19,33,48. Moreover, a model for or-

dinal variables relies on marginal cumulative logit in combination with global odds

ratios as measures of association14,54,55. Nevertheless, these models are applicable

for low dimensions of repeated measurements40.

An appealing alternative estimation method for marginal models is general-

ized estimating equations (GEE) which was primarily introduced for continuous

and discrete data39,85, and extended to ordinal outcomes later42. This method

requires only speci�cation of the �rst two moments of the outcomes, but the sec-

ond moments or associations are treated as nuisance parameters. For ordinal data,

moments are speci�ed by a set of binary variables that are used to code the ordinal

outcomes. The main advantage of GEE is that it produces consistent estimators

for the regression parameters if the �rst moment is correctly speci�ed. In other

word, estimates are robust to miss-speci�cation of the second moment. GEE was

enhanced for binary outcomes by using a second set of equations for estimating the

correlation coe�cients66. As an alternative to correlation coe�cients, odds ratios

for binary outcomes43. Furthermore, global odds ratios27 or local odds ratios76

have also been employed to measure the association between ordinal outcomes.

GEE does not always lead to e�cient estimators for the association parameters41.

To achieve a solution, the second-order generalized estimating equations (GEE2)

has been introduced that is almost fully e�cient for both regression parameters and

correlation coe�cients41. The fundamental di�erence between GEE (GEE1) and

GEE2 is that GEE2 is built upon a single vector that integrates all the outcomes

(the �rst order) and the pairwise (the second order) terms. As a consequence,

estimators of the regression parameters are consistent if all of the elements in this
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vector are correctly speci�ed. This method, in contrast to GEE1, induces biases

in both regression parameters and association parameters if the second moment

is miss-speci�ed17. As an alternative to correlation coe�cient in GEE2, odds

ratio and global odds ratio can be applied for binary38 and ordinal outcomes27,

respectively.

1.2.3 Missing Data

Whether a subject-speci�c or marginal model is applied, missing data is a partic-

ular complication in parameter estimations. It is a pervasive issue for repeated

measurements data which may disturb the statistical inference. Three di�erent

mechanisms have been de�ned to distinguish the statistical properties or conse-

quences of missingness70. The simplest missing mechanism is missing completely

at random (MCAR), which assumes that the probability of missingness is not

related to any of the (observed or unobserved) outcomes. In other word, the

incomplete data set is a random sample of the full data set conditionally on the

covariates52,80. The second missing mechanism is called missing at random (MAR)

and occurs when the probability of missingness depends on covariates as well as

the observed outcomes. The most general mechanism is referred to as missing not

at random (MNAR), and assumes that the probability of missingness depends on

covariates, the observed, and the unobserved outcomes (that should have been

observed in principle). This taxonomy of missing mechanism is essentially in-

dependent of the statistical analysis model used to analyze the data. However,

there is another classi�cation of the missing mechanisms that does depend on

the inferential models56. In this classi�cation the missing mechanism is modeled

simultaneously with the observed data. The missingness is referred to as ignor-

able70, if parameters of the model for missingness and for the data analysis are

independent and they form separate parameter spaces. In contrast, when these

conditions are not ful�lled, the missingness is called non-ignorable. Figure 1.1

illustrates the three mechanisms MCAR, MAR, and MNAR more intuitively by a

graphical representation. The missing parts in the top left tea cup does not cause

any lack of interpretation, since the observed data clearly demonstrate a tea cup.

Thus the missing parts on this cup illustrate MCAR. The top middle and top right

cups illustrate the MAR assumption, since both cups are identical, but the handle

is missing in the middle cup. One may argue that the handle is on the back of the
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Fig. 1.1 Visual illustration of the missing mechanisms MCAR, MAR, and MNAR.

tea cup and the unobserved data (handle) is blocked by (and therefore dependent

on) the observed part of the tea cup. The two tea cups at the bottom of the �gure

demonstrate MNAR. Again the two tea cups are identical, but we have missing

data at the left tea cup. From the observed part on the left tea cup, we could

reconstruct that it is a tea cup, though it is impossible to determine the print on

the cup. Since the print is completely missing, the missing mechanism depends

on the unobserved data.

From the illustration, it is clear that knowledge of the missing mechanism is

fundamental for incomplete data analysis. For instance, if the missing mechanism

is MCAR, then a complete case analysis results in unbiased estimators. For the

top left tea cup all aspects of the tea cup are observed in enough details to fully re-

construct the tea cup. In contrast, an analysis may lead to biased estimators when

other mechanisms are applicable. For instance, a complete case analysis of the top

middle tea cup would never identify the handle and would lead to a biased view

of the tea cup. However, there are two statistical techniques, multiple imputation

and maximum likelihood, that can successfully deal with MAR53,15,11,13. Multiple

imputation (MI)71,78 replaces missing values with plausible values multiple times

to obtain several separate complete data sets. Consequently, inference is drawn

from all of these data sets and Rubin's rules71 are used to pool the estimates from

the multiple analyses. Although this approach is relatively simple to use, it comes

with some debates, for instance on the required numbers of repeating imputa-

tion69,23,10,81 or on the selection of models and methods to conduct imputation.

The other technique is maximum likelihood (ML) inference56,15, which speci�es

the likelihood function based on the observed data rather than full data. This

technique works due to the fact that MAR is equivalent to the ignorable mecha-
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nism in the likelihood context56,70. However, ML is less suitable whenever there

is missing covariate information. MI and ML for the top middle and top right tea

cup would know that there is missing data. Thus, the full data should form a tea

cup with a handle since the observed data suggests it is a tea cup. Under MNAR

advanced statistical methods, like selection models, pattern-mixture models, or

shared-parameter models, possibly in combination with MI12, are required. The

reason is that MNAR implies non-ignorability, thus both the missing mechanism

and the outcome data should be modeled. Indeed, additional assumptions are

needed to be able to also reconstruct the picture on the left bottom tea cup. The

illustration in Figure 1 indicates the fundamental problem with missing data; that

is, we never know if we also need to reconstruct a print on the tea cup, since it

might be fully missing. Thus each MNAR mechanism has a MAR counterpart51.

1.3 Aim of the Thesis

1.3.1 Assessing a few Existing Methods

In the last few decades, enormous progress has been achieved on the analysis of

repeated ordinal outcomes in both model frameworks and estimation methods.

Consequently, it has led to the development of many macros and software pro-

cedures. That is, most statistical software is capable of analyzing categorical or

ordinal variables cross-sectionally using logit or probit regression and longitudi-

nally using either marginal or subject-speci�c models. The most well-known and

popular models and approaches for the analysis of categorical data are described

in books2,1,56 and literature overviews46,4,16,3. A general concise list of existing

software packages for the analysis of categorical data is also available61,62,63. These

huge advancements may confuse users to select the most accurate and appropriate

method(s) and/or (possibly) software package. It is therefore important to inves-

tigate the strengths and weaknesses of the available software procedures. Indeed,

Professors Liu and Agresti have stated46 that �The past quarter century has seen

substantial developments in specialized methods for ordinal data. In the next, quar-

ter century, perhaps the main challenge is to make these methods better known to

methodologists who commonly encounter ordinal data�.

In particular, the GEE method has been reviewed88,90,86,24, compared with

pseudo likelihood18; and with maximum likelihood for normally64; as well as with
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random e�ect models for normal83, continuous60, and binary outcomes57. A com-

parison with ML, even for ordinal data, was conducted31 but only for limited

repeated outcomes. Selection of di�erent correlation structures has also been in-

vestigated74,89 but only for binary outcomes. Furthermore, GEE1 and GEE2

have been compared for binary outcomes7. Note that the method of GEE can

be employed in R (Splus), SAS, STATA, and SPSS and the performance of these

procedures has been investigated for binary outcomes87,28. However, availability,

�exibility, accuracy, and the underlying theory of GEE in these software packages

have not been compared for ordinal outcomes.

As we already mentioned earlier, dealing with missing data is crucially impor-

tant to obtain valid conclusions from incomplete data sets. Focusing on MAR, MI

was considered as one of the appealing approaches that can successfully handle

missing data. There are two commonly used classes of MI: one requires fully de-

scribed multivariate distributions, whereas the other one requires the conditional

distribution of each univariate given the rest of the predictors. These approaches

have been described in detail in several books71,45,11,79. The use of ML for missing

data has been described in detail in literature15,53,53,56,80. Although MI and ML

should theoretically produce the same results under MAR, they may practically

lead to various results under di�erent circumstances23. For this reason, several

researchers have compared ML with MI for multivariate cross-sectional or univari-

ate longitudinal outcomes13,58,72,29,50,73,9. Nonetheless when the main interest is

in scales from questionnaire data, it is probably better to use MI on item level

since it would use the information from all partially available items. This was

discovered in a few comparison studies22,68, but it was only studied under MCAR

or they lacked relevant imputation methods at item level and scale level. Thus

there is still a need to detect which MI approach is best or �nd out if ML is really

performing less than MI under MAR for questionnaire data.

1.3.2 Developing Some New Methodology

Subject-speci�c models are relatively straightforward to use, in particular under

normality assumptions of the random e�ects, but for ordinal outcomes they do not

provide clear interpretation about the �xed e�ects and association parameters at

the population level. Marginal models would overcome this limitation by directly

modeling ordinal outcomes and formulating the population mean and associations
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via functions of a set of parameters. Parameters in marginal models are frequently

estimated with GEE. Nevertheless, it also raises some issues. First of all, it is a

semi-parametric approach and does not support likelihood-based tests, which can

be used to compare di�erent models. Another issue is its sensitivity to missing

data. It is widely known that GEE leads to biased estimators for an incomplete

data sets with MAR or MNAR mechanisms. Moreover, GEE for ordinal outcomes

requires transforming each ordinal outcome into a vector of binary variables. This

transformation streamlines the application of GEE, but the interpretations of the

estimated correlation parameters are not straightforward. Finally, GEE does not

create a joint distribution for the ordinal outcomes, which makes it hard to address

statistical inferences other than inferences on the �rst moments.

One particular approach for modeling joint distributions of ordinal outcomes is

assuming continuous latent variables underneath the ordinal outcomes. Multivari-

ate logistic distributions are a natural choice since it would directly connect to logit

link functions and the �xed e�ects parameter estimates would have the popular

odds ratio interpretation. However, extension of the univariate logistic distribu-

tion to higher dimensions is not straightforward15. The correlation matrices for

the existing classes of multivariate logistic distributions32 are not very �exible.

Indeed, the class of Gumbel distributions only allow for the compound symmetry

structure, although any size of positive correlation coe�cient would be possible,

whereas the Farlie-Gumbel-Morgentern distribution can only handle weak correla-

tion coe�cients due to the necessary parameter restrictions, although the unstruc-

tured form would be possible. An alternative multivariate logistic distribution has

been recently introduced via the T-copula that would provide marginal logistic

distributions59. This multivariate distribution has been formulated in a Bayesian

paradigm but with covariate-independent correlation matrices. It is still unclear

how to formulate and estimate joint logistic distributions for ordinal outcomes with

�exible correlation matrices, such that it would be able to incorporate any size of

correlation coe�cients, and also adapt to possible covariates to describe di�erent

associations for di�erent subgroups. The joint distribution of disease severity is a

concern in for instance medical sciences where diseases can manifest at multiple

locations at a human body. So, there is an interest in modeling correlations with

covariates in a maximum likelihood framework.

Sometimes, longitudinal research entails multiple outcomes at each occasion

of follow-up. This would complicate the analysis even further, since the analy-
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sis of these types of outcomes requires a joint model that addresses both cross-

sectional and longitudinal correlations, as well as possible in�uences of covariates.

Most of the models for longitudinally multivariate outcomes have focused on nor-

mally distributed, continuous, or binary outcomes. Furthermore, most research

has given attention to random e�ects models. Therefore, marginal models with

a distributional interpretation for ordinal outcomes are lacking. In some cases,

the multivariate setting at each time point can be reduced to a univariate out-

come via summary statistics or some other pre-de�ned functions. For example, in

questionnaire type of data, researchers might not be interested in the individual

items, but would rather study the sum score of the items. These scores are often

analyzed as normally distributed variables, but this could be incorrect when the

scales would demonstrate either ceiling or �oor e�ects. It would be better to �nd

alternative distributions that could handle such data but would be close to the

normal distribution when the scales would behave normally.

1.4 Outline of the Thesis

This thesis comprises in-depth assessments of some of the existing methods as well

as methodological developments for the analysis of multivariate ordinal data. The

primary aim of the evaluations of the existing methods is to investigate di�erences

in performances of relevant approaches and software procedures that are used

for marginal inference. Furthermore, the methodological part involves new and

alternative statistical approaches with distributional interpretations.

The thesis begins with an interest in estimation of marginal models. The com-

mon estimation approach for such models is GEE. This method would provide

consistent estimators, at least asymptotically, but its performance on ordinal out-

come data in �nite settings has not really been studied yet. Therefore, Chapter

2 is dedicated to this approach to provide insight in the similarities and dissim-

ilarities of the di�erent procedures implemented in di�erent software packages,

both theoretically and practically. This paper was published in Computational

Statistics and Data Analysis. To accommodate some of the limitations of GEE,

we tried to develop a full-likelihood-based marginal model for longitudinal ordinal

outcomes using an approximate �exible multivariate logistic distribution as the

continuous underlying distribution. The model can incorporate covariates into

the mean model and in the associations. Furthermore, it can deal with MAR
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missing outcomes. The results are presented in Chapter 3 and we have been

given the opportunity to revise the material for publication in a statistical jour-

nal. In Chapter 4, we apply this method to compute correlation coe�cients

between severity of Dupuytren's disease in �ngers. Knowledge on the correlation

would help surgeons to decide whether they should operate only one �nger or that

they should consider multiple �ngers simultaneously. Results of this chapter was

published in Plastic and Reconstructive Surgery. We further extend the model of

Chapter 3 to multivariate longitudinal ordinal outcome data. These results are

displayed in Chapter 7 and submitted to a statistical journal for publication.

We studied the same questionnaire data from a Dutch cohort in Chapter 3 and

Chapter 7 to inspect whether items' time trajectories are the same, and therefore

permit an analysis of sum scores. In Chapter 6, we develop a technique for the

analysis of longitudinal sum scores based on the Binomial distribution. This ap-

proach is also capable of estimating the variability in the di�culty parameter and

it can handle partially available items naturally when not all items are answered

by participants. Comparisons of missing data approaches for longitudinal ques-

tionnaire type of data are provided in Chapter 5. In this chapter, the focus is

on analyzing the scales under assumption of normality. We compared maximum

likelihood (ML), multiple imputation (MI), and a hybrid approach. The hybrid

approach is a synthesis of MI and ML to incorporate both strengths. This re-

sult has been submitted for publication. Chapter 8 integrates the �ndings and

discusses further prospective research.
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