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ABSTRACT

A fourth-order accurate symmetry-preserving discretization
for compressible flow is used to perform simulations of the tur-
bulent flow over a delta wing. A symmetry-preserving discretiza-
tion eliminates the non-linear convective instability by preserv-
ing conservation of kinetic energy at the discrete level. This en-
hances the stability of a simulation method, so that little arti-
ficial dissipation is needed for numerical stability. It is shown
that simulations of the flow over a sharp-edge delta wing at Re
= 50,000 with the symmetry-preserving discretization are stable
without artificial dissipation in a region of interest around the
delta wing. To assess the accuracy of the simulation method, re-
sults obtained on a fine computational grid are compared with
results obtained on a coarser grid. Also results obtained with
large-eddy simulation models and with sixth-order artificial dis-
sipation are presented.

∗Corresponding author; w.rozema@rug.nl

INTRODUCTION
Preserving conservation laws in a numerical method can be

advantageous for solving differential equations from fluid dy-
namics. The Lax-Wendroff theorem, for example, states that pre-
serving conservation at the discrete level together with conver-
gence implies convergence to an actual weak solution [1]. From
a practical point of view, preserving mass conservation in a dis-
cretization prevents numerical leakage of a fluid, and preserving
conservation laws at the discrete level is important for computing
shock waves with an appropriate propagation speed. Naturally
finite-volume methods, which are derived from the integral form
of the governing equations and preserve conservation laws by
construction, are very popular in computational fluid dynamics.

Preserving conservation properties in a simulation method is
also advantageous for simulations of incompressible turbulence.
Turbulence forms a cascade of progressively smaller flow struc-
tures. In practice it is often not possible to capture the full range
of turbulent flow structures on the computational grid. Once the
size of the smallest flow structures in the solution approaches
the mesh spacing, the dynamics of these flow structures can no
longer be accurately predicted. General finite-volume methods
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for general curvilinear grids allow under-resolved flow structures
to generate kinetic energy, which may cause instability of the nu-
merical simulation. For incompressible flow this instability can
be eliminated by preserving conservation of kinetic energy by
the convective term at the discrete level; see for example the dis-
cretizations proposed in [2] and [3]. These staggered discretiza-
tions of the incompressible Navier-Stokes equations eliminate
the convective instability, and allow for stable simulations with-
out ad hoc smoothing. This makes kinetic energy preserving dis-
cretizations very suitable for simulations of incompressible tur-
bulence.

Simulations of compressible turbulent flow are also expected
to benefit from kinetic energy conservation by the convective
terms. Kinetic energy conserving discretizations have been pro-
posed for both collocated curvilinear and staggered rectangu-
lar computational grids; see for example [4–6]. Kinetic energy
conservation is related to the mathematical skew-symmetry of
the convective terms, and therefore these discretizations are of-
ten called symmetry-preserving or skew-symmetric discretiza-
tions. Symmetry-preserving methods eliminate the convective
nonlinear instability that plagues higher-order accurate simula-
tions on general curvilinear grids, and allow for stable simula-
tions of turbulence with low artificial dissipation. In an earlier
paper, a fourth-order accurate symmetry-preserving discretiza-
tion was applied to compressible channel flow [7]. It was shown
that preserving the skew-symmetry of convective terms allows
for simulations of subsonic channel flow without any artificial
dissipation, and that the method is very suitable for large-eddy
simulation (LES). In the present paper the method is applied to
a more challenging external flow; the subsonic transitional flow
over a delta wing.

GOVERNING EQUATIONS
The flow of air is modeled by the compressible Navier-

Stokes equations. In conservative form the compressible Navier-
Stokes equations read

∂tρ +∇ · (ρ~u) = 0
∂tρ~u+∇ · (ρ~u~u)+∇p = ∇ ·σ

∂tρE +∇ · (ρ~uE)+∇ · (p~u) = ∇ · (σ ·~u)+∇ ·~q (1)

where ρ is the mass density, ~u the flow velocity and E the total
energy per unit mass. The conservative form of the compressible
Navier-Stokes equations expresses conservation of mass, mo-
mentum and total energy in a fluid. The evolution equations for
the total energy can be replaced by the evolution equation for the
internal energy e = E−~u ·~u/2

∂tρe+∇ · (ρ~ue)+ p∇ ·~u = σ : ∇~u+∇ ·~q (2)

The second terms in the left-hand-side of the above equations
model transportation of a physical quantity with the flow velocity
~u. These terms are called the convective terms in this paper.

To close the compressible Navier-Stokes equations, the de-
pendence of the pressure p, viscous stress σ and diffusive heat
flux ~q on the variables ρ , ~u and E (or e) should be specified.
Air is assumed to be a callorically perfect gas p = ρRT where
R is the gas constant and T the temperature which is assumed to
be related to the internal energy through T = e/cv. The viscous
stress tensor σ is related to the strain tensor S = (∇u+(∇u)T)/2
by the assumption of a Newtonian fluid

σi j = 2µ(T )
(

Si j−
1
3

tr(S)δi j

)
(3)

where the dynamic viscosity is modeled by Sutherland’s law

µ(T ) = µ∞

(
T
T∞

) 3
2 T∞ +Ts

T +Ts
(4)

with the constant Ts is set to 110.4 K. The heat diffusion is mod-
eled through Fourier’s law~q =−κ∇T .

The skew-symmetric nature of the convective terms
The convective transport terms conserve many physical

global quantities. This conservation can be related to a mathe-
matical skew-symmetry if the convective terms are rewritten to
an alternative form. By preserving this skew-symmetry at the
discrete level, many convective conservation properties can be
transferred straightforwardly to the simulation method. In this
section first the alternative form of the convective terms is de-
fined, and second it is shown that this form is equivalent the con-
vective terms from the conservative form of the Navier-Stokes
equations.

The state of a compressible fluid is expressed in alternative
square root variables

√
ρ ,
√

ρ~u,
√

ρe. The convective transport
of these variables can be expressed as

∂tφ + c(~u)φ = . . . (5)

where the φ denotes one of the above variables, the dots denote
non-convective terms, and the convective operator is given by

c(~u)φ =
1
2

∇ · (~uφ)+
1
2
~u ·∇φ . (6)

This operator is skew-symmetric, which means that

ψc(~u)φ +φc(~u)ψ = ∇ · (~uφψ) (7)
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is a divergence form. If the convective transport of φ and ψ

satisfies Eqn. (5) then the product φψ satisfies

∂t(φψ) =−ψc(~u)φ −φc(~u)ψ + . . .=−∇ · (~uφψ)+ . . . (8)

so that φψ is conserved under convective transport by the skew-
symmetry of c(~u). By substituting φ = ψ =

√
ρ , φ =

√
ρ and

ψ =
√

ρ~u, and φ = ψ =
√

ρe, the convective terms of the con-
tinuity, momentum, and internal energy equations are obtained.
Thus, the form in Eqn. (5) is equivalent to the convective terms
from the compressible Navier-Stokes equations.

The advantage of using the alternative form of the convec-
tive terms is that its skew-symmetry immediately implies that
products of the variables

√
ρ ,
√

ρ~u, and
√

ρe are conserved by
convective transport. Thus skew-symmetry implies that the con-
vective terms conserve mass, momentum, kinetic energy, internal
energy, and so on. By preserving the skew-symmetry of the con-
vective terms at the discrete level, a simulation method which
mimics the many conservation properties of the convective terms
is attained.

NUMERICAL METHOD
The numerical method used in this research combines a

fourth-order accurate symmetry-preserving spatial discretization
of the compressible Navier-Stokes equations with an explicit
four-stage low-storage Runge-Kutta time-integration method.
The most distinctive property of the numerical method is the
symmetry-preserving spatial discretization. Whereas a gen-
eral finite-volume discretization of the convective terms of the
Navier-Stokes equations only conserves mass, momentum and
total energy, a symmetry-preserving discretization of the con-
vective terms also conserves the kinetic energy and internal en-
ergy separately. Preserving the kinetic energy conservation of
the convective terms at the discrete level considerably improves
the stability of a simulation method [7]. Therefore a symmetry-
preserving discretization needs less artificial dissipation for sta-
bility than a general finite-volume discretization, which makes
the symmetry-preserving discretization very suitable for simula-
tions of turbulence and aero-acoustics.

Symmetry-preserving spatial discretization
A symmetry-preserving spatial discretization of the com-

pressible Navier-Stokes equations transfers the conservation
properties of the continuous compressible Navier-Stokes equa-
tion with respect to mass, momentum, kinetic energy, internal
energy and total energy to the simulation method. The con-
servative form of the compressible Navier-Stokes equations in
Eqn. (1) shows that all the terms conserve mass, momentum and
total energy. This is naturally transferred to the discrete level by
a finite-volume discretization. In the above it was shown that

nff

k nb(f )

FIGURE 1. A GRID CELL K AND ITS NEIGHBOR.

the convective transport does not only conserve mass, momen-
tum an total energy, but also kinetic and internal energy sepa-
rately. Therefore special attention is paid to the discretization of
the convective terms.

Convective terms. To preserve the many conservation
properties of the convective terms at the discrete level, the dis-
cretization of the convective operator given in Eqn (6) should
be a skew-symmetric discrete operator. This means that a dis-
crete counterpart of the Eqn. (7) should hold at the discrete level.
A second-order accurate discretization of the convective term in
grid cell k is

(c(~u)φ)k =
1

Ωk
∑

f∈Fk

1
2

A f~n f ·~u f φnb( f ) (9)

where Fk is the set of faces of cell k, A f the area of face f , ~n f
a outward-pointing unit normal at face f , and ~u f some interpo-
lation of ~u to face f (see Fig. 1). This discretization is skew-
symmetric because

ψk (c(~u)φ)k +φk (c(~u)ψ)k =
1

Ωk
∑

f∈Fk

A f~n f ·~u f (φ̃ψ) f (10)

where (φ̃ψ) f = (φkψnb( f )+φnb( f )ψk)/2. This is a finite-volume
discretization of Eqn. (7) because A f~n f ·~u f (φ̃ψ) f is a flux func-
tion at face f , and therefore the proposed discretization conserves
mass, momentum, kinetic energy and internal energy for φ equal
to
√

ρ ,
√

ρ~u, and
√

ρe. More details of the symmetry-preserving
discretization of the convective terms can be found in [7]. As-
suming exact time integration and point-wise equalities of the
form (φ 2)k = (φk)

2, the above discretization can be rewritten to
an induced finite-volume discretization of the convective terms

∂tρk +
1

Ωk
∑

f∈Fk

A f~n f ·~u f ( ˜√ρ
√

ρ) f = 0 (11)

∂t(ρui)k +
1

Ωk
∑

f∈Fk

A f~n f ·~u f ( ˜√ρ
√

ρ) f (ui) f = . . .

∂t(ρE)k +
1

Ωk
∑

f∈Fk

A f~n f ·~u f ( ˜√ρ
√

ρ) f Ẽ f = . . . (12)
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where φ f = (φk +φnb( f ))/2 and Ẽ f = (ũiui) f /2+(
√̃

e
√

e) f . By
construction, this discretization of the convective terms con-
serves mass, momentum, kinetic energy, and internal energy.
The discretization can be completed by specifying the interpo-
lation~u f , which is set to

~u f =
ρ f~u f

( ˜√ρ
√

ρ) f
(13)

so that most density square-roots cancel out of the finite-volume
discretization.

A higher-order symmetry-preserving discretization can be
constructed from the second-order accurate discretization de-
rived above by Richardson extrapolation. For the convective
terms, Richardson extrapolation is applied with three control vol-
umes ∆, 2∆ and 3∆ as in [4]. The vertices of the 2∆ control vol-
ume, which do not coincide with vertices of the original grid, are
approximated to fourth-order accuracy. The result is a symmetry-
preserving fourth-order accurate discretization with a minimized
dispersion error in computational space [8].

General central finite-volume discretizations of the convec-
tive terms allow for a convective transfer of internal energy to
kinetic energy, and vice versa. If a curvilinear computational
grid does not completely resolve the smallest turbulent flow
structures, then general higher-order accurate finite-volume dis-
cretizations may predict a considerable transfer of internal en-
ergy to kinetic energy through the convective terms. This non-
physical source of kinetic energy yields inappropriate results and
can eventually cause numerical instability. Symmetry-preserving
discretization of the convective terms does not allow the spuri-
ous transfer of internal to kinetic energy through the convective
terms, and therefore eliminates such instabilities by construc-
tion. Indeed, symmetry-preserving discretization of the convec-
tive terms is observed to enhance the stability of a numerical
method [4].

An important application area of the symmetry-preserving
discretization is large-eddy simulation. In large-eddy simu-
lation, the dissipation of resolved kinetic energy by sub-grid
scales is modeled [9], and therefore the underlying discretization
should not dissipate or generate kinetic energy. The symmetry-
preserving discretization of convection conserves kinetic energy
by construction, and thus the kinetic energy is only dissipated
by the large-eddy simulation model. In a previous paper [7], it
was shown that the symmetry-preserving discretization is a very
suitable base discretization for large-eddy simulation of channel
flow.

Pressure terms. The pressure terms conserve momen-
tum and total energy, but do not conserve kinetic energy and in-
ternal energy separately. These conservation properties are cap-

tured appropriately by a finite-volume discretization. Here the
second-order accurate product-rule preserving discretization pro-
posed in [4] is used

(∇p)k =
1

Ωk
∑

f∈Fk

A f~n f p f

(∇ · (p~u))k =
1

Ωk
∑

f∈Fk

A f~n f · (̃p~u) f (14)

In the same way as for the convective terms, a fourth-order accu-
rate dispersion-relation-preserving discretization of the pressure
terms is constructed through Richardson extrapolation with three
control volumes.

Viscous terms. The viscous terms conserve momentum
and total energy. The viscous terms do not conserve kinetic en-
ergy and internal energy separately, but instead transfer kinetic
energy into internal energy by viscous friction. In this paper a
finite-volume discretization of the viscous terms is used. Again
the base discretization is second-order accurate, and a fourth-
order accurate discretization is derived using Richardson extrap-
olation with the two control volumes ∆ and 2∆. The second-order
accurate base discretization is

(∇ ·σ)k =
1

Ωk
∑

f∈Fk

A f~n f ·σ f

(∇ · (σ ·~u))k =
1

Ωk
∑

f∈Fk

A f~n f ·

(
σ f ·

ρu f

ρ f

)
(15)

The stress tensor σ f at face f is computed using standard-finite
difference discretization. Once again, in the computations with
the 2∆ control volume the cell vertices are computed to fourth-
order accuracy.

Heat transfer term. The heat transfer term only con-
serves total energy and internal energy. A general finite-volume
method preserves these conservation properties. Once again, the
base discretization of the heat transfer term is second-order ac-
curate

(∇ ·~q)k =
1

Ωk
∑

f∈Fk

A f~n f ·~q f (16)

where ~q f is a finite-difference approximation. A fourth-order
accurate approximation is constructed using Richardson extrap-
olation with ∆ and 2∆ control volumes to construct a fourth-order
accurate discretization.
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Time integration
Assuming exact time integration, the symmetry-preserving

spatial discretization transfers conservation of mass, momen-
tum, kinetic energy, internal energy and total energy to the sim-
ulation method. However, in practice errors due to numerical
time integration can introduce considerable conservation errors,
thereby canceling the numerical and physical advantages of us-
ing a symmetry-preserving spatial discretization.

It can be shown that so-called symplectic Runge-Kutta
time-integration methods preserve the conservation properties of
mass, momentum, kinetic energy and internal energy at the dis-
crete level [7]. However, symplectic Runge-Kutta methods are
implicit, and rigorous solution of the corresponding implicit sys-
tem is required to obtain accurate conservation. An alternative
is to use a general time-integration method with a sufficiently
small time step size to control the conservation errors [10]. The
latter approach is taken in this research; time integration is per-
formed using a four-stage low-storage Runge-Kutta method, and
the Courant number is set to 1 for stability and accuracy.

SIMULATION SETUP
To assess the stability and accuracy of the fourth-order accu-

rate symmetry-preserving discretization, simulations of the flow
over a sharp-edged delta wing at chord Reynolds number 50,000
are performed. The delta wing is similar to the wing studied by
Visbal and Gordnier [11]; The angle of attack is 25◦, and the
sweep of the wing is 75◦. However, in this paper the flow around
a finite wing with a blunt trailing edge at Mach 0.3 is considered,
whereas Visbal and Gordnier study the span wise symmetric flow
around a semi-infinite wing at Mach 0.1. The bevel of the delta
wing considered here is 30◦.

The flow over a sharp-edged delta wing is dominated by a
shear layer that originates at the leading edge. The shear layer
rolls up into a marked conical flow structure which is called the
primary vortex (see Fig. 2). At the considered Reynolds number,
downstream from approximately 0.25 chord lengths the bound-
ary layer on the upper surface of the delta wing separates and
is partly sucked into the primary vortex. This creates a mixture
of counter-rotating vortical substructures (sub-vortices) along the
edge of the primary vortex.

From experimental measurements it is known that the time-
averaged axial vorticity field above a delta wing features a capti-
vating helical pattern [12, 13]. Numerical simulations by Visbal
and Gordnier [11] suggest that this helical pattern is caused by a
regular hydrodynamic transition process of the sub-vortices that
are sucked into the primary vortex. For an infinite delta wing
at chord Reynolds number 50,000, the helical pattern of sub-
vortices has been observed downstream from approximately 0.6
chord lengths [11].

The surface of the delta wing is modeled as an isothermal
no-slip boundary. The delta wing is positioned at the center

FIGURE 2. CONTOUR PLOTS OF THE AXIAL VORTICITY AT
THE STATIONS X = 0.2 C, 0.4 C, 0.6 C, 0.8 C AND 1.0 C.

of a computational domain that spans approximately 20 chord
lengths in each direction. The computational domain is di-
vided into a region of interest and a far field. The region of
interest contains the delta wing and the primary vortex above
the delta wing. The region of interest is a box of dimen-
sions [−0.04c,1.06c]× [−0.31c,0.31c]× [−0.04c,0.27c] where
the origin of the coordinate system is located at the apex of the
delta wing, and c is the chord length of the delta wing. The pur-
pose of the region of interest is to accurately capture the turbulent
flow over the delta wing, and therefore the computational grid in
this region is fine and smooth.

The purpose of the far field is to provide a natural transi-
tion from the region of interest to the boundaries of the compu-
tational domain. In the far field only the large flow structures are
captured. Therefore the grid cell size in the far field increases
towards the domain boundaries, and sixth-order artificial dissi-
pation is applied to suppress spurious oscillations. At the inflow
and outflow boundaries of the computational domain, character-
istic boundary conditions are applied.

The computational grid is multi-block structured and curvi-
linear. The grid has a conical structure above the wing, so that
the grid resolution relative to the size of the primary vortex is ap-
proximately constant in the tangential and span wise directions.
Simulations are performed on a fine grid A of 27 million grid
cells and a coarser grid B of 3.4 million grid cells. The fine grid
A practically resolves the laminar boundary layer on the upper
surface of the delta wing (∆x+max ≈ 22, ∆y+max ≈ 16, ∆z+min ≈ 1,
∆zmin/c = 1.7× 10−4). In the primary vortex the fine grid re-
sembles the finest computational grid used in [11]. The coarser
grid B is two times as coarse as the fine grid; the mesh spacing
is doubled with respect to the fine grid A. Table 1 lists the grid
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TABLE 1. DIMENSIONS OF THE LARGEST CELLS AT THE
TRAILING EDGE OF THE DELTA WING.

Grid Cells ∆x/c ∆y/c ∆z/c

A 2.7×107 4.6×10−3 3.4×10−3 3.0×10−3

B 3.4×106 9.2×10−3 6.8×10−3 6.0×10−3

resolution in the vortex core for both grids.
The initial condition of the simulations is an unsteady RaNS

solution of the delta wing flow. The dimensionless time step
size is ∆tU∞/c = 7.5× 10−6 for the fine grid A and ∆tU∞/c =
1.5× 10−5 for the coarser grid B. The total simulation times on
the grids A and B are 15 and 20 dimensionless time units. After
approximately 2 dimensionless time units, on both grids the pri-
mary vortex has undergone transition to turbulence, and record-
ing of flow statistics starts.

The simulations by Visbal and Gordnier [11] suggest that
the coarser grid B does not resolve the turbulent flow above the
delta wing. Therefore, a simulation on grid B with the symmetry-
preserving discretization can be seen as an implicit large-eddy
simulation. To provide some context for the results of this im-
plicit large-eddy simulation, on the coarser grid also simulations
are performed with the Vreman [14] and singular value [15]
large-eddy simulation (LES) models, and with sixth-order artifi-
cial dissipation at the low level k(6) = 1/8 [10]. For consistency,
the LES models are discretized to fourth-order accuracy, just like
the numerical discretization.

RESULTS AND DISCUSSION
Simulation with the symmetry-preserving discretization

have been performed on the fine grid A and the coarser grid
B. The symmetry-preserving discretization eliminates the non-
linear convective instability, so that little artificial dissipation is
needed for numerical stability. In fact, the simulations on both
the fine and the coarser grid are stable without any artificial dis-
sipation in the region of interest, even though the simulation
method is fourth-order accurate and the grid bends and stretches
considerably. Figure 2 shows the flow field computed without
artificial dissipation on the fine grid.

Figure 3 and Fig. 4 show contour plots of the instantaneous
axial vorticity at the location x/c = 0.5 computed on the fine
grid A and the coarser grid B without LES model or artificial
dissipation. Separation of the laminar boundary layer on the up-
per surface of the delta wing and the suction of sub-vortices into
the primary vortex is observed on both the grids. Due to the
absence of modeled or artificial dissipation, mild spurious oscil-
lations can be observed in the axial vorticity fields. For general

FIGURE 3. THE INSTANTANEOUS AXIAL VORTICITY AT X/C
= 0.5 COMPUTED ON THE FINE GRID A.

FIGURE 4. THE INSTANTANEOUS AXIAL VORTICITY AT X/C
= 0.5 COMPUTED ON THE COARSER GRID B.

finite-volume methods spurious oscillations can trigger the non-
linear convective instability, and typically modeled or artificial
dissipation is needed to stabilize simulations. For a symmetry-
preserving method mild spurious oscillations cannot cause nu-
merical instability through convective transport, and the simu-
lations are stable without artificial dissipation in the region of
interest. For the current simulations the application of artificial
dissipation is a modeling choice, and not a necessary condition
for numerical stability.
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FIGURE 5. THE MEAN PRESSURE COEFFICIENT AT X/C = 0.5.

FIGURE 6. FLUCTUATIONS OF THE PRESSURE COEFFICIENT
AT X/C = 0.5.

Figure 5 shows the mean pressure coefficient Cp on the sur-
face of the delta wing at x/c = 0.5. The simulations without LES
model or artificial dissipation on the fine grid A and the coarser
grid B predict similar mean pressures over most of the delta wing
surface. Small differences are observed underneath the primary
vortex, where the fine grid simulation predicts a higher pres-
sure than the simulation on the coarser grid. Simulations on
the coarser grid with the Vreman and singular value LES model
and with sixth-order artificial dissipation predict pressures in be-
tween the levels predicted by the simulations on the fine and the
coarser grid without LES model or artificial dissipation.

FIGURE 7. THE MEAN STREAM WISE FLOW VELOCITY
AND THE (NEGATIVE) PRESSURE COEFFICIENT ON A LINE
THROUGH THE VORTEX CORE AT X/C = 0.5. THE PRE-
DICTIONS OBTAINED WITH THE VREMAN AND SINGULAR
VALUE LES MODELS COLLAPSE.

The root mean square of the pressure coefficient fluctuations
on the surface of the delta wing at x/c = 0.5 is shown in Fig. 6.
The coarser grid B does not resolve the boundary layer on the up-
per surface of the delta wing, and the simulation without an LES
model or artificial dissipation on the coarser grid over-predicts
the pressure fluctuations on the upper surface of the delta wing.
This corroborates an observation in an earlier paper [7], where it
was shown that the symmetry-preserving discretization typically
over-predicts fluctuations in under-resolved simulations of com-
pressible turbulent channel flow. Application of an LES model
or sixth-order artificial dissipation reduces the fluctuations of the
pressure coefficient to levels predicted by a simulation on the fine
grid A.

Figure 7 shows the mean pressure coefficient and the mean
stream wise velocity on a vertical line through the laminar vor-
tex core at x/c = 0.5 and y/c = 0.084. The simulations on the
fine and the coarser grid both predict a suction peak and a local
maximum of the stream wise velocity at z/c = 0.05, where the
center of the vortex core is located (cf. Fig. 3). The simulation
on the fine grid A predict a suction peak of strength Cp = −6.0.
The coarser grid B does not resolve the vortex core, and predicts
a weaker suction peak. Application of the Vreman or singular
value LES model on the coarser grid B weakens the strength of
the suction peak further. However, application of sixth-order ar-
tificial dissipation on the coarser grid B strengthens the suction
peak, and predicts a suction close to the suction computed on
the fine grid. The mean stream wise velocity in the laminar vor-
tex core exhibits a similar qualitative behavior; the symmetry-
preserving method predicts a lower mean flow velocity on the
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FIGURE 8. THE RESOLVED TURBULENT KINETIC ENERGY
AND THE PRESSURE COEFFICIENT FLUCTUATIONS ON A
LINE THROUGH THE VORTEX CORE X/C = 0.5.

coarser grid than on the fine grid, the application of an LES
model lowers the flow velocity further, and the application of
sixth-order artificial dissipation increases the flow velocity to-
wards the flow velocity predicted on the fine grid.

Figure 8 shows the resolved turbulent kinetic energy k′/U2
∞

and the root mean square of the pressure coefficient fluctua-
tions along the same vertical line at x/c = 0.5 and y/c = 0.084.
The resolved turbulent kinetic energy attains a local maximum
in the vortex core at z/c = 0.05, but also at z/c = 0.03 and
z/c = 0.08, where the turbulent shear layer crosses the vertical
line (cf. Fig. 3). Just like along the surface of the delta wing,
on the coarser grid B the simulation without LES model or arti-
ficial dissipation over-predicts fluctuations in the under-resolved
vortex core. The application of an LES model or sixth-order ar-
tificial dissipation on the coarser grid reduces the turbulent fluc-
tuations to levels predicted on the fine grid.

Figure 9 shows the mean pressure coefficient and the mean
stream wise velocity at the center of the vortex core as a function
of the axial location x/c. These quantities peak approximately in
the middle of the delta wing, and decrease towards the trailing
edge. The qualitative behavior at x/c = 0.5 observed in Fig. 7
holds throughout the vortex core; at all the axial locations the
simulation on the fine grid A predicts the strongest suction peak
and the highest stream wise flow velocity, and the simulation on
the coarser grid B with LES model predicts the weakest suction
peak and the lowest stream wise flow velocity. Throughout the
vortex core, the simulation on the coarser grid with sixth-order
artificial dissipation predicts a stronger suction peak and higher
mean stream wise flow velocity than the implicit large-eddy sim-
ulation on the coarser grid.

Simulations of the span wise symmetric flow over an infi-

FIGURE 9. THE PRESSURE COEFFICIENT AND THE STREAM
WISE VELOCITY IN THE THE VORTEX CORE.

FIGURE 10. THE MEAN AXIAL VORTICITY AT THE STATIONS
X/C = 0.7 AND X/C = 0.9.

nite delta wing at chord Reynolds number 50,000 by Visbal and
Gordnier [11] predict a mean stream wise velocity of 4.0 in the
vortex core at x/c = 1.0. Figure 9 shows that the simulation of a
finite delta wing on the fine grid A predicts a mean stream wise
velocity of 2.0 in the vortex core at x/c = 1.0, and a maximum
mean stream wise velocity of 2.3 at x/c = 0.45. The marked dif-
ference between the prediction in [11] and the simulation on the
fine grid A is most likely due to the wake at the trailing edge of
the finite delta wing considered here. The wake at the trailing
edge imposes a boundary condition on the flow above the delta
wing which is fundamentally different from the infinity bound-
ary condition imposed in [11]. Different boundary conditions
correspond to different primary vortices, and to different flow
velocities in the vortex core.
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FIGURE 11. AN ISOSURFACE OF THE INSTANTANEOUS Q-
CRITERION COLORED BY THE INSTANTANEOUS AXIAL VOR-
TICITY (TOP) AND AN ISOSURFACE OF THE MEAN AXIAL
VORTICITY (BOTTOM).

The time-averaged axial vorticity field on the fine grid
recorded over 13 dimensionless time units features sub-vortices
downstream from approximately x/c = 0.5. By tracing the sub-
vortices through contour plots at different axial locations, the
sub-vortices are observed to rotate around the vortex core in heli-
cal trajectories. Figure 10 shows contour plots of the mean axial
vorticity at x/c = 0.7 and x/c = 0.9. The observed sub-vortices
are not as pronounced as in experimental measurements [12,13],
possibly because the current chord Reynolds number is consid-
erably lower than in the experiments, because the time-averages
are not converged sufficiently, or because the computational grid
is not fine enough.

The numerical simulations by Visbal and Gordnier [11] pre-
dicts mean sub-vortices of constant magnitude over a large range
of axial locations. Therefore an iso-surface of the mean axial
vorticity shows long helical trajectories described by the mean
sub-vortices. The current simulations of a finite delta wing on
the fine grid predict mean sub-vortices of a magnitude that de-
creases towards the trailing edge of the delta wing. Figure 11
shows the iso-surface < ωx > c/U∞ =−14 computed over 13 di-
mensionless time units on the fine grid A. The iso-surface shows
helical trajectories, but only over limited range of axial locations.
The iso-surfaces shown in [11] and here can be different because
the flow over an infinite wing is fundamentally different from the
flow over a finite wing, because the time-averages are recorded
over time intervals of different length, or because the grid reso-
lutions are slightly different.

The mean sub-vortices computed on the fine grid A describe
helical trajectories, but are not very pronounced. To ensure that

the mean sub-vortices computed in the current simulations are
indeed similar to the mean sub-vortices observed in other experi-
mental and numerical studies [11–13], time-averages over longer
time intervals should be computed.

CONCLUSION
Simulations of the flow over a sharp-edged delta wing

have been performed with a fourth-order accurate symmetry-
preserving discretization for compressible flow. A symmetry-
preserving discretization of the convective terms preserves con-
servation of kinetic energy at the discrete level, and thereby im-
proves the numerical stability of a simulation method. Indeed,
although general finite-volume methods are typically unstable
unless artificial dissipation is applied, the current simulations are
stable without modeled or artificial dissipation in a region of in-
terest around the delta wing. Thus, for these simulations the ap-
plication of modeled or artificial dissipation is optional, and not
a necessary condition for numerical stability.

Simulations have been performed on a fine and a coarser
computational grid. Results of simulations on the coarser grid
with large-eddy simulation (LES) models, with sixth-order ar-
tificial dissipation, and simulations on the coarser grid without
modeled or artificial dissipation have been compared with the
results of a fine grid simulation. In the vortex core, the simula-
tion on the coarser grid without modeled or artificial dissipation
predicts a weaker suction peak and higher turbulent fluctuations
in the vortex core than the simulation on the fine grid. Appli-
cation of an LES model on the coarser grid weakens the suction
peak further, but correctly reduces the turbulent fluctuations. Ap-
plication of sixth-order artificial dissipation on the coarser grid
strengthens the suction peak to a level that approaches the fine
grid result, and also correctly reduces the turbulent fluctuations.

The time-averaged axial vorticity field computed on the fine
grid features sub-vortices that rotate around the vortex core in
helical trajectories. Further research is needed to investigate
whether these mean sub-vortices are similar to the mean sub-
vortices that have been observed in other experimental and nu-
merical studies.
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