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a b s t r a c t

This paper considers the decentralized control of vehicle platoons and gives necessary and sufficient
conditions for the existence of such controllers. Specifically, we consider a predecessor–follower
control structure in which a vehicle is responsible for tracking of a desired spacing policy with
respect to its predecessor, regardless of the control action of the latter. By building on geometric
control theory, this perspective enables to state necessary and sufficient conditions for the existence
of decentralized controllers that guarantee tracking and asymptotic stabilization of a general (linear)
spacing policy. For a given spacing policy, these conditions fully characterize the measurements that
are required to achieve the desired control objectives. Furthermore, in this geometric framework with
the predecessor–follower structure, string stability properties are shown to be the result of the spacing
policy rather than the details of control design. As an example, we fully characterize all state and
output feedback controllers that achieve the control goals for the constant headway spacing policy.
The results are illustrated through simulations.

© 2020 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

The longitudinal control of vehicles enables the formation
f groups in which vehicles have short inter-vehicle distances.
uch groups, known as platoons, have the potential to improve
raffic throughput and prevent the onset of traffic jams, see [1–3].
oreover, significant fuel savings can be obtained for heavy-duty
ehicles, e.g., [4,5]. Motivated by these advantages, the problem of
ehicle platooning has received a lot of attention in the literature,
ee, e.g., [6,7] for early works and [8–11] for further contributions.
hese theoretical works have been supported by various exper-
mental demonstrations, see, for example, [12–14]. Furthermore,
o guarantee safe platooning in practice, a rich variety of topics
anging from speed planning [15] and sensor failures [16] to the
nalysis of communication structures [17,18] has been studied in
he literature.

Typical objectives for platoon control are, first, the tracking
nd stabilization of a desired inter-vehicle distance, and, sec-
nd, the attenuation of disturbances as they propagate through
he platoon; a property known as string stability [19,20], see
lso [21,22] for recent surveys. Popular choices for the desired
nter-vehicle distance are the constant spacing policy [23] and
he constant headway spacing policy [24,25], where the desired
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inter-vehicle spacing is dependent on the velocity of the follower
vehicle in the latter.

These existing works generally only give sufficient conditions
under which vehicle controllers achieve the desired vehicle-
following behavior; conditions that are in addition heavily de-
pendent on assumptions on the measurements that are available
for control. Taking an example using the constant headway pol-
icy, the work [26] assumes measurements of the spacing errors
(i.e., deviations from the desired inter-vehicle spacing) and shows
that string stability can only be guaranteed for sufficiently large
time headway, whereas [13,27] guarantee string stability for any
(positive) time headway at the cost of additional measurements.
Such subtleties, scattered throughout the literature, complicate
the development of general control design procedures.

Only a few converse for controller design exist in literature.
Most importantly, for the constant spacing policy, it is shown
in [28] and [29] that there is no decentralized controller achieving
string stability when only relative measurements (i.e., in terms
of deviations from the desired constant spacing) are available.
Here, [28] and [29] consider predecessor–follower and bidirec-
tional control structures respectively. An extension of these re-
sults, also including the constant headway policy, is given in [26].

Motivated by the lack of converse results and the subtleties in
the various sufficient conditions for platoon control, we provide
a unifying framework for determining, given any spacing policy,
the existence of decentralized controllers that achieve tracking
and stabilization by state feedback. This framework addition-
ally allows for formulating necessary and sufficient conditions on
icle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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he set of measurements such that the same control goals can
e achieved by measurement feedback. In particular, the main
ontributions of the paper are as follows:
First, using a predecessor–follower control structure, we

resent an approach for decentralized control by considering
wo vehicles (such two-vehicle models are called overlapping
odels in [8]) and requiring the control objective of the follower
ehicle to be robust with respect to the control input of the
receding vehicle. Specifically, the follower vehicle is responsi-
le for tracking the desired spacing policy with respect to its
redecessor, whereas this predecessor is free to choose its own
nput (i.e., such that it achieves its own control goals). Not only
oes this give a natural perspective on decentralized control
hat is applicable to heterogeneous platoons, it also allows for
he use of well-developed tools from geometric control theory
e.g., [30,31]).

Second, we then employ geometric control theory to give
ecessary and sufficient conditions for the existence of controllers
hat guarantee tracking and asymptotic stabilization of the de-
ired spacing policy. Here, both state feedback (considering the
tates of both the predecessor and follower vehicle) and output
eedback (considering, e.g., relative measurements between two
ehicles) are considered. Using this framework, it is shown that
here exists no controller that guarantees tracking of the constant
spacing policy (when the lead vehicle follows an arbitrary velocity
profile). For the constant headway spacing policy, it is shown that
such a state feedback controller does exist and, moreover, neces-
sary and sufficient conditions on the available measurements are
given under which an output feedback controller can be found.
Finally, an extended spacing policy that includes a dependence
on the acceleration of the follower vehicle is considered to show
the generality of the approach. Also, we note that these results
are developed using a time domain formulation, contrary to the
frequency domain approach in [26,28,29].

Third, it is shown that the property of string stability is only
ependent on the choice of the spacing policy and does not
epend on the details of the controller as long as this controller
uarantees tracking of the desired spacing policy. This formalizes
similar observation in [11].
The remainder of this paper is structured as follows: Section 2

ives a precise problem statement and introduces the robust
ecentralized control approach, after which Section 3 briefly re-
alls relevant geometric control theory. Sections 4 and 5 study
his decentralized control problem under the assumptions of
ull state information and limited measurements, respectively,
nd give necessary and sufficient conditions for the existence
f controllers. These results are illustrated in Section 6, before
onclusions are stated in Section 7.
Notation The sets of real and complex numbers are denoted

by R and C, respectively, C+

0 = {λ ∈ C | ℜ(λ) ≥ 0} denotes the
losed right-half complex plane, and IN = {1, 2, . . . ,N}. For a
ector x ∈ Rn, |x| is its Euclidean norm; ei ∈ Rn is the vector of
ll zeros except for a one in position i. Let X , Y ⊂ Rn be vector
paces and consider the linear map A : X → Y . Then, im A =

Ax|x ∈ X } and ker A = {x ∈ X |Ax = 0}, respectively. The inverse
mage of a subspace V ⊂ Y is given as A−1V = {x ∈ X | Ax ∈ V}.
inally, V⊥

= {x ∈ X | xTv = 0 ∀v ∈ V} is the orthogonal
omplement of a subspace V ⊂ X in the inner product space X .

. Problem setting and approach

Consider a platoon of N + 1 vehicles with the dynamics

ṡi = vi,

v̇i = ai, i ∈ {0} ∪ IN , (1)
τiȧi = −ai + ui.
2

Here, si, vi, and ai (all in R) are the longitudinal position, ve-
locity, and acceleration of vehicle i, respectively, whereas the
control input ui ∈ R can be regarded as the desired acceler-
tion. The model (1) is a slight extension of the models used
n, e.g., [8,13], as the time constant τi > 0 representing the
engine dynamics is not taken to be identical for each vehicle
in the platoon. Thus, a heterogeneous platoon is considered. For
future reference, the states of vehicle i are collected as xi =

[si vi ai]T ∈ R3 and the full state of the platoon is denoted by
x = [xT0 · · · xTN ]

T
∈ R3(N+1).

After denoting the distance between vehicle i and its prede-
cessor with index i − 1 as

∆i = si−1 − si, (2)

the desired inter-vehicle distance can be defined as a function
∆ref

i : R2
→ R of (vi, ai). Such function is usually referred

to as the spacing policy and standard examples are the constant
spacing policy (where ∆ref

i (vi, ai) = 0, e.g., [23]) and the constant
headway policy given by

∆ref
i (vi, ai) = hvi, (3)

with h > 0, e.g., [24,25]. Note that the desired distance between
vehicles i and i − 1 may depend on the velocity and acceleration
of the follower vehicle (with index i).

Remark 1. Due to linearity of the dynamics, the states in (1)
can be regarded as deviations from a nominal trajectory (e.g., for
a constant velocity). Specifically, this allows for the introduction
of a so-called standstill distance d in the policy (3) after regarding
si as the deviation from the longitudinal position s′i as si = s′i + id.
Then, the dynamics remains unchanged as ṡ′i = vi and ∆i =

si−1 − si = s′i−1 − s′i − d can be regarded as the deviation from
the nominal spacing d.

Remark 2. A comparison of the constant spacing and constant
headway policies can be found in [25], whereas alternatives in-
volving time delays or nonlinear policies have been considered
in [11,32] and [33], respectively.

For a given spacing policy, the spacing error ei is defined as

ei = ∆i − ∆ref
i (vi, ai). (4)

Now, a formal definition can be given on what it means for a state
feedback controller ui = Fix, i ∈ IN to track or asymptotically
stabilize a given spacing policy.

Definition 3. Consider the platoon (1) and a spacing policy ∆ref
i

satisfying ∆i(0, 0) = 0. Then, a controller ui = Fix for all i ∈ IN is
said to

(i) track the spacing policy if for any u0(·) and with x(0) = 0,
it holds that ei(t) = 0 for all t ≥ 0 and all i ∈ IN ;

(ii) asymptotically stabilize the spacing policy if, for any u0(·)
and any x(0) ∈ R3(N+1), it holds that

lim
t→∞

ei(t) = 0, ∀i ∈ IN ; (5)

(iii) achieve string stability if for any u0(·) and with x(0) = 0, it
holds that∫ T

0
|∆i(t)|2 dt ≤

∫ T

0
|∆i−1(t)|2 dt, (6)

for all T > 0 and all i ∈ {2, . . . ,N}.

An important aspect in this definition is that the properties
of tracking and string stability are required to hold for any input
u (·) of the leading vehicle in the platoon. Namely, it is assumed
0
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hat the lead vehicle is either manually driven or has a controller
ith a local control objective such as maintaining constant speed.
hus, controllers affecting the follower vehicles (with indices i ∈

IN ) are responsible for satisfying the objectives in Definition 3.
Finally, it is remarked that Definition 3 is readily extended to
dynamic controllers when the initial condition for their states is
chosen in accordance to that of the platoon (i.e., equal to zero for
conditions (i) and (iii) and arbitrary for (ii)).

The definition of string stability in (6) asks for the attenuation
of perturbations in ∆i as they propagate through the platoon,
where ∆i can be regarded as the deviation from the nominal
inter-vehicle spacing (see Remark 1). As such, this definition is
directly related to safety of the platoon. In the literature, string
stability is often defined in terms of (deviations from the nominal)
velocity vi, but we will show that these definitions coincide for
the spacing policies considered in this paper, see Remark 13.

In this work, a decentralized approach towards controller de-
sign is pursued, in which a vehicle i is responsible for maintaining
the desired inter-vehicle distance with respect to its predecessor
i − 1 using only local measurements (i.e., on vehicles i and i −

1). For the control design for vehicle i, it is therefore natural
to consider the state ξi = [xTi−1 xTi ]

T and the corresponding
dynamics

ξ̇i(t) = Aiξi(t) + Biui(t) + Giui−1(t), (7)

with

Ai =

[
Ãi−1 0
0 Ãi

]
, Bi =

[
0
B̃i

]
, Gi =

[
B̃i−1
0

]
. (8)

The matrices Ãi and B̃i in (8) follow directly from the dynamics
(1), such that

Ãi =

⎡⎣0 1 0
0 0 1
0 0 −τ−1

i

⎤⎦ , B̃i =

⎡⎣ 0
0

τ−1
i

⎤⎦ . (9)

Moreover, assuming that the spacing policy ∆ref
i is linear, the local

spacing error ei as in (4) can be written as

ei(t) = Hiξi(t). (10)

For example, using (2) and (3), it is readily observed that the
constant headway spacing policy leads to

Hi =
[
1 0 0 −1 −h 0

]
. (11)

Now, a decentralized state feedback controller for vehicle i given
as ui = Fiξi leads to the closed-loop dynamics

ξ̇i(t) = (Ai + BiFi)ξi(t) + Giui−1(t), (12)

where it is noted that the control input ui−1 is unaffected by this
local controller. Using (12), the objective for the design of Fi is
stated in the following problem.

Problem 4. Given (7) and spacing policy (10), find a state
feedback matrix Fi such that the closed-loop system (12) satisfies
the following properties for any ui−1(·):

(i) ξi(0) = 0 implies Hiξi(t) = 0 for all t ≥ 0;
(ii) for all ξi(0) ∈ R6, it holds that limt→∞ Hiξi(t) = 0.

It is clear that the two statements in Problem 4 directly cor-
respond to the objectives of tracking and asymptotic stabilization
of the spacing policy as in items (i) and (ii) in Definition 3. The
crucial condition in Problem 4 is the requirement that properties
(i) and (ii) hold for any input ui−1(·) of the preceding vehicle,
i.e., the control design for vehicle i is robust with respect to
ui−1(·). It is exactly this condition that enables the decentralized

control policy. Namely, when vehicle i maintains the desired

3

inter-vehicle distance with respect to its predecessor i−1 regard-
less of ui−1, it also holds for the input ui−1 that guarantees that
vehicle i−1 achieves its control objective (namely, tracking of the
desired spacing policy with respect to vehicle i−2). Consequently,
Problem 4 can be regarded as a decentralized formulation of the
first two items in Definition 3 in the sense that solving Problem 4
for all follower vehicles i ∈ IN guarantees that the objectives (i)
and (ii) in Definition 3 are satisfied.

Even though there is no formal requirement on string stability
in Problem 4, it will be shown later that string stability is implied
by item (i) for a properly chosen spacing policy Hi.

Whereas Problem 4 assumes that full state information (on ξi)
is available for the control of vehicle i, this is not typically the
case in practice. For example, it is reasonable that only relative
distance measurements between vehicles are available and that
there is no knowledge of the absolute positions si and si−1. To
address such situations, the output

yi(t) = Ciξi(t), (13)

is defined. In this case, a dynamic output feedback controller
(with state ζi ∈ R6) is sought of the form

Γi :

{
ζ̇i(t) = Ac,iζi(t) + Bc,iyi(t),
ui(t) = Cc,iζi(t) + Dc,iyi(t),

(14)

leading to the following natural extension of Problem 4.

Problem 5. Given (7), (13), find an output feedback controller
Γi as in (14) such that the resulting closed-loop system satisfies
the following properties for any ui−1(·):

(i) ξi(0) = 0 and ζi(0) = 0 implies Hiξi(t) = 0 for all t ≥ 0;
(ii) for all ξi(0) and all ζi(0), it holds that

limt→∞ Hiξi(t) = 0.

As in the state feedback case, the requirement that the con-
ditions in Problem 5 hold for any ui−1(·) is crucial to enable
decentralized design.

As the existence of a solution to Problem 5 will be shown to
depend on the existence of a solution of Problem 4 and the avail-
able measurements captured in (13), we will address Problem 5
by giving necessary and sufficient conditions on Ci that guarantee
the existence of a dynamic output feedback controller (14).

Before addressing Problems 4 and 5 in Sections 4 and 5,
respectively, it is noted that items (i) in these problems can be
regarded as instances of the disturbance decoupling problem,
whereas items (ii) are output regulation problems. These are
classical problems in geometric control theory.

3. A review of geometric control theory

The material in this section is standard and largely taken
from [31], see also [30,34].

Let A : X → X be a linear map with X a vector space. Then,
a subspace V ⊂ X is said to be A-invariant if Ax ∈ V for all
x ∈ V , which is also denoted as AV ⊂ V . Such invariant subspaces
play an important role in the analysis of linear dynamical systems
ξ̇ = Aξ , as ξ (0) ∈ V implies ξ (t) = eAtξ (0) ∈ V for all t ≥ 0. This
also motivated the following definition.

Definition 6. Consider the system ξ̇ (t) = Aξ (t). An A-invariant
subspace V ⊂ X is said to be inner stable if

ξ (0) ∈ V H⇒ lim
t→∞

ξ (t) = 0. (15)

Moreover, V is said to be outer stable if

lim
t→∞

dist(ξ (t),V) = 0, (16)
for all ξ (0) ∈ X and with dist(ξ,V) = infv∈V |ξ − v|.
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Thus, a subspace V is inner stable if trajectories starting in V
onverge to the origin, whereas V is outer stable if any trajec-
ory converges towards V . Geometric conditions for evaluating
whether an A-invariant subspace is (inner or outer) stable are
given as follows:

Lemma 7. Let V ⊂ X be A-invariant. Then, V is inner stable if and
nly if

λI − A)V = V, ∀λ ∈ C
+

0 . (17)

Assume that X is a real inner product space. Then, V is outer stable
if and only if

(λI − AT)V⊥
= V⊥, ∀λ ∈ C

+

0 . (18)

In the remainder of this section, the linear system

ξ̇ (t) = Aξ (t) + Bu(t), y(t) = Cx(t) (19)

is considered, where ξ (t) ∈ X , u(t) ∈ U , y(t) ∈ Y and A, B, and C
are linear maps. Here, X , U , and Y are finite-dimensional vector
spaces. Then, the notions of controlled and conditioned invariance
can be defined.

Definition 8. Consider the system (19). A subspace V ⊂ X
(S ⊂ X ) is said to be controlled (conditioned) invariant if there
exists a linear map F : X → U (L : Y → X ) such that

(A + BF )V ⊂ V
(
(A + LC)S ⊂ S

)
. (20)

If F can be chosen such that, in addition, V is outer stable with
respect to A + BF , then V is said to be outer stabilizable; S is
outer detectable if L can be chosen such that S is outer stable
with respect to A + LC .

Interest is typically in controlled invariant subspaces with
the additional property that they are contained within another
subspace H ⊂ X , i.e., that V ⊂ H holds in addition to (20). Out
of all subspaces that satisfy these properties, there exists a largest
(with respect to subspace inclusion) one which will be denoted
by V∗(H).

4. Decentralized state feedback

In order to address Problem 4 on (decentralized) state feed-
back design, recall the dynamics (7) together with the spacing
error (10). Then, for a given feedback matrix Fi, trajectories for
the closed-loop system are given by

ei(t) = Hie(Ai+BiFi)tξi(0)

+

∫ t

0
Hie(Ai+BiFi)(t−τ )Giui−1(τ ) dτ , (21)

for initial condition ξi(0) ∈ R6 and predecessor input function
ui−1(·). Now, it can be observed that condition (i) in Problem 4 is
equivalent to

Hie(Ai+BiFi)tGi = 0, ∀t ≥ 0, (22)

whereas condition (ii) is equivalent to (22) and

lim
t→∞

Hie(Ai+BiFi)t = 0. (23)

As (22) can be regarded as a disturbance decoupling problem and
the combination of (22) and (23) is an output regulation problem,
the following result is a direct consequence of geometric control
theory.

Theorem 9. Consider the system (7) with spacing policy (10). Then,
the following two statements hold:
4

(i) there exists a feedback Fi such that (22) holds if and only if

imGi ⊂ V∗(kerHi); (24)

(ii) there exists a feedback Fi such that (22) and (23) hold if and
only if (24) holds and V∗(kerHi) is outer stabilizable.

Proof. Statement (i) is standard and can be found in, e.g., [30,31].
The result in statement (ii) is from [31, Exercise 4.10]. □

Theorem 9 thus provides necessary and sufficient conditions
for existence of a feedback Fi that solves (the two parts of)
Problem 4. Here, a crucial role is played by the largest controlled
invariant subspace contained in kerHi, denoted as V∗(kerHi).

In order to verify the existence of a feedback matrix that
achieves tracking of the constant headway spacing policy, Hi as
in (11) with h > 0 is considered. Then, the use of the invariant
subspace algorithm (e.g., [31, Section 4.3]) leads to

V∗(kerHi) = span
{
e1 + e4, e3,

he1 + e2 + e5, he2 + e6
}
. (25)

It is immediate that imGi is contained in V∗(kerHi), such that,
by the first statement of Theorem 9, there does indeed exist
a feedback that solves the disturbance decoupling problem in
Problem 4. Before explicitly constructing a matrix Fi that achieves
this and, in addition, guarantees output regulation (the second
condition in Problem 4), the following remark is in order.

Remark 10. The assumption that h > 0 is natural in defining
the constant headway policy (11), but the result (25) also holds
in case h < 0. Thus, also for h < 0 there exists a feedback Fi that
achieves tracking of the spacing policy (the condition h > 0 is
important for string stability though, as will be shown shortly).
For the constant spacing case however (i.e., when h = 0), the
largest controlled invariant subspace contained in kerHi reads

V∗(kerHi) = span{e1 + e4, e2 + e5, e3 + e6}. (26)

As imGi ̸⊂ V∗(kerHi) in this case, it is clear from Theorem 9
that there does not exist a controller that achieves tracking of the
constant spacing policy.

Now, returning to the case of the constant headway spac-
ing policy (11) with h > 0 and corresponding V∗(kerHi) in
(25), all feedback matrices that achieve output regulation are
characterized through the following theorem.

Theorem 11. Consider the system (7) with the constant headway
spacing policy (10) for h > 0. Then, the state feedback Fi solves
Problem 4 if and only if it is of the form

Fi =
[
0 0 τih−1 0 0 1 − τih−1

]
+ θ1

[
1 0 0 −1 −h 0

]
+ θ2

[
0 1 0 0 −1 −h

]
, (27)

with θ1 > 0 and θ2 > 0.

Proof (Necessity). Assume that Fi solves Problem 4. Then, by
Theorem 9, Fi is such that V∗(kerHi) in (25) is both invariant and
outer stable with respect to Ai + BiFi. Taking the general form
Fi = [f1 f2 f3 f4 f5 f6] and using the shorthand notation
V∗

= V∗(kerHi), it follows that

(Ai + BiFi)V∗
= span{q1, q2, q3, q4}, (28)

with

qT1 =
[
0 0 0 0 0 f1 + f4

]
, (29)

T [
−1 −1 ]
q2 = 0 1 −τi−1 0 0 τi f3 , (30)
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3 =

[
1 0 0 1 0 τ−1

i (hf1 + f2 + f5)
]
, (31)

T
4 =

[
h 0 0 0 1 τ−1

i (hf2 + f6 − 1)
]
. (32)

s (Ai + BiFi)V∗
⊂ V∗, it immediately follows that

f1 + f4 = 0, (33)

f3 = τih−1, (34)

f1 + f2 + f5 = 0, (35)

hf2 + f6 − 1 = −τih−1, (36)

eading to the form (27) for θ1 = f1 and θ2 = f2.
Next, it is recalled that Fi is such that V∗ in (25) is outer

table with respect to Ai + BiFi. Hence, by Lemma 7, it holds that
λI − AT

i − F T
i B

T
i )(V

∗)⊥ = (V∗)⊥ for all λ ∈ C
+

0 . After defining

T
1 =

[
−1 0 0 1 h 0

]
, qT2 =

[
0 −1 0 0 1 h

]
,

(37)

t can be verified that the subspaces read

λI − AT
i − F T

i B
T
i )(V

∗)⊥

= span
{
λq1 − q2, (hτ−1

i θ1)q1 + (λ + hτ−1
i θ2)q2

}
, (38)

nd

V∗)⊥ = span{q1, q2}. (39)

ince the subspaces (38) and (39) are equal, it follows that the
imension of (λI −AT

i − F T
i B

T
i )(V

∗)⊥ in (38) equals 2. As the result
(38) reduces to a subspace of dimension 1 if and only if there
exists a solution λ ∈ C

+

0 to

−λ
(
λ + hτ−1

i θ2
)

= hτ−1
i θ1, (40)

there does not exist such solution λ ∈ C
+

0 . This implies that both
θ1 > 0 and θ2 > 0 (recall that τi > 0 and h > 0), as can
be observed by explicitly expressing the roots of the quadratic
equation (40) in terms of θ1 and θ2.

Sufficiency. Assume that (27) holds. Then, a direct verification
shows that Fi renders V∗(kerHi) invariant under Ai + BiFi and,
moreover, that V∗(kerHi) is outer stable. The result then follows
from Theorem 9. □

The form (27) of the state feedback matrix achieving (asymp-
totic) tracking of the spacing policy allows for an insightful in-
terpretation. Namely, the terms on the final two lines represent
feedback of the spacing error Hiξi and its time derivative, whereas
the term on the first line accounts for the (difference in) accel-
erations between the predecessor and follower. Also, it is clear
that the feedback (27) does not require absolute position mea-
surements. Only the relative distance between the two vehicles
is required, enabling the implementation of such control. Finally,
it is stressed that the conditions in Theorem 9 are necessary and
sufficient.

The next result shows that any controller of the form (27)
guarantees the string stability property as in the third item in
Definition 3.

Theorem 12. Consider the platoon (1) with the constant headway
policy (3) for h > 0. Let Fi be feedback matrices (27) that solve
Problem 4 for every i ∈ IN . Then, the platoon is string stable.

Proof. Take, as in the third item of Definition 3, xi(0) = 0 for
all i ∈ {0} ∪ IN and consider a vehicle with index i ∈ {2, . . . ,N}.
Then, it holds that ξi(0) = 0, which ξi the state of the model (7)
of the vehicle and its predecessor. As Fi is a feedback matrix that
solves Problem 4, by Theorems 9 and 11 the subspace V∗(kerHi)
as in (25) is invariant under A + B F . Note that H ξ = 0 for
i i i i

5

all ξi ∈ V∗(kerHi) such that Hiξi(t) = 0 for all t ≥ 0 due to
invariance and that the initial condition 0 ∈ V∗(kerHi). Hence, by
the definition of Hi in (11), it follows that

si−1(t) − si(t) − hvi(t) = ∆i(t) − hvi(t) = 0, (41)

for all t ≥ 0. Here, it is recalled that the result (41) holds
independently of the control input ui−1 of the predecessor. From
the vehicle dynamics (1) and the definition of the spacing (2),
it follows that −hvi = h∆̇i − hvi−1, such that (41) leads to the
spacing dynamics

h∆̇i(t) + ∆i(t) = ∆i−1(t). (42)

Then, after introducing the function V (∆i) = h∆2
i and differenti-

ation with respect to time, the result

V̇ (∆i(t)) = −2∆2
i (t) + 2∆i(t)∆i−1(t),

≤ −|∆i(t)|2 + |∆i−1(t)|2, (43)

is obtained. The result (43) presents a dissipation inequality
with the standard supply rate for showing the L2-induced norm,
e.g., [35,36]. In particular, integration of (43) over the time inter-
val [0, T ] yields

V (∆i(T )) − V (∆i(0))

≤ −

∫ T

0
|∆i(t)|2 dt +

∫ T

0
|∆i−1(t)|2 dt. (44)

Then, by noting that V (∆i(T )) ≥ 0 by definition of Vi and ∆i(0) =

due to ξi(0) = 0, the result (6) follows after rearranging terms.
hus, the platoon is string stable as in the third statement of
efinition 3. □

From the proof of Theorem 12, it is clear that string stability
olds for any platoon employing controllers of the form (27).
ore importantly, the string stability property is a direct con-
equence of the choice of spacing policy as in (3), as this leads
o the (string stable) spacing dynamics (42). As such, Theorem 12
ormalizes a separation of concerns: the decentralized controllers
erely address tracking of the desired spacing policy (through
roblem 4), whereas the correct choice of this spacing policy
uarantees string stability. Here, it is stressed that the require-
ent that the conditions in Problem 4 hold regardless of the

nput of the predecessor is crucial in enabling this separation of
oncerns. Moreover, this separation directly allows for control
esign for heterogeneous platoons, as can be observed by noting
hat homogeneity of neither the vehicle model nor the state
eedback law is assumed. Moreover, the results in this section are
asily extended to the case in which also the parameter h > 0

depends on the vehicle index.

Remark 13. A crucial observation from the proof of Theorem 12
is that the invariance of V∗(kerHi) restricts the closed-loop dy-
namics to the simple first-order spacing dynamics (42). As a
consequence, when ∆i(0) = 0, we also have that

sup
t∈[0,∞)

|∆i(t)| ≤ sup
t∈[0,∞)

|∆i−1(t)|, (45)

for all i ∈ {2, . . . ,N} (and regardless of the input of the first
vehicle), i.e., string stability with respect to the L∞ signal norms
is also guaranteed. Such L∞ string stability property is important
as it is more directly related to safety, where we recall from
Remark 1 that ∆i can be regarded as the deviation from a nominal
(positive) spacing. Finally, (41) also directly leads to

hv̇i(t) + vi(t) = vi−1(t), (46)

such that the above string stability properties can equivalently be
stated in terms of velocities vi rather than inter-vehicle distances
∆ .
i
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emark 14. Following the same observation as above, it can be
een that the assumption ξi(0) = 0 in point (i) in Problem 4 can
e relaxed to ξi(0) ∈ V∗(kerHi).

emark 15. Due to the controller structure, the dynamics of the
pacing error ei is given by

d
dt

[
ei
ėi

]
=

[
0 1

−θ1 −θ2

][
ei
ėi

]
, (47)

where θ1 and θ2 are the control parameters from (27).1 This
immediately gives the conditions for (outer) stability of V∗(kerHi)
as θ1 > 0 and θ2 > 0. Moreover, by proper choice of θ1 and θ2 any
overshoot in the spacing error or any oscillatory behavior, which
in practice might lead to vehicle collisions, can be prevented and
a safe convergence can be guaranteed.

The results in Theorems 11 and 12 provide an explicit solution
to decentralized control design for vehicle platoons using the
constant headway spacing policy (3). As these results follow
from Theorem 9, they allow for extension towards other spacing
policies. Therefore, in the remainder of this section, the extended
spacing policy

∆ref
i = hvvi + haai (48)

s considered, where hv > 0 and ha > 0. Compared to the
constant headway spacing policy (3), the extended spacing policy
(48) also depends on the acceleration of the follower vehicle. For
this extended spacing policy, the statement of Problem 4 still
holds, but the matrix Hi characterizing the spacing error (10) is
now given by

Hi =
[
1 0 0 −1 −hv −ha

]
, (49)

s is immediate from (48). To use Theorem 9, the largest con-
rolled invariant subspace contained in kerHi (with Hi in (49)) is
omputed as
∗(kerHi) = kerHi. (50)

hus, it is clear that imGi ⊂ V∗(kerHi) (recall the definition of
i in (8) and (9)), such that there exists a feedback that achieves
racking. All feedback matrices that achieve this and, in addition,
uarantee asymptotic stabilization (48), are characterized next.

heorem 16. Consider the system (7) with the extended spacing
olicy (48) for hv > 0 and ha > 0. Then, the state feedback Fi solves
roblem 4 if and only if it is of the form

i =
[
0 τih−1

a 0 0 −τih−1
a 1 − τihvh−1

a

]
+ θ

[
1 0 0 −1 −hv −ha

]
, (51)

ith θ > 0.

roof. The proof follows the same idea as the proof of
heorem 11, hereby using (50). □

Theorem 16 is a counterpart to Theorem 11 and the feedback
atrix Fi in (51) admits a similar interpretation as before. The

inal term in (51) represents a proportional feedback of the spac-
ng error given by the extended spacing policy (48) and, as for
he constant headway policy, the feedback (51) does not require
bsolute position measurements of the vehicles.
As for the constant headway spacing policy, string stability

roperties for the extended spacing policy are purely determined
y the spacing policy itself.

1 From a geometric control perspective, the matrix in (47) is a representation
f the linear map (Ai + BiFi)|X/V∗(kerHi) , which determines outer stability of

V∗(kerH ). Here, X/V∗(kerH ) is the quotient space of X modulo V∗(kerH ).
i i i

6

Theorem 17. Consider the platoon (1) with the extended spacing
policy (48) for hv > 0 and ha > 0. Let Fi be the feedback matrices
(51) that solve Problem 4 for every i ∈ IN . Then, the platoon is string
stable if and only if hv ≥

√
2ha.

Proof. Following the same procedure as in the proof of
Theorem 12, it is readily shown that the extended spacing policy
(48) leads to the spacing dynamics

ha∆̈i(t) + hv∆̇i(t) + ∆i(t) = ∆i−1(t), (52)

hich can be regarded as the counterpart of (42). As (52) is a
tandard second-order dynamical system, its L2-induced norm
with input ∆i−1 and output ∆i) can be explicitly computed,
.g., by using the equivalence with the H∞ norm (see [36,37])
nd the evaluation of the transfer function of (52). Specifically,
his shows that the platoon is string stable if and only if hv ≥√
2ha. □

When comparing the spacing dynamics for the constant head-
way policy (42) to that of the extended spacing policy (52),
it is clear that the inclusion of the follower vehicle accelera-
tion leads to a higher-order spacing dynamics in the latter case.
Consequently, the extended spacing policy has the potential for
increased attenuation of spacing errors (in terms of ∆i), especially
for high-frequency perturbations.

5. Decentralized output feedback

Problem 5 on (decentralized) output feedback design can be
addressed using a similar perspective as in Section 4 on state
feedback. Namely, after defining the closed-loop system matrices

Āi =

[
Ai + BiDc,iCi BiCc,i

Bc,iCi Ac,i

]
, Ḡi =

[
Gi
0

]
, (53)

it follows that condition (i) in Problem 5 is equivalent to

H̄ieĀit Ḡi = 0, ∀t ≥ 0, (54)

with H̄i = [Hi 0]. Similarly, (ii) is equivalent to (54) and

lim
t→∞

H̄ieĀit = 0. (55)

Recognizing (54) and (55) as an output regulation problem as
before, the following result is immediate.

Theorem 18. Consider the system (7), (13) with spacing policy
(10). Then, the following two statements hold.

(i) there exists a dynamic feedback controller Γi such that (54)
holds if and only if there exists a conditioned invariant sub-
space S such that

imGi ⊂ S ⊂ V∗(ker Hi); (56)

(ii) there exists a dynamic feedback controller Γi such that (54)
and (55) hold if and only if (56) holds, V∗(kerHi) is outer
stabilizable, and S is outer detectable.

Proof. Statement (i) is from [38], see also [31]. The result in
statement (ii) is from [31, Exercise 6.4]. □

It is clear that condition (56) is more restrictive than its
counterpart (24) on state feedback, such that, by Remark 10, there
exists no dynamic feedback controller that solves Problem 5 for
the constant spacing policy.

For the constant headway policy (11), necessary and sufficient
conditions for asymptotically stabilizing this spacing policy, in
terms of the available measurements, are given as follows:
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heorem 19. Consider the system (7), (13) with constant headway
pacing policy (11) for h > 0. Then, there exists a dynamic feedback
ontroller Γi that solves Problem 5 if and only if

CiGi ̸= 0, (57)

1Cie1 + α4Cie4 ̸= 0, ∀α1 ̸= α4, (58)

ith α1, α4 ∈ R, and the following implication holds:

i(e1 + e4) = 0 H⇒ Ci(e2 + e5) ̸= 0. (59)

roof. The proof is given in the Appendix. □

The results of Theorem 19 allow for an insightful interpre-
ation. Namely, after recalling that imGi = span{e3}, it can
e observed that (57) states that the measurements should in-
lude information on the acceleration of the predecessor (see the
efinition of the state ξi above (7)).
Next, two cases can be distinguished in interpreting the con-

itions (58) and (59). First, consider the case Ci(e1 + e4) ̸= 0,
uch that (59) is vacuously true. Together with (58), this implies
hat two independent measurements are needed that include
he absolute positions of both the predecessor and follower ve-
icle (with indices i − 1 and i, respectively). Second, the case
i(e1 + e4) = 0 occurs when only relative position measurements
re available (i.e., the measurements include the inter-vehicle
istance ∆i = si−1 − si and no information on absolute position).
hen, the implication (59) states that velocity measurements
hould also be included.
According to this interpretation, examples of measurements

i that guarantee the existence of a dynamic feedback controller
olving Problem 4 are given as

i =

[
1 0 c 0 0 0
0 0 0 1 0 0

]
, Ci =

[1 0 0 −1 0 0
0 0 1 0 0 0
0 0 0 0 1 0

]
,

(60)

for arbitrary c ̸= 0. These examples correspond to the two cases
discussed above.

Remark 20. Interestingly, the result of Theorem 18 implies
that full relative measurements Ci = [I −I] are not sufficient
to guarantee tracking and stabilization of the constant headway
spacing policy as this choice violates condition (59). Similarly,
measurements of the spacing error ei in (4) and its derivative as

Ci =

[
1 0 0 −1 −h 0
0 1 0 0 −1 −h

]
, (61)

re also not sufficient to solve Problem 5 (in this case, (57) does
ot hold).

As it was shown in the proof of Theorem 12 that the property
f string stability is a consequence of the constant headway
pacing policy itself rather than the details of the controller that
uarantee tracking and asymptotic stabilization, the following
xtension to dynamic output feedback controllers is immediate.

heorem 21. Consider the platoon (1)with measurements (13) and
he constant headway policy (3) for h > 0. Let Γi be any controller
14) that solves Problem 5 for every i ∈ IN . Then, the platoon is
tring stable.

roof. This is a consequence of invariance of V∗(kerHi) as in the
roof of Theorem 12. □

emark 22. We stress that the approach taken in this section
s general and not limited to analysis of the constant headway
7

Fig. 1. Simulation of the two-vehicle model (7) for i = 1, time constants τi ,
i ∈ {1, 2} chosen randomly from the interval [0.6, 1.4], time headway h = 1.5,
nd initial conditions ξ T

1 (0) = [0 20 0 −32 21 0]. Initial conditions
f the controller are chosen randomly; the input to the lead vehicle is given as
0(t) = 1 when t ∈ [25, 28] and u0(t) = 0 otherwise.

spacing policy. In fact, a counterpart of Theorem 19 can be devel-
oped for any linear spacing policy that can be expressed as in (10),
e.g., the extended spacing policy (48). Moreover, extensions to
nonlinear spacing policies can be pursued by employing nonlinear
geometric control theory, see, e.g., [39].

The main importance of Theorem 19 is that it provides nec-
essary conditions on the availability of measurements to ensure
stabilization of a spacing policy, thus providing fundamental re-
quirements on platoon control systems. Consequently, the neces-
sary conditions of Theorem 19 remain of relevance when more
involved platoon problems are studied, e.g., including external
disturbances on all vehicles (as in [11]) or time delays in the
control loop.

6. Illustrative simulation results

To illustrate these results, an output feedback controller (14)
is designed for the constant headway policy (11) and where the
measurements (13) are given by the right-most matrix Ci in (60).
According to Theorem 19, there exists a dynamic output feedback
controller. Specifically, with V∗(kerHi) as in (25), it can be shown
hat S = span{e3, e1 + e4} satisfies (56). Moreover, Fi as in (27)
ith θ1 = θ2 = 1 makes V∗(kerHi) outer stable (see Theorem 11),

whereas it can be checked that outer stability of S is guaranteed
for the choice

Li =

[0 −1 0 1 0 0
0 −1 −1 0 0 0
0 0 0 0 −1 −1

]T

, (62)

ndependent of the choice of the time constants τi. Following the
ontrol design procedure in [31, Chapter 6] and after choosing
c,i = [0 τih−1 0] such that (Ai + BiDc,iCi)S ⊂ V∗(kerHi), the
ontroller Γi in (14) can be defined as

c,i = Ai + BiFi + LiCi − BiDc,iCi,

Bc,i = BiDc,i − Li, (63)
Cc,i = Fi − Dc,iCi,

and is guaranteed to solve Problem 5.
A simulation2 of the two-vehicle model (7) with the above

dynamic output feedback controller is given in Fig. 1. It is clear
that asymptotic tracking of the spacing policy is achieved. More-
over, the spacing error is unaffected by the acceleration of the
predecessor vehicle and the conditions of Problem 5 are satisfied.

Fig. 2 depicts the behavior of a platoon of six vehicles using
the same dynamic feedback controllers and illustrates the string

2 Simulations are performed using MATLAB R2018b.
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Fig. 2. Simulation of a platoon of six vehicles with time constants τi , i ∈

0, . . . , 5} chosen randomly from the interval [0.6, 1.4], time headway h = 1.5,
nd equilibrium initial conditions with ξi(0) = ζi(0), i ∈ {1, . . . , 5}. The input to
he lead vehicle is given as u0(t) = 10 for t ∈ [2, 3], u0(t) = −10 for t ∈ [3, 4],
nd u0(t) = 0 otherwise.

tability property as guaranteed by Theorem 21. We recall that
his is an inherent property of the constant headway policy and
ote that string stability is guaranteed also for heterogeneous
latoons.

. Conclusion

A decentralized control approach for vehicle platoons is pre-
ented in which the vehicle-following control objective for a
iven vehicle is required to be robust with respect to the control
nput of its predecessor. The use of geometric control techniques
hen allows for obtaining necessary and sufficient conditions for
he existence of controllers that achieve tracking and asymptotic
tabilization of the desired spacing policy, leading to a unified
ramework that deals with arbitrary spacing policies and available
easurements. In this way, it is shown that there does not exist
controller that achieves tracking of the constant spacing policy.
oreover, relative measurements are not sufficient to design
n output feedback controller that tracks the constant headway
olicy. Finally, string stability is shown to be a consequence of
he spacing policy rather than the details of controller design.

Future work will focus on extending the framework proposed
n this paper to more general communication topologies and
ncluding the practically relevant aspects such as external dis-
urbances on all vehicles, time delays in the feedback loops,
onlinearities, as well as stricter notions of safety.
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ppendix. Proof of Theorem 19

Necessity. Let S be an outer detectable conditioned invariant
ubspace such that (56) holds. Then, by Lemma 7 for λ = 0, we
ave that for any s1 ∈ S⊥, there exists s2 ∈ S⊥ such that
T T T
Ai + Ci Li )s1 = s2, (A.1)

8

nd, vice versa, for every s2 ∈ S⊥, there exists s1 ∈ S⊥ such that
A.1) holds.

Note that (56) implies that (V∗)⊥ ⊂ S⊥, where (V∗)⊥ is given
in the proof of Theorem 11 as (39). Thus, s1 = q2 with q2 as in
(37) satisfies s1 ∈ S⊥. Then, let s2 ∈ S⊥ be such that (A.1) holds.
Using again (56), it follows that S⊥

⊂ (imGi)⊥, i.e., GT
i s2 = 0.

As a result of (A.1), we obtain GT
i (A

T
i + CT

i L
T
i )s1 = 0, where it is

asily verified that GT
i A

T
i s1 ̸= 0. This in turn implies that GT

i C
T
i is

nonzero, proving (57).
Taking a similar reasoning, choose s2 = q1 with q1 as in (37)

and let s1 ∈ S⊥ be such that (A.1) holds. Then,

(α1e1 + α4e4)T(AT
i + CT

i L
T
i )s1

= (α1e1 + α4e4)TCT
i L

T
i s1, (A.2)

= (α1e1 + α4e4)Ts2 = −α1 + α4, (A.3)

where α1, α4 ∈ R. The equality (A.2) holds due to the structure
of Ai in (8) and the final equality in (A.3) is a result of choosing
s2 = q1. For α1 ̸= α4, we obtain the necessary condition (58).

Next, assume that Ci is such that Ci(e1 + e4) = 0. Choose
s2 ∈ S⊥ and let s1 ∈ S⊥ be such that (A.1) holds as before.
Considering (A.2) for α1 = α4, it follows that (e1 + e4)Ts2 = 0
for any s2 ∈ S⊥. Now, pick s2 = q1. Following a similar reasoning
as before, we obtain, for some s1 ∈ S⊥,

(e2 + e5)T(AT
i + CT

i L
T
i )s1

= (e1 + e4)Ts1 + (e2 + e5)TCT
i L

T
i s1, (A.4)

= (e2 + e5)TCT
i L

T
i s1, (A.5)

= (e2 + e5)Ts2 = h. (A.6)

Here, (A.4) is the result of the structure of Ai, whereas (A.5)
follows from the earlier result that (e1 + e4)Ts = 0 for all s ∈ S⊥.
The choice s2 = q1 yields (A.6), such that these derivations imply
(e2 + e5)TCT

i ̸= 0, proving the implication (59).
Sufficiency. For the proof of sufficiency, it is noted that S is an

outer detectable conditioned invariant subspace if and only if

(λI − Ai)−1S ∩ ker Ci = S ∩ ker Ci (A.7)

for all λ ∈ C
+

0 , see [31, Theorem 5.11].
Now, let Ci be such that (57) and (58) hold and, additionally,

that C(e1 + e4) ̸= 0. In this case, the implication (59) is vacuously
true and condition (58) can be replaced by Ciq ̸= 0 for all q ∈

span{e1, e4}. Take

S = imGi = span{e3}, (A.8)

for which (56) holds. It remains to be shown that S is an outer
detectable conditioned invariant subspace, i.e., that (A.7) holds. To
do so, it is easy to verify that (57) implies that S ∩ ker Ci = {0}.
Moreover, a direct calculation yields

(λI − Ai)−1S ⊂ span{e1, e4, e1 + λe2 + λ2e3} (A.9)

for any λ ∈ C. It follows from (57) (for λ ̸= 0) and (58) (for
λ = 0) that Ci(e1 + λe2 + λ2e3) ̸= 0 for any λ ∈ C, such that
(λI−Ai)−1S∩ker Ci = {0} and (A.7) holds. This finalizes the proof
of the case when Ci(e1 + e4) ̸= 0.

Next, consider the case that Ci(e1 + e4) = 0 and let the impli-
cation (59) hold. Then, following a similar approach as before, it
can be shown that (A.7) holds for the choice S = span{e3, e1+e4},
when S ∩ ker Ci = span{e1 + e4}. This concludes the proof. □
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