
 

 

 University of Groningen

Models of massive gravity in three dimensions
de Haan, Sjoerd

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2014

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
de Haan, S. (2014). Models of massive gravity in three dimensions. [Thesis fully internal (DIV), University of
Groningen]. [S.n.].

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 25-05-2023

https://research.rug.nl/en/publications/31962714-d1ea-4ff5-9a4a-fb2aa06874dc


Models of Massive Gravity
in Three Dimensions

Proefschrift

ter verkrijging van de graad van doctor aan de
Rijksuniversiteit Groningen

 op gezag van de
rector magnificus prof. dr. E. Sterken

en volgens besluit van het College voor Promoties.

De openbare verdediging zal plaatsvinden op

maandag 13 oktober 2014 om 16.15 uur

door

Sjoerd de Haan

geboren op 13 april 1985

te Groningen



Promotor
Prof. dr. E. A. Bergshoeff

Beoordelingscommissie
Prof. dr. M. Cederwall
Prof. dr. Y. Lozano
Prof. dr. M. de Roo





This work is part of the research programme of the Foundation for Fundamental
Research on Matter (FOM), which is part of the Netherlands Organisation for
Scientific Research (NWO). The work described in this thesis was performed at
the Centre for Theoretical Physics of the Rijksuniversiteit Groningen.

Printed by cpi – koninklijke wöhrmann b.v.

© 2014 by Sjoerd de Haan



Contents

Introduction 8

1 General Relativity 15
1.1 General Relativity in a Nutshell . . . . . . . . . . . . . . . . . . . . 15

1.1.1 Vacuum Solutions of Einstein’s Equations . . . . . . . . . 16
1.1.2 Point Source Solution of Einstein’s Equations . . . . . . . 18
1.1.3 Bending of Light . . . . . . . . . . . . . . . . . . . . . . . . 18

1.2 Vierbein Formulation of General Relativity . . . . . . . . . . . . . 21
1.2.1 The Vierbein . . . . . . . . . . . . . . . . . . . . . . . . . . 22
1.2.2 The Spin Connection . . . . . . . . . . . . . . . . . . . . . 24
1.2.3 Curvature and Torsion . . . . . . . . . . . . . . . . . . . . 25
1.2.4 First-Order Formulation of General Relativity . . . . . . . 28

1.3 Linearized General Relativity . . . . . . . . . . . . . . . . . . . . . 28
1.3.1 Action and Equations of Motion . . . . . . . . . . . . . . . 29
1.3.2 Point Source Solution and Bending of Light . . . . . . . . . 30

1.4 Gravity in Three Dimensions . . . . . . . . . . . . . . . . . . . . . 31
1.4.1 BTZ Black Hole . . . . . . . . . . . . . . . . . . . . . . . . 32
1.4.2 Dreibein Formulation . . . . . . . . . . . . . . . . . . . . . 33
1.4.3 Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
1.4.4 Mass, Angular Momentum, and Noether Currents . . . . . 35
1.4.5 Absence of Local Degrees of Freedom . . . . . . . . . . . . 37
1.4.6 Asymptotics and Central Charge . . . . . . . . . . . . . . . 38

2 Massive Gravity With Explicit Mass Terms 40
2.1 Fierz-Pauli Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
2.2 The vDVZ Discontinuity . . . . . . . . . . . . . . . . . . . . . . . . 43
2.3 The Stueckelberg Procedure . . . . . . . . . . . . . . . . . . . . . 44

2.3.1 The Stueckelberg Procedure for a Massive Vector . . . . . 45
2.3.2 The Stueckelberg Procedure for Fierz-Pauli Theory . . . . 46

2.4 Fierz-Pauli Theory in AdS Space . . . . . . . . . . . . . . . . . . . 49
2.4.1 First-Order Formulation . . . . . . . . . . . . . . . . . . . 50

2.5 Nonlinear Fierz-Pauli Theory . . . . . . . . . . . . . . . . . . . . . 51

5



2.6 dRGT Massive Gravity . . . . . . . . . . . . . . . . . . . . . . . . . 51
2.7 Bimetric Gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3 Massive Gravity With Higher Derivatives 56
3.1 Higher Derivative Gravity . . . . . . . . . . . . . . . . . . . . . . . 56

3.1.1 Barnes-Rivers Operators . . . . . . . . . . . . . . . . . . . 57
3.1.2 Perturbative Non-Renormalizability of General Relativity . 59
3.1.3 Perturbative Renormalizability of Quadratic Gravity . . . . 60

3.2 New Massive Gravity . . . . . . . . . . . . . . . . . . . . . . . . . 63
3.2.1 Boosting Up Derivatives . . . . . . . . . . . . . . . . . . . . 64
3.2.2 Action and Equations of Motion for New Massive Gravity . 65
3.2.3 Linearized New Massive Gravity . . . . . . . . . . . . . . . 66
3.2.4 Central Charge . . . . . . . . . . . . . . . . . . . . . . . . . 69
3.2.5 Black-Hole Solutions . . . . . . . . . . . . . . . . . . . . . 70
3.2.6 Overview of Parameter Space . . . . . . . . . . . . . . . . . 70
3.2.7 Dreibein Formulation of New Massive Gravity . . . . . . . 71
3.2.8 Renormalizability . . . . . . . . . . . . . . . . . . . . . . . 73

4 A Toy Model with Six Derivatives 75
4.1 Models of Critical Gravity . . . . . . . . . . . . . . . . . . . . . . . 75
4.2 Holographic Duals of Critical Gravity Models . . . . . . . . . . . . 77
4.3 A Scalar Model for Critical Gravity . . . . . . . . . . . . . . . . . . 79
4.4 Holographic Dual of the Rank r Scalar Model . . . . . . . . . . . . 80

4.4.1 Comparison with the Literature . . . . . . . . . . . . . . . 83
4.5 A Unitary Truncation . . . . . . . . . . . . . . . . . . . . . . . . . 83
4.6 Example: The Rank-Three AdS/LCFT Scalar Model . . . . . . . . 86

5 Tricritical Gravity 90
5.1 A Parity-Even Tricritical (PET) Model . . . . . . . . . . . . . . . . 91

5.1.1 A Six-Derivative Gravity Model . . . . . . . . . . . . . . . . 91
5.1.2 The Linearized Action and PET Gravity . . . . . . . . . . . 92
5.1.3 Auxiliary Field Formulation . . . . . . . . . . . . . . . . . 96
5.1.4 Nonlinear Solutions of PET Gravity . . . . . . . . . . . . . 98

5.2 Logarithmic Modes and Dual Rank-Three Log CFT Interpretation 100
5.2.1 Modes at the Tricritical Point . . . . . . . . . . . . . . . . . 100
5.2.2 Boundary Stress Tensor and Boundary Theory . . . . . . . 103

5.3 Truncation of PET Gravity . . . . . . . . . . . . . . . . . . . . . . 105
5.3.1 Brown-Henneaux Boundary Conditions . . . . . . . . . . . 107
5.3.2 Log Boundary Conditions . . . . . . . . . . . . . . . . . . . 108
5.3.3 Log2 Boundary Conditions . . . . . . . . . . . . . . . . . . 110
5.3.4 Truncating PET Gravity . . . . . . . . . . . . . . . . . . . . 110

5.4 Beyond the Linear Level . . . . . . . . . . . . . . . . . . . . . . . . 112



6 Zwei Dreibein Gravity 114
6.1 The Zwei-Dreibein Model . . . . . . . . . . . . . . . . . . . . . . . 114
6.2 Linearized Zwei-Dreibein Gravity . . . . . . . . . . . . . . . . . . 115
6.3 Hamiltonian Analysis . . . . . . . . . . . . . . . . . . . . . . . . . 117
6.4 BTZ Black Hole and Central Charge . . . . . . . . . . . . . . . . . 118
6.5 Overview of Parameter Space . . . . . . . . . . . . . . . . . . . . . 120
6.6 Special Limits of Zwei-Dreibein Gravity . . . . . . . . . . . . . . . 121
6.7 Beyond Zwei-Dreibein Gravity . . . . . . . . . . . . . . . . . . . . 122

Conclusions 126

Publications 131

Bibliography 132

Nederlandse Samenvatting 138

Acknowledgements 143

7



Introduction

In 1655, Newton published the Philosophiæ Naturalis Principia Mathematica.
The three volumes give a detailed account of his investigation into the motion of
planets and moons in our solar system. The first book predicts the movements
of massive objects under various conditions and subject to different laws of at-
traction. The second volume carries on with this study to include resisting media,
and the last volume compares observations of the movements of planets and their
satellites with the predictions. His systematic study enabled Newton to conclude
that gravity obeys an inverse square law, now known as Newton’s law of universal
gravitation.

At the time, Newton’s law of universal gravitation seemed to account for the
motion of all the planets and their satellites. However, when the orbit of Uranus
became known, it became apparent that it had small irregularities that could not
be understood using Newton’s law unless one assumed the existence of a new
planet. This new planet was eventually discovered and was named Neptune.

A similar discrepancy between observation and Newton’s law arose around
Mercury. The perihelion of the trajectory precesses more slowly than expected
on account of Newton’s Law. It was suggested that an unobserved planet called
Vulcan caused this difference. The majority of astronomers believed in the ex-
istence of Vulcan, but when convincing evidence could not be found, more and
more astronomers started to doubt the idea of an unobserved planet.

The failure of Newton’s law to explain the trajectory of Mercury remained un-
explained until Einstein proposed a new law for gravity: the theory of general
relativity. In the article announcing the new law, Einstein proposed three ways
to test it. One of the three challenges for general relativity was to explain the
anomaly in the precession of the perihelion of the trajectory of Mercury. Einstein
calculated the orbit using his new theory, and he found that general relativity pre-
dicts the observed precession of the perihelion of the trajectory of Mercury with
no need to assume the presence of any new objects in the solar system.

This was the first success for general relativity. Later, it also passed the other
tests that Einstein had proposed. Astronomers confirmed the deflection of light
by the Sun as predicted by Einstein’s theory in 1919. The gravitational redshift
of light was observed in 1925 and conclusively confirmed by the Pound-Rebka
experiment in 1959. During the nearly hundred yeas following the invention of
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general relativity, many confirmations followed, especially for phenomena in our
solar system. But, even with our current knowledge of matter and gravity, there
are limits to what we can understand and explain.

On the theoretical side, there is the problem of quantum gravity. In the weak
field regime, the characteristic energies are low and quantum effects do not play a
role. But inevitably, when the energy increases, at some point quantum mechan-
ics will step into the game and quantum effects have to be taken into account.
Processes with such high energies must occur, for example, near the center of a
black hole and at the early stages of the Big Bang. General relativity is a classical
theory, which means that it does not incorporate quantum effects. It cannot tell
what is going on at energies as high as the Planck energy or at distances as small
as the Planck length. Although it is possible to formulate a perturbative quantum
theory for gravity, that theory is not renormalizable. Up until the present time,
there has been no workable theory of quantum gravity, and this has bothered
theoretical physicists for decades.

There are also open problems on the observational side. In many regions of
the sky the mass content inferred from general relativity exceeds the mass esti-
mated from visual and radio observations. It is widely believed that the difference
can be ascribed to an unknown form of mass, which is called dark matter. Hints
for the presence of dark matter come from a diverse range of observations, in-
cluding motions of galaxies and gravitational lensing. Altogether the evidence
for dark matter is rather strong. There is no doubt there is mass missing in our
picture of the universe, but what exactly are we missing? Since dark matter can-
not be seen directly, it could be a new kind of particle that interacts only weakly.
It could also be that the laws of gravity need to be adjusted once more.

Another puzzle concerns the universe at large scales. Observations of distance
versus redshift for type Ia supernovae indicate that the universe is expanding in
an accelerated fashion. This is confirmed by measurements of the cosmic mi-
crowave background radiation. The expansion of the universe implies a positive
but small cosmological constant. This cosmological constant leads to a vacuum
energy, which is of the order of 10−120 in Planck units. Quantum field theory,
however, predicts the vacuum energy of the universe to be of order one. This
enormous difference is not understood.

The issues mentioned here point out a deficiency in our understanding of ei-
ther matter or gravity, or both. There might indeed be some unknown form of
matter that is immune to detection so far, but it is also conceivable that the the-
ory of general relativity is incomplete. Perhaps we even need to adapt the notion
of both matter and gravity.

Considerations like this form the motivation for many investigations in the-
oretical high-energy physics. One of the most prominent developments in this
directions is string theory. It is founded on the idea that all matter is made up
not of particles but of tiny strings. Analogous to a musical string or a v-snare,
strings can move as a whole and they can vibrate. The philosophy is that the col-
lective behavior of the strings gives rise to all the matter and all the forces around
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us. This is a typical bottom-up approach to physics, since it starts with a few basic
postulates, on which the rest of the theory is built. It is also a unified approach,
because it aims to explain all matter and forces, including gravity, by one theory.
In other words, if string theory is true, we have to adapt our notion of both mat-
ter and gravity by replacing general relativity and the standard model of particle
physics with string theory.

The opposite of the bottom-up approach is the top-down approach. In such
an approach, a known system is broken up into sub-systems, which then can be
tuned and refined in greater detail. Unlike the bottom-up approach, which tends
to aspire to explain everything, the top-down approach is typically far narrower
in scope and more ad hoc in nature. In the realm of gravity, typical examples
of the top-down approach are the theories of massive gravity, which is also the
topic of this thesis. A theory of massive gravity could potentially explain some
of the above-mentioned observational issues, but it will not provide a theory of
quantum gravity.

Theories of massive gravity are usually variations of general relativity. One of
the reasons for studying massive gravity is to get to know more about general rel-
ativity. A good way of learning more about a theory is to break it down into pieces,
and then try to reassemble or modify it. Along the way, new insights and points
of view may emerge. With general relativity this is the same, but it is notoriously
hard to modify it in a way that makes sense. Einstein’s theory is quite unique in
the sense that the options for writing down an alternative theory based on the
same postulates are limited. This makes the endeavor of modifying general rela-
tivity interesting from a theoretical point of view. At the same time, however, we
must keep in the back of our mind the fact that we are modifying those regimes
of general relativity that host unresolved riddles.

In Einstein’s theory of general relativity, gravitational waves travel at the speed
of light. The quanta of the gravitational field, the gravitons, are commonly ex-
pected to do the same. The reason for that, according to general relativity, is that
gravitons are massless particles. From special relativity we know that massless
particles travel at the speed of light. The conclusion is that gravitons travel at
the speed of light, but there is a catch to this: The argument is based on the as-
sumption that general relativity is valid. In the end, it needs to be determined by
experiment whether or not the graviton travels at the speed of light.

On experimental grounds, the mass of the photon is known to be zero to high
precision. Neutrinos were long believed to be massless too, but today we know
that at least two of them have tiny non-zero masses whose absolute value has
not yet been determined. The weakness of the interaction between neutrinos and
matter makes it difficult to establish their masses in an experiment. What about
the graviton? The graviton also interacts weakly, so weakly that even a single
graviton has never yet been detected. As of now, it is impossible to test the hy-
pothesis of a massless graviton directly. Indirect tests may provide more insights,
but to be able to distinguish between the effects of massive gravitons and mass-
less gravitons at large scales, we need to know how the massive gravitons work as

10



a collective. This requires a theory of massive gravity.
Suppose that the graviton had a mass, what would that mean? The graviton

is the particle that is responsible for gravitational force. By this we mean that
the collective behavior of gravitons results in the force that we call gravity. If we
start out with a theory of massless gravitons and allow these gravitons to interact
among themselves in a way that respects the gauge symmetries, then we will au-
tomatically end up with the theory of general relativity. However, when we start
out with massive gravitons, in the process of adding interactions we will not au-
tomatically end up with some massive version of general relativity. Due to a lack
of gauge symmetries, there are more possibilities for adding higher order terms.
This makes it a non-trivial endeavor to construct a theory of massive gravity. Nev-
ertheless, even in the absence of a fully interacting theory of massive gravity, we
can have some ideas about the effects that the mass of the graviton might have on
the gravitational force.

The mass of the graviton affects gravity at long distances, provided it is suf-
ficiently small. When the mass is turned on, the Newtonian potential of a point
source acquires an exponential factor that depends on distance. This exponential
factor suppresses the gravitational force more and more as the distance becomes
larger. In some cases, at the other side of the spectrum where distances are small,
the mass of the graviton can lead to new behavior too. Some theories of massive
gravity with higher derivatives are perturbatively renormalizable, but these mod-
els also tend to be plagued by states with a negative energy (ghosts).

We see a quite general pattern emerge: However, tempting as some features
of a massive gravity may be, switching on the graviton mass usually does not go
unpunished. Modifications of general relativity always introduce new degrees
of freedom, and often these new degrees of freedom cause problems. Common
defects among theories of massive gravity are ghost instability, superluminal be-
havior, non-unitarity, and non-renormalizability. We discuss these in chapters 2
and 3.

Despite the above-mentioned problems, in the last ten years a lot of effort has
been devoted to research into massive gravity. Substantial progress was made
by de Rham, Gabadadze, and Tolley, who created a non-linear model of massive
gravity that does not suffer from ghosts. Although it is still a matter of debate
whether this model does or does not suffer from diseases like a-causality, this is
a positive development.

There are several paths that lead to a massive graviton. An extensive body
of literature on massive gravity uses explicit mass terms, higher derivatives, or
spontaneous symmetry breaking. In this thesis, we will narrow in on models with
explicit mass terms and on models with higher derivatives. The aspects we will
consider are of a theoretical nature. For example, we will be looking into the pres-
ence of ghosts, into the modes of the linear theory, and into nonlinear (black-hole)
solutions. We will expand upon connections between the models that we discuss,
and we will take a look at their dual theories through the AdS/CFT correspon-
dence.
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Our investigations will involve three dimensions instead of four dimensions.
In three dimensions, theories of gravity are simplified considerably, which often
makes it easier to perform computations. The downside of working in three di-
mensions is that the models are less realistic. For example, general relativity in
three dimensions does not propagate any local modes. At first sight, this makes
it a rather dull theory: There are no gravitational waves, all solutions have con-
stant curvature, and there is no gravitational attraction as we know it on earth.
Nevertheless three-dimensional general relativity exhibits some interesting dy-
namics of its own. This dynamics is seeded by the freedom in the global structure
of spacetime. Solutions of three-dimensional relativity are manifolds of constant
curvature, and these may be patched together in non-trivial ways. This gives rise
to black-hole solutions, gravitational attraction, and even gravitational collapse.

For spacetimes with a boundary, there is another kind of dynamics as well.
The action principle requires a boundary term, which typically breaks part of the
general coordinate invariance of the theory at the boundary. At the same time this
term turns first-class constrains into second-class constraints at the boundary. As
a consequence new degrees of freedom, which otherwise would be pure gauge,
appear at the boundary. The generators that source these boundary degrees of
freedom are the boundary charges. To guarantee that the boundary charges be-
have well, one has to impose conditions on the fields near the boundary.

A well-known example of such boundary conditions are the asymptotic bound-
ary conditions for anti-de Sitter (AdS) space, derived by Brown and Henneaux.
Brown and Henneaux identified the diffeomorphisms that preserve the asymp-
totic structure of anti-de Sitter spacetime, and they recognized that the vectors
associated to these diffeomorphisms can be reorganized into two Virasoro alge-
bras. When the asymptotic symmetries are realized as canonical transformations,
however, the boundary term leads to a surprise: It gives rise to a central extension
of the algebra at the boundary.

The boundary degrees of freedom of an asymptotically AdS spacetime consti-
tute a conformal field theory with a non-vanishing central charge. One example
of an asymptotical AdS spacetime is the Bañados, Teilboim, Zanelli (BTZ) black
hole [6]. It is the three-dimensional analogue of the AdS Schwarzschild black
hole. Miraculously, the Bekenstein-Hawking entropy of the BTZ black hole in the
bulk turns out to match the entropy of the CFT on the boundary through Cardy’s
formula [24].

The equality of bulk and boundary entropy is often used to support the holo-
graphic principle. This is the conjecture that all information in a region of space
can be thought of as being encoded on the boundary of the region. The holo-
graphic principle was inspired by black-hole thermodynamics, which implies that
the maximal entropy in any region scales with the radius squared instead of the
radius cubed as might naively be expected.

The AdS/CFT correspondence also has a more practical side. The theory that
is located on the boundary of a three-dimensional gravity theory, is a two-dimensional
CFT. CFTs find applications in physics, in condensed matter systems, among oth-
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ers [52]. What makes the correspondence interesting is that a weakly coupled
gravity theory is related to a strongly coupled CFT. Some problems, which are
untraceable in a strongly coupled CFT on the boundary, can be solved in the bulk
as a weakly coupled problem. Conversely, a problem in a strongly coupled bulk
theory may in principle be solved in the boundary theory which is weakly coupled.

Deformations of the bulk theory lead to deformations of the boundary CFT. A
model of massive gravity will not lead to the same boundary theory as general rel-
ativity. Often, even within one class of massive gravity models, there are several
ways to deform the boundary theory. One such deformation of the bulk theory
happens at a special point or region in the parameter space of higher derivative
theories of massive gravity. In general, higher derivative theories of gravity con-
tain more than just a massless graviton at the linearized level. They also contain
one or more massive gravitons. At a so-called critical point or region in parame-
ter space, there is a degeneration in the mass of the spin two particles. The mass
of two massive gravitons coincides, or the mass of a massive gravion vanishes
and then there are two massless gravitons. In the bulk this gives rise to linear
modes and nonlinear solutions with a logarithmic fall-off near the boundary. On
the boundary the CFT becomes deformed into a logarithmic CFT, which is non-
unitary. Logarithmic CFTs describe, among other things, non-local observables
in the scaling limit of critical lattice models, for example, percolation and poly-
mers.

Whereas general relativity in three dimensions does not propagate any local
degrees of freedom, models of massive gravity in three dimensions do possess
local degrees of freedom. In general, models of massive gravity have more local
degrees of freedom than general relativity; this is also true in three dimensions.
In this sense massive gravity in three dimensions is more like general relativity in
four dimensions than it is like general relativity in three dimensions: There are
gravitational waves, the non-relativistic limit yields the Newton potential, and
light beams become deflected near massive objects. One difference is that mass-
less degrees of freedom do not propagate. Because they do not propagate, a nega-
tive kinetic term does not harm for these modes. This may bring extra freedom in
the choice of parameters for some models. New massive gravity is such a model.
In chapter 3 we review how, for certain choices of the parameters, new massive
gravity is a perturbatively unitary model of massive gravity in three dimensions.

Before we turn to massive gravity, we will give a short overview of general rel-
ativity in chapter 1. This overview highlights the aspects of general relativity that
will come back in later chapters. The second chapter introduces theories of mas-
sive gravity that rely on explicit mass terms. Examples of this are the linear Fierz-
Pauli theory and the non-linear dRGT model invented by de Rham, Gabadadze,
and Tolley. Instead of explicit mass terms, one can also supplement the action
with higher derivative terms in order to give the graviton a mass. Higher deriva-
tives typically lead to problems with ghosts, but some models of gravity in three
dimensions, such as topologically massive gravity and new massive gravity, can
avoid ghosts at the perturbative level. At the nonlinear level, the extra degrees
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of freedom, which are sourced by the higher derivative terms, remain to cause
problems, since they open the door for nonlinear solutions with a negative en-
ergy. This problem is reviewed in chapter 3 . The last three chapters are about
ways to overcome the problem of negative energy solutions and the associated
problem of a non-unitary boundary theory.

In chapters 4 and 5 we will explore how truncations of logarithmic modes
at the so-called critical point in higher derivative theories might provide a way
to deal with negative-energy solutions. Chapter 4 introduces a non-interacting
scalar toy model that can be tuned to a critical point [13]. By turning to the bound-
ary theory, we identify a candidate for a truncation that might remove the neg-
ative energy solutions in a higher derivative gravity theory at the critical point.
In chapter 5, which is based on [14], we construct a fully non-linear model with
spin-two, called tricritical gravity. This model is based on the scalar model [13],
and we will check whether the truncations inspired by the scalar model indeed
remove the negative energy solutions. In the last chapter we will take another
approach to the problem of negative energy solutions. Instead of working with
higher derivative terms, we will build upon the recent advances in massive gravity
with explicit mass terms to construct another candidate model of massive gravity
in three dimensions that might be able to avoid negative energy solutions. In-
stead of a metric, we will work with two dreibeine and two spin connections as
fundamental fields. Our review of this so-called zwei dreibein gravity is based on
[13].

In our discussion of models of massive gravity, we will also consider the asso-
ciated boundary theories. Different theories of gravity give rise to different the-
ories on the boundary. For example, massive gravity at a critical point leads to
logarithmic conformal field theories at the boundary. We see that truncations in
the bulk have an effect on the boundary theory, and we see how the model of zwei
dreibein gravity gives rise to new features in the boundary theory.
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Chapter 1

General Relativity

In this chapter we will review some aspects of general relativity that return in
later chapters on alternative theories of gravity. We will discuss point source so-
lutions and bending of light, because these topics play an important role in the
history of theories of massive gravity, which is described in chapter two. In sub-
sequent chapters, we will frequently use linearized approximations and dreibein
formulations. In this chapter we will give a short introduction to gravity in three
dimensions and to vierbein formulation of general relativity. In particular, we
will focus on boundary theory and on black-hole solutions. This is another theme
that will return in later chapters within the context of massive gravity.

1.1 General Relativity in a Nutshell

At the beginning of the twentieth century the views on the laws of nature changed
quite a bit. It began with Einstein publishing the theory of special relativity in
1905. Special relativity resolved a dispute between classical mechanics and Maxwell’s
theory of electrodynamics. The Maxwell equations imply that all electromagnetic
waves propagate with the same fixed speed. From the point of view of classical
mechanics, this is odd: A fixed speed of light can only hold true in a particu-
lar fixed reference frame. Among frames the speed of light will differ. This is
a consequence of the principle of Galilean relativity, one of the basic assump-
tions underlying classical mechanics. It says that, if one changes from one iner-
tial reference frame to another, all speeds have to be increased with the relative
speed between the two frames. In any frame moving with respect to the fixed
frame of the Maxwell equations, one would measure a different speed of light. It
therefore seems plausible that electromagnetic waves propagate in some sort of
medium, much like waves that travel on the ocean. Scientists called this hypo-
thetical medium for electromagnetic waves the ether. Several experiments were
devised to detect the ether, but they were unable to find any evidence of it.
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Einstein abolished the Galilean relativity principle by stating that the speed
of light is the same in all frames of reference. He also stated that the shape of
the laws of physics is identical in all inertial systems. From these two postulates
Einstein derived a range of consequences, together known as special relativity.
Perhaps the most striking outcome is that simultaneity is not absolute. Which
events occur simultaneously depends on the reference frame of the observer. An-
other consequence of the postulates is that observers in relative motion do not
agree about measurements of length and time. How much they disagree depends
on their relative speed, and this can be calculated exactly through the Lorentz
transformations. Although the magnitude of these effects is usually small in the
context of mechanics, many experiments have been able to capture these effects
and to confirm the theory of special relativity. In atomic and particle physics,
the relativistic corrections are substantial, and in these fields special relativity is
indispensable.

The new theory of mechanics invented by Einstein resolved the contradiction
between mechanics and electromagnetism; in spite of this success, however, it
clashed with one of the other classical laws of nature. Special relativity conflicts
with Newtonian gravity. There is something odd about Newton’s law of universal
gravitation: It suggests that gravity acts instantaneously, although this is strictly
forbidden by special relativity. Any information traveling faster than light would
violate causality. This makes special relativity and Newton’s law of universal
gravitation irreconcilable. Einstein recognized this and, after publishing the the-
ory of special relativity, he started searching for a new theory of gravity that could
replace Newton’s law of universal gravitation. A few years later, in 1915, he pub-
lished his theory of general relativity: a theory of gravity that generalizes special
relativity to arbitrary reference frames and that captures gravity in the form of
geometry.

Like special relativity, general relativity was enormously successful from both
an observational and a conceptual point of view. These days, general relativity
is still widely used in theoretical physics, astronomy, cosmology, and some rare
cases of engineering. This makes it interesting to see how general relativity com-
pares to alternative theories of gravity. General relativity, it has turned out, is
quite unique from a mathematical point of view. There are not many options for
modifying it. In subsequent chapters, we will turn to this aspect; first, however,
we will review some aspects of our starting point, general relativity.

1.1.1 Vacuum Solutions of Einstein’s Equations

Just as the gravitational potential is the dynamical variable in Newtonian gravity,
the metric plays the role of the dynamical variable in general relativity. In a sim-
ilar way to the gravitational potential, it obeys a set of second-order differential
equations, which are called the Einstein’s equations. In natural units, c = 1 and
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G = 1 they read

Gµν = Rµν − 1

2
Rgµν = Tµν . (1.1)

The left-hand side of (1.1) is called Einstein tensor: a coupled second-order dif-
ferential of the metric that tells how spacetime is curved. It is made up of the
Ricci tensor Rµν and the Ricci scalar R. The right side, on the other hand, con-
tains information about all the matter that is present in spacetime: This is the
stress energy tensor Tµν . In vacuum Tµν = 0.

Einstein’s equations connect the matter and the geometry of spacetime. This
works both ways: The presence of matter affects the geometry of spacetime, and
the geometry of spacetime affects the trajectories of matter.

Around the same time that Einstein presented the field equations for the met-
ric, the mathematician David Hilbert published an action from which Einstein’s
equations could be derived:

S =

∫
d4x

√
−g (α1R+ α2 + Lmatter) . (1.2)

The first term, which is called the Einstein-Hilbert term, gives rise to Einstein’s
equations, when the action is minimized with respect to the metric. Hilbert also
included a second term that was compatible with the postulates of general rela-
tivity, leading to an extra term in Einstein’s equations:

Gµν = Rµν − 1

2
Rgµν + Λgµν = Tµν . (1.3)

The constant Λ is called the cosmological constant, and it is related to α1 and α2

by Λ = 2α2

α1
. The effect of the cosmological constant is to curve spacetime, even

in the absence of matter. It influences the geometry of the universe. As such, it
plays an important role in cosmology.

When the cosmological constant vanishes, Minkowski spacetime is a solu-
tion for Einstein’s equations in a vacuum. With a finite cosmological constant,
Minkowski spacetime is no longer a vacuum solution. The vacuum solutions that
arise when Λ is nonzero are curved. This can be seen by taking the trace of the
Einstein equations with cosmological constant (1.3). With Λ nonzero, the Ricci
curvature is nonzero everywhere. Instead it is a constant, R = 4Λ. Positive Λ
results in the Lorentzian analog of an elliptical spacetime called “de Sitter space”
(dS). For negative Λ the solution is the Lorentzian analog of a hyperbolic space,
called anti-de Sitter space (AdS).

Empty de Sitter spacetime is repulsive; it has a natural curvature in the oppo-
site direction of the curvature caused by matter. One can visualize this by placing
two marbles on a large, smooth spherical surface. If there is no friction, the mar-
bles will eventually separate under the influence of gravity. Similarly, any two
points on a de Sitter spacetime will move away from each other over time.

17



Anti-de Sitter space, on the other hand can be compared to a saddle-shaped
surface, where the marbles will roll towards the center. In this thesis, we will use
the Poincaré coordinate patch of AdS, whose line element is given by

ds2 =
1

y2
(
−dt2 + dx2 + dy2 + dz2

)
. (1.4)

1.1.2 Point Source Solution of Einstein’s Equations

The first class of exact solutions to field equations of general relativity was found
in 1915, the same year Einstein published his theory. While serving at the Rus-
sian front, German physicist Karl Schwarzschild solved Einstein’s equations for
the gravitational field outside a massive spherical body. The original metric pub-
lished by Schwarzschild was not written in Schwarzschild coordinates but in an
anisotropic coordinate system. In modern (Schwarzschild) coordinates, the line
element of the Schwarzschild metric reads

ds2 =
(
1− rs

r

)
dt2 −

(
1− rs

r

)−1

dr2 − r2
(
dθ2 + sin2 θ dϕ2

)
, (1.5)

where rs = 2M is the Schwarzschild radius for the massive body.
From the line element (1.5), we see that Schwarzschild spacetime has one hori-

zon, located at r = rs, where the sign of the coefficient of dt2 changes. That scale
of this horizon is set by the mass of the black hole. Beyond the horizon all trajec-
tories lead towards the center of the black hole at r = 0. At the center of the black
hole, the metric diverges. This is not an artifact of the parametrization: The Ricci
scalar also diverges at r = 0.

In the harmonic gauge, where each of the coordinates satisfies d’Alembert’s
equation □xµ = 0, the Schwarzschild metric reads

ds2 = −

(
1− M

2r

1 + M
2r

)2

dt2 +
(
1 +

M

2r

)4 (
dx2 + dy2 + dz2

)
. (1.6)

In the next section we will use this form to calculate the bending of light around
a massive spherical object.

1.1.3 Bending of Light

When Einstein started thinking about the effect of gravity on light in 1911, he was
working on the equivalence principle and the theory of general relativity. Ac-
cording to the equivalence principle, the effects of acceleration and gravity are
indistinguishable. Einstein reasoned that this must hold equally true for any sub-
stance, regardless of its nature, including light. He imagined a light ray passing
by the Sun, and he argued that it should be deflected by the gravitational field,
just as would a comet passing by a planet in free fall.
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The phenomenon of light bending plays an important role in the history of
general relativity. It was the second test that confirmed Einstein’s theory, and
that confirmation caused great excitement all over the world. Later on, light
bending would play a completely different role in the history of massive gravity.
As we will see in the next chapter, observations of the bending of light initially
seemed to rule out the possibility of massive gravity, but later on it was realized
that the observations did not necessarily disagree with massive gravity.

The bending of light around massive objects can be understood in terms of
geometry. In general relativity, the geometry of spacetime is determined by its
matter content and Einstein’s equations. Freely falling objects follow geodesics
of this geometry; for light rays these are null geodesics. To calculate the exact
angle of bending for a light ray passing through a region of spacetime, one needs
to solve the geodesic equation for the particular geometry. In case of a spherical
massive object, the solution of general relativity is the Schwarzschild geometry.
By solving the geodesic equation in this geometry we obtain the bending angle.

Another way of understanding light bending is to think of the gravitational
field as an effective medium [43]. Consider the following metric, which may rep-
resent spacetime near a spherical massive object like the Sun:

ds2 = −A(r)dt2 +B(r)(dx2 + dy2 + dz2) , (1.7)

where the arbitrary functions A(r) and B(r) depend on the radial distance to the
center, r =

√
x2 + y2 + z2. Note that the Schwarzschild metric in the harmonic

gauge, equation (1.6) is of the same form. A light ray tracing the surface of the
Sun follows a light-like trajectory of this metric, that is, ds2 = 0. An observer far
away from the Sun sees the light ray moving at an effective speed of

v =

√
dx2 + dy2 + dz2

dt =

√
A(r)

B(r)
. (1.8)

For this observer light seems to move slower when it is close to the Sun. From his
point of view, the gravitational field of the Sun acts like a medium. This medium
is made up of infinitesimal concentric spherical shells whose refraction index de-
creases with the distance r to the center of the Sun.

How does the imaginary medium affect the trajectory of a light ray passing by?
Fermat’s principle of least time states that a light beam takes the shortest path to
travel between two given points. When the light beam encounters an interface to
a medium with a larger refraction index, it will be deflected towards the normal
of the interface. Conversely, a light beam crossing an interface towards a medium
with a smaller refraction index will be bent away from the normal. Now think of
a light ray that is passing by the Sun. At first it is moving closer to the Sun. The
light ray is transversing an effective medium with an increasing refraction index,
and so it will be bent towards the normal line. In this case the normal line is the
line radial line passing through the light ray. As long as the light ray is getting
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Figure 1.1: Trajectory of a light ray that becomes deflected by the gravitational
field of a massive object like the Sun.

closer to the center of the Sun, it is being deflected towards the normal line. After
the light beam reaches its closest point to the center of the Sun, it starts to move
away from it. From that moment, the light ray moves in an effective medium with
decreasing refractive index, and it will be bent away from the normal line. The
result is that the trajectory of the light ray is bent towards the Sun at all times;
see figure 1.1.

This heuristic sketch of a gravitational field giving rise to an effective index of
refraction can be made more precise when we take a closer look at the Maxwell
equations on the curved background given in equation (1.7). The Maxwell equa-
tions are

∇µF
µν = −Jν , ∇[µFµλ] = 0 . (1.9)

The metric enters here implicitly in the contraction. On the spherically symmetric
background (1.7) it can be substituted, after which the four Maxwell equations
read

∇⃗ · (εE⃗) = ρ , ∇⃗ × B⃗

µ
= J⃗ +

∂εE⃗

∂t
, (1.10)

∇⃗ · B⃗ = 0 , ∇⃗ × E⃗ +
∂B⃗

∂t
= 0 , (1.11)

with ε = µ =
√

B(r)
A(r) . These are the Maxwell equations in the presence of a

medium, for which the refractive index is given by

n(r) =
√
εµ =

√
B(r)

A(r)
. (1.12)
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The trajectory of a light beam can be derived from Snell’s law. For this pur-
pose, we parametrize the line element of a point source, as before, by

ds2 = −A(r)dt2 +B(r)(dx2 + dy2 + dz2) , (1.13)

and we expand A(r) and B(r) in terms of M
r ,

A(r) = 1− 2M

r
+O

(
M2

r2

)
, B(r) = 1 +

2γM

r
+O

(
M2

r2

)
. (1.14)

The expansion parameter reads GM
c2r , when the constants c and G are restored.

At the surface of the Sun this is of the order 10−8, which justifies the use of the
above expansion. The constant γ is a parameter that can be used to express the
weak field approximation of the equations of motion of an arbitrary theory of
gravity as a deviation from Newton’s law of universal gravity. It indicates how
much curvature is produced by a rest mass; the effect that Einstein had initially
overlooked in his prediction of the bending of light. In Newton’s theory, mass
does not produce curvature and γ = 0. For the Schwarzschild line element in the
harmonic gauge, equation (1.6), one finds γ = 1 after expanding it to first order
in M

r . Thus, for general relativity, γ = 1.
For arbitrary values of γ, integrating the trajectory with Snell’s law yields the

following angle of deflection α for a light ray passing by a massive object:

α =
2 (γ + 1)GM

b
c2 . (1.15)

Here b is the impact parameter of the light ray, and M is mass of the object de-
flecting the light ray, which is the Sun in our example. With γ = 1, for a light
ray passing close by the Sun this amounts to 1.7507 arcseconds. In his paper of
1911, Einstein found about half this value, which is the same magnitude that fol-
lows from Newtonian theory, if one assumes the equivalence principle to hold.
At that time, Einstein was still shaping the general theory of relativity. When in
1915 he first published his theory, he had corrected his prediction for light bend-
ing around the Sun to incorporate the effect of the bending of spacetime under
the influence of the Sun.

1.2 Vierbein Formulation of General Relativity

The Einstein-Hilbert action and Einstein’s equations contain up to two orders
of derivatives of the metric. They are called second-order formulations of gen-
eral relativity. First-order formulations also exist, which have no more than one
derivative per field. To reduce the number of derivatives, it is necessary to in-
crease the number of fundamental fields. The first-order formulation of general
relativity that we use relies on two fundamental fields that replace the metric: the
vierbein and the spin-connection.
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One advantage of the vierbein formulation is that it naturally describes the
multi-metric theories of massive gravity we will review in chapter 2. In chapter
6, we will build upon this development by constructing models of massive gravity
in three dimensions that have two dreibein and two spin connections as funda-
mental fields. In three dimensions, the dreibein formulation makes it possible
to write general relativity as a Chern-Simons theory. Several models of massive
gravity in three dimensions can be formulated as Chern-Simons-like theories [17].

In this section we will introduce differential forms, the first-order formalism,
and the vierbein formulation of general relativity. In the chapters to come, we will
frequently be using these concepts to rephrase models of massive gravity in the
language of forms so that we can compare them with the massive gravity model
in chapter 6.

1.2.1 The Vierbein

Gravity would be rather dull if there was no matter for it to act upon. Matter is
included on the right side of Einstein’s equations (1.1), which in general contains
not only matter (like electrons), but also the carriers of the forces (like photons).
Both the matter and the force carriers are represented by fields. In Minkowski
spacetime, these fields must be accommodated in representations of the Poincaré
group. Bosons form tensor representations, while Fermions belong to spinor rep-
resentations.

Tensors are at the same time representations of the general coordinate trans-
formations. This makes the metric formulation of general relativity suitable for
describing gravity or gravity plus bosons, but it is inapt for describing gravity plus
fermions. Spinors are not representations of general coordinate transformations,
because their Lorentz indices transform differently. The inclusion of fermions re-
quires the introduction of a larger set of variables, which are the so-called vierbein
fields.

The vierbeins describe a local orthonormal Lorentz frame at each point of
spacetime, and the spinors can be defined with respect to these local Lorentz
orthonormal frames. To arrive at a local Lorentz frame, we may start from an
arbitrary coordinate system xµ. By the equivalence principle, it is meant that for
each point of spacetime there exists a coordinate frame ξa(x) that is locally flat,
that is, in this coordinate system the line element is

ds2(x) = dxµdxνgµν = dξa(x)dξb(x)ηab . (1.16)

The metric gµν can be obtained from the Minkowski metric ηab with a coordinate
transformation,

gµν =
∂ξa(x)

∂xµ
∂ξb(x)

∂xν
ηab . (1.17)
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With this in mind, we define the vierbein fields as

eµ
a =

∂ξa(x)

∂xµ
. (1.18)

Now we can express the metric in terms of these vierbein fields by

gµν = eµ
aeν

bηab . (1.19)

Loosely speaking, this means the vierbein can be interpreted as the (matrix) square
root of the metric.

Since the vierbein eµa(x) fixes the metric, all the metric properties of space-
time are contained in the vierbein. The converse, however, is not true: Given
a metric gµν , there exists more than one vierbein that produces this metric. In
fact, there are infinitely many choices for the local orthonormal frame. Under a
local Lorentz transformation of the tangent bundle, the vierbein transforms as a
contravariant vector,

eµ
a → Λa

b(x)eµ
b(x) , (1.20)

with the matrix Λ(x) ∈ SO(3, 1). By definition this matrix leaves the Minkowski
metric invariant:

Λa
c(x)Λ

b
d(x)ηab = ηcd . (1.21)

Together with equation (1.19), this means that the metric gµν is invariant under
local Lorentz transformations. There is a many-to-one relation between the vier-
bein and the metric.

The many-to-one relation between the vierbein and the metric implies that
the vierbein has more components than the metric. Indeed, being a 4× 4 matrix,
the vierbein has 16 independent components. The metric, on the other hand, is a
symmetric 4×4 matrix, which has only ten independent components. The differ-
ence of six components matches the number of independent Lorentz rotations,
which form a redundancy in the description of the metric. Thus, these extra com-
ponents correspond to gauge degrees of freedom.

To be able to work with both vectors and covectors, we usually assume the
vierbein to have an inverse. The definition of the inverse vierbein eµa is

eµa =
∂xa(ξ)

∂ξµ
; (1.22)

similar to the definition of the vierbein, equation (1.18). The inverse metric can
be used to convert Lorentz indices into spacetime indices, for example

ηab = eµae
ν
bgµν . (1.23)

If the inverse exists, this notation with upper and lower indices is natural and
consistent; for example, we have

e a
µ eνa = δµν , e a

µ eµb = δab . (1.24)
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1.2.2 The Spin Connection

The derivative of general relativity has a vanishing torsion, and it is constructed
such that it transforms covariantly under general coordinate transformations and
such that it annihilates the metric, ∇µgνρ = 0. The difference between the covari-
ant derivative and the partial derivative is called the connection. The connection
of general relativity has a name of its own: It is called the Christoffel connection.
We call the associated derivative, the metric derivative, as is common in part of
the literature; see, for example, [84].

The metric derivative transforms covariantly under global Lorentz transfor-
mations, but it does not transform covariantly under local Lorentz transforma-
tions, at least not when it is acting on a tensor that has indices in the local Lorentz
tangent space. As an example, consider how the metric derivative that acts on a
Lorentz vector transforms under a local Lorentz transformation:

∇µ

(
Λa

bv
b
)
= ∂µ

(
Λa

bv
b
)
= ∂µΛ

a
bv

b + Λa
b∂µv

b . (1.25)

The second term on the right-hand side is what results after a covariant transfor-
mation, but the first term breaks the covariance. In order to make the derivative
transform Lorentz covariantly, we need another connection to cancel such terms.
This new connection is the spin connectionω a

µ b . We define the combined general
coordinate and Lorentz covariant derivative by

Dµv
a = ∇µv

a + ω a
µ bv

b , (1.26)

and we call this the totally covariant derivative. The transformation rules for the
spin connection follow from the requirement that the total derivative of a Lorentz
vector transforms covariantly under Lorentz transformations. In other words, we
demand that Dµ

(
Λa

bv
b
)
= Λa

bDµv
b. It follows that the spin connection has to

transform according to

ω a
µ bv

b → Λa
cΛ

d
b ω

c
µ d + Λa

c∂µΛ
c

b , (1.27)

where Λ d
b = ηabη

cdΛa
c is the inverse of Λb

d.
From the outset, the spin connection could have 43 = 64 independent com-

ponents, but this number is reduced by the symmetry of the tangent space. By
definition, the group SO(3, 1) leaves the Minkowski metric ηab and the antisym-
metric Levi-Civita tensor εabcd invariant. These two tensors must be the same in
any tangent space. It means that their totally covariant derivative must vanish,

Dµηab = 0 , Dµεabcd = 0 . (1.28)

These equations translate to two conditions on the spin connection:

0 = ωµ(ab) , (1.29)

0 = ϵabceω
e

µ d + ϵabedω
e

µ c + ϵaecdω
e

µ b + ϵebcdω
e

µ a . (1.30)
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The first condition constrains the spin connection to be antisymmetric in its Lorentz
indices, after which the second equation becomes redundant. Being a set of four
antisymmetric 4×4 matrices, the spin connection ω a

µ b has a total of 24 indepen-
dent components.

We would like to be able to convert tangent indices to world indices and vice
versa, both inside and outside the total covariant derivative. In other words, we
demand that for an arbitrary vector vb the following equality holds:

Dµ

(
e b
ν vb

)
= e b

ν Dµvb . (1.31)

In general this is not true, unless we adopt the vierbein postulate,

0 = Dµe
a

ν = ∂µe
a

ν − Γρ
µνe

a
ρ + ω a

µ be
b

ν . (1.32)

This postulate relates the Christoffel connection to the spin connection,

ω a
µ b = e a

ν eρbΓ
ν
µρ − eνb∂µe

a
ν , (1.33)

and it is used to express the torsion T a
µν in terms of the spin connection and the

vierbein,

T a
µν = 2Γρ

[µν]e
a

ρ = 2∂[µe
a

ν] + 2ω a
[µ be

b
ν] . (1.34)

When the torsion is known, the spin connection can be solved in terms of the
vierbein. For vanishing torsion, which is customary, the solution reads

ω ab
µ =

1

2
eµc
(
Ωabc − Ωbca − Ωcab

)
, (1.35)

with

Ωabc = eµae
ν
b (∂µeνc − ∂νeµc) . (1.36)

For a general Lorentz tensor, the totally covariant derivative can be expanded
in terms of partial derivatives and the spin connection by

DµT
a1···cn
b1···bn = ∇µT

a1···cn
b1···bn +

n∑
i=1

ω ai
µ cT

a1···c···an

b1···bn −
n∑

j=1

ω ajd
µ T a1···an

b1···d···bn . (1.37)

1.2.3 Curvature and Torsion

Both the spin connection and the vierbein can be interpreted as one-forms on the
spacetime manifold M , if we write them as

ea = e a
µ dxµ , ωa

b = ω a
µ bdxµ . (1.38)
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The forms ea andωa
b have no free spacetime indices, which means they transform

as scalars under general coordinate transformations. Under local Lorentz trans-
formations they transform as a vector and a tensor, respectively. It is customary
to call ea and ωa

b a vector valued one-form and a tensor valued one-form. The
form formulation makes gravity reminiscent of a gauge theory. As in Yang-Mills
theories, we can define a curvature connection, which obeys Bianchi identities
that can be expressed conveniently in form language.

p-forms

A differential p-form is a totally antisymmetric p-tensor, which has all its space-
time indices contracted with dxµ. For example, the expression

T = Tµνρdxµdxνdxρ , (1.39)

is a three-form, but only if Tµνρ is totally antisymmetric,

Tµνρ = T[µνρ] . (1.40)

The tensor product is an operation that maps two tensors into a third ten-
sor. If the tensors uµ1···µp and vν1···νp are tensors of type (0, p) and (0, q), then
their tensor product (u ⊗ v)µ1···µp+q is a tensor of type (0, p + q). If u and v are
forms, then their tensor product is not necessarily antisymmetric, even if both
tensors are antisymmetric individually. The tensor product does not always map
two forms into a third form. The tensor product should be antisymmetrized first.
The combined operation of the tensor product followed by antisymmetrization is
called the exterior product. It is a mapping that combines two forms into a new
form,

u ∧ v =
(p+ q)!

p!q!
u[µ1···µp

vµp+1···µp+q ]dxµ1 . . . dxµp+q . (1.41)

In the same fashion, we can define a map from p-forms to p + 1-forms, if we
have a derivative at our disposal. After antisymmetrizing with the proper nor-
malization factor, we obtain a form of one order higher:

d : u→ du = (p+ 1)∇[µ1
uµ2···µp+1]dxµ1 . . . dxµp+1 . (1.42)

This map is called the exterior derivative. The antisymmetrization makes the con-
nection, implicit in the derivative, drop out. Instead of the covariant derivative
∇µ, we could also use another derivative. By default, we use the partial derivative
∂µ. Acting with the exterior derivative twice gives zero, d◦d = 0. This is known as
the Poincaré lemma, a consequence of the fact that partial derivatives commute.
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Curvature and Torsion

In the section above, we constructed the exterior derivative d from the partial
derivative ∂µ or equivalently the metric derivative ∇µ. If instead we use the to-
tally covariant derivative Dµ, which is covariant under both general coordinate
transformations and local Lorentz transformations, then we obtain a different
derivative operator D that also maps p-forms on p + 1 forms, but that is totally
covariant. This totally covariant exterior derivative acts on a p-form u as

D : u→ Du = (p+ 1)D[µ1
uµ2···µp+1]dxµ1 . . . dxµp+1 . (1.43)

When acting twice with this operator on some field, all terms containing deriva-
tives drop out by Poincaré’s lemma. Thus D ◦ D does not act as a differential
operator, but rather as an algebraic operator. For example, on a one-form va

acting twice with D results in

(D ◦ D)v = D
(
dva + ωa

b ∧ vb
)

(1.44)

= d
(
dva + ωa

b ∧ vb
)
+ ωa

b ∧
(
dvb + ωb

c ∧ vc
)

(1.45)

= (dωa
b + ωa

c ∧ ωc
b) ∧ vb . (1.46)

Only the spin connection and its derivatives survive. The action of D◦D is equiv-
alent to mapping the one-form v to

D ◦ D : va → Ra
b ∧ vb , (1.47)

where Ra
b is the curvature two-form, given by

Ra
b = dωa

b + ωa
c ∧ ωc

b . (1.48)

The curvature two-form obeys the following relation,

DRa
b = dRa

b + ωa
c ∧Rc

b + ωc
c ∧Ra

c = 0 . (1.49)

which is known as the Bianchi identity. We will use the curvature form frequently
together with the torsion form,

T a = Dea = dea + ωa
b ∧ eb = T a . (1.50)

The torsion obeys the following identity:

DT a = dT a + ωa
bT

b = Ra
be

b . (1.51)

Whenever the vierbein postulate holds true, the curvature two-form can be
expressed in terms of the Riemann tensor through

Ra
b = e a

ρ e
σ
bR

ρ
[µν] σdxµdxν . (1.52)

In the next section, we will apply this identity to rewrite the Einstein-Hilbert ac-
tion in terms of vierbeins.
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1.2.4 First-Order Formulation of General Relativity

Form notation is useful when we want to couple general relativity to fermions,
but also when we want to write general relativity as a first-order theory. When
the vierbein postulate (1.32) holds true, the cosmological Einstein-Hilbert action
can be formulated in terms of the vierbein and the spin connection as

SΛ
EH[e] =

1

8κ

∫
ϵabcd

(
Rab[e]− 2Λea ∧ eb

)
∧ ec ∧ ed , (1.53)

with κ = 8πG, and with G Newton’s constant. The cosmological constant is hid-
den in the exterior product of ea with itself: ϵabcdea ∧ eb ∧ ec ∧ ed = det(e). The
determinant of the vierbein replaces the square root of the determinant of the
metric, det(e) = det(e a

µ ) =
√
−g. The term ϵabcdR

ab ∧ ec ∧ ed yields the Ricci
scalar. The curvature form ϵabcdR

ab[e] depends on the vierbein through equations
(1.35) (1.36) and (1.48). This means that it contains two derivatives of ea.

If, instead of adopting the vierbein postulate, we consider the spin connection
as an independent variable, the result is an action for two independent fields that
contains at most one order of derivatives:

SΛ
EH[e, ω] =

1

8κ

∫
det(e)ϵabcd

(
Rab[ω]− 1

6
Λea ∧ eb

)
∧ ec ∧ ed . (1.54)

This is the Palatini action. The equations of motion that follow from this action
are

ϵabcd

(
Rbc ∧ ed − 1

3
Λeb ∧ ec ∧ ed

)
= 0 , T a = dea + ωa

b ∧ eb = 0 . (1.55)

The second equation requires the torsion to vanish; basically, this is the content
of the vierbein postulate. The vierbein postulate thus follows the equations of
motion. If the vierbein is invertible, the spin connection may be solved in terms
of the vierbein, after which substitution back into the action leads to the second-
order action (1.53). The first-order formulation in equation (1.53) and second-
order formulation in equation (1.54) are thus equivalent.

1.3 Linearized General Relativity

In order to see which wave modes propagate in general relativity, it is useful to
linearize it around a background geometry. This can also give a first indication of
the unitarity of the theory. As we will see in later chapters, in theories of massive
gravity there are often wave modes present, which have a negative energy. In this
section, we will linearize general relativity, and we will take a look at the point
source solution of linearized general relativity.
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1.3.1 Action and Equations of Motion

The action of general relativity is

S =
1

2κ

∫
d4x
√
|g|R , (1.56)

where |g| is the determinant of the metric gµν , R is the Ricci tensor, and the con-
stant κ is given by κ = 8πG, with G Newton’s constant. For small fluctuations
hµν of the metric gµν around Minkowski spacetime, the Einstein-Hilbert action
can be expanded in terms of hµν . We start writing the metric as the sum of the
Minkowski background ηµν and the fluctuation hµν :

gµν = ηµν + hµν . (1.57)

At second order in hµν the Einstein-Hilbert action reads

S
(2)
EH =

1

2κ

∫
d4xL(2)

EH =
1

2κ

∫
d4x

1

2
G(1)

µνh
µν , (1.58)

where the linearized Einstein tensor G(1)
µν is a second-order differential in hµν :

G(1)
µν =

1

2

(
∂2hµν + 2∂ρ∂(µhν)ρ + 2∂(µ∂ν)h− h∂2h

)
. (1.59)

As we will see shortly, the linearized Einstein-Hilbert action describes a free
massless spin-two field hµν that is invariant under

hµν → hµν + ∂(µξν) , (1.60)

where h denotes the trace of hµν . The linearized gauge symmetry is a remnant of
the diffeomorphism invariance of general relativity.

The field equations of linearized general relativity are

0 = ∂2hµν − 2∂ρ∂(µhν)
ρ + ∂µ∂νh− ηµν

(
∂2h− ∂ρ∂σh

ρσ
)
. (1.61)

Taking the trace of (1.61) yields

0 = ∂2h− ∂µ∂νh
µν . (1.62)

The following superficial counting of degrees of freedom gives a quick indication
that the linearized theory propagates a massless spin-two particle only. The sym-
metric 4× 4 matrix hµν has ten independent components. The actual number of
degrees of freedom is less because of the gauge symmetry. We can choose a gauge
in which hµν is divergenceless, ∂µhµν = 0, and traceless, h = 0. This brings the
number of components that might propagate back from ten to six. Note that the
transverse and the traceless conditions are not independent, otherwise we would
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end up with one degree of freedom less. Dirac’s formalism states that a gauge de-
gree of freedom is associated to a first-class constraint. A first-class constraint,
in turn, must be enforced by a Lagrange multiplier in the Hamiltonian. The field,
which acts as Lagrange multiplier, cannot propagate and therefore has to be ex-
cluded from the count. In the case of linearized general relativity, this means that
four more components have to be removed, leaving us with two propagating de-
grees of freedom. This matches the number of degrees of freedom for a massless
spin-two particle in four dimensions.

1.3.2 Point Source Solution and Bending of Light

We calculated the angle of deflection for a light beam passing close by the Sun
in section 1.1.3. The angle of deflection depends on the theory of gravity that
one uses, because different theories can give rise to different geometries around
a massive source. In general relativity, the metric around a massive spherical
object is the Schwarzschild solution (1.5). This is the solution to the highly non-
linear Einstein equations. For linearized general relativity, we expect a different
solution, which in turn may give rise to a different bending angle. We can ask the
same questions as before. What is the geometry of spacetime around a massive
point source in linearized Einstein gravity? And how much will a light beam be
deflected when it passes close by the object?

In order to simplify the equations of motion (1.61) of linearized general rela-
tivity, we work in the harmonic gauge,

∂µhµν − 1

2
∂νh = 0 . (1.63)

In this gauge, the equations of motion of linearized general relativity reduce to

□hµν − 1

2
ηµνh = −κTµν . (1.64)

Taking the trace and substituting it back into (1.61) gives

□hµν = −κ
[
Tµν − 1

D − 2
ηµνT

]
. (1.65)

The solution for hµν is most conveniently written as the following Fourier trans-
form:

hµν = κ

∫ d4k

(2π)4
eip·x

1

k2

[
Tµν(k)−

1

D − 2
ηµνT (k)

]
. (1.66)

The Energy-Stress tensor for a point source of mass M at the origin is

Tµν(x) =Mδµ0 δ
ν
0 δ

3(x) , (1.67)

30



and its Fourier transform is

Tµν(k) =

∫
d4xe−ip·xTµν(x) . (1.68)

The different components of hµν for this source are

h00(x) =
GM

r
, (1.69a)

h0i(x) = 0 , (1.69b)

hij(x) =
GM

r
δij . (1.69c)

From this we can read off the post Newtonian parameter γ that was defined in
(1.14). It is one, just as it is in general relativity. This means that the angle of
deflection for light in linearized general relativity is the same as in the nonlinear
theory,

α =
4GM

b
. (1.70)

1.4 Gravity in Three Dimensions

General relativity is a theory in four dimensions: three dimensions are spatial
and one is time-like. In principle there is nothing that keeps us from working in
one dimension more or one dimension less. The principles underlying general
relativity can be adopted in any dimension from two onwards, and the actions
for the resulting theories are similar. The solutions, however, vary hugely for
different dimensions.

Three (2+1) dimensions can be set apart from higher dimensions, because in
three dimensions there are no local degrees of freedom. The special character of
three-dimensional gravity can already be seen from the symmetry properties of
the Riemann tensor. In any d-dimensional spacetime, the Riemann tensor can
be decomposed into parts with various symmetry properties,

Rµνρσ = Cµνρσ +
2

d− 2

(
gµ[ρRσ]ν − gν[ρRσ]µ

)
− 2

(d− 1)(d− 2)
Rgµ[ρgσ]ν ,

(1.71)

where Cµνρσ is the Weyl tensor.
In three dimensions, the Weyl tensor vanishes identically, and what is left is

Rµνρσ = gµρRνσ − gνρRµσ − gµσRνρ + gρσRµν − 1

2
(gµσgνρ + gµσgνρ)R . (1.72)

The Riemann tensor is thus completely determined by the Ricci tensor. The Ricci
tensor is a symmetric two tensor, and that means that the Riemann tensor has
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as many independent components as the Einstein tensor. All these components
are fixed through Einstein’s equations, so there is no room for local degrees of
freedom like gravity waves.

One may wonder then whether Einstein’s equations in three dimensions allow
solutions at all. They do, although the variety is limited. Einstein’s equations with
a cosmological constant,

Gµµ = Rµν − 1

2
Rgµν + Λgµν = 0 , (1.73)

together with (1.72) tell us that the Riemann curvature must be constant through-
out spacetime. Thus all vacuum solutions of Einstein’s equations with a cosmo-
logical constant in three dimensions have constant curvature. Away from sources,
spacetime is locally equivalent to the empty space solution of Einstein’s equations
with a cosmological constant; this means either Minkowski, anti-de Sitter or de
Sitter. Matter that is localized does not affect the source free regions, but it can
affect the global geometry of spacetime.

1.4.1 BTZ Black Hole

In spite of the fact that three-dimensional general relativity does not possess any
local degrees of freedom and despite the fact that all vacuum solutions are re-
stricted to have constant curvature, it is far from dull. Although these are heavy
restrictions, it does not say anything about the global structure of spacetime, or
about the effects of including matter. Three-dimensional general relativity does
allow so-called topological solutions, which are solutions with a non-trivial topol-
ogy. These even include black-hole solutions.

When the cosmological constant is zero, three-dimensional general relativity
must be flat, and it can be shown that no black holes exist. With a negative cos-
mological constant, general relativity in three dimensions does admit black-hole
solutions, which were found by Bañados, Teitelboim, and Zanelli [6]. The line
element of this so-called BTZ black hole is often written as

ds2 = −
(r2 − r2+)(r

2 − r2−)

l2r2
dt2 + l2r2dr2

(r2 − r2+)(r
2 − r2−)

+ r2
(

dϕ− r+r−
lr2

dt
)2

.

(1.74)

Locally this geometry is isomorphic to an AdS space with radius of curvature
l2 = −Λ. Contrary to the Schwarzschild spacetime, the BTZ spacetime is asymp-
totically AdS rather than asymptotically flat, and it has no curvature singularity
at M = 0. Nonetheless it is a black hole: it has an event horizon at r = r+ and
an inner horizon at r = r−. The singularities of (1.74) at r = r± are coordinate
singularities, but not curvature singularities.

The mass and angular momentum of the BTZ solution were calculated in [6].
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The mass is

M =
r2+ + r2−

l2
, (1.75)

and the angular momentum is

J =
2r+r−
l

. (1.76)

Notice that the dimensionless massM sets the scale for the horizon, together with
the curvature length and with the angular momentum. The Bekenstein-Hawking
entropy for the BTZ black hole is given by the area divided by four G and can be
read from this metric,

S =
πr+
2G

. (1.77)

The original BTZ metric [6] was not written in Kruskal-like coordinates but in
a coordinate system that resembles more Schwarzschild coordinates:

ds2 = −N2dt2 +N−2dr2 + r2
(
Nϕdt+ dϕ

)2
, (1.78)

were the squared lapse N2(r) and the angular shift Nϕ(r) are given by

N2(r) = −M +
r2

l2
+
J2

4r2
, Nϕ(r) = − J

2r2
. (1.79)

The lapse function vanishes for

r± = l

M
2

1±

√
1−

(
J

Ml

)2
 1

2

. (1.80)

For M < 0, there is a singularity in the metric and in the curvature at r = 0. For
M > 0, these singularities are not present. If M > 0 and also |J | < Ml, the
metric has an inner and an outer horizon at r = r±. In cases where |J | = Ml,
the two horizons merge to a single horizon, and we speak of an extremal black
hole. When M is negative, there are no horizons and the solution has a naked
singularity.

1.4.2 Dreibein Formulation

Earlier in this chapter, we introduced the vierbein formulation of general rela-
tivity. In some situations this is more convenient to work with than the metric
formulation. This is particularly true for gravity in three dimensions, because in
three dimensions there are identities available to simplify the computations.
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In three dimensions, antisymmetric two-tensors can be written as one-tensors
and vice versa. We use this feature to replace the spin connection ω a

µ b with a spin
connection that has only one Lorentz index,

ωa =
1

2
ϵabcωbc . (1.81)

The covariant derivative then gets the form

Dµv
a = ∇µv

a + ϵabcω
b

µ vc . (1.82)

The curvature two-form Rab, which has two Lorentz indices, can be replaced by
a vector valued two-form,

Ra =
1

2
ϵabcRbc . (1.83)

In terms of the three-dimensional spin connection (1.81), the curvature two-form
can be written as

Ra = dωa +
1

2
ϵabcω

b ∧ ωc . (1.84)

Before we make use of any of the peculiarities of three dimensions, we trans-
pose the vierbein Palatini action of general relativity to three dimensions:

SΛ
EH[e, ω] =

κ

4π

∫
ϵabc

(
Rab[ω]− 2Λea ∧ eb

)
∧ ec . (1.85)

Instead of integrating over a four-form, now we integrate over a three-form. In
terms of the newly defined three-dimensional curvature two-form, the action of
general relativity in three dimensions (1.85) can be written as

SΛ
EH[e, ω] =

κ

4π

∫
LΛ

EH[e, ω]

=
κ

4π

∫ {
2Ra[ω] ∧ ea − 2Λϵabce

a ∧ eb ∧ ec
}
.

(1.86)

The equations of motion that follow from this action are

Ra = 6Λϵabce
bec , Ta = 0 , (1.87)

where we define the torsion one-form T a as

T a = Dea = dea + ϵabcωb ∧ ωc . (1.88)

The vanishing of the torsion tensor in (1.87) also happens in four dimensions. It
guarantees that the first-order action and the second-order action are equivalent.
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1.4.3 Solutions

If the metric formulation and the dreibein formulation are to be equivalent, the
solutions of the metric formulation must have a counterpart in the dreibein for-
mulation and vice versa. The most familiar solution, the Minkowski geometry,
is evidently present in the Dreibein formulation. The dreibein of the Minkowski
geometry is given by

e a
µ = δ a

µ , (1.89)

because the Minkowski metric ηµν satisfies δµaδνbη
ab = ηµν , which is equation

(1.19) with the vierbein e a
µ replaced by δ a

µ .
For AdS spacetime we choose to work with the metric (1.4), which is diagonal

in the coordinates. That makes it easy to write down a dreibein for it:

e0 =
1

y
dt , e1 =

1

y
dx , e2 =

1

y
dy . (1.90)

The metric is quadratic in the dreibein, so the 1
y dependence in the above dreibein

leads to an overall 1
y2 scaling in the metric. The minus sign for the zero-zero

component of the metric comes from the zero-zero component of the Minkowski
metric.

The BTZ metric (1.78) also has a dreibein counterpart. As explained in section
1.2.1, there is even an infinite number of parametrizations, connected by Lorentz
transformations, that yield exactly this metric. One choice of parametrization for
the BTZ dreibein is

e0 =
√
v2(r)− 1

(r+
l

dt− r−dϕ
)
, (1.91a)

e1 =
l

v(r)
d
(√

v2(r)− 1
)
, (1.91b)

e3 = v(r)
(
r+dϕ− r−

l
dt
)
, (1.91c)

(1.91d)

with v2(r) = r2 − r2−
r2+

− r2− [26].

1.4.4 Mass, Angular Momentum, and Noether Currents

The mass and angular momentum of the BTZ black hole in general relativity are
well known from the literature, but since we will work with different theories of
gravity, it is helpful to review these results here.

There are several ways to calculate the mass and angular momentum of a black
hole. We follow [26], which is based on Wald’s formalism of Noether currents
and conserved charges. The idea is to obtain Noether currents and conserved

35



charges of gravity theories formulated in terms of dreibeine instead of the metric.
These can be used to calculate the mass and angular momentum of any spacetime
solution, including the BTZ black hole.

In this discussion we represent forms by bold symbols, and we suppress all
indices of the fields. We start considering a quite general action,

S =

∫
L[ϕ] , (1.92)

in which L[ϕ] is a Lagrangian three-form that depends on a set of fields ϕ. Under
a variation δϕ of these fields, the Lagrangian three-form transforms as

δL = �δϕ+ d�[ϕ, δϕ] , (1.93)

where � = 0 are the field equations, and where d� is a boundary term. Suppose
that g ∈ G is a symmetry transformation of the action that transforms the fields
as

ϕ→ ϕ+ δgϕ . (1.94)

On-shell, the Lagrangian three-form must then transform as

δgL = dα[ϕ, δgϕ] , (1.95)

for some two-form α; otherwise the action would not be invariant under the
transformation g. Combining this with equation (1.93) and taking δϕ = δgϕ gives

δgL = Ξδϕ+ dΘ[ϕ, δgϕ] = dα[ϕ, δgϕ] , (1.96)

and this leads to a current two-form j that is conserved on-shell:

j[g] = �[ϕ, δgϕ]−α[ϕδgϕ] . (1.97)

Energy and angular momentum are conserved charges that are generated by dif-
feomorphisms, so in this case we take the symmetry groupG to be the diffeomor-
phisms parametrized by a vector field ξ. The conserved current is then

j[ξ] = �[ϕ, δξϕ]− ξ · L . (1.98)

On shell, this current is exact, that is,

j = dQ , (1.99)

for some one-form Q that is called the Noether charge [85]. The energy E and
angular momentum J are defined in terms of this Noether charge by

E =

∫
∞
(Q[t]− t ·B) , (1.100)

J = −
∫
∞

Q[ϕ] , (1.101)

36



where B is a two-form such that

δ

∫
∞
ξ ·Q =

∫
∞
ξ ·B . (1.102)

The integral is performed over a slice of constant time and radial coordinates, and
this slice is pushed to infinity.

Until now the discussion about energy and angular momentum has been fairly
broad; the formalism can be used for different theories. In the case of Einstein
gravity in dreibein formulation, with the action given by equation (1.87), the Noether
charge becomes

Q[ξ] =Mpe
aξ · ωa . (1.103)

If we substitute the BTZ dreibein (1.91) in equation (1.103), we obtain the energy
and the angular momentum of the BTZ black hole:

E = πM , J = πJ . (1.104)

1.4.5 Absence of Local Degrees of Freedom

In three dimensions, the Einstein-Hilbert action does not propagate any degrees
of freedom. We sketched an argument for this in section 1.4. A more solid method
for establishing this fact is the Hamiltonian analysis. The Hamiltonian analysis
will return in later chapters for different theories of gravity. As a warm up, we
introduce it here in the context of general relativity in three dimensions. In do-
ing so, we are following reference [56], which makes explicit use of the dreibein
notation.

We start to make a distinction between space and time, using the index 0 as
time index and Roman letters i, j, k, . . . for space indices. The Lorentz indices are
denoted with Roman indices a, b, c, . . . as before. The action (1.86) can be molded
into a form, in which all time derivatives are made explicit with a dot:

S =

∫
d3x

(
−1

2
ηabϵ

ije a
i ω̇

b
j − 1

2
ηabϵ

ijω a
i ė

b
j + e a

0 ϕ
1
a + ω a

0 ϕ2a

)
. (1.105)

The new symbols ϕ1a and ϕ2a denote some combinations of the spatial components
of e a

µ and ω a
µ and their derivatives with respect to space. They are given by

ϕ1a =
1

6
ϵij
(
∂iωja +

1

6
ϵabcω

b
i ω

c
j

)
, (1.106a)

ϕ2a =
1

3
ϵij
(
∂ieja +

1

6
ϵabce

b
i ω

c
j

)
. (1.106b)

Only the two first terms in (1.105) contain time derivatives; ϕ1a and ϕ2a do not
contain any time derivatives. Antisymmetrization over spacetime indices keeps
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the time derivative from acting on the time components a a
0 and ω a

0 . Conse-
quently, the time components of e a

µ and ω a
µ act as Lagrange multipliers for the

constraints ϕ1a and ϕ2a. Together they encompass six constraints.

Now we can start counting degrees of freedom. The fields e a
i and ω a

j contain
six components each. Six combinations of these components are constrained by
ϕ1a and ϕ2a. This leaves at most six propagating degrees of freedom. In addition
to constraints, there are gauge symmetries. The gauge symmetries of this action
are general coordinate transformations and Lorentz rotations. Both have three
generators, which makes a total of six. This means that the six components that
were left, after taking into account the constraints, can all be gauged away. The
conclusion is that general relativity in three dimensions has no local degrees of
freedom. Test particles do not experience a Newtonian potential, and there are
no gravitational waves.

1.4.6 Asymptotics and Central Charge

The only degrees of freedom that general relativity in three dimensions has are
of a global nature. However, for spacetimes with a boundary this is not the entire
story. There is another kind of dynamics that pops up quite unexpectedly, and
this dynamics is related to the boundary.

In general, the action principle requires a boundary term in order to work.
This boundary terms typically breaks part of the general coordinate invariance at
the boundary. There, the boundary terms turn first-class constraints into second-
class constraints. Fewer first-class constraints means fewer gauge symmetries,
and this leads to new degrees of freedom at the boundary, which otherwise would
be pure gauge. The generators that source these boundary degrees of freedom
are the boundary charges. To guarantee that they behave well, one needs to pose
conditions on the fields near the boundary.

A well-known example of such boundary conditions are the asymptotic bound-
ary conditions derived by Brown and Henneaux for three dimensional general
relativity. First, they identified the diffeomorphisms that preserve the asymp-
totic structure of anti-de Sitter spacetime. Then they recognized that the vectors
associated to these diffeomorphisms can be reorganized into two Virasoro alge-
bras,

[L±
m, L

±
n ] = (m− n)L±

m+n , (1.107a)

[L+
m, L

−
n ] = 0 , (1.107b)

whereL±
n are the canonical generators of the asymptotic gauge symmetries. When

the asymptotic symmetries are realized as canonical transformations, the bound-
ary term leads to a surprise: It gives rise to a central extension of the algebra at
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the boundary,

[L±
m, L

±
n ] = i(m− n)L±

m+n +
c±
12
m(m2 − 1)δm+n,0 , (1.108a)

[L+
m, L

−
n ] = 0 . (1.108b)

The central charge of the left- and right-moving copy of the Virasoro algebra can
be expressed in terms of the three-dimensional Newton’s constantG and the AdS
length l. For Einstein’s gravity in three dimensions, the central charge is found
to be [22]

c± =
3l

2G
. (1.109)

The boundary degrees of freedom of an asymptotically AdS spacetime consti-
tute a field theory with a conformal symmetry and a non-vanishing central charge.
An example of a spacetime with such a boundary is the BTZ black hole, the three-
dimensional analog of the AdS Schwarzschild black hole. It is a non-trivial solu-
tion, and it has a horizon with an associated entropy, that is, equation (1.77). This
entropy can be compared with the entropy of the boundary theory. The boundary
theory is a conformal field theory (CFT). Cardy and colleagues discovered that the
entropy of a 1 + 1 dimensional CFT with central charge c is given by [20]

S = 2π
√

c
6

(
L0 − c

24

)
, (1.110)

where L0 is the product of the total energy and radius of system. This provides a
way of comparing the two entropies. The Bekenstein-Hawking entropy [7] of the
BTZ black hole turns out to match the entropy of the boundary CFT. The equality
of bulk and boundary entropy is often used as an argument to support the holo-
graphic principle. The holographic principle is the conjecture that all information
in a region of space can be thought of as encoded on a boundary of the region. This
idea was inspired by black-hole thermodynamics, which implies that the maximal
entropy in any region scales with the radius squared, and not with radius cubed
as might be expected naively.

A change in the bulk theory leads naturally to a change in the boundary. One
may wonder how this picture might change when the graviton is given a mass.
This is one of the questions that we will address in later chapters, where we con-
sider a few models of massive gravity in three dimensions. However, before turn-
ing to three dimensions, we will introduce some models of massive gravity in four
dimensions.
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Chapter 2

Massive Gravity With
Explicit Mass Terms

In the previous chapter, we saw that Einstein’s theory of general relativity predicts
the existence of gravitational waves that travel at the speed of light. The quanta
of the gravitational field, the gravitons, are expected to do the same. Whether or
not the graviton travels at the speed of light in reality is something that should be
determined by experiment. Still one may wonder how the mass of the graviton
would manifest itself on the scale of astronomy or cosmology, if the graviton had
a mass.

In order to predict the effects of massive gravity on large-scale physics, we
need a consistent theory of massive gravity. The construction of such a theory
turns out to be quite challenging. For a long time it was believed that this was just
not possible, but in recent years there has been some progress in this direction.
The difficulty with massive gravity starts as soon as you try to introduce a mass
term in the action of general relativity. For a vector field Aµ, you could take the
contraction of the field with itself as a mass term, that is,m2AµAµ. For the metric
field, something like this does not work, because gµν is the inverse of gµν and
thus gµνgµν is a constant. The only contraction that you can possibly create when
you have only the metric at your disposal is the cosmological constant. If you
want to construct a mass term, you need to introduce either another two-tensor
or terms with higher derivatives. Mass terms that involve extra two-tensors are
called explicit mass terms. In this chapter, we will give some examples of such
theories. Theories with more than two derivatives are called higher derivative
theories, and they are the subject of the next chapter.

Although the construction of a mass term in the context of general relativity
is not straightforward, there exists a simple mass term for the linearized theory.
This was recognized by Fierz and Pauli already in the 1930s. The mass term they
wrote down for linearized general relativity is tuned such that no scalar ghost
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appears.

Massive gravity theories are typically considered to be deformations of gen-
eral relativity. This makes sense because, although we have seen in the intro-
duction that general relativity has a few unsatisfactory aspects, it is successful in
many respects. Any alternative theory of gravity should naturally retain the good
features of general relativity. In the way that general relativity reduces to New-
tonian gravity in the non-relativistic regime, modified gravity should boil down
to general relativity in those regimes where general relativity has been proved
to be correct through observations or experiment. The difference between modi-
fied gravity theories and general relativity is often characterized by a deformation
parameter. If we restrict the deformations from relativity by making the defor-
mation parameter small, then the predictions of the deformed theory should be
close to the predictions of general relativity. This turns out to be not always the
case.

A good counter example is the aforementioned Fierz-Pauli theory, the the-
ory of linearized general relativity modified by a mass term. The mass parameter
multiplying the mass term is obviously a deformation parameter: When the mass
goes to zero, the action of Fierz-Pauli theory reduces to the action of linearized
general relativity. In the limit of vanishing mass, one expects all experimental
outcomes of Fierz-Pauli theory to approach the outcomes of linearized general
relativity, but that is not what happens. In 1970, Van Dam, Veltman, and, inde-
pendently, Zakharov calculated the light-bending angle of Fierz-Pauli theory as a
function of the graviton mass[87]. As a check they took the zero-mass limit of this
function, and, to their surprise, the limit did not coincide with the bending angle
that was predicted by Einstein with general relativity. They found a disagreement
of 25 percent. At the same time, they knew from observations that general rela-
tivity predicts the right-bending angle. This ruled out Fierz-Pauli theory, despite
the fact that it seemed theoretically valid.

Two years later, in 1972, Vainshtein discovered that the discontinuity in the
limit from Fierz-Pauli theory to linearized general relativity is related to a jump in
the number of degrees of freedom. Vainshtein suggested this can be cured in a full
nonlinear theory of massive gravity [82]. This meant a rehabilitation for Fierz-
Pauli theory, because now it was no longer ruled out by experiment. The same
year, Boulware and Deser came up with an article, claiming that any nonlinear
completion of Fierz-Pauli theory leads to a ghost[21]. In one year the status of
massive gravity did a 180-degree turn: from theoretically fine but experimentally
refuted, to experimentally fine but theoretically untenable. For a long time, the
status of massive gravity remained unchanged. In 2010, the situation started
to look brighter, when de Rham, Gabadadze, and Tolley proposed a theory of
massive gravity that did not suffer from the Boulware-Deser ghost. In this chapter
we introduce these new developments, but first we review Fierz-Pauli theory in
some more detail.
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2.1 Fierz-Pauli Theory

A natural question is whether it is possible to write down a theory for spin-two
particles with a non-vanishing mass. In 1939, Fierz and Pauli were the first to
construct such a theory [42]. In the action they wrote down, the spin-two field
receives its mass from a straightforward mass term that is added to the action of
linearized general relativity (1.59):

LFP = L(2)
EH − 1

4
m2(hµνh

µν − h2) . (2.1)

This mass term breaks the gauge symmetry (1.60) of linearized general relativity,
and thereby alters the counting of degrees of freedom. Instead of the two degrees
of freedom of a massless spin-two mode, it propagates five degrees of freedom
that correspond to a massive spin-two mode.

A priori, the Fierz-Pauli mass term is not the only conceivable mass term. The
relative factor between the hµνhµν term and the h2 has been carefully chosen such
that the theory describes a massive spin-two particle only. This is called the Fierz-
Pauli tuning. When you deviate from this tuning, the counting becomes upset,
and there will be an additional degree of freedom, which corresponds to a scalar
ghost. This makes the Fierz-Pauli tuning crucial for the validity of the theory.

The field equations that follow from the Fierz-Pauli action are

□hµν + ∂µ∂νh− 2∂ρ∂(µh
ρ
ν) + ηµν(∂

ρ∂σhρσ −□h) = m2(hµν − hηµν) . (2.2)

As a relic of the Bianchi identities for the full nonlinear Einstein tensor, the diver-
gence of the left-hand side vanishes. Therefore, only mass terms survive in the
divergence of the equations of motion:

m2(∂µhµν − ∂νh) = 0 . (2.3)

The double divergence of the equations of motion yields

m2(∂ν∂µhµν −□h) = 0 , (2.4)

and a contraction of the equations of motion with ηµν results in

□h− ∂µ∂νhµν =
3

2
m2h. (2.5)

Combined, the last two equations imply that the trace of hµν vanishes in vacuum.
Subsequently, equation (2.3) forces the divergence of hµν to vanish as well:

∂νhµν = 0 , (2.6a)

h = 0 . (2.6b)
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These constraints are responsible for removing five of the a priori ten dynami-
cal degrees of freedom of the field hµν . This leaves five physical degrees of free-
dom that correspond to a massive spin-two particle. The same conclusion can be
reached through a Hamiltonian counting; see, for example, [21].

In order to see how the tuning of the Fierz-Pauli mass term is crucial for the
counting of degrees of freedom, let us upset the Fierz-Pauli tuning by making the
following replacement:

m2(hµν − hηµν) → m2(hµν − αhηµν) . (2.7)

The above constraint equations change to

0 = m2(∂µhµν − α∂νh) , (2.8a)

0 = m2(∂ν∂µhµν − α□h) , (2.8b)

0 = □h− ∂µ∂νhµν − 4α− 1

2
m2h. (2.8c)

Notice that the last two equations do not imply that hµν is traceless. This reveals
the presence of an extra degree of freedom, which turns out to be a ghostlike
scalar.

2.2 The vDVZ Discontinuity

In section 1.1.3, we gave the angle of deflection α for a light ray passing close by a
massive object. For convenience, we will give it here again:

α =
2 (γ + 1)GM

b
c2 . (2.9)

The bending angle depends on the gravity theory that is used through the post-
Newtonian parameter γ, defined through (1.14), the expansion of spherically sym-
metric line element (1.13). For general relativity we found that γ = 1. For lin-
earized general relativity we also examined spherical solutions around a massive
point source, and we found again γ = 1.

To demonstrate the Van Dam, Veltman, Zacharov (vDVZ) discontinuity, we
have to know the solution around a massive point source in Fierz-Pauli theory.
For a point source of massM (1.67), the solution to the Fierz-Pauli equation (2.2)
is1

h00(x) =
4

3

GM

r

e−mr

r
, (2.10a)

h0i(x) = 0 , (2.10b)

hij(x) =
2

3

GM

r

e−mr

r
. (2.10c)

1The coupling to matter is gauge invariant. This gave us the freedom to gauge away the off-diagonal
terms in hµν ; see [54].
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In the limit that the graviton mass m vanishes, we have

lim
m→0

h00(x) = −4

3

GM

r
, lim

m→0
hij(x) =

2

3

GM

r
δij . (2.11)

Compared to the point source solution (1.69) of linear GR the Newtonian poten-
tial h00 differs by a factor 4

3 in the limit that r → 0. This gives the wrong New-
tonian limit unless we rescale Newton’s constant. After rescaling G → 3

4G we
obtain

lim
m→0

h00(x) =
GM

r
, lim

m→0
hij(x) =

1

2

GM

r
. (2.12)

Comparing to (1.69), we see that, for the Fierz-Pauli theory, the factor γ in the
expansion (1.14) is γ = 1

2 .
The bending angle not only depends on γ but also on Newton’s constant. After

rescaling Newton’s constant and substituting γ in (2.9), we find a bending angle
of [54]

ϕ =
3GM

b
. (2.13)

This is 25% less than the angle predicted by general relativity and linearized gen-
eral relativity. This mismatch was first described in 1970 by Van Dam, Veltman,
and Zakharov [87, 83].

Although the massless limit of the Fierz-Pauli action is the action of linearized
general relativity, we must conclude that the massless limit of a measurement in
Fierz-Pauli theory does not have to converge to the result of the same measure-
ment in linearized GR. This is a striking conclusion: In general, we expect phys-
ical quantities to depend in a continuous manner on the parameters of a theory.
Apparently, there is a discontinuity hidden in the transition from finite mass to
vanishing mass. Soon, it will become clear that this discontinuity has everything
to do with gauge symmetries and degrees of freedom. Linearized Einstein the-
ory has a gauge symmetry (1.60), but Fierz-Pauli theory does not have a gauge
symmetry.

2.3 The Stueckelberg Procedure

In a smooth limit, like the massless limit above, all physical quantities should flow
in a continuous way towards a fixed value. In the massless limit of Fierz-Pauli
theory, this does not happen. The reason is that not all the degrees of freedom
decouple equally fast, and, as a result, some modes of the massive graviton stay
coupled to the energy stress tensor in the limit.

To have a smooth limit requires that the number of degrees of freedom before
and after the limit be the same. In the massless limit of Fierz-Pauli theory, that
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is not the case, because before the limit the massive graviton has 5 degrees of
freedom, while the massless graviton it limits to has only two degrees of freedom.
Furthermore, the gauge symmetries before and after the limit are different. This
can be seen as the cause for the disappearance of three of the five modes in the
limit.

There is an alternative limit, in which the gauge symmetries are preserved
and which preserves the number of degrees of freedom. The key to that limit is
to introduce extra fields that restore the gauge symmetry that is broken by the
mass term. This is called the Stueckelberg procedure. Below, we will follow the
pedagogical exposition of [81] to show how the Stueckelberg procedure reveals
the origin of the vDVZ discontinuity. Before turning to the Fierz-Pauli theory, we
will introduce the Stueckelberg procedure in the context of a massive vector field.

2.3.1 The Stueckelberg Procedure for a Massive Vector

The action of a massive vector field Aµ coupled to a source Jµ consists of a ki-
netic term made out of the field strength Fµν = ∂µAν − ∂νAµ, a mass term and a
coupling to the source:

S =

∫
ddx

{
−1

4
FµνF

µν − 1

2
m2AµA

µ +AµJ
µ

}
. (2.14)

The massive vector Aµ contains three degrees of freedom, but when the mass
vanishes, only two of them are left, which correspond to the two polarizations
of the photon in Maxwell’s theory of electromagnetism. In the massless limit of
the action, one degree of freedom disappears, and so it is not a continuous limit.
Moreover the mass term AµA

µ breaks the gauge symmetry of Maxwell’s theory.
Only when m is zero is the action invariant under the gauge symmetry, which is

Aµ → Aµ + ∂µξ , (2.15)

for an arbitrary scalar function ξ = ξ(x).
In order to restore the gauge symmetry in the massive theory, we introduce

an extra scalar field ϕ that is going to absorb the terms generated by the transfor-
mation (2.15). We replace Aµ in the action (2.14) with

Aµ → Aµ + ∂µϕ , (2.16)

and we let ϕ transform under a gauge symmetry as

ϕ→ ϕ− ξ . (2.17)

The outcome is a new action,

S =∫
ddx

{
−1

4
FµνF

µν − 1

2
m2(Aµ + ∂µϕ)(A

µ + ∂µϕ) +AµJ
µ − ϕ∂µJ

µ

}
,

(2.18)
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that is invariant under the combined transformation

Aµ → Aµ + ∂µξ , ϕ→ ϕ− ξ . (2.19)

The new action is physically equivalent to the Proca action (2.14), since it is pos-
sible to fix the gauge to ϕ = 0. This also means that the number of degrees of
freedom must be equal, as can be easily checked. The Proca action propagates a
massive vector only, which has three degrees of freedom. The Proca-Stueckelberg
action has, on top of that, a scalar field, but it also has an extra gauge symmetry.
The gauge symmetry removes one degree of freedom, and thus it has three prop-
agating degrees of freedom too.

Before we take the limit of vanishing mass, we rescale the scalar field by ϕ →
1
mϕ in order to normalize its kinetic term. The action then becomes

S =

∫
ddx

{
−1

4
FµνF

µν − 1

2
m2AµA

µ −mAµ∂
µϕ

−1

2
∂µϕ∂

µϕ−mAµ∂
µϕ+AµJ

µ − 1

m
ϕ∂µJ

µ

}
,

(2.20)

and the gauge transformation changes to

Aµ → Aµ + ∂µξ , ϕ→ ϕ− 1

m
ξ . (2.21)

The massless limit of this Lagrangian is not defined unless the divergence of the
source term, which contains a factor 1

m , vanishes. If the source Jµ is conserved,
then the massless limit of the Lagrangian (2.20) is

S =

∫
ddx

{
−1

4
FµνF

µν − 1

2
∂µϕ∂

µϕ+AµJ
µ

}
, (2.22)

with gauge symmetry

Aµ → Aµ + ∂µξ , ϕ→ ϕ . (2.23)

The massless limit yields a massless photon plus a massive scalar, together good
for three degrees of freedom. The Stueckelberg procedure resulted in a Lagrangian
whose number of degrees of freedom does not change in the limit, but note that
this limit is only valid when the current is conserved, ∂µJµ = 0.

2.3.2 The Stueckelberg Procedure for Fierz-Pauli Theory

With the Stueckelberg procedure we constructed an action equivalent to the Proca
action that does not lose any degrees of freedom in the massive limit. Now we are
going to follow the same program for Fierz-Pauli theory, whose action is given by

S =

∫
d4x

{
L(2)

EH − 1

2
m2(hµνh

µν − h2) + κhµνT
µν

}
, (2.24)
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where L(2)
EH is the Lagrangian of linearized general relativity (1.59). Note that we

multiplied S by κ for convenience. In order to restore the gauge symmetry δhµν =
∂µξν+∂νξµ of linearized general relativity, we consider a different Lagrangian that
contains an extra vector field Aµ. This new Lagrangian is obtained from the old
one by replacing

hµν → hµν + ∂µAν + ∂νAµ , (2.25)

in the original action (2.26). The term L(2)
EH is not affected by this transformation,

since it is invariant under a transformation of the form (2.25). The mass term
and the coupling to matter acquire contributions from this transformation. The
result is

S =

∫
d4x

{
L(2)

EH − 1

2
m2
(
hµνh

µν − h2
)
+ κhµνT

µν

− 1

2
m2FµνF

µν − 2m2 (hµν∂
µAν − h∂µA

µ)

− 2κAµ∂νT
µν

}
,

(2.26)

where Fµν = ∂µAν − ∂νAµ is the field strength ofAµ. The gauge symmetry of the
action is extended to

δhµν = ∂µξν + ∂νξµ , δAµ = −ξµ . (2.27)

The extra variables are purely gauge. Imposing the gauge choice Aµ = 0, one re-
covers the original massive gravity action (2.24). Thus, before taking the massless
limit, there are still five degrees of freedom.

To compare the number of degrees of freedom before and after the massless
limit, we first rescaleAµ byAµ → 1

mAµ. We can take the massless limit provided
that the energy stress tensor is conserved, that is, ∇νTµν = 0. The massless limit
is the sum of linearized general relativity and a massless vector field,

S =

∫
d4x

{
L(2)

EH + κhµνT
µν − 1

2
FµνF

µν

}
. (2.28)

Together the two fields are good for four degrees of freedom, which means that
one degree of freedom has been lost in the massless limit.

One more variable is required in order to match the five degrees of freedom
of the Fierz-Pauli field. To embed this extra scalar variable, we take action (2.26)
and we replace the vector field Aµ by

Aµ → Aµ + ∂µϕ . (2.29)
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The new action reads

S =

∫
d4x

{
L(2)

EH − 1

2
m2
(
hµνh

µν − h2
)
+ κhµνT

µν

− 1

2
m2FµνF

µν − 2m2 (hµν∂
µAν − h∂µA

µ)

− 2m2
(
hµν∂

µ∂νϕ− h∂2ϕ
)

− 2κAµ∂νT
µν + 2κϕ∂µ∂νT

µν

}
.

(2.30)

This action possesses two independent gauge symmetries:

δhµν = ∂µξν + ∂νξµ , δAµ = −ξµ , (2.31a)

δAµ = ∂µΛ , δϕ = −Λ . (2.31b)

In order to normalize the kinetic terms in the action (2.30), we rescale the vector
field and the scalar field by Aµ → 1

mAµ, ϕ→ 1
m2ϕ. This changes the action in

S =

∫
d4xL(2)

EH − 1

2
m2
(
hµνh

µν − h2
)
+ κhµνT

µν

− 1

2
FµνF

µν − 2m (hµν∂
µAν − h∂µA

µ)

− 2
(
hµν∂

µ∂νϕ− h∂2ϕ
)

− 2

m
κAµ∂νT

µν +
2

m2
κϕ∂µ∂νT

µν ,

(2.32)

with gauge symmetries

δhµν = ∂µξν + ∂νξµ , δAµ = −mξµ , (2.33a)

δAµ = ∂µΛ , δϕ = −mΛ . (2.33b)

In the limit of a vanishing graviton mass, the last two terms in (2.32) blow up.
This forces us to consider only conserved sources, in which case the massless limit
gives

S =

∫
d4x

{
L(2)

EH − 2
(
hµν∂

µ∂νϕ− h∂2ϕ
)
− 1

2
FµνF

µν + κhµνT
µν

}
. (2.34)

In the limit, we find a massless spin-two field, a massless vector, and a massless
scalar. The vector has decoupled from the other fields, but the scalar is still inter-
twined with the spin-two field through their kinetic terms. The kinetic terms can
be diagonalized by sending hµν → hµν + ηµνϕ, which results in

S =

∫
d4x

{
L(2)

EH − 1

2
FµνF

µν − 3∂µϕ∂
µϕ+ κhµνT

µν + κϕT

}
. (2.35)
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together with the gauge symmetries

δhµν = ∂µξν + ∂νξµ , δAµ = 0 , (2.36a)

δAµ = ∂µΛ , δϕ = 0 . (2.36b)

As promised, the number of degrees of freedom has remained unchanged in the
limit. Now that all the modes are disentangled, it becomes apparent that the
scalar field stays coupled to the trace of the stress energy tensor in the limit. This
is what causes the vDVZ discontinuity.

The scalar field does not contribute directly to the light-bending angle, since
for photons the trace of the energy stress tensor is zero. It does, however, affect
the Newtonian potential: It becomes larger, which can be seen from comparing
h00 in (1.69) and (2.11). To compensate for that, we have to rescale Newton’s
constant, which leads to a decrease in the angle of deflection of a light ray.

2.4 Fierz-Pauli Theory in AdS Space

The Fierz-Pauli action was constructed by adding a mass term to the action of lin-
earized general relativity. Linearization is performed with respect to some chosen
background. Until now we used Minkowski spacetime as a background, but in
this section we will consider Fierz-Pauli theory on an AdS background ḡµν . This
will allow us to make a connection with AdS/CFT for various gravity theories in
later chapters. Some features of massive gravity are qualitatively different on a
curved background.

On AdS space, the linearized Einstein tensor acquires additional contributions
from the curvature of the background spacetime. First, the covariant derivative
does not reduce to the partial derivative; instead, we work with the fixed covari-
ant derivative of the background metric, ∇̄. Second, terms with no derivatives ap-
pear, where on a Minkowski background all terms include two derivatives. The
coefficients of these terms depend on the dimension. Since we will move from
four to three dimensions in the next chapter, we leave the dimension d arbitrary.

We denote the quadratic Einstein-Hilbert action in terms of the linearized
Einstein tensor on an AdS background with cosmological constant Λ, GΛ(1)

µν as

LΛ(2)
EH =

1

2
GΛ(1)

µν hµν , (2.37)

with GΛ(1)
µν given by

GΛ(1)
µν =d(d− 1)Λhµν − Λ(d− 1)ḡµνh+□hµν

+ 2∇ρ∇(µhν)ρ + 2∇(µ∇ν)h− h□h .
(2.38)
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The Fierz-Pauli action on AdS space is given by the sum of linearized Einstein-
Hilbert action plus a mass term,

LΛ
FP = LΛ(2)

EH − 1

4
m2(hµνh

µν − h2) . (2.39)

For m ̸= 0, the Fierz-Pauli action propagates five massive degrees of freedom
on AdS. Form2 = 0, the action propagates only two massless degrees of freedom.

2.4.1 First-Order Formulation

In later chapters, we will formulate some theories of massive gravity in three di-
mensions in terms of dreibeine. To be able to make a comparison with Fierz-Pauli
theory, it is useful to know how to formulate the Fierz-Pauli action in three dimen-
sions on an AdS background in terms of dreibeine. To answer this question, we
start with the Palatini Lagrangian in three dimensions (1.86),

LΛ
EH[e, ω] = 2Ra[ω] ∧ ea − 2Λϵabce

a ∧ eb ∧ ec . (2.40)

We write the dreibein and the spin connection as a sum of a background plus a
perturbation,

e a
µ = ē a

µ + αh a
µ , ω a

µ = ω̄ a
µ + αv a

µ . (2.41)

The bar here marks the background quantities and the constant α is the pertur-
bation parameter. At second order in α the action reads

LΛ(2)
EH [h, v] = ha ∧ D̄va +

1

2
ϵabcē

a ∧
(
vb ∧ vc − 6Λhb ∧ hc

)
, (2.42)

with the background covariant derivative defined as

D̄va = hadva + ϵabcω̄
b ∧ vc . (2.43)

To arrive at the Fierz-Pauli theory, a mass term has to be added. In the metric
formulation there were two possible mass terms: hµνhµν and h2, and the rela-
tive factor between those two terms turned out to be important. Remember from
section 2.1 that an extra ghost degree of freedom appears in Fierz-Pauli theory as
soon as the relative factor is changed. In dreibein formulation there is one three-
form quadratic in h, which does not contain any derivatives; this is ϵabcēa∧hb∧hc.
This term turns out to give exactly the Fierz-Pauli tuning, when it is converted to
metric formulation. We add this term to the linearized Palatini action to get the
Fierz-Pauli action in first-order form,

LΛ
FP[h, v] = ha ∧ D̄va +

1

2
ϵabcē

a ∧
(
vb ∧ vc − 6Λhb ∧ hc +m2hb ∧ hc

)
. (2.44)

The equations of motion that follow from this action are

D̄va + (m2 − 6Λ)ϵabcē
b ∧ hc = 0 , (2.45a)

D̄ha + ϵabcē
b ∧ vc = 0 . (2.45b)
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2.5 Nonlinear Fierz-Pauli Theory

The action for a nonlinear completion of Fierz-Pauli theory may include an extra
spin-two field or extra derivatives. The extra spin-two field is used to write down
a mass term for the metric. The action can then be of the form [34]

1

2κ

∫
d4x

√
−g
{
R(g)−m2V (M)

}
, (2.46)

where the potential V is a scalar function of the matrixMµ
ν = gµρfρν ,m is a mass

parameter, gµν is the dynamical metric, and fµν is a non-dynamical reference
metric.

We call such an action a nonlinear theory of massive gravity if

(i) The Minkowski metric is a solution for the equations of motion, that is,
gµν = ηµν is a solution.

(ii) The action (2.46) reduces to the Fierz-Pauli action at quadratic order when
the dynamical metric is expanded around Minkowski spacetime.

The equations of motion that can be obtained by varying the action (2.46) with
respect to the dynamical metric gµν are

Gµν = m2Tµν , (2.47)

where Gµν is the Einstein tensor and Tµν is the variation of
√
−gV (M) with re-

spect to the dynamical metric gµν . The Bianchi identity, ∇µGµν = 0, implies that
Tµν is conserved:

∇µTµν = 0 . (2.48)

The left-hand side of (2.48) contains at most first-order derivatives of gµν through
the Christoffel symbol that arises when ∇µ acts on fµν . The covariant derivative
of the metric, ∇µgµν , itself vanishes, and, moreover, all partial derivatives of fµν
vanish when the reference metric is fµν = ηµν . Therefore, equation (2.48) yields
four constraints which are equivalent to the divergenceless constraint (2.6a) in
Fierz-Pauli theory. However, in the generic case there is no equivalent of the
tracelessness constraint (2.6b) of Fierz-Pauli theory. Since only four out of ten
components of gµν are constrained, there are six dynamical degrees of freedom
left: a massive spin-two mode and a scalar mode. One problem of massive gravity
is that the spin-two mode and the scalar usually have opposite signs in front of
their kinetic terms. This leads to a ghost.

2.6 dRGTMassive Gravity

For many years all theories of interacting massive spin-two particles suffered
from the ghosts that we described in the above section. This situation has changed
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only recently with the work of de Rham, Gabadadze, and Tolley. They studied the-
ories of massive gravity in the context of effective field theory [4, 29], and they
arrived at mass terms [31, 33] that eliminate the Boulware-Deser ghost.

The action of their theory can be written as the sum of the Einstein-Hilbert
action and an interaction term that involves the Minkowski metric as a reference
metric ηµν :

S =
1

2κ

∫
d4x

√
−g

{
R− m2

4

4∑
n=0

βnSn

(√
g−1η

)}
, (2.49)

with arbitrary constants βn, where m is the mass scale of the potential. Sn are
the elementary symmetric polynomials of the eigenvalues of the square root of
the matrix gµση

σ
ν . The symmetric polynomial S5 could, in principle, be included

too; it would contribute a term proportional to
√
−g
√
ηg−1 =

√
η. Since det(−η)

is constant, it will not contribute to the equations of motion. The Einstein-Hilbert
term is invariant under general coordinate invariance, but the interaction that ac-
companies it breaks the overall invariance of the action under general coordinate
transformation.

When the reference field is chosen as the Minkowski metric, then Minkowski
spacetime is a solution for de Rham-Gabadadze-Tolley gravity. This was the first
requirement for theories with an extra spin-two field to qualify as a theory of mas-
sive gravity. The action (2.49) also satisfies the second requirement, because one
can show that, at the quadratic level in perturbation theory around Minkowski
spacetime, the action of de Rham-Gabadadze-Tolley gravity reproduces the Fierz-
Pauli action for a massive spin-two excitation.

The surprise about this model lies in the fact that it is free of ghosts, which
can be seen with a Hamiltonian counting. Here we give a sketch of the count-
ing [55, 30] in ADM variables that parametrizes the metric in terms of a three-
dimensional spatial part γij , a shift vector Ni, and the lapse scalar N :

ds2 = −N2dt2 + γij(dxi +N idt)(dxj +N jdt) . (2.50)

A Legendre transformation with respect to the spatial components of the metric
will turn the Lagrangian into a Hamiltonian. The six components of γij and its
canonical momenta span a 12-dimensional phase space. The number of physical
degrees of freedom depends on the number of constraints and on the number of
gauge symmetries.

In general relativity, the lapse and shift variables appear without time deriva-
tives in the Hamiltonian. They are Lagrange multipliers with four constraints.
Diffeomorphism invariance counts as four gauge symmetries, leaving a 12− 4−
4 = 4 dimensional physical phase space that describes the two polarizations of a
massless graviton and their conjugate momenta.

When the action is supplemented with an arbitrary potential, the lapse and
shift variables appear as auxiliary variables rather than Lagrange multipliers. The

52



auxiliary fields can be eliminated without the need to impose any constraint on
phase space. Moreover, the mass term breaks the diffeomorphism invariance.
As a result, all 12 variables in phase space are dynamical. They describe the five
polarizations of freedom of a massive graviton and their conjugate momenta, plus
one scalar degree of freedom and its conjugate momentum. The scalar mode is
ghostlike.

If the potential is a combination of the mass terms of de Rham-Gabadadze-
Tolley gravity, then the lapse function remains a Lagrange multiplier, thus im-
posing a constraint on the 12 variables in phase space. The time conservation of
the constraint happens to enforce a secondary constraint. All together, there are
two constraints and no gauge symmetries. This leaves a ten-dimensional physi-
cal space that describes the five degrees of freedom of a massive graviton and its
canonical momenta.

The original counting of degrees of freedom of de Rham-Gabadadze-Tolley
gravity was done in the ADM formalism. Even though the above summary of
the Hamiltonian counting for de Rham-Gabadadze-Tolley gravity may seem or-
derly, the calculation behind it is cumbersome. Alternatively, the potential can
be written in the language of forms which leads to a first-order formulation for
de Rham-Gabadadze-Tolley gravity [55]. In the form language, the Hamiltonian
analysis is less tedious.

An example of a mass term in the form language is

Lint = ϵa1a2a3a4I
1 ∧ ea2 ∧ ea3 ∧ ea4 . (2.51)

The one-form ea is the vierbein for the metric, gµν = ηabe a
µ e b

ν , while Ia is the
one-form that corresponds to the Minkowski metric that acts as reference. Other
mass terms can be obtained by replacing the vierbein ea2 by a reference one-form
Ia2 , and so on for ea3 and ea4 .

The first-order formulation of de Rham-Gabadadze-Tolley gravity [55] con-
tains all the mass terms one can write in this way:

S =
1

2κ

∫
d4x det(e a

µ )R[e] (2.52)

− 1

2κ

∫
d4x

4∑
n=0

βn
n! (4− n)!

ϵa1a2a3a4I
a1 ∧ · · · ∧ δan ∧ ean+1 ∧ · · · ∧ ea4 , (2.53)

where δa = δ a
µ dxµ is the vierbein for the Minkowski metric ηµν ,

δ a
µ δνa = ηµν , (2.54)

and where the Ricci tensor R[e] depends on the vierbein through

R(e) = ϵabcdR
ab(e) ∧ ec ∧ ed . (2.55)

After the publication of de Rham-Gabadadze-Tolley gravity, a handful of pa-
pers appeared, making mention of solutions that propagate superluminal modes
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and that allow acausal behavior [50, 23, 37, 35]. Although there are authors that
refute the particular claims of the aforementioned papers [32, 58], a universal
argument for the absence of acausal behavior is lacking. It seems that there is no
conclusive answer yet on this point.

2.7 Bimetric Gravity

Even if de Rham-Gabadadze-Tolley gravity turns out not to allow acausal behav-
ior, there is still one major drawback: It is background dependent. The reference
metric introduces an explicit background in de Rham-Gabadadze-Tolley gravity,
which breaks diffeomorphism invariance. A way to overcome this is to turn the
reference metric into a dynamical spin-two field fµν . The dynamics of both fields
fµν and gµν are sourced by the Einstein-Hilbert terms. The background met-
ric ηµν in the potential of de Rham-Gabadadze-Tolley gravity is replaced by fµν ,
which makes the action symmetric in fµν and gµν . In metric formulation, the
action of bimetric gravity reads [53]

S =
1

2κ

∫
d4x

{
M2

g

2

√
−gR[g] +

M2
f

2

√
−fR[f ]

−
m2M2

eff
4

4∑
n=0

βnSn

(√
g−1f

)}
,

(2.56)

with 1
M2

eff
= 1

M2
f
+ 1

M2
g

. The first-order formulation of bimetric gravity relies on

two pairs of a vierbein and a spin connection, e a
Iµ , ω a

Iµ bwith I = 1, 2, such that

gµν = e a
1µ e1νa , fµν = e a

1µ e2νa . (2.57)

The action of bimetric gravity in first-order formulation is

S =
1

2κ

∫
d4x

{
det(e a

µ )R(e)

− βn
β

n! (r − n)!
ϵa1a2a3a4I

a1 ∧ · · · ∧ Ian ∧ ean+1 ∧ · · · ∧ ea4

}
,

(2.58)

For bimetric gravity the Minkowski metric is a solution for the equations of mo-
tion. At the quadratic level, it propagates a massless graviton and a massive gravi-
ton with mass squared proportional to m2 and depending on the constants βn. A
Hamiltonian counting in ADM variables shows that the action does not propagate
the Boulware-Deser ghost [53].

The greatest challenge for bimetric gravity seems to be the question of how to
measure distances and how to couple matter to gravity. In other words: What is
the physical metric? In order not to upset the constraints that are needed for the
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right Hamiltonian counting, the coupling to matter should be linear in the lapse
and shift functions. When the coupling in the lapse or shift is not linear, these
variables turn from Lagrange multipliers into auxiliary fields, that is, fields that
can be solved in their own equations of motion. With a minimal coupling of one
of the metrics to matter, the Hamiltonian automatically satisfies this requirement
[53]. Still, one may wonder what the physical metric is. The metrics fµν and gµν
are neither massive nor massless. They are complicated mixtures of massive and
massless metrics.

Even though the field of massive gravity has witnessed many developments re-
cently, there are still many questions to be answered. For example regarding the
existence of unphysical solutions. Regardless of whether de Rham-Gabadadze-
Tolley gravity and bimetric gravity turn out to be healthy theories, the proof that
the Boulware-Deser ghost is absent can be seen as a breakthrough. It has en-
couraged researchers in gravity, cosmology, and astronomy to reconsider the role
of a massive graviton. We also foresee applications in other areas, for example,
through the AdS/CFT correspondence. In chapter 6, we will expand upon the de-
velopments in bimetric gravity in order to investigate the boundary theory of a
model with two dreibeine. The motivation for investigating such a model is the
absence of the Boulware-Deser ghost in four-dimensional bimetric gravity. In
the model with two dreibeine we try to solve so-called bulk-boundary unitarity
problem, which we will discuss at the end of the next chapter.
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Chapter 3

Massive Gravity With
Higher Derivatives

In the last chapter, we considered explicit mass terms as a means of giving the
graviton a mass. We also mentioned another way to give mass to the graviton,
which is to supplement the Einstein-Hilbert action with higher derivative terms.
In general, this gives rise to extra degrees of freedom, including massive gravi-
tons. Often these lead to poblems, as we will see in this chapter. Soon we will
be confronted with ghostlike scalar modes that seem to be inevitable. These so-
called Boulware-Deser ghosts will cause us to abandon four-dimensional space-
time and to retreat to a spacetime of one dimension fewer, to the theory of new
massive gravity.

3.1 Higher Derivative Gravity

General relativity is not perturbatively renormalizable, but it becomes perturba-
tively renormalizable when the Einstein-Hilbert action is supplemented with R2

and RµνR
µν terms [80]. This model is called quadratic gravity. In most cases,

quadratic gravity propagates a Boulware-Deser ghost, a scalar mode that propa-
gates with negative energy. In any case, it is never renormalizable and unitary at
the same time [79].

We will give a sketch of how this result comes about, following [1]. In order
to find the propagator of quadratic gravity, the Lagrangian is linearized around
Minkowski spacetime and is written in the form L(2) = hµνOµν,ρσhρσ. The prop-
agator is proportional to the inverse of O. We introduce Barnes-Rivers operators,
which project out modes according to their spin, in order to decompose O. The
Barnes-Rivers operators are mutually orthogonal, which makes it easier to invert
O and find the propagator. Once the propagator is known, we can do a superficial
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counting of degrees of freedom, and we can say something about unitarity. Be-
fore going to quadratic gravity, we first will demonstrate the procedure for general
relativity.

3.1.1 Barnes-Rivers Operators

The particle content of linearized general relativity can be made more explicit
with the help of Barnes-Rivers operators, a set of operators that project out modes
according to spin. Before looking at spin two, we will first have a look at spin one.
On the space of vectors in momentum space, the projection operators are

θµν = ηµν − kµkν
k2

, ωµν =
kµkν
k2

. (3.1)

θµν singles out the three transversal modes, while ωµν projects onto the longitu-
dinal mode in the direction of the momentum k,

θµνk
ν = 0 , ωµνk

ν = kµ . (3.2)

Together they form a complete set of operators on the space of vectors in four or
in general d dimensions. The multiplication table of θµν and ωµν reads

θµρθ
ρ
µ = θµν , ωµρω

ρ
ν = ωµν , (3.3a)

θµνθ
µν = d− 1 , ωµνω

µν = 1 , (3.3b)

θµρω
ρ
ν = 0 , ωµρθ

ρ
ν = 0 . (3.3c)

These operators would be useful typically in the case of (massive) photons, but
they can also be used to construct the spin projection operators for higher rank
tensors.

The analog for (massive) gravity consists of those operators that project out
components of symmetric rank-two tensors with definite symmetry properties.
In d dimensions, they are given by

P 2
µν,ρσ =

1

2
(θµρθνσ + θµσθνρ)−

1

d− 1
θµνθρσ , (3.4a)

P 1
µν,ρσ =

1

2
(θµρωνσ + θµσωνρ + θνρωµσ + θνσωµρ) , (3.4b)

P 0
µν,ρσ =

1

d− 1
θµνθρσ , (3.4c)

P̄ 0
µν,ρσ = ωµνωρσ . (3.4d)

In the rest frame of a massive particle, the operators P 1, P 2, P 0, P̄ 0 project out
the component with spin two, spin one, and two components with spin zero, re-
spectively. These operators are idempotent and mutually orthogonal. Barnes and
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Rivers showed that they form a complete basis of projectors on the space of sym-
metric rank-two tensors; the completeness relation reads

[P 1 + P 2 + P 0 + P̄ 0]µν,αβ =
1

2
(ηµαηνβ + ηµβηνα) . (3.5)

We will expand the linearized Einstein-Hilbert action (1.58) in terms of these
projection operators. As an example, consider the quadratic action

S =

∫
d4xhµν∂

2hµν =

∫
d4xhµνOµν,ρσhρσ , (3.6)

which consists of just one of the terms of the linearized Einstein-Hilbert action.
For this example, with Oµν,ρσ(x) given by (3.6), we have

Oµν,ρσ(x) =
1

2
(ηµρηνσ + ηµσηνρ)∂

2 . (3.7)

We want to write the quadratic operator Oµν,ρσ in terms of the projector opera-
tors in momentum space. First, we go to momentum space by taking the Fourier
transform,

Oµν,ρσ(x) =

∫
d4k eikxOµν,ρσ(k) , (3.8)

where Oµν,ρσ(k) is the Fourier transform of Oµν,ρσ(x),

Oµν,ρσ(k) =

∫ d4k

(2π)4
e−ikxOµν,ρσ(k) . (3.9)

For the example (3.6), the momentum space representation of Oµν,ρσ is

Oµν,ρσ(k) = −1

2
k2(ηµρηνσ + ηµσηνρ) = −k2

[
P 1 + P 2 + P 0 + P̄ 0

]
µν,ρσ

. (3.10)

Although the projection operators in (P 1, P 2, P 0, P̄ 0) form a complete basis
on the space of symmetric two tensors, not all the individual terms in the La-
grangian of linearized general relativity (1.58) can be expressed in terms of this
set. The exceptions are terms that mix transversal and longitudinal modes. There
are two of them: hµν∂µ∂νh and h∂2h. To express these in terms of projection op-
erators, we introduce the transfer operator ¯̄P 0, which is given by

¯̄P 0
µν,ρσ = θµνωρσ + ωµνθσρ . (3.11)

¯̄P 0 is not orthogonal to the set (P 1, P 2, P 0, P̄ 0); instead it has the following mul-
tiplication table [1]:

¯̄P 0P 1 = P 1 ¯̄P 0 = ¯̄P 0P 2 = P 2 ¯̄P 0 = 0 , (3.12a)
¯̄P 0 ¯̄P 0 = (d− 1)

(
P 0 + P̄ 0

)
, (3.12b)

P 0 ¯̄P 0 = ¯̄P 0P̄ 0 = P θω , (3.12c)

P̄ 0 ¯̄P 0 = ¯̄P 0P 0 = Pωθ , (3.12d)
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with

Pωθ
µν,ρσ ≡ θµνωρσ , P θω

µν,ρσ ≡ ωµνθρσ . (3.13)

In order to decompose the action of linearized general relativity (1.58) in terms
of these operators, we make use of the following identities:

ηµνηρσ =
[
(d− 1)P 0 + P̄ 0 + ¯̄P 0

]
µν,ρσ

, (3.14a)

ηµρkνkσ + ηµσkνkρ + ηνρkµkσ + ηνσkµkρ = k2
[
2P 1 + 4P̄ 0

]
µν,ρσ

, (3.14b)

ηµνkρkσ + ηρσkµkν = k2
[
¯̄P 0 + 2P̄ 0

]
µν,ρσ

, (3.14c)

kµkνkρkσ = k4 ¯̄P 0
µν,ρσ . (3.14d)

With these identities one can show that the linearized Einstein-Hilbert action
(1.58) reads

S =
1

2κ

∫
d4k hµν

1

4

[
P 2 − 2P 0

]
µν,ρσ

∂2hρσ . (3.15)

Action (3.15) contains the kinetic term for a spin-two mode; it does not con-
tain mass terms and it does not contain spin-one modes. So far, this is what we
expected. However, besides the spin-two mode, there is a kinetic term for a spin-
zero mode. The spin-two term and the spin-zero term have opposite signs. If
both modes were propagating, there would be a ghost instability, but this is not
the case. We have not yet taken the gauge symmetries into account. The scalar
mode is an artifact of the gauge symmetry and is not physical. It can be gauged
away, for example, in the transverse traceless gauge,

∂νhµν = 0 , hµµ = 0 . (3.16)

We can thus safely omit the scalar mode from the action and write

S =
1

4κ

∫
d4khµνP 2

µν,ρσ∂
2hρσ . (3.17)

The linearized Einstein-Hilbert action only propagates a massless spin-two mode.

3.1.2 PerturbativeNon-Renormalizability ofGeneralRel-
ativity

The coupling G in general relativity is dimensionful with mass dimension

[G] ∝ µ2−d , (3.18)

if we consider d instead of four spacetime dimensions. This is an indication for
divergent loop corrections in the perturbation series, which are proportional to
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GΛd−2, if we set the ultraviolet cutoff at Λ. Similarly, we expect bad ultraviolet
behavior for Newton’s constant, which will run like

G(k2)

G
∝ 1 + αGkd−2 +O(G2) , (3.19)

where kµ is the momentum vector and α some dimensionless constant.
There are other signs that general relativity is not perturbatively renormaliz-

able. The superficial degree of divergence affirms the bad behavior at high ener-
gies. In order to see that, we first calculate the propagator. For an action which
can be cast into the form

S =
1

4κ

∫
d4khµνOµν,ρσ(k)hρσ , (3.20)

the propagator in momentum space is proportional to the inverse of Oµν,ρσ(k).
In the case of Einstein gravity, we gauge away the spin-zero mode, and then the
propagator is

O−1
µν,ρσ(k) = −

P 2
µν,ρσ

k2
. (3.21)

Now we can do the counting for an arbitrary Feynman diagram. The graviton
propagator scales with the inverse of momentum squared. The vertices, on the
other hand, scale with momentum squared, since the Ricci scalar contains second-
order derivatives of the metric. In d dimensions, each loop is associated with an
integral

∫
ddk, which scales as kd. The superficial degree of divergence D of a

Feynman diagram with V vertices, I internal lines, and L loops is therefore

D = dL+ 2V − 2I . (3.22)

With use of the topological identity

L = 1 + I − V , (3.23)

we rewrite the superficial degree of divergence as

D = 2 + (d− 2)L , (3.24)

which is independent of the number of external and internal lines. We see that for
d > 2 the superficial degree of divergence increases with increasing loop order.
This indicates perturbative non-renormalizability.

3.1.3 Perturbative Renormalizability of Quadratic Grav-
ity

Now we are going to do the same kind of counting for quadratic gravity. We are
keeping the dimension general, because in this chapter we will make the move
from four to three dimensions.
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The Einstein-Hilbert action contains two orders of derivatives of the metric,
and, in addition, we will allow for terms with four derivatives. In d dimensional
spacetime, we consider a gravity model with quadratic terms in the Riemann ten-
sor

S =

∫
ddx

√
−g
{

1

2κ
(R− 2Λ0) + αR2 + βRµνRµν

+ γ(RµνρσRµνρσ − 4RµνRµν +R2)

}
.

(3.25)

We may also add the terms □R and ∇µ∇νRµν , but these are total derivatives,
which do not contribute to the equations of motion. The constant γ multiplies
the Gauss-Bonnet combination, which is a topological invariant and does not con-
tribute to the equations of motion either. Following the analysis of [70], we split
the Lagrangian up into

LEH =
√
−gR , Lα = α

√
−gR2 , Lβ = β

√
−gRµνRµν , (3.26a)

Lγ = γ
√
−g
(
RµνρσR

µνρσ − 4RµνR
µν +R2

)
, (3.26b)

so that the action can be written as

S =

∫
ddx

{
1

2κ
LEH + Lα + Lβ + Lγ

}
, (3.27)

For simplicity, we set Λ0 = 0. At quadratic order in hµν , these terms expand to

LEH → 1

4
hµν

[
P 2 − (d− 2)P 0

]
µν,ρσ

□hρσ , (3.28a)

Lα → α(d− 1)hµνP 0
µν,ρσ□2hρσ , (3.28b)

Lβ → β
1

4
hµν

[
P 2 + dP 0

]
µν,ρσ

□2hρσ , (3.28c)

Lγ → 0 , (3.28d)

in momentum space. We use this to write the action in the form

S =
1

4

∫
d4xhµνOµν,ρσ(k)h

ρσ , (3.29)

with

Oµν,ρσ(k) =

□
[(

1

2κ
+ β□

)
P 2 +

(
− 1

2κ
(d− 2) + (4α(d− 1) + βd))□

)
P 0

]
µν,ρσ

.
(3.30)
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The propagator in momentum space is again the inverse of Oµν,ρσ(k). In momen-
tum space, we have

O−1
µν,ρσ(k) =

1

k2

[
1

βk2 − 1
2κ

P 2 +
1

1
2κ (d− 2) + (4α(d− 1) + βd) k2

P 0

]
µν,ρσ

.

(3.31)

It becomes apparent that the higher derivative terms change the scaling of the
propagator at high energy from 1

k2 to 1
k4 . Moreover they give rise to an extra

scalar mode.

Perturbative Renormalizability

Now we can repeat the same counting arguments, this time for quadratic gravity.
The graviton propagator scales as 1

k4 , while the vertex goes like k2. In d dimen-
sions, each loop is associated with an integral

∫
ddk. The superficial degree of

divergence D of a Feynman diagram with V vertices, I internal lines, and L loops
is therefore

D = dL+ 4V − 4I . (3.32)

The topological identity

L = 1 + I − V , (3.33)

allows us to rewrite the superficial degree of divergence as

D = 4 + (d− 4)L . (3.34)

As a result of the higher derivative terms, in four dimensions the superficial de-
gree of divergence does not increase with loop order.

Note that the exceptions are the lines β = 0 and 4α(d− 1) + βd = 0, because
at these lines there is no 1

k4 damping of the propagator at high energies [79]. The
line β = 0 corresponds to Einstein-Hilbert plus the Ricci tensor squared, and the
line 4α(d−1)+βd = 0 corresponds to Einstein-Hilbert term plus the Weyl tensor
squared, the traceless part of Riemann tensor defined in equation (1.71).

Unitarity

The propagator (3.31) of quadratic gravity can be expanded into

O−1
µν,ρσ = κ

[
−
P 2 − 1

d−2P
0

k2
+

P 2

k2 − 1
βκ

− 1

d− 2

P 0

k2 + d−2
κ(4α(d−1)+βd)

]
µν,ρσ

,

(3.35)
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provided that β ̸= 0. Equation (3.35) shows two spin-two modes: the usual mass-
less mode and a mode with mass squared − 1

βκ . Two spin-zero modes also appear,

one massless and one with mass squared d−2
κ(4α(d−1)+βd) .

The kinetic term of the massless spin-two mode has a negative sign, but the
kinetic term of the massive spin-two mode has a positive sign. The massive spin-
two mode has a negative energy and is a ghost, but at the line β = 0 it disappears.
For this choice of parameters, the action is the sum of the Einstein-Hilbert term
plus an R2 term, and the propagator becomes

O−1
µν,ρσ(k) = κ

[
−
P 2 − 1

d−2P
0

k2
− 1

d− 2

1
d−2

4κα(d−1) + k2
P 0

]
µν,ρσ

. (3.36)

The two spin-zero modes in equation (3.35), also have opposite signs, but,
as before, the massless spin-zero mode can be gauged away. The relative sign
between the kinetic terms of the spin-zero modes is thus no issue, the more so,
since the model was already in trouble because of the spin-two mode with neg-
ative energy. The only exception to this is the line β = 0, where the massive
spin-two mode is absent. On this line, there are only a massless spin-two mode
and a massive spin-zero mode propagating, and they have no relative sign. Both
have positive energy, so this model is perturbatively unitary. Note, however, that
we saw that it was not perturbatively renormalizable.

Another special case is the line α = d
4(d−1)β. On this line the combination

αR2 + βRµνRµν is proportional to the Weyl tensor squared, CµνρσCµνρσ. Here
the massive spin-zero mode vanishes. The relative sign between the kinetic terms
of the two spin-two modes remains present, which means that one of them has
a negative energy. Since we saw before that the Weyl combination is not per-
turbatively renormalizable, we must conclude that, for this choice of parameters,
quadratic gravity is both non-renormalizable and non-unitary.

The last special case is α = β = 0, which corresponds to general relativity. We
saw before that general relativity is unitary but perturbatively non-renormalizable.
For all choices of parameters, quadratic gravity is either non-unitary or pertur-
batively non-renormalizable. Table 3.1 gives an overview of the parameter space
of quadratic gravity for dimensions bigger than three.

3.2 NewMassive Gravity

The last section revealed a tension between renormalizability and unitarity of
higher derivative gravity in four dimensions. Theories with curvature squared
terms can be renormalizable at the cost of having ghosts. When there are no
ghosts, these theories are not renormalizable. In three dimensions the situation
may be different, however, since are there fewer degrees of freedom propagating.

On the line 8α = 3β, quadratic gravity is non-unitary because of the massless
spin-two mode, which appears in the Lagrangian with a negative sign with respect
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Action Propagating modes Unitary Renormalizable
R s2 yes no
R+R2 s2, s

m
1 yes no

R+ CµνρσCµνρσ s2, s
m
2 no no

R + other combinations s2, s
m
2 , s

m
1 no yes

Table 3.1: Summary of quadratic gravity in d > 3 dimensions. sn represents a
massless spin-nmode, while smn represents a massive spin-nmode. Unitarity and
Renormalizability refere to perturbative unitarity and perturbative renormaliz-
ability.

to the massive spin-two mode. In three dimensions this is not necessarily a prob-
lem, since the massless spin-two mode is not propagating. If we can change the
sign for the kinetic term of the massive graviton, the problem may be resolved.
The resulting model is new massive gravity, which we review here.

3.2.1 Boosting Up Derivatives

In chapter 2 we saw that the Fierz-Pauli Lagrangian,

LFP = −1

2
hµνG(1)

µν − 1

4
m2(hµνhµν − h) , (3.37)

leads to an equation of motion together with two subsidiary conditions, one alge-
braic and one differential:(

□−m2
)
hµν = 0 , ∂µhµν = 0 , h = 0 . (3.38)

Together they are called the Fierz-Pauli equations. It is possible to solve for the
differential constraint (3.38) by increasing the number of derivatives. Instead of
writing the Fierz-Pauli equations, as in (3.38), we substitute

hµν = G(1)
µν(h

′) , (3.39)

writing hµν in terms of a new symmetric spin-two field h′µν . In this way, the diver-
gencelessness is implied immediately, and the differential subsidiary condition
becomes redundant:(

□−m2
)
G(1)

µν(h
′) = 0 , G(1)(h′) = 0 , (3.40)

where G(1)(h′) is the trace of the linearized Einstein tensor. Equations (3.40) can
alternatively be interpreted as the equations of motion for a metric perturbation
h′µν in a theory with fourth-order derivatives.

To obtain a nonlinear completion of this theory, we write equation (3.39) in
terms of linearized geometric tensors like R(1)

µν(h
′) and G(1)

µν(h
′). In three dimen-

sions, the trace of the linearized Einstein tensor is proportional to the linearized
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Ricci scalar; this follows from the symmetries of the Riemann tensor in three di-
mensions, (1.72). This enables us to write the equations (3.40) as(

□−m2
)
G(1)

µν(h
′) = 0 , R(1)(h′) = 0 . (3.41)

Next, we can replace this by a single equation:

G(1)
µν(h

′)− 1

m2

[
□G(1)

µν − 1

4
(∂µ∂ν − ηµν□)R(1)

]
= 0 . (3.42)

This can be seen as follows: The trace of the part within brackets vanishes, and the
trace of the linearized Einstein tensor is 1

2R
(1). As a result, the linearized Ricci ten-

sor ofh′µν vanishes,R(1)(h′) = 0. Substituting this in (3.42) gives
(
□−m2

)
G(1)

µν(h
′) =

0.

3.2.2 Action and Equations of Motion for New Massive
Gravity

An action that reproduces equation (3.42) at the linear level is

LNMG =
√
g

{
σR− 2m2λ+

1

m2
K

}
, K = RµνR

µν − 3

8
R2 , (3.43)

with the parameters σ = −1 and λ = 0. This is the action of new massive gravity
[18]; by construction, it propagates only a massive spin-two mode at the linear
level. From the outset, it seems to propagate more degrees of freedom, since we
increased the number of derivatives from two to four. In four dimensions that
would be inevitable, but in three dimensions the massless spin-two mode does not
propagate. This is a fortunate circumstance because the Einstein-Hilbert term in
(3.43) has the wrong sign, if σ = −1. The scalar mode is eliminated by the tuning
of the coefficients of the higher derivative terms to the Weyl combination.

The only modes propagating in (3.43) are two massive spin-two helicities.
From the propagator of quadratic gravity, equation (3.31), we could already antic-
ipate this result. At the special line 8α+3β, the mass of the scalar mode vanishes.
The spectrum then consists of a massive spin-two mode and a massless spin-two
mode. The massless spin-two mode does not propagate. Since at the special line
there is only a spin-two mode propagating, we expect no problems with unitarity.
On the other hand, we do expect problems with renormalizability, also in three
dimensions.

The equations of motion for new massive gravity are

2m2Gµν +Kµν = 0 , (3.44)
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with

Kµν =
δK

δgµν
=2□Rµν − 1

2
(∂µ∂νR+ gµν□R)− 8R ρ

µ Rρν

+
9

2
RRµν + gµν

(
R ρ

µ Rρν − 13

12
R2

)
.

(3.45)

A special feature of the scalar K, and the tensor Kµν = δK
δgµν , is that

gµνKµν = K . (3.46)

In three dimensions, the Ricci tensor is constant, and the derivatives drop out;
this simplifies the equations of motion. The constant curvature space Gµν +
Λgµν = 0 is a solution if and only if Λ solves the quadratic equation

Λ2 + 4m2σΛ− 4λm4 = 0 . (3.47)

The fourth-order derivative action (3.43) can also be written as a second deriva-
tive action, but then we have to introduce an extra symmetric tensor, which acts
as an auxiliary field. We call this tensor fµν [19]. The second-order action of new
massive gravity is

LNMG-aux =
√
g

{
−R+

2

m2

[
fµνGµν − 1

2

(
fµνfµν − f2

)]}
. (3.48)

The field equations for fµν are algebraic; they can be solved in terms of the metric
by

fµν = Sµν , Sµν = Rµν − 1

4
gµνR . (3.49)

Sµν is called the Schouten tensor. Substituting equation (3.49) gives

fµνf
µν − f2 = fµνGµν = K , (3.50)

and this leads to action (3.43) of new massive gravity, if we substitute it back in
the action (3.48).

3.2.3 Linearized NewMassive Gravity

Around the Minkowski background, new massive gravity yields Fierz-Pauli the-
ory at the linear level. Because of the AdS/CFT correspondence, we are inter-
ested not only in Minkowski vacua but also in AdS vacua. Here we are going to
linearize new massive gravity around an AdS background with cosmological con-
stant Λ, thereby following [19]. Until now we chose the wrong sign σ = −1 for
the Einstein-Hilbert term, and we took the bare cosmological constant to be λ
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zero. From now on we keep σ and λ in the NMG action (3.43) arbitrary with the
restriction that σ = ±1.

To begin the linearization procedure, we write the metric as

gµν = ḡµν + hµν . (3.51)

We denote all background quantities with a bar, and hµν is the perturbation. For
the background metric ḡµν , we consider a constant curvature spacetime,

Ḡµν = −Λḡµν . (3.52)

It can be de Sitter (Λ > 0), Minkowski (Λ = 0), or anti-de Sitter (Λ < 0). Although
the calculation we do is equally valid for all values of Λ, in this thesis we will
only consider Λ ≤ 0, since we are especially interested in AdS and Minkowski
backgrounds. More on de Sitter space can be found in [19].

We expand the auxiliary field fµν in a way similar to gµν ,

fµν =
1

m2
(Λ (ḡµν + εhµν)− εkµν) , (3.53)

where ε is a small expansion parameter. The background value of fµν is Λḡµν ;
this is fµν in equation (3.49), evaluated on the background ḡµν .

Before stating the action of linearized new massive gravity, it is useful to dis-
cuss the gauge symmetries in the linearized analysis. The full non-linear action
(3.48) is invariant under the gauge symmetry

δξgµν = ∇µξν +∇νξµ , (3.54a)

δξfµν = ξρ∂ρfµν + ∂µξ
ρfνρ + ∂νξ

ρfµρ . (3.54b)

In the linearized theory, we expand the diffeomorphism parameter as

ξµ = ξ̄µ + εζµ . (3.55)

In order to keep the background metric ḡµν invariant, diffeomorphisms of the
linearized theory must be isometries of the background metric at leading order.
This restricts ξ̄µ to be a Killing vector field of the background metric. At first order
in ε, the metric fluctuations transform as

δζhµν = ϵ
(
∇̄µζν + ∇̄νζµ

)
, (3.56)

under a gauge symmetry. The expansion (3.53) of fµν is chosen such that kµν is
invariant at first order in ϵ.

The linearized Einstein tensor is not invariant under the linearized gauge trans-
formation equation (3.55). We define a new gauge invariant operator GΛ(1)

µν that
overcomes this,

GΛ(1)
µν (h) = G(1)

µν(h) + hµν . (3.57)
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Linearizing the action of new massive gravity with this parametrization results
in

L(2)
NMG =

Λ− 2m2σ

4m2
hµνGΛ(1)

µν (k)− 1

m2
kµνGΛ(1)

µν (h)− 1

4m2

(
kµνkµν − k2

)
.

(3.58)

In case Λ ̸= 2m2σ, the fields hµν and kµν may be decoupled by performing the
field redefinition

h′µν = hµν − 2

(Λ− 2m2σ)
kµν . (3.59)

This yields

L(2)
NMG =

Λ− 2m2σ

4m2
h′µνGΛ(1)

µν (h′)− 1

m2 (Λ− 2m2σ)
kµνGΛ(1)

µν (k)

− 1

4m2

(
kµνkµν − k2

)
.

(3.60)

This is the sum of the massless spin-two field h′µν and the massive spin-two field
hµν . Whereas the Fierz-Pauli mass term breaks the gauge-invariance of linearized
general relativity, action (3.60) is invariant under linear gauge transformations.
This can be seen as follows: The operator GΛ(1)

µν (h) is invariant under the gauge
transformation (3.55), while kµν itself does not transform under linearized gauge
transformations.

The massless spin-two mode is not propagating, so we will ignore it for the
moment; we can then write

L(2)
NMG =

1

m2 (Λ− 2m2σ)

{
−1

2
kµνGΛ(1)

µν (k)− 1

4
M2

(
kµνkµν − k2

)}
. (3.61)

This is exactly the Fierz-Pauli action for a spin-two field with mass squaredM2 =
−σm2 + 1

2Λ in AdS spacetime. In order to have positive energies, we need

m2(Λ− 2m2σ) > 0 . (3.62)

Also the square of the mass has to be positive, or at least not too negative.
In AdS vacua, unitarity allows the square of the mass of the scalar fields to be
negative, provided that the Breitenlohner-Freedman (BF) bound is satisfied. In
three dimensions this bound is

M2 ≥ Λ . (3.63)

It has been argued that the same bound applies to spin-two fields [19], so equation
(3.63) imposes an additional constraint on the parameters of the theory and the
background solution.
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Critical Point

At the point Λ = 2m2σ in parameter space, the fields hµν and kµν cannot be
decoupled. At this so-called critical point, the linearized action (3.58) reads

L(2)
NMG = − 1

m2
kµνGΛ(1)

µν (h)− 1

4m2

(
kµνkµν − k2

)
, (3.64)

and the equations of motion are

GΛ(1)
µν (k) = 0 , (3.65a)

GΛ(1)
µν (h) =

1

2
(kµν − ḡµνk) . (3.65b)

Since the divergence of GΛ(1)
µν (h) vanishes, equation (3.65b) implies

∇νkµν = ∇νk . (3.66)

When we substitute this into the trace of (3.65a) we get k = 0, and thus we can
summarize (3.65) as

GΛ(1)
µν (GΛ(1)(h)) = 0 . (3.67)

At the critical point, these are the equations of motion.

3.2.4 Central Charge

In the foregoing, we discussed the linearized modes of new massive gravity on
AdS space. These are called bulk modes. Now we will have a look at the degrees
of freedom at the boundary of AdS space. We mentioned in section 1.4.6 that
gravity theories with an AdS3 vacuum generally admit an asymptotic symmetry
group at the boundary, which consists of two copies of the Virasoro algebra. This
is the symmetry algebra of a conformal field theory in one-plus-one dimension.

The central charge of the left- and right-moving copies of the Virasoro alge-
bra can be expressed in terms of the three dimensional Newton’s constant G and
the AdS length l. For any parity-preserving theory of higher derivative gravity
with AdS3 vacuum solutions, the central charge can be derived from the general
formula [76, 60, 57]

c =
l

2G
gµν

∂L
∂Rµν

, (3.68)

where L denotes the Lagrangian of the higher derivative theory.
For new massive gravity, the central charge is [19]

c =
3l

2G

(
σ − Λ

2m2

)
=

3l

2G

(
σ +

1

2m2l2

)
. (3.69)
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This equals the central charge of three-dimensional general relativity modified
with a factor constructed from the parameters of new massive gravity and the AdS
length. In order for the boundary CFT to be unitary, the central charge needs to
be positive, and this puts a constraint on the parameters of the theory.

3.2.5 Black-Hole Solutions

The BTZ black hole (1.74), which is a solution of general relativity in three di-
mensions, is a solution of new massive gravity [19] too. One difference is that
the angular momentum, the entropy, and the energy of new massive gravity get
corrected [28]:

JNMG =

(
σ +

3l

2G

1

2m2l2

)
J , (3.70a)

MNMG =

(
σ +

3l

2G

1

2m2l2

)
M , (3.70b)

SNMG =

(
σ +

3l

2G

1

2m2l2

)
S . (3.70c)

They are all modified by the same factor that also occurs in the central charge. For
new massive gravity, positive black-hole energy always coincides with positive
central charges.

3.2.6 Overview of Parameter Space

In this section, we will combine the constraint for a positive central charge with
the constraints for unitarity. We will look for regions in parameter space where
all constraints can be fulfilled. Because the parameters σ and m2 of the action of
new massive gravity can be chosen as positive or negative independently, we will
divide the analysis into four cases. In each of the four cases, we will start to look
for AdS solutions, and then we will examine the conditions for unitarity and the
conditions for positive central charge for these solutions.

Two necessary conditions for unitarity are the absence of tachyons (3.62) and
fulfillment of the BF bound (3.63). The unitarity conditions imply

Λ > 2m2σ if m2 > 0 , (3.71a)

Λ < 2m2σ if m2 < 0 , (3.71b)

while the BF bound reads

2σm2 +
1

2
Λ . (3.72)

The four different choices of the sign of (σ,m2) lead to different constraints on
the bare cosmological constant λ. As Λ must satisfy a quadratic equation, for
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m2 > 0 m2 < 0

σ = −1
- λ > −1

0 < λ < 3 -

σ = 1
- λ > 3
- -

(a) Perturbative unitarity

m2 > 0 m2 < 0

σ = −1
- -

λ > 3 -

σ = 1
−1 < λ < 0 λ < 3
λ > −1 -

(b) Positive central charge

Table 3.2: The two tables list conditions for (a) perturbative unitarity in the bulk
of new massive gravity and (b) positive central charge for the boundary theory
of new massive gravity. The first bound pertains to the upper branch, and the
second bound refers to the lower branch of solutions to (3.73). Unitarity and
positive central charge are mutually exclusive.

each of the four choices there are at most two branches of maximally symmetric
solutions. We refer to the two branches of the quadratic equation (3.47) as the
upper branch (+) and the lower branch (−). In these branches, the cosmological
constant Λ of the AdS (background) solution is fixed by

Λ = 2m2
(
−σ ±

√
1 + λ

)
. (3.73)

In table 3.2a and 3.2b, we summarized the constraints that follow for λ. In each
case there, we listed two constraints corresponding to the two branches of so-
lutions. Note that in some cases there is no solution compatible with the con-
straints. This can also be seen from figure 3.1, which gives a graphical overview
of the parameter space of quadratic gravity.

For the original action of new massive gravity with σ = −1 and m2 > 0, the
upper branch of solution (3.73) does not contain any point with Λ < 0, and so
it does not make sense to talk about central charge. The lower branch, however,
does contain AdS solutions, and for 0 < λ < 3 these solutions satisfy the unitarity
condition, as can be read off from table 3.2a. At the same time, the lower branch
has solutions with positive central charge for λ > 3. Unfortunately, this region
does not overlap with the unitary region, so in the lower branch (σ = −1,m2 > 0)
there is no vacuum solution that satisfies all constraints. Figure 3.1 too shows that
this is typical for new massive gravity: It does not have any AdS vacuum solution
with a positive central charge that is also perturbatively unitary.

3.2.7 Dreibein Formulation of NewMassive Gravity

In the later chapters, we will compare other theories of massive gravity with new
massive gravity. Here we will rewrite new massive gravity in a dreibein formula-
tion, for purposes of comparison.

Previously, we wrote the action of new massive gravity, which is fourth order
in derivatives, as a second-order action (3.48) by introducing an auxiliary field
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Figure 3.1: The curves represent maximally symmetric solutions for new massive
gravity. The fat curves are solutions for which new massive gravity is perturba-
tively unitary. The dashed curves are dS solutions or AdS solutions that have a
boundary theory a negative central charge. There is no line segment which is both
fat and not dashed. This illustrates that unitarity and positive central charge are
mutually exclusive.
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fµν . The second-order action, in turn, can be written as a first-order action in the
dreibein formulation. We parametrize the auxiliary field fµν by a new one-form
vector fa. The symmetric tensor and the one-form vector are related through

fµν = e a
µ fνa . (3.74)

With the help of this new one-form vector, the Lagrangian for new massive gravity
can be written as [56]

LNMG =

{
e1 ∧Ra +

1

6
λea ∧ eb ∧ ec + haT

a

− 1

m2

(
fa ∧Ra +

1

2
εabce

a ∧ f b ∧ f c
)}

.

(3.75)

The equations of motion for this action are

Ra +
1

2
λεabceb ∧ ec + Dha − 1

2m2
εabcfb ∧ fc = 0 , (3.76a)

T a = 0 , − 1

m2
Dfaεabceb ∧ hc = 0 , Ra + εabce

b ∧ f c = 0 . (3.76b)

We solve the equations for the fields (ωa, fa, ha) to obtain

ωa = ωa(e) fµν = −Sµν(e) , hµν = − 1

m2
Cµν(e) , (3.77)

with the Cotton tensor Cµν in three dimensions given by

Cµν = ε ρσ
µ ∇ρSσν . (3.78)

When we substitute this back into (3.75), we get back the fourth-order action for
new massive gravity (3.43) divided by m2.

3.2.8 Renormalizability

The action for quadratic gravity in three dimensions is

S =

∫
d3x

√
−g
{
1

κ
σR+ αR2 + βRµνRµν

}
, (3.79)

where the parameter σ denotes an arbitrary sign in front of the Einstein-Hilbert
term, andα and β are arbitrary constants. In section 3.1.3 the propagator for such
an action was derived. In three dimensions, it is

O−1
µν,ρσ(k) =

1

k2

[
σ

1

βk2 − 1
κ

P 2
µν,ρσ +

1
1
κ + (8α+ 3β) k2

P 0
µν,ρσ

]
. (3.80)
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For the special choice of parameters

0 = 8α+ 3β , (3.81)

the massive spin-zero mode disappears. A massless scalar, a massless spin-two
mode, and a massive spin-two mode then remain. The massive spin-two mode
is the only mode that propagates, and for σ = −1 it has positive kinetic energy.
This is linearized new massive gravity, with propagator

O−1
µν,ρσ =

1

k2

[
σ

1

βk2 − 1
κ

P 2
µν,ρσ +

1

κ
P 0
µν,ρσ

]
. (3.82)

The combination 8α + 3β in front of the massive scalar mode in the propaga-
tor (3.80) is also associated to the 1

k4 damping factor of the scalar at high ener-
gies. When this combination vanishes, the theory is unitary, but is it still power
counting renormalizable? The propagator of the spin-zero mode scales as 1

k2 for
this particular combination, but since the massless mode is not propagating, new
massive gravity seems to be renormalizable [72]. However, an analysis with BRST
techniques [69] shows that quadratic gravity in three dimensions is perturba-
tively renormalizable, but not for the combinations β = 0 and 8α + 3β. These
are exactly the two unitary cases of quadratic gravity in three dimensions: new
massive gravity and the Ricci scalar squared.

In summary, quadratic gravity is not both renormalizable and unitary at any
point in parameter space. New massive gravity, for example, is unitary but not
renormalizable. Furthermore, the central charge of the boundary CFT for AdS
solutions is never positive while the bulk is perturbatively unitary at the same
time. This we call the bulk boundary unitarity clash. In the subsequent chapters,
we will have a look at possible solutions for the bulk boundary unitarity clash.
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Chapter 4

A Toy Model with Six
Derivatives

New massive gravity is not unitary, because either the massive gravitons or the
black holes have negative energy. The same happens for various higher derivative
theories of gravity: Usually the massive gravitons or the black holes have negative
energy. This is related to another issue, which is called the bulk-boundary uni-
tarity clash: When the bulk theory is perturbatively unitary, the boundary theory
is not unitary, and vice versa. Examples of other higher derivative theories that
suffer from this issue are topologically massive gravity and critical gravity.

In this chapter, we will briefly describe topologically massive gravity and crit-
ical gravity, and in particular the issues with unitarity. In topologically massive
gravity the issues with unitarity can be overcome by tuning to the critical point.
We will explain why this does not work for new massive gravity or for quadratic
gravity in higher dimensions. In order to get a feeling for critical gravity with
higher order curvature terms, we will study the boundary theory of a scalar model
at its critical points.In the next chapter we apply the lessons learend from the
scalar model to a fully interaction theory of a spin-two field.

4.1 Models of Critical Gravity

Topologically massive gravity is a parity-violating theory with three derivatives
in three dimensions [38, 39]. Its action is the sum of the Einstein-Hilbert term
and a term with three derivatives multiplied by the parameter µ. At the linearized
level, topologically massive gravity contains two massless spin-two modes, which
do not propagate, and one massive spin-two mode. The boundary theory is a CFT
with different central charges for the left-moving and the right-moving sector.
The energy of the black hole and the energy of the massive mode have opposite
signs for generic choices of the parameters, similar to new massive gravity. This
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is related to the bulk-boundary unitary clash: Either the bulk is perturbatively
non-unitary or the boundary is non-unitary.

One choice of parameters forms an exception. Like new massive gravity, the
parameter space of topologically massive gravity contains a critical point. At that
point the massive graviton mode on an AdS background becomes massless. For
topologically massive gravity, this is the pointµl = 1, where l is the AdS radius. In
[62] it was argued that the massive mode disappears at the critical point and that
the symmetry group of the dual theory reduces to a single copy of the Virasoro
algebra. For this reason the critical point of topologically massive gravity is also
called the chiral coupling, and the bulk theory at the critical point is called chiral
gravity. The significance of this so-called chiral gravity conjecture is that the ab-
sence of the massive spin-two mode (that has a negative energy) may provide a
way out of the bulk-boundary unitarity clash.

Several authors have questioned the chiral gravity claim, which states that the
massive modes disappear completely and that a theory with only positive excita-
tions remains. A number of authors found local degrees of freedom propagating
for all values of µ, including at the chiral coupling [25]. At the chiral point one
does not expect locally propagating modes, since the conjecture is that all modes
are massless. Other authors have found negative energy modes at the chiral cou-
pling [47]. The contradiction in the literature was clarified in [68], where it was
pointed out that topologically massive gravity at the critical point gives rise to dif-
ferent theories, depending on the boundary conditions. Under relaxed, so-called
log boundary conditions that keep the logarithmic modes, topologically massive
gravity at the critical point leads to what is called log gravity. The modes with
a logarithmic fall-off near the boundary make log gravity non-unitary. Brown-
Henneaux boundary conditions, on the other hand, lead to chiral gravity as pro-
posed in the earlier paper [62]. The locally propagating modes, and the negative
energy modes that other authors found, turned out to be part of log-gravity and
not of chiral gravity. Chiral gravity thus forms an exception to the rule that higher
derivative theories of gravity always have black holes with negative energy.

One limitation of chiral gravity is that it cannot be generalized to four dimen-
sions. The three-derivative parity violating term in the action can only be written
down in three dimensions. The higher derivative terms of massive gravity, on the
other hand, can be written down in any dimension greater than two. As we have
seen in the previous chapter, it is possible to eliminate the scalar ghost for such
a theory by tuning the higher derivative combination to the Weyl tensor squared,
but, for dimensions higher than three, there still is the massive graviton propa-
gating with negative energy. It is possible to remove this mode by going to the
critical point[67, 36, 2, 17, 74]. This model is called critical gravity. At the critical
point, the massive modes turn into so-called logarithmic modes, which fall off
slower near the boundary. By imposing Brown-Henneaux boundary conditions
on the theory, the logarithmic modes are removed, but unfortunately this leads to
theories of massless gravitons with vanishing energy, and to black holes with zero
mass and zero entropy [67, 66, 64]. After these states are removed, the vacuum
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is left as the only physical state [74]. This emptiness invalidates critical gravity as
a toy model for quantum gravity.

4.2 Holographic Duals of Critical Gravity Mod-
els

Although critical gravity is not useful as a toy model for quantum gravity, it is
of some interest in another way. At the critical point, new massive gravity and
critical gravity with log boundary conditions are conjectured to be dual with so-
called logarithmic conformal field theories (LCFT). Even though LCFTs are non-
unitary, they find applications in physics, for example, in critical phenomena,
in percolating systems, and in turbulent systems. Holography provides a new
window for these theories.

The correlation function of operators in a LCFT can contain logarithmic terms.
The two-point correlation function for the logarithmic operator O1 of conformal
weight ∆ with itself is

⟨O1(z)O1(z′)⟩ = 1

|z − z′|∆
(α log |x− x′|+ β) , (4.1)

withα andβ constants. When logarithmic operatorsO1 with weight∆ are present,
then the theory must also contain non-logarithmic operators O0 with the same
weight. The two-point vacuum expectation value of these operators with them-
selves vanishes,

⟨O0(z)O0(z′)⟩ = 0 . (4.2)

On the other hand, the two-point function of the log operators with the non-log
operator does not vanish, but has the shape of the two-point function in a stan-
dard CFT:

⟨O0(z)O1(z′)⟩ = 1

|z − z′|∆
γ , (4.3)

with γ constant. We can summarize all this conveniently in a matrix:

⟨OiOj⟩ =
(

0 CFT
CFT LOG

)
, (4.4)

with i, j = (1, 2). This schematic notation makes it easy to generalize to LCFTs of
higher rank. The rank of a LCFT is defined as one plus the highest power of the
logarithm occurring in the two-point functions between all its operators. For a
LCFT of rank r + 1, the two-point function with the highest power of logarithms
looks like

⟨Or(z)Or(z′)⟩ = 1

|z − z′|∆
(α logr |x− x′|+ . . . ) . (4.5)
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The matrices of two-point correlation functions have the shape of Jordan cells.
For a rank-three LCFT, the two-point correlation function looks like

⟨OiOj⟩ =

 0 0 CFT
0 CFT LOG

CFT LOG LOG2

 , (4.6)

and the rank-four LCFT two-point function reads schematically

⟨OiOj⟩ =


0 0 0 CFT
0 0 CFT LOG
0 CFT LOG LOG2

CFT LOG LOG2 LOG3

 . (4.7)

This schematic representation of the two-point function in the boundary the-
ory can be used to illustrate the emptiness of new massive gravity at the critical
point. When we truncate the log modes of new massive gravity at the chiral point,
only a trivial theory is left at the boundary:

⟨OiOj⟩ =
(
0 CFT

CFT LOG

)
, (4.8)

This can be related to the emptiness of the bulk theory.
Now we will try the same kind of truncation for a rank-three LCFT. After re-

moving the log-square modes, the two-point function of the rank-three LCFT
reads schematically

⟨OiOj⟩ =

0 0 CFT
0 CFT LOG

CFT LOG LOG2

 . (4.9)

It looks like the resulting theory is not empty. Suppose that the full rank-three
LCFT is the dual of some logarithmic gravity theory, and suppose that the trunca-
tion of the rank-three LCFT is caused by removing the log square modes from the
bulk theory. Would the truncated bulk theory be empty? Supposedly not, since
the boundary theory is not empty. Would the truncated bulk theory be unitary?
It may be unitary because the truncated boundary theory looks like a CFT, which
is unitary.

The case of topologically massive gravity suggests that theories of critical grav-
ity may be of value as a toy model for quantum gravity, provided that we are able
to deal with the non-unitarity of the log modes. Critical gravity does not replicate
the success of chiral gravity, because taming the non-unitary log modes requires
a truncation that takes away all the physics. The simple truncation example of
LCFTs suggests that a theory of massive gravity, dual to a rank-three LCFT, may
allow for a truncation that results in a unitary theory that is not empty.
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In the next sections, we will investigate this idea in more detail. First, we will
propose a simple scalar field model that is dual to a rank-r LCFT. The model con-
sists of r coupled scalar fields with degenerate masses. Using holograhic meth-
ods, we will calculate two-point correlation functions on the boundary and show
that these agree with the rank-r LCFT two-point correlation functions. We will
proceed to calculate the scalar product in the bulk, and we will investigate the
existence of a nontrivial subspace with positive-definite inner product. We will
identify the corresponding subspace of the higher-rank LCFT on the boundary
and investigate whether it is unitary.

4.3 A Scalar Model for Critical Gravity

One of the characteristics of a critical gravity theory is that the masses of the
modes are degenerate. In order to capture this feature in a simple scalar model,
we consider the action

S = −1

2

∫
dd+1x

√
g

r∑
i,j=1

(Aij∂µϕi∂
µϕj +Bijϕiϕj) , (4.10)

with the r-dimensional matrices given by:

Aij =


0 · · · 0 1
... 1 0

0 . .
. ...

1 0 · · · 0

 , Bij =



0 . . . 0 1 m2

... 1 m2 0

0 . .
.

. .
. ...

1 m2

m2 0 · · · 0

 . (4.11)

The equations of motion that follow from this action are

(□−m2)ϕ1 = 0 , (4.12a)

(□−m2)ϕi = ϕi−1 , for i = 2, . . . , r . (4.12b)

This is a r-fold degenerated scalar theory. Alternatively, we can integrate out r−1
of the scalar fields to end up with 2r-derivative equation for a single scalar field:

(□−m2)rϕr = 0 . (4.13)

The fields ϕl with l = 1, . . . , r−1 can then be seen as auxiliary fields used to lower
the number of derivatives in the action. Perhaps this makes the relation to critical
higher derivative theories more apparent.

The equations of motion and the on-shell action are invariant under a shift of
the scalar fields,

ϕi → ϕi +
i−1∑
k=1

λkϕi−k , (4.14)
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for general λk with 1 ≤ k ≤ i− 1. Later on, we will identify this symmetry as the
bulk version of the so-called shift symmetry in the LCFT at the boundary.

4.4 HolographicDual of theRank r ScalarModel

We will calculate the two-point correlation functions of the boundary theory to
verify that they have the structure of a LCFT. In order to impose boundary condi-
tions on the scalar field, it is convenient to write the bulk fields as the convolution
of the boundary field with the bulk-to-boundary propagator,

ϕ1(z, x) =

∫
ddx′ϕ1(0)(x

′)GKG(z, x; 0, x′) , (4.15a)

ϕi(z, x) =

∫
ddx′

ϕi(0)(x′)GKG(z, x; 0, x′) +
i−1∑
j=1

ϕj(0)(x
′)Glogi−j

(z, x; 0, x′)

 ,

(4.15b)

for i = 2, . . . , r. The functions GKG, Glogk
denote the bulk-to-boundary propaga-

tor of the Klein-Gordon mode and the logk mode, respectively. They are related
to each other via

(□−m2)GKG = 0 , (4.16a)

(□−m2)Glog = GKG , (4.16b)

(□−m2)Glogk

= Glogk−1

, for k = 2, . . . , r − 1 . (4.16c)

The bulk-to-boundary propagator GKG can be obtained by solving the homoge-
neous Klein-Gordon equation in an AdSd+1 background. The result for GKG is
well known; see, for example, [86].

GKG(z, x; 0, x′) =
z∆

(z2 + |x− x′|2)∆
. (4.17)

The conformal dimension ∆ of the dual operator is the larger root of the equation

∆(∆− d) = m2 . (4.18)

This implies that the conformal dimension of the dual operator increases with the
square of the mass of the scalar fields. To find the bulk-to-boundary propagators
for the logarithmic fields, we use the fact that the d’Alembertian does not depend
on m:

[
d

dm2
, (□−m2)] = −1 . (4.19)

Together with (4.16a), this implies

GKG = −[
d

dm2
, (□−m2)]GKG = (□−m2)

d
dm2

GKG . (4.20)
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One can compare this with (4.16b) to read off the bulk-to-boundary propagator
of the logarithmic field. It is the derivative with respect to m2 of GGK,

Glog(z, x; 0, x′) =
d

dm2
GKG

=
1

2∆− d
log
(

z

(z2 + |x− x′|2)

)
z∆

(z2 + |x− x′|2)∆
.

(4.21)

The bulk-to-boundary propagator of the higher-order log modes can be obtained
by successive application of differentiation with respect to m2:

Glogi
(z, x; 0, x′) =

1

2i−1

di

(dm2)i
GKG

=
1

2i−1

1

(2∆− d)i
logi

(
z

(z2 + |x− x′|2)

)
z∆

(z2 + |x− x′|2)∆

+
i−1∑
j=1

αj logj
(

z

(z2 + |x− x′|2)

)
z∆

(z2 + |x− x′|2)∆
.

(4.22)

The coefficients can be calculated, but they do not matter. The coefficients αj can
be made to vanish by adding a linear combination of the bulk-to-boundary prop-
agators Glogj

(z, x; 0, x′) with j < i to Glogi
(z, x; 0, x′). Such linear combinations

are, after all, solutions of (4.16c), as much as Glogi
(z, x; 0, x′) is.

From the explicit solutions for the bulk fields, we can derive one- and two-
point correlation functions for the boundary theory with standard AdS/CFT meth-
ods. The first step is to write the on-shell action as a surface integral, using the
equations of motion and partial integrations. At the regulated surface z = ϵ, the
on-shell boundary action is:

S = lim
ϵ→0

−1

2

∫
ddx

√
γ

r∑
i,j=1

Aijϕi(n⃗ · ∇⃗)ϕj , (4.23)

with Aij given in (4.11). The normal derivative is (n⃗ · ∇⃗) = z∂z, and γ is the
induced metric on the boundary with

√
γ = z−d. The boundary action contains

polynomial and logarithmic divergences in ϵ; these can be eliminated by means of
holographic renormalization [78]. Holographic renormalization affects the nor-
malization of the two-point functions, but it does not change the structure. Since
we are primarily interested in the overall structure, we will ignore all divergent
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terms. The on-shell action (4.23) can then be expanded as

S =

∫
ddxddx′

{
r∑

i=1

1

2
ϕi(0)(x)ϕr+1−i(0)(x

′)
∆

|x− x′|2∆

+

r−1∑
k=1

r−k∑
l=1

ϕl(0)(x)ϕr−k−l+1(0)(x
′)

ak
(2∆− d)k

∆

|x− x′|2∆
×

×
(

logk
(

ϵ

|x− x′|2

)
+
bk
∆

logk−1

(
ϵ

|x− x′|2

))}
,

(4.24)

where ak and bk are constants.
In the AdS/CFT correspondence, the fields at the boundary are sources for

operators at the boundary. Following this logic, we couple the boundary values
of the fields to the dual operators by adding the following couplings to the action:∫

ddx

(
ϕr(0)OKG +

r−1∑
i=1

ϕi(0)Ologr−i

)
. (4.25)

The one-point functions can be determined from functional differentiation with
respect to the boundary value of the fields:

⟨OKG(x)⟩ = δS

δϕr(0)(x)
=

∫
ddx′ϕ1(0)(x

′)
∆

|x− x′|2∆
, (4.26a)

⟨Ologi
(x)⟩ = δS

δϕr−i(0)(x)
=

∫
ddx′

{
ϕi+1(0)(x

′)
∆

|x− x′|2∆
+

i∑
k=1

ϕi−k+1(0)(x
′)

×
(

logk
(

ϵ

|x− x′|2

)
+
bk
∆

logk−1

(
ϵ

|x− x′|2

))}
,

(4.26b)

where now i = 1, . . . , r − 1. After performing the shift symmetry (4.14), the one-
point functions ⟨Ologi

(x)⟩ can be brought into the following form:

⟨Ologi
(x)⟩ =

∫
ddx′

{
ϕi+1(0)(x

′)
∆

|x− x′|2∆

+
i∑

k=1

ϕi+1−k(0)(x
′)

∆

|x− x′|2∆
k∑

l=1

(
Λk−l logl

(
ϵ

|x− x′|2

)
+ Λk

)}
,

(4.27)

where Λi are constants related to the arbitrary shift parameters λi. Finally, upon
further differentiation with respect to the source, we find the two-point functions:
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⟨OKG(x)OKG(x′)⟩ = ⟨OKG(x)Ologn
(x′)⟩ = 0, for n = 1, . . . , r − 2 , (4.28a)

⟨OKG(x)Ologr−1
(x′)⟩ ∼ ∆

|x− x′|2∆
, (4.28b)

⟨Ologi
(x)Ologj

(x′)⟩ ∼

∆

|x− x′|2∆
×

[
δm0 +

m∑
l=1

(
Λm−l logl

(
ϵ

|x− x′|2

)
+ Λm

)]
,

(4.28c)

with m = i+ j − r + 1 and Λm = 0 for m ≤ 0.

4.4.1 Comparison with the Literature

The two-point correlation functions of a rank-r LCFT are known [44] and given
by

⟨Ologi
(x)Ologj

(x′)⟩ = 1

|x− x′|2∆
i+j∑
l=0

Di+j−l
(−2)l

l!
logl(|x− x′|) , (4.29)

with the constantsDk vanishing for k < r−1. This implies that the highest power
of the logarithm that occurs in a two-point function is i+j−r+1, so the two-point
functions have the same structure as the boundary CFT of the degenerated scalar
field theory (4.28c).

The shift symmetry of the scalar fields (4.14) leads through (4.25) and (4.14) to
the following shift in the two-point correlation functions of the boundary theory:

Ologi

→ Ologi

+
i−1∑
j=1

λjOlogi−j

. (4.30)

This redefinition of the logarithmic partner operators is a well known symmetry
in LCFTs [45].

4.5 A Unitary Truncation

For a quadratic action of the form

S =

∫
dt 1

2

(
−q̇TLq̇ + q̇TQq + qTKq

)
, (4.31)

after canonical quantization, the scalar product of two states ⟨Ψ| and ⟨Φ| is [74]

⟨Ψ|Φ⟩ = i
(
Ψ∗LΦ̇−Ψ∗TQΨ

)
. (4.32)
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Here we assume that L and K are symmetric matrices while Q is antisymmetric
and commuting with L.

The action of our degenerated scalar field theory, action (4.10), is of this form
with L = A,Q = 0 andK = B. We split the scalar fields into a positive frequency
part ϕ+ and a negative frequency part (ϕ−)

ϕ = ϕ+ + ϕ− . (4.33)

On an AdS background, the scalar product between two normalizable modes ϕ+,
ψ+ of the degenerated scalar theory expands to

⟨ϕ+|ψ+⟩ =
∫

ddx√
gg00

r∑
k,l=1

(
Aklϕ

+∗
k

↔
∂t ψ

+
l

)
, (4.34)

where x denotes the spatial AdS coordinates. In the maximally degenerate case,
the matrixAij is given by equation (4.11). It is nonzero, if and only if k+ l = r+1.
So, the scalar product ⟨ϕ+i |ϕ

+
j ⟩ is nonzero only if i + 1 + j + 1 ≥ r + 1. Note

that the same condition holds for the coefficients Dk in the two-point correlation
functions of a rank-r logarithmic CFT in (4.29).

The bulk mode dual toOlogi

is the normalizable field with asymptotic behavior
z∆ logi(z). It has nonzero components among the ϕl with l ≤ i+1. Likewise, the
bulk dual of Ologj

has nonzero components ψk with k ≤ j + 1.
Schematically, the scalar product between the normalizable modes takes the

form of an anti-triangular matrix:

⟨ϕ+i |ϕ
+
j ⟩ =


0 · · · 0 1
... . .

.
. .
. ...

0 1 · · · 1
1 1 · · · 1

 . (4.35)

The 1here denotes a positive matrix element. For rank-two and higher, this struc-
ture of the inner product allows one to combine positive norm states into negative
norm states. For example, if the rank is two, the normalized modes are (ϕ+1 , ϕ

+
2 ),

and then the inner product matrix has the form

⟨ϕ+i |ϕ
+
j ⟩ =

(
0 1
1 1

)
. (4.36)

With this inner product, it is possible to create a field with negative norm [74].
Consider ϕ = αϕ+1 + ϕ+2 . The norm of this combination is

||ϕ|| = ⟨ϕ|ϕ⟩ = 2Re
(
α⟨ϕ+1 |ϕ

+
2 ⟩
)
+ ||ϕ+2 || , (4.37)

which can be made negative by tuning α.
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To prevent negative norm states from occurring, we could try to set ϕ2 to zero,
but the resulting theory would contain only zero-norm states:

⟨ϕ+i |ϕ
+
j ⟩ =

(
0 1
1 1

)
. (4.38)

For even rank, such a truncation makes no sense, but, for odd rank, a unitary
truncation is conceivable. The scalar product matrix of a three-fold degenerated
scalar model is of the form

⟨ϕ+i |ϕ
+
j ⟩ =

0 0 1
0 1 1
1 1 1

 . (4.39)

After removing the second row and the second column (ϕ3), there is a single
nonzero-norm state left, which is ϕ2:

⟨ϕ+i |ϕ
+
j ⟩ =

0 0 1
0 1 1
1 1 1

 . (4.40)

In general, when r is odd, there is a positive-norm subspace defined by setting
ϕi = 0 for i > n, when r = 2n − 1. It is subject to the equivalence relation
ϕi ∼ ϕi +

∑n−1
l=1 λlϕl. All states except ϕn are null vectors, as is evident from the

scalar product formula after truncation:

⟨ϕ+|ψ+⟩ =
∫
ddx√

gg00ϕ+∗
n

↔
∂t ψ

+
n . (4.41)

From the perspective of the AdS/CFT correspondence, the truncation of the logi
modes for i > n amounts to turning off the sources ϕj(0) for j ≤ n in the bound-
ary field theory. Such a truncation can be achieved by imposing the condition
that the near boundary behavior of the fields involves powers of log z of at most
O(z∆ logn z). Effectively, we are throwing away half of the logarithmic partner
modes, while keeping the half which involves lower powers of log z. Under this
truncation the boundary action (4.24) reduces to

S[ϕn(0)] = ∆

∫
ddxddx′

(
1

2
ϕn(0)(x)ϕn(0)(x

′)
1

|x− x′|2∆

)
. (4.42)

All logarithmic divergent terms have vanished. The boundary correlation func-
tions are now free of logarithmic singularities, and they are either proportional
to the ordinary CFT two-point function or they vanish. The final result is

⟨Ologn−1
(x)Ologn−1

(x′)⟩ ∼ ∆

|x− x′|2∆
, (4.43)
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while all other correlation functions are zero.
When r is even (r = 2m), a similar truncation will not work. If we remove half

of the modes ϕi with i ≥ m, the bulk scalar product (4.34) vanishes. On the other
hand, if we truncate one mode less, then there will be negative norm states. This
is easy to see in the example of rank four. Truncation of half of the modes leaves
only zero-norm states:

⟨ϕ+i |ϕ
+
j ⟩ =


0 0 0 1
0 0 1 1
0 1 1 1
1 1 1 1

 . (4.44)

Truncation of half of the modes except one leaves room for negative norm
states:

⟨ϕ+i |ϕ
+
j ⟩ =


0 0 0 1
0 0 1 1
0 1 1 1
1 1 1 1

 . (4.45)

For rank-two, the degenerate scalar model is reminiscent of critical new mas-
sive gravity. The truncation of half of the modes means that the log mode of crit-
ical gravity is set at zero. This truncation is discussed in [66]. They truncate
the logarithmic modes in critical new massive gravity by imposing the appropri-
ate boundary conditions, and this leads to a theory where the surviving massless
modes have zero energy and zero norm. When we ignore these modes, only a vac-
uum is left. For that reason truncated critical new massive gravity is often called
a trivial theory in the literature.

4.6 Example: TheRank-ThreeAdS/LCFTScalar
Model

To illustrate some of the points made in the previous section, it is instructive to
take a closer look at the specific case of r = 3. The bulk field configuration of that
model can be written as three coupled scalar fields with degenerate masses or as
a single scalar field obeying the sixth-order differential equation

(□−m2)3ϕ = 0 . (4.46)

For two rank-three fields ϕ and ψ, the inner product (4.34) becomes:

⟨ϕ+|ψ+⟩ =
∫
ddx√gg00

{
(□−m2)2ψ+∗∂0ϕ

+

+ (□−m2)ψ+∗∂0(□−m2)ϕ+ + ψ+∗∂0(□−m2)2ϕ+
}
.

(4.47)
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If we decompose the scalar field into three modes according to logarithmic be-
havior, ϕ = ϕKG + ϕlog + ϕlog2

, it can be seen that the following scalar products
hold:

⟨ϕ+KG|ϕ+KG⟩ = 0 , (4.48a)

⟨ϕ+KG|ϕ+ log2

⟩ > 0 , ⟨ϕ+ log2

|ϕ+ log2

⟩ > 0 . (4.48b)

We can consider again a state |ϕ+⟩ = |ϕ+ log2⟩+ α|ϕ+KG⟩ such that the norm

⟨ϕ+|ϕ+⟩ = ⟨ϕ+ log2

|ϕ+ log2

⟩+ 2Re(α⟨ϕ+KG|ϕ+ log2

⟩) , (4.49)

can be tuned to be negative. We must conclude that the theory is non-unitary.
There is, however, a subspace with positive norm, which is constrained by ϕlog2

=
0, that is, it contains only modes that satisfy the equation (□ −m2)2ϕ′ = 0. On
this subspace, the scalar product reduces to

⟨ϕ+|ψ+⟩ =
∫
ddx√gg00(□−m2)ψ′+∗∂0(□−m2)ϕ′+ . (4.50)

The only nonzero inner product among the modes is

⟨ϕ+ log|ϕ+ log⟩ > 0 . (4.51)

This means that the norm of the rank-three theory is positive definite on the sub-
space of rank two. This subspace still contains both Klein-Gordon modes and log
modes. This is to be contrasted with the pure rank-two case, where these two
modes can be combined into a negative norm state. For rank two, (4.34) gives
nonzero values of ⟨ϕ+ log|ϕ+ log⟩ and of ⟨ϕ+KG|ϕ+ log⟩. Again one can construct a
state |ϕ+⟩ = |ϕ+ log⟩+ α|ϕ+KG⟩ such that

⟨ϕ+|ϕ+⟩ = ⟨ϕ+ log|ϕ+ log⟩+ 2Re(α⟨ϕ+KG|ϕ+ log⟩) , (4.52)

can be negative. In the truncated rank-three model ⟨ϕ+KG|ϕ+ log⟩ = 0, and it is
not possible to create a negative norm state in this way.

Let us turn once more to the shift symmetry we encountered briefly. The sub-
space of the truncated rank-three scalar model still contains the Klein-Gordon
null states that allow for a shift symmetry,

ϕ′ → ϕ′ + χ , (□−m2)χ = 0 . (4.53)

From the holographic point of view, the truncation ϕlog2

= 0 amounts to setting
the source ϕ1(0)(x) = 0. The remaining scalar fields reduce to

ϕ2(z, x) =

∫
ddx′ϕ2(0)(x

′)GKG(z, x; 0, x′) , (4.54a)

ϕ3(z, x) =

∫
ddx′

(
ϕ3(0)(x

′)GKG(z, x; 0, x′) + ϕ2(0)(x
′)Glog(z, x; 0, x′)

)
, (4.54b)
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whereGKG andGlog are given in equations (4.17) and (4.21). These are the modes
of the rank-two theory embedded in a rank-three theory whose action is given by
equation (4.10) for r = 3. This embedding makes a non-negative scalar product
possible, even though the pure r = 2 theory does not have a positive definite
scalar product.

The boundary action written in terms of the field-theory sources (4.24) sim-
plifies to:

S[ϕi(0)] = ∆

∫
ddxddx′

(
1

2
ϕ2(0)(x)ϕ2(0)(x

′)
1

|x− x′|2∆

)
. (4.55)

The correlation functions of the truncated theory are either null or proportional
to the unitary CFT correlation function:

⟨OKG(x)OKG(x′)⟩ = ⟨OKG(x)Olog(x′)⟩ = 0 , (4.56a)

⟨Olog(x)Olog(x′)⟩ ∼ ∆

|x− x′|2∆
. (4.56b)

This is to be contrasted with the correlation functions for the untruncated rank-
three LCFT model, which are given by:

⟨OKG(x)OKG(x′)⟩ = ⟨OKG(x)Olog(x′)⟩ = 0 , (4.57a)

⟨OKG(x)Olog2
(x′)⟩ = ⟨Olog(x)Olog(x′)⟩ ∼ ∆

|x− x′|2∆
, (4.57b)

⟨Olog(x)Olog2
(x′)⟩ ∼ 1

2∆− d

∆

|x− x′|2∆

(
2 log

(
1

|x− x′|2

)
+ Λ1

)
, (4.57c)

⟨Olog2
(x)Olog2

(x′)⟩ ∼ 1

(2∆− d)2
∆

|x− x′|2∆

(
log2

(
1

|x− x′|2

)
(4.57d)

+ Λ1 log
(

1

|x− x′|2

)
+ Λ2

)
.

The effect of the truncation is to set all correlation functions involving Olog2
to

zero:

⟨OKG(x)OKG(x′)⟩ = ⟨OKG(x)Olog(x′)⟩ = 0 , (4.58a)

⟨Olog(x)Olog(x′)⟩ ∼ ∆

|x− x′|2∆
, (4.58b)

The two-point functions of the boundary theory of the truncated scalar model
have the same structure as a CFT. CFTs are unitary theories, which suggest that
the truncated bulk theory is also unitary.

In the next chapter, we will consider a model for gravity that has degenerate
modes, and we will look for a similar truncation to a unitary subspace. The scalar
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model in this chapter suggests that we look for a rank-three degeneration, tuned
to the tricritical point, and remove the log modes. If we want to preserve parity,
this means we have to introduce six derivatives instead of the usual two. We will
investigate a model, which is sixth order in derivatives, and we will try to find a
truncation that leaves a unitary, non-empty theory.
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Chapter 5

Tricritical Gravity

A reoccurring theme in the previous chapters was the occurrence of linearized
modes and black holes with negative energy in higher derivative models for grav-
ity. Quadratic gravity propagates, in general, a massive scalar and a massive spin-
two mode with negative energy and a massless spin-two mode with positive en-
ergy. In three dimensions, for a special tuning of the coefficients, this is slightly
different: New massive gravity propagates a massive and a massless spin-two
modes only. When these modes can be tuned to have positive energy, the black-
hole solutions in new massive gravity have negative energy and vice versa.

On an AdS spacetime, the negative black-hole energy is related to the negative
central charge of the boundary CFT. At the critical point the central charge of the
boundary CFT vanishes. Meanwhile, in the bulk, the massive mode turns into a
massless mode with logarithmic fall-off near the boundary. It seemed that new
massive gravity could be made unitary by truncating the logarithmic modes, but
the resulting theory has turned out to be empty.

In the previous chapter, we analyzed the truncation of logarithmic modes in a
scalar model that captures features of new massive gravity, but that is more gen-
eral. That exercise not only taught us why the truncation of critical new massive
gravity does not work but it also gave a clue about how to find theories that con-
tain a non-empty and unitary subsector at the critical point. The crux is to work
with a bulk theory that is dual to an odd-rank LCFT.

For parity-even theories of gravity, this means that we have to work with six
derivatives instead of four derivatives. In this chapter, we will construct a sixth-
order interacting theory with a tricritical point. We will investigate the energy
of the linearized modes, and we will study the effects of the removal of the log-
square modes at the quadratic level. At the end of the chapter, we will comment
on the effect of interactions.
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5.1 A Parity-Even Tricritical (PET) Model

In this section, we will consider a three-dimensional gravity theory with generic
R2 andR□R terms (withR either the Ricci tensor or scalar). We will linearize this
theory around an AdS3 background and we will restrict the parameter space such
that the theory propagates only two massive spin-two excitations in addition to a
massless boundary graviton. We will search for a tricritical point in the restricted
parameter space, where both massive excitations become massless and degener-
ate with the massless mode. The PET model will then be defined as the gravity
theory at this tricritical point. The PET model will be of sixth-order in derivatives.
For some applications it is useful to have a formulation that is of second order in
derivatives. This can be done at the expense of introducing auxiliary fields. The
auxiliary field formulation of our model will be given in subsection 5.1.3. We will
end this section with a discussion of black-hole type solutions for PET gravity.

5.1.1 A Six-Derivative Gravity Model

In three dimensions, the most general Einstein-Hilbert action supplemented with
a cosmological parameter, R2 terms and R□R terms, is

S =
1

16πG

∫
d3x

√
−g
{
σR− 2Λ0 + αR2 + βRµνR

µν + LR□R

}
, (5.1)

where

LR□R = b1∇µR∇µR+ b2∇ρRµν∇ρRµν . (5.2)

The dimensionless parameter σ = (±1, 0)denotes the sign of the Einstein-Hilbert
term. Λ0 is the bare cosmological parameter, which should not be confused with
the physical cosmological constant Λ. α, β, b1 and b2 are arbitrary parameters.

This is not the most general action with six derivatives, since we have omitted
terms that involve cubic powers of the curvature. Although such terms enrich the
model, for simplicity we will only consider the case where the six-derivative terms
are of the form R□R.

The action results in sixth-order equations of motion that read

σGµν + Λ0gµν + Eµν +Hµν = 0 , (5.3)
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with

Eµν = α

(
2RRµν − 1

2
gµνR

2 + 2gµν□R− 2∇µ∇νR

)
+ β

(
3

2
gµνRρσR

ρσ − 4Rρ
µRνρ +□Rµν +

1

2
gµν□R−∇µ∇νR

+ 3RRµν − gµνR
2

)
,

(5.4a)

Hµν = b1

(
∇µR∇νR− 2Rµν□R− 1

2
gµν∇αR∇αR

− 2(gµν□2 −∇µ∇ν□)R

)
+ b2

(
∇µRρσ∇νR

ρσ − 1

2
gµν∇αRρσ∇αRρσ −□2Rµν − gµν∇ρ∇σ□Rρσ

+ 2∇ρ∇(µ□Rν)ρ + 2∇ρRρσ∇(µR
σ
ν) + 2Rρσ∇ρ∇(µR

σ
ν) − 2Rσ(µ□Rσ

ν)

− 2∇ρRσ(µ∇ν)R
ρσ − 2Rσ(µ∇ρ∇ν)R

σ
ρ

)
.

(5.4b)

The equations of motion (5.3) allow for AdS3 solutions with a cosmological con-
stant Λ that obeys a quadratic relation

σΛ− Λ0 − 6Λ2α− 2Λ2β = 0 . (5.5)

5.1.2 The Linearized Action and PET Gravity

We will now consider the linearization of the equations of motion (5.3) around
an AdS3 background. We denote background quantities with a bar, so we expand
the metric as

gµν = ḡµν + hµν , (5.6)

where ḡµν is the AdS3 background, and hµν is the metric fluctuation. The back-
ground curvature tensors are

R̄µνρσ = 2Λḡµ[ρḡσ]ν , R̄µν = 2Λḡµν , R̄ = 6Λ , Ḡµν = −Λḡµν . (5.7)

The linearized equations of motion for the metric fluctuation hµν are given by

0 = σ̄Gµν − (2β − 4Λb2)Gµν(G(h))− 4b2Gµν(G(G(h)))

+ (2α+
1

2
β)
(
ḡµν□̄− ∇̄µ∇̄ν + 2Λḡµν

)
R(1)

− (2b1 + b2)
(
ḡµν□̄− ∇̄µ∇̄ν + 2Λḡµν

)
□̄R(1) ,

(5.8)

where Gµν is the Einstein operator. The constant σ̄ is given by

σ̄ = σ + 12Λα+ 4Λβ . (5.9)
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The linearized Einstein tensor Gµν can be expressed in terms of the linearized

Ricci tensor R(1)
µν and the linearized Ricci scalar R(1),

R(1)
µν = ∇̄ρ∇̄(µhν)ρ−

1

2
□̄hµν−

1

2
∇̄µ∇̄νh , R(1) = −□̄h+∇̄ρ∇̄σhρσ−2Λh , (5.10)

as follows:

Gµν = R(1)
µν − 1

2
ḡµνR

(1) − 2Λhµν . (5.11)

The linearized Einstein tensor Gµν is invariant under linearized general coordi-
nate transformations and it is divergence free,

∇̄µGµν = 0 . (5.12)

The trace of the linearized equations of motion (5.8) is given by

0 =

(
−1

2
σ + 6Λα+ 2Λβ

)
R(1) +

(
4α+

3

2
β − 12Λb1 − 5Λb2

)
□̄R(1)

−
(
4b1 +

3

2
b2

)
□̄2R(1) .

(5.13)

In order to avoid propagating scalar degrees of freedom, we will restrict the pa-
rameters such that equation (5.13) does not contain the terms □̄R(1) and □̄2R(1).
This fixes two of the parameters:

b1 = −3

8
b2 , α =

Λ

8
b2 −

3

8
β . (5.14)

To simplify the equations of motion, we fix the gauge to

∇̄µhµν = ∇̄νh . (5.15)

In this gaugeR(1) simplifies toR(1) = −2Λh. Substituting this in equation (5.13),
together with restriction on the parameters, we find

0 = − 2Λ

(
−1

2
σ + 6Λα+ 2Λβ

)
h . (5.16)

When we further assume that

− 2Λ

(
−1

2
σ + 6Λα+ 2Λβ

)
̸= 0 , (5.17)

then we can conclude that h = 0, and hence that the metric perturbations are
transverse-traceless,

∇̄µhµν = h = 0 . (5.18)
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For transverse-traceless excitations the linearized equations of motion (5.8) sim-
plify to

σ̄Gµν − (2β − 4Λb2)Gµν(G(h))− 4b2Gµν(G(G(h))) = 0 , (5.19)

where the gauge-fixed linearized Einstein operator is given by

Gµν(h) = −1

2

(
□̄− 2Λ

)
hµν . (5.20)

The linearized equations of motion (5.19) can be factorized into1(
□̄− 2Λ

) (
□̄− 2Λ−M2

+

) (
□̄− 2Λ−M2

−
)
hµν = 0 , (5.21)

where the square mass parameters M2
± are given by

M2
± =

β

2b2
− Λ± 1

2b2

√
10b22Λ

2 − 6b2βΛ + 4b2σ + β2 . (5.22)

Equation (5.21) implies that the class of theories restricted by (5.14) and (5.17)
has solutions corresponding to a massless spin-two mode h(0)µν and two massive
spin-two modes h(M±)

µν , which satisfy the following Klein-Gordon-type equations:(
□̄− 2Λ

)
h(0)µν = 0 ,

(
□̄− 2Λ−M2

±
)
h(M±)
µν = 0 . (5.23)

The case for which
β = −4

σ

Λ
and b2 = −2

σ

Λ2
, (5.24)

is special. At this so-called critical point both massive modes degenerate with the
massless mode. Since the degeneracy is threefold we call it a tricritical point. The
linearized equations of motion at this tricritical point assume the simple form

Gµν(G(G(h))) = 0 . (5.25)

This corresponds to the spin-two version of the equations of motion of the rank-
three scalar field model, discussed in chapter 4. The theory at this tricritical point
is called Parity-Even Tricritical gravity (PET gravity).

Apart from the tricritical point, the parameter space contains critical curves,
where two instead of three modes degenerate. In particular, there is a critical
curve, defined via

10b22Λ
2 − 6b2βΛ + 4b2σ + β2 = 0 , (5.26)

where both massive gravitons degenerate with each other; i.e. M2
+ = M2

−. Simi-
larly, there is a critical line

3Λ2b2 − βΛ + 2σ = 0 , (5.27)

1These linearized e.o.m. are contained within the class of theories considered in [71].

94



Figure 5.1: The parameter space of the sixth-order gravity model with Λ = −1 and σ = 1.
In the shaded region, the squared masses of the two massive modes are greater or equal to
zero. The limit b2 → 0 yields new massive gravity. Here one of the square masses becomes
infinite, and the other takes values between zero (critical point of new massive gravity) and
infinity (Einstein gravity). A similar figure can be made for σ = −1; that figure is mirrored
along the two axes, and M+ and M− are interchanged.

where only one of the massive gravitons becomes massless (e.g., where M2
+ = 0,

while generically M2
− ̸= 0, or vice versa). The situation is summarized in figure

5.1, which displays the parameter space for the sixth-order gravity model.

The requirement that both of the masses are real valued (M2
± ≥ 0) implies that

(b2, β) lies within the shaded region in figure 5.1. The borders of the shaded region
are the critical curve (5.26) and the critical line (5.27), and the β-axis, where some
of the masses degenerate. The limit b2 → 0 yields new massive gravity. In the new
massive gravity, limit one of the masses becomes infinitely large while the other
stays finite and takes the place of the massive graviton of new massive gravity.
The corners of the shaded region correspond to three special limits of the theory.
The origin of the axis system is cosmological Einstein-Hilbert gravity. The corner
on the β-axis below the origin is the critical point of new massive gravity. Here
one of the masses decouples and the other becomes zero. The parameter β then
takes on the new massive gravity critical value, β = 1/m2 = 2σ/Λ. The third
corner at β = −4σ/Λ and b2 = −2σ/Λ2 is the tricritical point that we discussed
above.
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5.1.3 Auxiliary Field Formulation

The PET model is of sixth-order in derivatives, but for purposes such as the cal-
culation of the boundary stress tensor it is easier to work with a two-derivative
action. It is possible to reformulate the action (5.1) subject to the parameter re-
striction (5.14) as a two-derivative theory, if we introduce two auxiliary fields fµν
and λµν . The action in terms of the metric and the two auxiliary fields is

S =
1

16πG

∫
d3x

√
−g
{
σR− 2Λ0 + fµνGµν − (λµνfµν − λf)

− b2 (λ
µν□λµν − λ□λ) + 2b2

(
λµν∇(µ∇ρλν)ρ − λ∇µ∇νλµν

)
+ β(λµνλµν − λ2) + 2Λb2λ

2

}
,

(5.28)

where λ = λµνg
µν and f = fµνg

µν are the traces of the respective auxiliary fields.
The equations of motion for the auxiliary fields are

λµν =Rµν − 1

4
gµνR , (5.29a)

fµν =2βλµν − 2Λb2gµνλ+ 2b2

(
2∇(µ∇ρλν)ρ −□λµν

− 1

2
gµν∇ρ∇σλρσ −∇µ∇νλ+

1

2
gµν□λ

)
.

(5.29b)

Substituting these expressions into (5.28) gives the action (5.1) with the param-
eters α and b1 given by (5.14). So the two actions (5.1) and (5.28) are indeed
classically equivalent in the parameter range of interest.

We will proceed to linearize the second-order action for PET gravity around
an AdS background. For that we use the following linearization ansatz:

gµν = ḡµν + hµν , (5.30a)

λµν =
Λ

2
(ḡµν + hµν) + k1µν , (5.30b)

fµν =
(
Λβ − 3Λ2b2

)
(ḡµν + hµν) + k2µν . (5.30c)

Plugging this into the action (5.28) and keeping the terms that are quadratic in
the fields hµν , k1µν and k2µν , we find the following linearized action:

L(2) = − 1

2
σ̄hµνGµν(h) + kµν2 Gµν(h) + 2b2k

µν
1 Gµν(k1)

− (2Λb2 − β)
(
kµν1 k1µν − k21

)
− (kµν1 k2µν − k1k2) .

(5.31)

The linearized Lagrangian may be diagonalized, if we assume that σ̄ ̸= 0. After
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the field redefinition

hµν = h′µν +
2b2M

2
−

σ̄
k′1µν +

1

σ̄
k′2µν , (5.32a)

k1µν = k′1µν −
M2

−
2σ̄

k′2µν , (5.32b)

k2µν = k′2µν + 2b2M
2
−k

′
1µν , (5.32c)

equation (5.31) reads as a Lagrangian for a massless spin-two field h′µν and two
massive spin-two fields with square mass M2

±:

L(2) = − 1

2
σ̄h′µνGµν(h

′)

+
4b2
σ̄

(
σ̄ + b2M

4
−
) [1

2
k′1

µνGµν(k
′
1)−

1

4
M2

+

(
k′1

µνk′1µν − k′1
2
)]

+
1

σ̄2

(
σ̄ + b2M

4
−
) [1

2
k′2

µνGµν(k
′
2)−

1

4
M2

−
(
k′2

µνk′2µν − k′2
2
)]

.

(5.33)

In order to make sure that there are no ghosts, we must demand that all the kinetic
terms in (5.33) have the same sign. One can see that for σ̄ ̸= 0 the absence of
ghosts cannot be reconciled with the reality of M2

±. Away from the critical lines,
at least one of the modes is a ghost. The appearance of ghosts away from the
critical lines is consistent with results found for higher-dimensional and higher-
rank critical gravity theories in [71].

At the critical line (5.27) the field redefinitions leading to this Lagrangian are
not well-defined; the Lagrangian (5.31) is non-diagonalizable. One of the mas-
sive modes degenerates with the massless mode and one expects that (5.31) can
be written as a Fierz-Pauli Lagrangian for the remaining massive mode plus a
part which resembles the linearized Lagrangian of critical new massive gravity.
Indeed, after the field redefinition

hµν = h′′µν − 4b2αk
′′
1µν − 2b2α

2k′′2µν , (5.34a)

k1µν = k′′1µν + αk′′2µν , (5.34b)

k2µν = k′′2µν , (5.34c)

with α = 1
2 (

2σ
Λ + Λb2)

−1, the Lagrangian (5.31) takes the expected form:

L(2) = k′′2
µνGµν(h

′′)− 1

4

(
2σ

Λ
+ Λb2

)−1 (
k′′2

µνk′′2µν − k′′2
2
)

+ 4b2

[
1

2
k′′1

µνGµν(k
′′
1 )−

1

4
M ′2 (k′′1µνk′′1µν − k′′1

2
)]

,

(5.35)

with M ′2 = −( 2σ
b2Λ

+ Λ). The first line has the same form as linearized NMG at
the critical point, while the second line is the Fierz-Pauli Lagragian for k1µν .
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At the tricritical point (5.24) the semi-diagonalization procedure breaks down
too, and we must work with the non-diagonal action:

L(2) = kµν2 Gµν(h) + 2b2k
µν
1 Gµν(k1)− (kµν1 k2µν − k1k2) . (5.36)

Let us now show how this linearized second-order action gives rise to the lin-
earized equations of motion of (5.25). The equations of motion derived from
(5.36) are:

Gµν(k2) = 0 , (5.37a)

4b2Gµν(k1) = (k2µν − k2ḡµν) , (5.37b)

Gµν(h) = (k1µν − k1ḡµν) . (5.37c)

Since ∇µGµν(k1) = 0, equation (5.37b) implies

∇µk2µν = ∇νk2 . (5.38)

Together with the trace of (5.37a), we can conclude that k2 = 0 and thus that

Gµν(G(k1)) = 0 . (5.39)

Also ∇µGµν(h) = 0, which implies that ∇µk1µν = ∇νk1 and that 1
2 □̄k1+Λk1 = 0.

With the help of these identities, we can combine the three equations for the per-
turbations of the metric and the auxiliary fields into a single sixth-order equation:

Gµν(G(G(h))) = 0 . (5.40)

This is what we found before in (5.25).

5.1.4 Nonlinear Solutions of PET Gravity

In this section we will have a look at some solutions of the full nonlinear theory of
PET gravity. Before delving into solutions with log and log-square asymptotics,
we look into BTZ black hole solutions. The metric for the rotating BTZ black hole
is given by [6]

ds2 =
dr2

N2(r)
−N2(r)dt2 + r2(Nϕ(r)dt− dϕ)2 ,

N2(r) =
r2

ℓ2
− 8GM +

16G2M2ℓ2

r2
, Nϕ(r) =

4GJ

r2
,

(5.41)

where M and J are constants. This is a solution of the full sixth-order theory for
any choice ofM and J . The asymptotic form of the BTZ black hole in Fefferman–
Graham coordinates as an expansion around the conformal boundary y = 0 is
given by [61]

ds2 =
ℓ2dy2

y2
− 1

y2
(
dt2 − ℓ2dϕ2

)
+ 4G

(
M dt2 +M ℓ2dϕ2 − 2 J dt dϕ

)
+O(y2) .

(5.42)
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Here and in the following, we use the AdS length ℓ = 1/
√
−Λ. The mass and

angular momentum of this BTZ black hole can be calculated using the boundary
stress tensor. Here we give the charges, which were derived 2 in [14]:

MBTZ =
M

2

(
2σ +

β

ℓ2
+

3b2
ℓ4

)
, JBTZ =

J

2

(
2σ +

β

ℓ2
+

3b2
ℓ4

)
. (5.44)

Note that for the extremal case, ℓMBTZ = −JBTZ, and at the other critical points
and lines specified above, the leading order terms of the metric (5.42) can be
dressed up with logarithmic asymptotics [27], namely, one can find solutions of
the form

ds2 =
ℓ2dy2

y2
−
(

1

y2
− F (y)

)
dt2 +

(
1

y2
+ F (y)

)
ℓ2dϕ2 + 2F (y) ℓ dt dϕ , (5.45)

for certain functions F (y) to be specified below. These are exact solutions of PET
gravity that, moreover, correspond to a Fefferman-Graham expansion of a log
black hole.3

In case one considers the critical line (5.27), where eitherM2
+ = 0 orM2

− = 0,
the function F (y) is given by

F (y) = 4GM + k log y , (5.46)

for some constant k. At the tricritical point (5.24), where both M2
± = 0, we have

F (y) = 4GM + k log y +K log2 y , (5.47)

for constants k and K. When k = K = 0 this solution reduces to (5.42) with J =
−ℓM . ForK = 0, but k ̸= 0, we obtain a solution that falls off as log y towards the
AdS3 boundary. We will refer to this solution as the ‘log black hole.’ For K ̸= 0,
we obtain a ‘log2 black hole,’ that falls off as log2 y towards the boundary. The
masses and angular momenta of these log and log2 black holes can be calculated
using the boundary stress tensor. The result for the log black hole is [14]

ℓMlog = −Jlog =
3k
(
2σ + b2/ℓ

4
)

G
, (5.48)

and for the log2 black hole it is

ℓMlog2 = −Jlog2 =
7Kσ

G
. (5.49)

2The masses and angular momenta are given by boundary integrals of components of the stress
tensor. Since none of the components depends on the boundary coordinates they are simply given by

M = 2πℓ Ttt and J = −2πℓ Ttϕ . (5.43)

3In order to calculate the mass and angular momentum of a black hole, the terms given in an
expansion such as, e.g., (5.42) are the relevant ones. The solution (5.45) corresponds exactly to the
leading terms of an expansion of a BTZ or log black hole, depending on the choice of F (y), and gives
rise to non-vanishing mass and angular momentum.
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Note that on the critical line (5.27) the mass and angular momentum of the ex-
tremal BTZ black hole are zero, whereas the log black hole has nonzero mass
and angular momentum. On the critical line there is no log2 black-hole solution.
At the tricritical point (5.24), both the BTZ and log black holes have zero mass
and angular momentum, whereas the log2 black hole, present at that point, has
nonzero mass and angular momentum.

From this the following general picture emerges: Black holes at critical lines
and points of rank r are characterized by logn(y) asymptotic behavior, where n =
0, 1, r − 1. The black holes with the highest possible n-value have nonzero mass
and angular momentum, whereas the black holes with lower values of n have
zero mass and angular momentum. We expect that this is a general feature of all
gravity models dual to higher-rank LCFTs.

5.2 LogarithmicModesandDualRank-ThreeLog
CFT Interpretation

Away from the tricritical point, the six-derivative action we considered in the pre-
vious section propagates two massive gravitons. At the tricritical point, the two
massive gravitons degenerate with the non-propagating massless graviton and
are replaced by new solutions. In contrast to the massless graviton modes that
obey Brown-Henneaux boundary conditions, these new solutions exhibit log and
log2 behavior towards the AdS3 boundary. These are the log and log2 modes.

The existence of logarithmic modes naturally leads to the conjecture that PET
gravity is dual to a rank-three logarithmic CFT. In this section, we will discuss
these modes and their AdS/CFT counterparts in more detail. We will start by
giving explicit expressions for the various modes at the tricritical point. We will
give the boundary stress tensor and use it to evaluate the central charges of the
dual CFT at the tricritical point. We will also comment on the structure of the
two-point functions of the dual CFT at the tricritical point.

5.2.1 Modes at the Tricritical Point

The linearized equations of motion (5.21) can be solved with the group theoretical
approach of [62]. We work in global coordinates, in which the AdS metric is given
by

ds2 =
ℓ2

4

(
−du2 − 2 cosh(2ρ)dudv − dv2 + 4dρ2

)
, (5.50)

and where u and v are light-cone coordinates. The solutions of the linearized
equations of motion (5.21) form representations of the SL(2,R)× SL(2,R) isom-
etry group of AdS3. These representations can be built by acting with the raising
operators of the isometry algebra on a primary state. The primary state that was
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found in [62] reads

ψµν = e−ihu−ih̄v(cosh(ρ))−(h+h̄) sinh2(ρ)Fµν(ρ) , (5.51)

with Fµν(ρ) given by

Fµν(ρ) =


h−h̄
4 + 1

2 0
i((h−h̄)+2)
4 cosh ρ sinh ρ

0 1
2 − h−h̄

4

i(2−(h−h̄))
4 cosh ρ sinh ρ

i((h−h̄)+2)
4 cosh ρ sinh ρ

i(2−(h−h̄))
4 cosh ρ sinh ρ

−1
cosh2 ρ sinh2 ρ

 . (5.52)

The constant weights h, h̄ obey h− h̄ = ±2, as well as the equation

0 =
(
h(h− 1) + h̄(h̄− 1)− 2

) (
2h(h− 1) + 2h̄(h̄− 1)− 4− ℓ2M2

+

)
×
(
2h(h− 1) + 2h̄(h̄− 1)− 4− ℓ2M2

−
)
.

(5.53)

This equation has three branches of solutions: one corresponding to the massless
mode and two related to the massive modes. The massless modes obey

h(h− 1) + h̄(h̄− 1)− 2 = 0 . (5.54)

The weights which satisfy this equation and which lead to normalizable modes
are (h, h̄) = (2, 0) and (0, 2). They are solutions of linearized Einstein gravity in
AdS3 and correspond to left- and right-moving massless gravitons.

The weights of the other two branches obey

2h(h− 1) + 2h̄(h̄− 1)− 4− ℓ2M2
± = 0 . (5.55)

For those primaries that do not blow up at the boundary ρ → ∞, we obtain the
following weights:

left-moving : h =
3

2
+

1

2

√
1 + ℓ2M2

± , h̄ = −1

2
+

1

2

√
1 + ℓ2M2

± , (5.56)

right-moving : h = −1

2
+

1

2

√
1 + ℓ2M2

± , h̄ =
3

2
+

1

2

√
1 + ℓ2M2

± . (5.57)

These weights correspond to left- and right-moving massive gravitons with masses
M±. The normalizability of the modes implies real masses, M2

± ≥ 0.
At the tricritical point, M2

± = 0 and the weights (and therefore the solutions)
of the massive modes degenerate with those of the massless modes. As in tricrit-
ical general massive gravity, there are new solutions, called log and log2 modes,
which we denote by ψlog and ψlog2

, respectively. They satisfy

Gµν(G(ψlog)) = 0 but Gµν(ψ
log) ̸= 0 , (5.58a)

Gµν(G(G(ψlog2

))) = 0 but Gµν(G(ψlog2

)) ̸= 0 . (5.58b)
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As was shown in [47], the log mode can be obtained by differentiation of the mas-
sive mode with respect to M2

±ℓ
2. After differentiation the square mass is set to

zero, M2
± = 0, and what is left is a log mode.

ψlog
µν =

∂ψµν(M
2
±)

∂(M2
±ℓ

2)

∣∣∣∣
M2

±=0

. (5.59)

The explicit solution ψµν(M
2
±) in (5.59) is obtained by substituting any combina-

tion of weights (h, h̄) that corresponds to a massive mode into (5.51). The log2 is
obtained by differentiating twice with respect to M2

±ℓ
2. The resulting modes are

explicitly given by

ψlog
µν = f(u, v, ρ)ψ0

µν , (5.60)

ψlog2

µν =
1

2
f(u, v, ρ)2 ψ0

µν , (5.61)

where ψ0
µν corresponds to a massless graviton mode with (h, h̄) = (2, 0) or (0, 2)

and where the function f is given by

f(u, v, ρ) = − i

2
(u+ v)− log(cosh ρ) . (5.62)

Note that the massless mode, the log mode, and the log2 mode all behave differ-
ently near the boundary ρ → ∞. The massless mode obeys Brown-Henneaux
boundary conditions. The log mode, in contrast, shows linear behavior in ρwhen
ρ is large, and the log2 mode scales as ρ2 in this limit. The boundary conditions
of the log and log2 modes are called log and log2 boundary conditions.

The log and log2 modes are not eigenstates of the AdS energy operator H =
L0 + L̄0. Instead they form a rank-three Jordan cell with respect to this opera-
tor (or similarly, with respect to the Virasoro algebra). The normalization of the
modes hµν = {ψ0

µν , ψ
log
µν , ψ

log2

µν } has been chosen such that the off-diagonal ele-
ments in the Jordan cell of H are 1,

H hµν =

 (h+ h̄) 0 0
1 (h+ h̄) 0
0 1 (h+ h̄)

hµν . (5.63)

The presence of the Jordan cell shows that the states form indecomposable but
non-irreducible representations of the Virasoro algebra. Furthermore, we see
that

0 = L1ψ
log
µν = L̄1ψ

log
µν , 0 = L1ψ

log2

µν = L̄1ψ
log2

µν . (5.64)

The modes in the bulk correspond to operators in the boundary theory. Equa-
tions (5.63) translate to the statement that the boundary Hamiltonian is non-
diagonalizable and that the operators form a rank-three Jordan cell. The condi-
tions (5.63) and (5.64) indicate that the operators associated to ψlog

µν and ψlog2

µν are
quasi-primary. The only proper primary state is the one associated to ψ0

µν . This
suggests that the boundary field theory is a LCFT.
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5.2.2 Boundary Stress Tensor and Boundary Theory

To learn more about the theory dual to PET gravity, we will consider the boundary
stress tensor (5.65), which was calculated in [15].

16πGT 3critgrav
ij =

(
2σ +

β

ℓ2
+

3b2
ℓ4

)
γ
(2)
ij −

(
2σ +

β

ℓ2

)
γ
(0)
ij γ

(2)
kl γ

kl
(0) , (5.65)

where γ(0)ij , γ(2)ij are the leading and the sub-leading terms in the Fefferman-Graham
expansion of the metric in Poincaré coordinates:

ds2 =
dy2

y2
+ γijdx

idxj , γij =
1

y2
γ
(0)
ij + γ

(2)
ij . (5.66)

The central charge of the boundary theory can be deduced from the stress tensor
[5]. For PET gravity the central charge is [14]

c =
3ℓ

4G

(
2σ +

β

ℓ2
+

3b2
ℓ4

)
. (5.67)

The central charge vanishes at the tricritical point, where β = 4σℓ2 and b2 =
−2σℓ4. This supports the conjecture that the dual CFT is logarithmic. CFTs with
central charge c = 0 are typically non-unitary and thus possibly logarithmic.

The central charge also vanishes on the rest of the critical line (5.27), where
one instead of both massive modes becomes massless. On this critical line the
dual CFTs are still expected to be logarithmic, but the rank decreases by one with
respect to the tricritical case. The dual theory on the critical line is thus expected
to be a LCFT of rank two. As a consistency check, we note that (non-critical) new
massive gravity is contained in our model in the limit b2 → 0 and β → 1/m2.
Substituting these values in (5.67), we see that the central charge agrees with the
central charge found for new massive gravity in [19].

The dual CFT of PET gravity is thus conjectured to be a rank-three LCFT with
vanishing central charge. The general structure of the two-point correlators of
these theories is known. The two-point functions are determined by quantities
called new anomalies. If one knows the central charges, one can employ a short-
cut [49] to derive these new anomalies. We do this for the left-moving sector.
Remember the symmetry group of the dual CFT is a product of two Virasoro al-
gebras, one left-moving and one right-moving. For the parity-even PET gravity,
the central charges of the left- and right-moving sector are equal, cL = cR = c.

The two-point functions of the left-moving components OL(z) of the bound-
ary stress tensor are

⟨OL(z)OL(0)⟩ = cL
2z4

, (5.68)

where cL is given by c in (5.67). It may be rewritten in terms of the massesM± as

cL =
3ℓ3σ

G

M2
−M

2
+

M2
− +M2

+ + 1
ℓ2 + 2ℓ2M2

−M
2
+

. (5.69)
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When one of the two masses vanishes, for example, when M2
+ → 0, we are on

the critical line (5.27). The CFT dual is conjectured to be a rank-two LCFT with
vanishing central charges. The two-point functions of such a CFT are of the form

⟨OL(z)OL(0)⟩ = 0 , (5.70a)

⟨OL(z)Olog(0)⟩ = bL
2z4

, (5.70b)

⟨Olog(z, z̄)Olog(0)⟩ = −bL log |z|2
z4

, (5.70c)

where Olog(z, z̄) denotes the logarithmic partner of OL(z). The parameter bL is
the new anomaly. It can be calculated from the central charges and the difference
of the conformal weights of the left-moving primary, (h, h̄) = (2, 0), and the left-
moving massive modes: see equation (5.56), via a limiting procedure. For small
M2

+, this difference is

2∆LM+ ≡ 2(hL − hM+) =
(
1−

√
1 + ℓ2M2

+

)
≈ −

ℓ2M2
+

2
, (5.71)

up to linear order. The new anomaly then is given by

bL = lim
ℓ2M2

+→0

cL
∆LM+

= lim
ℓ2M2

+→0
− 4

ℓ2M2
+

3ℓ3σ

G

M2
−M

2
+

M2
− +M2

+ + 1
ℓ2 + 2ℓ2M2

−M
2
+

= −12ℓσ

G

M2
−

M2
− + 1

ℓ2

.

(5.72)

Note that in the limit b2 → 0, where we recover new massive gravity at the critical
point, we findM2

− → ∞, and the new anomaly (5.72) reduces to the new anomaly
of new massive gravity [46].

At the tricritical point, the correlation functions are conjectured to be the ones
of a rank-three LCFT with vanishing central charges:

⟨OL(z)OL(0)⟩ = ⟨OL(z)Olog(0)⟩ = 0 , (5.73a)

⟨OL(z)Olog2
(0)⟩ = ⟨Olog(z)Olog(0)⟩ = aL

2z4
, (5.73b)

⟨Olog(z, z̄)Olog2
(0)⟩ = −aL log |z|2

z4
, (5.73c)

⟨Olog2
(z, z̄)Olog2

(0)⟩ = aL log2 |z|2
z4

. (5.73d)
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Here Olog(z, z̄), Olog2
(z, z̄) are the two logarithmic partners of OL(z). The new

anomaly aL at the tricritical point is obtained via the limit:

aL = lim
ℓ2M2

−→0

bL
∆LM−

= lim
ℓ2M2

−→0

4

ℓ2M2
−

12ℓσ

G

M2
−

M2
− + 1

ℓ2

=
48ℓσ

G
. (5.74)

Knowledge of the central charges thus allows one to obtain the new anomalies
and hence fix the structure of the two-point correlators, via the limit procedure
of [49].

5.3 Truncation of PET Gravity

In the previous sections, we discussed the six-derivative PET gravity model, and
we showed that the linearized theory has solutions that obey Brown-Henneaux,
log and log2 boundary conditions. We conjectured that three-dimensional PET
gravity with log2 boundary conditions is dual to a rank-three LCFT. We have cal-
culated the central charges and new anomalies of these conjectured LCFTs.

In this section, we will consider a truncation of PET gravity. Instead of keeping
all three modes, we only keep modes that obey Brown-Henneaux and log bound-
ary conditions. We throw away half of the logarithmic modes. This is analogous
to the truncation of the rank-three scalar field toy model in the chapter 4. We
show that the restriction on the boundary conditions leads to a sub-sector of the
theory that has zero values for the conserved Abbott-Deser-Tekin charges asso-
ciated to (asymptotic) symmetries [41, 40].

In order to find the conserved Killing charges, we follow the line of reasoning
in [41, 40] (this was later applied for the log modes in new massive gravity at the
critical point in [63]). When the background admits a Killing vector ξµ, one can
define a covariantly conserved current by

Kµ = ξνT
µν , (5.75)

with Tµν the conserved energy-momentum tensor. This energy-momentum ten-
sor is defined by considering a split of the metric gµν in a background metric ḡµν
(that solves the vacuum field equations) and a (not necessarily infinitesimal) de-
viation hµν ,

gµν = ḡµν + hµν . (5.76)

The field equations can then be separated into a part that is linear in hµν and
a part that contains all interactions. The latter, together with a possible stress
tensor for matter, constitute Tµν . The full field equations, written in terms of hµν
take the form

Eµναβhαβ = Tµν , (5.77)

where Eµναβ is a linear differential operator acting onhµν . The energy-momentum
tensor Tµν is given by the left-hand side of equation (5.77), that is, the part of the
field equations linear in hµν , and this was found in section 5.1.
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Since the current Kµ is covariantly conserved, an antisymmetric two-form
Fµν exists such that ξνTµν = ∇̄νFµν . The conserved Killing charges can be ex-
pressed as

Qµ =

∫
M

d2x
√
−ḡTµνξν =

∫
∂M

dSi

√
−ḡFµi , (5.78)

where M is a spatial surface with boundary ∂M. We can find the expression for
Fµν for PET gravity by writing the linearized equations of motion (5.8) contracted
with a Killing vector as a total derivative. The first term in the first line of (5.8) is
the linearized Einstein tensor, which may be written as

ξµGµν(h) =∇̄ρ

{
ξν∇̄[µhρ]ν + ξ[µ∇̄ρ]h

+hν[µ∇̄ρ]ξν − ξ[µ∇̄νh
ρ]ν +

1

2
h∇̄µξρ

}
.

(5.79)

In the second term in the first line of (5.8), we may replace hµν in the above ex-
pression with Gµν(h) to obtain

ξµGµν(G(h)) = ∇̄ρ

{
ξν∇̄[µGρ]ν(h) + ξ[µ∇̄ρ]G(h)

+ Gν[µ(h)∇̄ρ]ξν +
1

2
G(h)∇̄µξρ

}
,

(5.80)

where we denoted ḡµνGµν(h) = G(h). The same method can be used to calculate
the ξνGµν(G(G(h)))-term. It is given by

ξµGµν(G(G(h))) = ∇̄ρ

{
ξν∇̄[µGρ]ν(G(h)) + ξ[µ∇̄ρ]G(G(h))

+ Gν[µ(G(h))∇̄ρ]ξν +
1

2
G(G(h))∇̄µξρ

}
.

(5.81)

The last two lines in (5.8) are given by

ξν

(
ḡµν□̄− ∇̄µ∇̄ν − 2

ℓ2
ḡµν
)
R(1) =

− 4∇̄ρ

(
ξ[µ∇̄ρ]G(h) + 1

2
G(h)∇̄µξρ

)
,

(5.82a)

ξν

(
ḡµν□̄− ∇̄µ∇̄ν − 2

ℓ2
ḡµν
)
□̄R(1) =

− 4∇̄ρ

(
ξ[µ∇̄ρ]□̄G(h) + 1

2
□̄G(h)∇̄µξρ

)
.

(5.82b)
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Combining all this, we may write

16πGξµT
µν = σ̄ξνGµν(h)

− 1

ℓ2
(2βℓ2 + 4b2)ξνGµν(G(h))− 4b2ξµGµν(G(G(h)))

+
1

ℓ2
(b2 + βℓ2)∇̄ρ

(
ξ[µ∇̄ρ]G(h) + 1

2
G(h)∇̄µξρ

)
+ b2∇̄ρ

(
ξ[µ∇̄ρ]□̄G(h) + 1

2
□̄G(h)∇̄µξρ

)
= 16πG∇̄ρFµρ .

(5.83)

The last three terms in this expression come from (5.79), (5.80) and (5.81). We
are now ready to specify the boundary conditions and explicitly calculate the charges.

5.3.1 Brown-Henneaux Boundary Conditions

Demanding the deviations hµν to respect Brown-Henneaux boundary conditions
leads to finite charges. In order to show this, we will work with the AdS3 metric
in the Poincaré patch. In light-cone coordinates the line element is

ds2 =
ℓ2

r2
dr2 − ℓ2

r2
dx+dx− , (5.84)

and the conformal boundary is at r → 0. We consider deviations hµν that fall
off according to Brown-Henneaux boundary conditions, that is, the metric must
behave as:

g+− = − ℓ2

2r2
+O(1) , g++ = O(1) , g−− = O(1) , (5.85a)

grr =
ℓ2

r2
+O(1) , g+r = O(r) , g−r = O(r) . (5.85b)

The most general diffeomorphisms that preserve the asymptotic form of the met-
ric are generated by asymptotic Killing vectors ξ that are explicitly given by

ξ = ξ+∂+ + ξ−∂− + ξr∂r

=

(
ϵ+(x+) +

r2

2
∂2−ϵ

−(x−) +O(r4)

)
∂+

+

(
ϵ−(x−) +

r2

2
∂2+ϵ

+(x+) +O(r4)

)
∂−

+
1

2
r
(
∂+ϵ

+(x+) + ∂−ϵ
−(x−) +O(r3)

)
∂r .

(5.86)

By choosing the basis such that

ξLm = ξ(ϵ+ = 0, ϵ− = eimx−
) , ξRm = ξ(ϵ+ = eimx+

, ϵ− = 0) , (5.87)

107



one can see that the asymptotic symmetry algebra generated by the asymptotic
Killing vectors is given by two copies of the Virasoro algebra on the boundary.

We will now parametrize the deviations hµν in terms of functions fµν(x+, x−)
such that the Brown-Henneaux boundary conditions (5.85a) are satisfied:

h−− = f−−(x
+, x−) + . . . , h++ = f++(x

+, x−) + . . . ,

h+− = f+−(x
+, x−) + . . . , hrr = frr(x

+, x−) + . . . , (5.88)

h+r = rf+r(x
+, x−) + . . . , h−r = rf−r(x

+, x−) + . . . .

Here the dots denote sub-leading terms, which vanish more quickly as we move
towards the boundary of AdS3. They do not contribute to the conserved charges.

The conserved charge is calculated by

Q = lim
r→0

1

16πG

∫
dϕ

√
−ḡF tr , (5.89)

where ϕ = 1
2 (x

+ − x−) and t = 1
2 (x

+ + x−). Inserting the boundary conditions
(5.88) into (5.83) we find

Q =
1

16πGℓ

∫
dϕ
{(

σ +
1

2

β

ℓ2
+

3

2

b2
ℓ4

)(
ϵ+f++ + ϵ−f−−

)
−
(
σ − 1

2

β

ℓ2
− 3

2

b2
ℓ4

)(
(ϵ+ + ϵ−)(4f+− − frr)

4

)}
.

(5.90)

The rr-component of the linearized equations of motion gives the asymptotic con-
straint

4f+− − frr = 0 . (5.91)

With this relation, the left- and right-moving charges of solutions that obey Brown-
Henneaux boundary conditions reduces to

QL =
1

16πGℓ

(
σ +

1

2

β

ℓ2
+

3

2

b2
ℓ4

)∫
dϕ ϵ−f−− , (5.92a)

QR =
1

16πGℓ

(
σ +

1

2

β

ℓ2
+

3

2

b2
ℓ4

)∫
dϕ ϵ+f++ . (5.92b)

These charges are always finite for arbitrary values of the parameters. Note that,
at the critical line (5.27) and at the tricritical point (5.24), the coefficients in front
of the charges vanish and the charges are zero. This is analogous to what hap-
pened in the case of the BTZ black hole.

5.3.2 Log Boundary Conditions

Imposing Brown-Henneaux boundary conditions at the critical point only allows
for zero charges and does not include solutions with log and log2 behavior (such
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as, for instance, the log and log2 black holes given in section 5.1.4). In order to
remedy this, we need to relax the Brown-Henneaux boundary conditions to in-
clude logarithmic behavior in r. We take the log boundary conditions that were
derived in the context of topologically massive gravity in [48, 68]. In Poincaré
coordinates, we require that the metric falls off as

g+− = − ℓ2

2r2
+O(1) , g++ = O(log r) , g−− = O(log r) , (5.93a)

grr =
ℓ2

r2
+O(1) , g+r = O(r log r) , g−r = O(r log r) . (5.93b)

The asymptotic Killing vector ξ compatible with this new logarithmic behavior
only changes in the sub-leading terms:

ξ = ξ+∂+ + ξ−∂− + ξr∂r

=

(
ϵ+(x+) +

r2

2
∂2−ϵ

−(x−) +O(r4 log r)
)
∂+

+

(
ϵ−(x−) +

r2

2
∂2+ϵ

+(x+) +O(r4 log r)
)
∂−

+
1

2
r
(
∂+ϵ

+(x+) + ∂−ϵ
−(x−) +O(r3)

)
∂r .

(5.94)

This ensures that the Virasoro algebra of the asymptotic symmetry group is pre-
served. We parametrize the metric deviations consistent with the boundary con-
ditions (5.93a) as:

h−− = log rf log
−−(x

+, x−) + . . . , h++ = log rf log
++(x

+, x−) + . . . ,

h+− = f log
+−(x

+, x−) + . . . , hrr = f log
rr (x+, x−) + . . . , (5.95)

h+r = r log rf log
+r (x

+, x−) + . . . , h−r = r log rf log
−r (x

+, x−) + . . . .

Imposing the asymptotic constraint in the rr-component of the equations of mo-
tion (5.91), we find that the charge subject to log boundary conditions gives

Qlog =
1

16πGℓ

∫
dϕ
{(

σ +
1

2

β

ℓ2
+

3

2

b2
ℓ4

)
log(r)

(
ϵ+f log

++ + ϵ−f log
−−

)
+

(
1

2
σ +

9

4

β

ℓ2
+

19

4

b2
ℓ4

)(
ϵ+f log

++ + ϵ−f log
−−

)}
.

(5.96)

This expression diverges except at the critical line (5.27). Only on this line are so-
lutions with asymptotic log behavior expected, and thus log boundary conditions
only make sense here. At the tricritical point, we find that both left and right
charges vanish:

Qlog
L = 0 , and Qlog

R = 0 . (5.97)

This is again analogous to what happened to the mass of the log black hole at the
tricritical point.
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5.3.3 Log2 Boundary Conditions

We may go one step beyond log boundary conditions and allow for log2 behavior.
Such boundary conditions were imposed in [65] for the left-moving modes at the
tricritical point in general massive gravity. The only difference is that now we
are dealing with a parity-even theory, so both left- and right-moving sectors need
to be relaxed. Transferring the log2 boundary conditions of [65] to the Poincaré
patch of AdS3 and including similar conditions for the right-movers, we find that
the asymptotic behavior of the metric should be:

g+− = − ℓ2

2r2
+O(1) , g++ = O(log2 r) , g−− = O(log2 r) , (5.98a)

grr =
ℓ2

r2
+O(1) , g+r = O(r log2 r) , g−r = O(r log2 r) . (5.98b)

Again, the asymptotic Killing vector ξ only changes in the sub-leading term:

ξ = ξ+∂+ + ξ−∂− + ξr∂r

=

(
ϵ+(x+) +

r2

2
∂2−ϵ

−(x−) +O(r4 log2 r)
)
∂+

+

(
ϵ−(x−) +

r2

2
∂2+ϵ

+(x+) +O(r4 log2 r)
)
∂−

+
1

2
r
(
∂+ϵ

+(x+) + ∂−ϵ
−(x−) +O(r3)

)
∂r ,

(5.99)

The Virasoro algebra of the asymptotic symmetry group is preserved. The devia-
tions hµν are parametrized as:

h−− = log2 rf log2

−− (x+, x−) + . . . , h++ = log2 rf log2

++ (x+, x−) + . . . ,

h+− = f log2

+− (x+, x−) + . . . , hrr = f log2

rr (x+, x−) + . . . , (5.100)

h+r = r log2 rf log2

+r (x+, x−) + . . . , h−r = r log2 rf log2

−r (x+, x−) + . . . .

For the conserved charges at the tricritical point (5.24) we find

Qlog2

L =
σ

πGℓ

∫
dϕ ϵ−f log2

−− , (5.101a)

Qlog2

R =
σ

πGℓ

∫
dϕ ϵ+f log2

++ , (5.101b)

which is finite.

5.3.4 Truncating PET Gravity

Brown-Henneaux boundary conditions do not allow for logarithmic modes. Above,
we wrote down boundary conditions that allow for log and log2 behavior near
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the boundary. In chapter 4, we suggested a truncation in which modes with log2
behavior towards the boundary are discarded. Only modes which satisfy Brown-
Henneaux and log boundary conditions are kept. Since the conserved charges as-
sociated with Brown-Henneaux and log boundary behavior vanish for log2 modes,
the truncation may be rephrased as a restriction to a zero charge sub-sector of the
theory, in analogy to [68].

More precisely, we require that both charges QL and QR, corresponding to
the left- and right-moving excitations, vanish independently. Then — given that
ϵ+ and ϵ− form a complete basis4 — setting the charges given by (5.101a) and

(5.101b) to zero implies that f log2

++ and f log2

−− must be zero. There is enough gauge

freedom to gauge f log2

+r and f log2

−r away. Hence the requirement of QL and QR

to vanish implies that the modes obey log boundary conditions. At the classical
level, preservation of the boundary conditions under time evolution follows from
charge conservation.

The above argument rephrases the truncation of the log2 modes as a restric-
tion to a zero charge sub-sector, at the level of nonlinear PET gravity. One can
also consider this truncation for the linearized theory. The results of the scalar
model in the previous chapter suggest that, on the boundary theory, the trunca-
tion removes the log2 operators. We find that the remaining two-point functions
contain a non-vanishing result for the log-log correlator:

⟨OL(z)OL(0)⟩ = ⟨OL(z)Olog(0)⟩ = 0 ,

⟨Olog(z, z̄)Olog(0)⟩ = aL
2z4

.
(5.102)

The structure of the remaining nonzero correlator is identical to that of an ordi-
nary CFT. This implies that the log mode in the truncated gravity theory is not a
null mode, at least not in the linearized theory. Truncating linearized PET gravity
by restricting to log boundary conditions may be contrasted to the truncation of
(the higher-dimensional analogue of) critical new massive gravity [64, 63, 67] by
restricting to Brown-Henneaux boundary conditions. Applying the truncation to
these theories does not lead to zero two-point correlators only.

Similar conclusions can be reached by calculating the scalar product on the
Hilbert space of the CFT dual to linearized PET gravity. This calculation can be
done on the gravity side, along the lines of [74]. Using the linearized action at
the tricritical point (5.36), as well as the ensuing equations of motion (5.37a),
(5.37b),(5.37c), we find that the inner product on the Hilbert space is given by:

⟨ψ|ϕ⟩ ∼
∫

d3x
√

|ḡ|ḡ00
{
(□̄− 2Λ)2ψ∗µνD0ϕµν + ψ∗µνD0(□̄− 2Λ)2ϕµν

+(□̄− 2Λ)ψ∗µνD0(□̄− 2Λ)ϕµν
}
,

(5.103)

4This is most easily seen by choosing ϵ+ ∼ einx+
and ϵ− ∼ einx−

.
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where |ψ⟩ denotes the CFT state corresponding to the mode ψµν . Introducing an
index i that can denote either a massless mode, a log mode, or a log2 mode,

ψi = {ψ(0), ψlog, ψlog2

} , (5.104)

the scalar product has the following structure:

⟨ψi|ϕj⟩ ∼ Aij , A =

0 0 a
0 b c
a c d

 , (5.105)

where a, b, c, d are generically nonzero entries. Note that the structure of the in-
ner product is similar to that of the two-point functions (5.73). The inner product
(5.105) is indefinite, and negative norm states can be constructed as linear com-
binations of modes that have a mutual nonzero inner product. Upon truncating
states that correspond to log2 modes, the inner product takes the form:

⟨ψi|ϕj⟩ ∼ Aij , A =

(
0 0
0 b

)
, (5.106)

where the index i now only corresponds to massless and log modes. After trun-
cation, the state corresponding to the massless graviton has zero norm, while the
log state can have a non-negative norm. The massless graviton state, moreover,
has no overlap with the log state, so in principle, at the linearized level in which
this analysis is done, the truncation could consist of a unitary sector plus an extra
null state, in analogy to what was found in [13].

5.4 Beyond the Linear Level

PET gravity contains a subspace that has a positive inner product, at least at the
linear level. The truncation that yields this subspace relies crucially on the exis-

tence of the two charges, Qlog2

L and Qlog2

R , which vanish only when there are no
log2 modes. If at some moment in time there are no log2 modes present, then it is
guaranteed that there will be no log2 moment at any moment, since the charges
are conserved in time.

When interactions are taken into account, these conclusions do not necessar-
ily hold true anymore. What needs to be checked is that the conserved charges

Qlog2

L andQlog2

R remain positive definite, and that the truncation is consistent once
interactions are introduced. Such a check is done at second order in perturbation
theory in [3]. The authors find that the charges are not strictly positive definite
anymore at second order in perturbation theory. The charges can vanish even
when there are log2 modes present. Moreover, they find that the first-order per-
turbation of the log mode enters in the log2 modes through interactions. The
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second-order perturbation of the log2 modes does not vanish unless the first-
order perturbation of the log modes vanishes. To have a spacetime free of log2
modes, one must also eliminate the log mode, thereby removing all the physics.
The conclusion is that the PET model does not contain a non-empty unitary sub-
space, even though it seems to be present at the linear level.

PET gravity does not resolve the bulk-boundary unitarity problem. The lin-
earized analysis cannot provide a guarantee for the absence of ghost modes. In
the next chapter, we will look at another model of massive gravity in three dimen-
sions that relies on explicit mass terms. Part of the analysis will be done in the
Hamiltonian formalism, which is non-linear. This will give us information about
the number of modes that are propagating, including at the non-linear level.
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Chapter 6

Zwei Dreibein Gravity

The last three chapters dealt with some particular models of higher derivative
gravity in three dimensions: new massive gravity, a scalar model, and tricriti-
cal gravity. New massive gravity and tricritical gravity display a tension between
the unitarity of the linearized modes and the unitarity of the boundary CFT. Un-
til recently, all known generally covariant models of three dimensional massive
gravity had this tension between bulk and boundary unitarity. In this chapter, we
will review a parity-preserving model of massive gravity in three dimensions that
overcomes this problem: zwei-dreibein gravity [12].

The model has five continuous parameters and one sign that can be chosen
at will. We will look for a range of parameters in which the theory on the AdS3

bulk is unitary and for which the boundary theory has positive central charge.
For other choices of the parameters, we will exhibit limits in which the de Rham-
Gabadadze-Tolley model and new massive gravity are recovered [53, 73], the lat-
ter in its “Chern-Simons-like” form [56]. Zwei-dreibein gravity thus unifies these
two rather different approaches to massive gravity in three dimensions, and it
extends them in a way that resolves a major difficulty.

6.1 The Zwei-Dreibein Model

The fields of zwei-dreibein gravity are a pair {eaI ; I = 1, 2; a = 0, 1, 2} of Lorentz-
vector valued one-forms and a pair ωa

I of Lorentz-vector valued connection one-
forms. From these four fields, we may construct two pairs of torsion and curva-
ture two-forms:

T a
I = deaI + εabcωI beI c , Ra

I = dωa
I +

1

2
εabcωI bωI c . (6.1)

We use a notation in which the form character of the fields is implicit: d is the
exterior derivative and products must be understood as exterior products. It will
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be convenient to introduce a sign σ = ±1 and two independent positive mass
parameters MI . In addition we define M12 by [73]

M12 = (σM1M2) / (σM1 +M2) . (6.2)

This is positive for σ = 1 and finite for finite MI . It may have either sign when
σ = −1, and in this case we assume that M1 ̸= M2. The Lagrangian three-form
for zwei-dreibein gravity reads

LZDG = L1 + L2 + L12 , (6.3)

where L1 and L2 are Einstein-Cartan Lagrangian three-forms,

L1 = −σM1e1 aR
a
1 − 1

6
m2M1α1εabce

a
1e

b
1e

c
1 ,

L2 = −M2e2 aR
a
2 − 1

6
m2M2α2εabce

a
2e

b
2e

c
2 .

(6.4)

Here m is an additional mass parameter, and αI are two dimensionless “cosmo-
logical” parameters. The two Einstein-Cartan terms are coupled via the third
term,

L12 =
1

2
m2M12 εabc

(
β1e

a
1e

b
1e

c
2 + β2e

a
1e

b
2e

c
2

)
, (6.5)

where βI are two dimensionless parameters.
The general zwei-dreibein gravity model, as constructed above, depends on

five independent continuous parameters: (αI , βI) and the ratio M1/M2. The
mass parameterm is convenient but inessential, because we could considerm2(αI , βI)
as independent mass-squared parameters from which four dimensionless param-
eters can be found by taking ratios with, say, M1M2. In the absence of the L12

term, the action is the sum of two Einstein-Cartan actions, and, as such, it has
two separate diffeomorphism and local Lorentz gauge invariances, one for each
set of Einstein-Cartan form fields. The interaction term L12 breaks the four inde-
pendent symmetries into two diagonal symmetries: a diagonal diffeomorphism
invariance and a diagonal Lorentz invariance.

To make sense of a dreibein as the building block of a metric, it needs to be
invertible. That is why usually any dreibein is assumed to be invertible. Zwei-
dreibein gravity is more complicated in this respect. It is not required that in-
vertibility need be imposed on both dreibeine e1 and e2, and they may even both
be non-invertible, as long as some combination of them is invertible. Such a par-
ticular combination would also naturally qualify as corresponding to the physical
metric. However, this is something that should be checked carefully.

6.2 Linearized Zwei-Dreibein Gravity

We expand the two dreibeine about a common fixed dreibein ēa of a maximally
symmetric background with cosmological constant Λ, together with their spin

115



connections:

ea1 = ēa + κha1 , ωa
1 = ω̄a + κva1 ,

ea2 = γ(ēa + κha2) , ωa
2 = ω̄a + κva2 .

(6.6)

The constant γ relates the AdS lengths of the two dreibeine, and κ is a small ex-
pansion parameter. The zwei-dreibein gravity action may now be expanded in
powers of κ. Cancellation of the linear terms in the linearized action fixes Λ,

Λ/m2 = −γ2α2 + (M12/M2) (β1 + 2γβ2) , (6.7)

and imposes the following quadratic constraint on γ :

0 = [α2 (σM1 +M2) + β2M2] γ
2 + 2 (M2β1 − σM1β2) γ

−σ [α1 (σM1 +M2) + β1M1] .
(6.8)

The quadratic terms in the expansion of the action may be diagonalized pro-
vided that

Mcrit = σM1 + γM2 ̸= 0 . (6.9)

With new one-form fields

ha+ = (σM1h
a
1 + γM2h

a
2) /Mcrit , (6.10a)

va+ = (σM1v
a
1 + γM2v

a
2 ) /Mcrit . (6.10b)

and
ha− = ha1 − ha2 , va− = va1 − va2 , (6.11)

the quadratic Lagrangian three-form takes the form L(2) = L(2)
+ + L(2)

− , with

L(2)
+ = −Mcrit

[
h+ aD̄va+ +

1

2
εabcē

avb+v
c
+ − 1

2
Λ εabcē

ahb+h
c
+

]
, (6.12)

where D̄ is the covariant exterior derivative with respect to the background, and
with

L(2)
− = −σγM1M2

Mcrit

[
h− aD̄va− +

1

2
εabcē

avb−v
c
−

+
1

2

(
M2 − Λ

)
εabcē

ahb−h
c
−

]
, (6.13)

where

M2 = m2 (β1 + γβ2)
Mcrit

σM1 +M2
. (6.14)

The one-form fields va± appearing in the quadratic Lagrangian three-forms
found above are auxiliary and may be eliminated by their field equations. Elimi-
nating va+, we find thatL(2)

+ becomes the quadratic approximation to the Einstein-
Hilbert Lagrangian density in the AdS background, which does not propagate any

116



modes. After eliminating va−, we find that L(2)
− is proportional to the Fierz-Pauli

Lagrangian density, in the AdS background, for a spin-two field with FP mass M.
Notice that Λ contributes to the mass term, which is zero when M2 = Λ; this is
the “partially massless” case where the linearized theory acquires an additional
gauge invariance. This case is not relevant when Λ < 0, because there will be
a spin-two tachyon unless M2 > 0. The parameters of the model are further
restricted by the requirement of positive kinetic energy, which amounts to bulk
unitarity in the quantum theory. Recalling that M1,M2 > 0, we must have

σγ

Mcrit
> 0 . (6.15)

Although the quadratic Lagrangian L(2) is not diagonalizable for Mcrit = 0, we
can still take the limit Mcrit → 0 in the field equations. In the limit, the massive
modes become formally massless. More about the critical case can be found in
[15].

6.3 Hamiltonian Analysis

The fact that zwei-dreibein gravity propagates just two physical modes (which
happen to be spin-two modes) implies that the dimension per space point of the
physical phase-space of the linearized theory is four. This remains true in pertur-
bation theory on AdS, but does not exclude the appearance of additional degrees
of freedom in other backgrounds. It is possible to determine the non-perturbative
dimension of the physical phase-space by Hamiltonian methods.

The action is Chern-Simons-like, that is, it is constructed as the integral of
products of forms without an explicit metric. As such it is already in first-order
form, and a space/time split, for example, eaµ = (ea0 , e

a
i ) (i = 1, 2), suffices to

put it into a form that is “almost” Hamiltonian. For a Chern-Simons-like the-
ory, the Hamiltonian is simply the sum of Lagrange multipliers times constraint
functions. However, the field equations will generically imply additional sec-
ondary constraints needed to guarantee conservation of the primary constraints
over time. In principle, there can be tertiary or higher order constraints too, but
these are absent in the case of first-order Chern-Simons-like actions [75].

For zwei-dreibein gravity, the analysis of secondary constraints depends cru-
cially on the invertibility of the dreibeine [16]. Unless the combination

β1e1 + β2e2, (6.16)

is invertible, there will be no secondary constraints. With no secondary con-
straints, there are three propagating local degrees of freedom: two accounting
for a massive graviton and one presumably embodied by a scalar ghost. One way
to make the combination (6.16) invertible, and to avoid the fifth degree of free-
dom, is to assume that ea1 is invertible and to take β2 zero. Then there are two

117



secondary constraints:

0 = εije1 i · e2 j , (6.17)

0 = εij [β1 (ω1 − ω2)i · e1 j + β2 (ω1 − ω2)i · e2 j ] ,

where the dot product notation implies a contraction of the three-vectors with
the Lorentz metric. In the limit, which yields new massive gravity (which is dis-
cussed below), these reduce to the two secondary constraints found for new mas-
sive gravity in [56].

For zwei-dreibein gravity, the counting then goes as follows: Each three-vector
form field in the action adds 2 × 3 = 6 to the phase-space dimension (from its
space components) and contributes three primary constraints (its time compo-
nents are the Lagrange multipliers). As we have four such fields, the initial phase-
space has dimension 24, and there are 12 primary constraints, to which we must
add the two secondary constraints, making a total of 14 constraints. Of these, six
are first class (corresponding to the six Einstein-Cartan gauge invariances) and
eight are second class. The constraints therefore reduce the phase-space dimen-
sion by 2×6+8 = 20, leaving a physical phase-space of dimension 24−20 = 4, in
agreement with the linearized analysis. The counting here is exactly the same as
that given for new massive gravity in [56] but the detailed verification of the fact
that there are six first-class and eight second-class constraints (which we omit) is
different[16].

6.4 BTZ Black Hole and Central Charge

Any model of gravity in three dimensions that admits AdS vacuum solutions will
also admit the asymptotically AdS black-hole metric that was found by Bañados,
Teitelboim, and Zanelli (BTZ) as a solution for general relativity in three dimen-
sions [6]. Generically, the mass (and entropy) of the BTZ black holes is positive,
whenever the central charge of the dual CFT is positive. In chapter 3 we saw that
in new massive gravity, the BTZ black holes had negative mass and the boundary
CFT had negative central charge, whenever the bulk spin-two modes had positive
energy. As we shall see in the next section, zwei-dreibein gravity overcomes this
problem. First, however, we are going to calculate the mass of the BTZ black hole
in zwei-dreibein gravity. In this section, we will also give the central charge of the
boundary CFT.

If we assume the solutions for the two dreibeine in zwei-dreibein gravity to be
proportional, that is, e2a = γe1

a, then both dreibeine must obey Einstein’s equa-
tion with a cosmological constant. Therefore both ea1 and ea2 must be maximally
symmetric spacetimes. If the curvature radius of the spacetime ea1 is l, then ea2 has
a curvature radius γl. The value of the curvature radius is determined by the pa-
rameters of the theory. l must satisfy Λ = −l2, where the cosmological constant
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Λ is a solution of equation (6.7), which we repeat here for convenience:

Λ/m2 = −γ2α2 + (M12/M2) (β1 + 2γβ2) . (6.18)

With help from the Noether charges that we used in section 1.4.4, we can calculate
the mass of a BTZ×γBTZ black hole, or any other solution with the two dreibeine
proportional.

The mass and angular momentum of a gravity theory, which is formulated in
terms of one or more dreibeine, is given by

E =

∫
∞
(Q[t]− t ·B) , (6.19)

J = −
∫
∞

Q[ϕ] , (6.20)

where Q[t] is the Noether charge (1.99) and B is given by (1.102). In Einstein
gravity, the Noether charge for diffeomorphisms parametrized by ξµ is

Q[ξ] =Mpe
aξ · ωa , (6.21)

The Noether charge for zwei-dreibein gravity is equal to

QZDG[ξ] = σM1e1
aξ · ω1 a +M2e2

aξ · ω2 a . (6.22)

In case the two dreibeine in zwei-dreibein gravity are proportional, that is, e2a =
γe1

a, the Noether charge reduces to

QZDG[ξ] = (σM1 + γM2)e1
aξ · ω2 a . (6.23)

Comparing this with the Noether charge of Einstein gravity (6.21), we see that
the Noether charge of zwei-dreibein gravity,QZDG, is proportional to the Noether
charge of Einstein gravity, Q:

QZDG[ξ] = (σM1 + γM2)Q =McritQ (6.24)

Because of this proportionality, there is a simple relation between mass and an-
gular momentum in Einstein gravity and in zwei-dreibein gravity. If a certain
solution of Einstein gravity in three dimensions has mass M and angular mo-
mentum J , then the mass and angular momentum of the corresponding solution
in zwei-dreibein gravity are

MZDG =
σM1 + γM2

Mp
M , (6.25a)

JZDG =
σM1 + γM2

Mp
J . (6.25b)
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As a check, we take the NMG limit of equation (6.25),

MZDG → −
(
1 +

1

2m2l2

)
M , (6.26a)

JZDG → −
(
1 +

1

2m2l2

)
J . (6.26b)

This agrees with the NMG literature [19]. In order to prevent the massive spin-
two particle of linear NMG to have negative energy or negative mass, we not only
need to have σ = −1 but also 2l2m2 > 1. This results in a negative black-hole
mass:

MNMG < −2M . (6.27)

There is no choice for the parameters of NMG such that the linear modes around
AdS have positive energy, absence of tachyons, positive black-hole mass, and pos-
itive central charge at the same time.

The central charge of the boundary CFT for general relativity follows directly
from the results of Brown and Henneaux on asymptotic symmetries in AdS3 [22].
They find c = 24πℓMP , where ℓ is the AdS3 radius (so Λ = −1/ℓ2) and MP =
1/(16πG), whereG is the three-dimensional Newton constant, which has dimen-
sions of inverse mass in units, for which the speed of light is unity. A similar
computation for zwei-dreibein gravity shows that [12]

c = 12πℓMcrit (ZDG) . (6.28)

We note that, forM2 = 0 and σ = 1, this reduces to the Brown-Henneaux result if
we use that in our normalization of (6.4), where the Planck mass is MP =M1/2.
It is no surprise that the central charge is proportional toMcrit, because it should
vanish for the critical gravity case.

6.5 Overview of Parameter Space

We are now in a position to determine whether there is a range of parameters, for
which perturbative unitarity in the bulk is compatible with positive central charge
of the boundary CFT. When σ = −1 the bulk unitarity condition, −γ/Mcrit > 0
is incompatible with the condition Mcrit > 0 unless γ < 0, but then Mcrit < 0
from its definition, so we require both σ = 1 and an AdS vacuum with γ > 0 for
compatibility of c > 0 with bulk unitarity. For the absence of tachyons, we need
M2 in equation (6.14) to be bigger than or equal to zero. This can only be if

β1 + γβ2 > 0 . (6.29)

Of course, this result applies only when there is an AdS vacuum, so we also need
to check that (6.8) allows a real positive solution for γ such that Λ < 0.
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A simple explicit case satisfying all the above conditions is

M1 =M2 , βI = 1 , αI =
3

2
+ ζ , (6.30)

where ζ is a positive constant. For this choice, the quadratic equation (6.8) re-
duces to γ2 = 1, and choosing γ = 1 we get an AdS vacuum with (ℓm)

−2
= ζ.

Furthermore, γ ≈ 1 for any “nearby” zwei-dreibein gravity model, with slightly
different parameters, which are themselves constrained only by inequalities that
have been satisfied but not saturated. It follows that the above explicit model is
one of an open set of models in the zwei-dreibein gravity parameter space with
similar “good” properties; these properties are not the result of any fine-tuning
of parameters that could be destabilized by perturbative quantum corrections.
There could also be higher-derivative quantum corrections, of course, but these
can be dealt with, in perturbation theory, in the same way as in general relativity.

6.6 Special Limits of Zwei-Dreibein Gravity

General zwei-dreibein gravity model unifies some of the previous models of mas-
sive gravity in three dimensions. To see the relation to the de Rham-Gabadadze-
Tolley model in three dimensions, we set σ = 1 and write

ea2 = ēa2 + λha2 , ωa
2 = ω̄a

2 + λva2 , (6.31)

where ēa2 is a “reference dreibein” and ω̄a
2 the corresponding (zero torsion) refer-

ence spin connection, and λ is a constant. If we now take the limit λ → 0 while
keeping λ2M2 = M1 ≡ 2MP fixed, then the zwei-dreibein gravity Lagrangian
three-form reduces to

L = 2MPL0(h2, v2) + 2MPLdRGT(e1, ω1) , (6.32)

where the first term is the quadratic approximation to the three-dimensional
Einstein-Cartan action (in the reference background) for the fluctuations (ha2 , v

a
2 );

because of its linearized Einstein-Cartan gauge invariances, this term propagates
no modes. In the second term we have

LdRGT = −eaRa − α1
m2

6
εabceaebec +

m2

2
εabc (β1eaebēc + β2eaēbēc) , (6.33)

where we have renamed (ea1 , ω
a
1 ) as (ea, ωa). This result corresponds to the three-

dimensional de Rham-Gabadadze-Tolley model.
To see the relation of zwei-dreibein gravity to new massive gravity, we set σ =

−1 and write

ea2 = ea1 +
λ

m2
fa , ωa

2 = ωa
1 − λha . (6.34)
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We now consider the “flow”

M1(λ) = 2
(
1 +

1

λ

)
MP , M2(λ) =

2

λ
MP ,

α1(λ) = − λ0
m2

λ+
1

λ
, α2(λ) = 2

(
1 +

1

λ

)
,

β1(λ) = 0 , β2(λ) = 1 ,

(6.35)

and send λ → 0 for fixed Planck mass MP . This is the first-order formulation of
the limit considered in [73], which exists only if the kinetic terms for ea1 and ea2
have opposite signs, that is, only if σ = −1. Then the λ→ 0 limit of LZDG results
in

L =2MP

[
eaR

a +
λ0
6
εabceaebec + haT

a

− 1

m2

(
faR

a +
1

2
εabceafbfc

)]
.

(6.36)

This is the “Chern-Simons-like” action for new massive gravity [56]. The second
dreibein has now become an auxiliary field. By eliminating the auxiliary dreibein,
we recover the higher-derivative action for new massive gravity.

As a consistency check, we now verify that the central charge (6.28) of zwei-
dreibein gravity reduces in the above limit to the known central charge of new
massive gravity. From (6.7) and (6.8) we learn that

Λ(λ) = Λ0 +O(λ) , γ(λ) = 1− Λ0

2m2
λ+O(λ2) , (6.37)

where Λ0 is the cosmological constant in new massive gravity as determined by
the new massive gravity field equations in terms of the cosmological parameter
λ0. Now we insert (6.35) into (6.28), use the new massive gravity relation λ0 =
Λ2
0/(4m

2)− Λ0 [18], and then write Λ0 = −1/ℓ2 to deduce that

c(λ) = −24πℓMP

(
1− 1

2ℓ2m2

)
+O(λ) . (6.38)

The limit λ→ 0 indeed gives the new massive gravity central charge.

6.7 Beyond Zwei-Dreibein Gravity

Zwei-dreibein gravity includes new massive gravity, which suffers from the bulk-
boundary unitarity problem. For generic choices of the parameters, zwei-dreibein
gravity too is plagued by the bulk-boundary unitarity clash. But unlike new mas-
sive gravity, zwei-dreibein gravity has a region in its parameter space where there
is no bulk-boundary unitarity issue. At first sight, new massive gravity and zwei-
dreibein gravity seem quite different: the former is a fourth-order theory, while
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the latter is a second-order theory with extra fundamental fields. Despite this
difference, we can think of zwei-dreibein gravity as an extension of new mas-
sive gravity. The similarities between the two models become apparent when we
consider the auxiliary formulation of new massive gravity instead of the higher
derivative formulation.

In the auxiliary formulation, the higher derivative terms of new massive grav-
ity are replaced by an additional spin-two field, the auxiliary field. The two forma-
tions are equivalent, which shows that massive gravity and zwei-dreibein gravity
have more in common than one would apt to think. Both can be considered to
be theories of two metrics or two dreibeine, and one may wonder whether the re-
verse is also true: Can zwei-dreibein gravity be formulated as a higher derivative
theory? Up to now, there is no higher derivative model of gravity that does not
suffer from the bulk-boundary unitarity problem. It would be interesting to see
whether zwei-dreibein gravity can be formulated as a higher derivative theory of
gravity, because the resulting model would be the first higher derivative model
without bulk-boundary unitarity issues.

In order to reformulate zwei-dreibein gravity as a higher derivative model,
one needs to integrate out one of the dreibeins and one of the spin connections
[15]. The dreibein ea2 can be solved in terms of ea1; this leads to an expression that
involves two derivatives of e1. The spin connection ea2 can also be solved in terms
of ea1 . The result is an expansion that contains infinitely many derivatives of ea1 ,
which also turn up in the equations of motion for ea1 . There is no action principle
known for these equations of motion, and it is not clear whether such an action
principle exists. It may be there is no action for the higher derivative formulation
of zwei-dreibein gravity. In any case, the formulation with two dreibeine proved
suite versatile.

The Chern-Simons-like form of zwei-dreibein gravity simplifies the Hamilto-
nian analysis considerably. There is a systematics underlying the Hamiltonian
procedure for Chern-Simon-like theories, which makes it possible to reduce the
Hamiltonian analysis which is, in general, complicated to a simple algebraic pro-
cedure [17]. This simplifies the counting of degrees of freedom tremendously. It
can be used to establish the number of degrees of freedom for all Chern-Simons-
like theories in three dimensions. This includes Einstein-Cartan gravity, topo-
logically massive gravity, new massive gravity, general massive gravity, and zwei-
dreibein gravity. The Hamiltonian procedure is particularly used to investigate
the presence of scalar modes. Scalar modes are usually Boulware-Deser ghosts,
which makes them undesirable. The Hamiltonian count of degrees of freedom
tells whether scalar modes are present or not. The Hamiltonian counting of de-
grees of freedom is non-perturbative, which makes it more powerful than the
analysis of the linearized modes on an AdS or Minkowski background.

Although the Hamiltonian procedure is an ideal method to establish the num-
ber of degrees of freedom, it does not say anything about whether these degrees of
freedom are ghostlike or not. In the case of tricritical gravity, for example it only
tells that there is no scalar mode. Would there be a scalar mode, than it would
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probably be ghost-like.
Because the Hamiltonian procedure can be applied relatively easily for Chern-

Simons-like theories, it is a valuable tool for the construction of new models of
gravity that are to be free of the Boulware-Deser ghost. The procedure is simple:

1. Write down a Chern-Simons-like action with the desired

• Number of dreibeine

• Number of spin connection

• Kinetic terms

• Chern-Simons terms

• Interaction terms

2. Apply the Hamiltonian formalism to count the number of degrees of free-
dom and determine whether there is a scalar mode present or not. If there
is no scalar mode, then there is no Boulware-Deser ghost.

This procedure has led to the invention of several new models of gravity in three
dimensions. The first new model that was developed with the aid of the newly dis-
covered Hamiltonian systematics is called general zwei-dreibein gravity. This is
an extension of zwei-dreibein gravity with a parity-violating term. The model has
a scaling limit to general massive gravity, which is the extension of new massive
gravity with a parity-violating term.

The straightforward systematics of the Hamiltonian also simplifies the pro-
cess of finding higher derivative theories, which are free of the Boulware-Deser
ghost. The model of topologically massive gravity propagates one massive spin-
two mode, which makes it violate parity. Like new massive gravity, it suffers
from the bulk-boundary unitarity clash. After the development of the simpli-
fied Hamiltonian procedure for Chern-Simons-like gravity, topologically massive
gravity was extended to a two-parameter family of models that is called minimal
massive gravity [8]. Unlike topologically massive gravity, its parameter space
contains regions, in which there is no bulk-boundary unitarity clash.

It is possible to extend topologically massive gravity and new massive gravity
further by including more auxiliary fields, which is equivalent to adding higher
orders of derivatives. Again, the Chern-Simons-like formulation offers the advan-
tage of a simple Hamiltonian counting of degrees of freedom. The requirement
that these models should be free of scalar modes leads to two classes of models
that can be rewritten as higher derivative theories [10]. One class is parity odd,
and one class is parity even. The parity-even class propagates 2N degrees of free-
dom, when 2N auxiliary fields are used. These correspond toN massive spin-two
modes. N = 0 corresponds to the Einstein-Hilbert action, which does not prop-
agate any degrees of freedom. N = 1 corresponds to new massive gravity, which
indeed propagates one massive spin-two mode.
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For the parity-odd models, 2N auxiliary fields lead to 2N + 1 degrees of free-
dom. N = 0 corresponds to topologically massive gravity, which propagates one
massive spin-two helicity. The auxiliary fields can be integrated out of the action
in favor of higher derivative terms. The highest number of derivatives appear-
ing in the higher derivative formulation is 2N +2 for the parity-even models and
2N+1 for the parity-odd models. For example, the parity-even model withN = 2
can be written as a sixth-order higher derivative model. This model is called ex-
tended new massive gravity. It is a combination of two models that were already
known in the literature: tricritical gravity and a sixth-order extension of new mas-
sive gravity described in [77]. The latter models are found by demanding the ex-
istence of a c-theorem for the boundary CFT. For extended new massive gravity,
which combines these two models, there is also a holographic c-theorem, and it
turns out that, for both parity-even and parity-odd models of extended massive
gravity, and for all N , there exists a holographic c-theorem.

Like tricritical gravity, extended new massive gravity propagates two mas-
sive spin-two modes. Although there are no Boulware-Deser ghosts, the massive
modes have opposite energies, just as in tricritical gravity. This is true for parity-
odd and parity-even models, as soon as N > 0. In the case of tricritical gravity,
truncations have turned out not to be the solution to this problem. It is still not
clear how this can be resolved. One way to go might be embedding extended new
massive gravity in a theory with three dreibeine. The bulk-boundary problem
from new massive gravity could be solved by embedding it in a model with zwei
dreibeine. This larger class of theories, zwei-dreibein gravity, has turned out to
have a region in parameter space, where it does not suffer from the bulk-boundary
unitarity problem. By analogy, we may hope for the theory of drei dreibein gravity
to have a region in parameter space where the kinetic terms of all massive spin-
two modes have the same sign. This is a possibility that can be investigated in the
near future.
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Conclusions

Although we live in a world with four dimensions, models of gravity are often sim-
pler in three dimensions. In three dimensions the computations become easier
and there tend to be fewer pathologies. This holds particularly true for models
of massive gravity. The success of three-dimensional models like topologically
massive gravity [39, 38] and new massive gravity [18] depends crucially on the
number of dimensions. While all theories of nonlinear massive gravity in four di-
mensions were plagued by ghosts, topologically massive gravity and new massive
gravity were able to avoid wave modes with negative energy by exploiting the fact
that massless modes do not propagate in three dimensions.

The developments of massive gravity in four dimensions started to gain mo-
mentum when the approach to these theories shifted to an effective field theory
perspective about a decade ago [4, 29]. An accumulation of developments finally
led to the first ghost-free theory of nonlinear massive gravity in four dimensions
[33] a few years back. Several authors claimed, however, that the de Rham-
Gabadadze-Tolley model allows for superluminal propagation and even acausal
behavior. The reply of the inventors is that some of the superluminal modes of de
Rham-Gabadadze-Tolley massive gravity are not part of the theory. They claim
that the remaining superluminal modes do not violate causality. This debate is
ongoing. Irrespective of the outcome, the de Rham-Gabadadze-Tolley model has
the drawback that it breaks general covariance by introducing a reference metric.

General covariance can be restored by promoting the reference metric in the
de Rham-Gabadadze-Tolley model to a dynamical variable [53]. The theory of bi-
metric gravity, which results from this, seems to have no problems with causal-
ity. Instead, it introduces a whole new problem: How can distances be measured
when there are two spin-two fields instead of a unique metric? How can gravity
be coupled to matter? Up to now these remain open issues.

After the recent progress for massive gravity in four dimensions, one may call
the relevance of models of massive gravity in three dimensions into question. Af-
ter all, there is no need anymore to go from four to three dimensions in order to
formulate a theory of massive gravity that is free of ghosts. We argue that, despite
the recent developments in four dimensions, massive gravity in three dimensions
remains a valuable tool in the study of massive gravity.

In the first place, three-dimensional gravity is simpler than gravity in four
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dimensions. This holds equally true for de Rham-Gabadadze-Tolley gravity and
for bimetric gravity. Take, for example, the counting of degrees of freedom in
the Hamiltonian formalism. This calculation becomes quite simple for Chern-
Simon-like theories. Due to its simplicity, massive gravity in three dimensions is
suitable for use as a playground. In three dimensions, new insights about massive
gravity may rise to the surface more easily. An example of this is the solution [13]
to the bulk-boundary unitarity problem that was described in chapter 6.

Second, gravity in three dimensions provides a new arena for the AdS/CFT
correspondence. The general conjecture is that a three-dimensional gravity the-
ory in an asymptotically anti-de Sitter (AdS) spacetime is equivalent to a two-
dimensional conformal field theory at the AdS boundary. When a massive gravi-
ton is introduced, the boundary theory will be deformed. In the limit, in which the
second graviton becomes massless, the result is not an ordinary CFT, but a loga-
rithmic CFT. In principle, the dual theory might also be used to learn something
about gravity or massive gravity. This can lead to an interplay between massive
gravity and dual-field theories. For example, in chapters 4 and 5 we used infor-
mation from the dual theory to construct a theory of sixth order in derivatives
that does not suffer from the bulk-boundary unitarity problem.

Here is another example of how bulk and boundary theories are interwoven.
Earlier, we mentioned new massive gravity, a four-derivative theory of massive
gravity in three dimensions. The special tuning of the coefficients of the higher
derivative terms of this theory keeps the Boulware-Deser ghost away. The Hilbert
space is perturbatively unitary. On an AdS background, the boundary theory
needs to be considered too. It turns out that unitarity of the boundary theory
is not compatible with the unitarity of the bulk theory, because the central charge
of the boundary is negative. The central charge not only relates to unitarity of the
theory at the boundary but also to the energy of black holes in the bulk. When
the bulk is perturbatively unitary, the black holes have a negative energy. This
means that the theory is still in trouble at the nonlinear level.

For generic parameters, new massive gravity propagates a massive graviton,
but there is one point in parameter space where the mass of the graviton vanishes.
There, the massive graviton gets replaced by a mode that falls off logarithmically
near the boundary. At this so-called critical point in parameter space, new mas-
sive gravity is dual to a logarithmic conformal field theory. This is a non-unitary
theory, in which the operators have partners with degenerate scaling dimensions
and with powers of the logarithm appearing in the correlation functions. The log-
arithmic partners are grouped in Jordan cells under the Hamiltonian operator,
which makes the Hamiltonian non-diagonalizable.

New massive gravity is not the only model that makes a connection to logarith-
mic CFTs. Gravity models with logarithmic boundary theories were discovered
earlier in the context of the parity violating topologically massive gravity in three
dimensions [48] and, before, in a model of two scalar fields on an AdS background
[59].

The extended scalar field model of chapter 4 captures some of the features of
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these models with logarithmic modes, and it aims to go beyond that [14]. It has
an arbitrary number of scalar fields with degenerate masses. Via the AdS/CFT
correspondence, these theories are dual to logarithmic conformal field theories of
arbitrary rank on the boundary. The two-point functions of the boundary theories
reveal why it is so hard to evade the bulk-boundary unitarity conflict in higher
derivative gravity models in three dimensions by means of a truncation. In most
cases, the truncation needed to eliminate states with negative energy, renders the
dual-field theory empty.

The bulk-boundary unitarity conflict in new massive gravity is related to the
fact that the massive mode has an energy with a sign opposite to the sign of the
energy of the black-hole solutions. One way to turn new massive gravity into a
healthy model for gravity in three dimensions would be to remove the massive
mode. At the critical point, this is possible because the massive mode turns into
a mode that falls logarithmically near the boundary. However, it turns out that
the truncated theory is empty [74].

We could have anticipated this result in advance from the scalar model. The
truncation that removes the logarithmic modes in the bulk also removes the loga-
rithmic partners of all the operators in the boundary theory. Afterwards, all two-
point functions vanish. The scalar model also suggests a way to get around this:
An increase from four to six derivatives seems to lead to a model of gravity that is
not empty, when we truncate half of the logarithmic modes [13]. The truncated
theory on the boundary looks like an ordinary CFT, which is unitary.

For the scalar model this construction works well; but does it also work for
gravity? We presented a gravity model with six derivatives in three dimensions
that can be tuned to what we call the tricritical point. At this point, the two mas-
sive gravitons both become massless, and they are replaced by a log mode and a
log-squared mode. At the linear level, we can truncate the log-squared mode in
a consistent way. Under this truncation the boundary theory behaves exactly as
expected from the scalar model. At the tricritical point, the sixth-order gravity
model is dual to a rank-three LCFT. After truncation of the log-squared modes,
this boundary theory reduces to an ordinary CFT. A calculation of the linearized
modes and the central charge shows that it is possible to tune the parameters
of the remaining theory such that both the central charge and the energy of the
propagating modes are positive. For that particular tuning, the black hole energy
is positive too.

The existence of the above truncation is guaranteed at the linear level. There is
a conserved charge that is associated with the number of log-squared modes that
are excited. At the nonlinear level, there is no guarantee that the same charge
can facilitate the truncation of the log modes. In fact, it has been shown that
this conserved charge cannot be trusted once interactions are taken into account
[3]. Thus we cannot claim that the sixth-order derivative theory solves the bulk-
boundary problem. This we could not have anticipated with the scalar model, as
the scalar model includes no interactions. Perhaps the failure of tricritical gravity
can be understood from the perspective of the dual-field theory once interactions
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are taken into account.
With the ongoing developments in four dimensions, it seemed logical to turn

to explicit mass terms. In four dimensions, bimetric gravity is successful in avoid-
ing ghosts, so it might be worthwhile to have a look at its boundary theory. To
simplify the Hamiltonian analysis, we turn to the dreibein formulation in three
dimensions. This leads to the so-called zwei-dreibein model of three-dimensional
massive gravity [12]. It incorporates earlier parity-invariant models such as new
massive gravity, and it extends them in such a way as to resolve the clash between
bulk and boundary unitarity in the context of the AdS/CFT correspondence. At
the same time, the solutions with negative energy disappear. This is achieved
without the need to fine-tune parameters; it is robust against quantum renormal-
ization of the parameters. As both bulk and boundary unitarity are essential for
quantum consistency, this model may be a candidate for a semi-classical approx-
imation to a consistent quantum theory of three-dimensional massive gravity.

The canonical analysis of zwei-dreibein gravity shows the importance of the
invertibility conditions imposed on the dreibeine. In order to avoid the Boulware-
Deser ghost, the right number of degrees of freedom needed to be found. This
turned out to be possible only when a linear combination of the two dreibeine was
invertible. This may be a hint as to how a physical metric could be constructed.
The physical metric should be invertible, which makes the square of this linear
combination an obvious candidate.

Zwei-dreibein gravity can be tuned such that it does not suffer from the bulk-
boundary unitarity problem. It would be interesting to see if the same result could
be extended to higher dimensions. The possibility of having a unitary dual CFT
for bimetric gravity would be especially exciting. If it exists, the dual description
would provide a holographic description of bimetric gravity. Such a description
might lead to new insights into massive gravity in four dimensions.

Another interesting aspect of zwei-dreibein gravity in relation to holography
is the existence of critical points in the parameter space. At these points, logarith-
mic modes propagate at the linear level; at the non-linear level, the theory admits
logarithmic AdS-wave solutions [15]. At the critical points, zwei-dreibein gravity
is conjectured to be dual to a logarithmic CFT. Since the model is broader than
new massive gravity, this might provide an opportunity to discover new logarith-
mic CFTs through holography. A major obstacle in this path, however, is that
there is no holographic dictionary for theories with two dreibeine. Establishing
such a dictionary would be a major challenge in and of itself.

The connection between Chern-Simons-like gravity and higher derivative the-
ories of gravity seems interesting too. Several approaches to higher derivative
gravity lead to the same higher derivative corrections to new massive gravity.
These approaches are tricritical gravity [16], Hamiltonian analysis [11], Born-
Infield gravity [51], supersymmetry [9], and the existence of a holographic c-
theorem [77]. These extensions of new massive gravity are free of the Boulware-
Deser ghost, but the spin-two modes they propagate have opposite energies; we
already saw this happening for tricritical gravity. In the case of tricritical gravity,
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truncations turned out not to be the way to go. It is still not clear how this can be
resolved. One possible resolution might be to embed extended new massive grav-
ity in a theory with three dreibeine. The bulk-boundary problem for new massive
gravity was solved by embedding it in a model with two dreibeine. This larger
class of theories, zwei-dreibein gravity, turned out to have a region in parameter
space, where it does not suffer from the bulk-boundary unitarity problem. Anal-
ogously, we may hope for the theory of drei-dreibein gravity to have a region in
parameter space where the kinetic terms of all massive spin-two modes have the
same sign. This is another possibility that could be investigated in the near future.

Zwei-dreibein gravity has connections with numerous models of massive grav-
ity in three dimensions. Among them are models with higher derivatives, like new
massive gravity, and models with explicit mass terms, like de Rham-Gabadadze-
Tolley gravity. A number of these models were discovered only after the introduc-
tion of zwei-dreibein gravity. Their discovery was facilitated by a better under-
standing of the systematics that underlies the Hamiltonian procedure for Chern-
Simons-like theories of gravity in three dimensions. At the moment of writing,
these new models are being investigated. At the same time, we may anticipate
that zwei-dreibein gravity will give rise to the discovery of more models, and that
new connections between the models will be revealed. This may lead to a more
complete picture of the theoretical challenges that models of massive gravities are
faced with in both three and higher dimensions.
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Nederlandse Samenvatting

Dit proefschrift gaat over massieve zwaartekracht, een variant op Einstein zijn al-
gemene relativiteitstheorie. Het idee voor massieve zwaartekracht is in de jaren
30 voor het eerst uitgewerkt. Sindsdien is keer op keer gebleken hoe lastig het is
een acceptabel wiskundig model voor massieve zwaartekracht te formuleren. Uit-
eindelijk keerden wetenschappers de massieve zwaartekracht de rug toe. Na een
periode van stilte, brachten recente ontwikkelen in de theoretische natuurkunde
de massieve zwaartekracht via een achterdeur weer terug op het toneel; niet per
se als een theorie van zwaartekracht, maar als een bijproduct van ontwikkelingen
rond de snaartheorie. De snaartheorie is een ambitieuze poging om alle krach-
ten en deeltjes in de natuur terug te voeren tot één simpel principe: Het trillen
van minieme snaartjes die vele malen kleiner zijn dan het kleinst waargenomen
deeltje.

In dit proefschrift gaan we op zoek naar modellen voor massieve zwaarte-
kracht, die vrij zijn van bepaalde ongewenste eigenschappen. In plaats van de
gebruikelijke drie ruimtelijke dimensies, werken we met twee ruimtelijke dimen-
sies. Dit wordt later in deze samenvatting uitgelegd. Eerst gaan we terug in de
tijd, naar Einstein en zijn opvolgers. Daarna volgt een beknopte samenvatting
van het werk dat wordt besproken in dit proefschrift.

Bijna honderd jaar geleden ontwikkelde Einstein de algemene relativiteitsthe-
orie, die een revolutie teweeg bracht in het denken over ruimte, tijd en zwaarte-
kracht. Einstein zag deze drie niet als afzonderlijke fenomenen, maar als gewaar-
wordingen van één hypothetische entiteit, genaamd ruimtetijd. Dit is een vierdi-
mensionaal geometrisch object met eigenschappen als vorm, grootte en krom-
ming. Ter vergelijking kan men denken aan een oppervlak als een bol, een zadel,
een kussen of een laken.

De lokale condities van de ruimtetijd, maar ook de beweging van de waar-
nemer, bepalen hoe ruimte, tijd en zwaartekracht zich tot elkaar verhouden. Zo
manifesteert de kromming van de ruimtetijd zich als zwaartekracht, en net als
in de speciale relativiteitstheorie is tijd relatief. Dat wil zeggen dat twee waarne-
mers het oneens kunnen zijn over de hoeveelheid tijd die verstrijkt tussen twee
gebeurtenissen, terwijl ze allebei gelijk hebben.

In de algemene relativiteitstheorie is zwaartekracht net zo relatief als tijd. Een
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waarnemer in vrije val zal niets merken van de zwaartekracht, zolang deze zijn
waarnemingen beperkt tot zijn directe omgeving. Denk bijvoorbeeld aan een as-
tronaut die met haar ogen gesloten in een baan om de aarde zweeft. Zij ervaart
gewichtsloosheid, niet omdat zij ver van de aarde is (dat is ze niet), maar omdat zij
een vrije val doormaakt. Voor de astronaut is het verschil echter niet merkbaar.
Pas door haar ogen te openen kan zij merken dat ze gevangen is in een baan rond
de aarde. Volgens de algemene relativiteitstheorie doet de massa van de aarde de
ruimtetijd krommen. Het gevolg van die kromming is dat de astronaut een baan
volgt die bij benadering cirkelvormig is, en niet rechtlijnig, zoals in afwezigheid
van de aarde het geval zou zijn.

Met behulp van de algemene relativiteitstheorie is het traject dat de astro-
naut aflegt precies te voorspellen. Deze voorspelling wijkt nauwelijks af van de
voorspelling op basis van Newton‘s theorie van zwaartekracht. Binnen ons zon-
nestelsel zijn de effecten van de algemene relativiteitstheorie namelijk zo klein
dat ze min of meer verwaarloosbaar zijn. Omdat er zich in ons zonnestelsel rela-
tief weinig massa ophoudt, is de zwaartekracht relatief zwak. Desalniettemin zijn
de minieme effecten van de algemene relativiteitstheorie binnen ons zonnestelsel
veelvuldig bevestigd in precisie-experimenten, hetgeen de algemene relativiteits-
theorie veel krediet heeft opgeleverd.

Ver bij ons zonnestelsel vandaan kent het heelal regionen waar de zwaarte-
kracht vele malen sterker is. Er is daar meer materie aanwezig, of de materie be-
vindt zich in een relatief klein volume. Het ultieme voorbeeld hiervan is een zwart
gat. Dit is een regio in het heelal met een buitengewoon grote massa-dichtheid.
Zo groot, dat zelfs licht er niet kan ontsnappen. Een zwart gat ontstaat alleen
onder extreme omstandigheden.

Om de aarde tot een zwart gat te transformeren, zou ze samengeperst moeten
worden tot ze de afmeting heeft van een pingpongbal. Onder dergelijke omstan-
digheden voorspelt de algemene relativiteitstheorie fundamenteel ander gedrag
dan Newton‘s theorie. Ook deze voorspellingen blijken heel accuraat voor tal van
systemen in ons heelal.

Om te begrijpen hoe massieve zwaartekracht verschilt van de algemene rela-
tiviteitstheorie, trekken we een parallel met de deeltjesfysica. In de deeltjesfysica
wordt de elektromagnetische kracht verantwoordelijk gehouden voor het feno-
meen licht. Deze kracht wordt overgebracht door deeltjes die fotonen genoemd
worden, en een lichtstraal kan gezien worden als een bundel fotonen.

Analoog daaraan, wordt de zwaartekracht overgebracht door gravitonen. Het
graviton is een deeltje dat zo weinig interacties aangaat met andere deeltjes, dat
het nog nooit is waargenomen. Je zou het graviton bijzonder schuw kunnen noe-
men. Uit Einstein’s theorie volgt dat het graviton geen massa heeft, net als het
foton. Maar omdat het deeltje nog nooit is gedetecteerd is, is niet met zekerheid
te zeggen of dit klopt met de werkelijkheid. Het kan zijn dat het graviton toch een
minieme massa bezit, en in dat geval spreken we van massieve zwaartekracht.

De mogelijkheid van massieve zwaartekracht is vooralsnog niet uitgesloten.
Het is echter niet voor te stellen dat in de nabije toekomst, de massa van het gra-
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viton door middel van directe detectie vastgesteld zal kunnen worden. Daarvoor
zijn de interacties van het graviton te zwak. Toch zijn er manieren denkbaar om
iets over de massa van het graviton te weten te komen. We kunnen namelijk pro-
beren te achterhalen wat voor uitwerking de massa van het graviton heeft op de
zwaartekracht. De zwaartekracht zoals wij die ervaren, vloeit namelijk voort uit
het collectief van talloze gravitonen die heel zwak wisselwerken met elkaar en met
materie ver weg en dichtbij. Als deze wisselwerkende gravitonen een kleine massa
bezitten, dan heeft dit effect op de resulterende kracht die wij zwaartekracht noe-
men. Zo voorspellen sommige theoriën van massieve zwaartekracht dat de massa
van het graviton de zwaartekracht afzwakt over zeer grote afstanden.

Om de effecten van de massa van het graviton op de zwaartekracht in kaart te
brengen, zullen we eerst een theorie van massieve zwaartekracht moeten ontwik-
kelen. De eerste theorie van massieve zwaartekracht werd in 1932 gepubliceerd
door Fierz en Pauli. Hun model is vrij simpel, want het beschrijft geen interacties
tussen de gravitonen onderling. Daardoor behelst het niet veel meer dan een mo-
dificatie op Newton’s theorie. In de praktijk heeft de theorie van Fierz en Pauli
daarom weinig waarde.

Sinds het werk van Fierz en Pauli in de jaren 30, hebben verschillende fysici
geprobeerd om tot een werkbaar model van massieve zwaartekracht te komen.
Echter, keer op keer bleken hun modellen niet levensvatbaar.

De modellen die werden gevonden bezaten wiskundige gebreken, waardoor
ze moesten worden afgeschreven. Een voorbeeld van zo’n wiskundige onhebbe-
lijkheid is het ontbreken van oorzakelijkheid. Een ander voorbeeld is het bestaan
van deeltjes met een negatieve energie. Ook zijn modellen van massieve zwaarte-
kracht vaak niet unitair. Dit betekent dat de kansen op alle mogelijke uitkomsten
binnen een systeem niet altijd optellen tot één.

Alle pogingen om tot een theorie van massieve zwaartekracht te komen stuit-
ten op dergelijke barrières. Aan het einde van de vorige eeuw keken er dan ook
nog maar weinig fysici om naar massieve zwaartekracht. Desalniettemin maakte
de massieve zwaartekracht de laatste jaren een opleving door in de wetenschap-
pelijke literatuur.

Sommige natuurkundigen en astronomen willen het idee van massieve zwaar-
tekracht niet opgegeven. Een belangrijke reden hiervoor is een aantal waarne-
mingen van astronomen, die in tegenspraak lijken met onze huidige kennis van de
natuur. Het gaat hierbij onder andere om afwijkende rotatiecurves van sterren-
stelsels. Het gros van de wetenschappers speculeert dat deze afwijkingen voort-
vloeien uit het bestaan van tot nog toe niet waargenomen vormen van materie en
energie. Een minderheid van de experts is van mening dat de oplossing van dit
raadsel ook wel eens gezocht zou kunnen worden in ons begrip van de zwaarte-
kracht.

De herboren interesse in massieve zwaartekracht vloeit voor een deel voort
uit deze hoop. Er zijn echter ook andere ontwikkelingen die hieraan bijdragen.
Dit heeft te maken met een ontdekking in de snaartheorie. Recentelijk heeft men
een brug kunnen slaan tussen theoriën van heel uiteenlopende aard. Aan de ene
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kant staat de zwaartekracht, en aan de andere kant staat een bepaald type kwan-
tumtheorie met de naam conforme kwantum veldentheorie. Theoriën van zwaar-
tekracht en conforme kwantum veldentheoriën beschrijven twee totaal verschil-
lende werelden, en toch blijkt dat ze in sommige gevallen identiek kunnen zijn.

In zeldzame gevallen kan kennis van de zwaartekracht inzicht opleveren in de
conforme kwantumvelden theorie , en andersom. Deze onverwachte relatie wordt
het holografisch principe genoemd. Die naam komt niet uit de lucht vallen, want
de ruimtetijd kan zich daadwerkelijk als een hologram gedragen. Het voert echter
te ver om daar dieper op in te gaan. Om het werk in dit proefschrift te begrijpen
is het wel van belang om een idee te hebben van hoe het holografisch principe
toepasbaar is binnen de natuurkunde.

De conforme kwantumvelden theorie beschrijft onder andere de natuurkunde
van vaste stoffen. Sommige onderzoekers hopen via het holografisch principe las-
tige problemen in de kwantum veldentheorie, zoals supergeleiding, op te lossen.
Één van de vragen die zij moeten beantwoorden is ‘welk model van zwaartekracht
is gelieerd aan mijn kwantumtheorie?’. Veelal gaat hun interesse uit naar model-
len van massieve zwaartekracht, vaak ook in lagere dimensies. Soms worden zelfs
modellen gebruikt die niet unitair zijn. Aldus krijgen veel modellen die als theorie
voor zwaartekracht niet bruikbaar zijn een tweede kans om hun nut te bewijzen
voor de natuurkunde.

Ook in dit proefschrift werken we in lagere dimensies. We onderzoeken mo-
dellen van massieve zwaartekracht in drie in plaats van vier dimensies. Twee van
die dimensies zijn ruimtelijk, de andere dimensie is de tijd. Onze voornaamste
reden voor het werken met modellen in drie dimensies, is dat deze over het alge-
meen minder ontoelaatbare eigenschappen bezitten. Ook zijn de berekeningen
in drie dimensies doorgaans eenvoudiger.

We gaan op zoek naar nieuwe modellen van zwaartekracht in drie dimensies.
Daarbij besteden we vooral aandacht aan het voorkomen van ontoelaatbare ge-
breken als schending van unitariteit en het voorkomen van deeltjes met negatieve
energieën.

Modellen van massieve zwaartekracht zijn in te delen in twee classes: de the-
oriën met hogere afgeleiden en de theoriën met expliciete massatermen. In dit
proefschrift gaan we eerst op zoek naar een nieuw en unitair model met hogere
afgeleiden. Het idee hiervoor ontlenen we via het holografisch principe aan een
kwantumtheorie. Deze kwantumtheorie, de logaritmische conforme veldenthe-
orie genaamd, is niet unitair. We proberen de kwantumtheorie zo aan te passen
dat deze wel unitair wordt. De gerelateerde zwaartekrachtstheorie moet dan ook
unitair zijn. Dit volgt uit het holografisch principe. Voordat we deze werkwijze
toepassen op de zwaartekracht, verrichten we een voorstudie. We construeren
een zogenaamd ‘toy model’ dat geen interacties beschrijft. De uitkomst van deze
voorstudie is positief: de theorie die we vinden is unitair.

Vervolgens passen we hetzelfde idee toe op zwaartekracht, maar nu met in-
teracties. Het model dat we introduceren heet ‘tricritical gravity’. Alles lijkt te
werken zoals gehoopt, totdat we op niet-lineair niveau gaan kijken. Dan blijkt
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dat interacties de unitariteit ondermijnen. Ons idee blijkt geen levensvatbare be-
schrijving van de zwaartekracht op te leveren. We inventariseren echter wel hoe
de duale kwantumtheorie er uitziet. Ondanks het feit dat deze niet unitair is, kan
deze elders binnen de natuurkunde wel van waarde zijn. Eerder noemden we het
begrijpen van supergeleiding als voorbeeld.

In het laatste hoofdstuk van het proefschrift besteden we aandacht aan model-
len van zwaartekracht met expliciete massatermen, opnieuw in drie dimensies.
Wederom zijn we op zoek naar een unitair model. Ons uitgangspunt is ditmaal
een formule waarmee onlangs vooruitgang is geboekt op het gebied van massieve
zwaartekracht in vier dimensies. Deze formules plooien we zo, dat ze een eer-
der model van massieve zwaartekracht in drie dimensies (new massive gravity)
omvatten. New massive gravity had problemen met unitariteit, maar het blijkt
dat we deze problemen in het nieuwe model kunnen omzeilen. De naam voor het
nieuwe model ontlenen we aan het Duits: ‘zwei dreibein gravity’.

Of de modellen die we hebben geconstrueerd daadwerkelijk van nut zijn, zal
de komende jaren moeten blijken. Beide modellen zouden via het holografisch
principe een rol kunnen spelen in de natuurkunde.

Zwei dreibein gravity zou de driedimensionale massieve zwaartekracht verder
kunnen helpen, mits het de toekomstige toetsen doorstaat. In ieder geval maken
de technieken die we bij de totstandkoming van zwei dreibein gravity hebben ont-
wikkeld het makkelijker om modellen zoals zwei dreibein gravity te onderzoeken.
Dit heeft al geleid tot de ontdekking van een aantal nieuwe modellen voor mas-
sieve zwaartekracht in drie dimensies. Het blijkt dat deze nieuwe modellen op
verrassende wijze met elkaar in verbinding staan. Wellicht heeft zwei dreibein
gravity daarmee een tipje van de sluier opgetild waaronder nog meer geheimen
van de massieve driedimensionale zwaartekracht verborgen gaan.
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