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6

Energy shaping of port-Hamiltonian
systems by using alternate passive
input-output pairs

”Everything is vague to a degree you do not realize till you have tried
to make it precise.” - Bertrand Russell.

6.1 Introduction

In the first chapter, we had seen that port-Hamiltonian systems with dissipa-
tion (PHSD) given by (1.1)-(1.2) are passive with respect to the input u and
output y. However, it has been shown in the literature [40], [63] that there
can exist alternate passive outputs for a PHSD. In this chapter, we character-
ize the most general form of new passive input-output pairs for a PHSD and
show that the underlying Dirac structure of a PHSD changes when the pas-
sive input-output pair is changed. We subsequently examine the achievable
Casimirs for this new Dirac structure and in this regard, extend the results of
[23].

Our main idea can be summarized as follows. We consider a plant model
represented as a port-Hamiltonian system with dissipation (PHSD), whose
underlying geometric structure is represented as the composition of a Dirac
structure DP and a resistive structure RP , denoted as DP ◦RP . We now open
the resistive ports of the PHSD and interconnect the external and resistive
ports of DP with another Dirac structure DI , by the canonical interconnection
(as defined in chapter 2) which yields the resultant Dirac structure DP ◦ DI
having new external and resistive ports. We now close the resistive ports
of DP ◦ DI using a new resistive relationship RI in such a manner that the
original resistive relationship between the old resistive ports is retained. We
then obtain a new Dirac structure composed with a new resistive structure
denoted as DP ◦DI ◦RI which effectively represents the same plant model as
before. This means, both DP ◦R and DP ◦DI ◦RI represent the same physical
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6. Energy shaping of PHSD by using alternate passive input-output pairs

system but the latter is passive with respect to a new input-output pair. We
thus define a general class of new passive input-output pairs for the plant
model and also compute the new underlying Dirac structure DP ◦ DI . We
then examine the set of all achievable Casimirs for DP ◦ DI . We later explain
this with the help of figures and make it more clear to the reader.

We next consider as a special case the situation where the original input is
retained and a new passive output is computed, that is, passivity is shown
with respect to the original input and a new passive output. We compute a
general class of new passive outputs for the PHSD and show (on the basis of
the achievable Casimirs) the precise form of the so-called dissipation obstacle
[69] (according to which those plant coordinates that are affected by natural
damping cannot be shaped), and how the obstacle may be removed by chang-
ing the passive output (and subsequently the underlying Dirac structure). In
this aspect, we review the idea of the “swapping the damping” procedure for
computing a new passive output [40], and show how this can be obtained
as a special case within our approach. We then consider the examples of the
RLC-circuit and MEMS optical switch and investigate the role played by the
newly defined class of passive outputs in shaping the system’s energy.

In the final section of the chapter, we use the above ideas to explore the pos-
sibility of generating new passive outputs for a PHSD by modifying as well
the Hamiltonian function. We show a constructive procedure for generating
these new passive outputs which is similar to the method explained above in
the second paragraph.
Notation For any matrix A ∈ R

m+p×m+p, the matrices [A]ULm×m , [A]URm×p ,
[A]LLp×m , [A]LRp×p denote the corresponding upper left m ×m block, upper
right m× p block, lower left p×m block and the lower right p× p block and
the matrix [A]m denotes the first m columns of A.

6.2 Alternate passive input-output pairs for
port-Hamiltonian systems with dissipation

In chapter 2, we had studied port-Hamiltonian systems from a network mod-
eling perspective, that is, as a power conserving interconnection of a set of
energy-storing elements, energy-dissipating elements and the external ports
(through which interaction with the environment takes place). This power
conserving interconnection is explained by an underlying geometric structure
called the Dirac structure. Further, by closing the resistive ports of a port-
Hamiltonian system by a resistive relationship, we obtain a PHSD, which
defines a passive system with respect to an input u and output y. We now
investigate the possibility of an alternate passive input-output pair for the
PHSD.

We first systematically explain our procedure for generating new input-
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6.2 Alternate passive input-output pairs for PHSD with dissipation

output pairs with the help of figures.

i) We denote DP as the plant Dirac structure, DI as the interconnection
Dirac structure and RP , RI as the resistive structures. Figure 6.1 shows
a PHSD, whose underlying Dirac structure isDP (with (fS , eS), (fP , eP ),
(fR, eR) being the energy storing ports, external ports, resistive ports
respectively), which is composed with the resistive relationship RP by
closing its resistive ports. Mathematically speaking, Figure 6.1 repre-
sents the composite structure DP ◦ RP .

ii) We next open the resistive ports (fR, eR) of the PHSD which gives us
the original plant Dirac structure DP . We then consider another Dirac
structure DI which has no energy storing ports but only external ports
(f̄P , ēP ), (f̄R, ēR), (f̃P , ẽP ) and (f̃R, ẽR). Figure 6.2 shows these two
Dirac structures.

iii) We next compose the Dirac structures DP and DI using the canonical
interconnection

fP = f̄P , eP = −ēP , fR = f̄R, eR = −ēR.

This leads to the composite structure DP ◦ DI with new external port
variables (f̃P , ẽP ), new resistive port variables (f̃R, ẽR) and the original
energy storing ports (fS , eS). The situation is shown in Figure 6.3.

iv) Finally, we close the new resistive ports (f̃R, ẽR) of the composite Dirac
structure DP ◦ DI by composing it with the resistive structure RI to
obtain the composite Dirac with resistive structure DP ◦DI ◦RI , which
actually represents a PHSD as shown in the Figure 6.4.

In the above construction we start with a PHSD (DP ◦ RP ) and end with
another PHSD (DP ◦ DI ◦ RI ). Our aim is to select the interconnection Dirac
structure DI and the new resistive structure RI in such a manner thatDP ◦RP

andDPDI◦RI represent the same physical system, that is, the system dynam-
ics (equation for ẋ) remains the same. However, the former representation is
passive with respect to the external ports (fP , eP ) while the latter representa-
tion is passive with respect to the new external ports (f̃P , ẽP ) with the storage
function being the same in both cases which is the Hamiltonian function H .

Next, we consider the system (2.46), define a general class of new passive
input-output pairs for it and investigate the underlying Dirac structure. We
begin by stating the following theorem.

Theorem 6.1. Consider the plant Dirac structure DP (given by (2.33)-(2.35)) and
the interconnection Dirac structure DI given by the graph of the skew-symmetric
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Figure 6.1: Original PHSD system
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ẽR

f̄P

ēP
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Figure 6.2: Plant Dirac structure DP with resistive ports opened (left) and
interconnection Dirac structure DI
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fP = −f̄P , eP = ēP

fR = −f̄R, eR = ēR

Figure 6.3: DP ◦ DI
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Dp DI

RI
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eP

f̃S
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fP = −f̄P , eP = ēP

fR = −f̄R, eR = ēR

f̃R

ẽR

Figure 6.4: DP ◦ DI ◦ RI

map ⎡
⎢⎢⎣
ēP
ēR
f̃P
f̃R

⎤
⎥⎥⎦ =

⎡
⎣ J̃1(x) J̃2(x)

−J̃�
2 (x) J̃3(x)

⎤
⎦
⎡
⎢⎢⎣
f̄P
f̄R
ẽP
ẽR

⎤
⎥⎥⎦ , (6.1)

that is,

{DI = (f̄P , f̄R, f̃P , f̃R, ēP , ēR, ẽP , ẽR)| (6.1) is satisfied}

where f̄P , f̃P ∈ R
m, f̄R, f̃R ∈ R

p represent the flows and ēP , ẽP ∈ R
m, ēR, ẽR ∈

R
p represent the corresponding efforts. The matrices J̃1 : X → R

m+p×m+p, J̃3 :
X → R

m+p×m+p are skew-symmetric, J̃2 : X → R
m+p×m+p is full rank, and each

of the matrices are smooth in their arguments x ∈ X with X being an n dimensional
manifold. Additionally, assume that there is a one to one relationship between the
port variables (f̄P , ēP ), (f̄R, ēR) and the port variables (f̃P , ẽP ), (f̃P , ẽP ). Then,
the composite structure DP ◦ DI defined by the power conserving relationship

fP = −f̄P , eP = ēP , fR = −f̄R, eR = ēR

is given by the port-Hamiltonian system

ẋ = {J −GZ̃1G
�}∇H + GJ̃f̃d, (6.2)

ẽd = J̃�G�∇H + Z̃2f̃d, (6.3)

where

G(x) = [g(x) gR(x)], f̃d =
[
f̃P
f̃R

]
, ẽd =

[
ẽP
ẽR

]
(6.4)

and

J̃ = [J̃�
2 + J̃3J̃

−1
2 J̃1]−1, (6.5)

Z̃1 = J̃ J̃3J̃
−1
2 , (6.6)

Z̃2 = J̃�J̃1J̃
−�
2 , (6.7)

with the matrix J̃ being assumed to be invertible.
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6. Energy shaping of PHSD by using alternate passive input-output pairs

Proof. We prove the proposition in two steps. Firstly, we show how the equa-
tions (6.2), (6.3) have been obtained, and then we show that the system (6.2),
(6.3) is indeed a port-Hamiltonian system satisfying the condition

Ḣ(x) = ẽ�d f̃d,
= f̃�

P ẽP + f̃�
R ẽR, (6.8)

which in fact follows directly upon proving that the matrices Z̃1, Z̃2 are skew-
symmetric.

Starting from (6.1) and using the power conserving relationships, we obtain
the equations

[
fP
fR

]
= J̃

[
f̃P
f̃R

]
− Z̃1

[
eP
eR

]
, (6.9)

[
ẽP
ẽR

]
= J̃�

[
eP
eR

]
+ Z̃2

[
f̃P
f̃R

]
. (6.10)

Substituting (6.9) in (2.14) and using (2.15), (2.16), we obtain the equation (6.2)
while (6.10) directly implies (6.3).

Now we show that the matrices (6.6) and (6.7) are skew-symmetric. We
first recall a matrix inversion property (refer to Appendix E in [33]) given as,

(A+BC)−1 = A−1 −A−1B(I + CA−1B)−1CA−1, (6.11)

where A,B,C are square matrices with A being invertible. Now, upon using
the property (6.11) we obtain the expressions

J̃ = J̃−�
2 − J̃−�

2 J̃3(I + J̃−1
2 J̃1J̃

−�
2 J̃3)−1J̃−1

2 J̃1J̃
−�
2 , (6.12)

J̃� = J̃−1
2 − J̃−1

2 J̃1J̃
−�
2 J̃3(I + J̃−1

2 J̃1J̃
−�
2 J̃3)−1J̃−1

2 , (6.13)

respectively, where we had chosen A = J̃�
2 , B = J̃3, C = J̃−1

2 J̃1 to obtain
(6.12) and A = J̃2, B = J̃1J̃

−�
2 J̃3, C = I to obtain (6.13). We now note that,

Z̃�
1 = −J̃−�

2 J̃3J̃
�. (6.14)

Now, upon using (6.12) in (6.6) and (6.13) in (6.14), we finally obtain that

Z̃1 + Z̃�
1 = J̃−�

2 J̃3{X̃[I + X̃ ]−1 − [I + X̃]−1X̃}J̃−1
2 ,

= 0.

where X̃ = J̃−1
2 J̃1J̃

−�
2 J̃3. In a similar fashion, the matrix Z̃2 can also be

shown to be skew-symmetric. Hence the proof follows. �
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6.2 Alternate passive input-output pairs for PHSD with dissipation

The equations (6.9) and (6.10) define the relation between the new port vari-
ables (f̃P , ẽP ) and (f̃R, ẽR) in (6.1) and the original port variables (fP , eP )
and (fR, eR) in (2.14) - (2.16). Our next aim is to close the new resistive ports
(f̃R, ẽR) using a suitable resistive relationship such that the original resistive
relationship fR = −SReR between the old resistive ports (fR, eR) is retained.
Upon doing this, we obtain the original plant dynamics (2.46) but, the plant is
now passive with respect to the new external port variables (f̃P , ẽP ). Indeed,
upon imposing the constraint fR = −SReR on the equations (6.9), (6.10), we
determine a set of sufficient conditions that should be satisfied by the ma-
trices J̃1, J̃2 and J̃3 such that (2.46) and (6.2) represent the same dynamics.
We also determine the relationship between the new resistive port variables
(f̃R, ẽR). We next state the following proposition.

Proposition 6.2. Let the matrices J̃1, J̃2 and J̃3 satisfy the conditions

SR[J̃1J̃
−�
2 ]LLp×m = [J̃−�

2 ]LLp×m , (6.15)

SR[J̃−�]LLp×m = [J̃−�
2 J̃3]LLp×m , (6.16)

R̃F R̃
�
E = R̃ER̃

�
F ≥ 0, (6.17)

rank[R̃E | R̃F ] = dim(FR), (6.18)

where

R̃F = [J̃−�
2 ]LRp×p − SR[J̃1J̃

−�
2 ]LRp×p , (6.19)

R̃E = SR[J̃−�]LRp×p − [J̃−�
2 J̃3]LRp×p . (6.20)

Then, the composite structure DP ◦ DI ◦ RI with the resistive structure defined by

RI := {(f̂R, êR) ∈ FR ×F∗
R | R̃F f̂R − R̃E êR = 0}, (6.21)

yields the port-Hamiltonian system with dissipation whose dynamics are the same as
(2.46) but the system is passive with respect to the new input-output pair (f̃P , ẽP )
with the Hamiltonian function satisfying

Ḣ ≤ f̃�
P ẽP . (6.22)

Proof. Firstly, we identify that the dynamics in (2.14) and (6.2) are the same.
This can be checked by substituting the equation (6.9) in (6.2). But, we know
that by closing the old resistive ports (fR, eR) in (2.14), (2.16) by the resistive
relationship fR = −SReR, we obtain the dynamics (2.46). We want to ensure
that by suitably closing the new resistive ports (f̃R, ẽR) in (6.2), we obtain the
same dynamics (2.46). Hence, our approach would be to choose the Dirac
structure DI and the resistive structure RI such that the old resistive relation-
ship fR = −SReR is retained. This would complete our proof.
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6. Energy shaping of PHSD by using alternate passive input-output pairs

We first obtain from (6.9) and (6.10) that

fR = [J̃−�
2 ]LLp×m f̃P + [J̃−�

2 ]LRp×p f̃R

−[J̃−�
2 J̃3]LLp×m ẽP − [J̃−�

2 J̃3]LRp×p ẽR, (6.23)

eR = [J̃−�]LLp×m ẽP + [J̃−�]LRp×p ẽR

−[J̃1J̃
−�
2 ]LLp×m f̃P − [J̃1J̃

−�
2 ]LRp×p f̃R. (6.24)

Now, upon imposing the relation fR = −SReR on (6.23), (6.24), we get

{SR[J̃1J̃
−�
2 ]LLp×m − [J̃−�

2 ]LLp×m}f̃P − R̃F f̃R

= {SR[J̃−�]LLp×m − [J̃−�
2 J̃3]LLp×m}ẽP + R̃E ẽR.

(6.25)

Next, upon using (6.15), (6.16) in (6.25) we obtain that

R̃F f̃R + R̃E ẽR. (6.26)

Thus, we can conclude that upon closing the new resistive ports (f̃R, ẽR) by
using (6.26), we retain the old resistive relationship fR = −SReR. Further,
f̃�
R ẽR ≤ 0 which upon substituting in (6.8) yields (6.22). Hence, the proof

follows. �
In conclusion, we were able to generate a new input-output pair (f̃P , ẽP ),

which satisfies the passivity condition (6.22) with respect to the original Ham-
iltonian function H . Further, we can also see that, the port-Hamiltonian sys-
tem given by (6.2), (6.3) with the matrices J̃1, J̃2 and J̃3 verifying the condi-
tions (6.15), (6.16), (6.17) and (6.18), forms the underlying Dirac structure for
the system (2.46) with the new output ẽP , which is essentially obtained upon
closing the resistive ports of (6.2), (6.3) with the relationship R̃F f̃R = R̃E ẽR.

6.2.1 Alternate Passive Outputs for port-Hamiltonian systems
with dissipation

We now examine the special case where f̃P = fP , that is, we generate alter-
nate passive outputs ẽP for the PHSD (2.46) such that the condition

Ḣ ≤ f�
P ẽP , (6.27)

is satisfied. We start with the following proposition.

Proposition 6.3. Consider the Dirac structure D̃I given as the graph of the skew-
symmetric map⎡

⎢⎢⎣
ēP
ēR
f̃P
f̃R

⎤
⎥⎥⎦=
⎡
⎢⎢⎣

M M2 Im M2SRB
−M�

2 0 0 B
−Im 0 0 0

−B�SRM�
2 −B� 0 0

⎤
⎥⎥⎦
⎡
⎢⎢⎣
f̄P
f̄R
ẽP
ẽR

⎤
⎥⎥⎦ , (6.28)

132



6.2 Alternate passive input-output pairs for PHSD with dissipation

where f̄P , f̃P ∈ R
m, f̄R, f̃R ∈ R

p represent the flows and ēP , ẽP ∈ R
m, ēR, ẽR ∈

R
p represent the corresponding efforts. The matrices M : X → R

m×m with M� =
−M , M2 : X → R

m×p, B : X → R
p×p with B being full rank are general

state dependent matrices, smooth in their arguments with X being an n dimensional
manifold, SR is as defined in (2.46) and Im, Ip are identity matrices of dimensions m
and p respectively. Then, the composition of the plant Dirac structure DP (given by
(2.33)-(2.35)) with the interconnection Dirac structure D̃I (given by (6.28)), using
the canonical relationship fP = −f̄P , eP = ēP , fR = −f̄R, eR = ēR yields the
resultant Dirac structure DP ◦ D̃I represented by the port-Hamiltonian system

ẋ = J(x)∇H(x) + g̃(x)f̃P + g̃R(x)f̃R, (6.29)
ẽP = g̃�(x)∇H(x) +M(x)f̃P +M2(x)f̃R, (6.30)
ẽR = g̃�R(x)∇H(x) −M�

2 (x)f̃P , (6.31)

where

g̃(x) = g(x) − gR(x)SRM�
2 (x), g̃R(x) = gR(x)B−�(x), (6.32)

f̃P = fP , (6.33)
f̃R = B�(x)SRM�

2 (x)fP +B�(x)fR. (6.34)

The composition of the Dirac structure DP ◦ D̃I (represented by (6.29)-(6.31)) with
the resistive relationship

R̃I := {(f̂R, êR) ∈ FR ×F∗
R | f̂R = B�SRBêR}, (6.35)

yields the resultant structure DP ◦ D̃I ◦ R̃I represented by the port-Hamiltonian
system with dissipation given by

ẋ = [J(x) −R(x)]∇H(x) + g(x)f̃P (6.36)
ẽP = [g(x) + 2P (x)]�∇H(x) + [M(x) + S(x)]f̃P (6.37)

where R(x) = −gR(x)SRg�R(x), M(x) as introduced in (6.28) and P (x) ∈ R
n×m,

S(x) ∈ R
m×m with S� = S given by

P (x) = −gR(x)SRM�
2 (x), (6.38)

S(x) = M2(x)SR(x)M�
2 (x). (6.39)

Proof. We begin by computing the special form of the matrices J̃1, J̃2, J̃3 by
imposing the condition ũ = u on equation (6.1). It subsequently follows from
(6.1) that,

J̃1 =
[

M M2

−M�
2 M3

]
, J̃2 =

[
Im A
0 B

]
, J̃3 =

[
0 0
0 C

]
, (6.40)

where M : X → R
m×m with M� = −M , M2 : X → R

m×p, M3 : X → R
p×p

with M�
3 = −M3, A : X → R

m×p, B : X → R
p×p, C : X → R

p×p with C� =
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6. Energy shaping of PHSD by using alternate passive input-output pairs

−C are general state dependent matrices, smooth in their arguments with X
being an n dimensional manifold. Further, since J̃2 has to be invertible, this
implies that the matrix B has to be invertible. We know from Proposition 6.2
that, the matrices J̃1, J̃2, J̃3 have to satisfy the conditions (6.15)-(6.18). We
next use (6.40) and compute the matrices

J̃−� = J̃2 + J̃1J̃
−�
2 J̃3 =

[
Im A+M2B

−�C
0 B +M3B

−�C

]
, (6.41)

J̃1J̃
−�
2 =

[
M −M2B

−�A� M2B
−�

−{M�
2 +M3B

−�A�} M3B
−�

]
, (6.42)

J̃−�
2 =

[
Im 0

−B−�A� B�

]
, (6.43)

J̃−�
2 J̃3 =

[
0 0
0 B−�C

]
. (6.44)

Now, upon using (6.42) and (6.43) in the condition (6.15) we obtain

A = M2SR{I +M3SR}−1B. (6.45)

It can be checked using (6.41), (6.44) that the condition (6.16) is trivially sat-
isfied. We next substitute (6.41), (6.42), (6.43), (6.44) in (6.19) and (6.20) to
obtain

R̃F = {SRM3 − I}B−�, (6.46)
R̃E = {SRM3 − I}B−�C + SRB. (6.47)

We further obtain from (6.46) and (6.47) that

R̃ER̃
�
F = SRM

�
3 SR − SR + {SRM3 − I}B−�CB−1{SRM3 − I}�. (6.48)

Now, from the condition (6.17), the matrix product R̃ER̃�
F has to be symmetric

negative semi-definite. From equation (6.48), this is possible if and only if
C = M3 = 0 which results in R̃ER̃�

F = −SR and hence the conditions (6.17)
and (6.18) get satisfied. Further, equations (6.45), (6.46), (6.47) get simplified
to A = M2SRB, R̃F = −B−� and R̃E = SRB respectively.

The first part of the proof follows upon substituting the matrices

J̃1 =
[

M M2

−M�
2 0

]
, J̃2 =

[
Im M2SRB
0 B

]
, J̃3 = 0, (6.49)

inside the equations (6.2), (6.3) to obtain the equations (6.29), (6.30) and (6.31).
To prove the second part, we first check that the output ỹ in (6.37) is indeed

a passive output for the port-Hamiltonian system with dissipation (6.36)-
(6.37). To do so, we compute the time derivative of the Hamiltonian H(x)
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6.2 Alternate passive input-output pairs for PHSD with dissipation

along the dynamics of (6.36) to obtain,

Ḣ = −∇H�(x)R(x)∇H(x) + ∇H�(x)g(x)f̃P

= −
(

∇H(x)
f̃P

)�
Z

(
∇H(x)
f̃P

)
+ ẽ�P f̃P ,

≤ ẽ�P f̃P , (6.50)

where

Z =
[

gR(x)SRg�R(x) −gR(x)SRM�
2 (x)

−M2(x)SRg�R(x) M2(x)SR(x)M�
2 (x)

]
≥ 0. (6.51)

Thus, the PHSD (6.36)-(6.37) is passive with respect to ỹ. Next, we consider
the port-Hamiltonian system (6.29), (6.30), (6.31) and compute its underlying
Dirac structure DP ◦ D̃I in the kernel form as,⎡

⎣ I
0
0

⎤
⎦ (−ẋ) +

⎡
⎣ J(x)

−g̃�(x)
−g̃�R(x)

⎤
⎦∇H(x) +

⎡
⎣ g̃R(x)

−M2(x)B−�

0

⎤
⎦ f̃R+

⎡
⎣ 0

0
I

⎤
⎦ ẽR +

⎡
⎣ g̃(x)

−M(x)
B−1M�

2 (x)

⎤
⎦ f̃P +

⎡
⎣ 0
I
0

⎤
⎦ ẽP = 0.

(6.52)

We next close the resistive ports f̃R, ẽR of DP ◦ D̃I by interconnecting it with
R̃I , defined in (6.93). That is, we impose the relationship f̃R = −B�SRBẽR
and use Proposition 2.8 to obtain the composite structure DP ◦ D̃I ◦ R̃I as,⎡

⎣ I
0
0

⎤
⎦ (−ẋ) +

⎡
⎣ J(x)

−g̃�(x)
−g̃�R(x)

⎤
⎦∇H(x) +

⎡
⎣ g̃(x)

−M(x)
M�

2 (x)

⎤
⎦ f̃P

+

⎡
⎣ 0
I
0

⎤
⎦ ẽP =

⎡
⎣ g̃R(x)SR

−M2(x)SR
−I

⎤
⎦ λ̃,

(6.53)

where λ̃ ∈ R
p. Next, upon eliminating λ̃ in the equation (6.53), we obtain the

port-Hamiltonian plant with dissipation (6.36)-(6.37), which thus concludes
the proof. �
Remark 6.4. It can be seen that, for any matrix

Z = Z� =
[

R(x) P (x)
P�(x) S(x)

]
≥ 0, (6.54)

the port-Hamiltonian system with dissipation (6.36)-(6.37) is passive with re-
spect to the output ỹ, with the Hamiltonian satisfying (6.27). We now examine
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6. Energy shaping of PHSD by using alternate passive input-output pairs

the generality of the matrices P (x) and S(x). We choose a general factoriza-
tion of Z given as,

Z =
[

R(x) P (x)
P�(x) S(x)

]
=
[
V (x)
W (x)

]
R̃(x)

[
V �(x)
W�(x)

]
,

with V : X → R
n×p, W : X → R

m×p and R̃ : X → R
p×p being a sym-

metric positive definite matrix. Now, upon matching, we get that R(x) =
gR(x)SRg�R(x) = V (x)R̃(x)V �(x) and without loss of generality, we can choose
V = gR and R̃ = SR. Having chosen so, the only other degree of freedom is
in the matrix W (x). Upon choosing W (x) = M�

2 (x), we recover the equation
(6.51). Thus, it can be seen that the matrix Z in equation (6.51) is without loss
of generality and the only degree of freedom available is in the matrixM2(x).�
6.2.2 Swapping the Damping

In this section, we review a special procedure for generating an alternate
passive output for port-Hamiltonian systems with dissipation known as the
”swapping the damping” method which has been studied in [40]. In this ap-
proach, a port-Hamiltonian system with dissipation (6.36) is considered and
the matrix J(x) −R(x) is assumed to have full rank for all x. Then,

Ḣ(x) = ẋ�∇H(x),
= ẋ�[J(x) −R(x)]−1{ẋ− g(x)fP },
≤ −ẋ�[J(x) −R(x)]−1g(x)fP , (6.55)

and hence the system is passive with respect to the output

ỹ = −g�[J −R]−�ẋ. (6.56)

We now perform the following computations. We first compute the matrix
M2(x) for this special choice of passive output (6.56). We begin by defining
the matrix K(x) ∈ R

n×m as

K(x) := −[J(x) −R(x)]−1g(x), (6.57)

and compute

f̃P = −g�[J −R]−�ẋ,
= K�{[J −R]∇H + gfP},
= K�{[J −R]∇H − [J −R]KfP},
= {g� − 2K�R}∇H −K�[J −R]KfP , (6.58)
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6.3 Achievable Casimirs for a Dirac structure

where we have made use of (6.57). Now, by comparing (6.58) with the stan-
dard form (6.37), we obtain

P (x) = −R(x)K(x), (6.59)
M(x) = −K�(x)J(x)K(x), (6.60)
S(x) = K�(x)R(x)K(x). (6.61)

Further, the matrix M2(x) can be computed by comparing (6.61) with (5.5)
and using (6.57) as

M2(x) = g�(x)[R(x) − J(x)]−�gR(x). (6.62)

We thus see that when we change the passive output of the PHSD from
y = g�∇H(x) to (6.37), the underlying Dirac structure also changes from
(2.33)-(2.35) to (6.52) respectively. As we saw, the ”swapping the damping”
approach is a special case of the generalmethod for generating alternate pas-
sive outputs, which can be applied whenever [J(x) − R(x)] has full rank for
all x.

In the next section, we investigate the achievable Casimirs (and hence the
energy shaping possibilities) for a given port-Hamiltonian system with dissi-
pation by looking at its underlying Dirac structure and show how the achiev-
able Casimirs change when the underlying Dirac structure changes as we had
seen in the previous sections.

6.3 Achievable Casimirs for a Dirac structure

By knowing the underlying Dirac structure of a port-Hamiltonian system
with dissipation, we can determine the achievable Casimirs for the system
without the prior knowledge of the controller, by just using the knowledge of
the plant Dirac structure. Reference [23] studies the achievable Casimirs for
a given Dirac structure and we extend some of their ideas. In this regard, we
state the following lemma which is based on the similar lines as given in [23].

Lemma 6.5. Let x ∈ X , with X being an n dimensional manifold, denote the state of
the plant and ζ ∈ R

m denote the state of the (to be designed) controller. We consider
the state-modulated Dirac structure D given in (2.29) and define the set

P̃1 := {eS | ∃(fP , eP ) s.t (0, eS , 0, 0, fP , eP ) ∈ D}. (6.63)

Then, the achievable Casimir functions C(x, ζ) for the Dirac structure D for any kind
of power conserving interconnection are such that

∇xK(x, ζ) ∈ P̃2,
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6. Energy shaping of PHSD by using alternate passive input-output pairs

where P̃2 is the set of smooth vector valued functions defined as

P̃2 := {f : R
n × R

m → R
n | f(x, ζ) ∈ P̃1; (∇xf(x, ζ)) = (∇xf(x, ζ))�}.

(6.64)

In the case of a constant Dirac structure, the sets P̃1 and P̃2 are the same. �
We next use Lemma 6.5 to examine the achievable Casimirs for the Dirac

structures we had computed in the previous section.

6.3.1 Achievable Casimirs for a port-Hamiltonian system
without changing the passive input-output pair

Here we look at the Dirac structure (2.33)-(2.35) corresponding to the original
port-Hamiltonian system. The set P̃1 for this system is the collection of all eS
which satisfy

J(x)eS ∈ im(g(x)), (6.65)
g�R(x)eS = 0. (6.66)

The equation (6.66) represents the well-known dissipation obstacle (also refer
to Chapter 1) which states that the Hamiltonian cannot be shaped in those
plant coordinates where natural damping occurs. Thus, we clearly see that
using the external port y in (2.15) for interconnection with the controller would
not help to shape the Hamiltonian in those coordinates in which the natural
damping occurs.

6.3.2 Achievable Casimirs for a port-Hamiltonian system with
alternate passive input-output pair

Here, we consider the Dirac structure (6.2), (6.3) which is obtained upon
changing the external ports of the PHSD in (2.46), (4.3) to (ũ, ỹ). The set P̃1

for this Dirac structure would be the collection of all eS which satisfy

[
J
G�

]
eS ∈ im

[
−{GJ̃−�

2 }m {GJ̃−�
2 J̃3}m

−{J̃1J̃
−�
2 }m {J̃}−�

m

]
, (6.67)

Now, by using the equations (6.15) and (6.16), we obtain the more simplified
condition⎡

⎣ J
g�

SRg
�
R

⎤
⎦ eS ∈ im

⎡
⎣ −{GJ̃−�

2 }m {GJ̃−�
2 J̃3}m

−{J̃1J̃
−�
2 }ULm×m {J̃−�}ULm×m

−{J̃−�
2 }LLp×m {J̃−�

2 J̃3}LLp×m

⎤
⎦ . (6.68)
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Next, for the special case of ũ = u, we have the matrices J̃1, J̃2 and J̃3 as given
in (6.49). Upon substituting them in (6.67), we obtain the condition,

⎡
⎣ J(x)
g�(x)
g�R(x)

⎤
⎦ eS ∈ im

⎡
⎣ −g(x) − gR(x)SRM�

2 (x) 0
M(x) −M2(x)SRM�

2 (x) Im
M�

2 (x) 0

⎤
⎦ (6.69)

which when simplified yields

[
J(x)
g�R(x)

]
eS ∈ im

[
−g̃(x)
M�

2 (x)

]
. (6.70)

We now examine the swapping the damping case. It has been shown in
[40] and the references therein that this approach (in some examples) helps
to overcome the dissipation obstacle (refer to Chapter 1) and thus is useful
for stabilization of systems. We now show the same fact in a more general
setting by making use of the condition (6.70). We get by substituting (6.62) in
(6.70) that

[
J(x)
g�R(x)

]
eS ∈ im

[
R(x)K(x) − g(x)

g�R(x)[R(x) − J(x)]−1g(x)

]
. (6.71)

Quite interestingly, from equation (6.70) (compare with (6.65)-(6.66)), we can
see that the dissipation obstacle could possibly be overcome by a suitable
choice of the matrix M2(x). In fact, a necessary condition to overcome the
dissipation obstacle is that, M2 �= 0. Equivalently stated, there has to neces-
sarily be a coupling between the resistive ports and the external ports in order
to overcome the dissipation obstacle.

Remark 6.6. The clear advantage of our approach is that, given any new pas-
sive output of the form (6.37), we can compute the corresponding M2 matrix
and use (6.70) to study the achievable Casimirs. In this entire process, we
only have the plant and do not connect it yet to any controller. In this way,
our procedure predicts in advance whether a certain alternative passive out-
put would be helpful or not in overcoming the dissipation obstacle. �

We now consider some physical examples to illustrate the theory we have
developed so far.

6.4 Physical Examples
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6.4.1 Parallel RLC circuit

[69] Consider the parallel RLC circuit with dynamics,[
q̇

φ̇

]
=
[

− 1
R 1

−1 0

]( q
C
φ
L

)
+
[

0
1

]
fP , (6.72)

H =
q2

2C
+
φ2

2L
, (6.73)

eP =
φ

L
, (6.74)

where q, φ denote the charge in the capacitor and the flux in the inductance
respectively, L denotes the inductance, R denotes the resistance and C de-
notes the capacitance. The system (6.72)-(6.74) is obtained from the port-
Hamiltonian system[

q̇

φ̇

]
=
[

0 1
−1 0

]( q
C
φ
L

)
+
[

0
1

]
fP +

[
1
0

]
fR,

eP =
φ

L
,

eR =
q

C
,

by closing its resistive ports by the relationship fR = − 1
ReR. Now, the achiev-

able Casimirs for this port-Hamiltonian system satisfy (6.65)-(6.66), from which
we can conclude that they cannot depend either on q or φ.

We next consider the system (6.72) with a different output,

ẽP = − 2q
RC

+
φ

L
+
u

R
, (6.75)

which has been obtained using the ”swapping the damping” approach. We

use (6.4) to obtain g̃(x) =
[

− 1
R

1

]
and (6.62) to obtain M2(x) = 1. We further

compute using (6.59)-(6.61) that,

P (x) =
[

− 1
R

0

]
, M(x) = 0, S(x) =

1
R
.

Thus, the dynamical system (6.72) together with the output (6.75) can be also
obtained from the port-Hamiltonian system,[

q̇

φ̇

]
=
[

0 1
−1 0

]( q
c
φ
L

)
+
[

− 1
R

1

]
f̃P +

[
1
0

]
f̃R,

ẽP = − q

RC
+
φ

L
+ f̃R,

ẽR =
q

C
− f̃P ,
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where f̃P = fP and f̃R = ( 1
R )fP + fR, by closing the resistive ports by the

relationship f̃R = − 1
R ẽR. Now, the achievable Casimirs C(x, ζ) for this port-

Hamiltonian system would satisfy (6.70) and hence we obtain that,

1
R
∇qC(x, ζ) = ∇φC(x, ζ). (6.76)

Thus, we have Casimirs of the form C(q + φ
R , ζ), depending on both the coor-

dinates, and hence the dissipation obstacle has been removed.

6.4.2 MEMS Optical Switch

We consider the MEMS optical switch system from [20] and show that the
class of new passive outputs which we have defined does help to partially
overcome the dissipation obstacle but is not useful in shaping the energy in a
desired manner. We start by considering the system dynamics⎡

⎣ q̇
ṗ

Q̇

⎤
⎦ =

⎡
⎣ 0 1 0

−1 −b 0
0 0 − 1

r

⎤
⎦
⎛
⎝ ∇qH

∇pH
∇QH

⎞
⎠+

⎡
⎣ 0

0
1
r

⎤
⎦ fP ,

H =
p2

2m
+

1
2
k1q

2 +
1
4
k2q

4 +
Q2

2C(q)
,

eP =
Q

rC(q)
, (6.77)

where q, p denote the mechanical position and momentum respectively,Q de-
notes the charge in the capacitor. Further, k1, k2 denote the spring constants,
C denotes the capacitance and b > 0, r > 0 are the constants correspond-
ing to the resistive elements. The above system has been obtained from the
port-Hamiltonian system⎡
⎣ q̇

ṗ

Q̇

⎤
⎦ =

⎡
⎣ 0 1 0

−1 0 0
0 0 0

⎤
⎦
⎛
⎝ ∇qH

∇pH
∇QH

⎞
⎠+

⎡
⎣ 0

0
1
r

⎤
⎦ fP +

⎡
⎣ 0 0

1 0
0 1

⎤
⎦[ fR1

fR2

]
,

(6.78)

with passive outputs eP = Q
rC(q) , eR =

[ p
m
Q
C

]
, by closing the resistive ports

with the relationship [
fR1

fR2

]
= −

[
b 0
0 1

r

]
eR.

From (6.65)-(6.66), we can conclude that the achievable Casimirs for (6.78) do
not depend either on q, p or Q.
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We next consider the output ẽP = − Q
rC + 1

rfP which has again been ob-
tained using the “swapping the damping” approach. We use (6.4) to obtain
g̃(x) = 0 and (6.62) to obtain M2(x) =

[
0 1

]
. We further compute using

(6.59)-(6.61) that

P (x) =

⎡
⎣ 0

0
− 1
r

⎤
⎦ ,M(x) = 0, S(x) =

1
r
.

Thus, the MEMS optical switch system with the passive output ỹ has been
obtained from the port-Hamiltonian system

⎡
⎣ q̇

ṗ

Q̇

⎤
⎦ =

⎡
⎣ 0 1 0

−1 0 0
0 0 0

⎤
⎦
⎛
⎝ ∇qH

∇pH
∇QH

⎞
⎠+

⎡
⎣ 0
f̃R1

f̃R2

⎤
⎦ ,

ẽP = f̃R2 ,

ẽR =
[

∇pH

∇QH − f̃P

]
,

where f̃P = fP , f̃R1 = fR1 , f̃R2 = (1
r )fP + fR2 , by closing the resistive ports

by the relationship [
f̃R1

f̃R2

]
= −

[
b 0
0 1

r

]
ỹR.

Finally, by using (6.70), we conclude that the achievable Casimirs C(x, ζ) for
the above port-Hamiltonian system depend only on the charge Q and are
independent of the mechanical coordinates q and p. But, from a control per-
spective we would always want to shape the mechanical position and not the
charge. Hence, the output ẽP helps in overcoming the dissipation obstacle by
allowing the possibility to have Casimirs involving Q but is not useful in this
example because the mechanical position cannot be shaped.

Remark 6.7. Using the condition (6.68), we can easily check that the achiev-
able Casimirs for the MEMS system will not depend on the mechanical po-
sition coordinates (q, p) for any given matrices J̃1, J̃2 and J̃3 satisfying the
conditions (6.15), (6.16), (6.17) and (6.18). Hence, it not possible to shape the
mechanical coordinates for the MEMS system by the Control by Interconnec-
tion method. The reason for this is mainly due to lack of effective coupling
terms between the electrical and mechanical coordinates in the interconnec-
tion matrix J , which is crucial, as can be seen from (6.68), in determining the
achievable Casimirs for the system. A possible answer to this question would
be to look at Dirac structure interconnections which also shape the system’s
interconnection matrix.

142



6.5 Generating alternate passive outputs for PHSD by change of Hamiltonian

6.5 Generating alternate passive outputs for PHSD
by change of Hamiltonian

In the previous section, we had seen how to generate new passive outputs
for port-Hamiltonian systems with dissipation by opening the resistive ports
of the original plant Dirac structure and composing it with a new intercon-
nection Dirac structure and a new Resistive structure. In that approach, we
had retained the original energy storing ports (fS = −ẋ, eS = ∇H(x)) of
the plant. However, new passive outputs can also be generated by changing
the Hamiltonian function H(x). To show this, consider the port-Hamiltonian
system with dissipation (2.46)-(2.47) and assume that there exists a full rank
matrix Fd, which is a solution to the partial differential equation

∇{F−1
d F∇H} = [∇{F−1

d F∇H}]� (6.79)

where Fd = Jd − Rd with Jd : X → R
n×n, J�

d = −Jd, Rd : X → R
n×n,

R�
d = Rd ≥ 0 and F = J −R. Then, from (6.79), we have the relation

[J(x) −R(x)]∇H(x) = [Jd(x) −Rd(x)]∇Hd(x) (6.80)

for some function Hd : X → R and thus the system (2.46) can be written as

ẋ = {Jd(x) −Rd(x)}∇Hd(x) + g(x)fP , (6.81)

with Ḣd(x) ≤ {∇Hd(x)}�g(x)fP . Further, if the function Hd(x) ≥ 0 for every
x ∈ X then the system (2.46) (equivalently (6.81)) is passive with respect to
the new output ẽP = g�(x)∇Hd(x) and Ḣd ≤ f�

P ẽP .
We now perform a similar analysis as we did in Section 6.2 and show how

to obtain the PHSD

ẋ = [Jd(x) −Rd(x)]∇Hd(x) + g(x)fP , (6.82)
ẽP = g�(x)∇Hd(x), (6.83)

from the original PHSD (2.46)-(2.47).
We explain our procedure with the help of figures.

i) As before, we denote DP as the plant Dirac structure, DI as the intercon-
nection Dirac structure andRP , RI as the resistive structures. Figure 6.5
shows a PHSD, whose underlying Dirac structure is DP (with (fS , eS),
(fP , eP ), (fR, eR) being the energy storing ports, external ports, resistive
ports respectively) and it is composed with the resistive relationship RP

by closing its resistive ports. In other words, Figure 6.5 represents the
composite structure DP ◦ RP .
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6. Energy shaping of PHSD by using alternate passive input-output pairs

ii) We next open the resistive ports (fR, eR) of DP ◦ RP which gives us
the original plant Dirac structure DP . We then consider another Dirac
structure DI with ports (f̄S , ēS), (f̄P , ēP ), (f̄R, ēR), (f̃S , ẽS), (f̃P , ẽP ) and
(f̃R, ẽR). Figure 6.6 shows these two Dirac structures. Additionally, the
interconnection Dirac structure DI satisfies f̃S = fS and f̃P = fP .

iii) We next compose the Dirac structures DP and DI using the canonical
interconnection

fS = f̄S, eS = −ēS , fP = f̄P , eP = −ēP , fR = f̄R, eR = −ēR.

This leads to the composite structure DP ◦ DI with new energy storing
ports (f̃S(= fS), ẽS), new external port variables (f̃P (= fP ), ẽP ) and
new resistive port variables (f̃R, ẽR). The situation is shown in Figure
6.7.

iv) Finally, we close the new resistive ports (f̃R, ẽR) of the composite Dirac
structure DP ◦ DI by composing it with the resistive structure RI to
obtain the composite Dirac with resistive structure, DP ◦DI ◦RI , which
actually represents a PHSD as shown in the Figure 6.8.

Similar to the previous section, our aim is to select the interconnection Dirac
structure DI and the new resistive structure RI in such a manner that DP ◦RP

and DP ◦ DI ◦ RI represent the same physical system, that is, the system dy-
namics (equation for ẋ) remains the same. However, the former representa-
tion is passive with respect to the input-output pair (fP , eP ) while the latter
representation is passive with respect to the input-output pair (f̃P (= fP ), ẽP ).
Moreover, unlike in the previous section, we also modify the energy storing
ports from (fS , eS) to (fS , ẽS) where ẽS of the PHSD DP ◦DI ◦RI reflects the
new Hamiltonian function Hd (refer to (6.81)) which would be the new stor-
age function. Thus, we see that, in this procedure, we generate new passive
outputs by changing the Hamiltonian function.

We next state the following proposition.

Proposition 6.8. Let matrices N : X → R
n×n withN� = −N , W1 : X → R

n×p,
g̃R : X → R

n×p be general state dependent matrices smooth in their arguments and
satisfy the following conditions.

i) The matrices {In − N(x)J(x)}, {In + W1(x)g̃�R (x)} have full rank for all
x ∈ X ,

ii) The matrix Rd : X → R
n×n is symmetric positive semi-definite where

Rd = {R+ g̃RW
�
1 J}{In −NJ}−1{In +W1g̃

�
R}, (6.84)
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Dp

Rp

fP
eP

fS
eS fR

eR

Figure 6.5: Original PHSD system

Dp DI

fS
eS

ẽP

f̃P (= fP )f̄P

ēP

fP

eP

fR

eR

f̃S(= fS)

ẽS

f̃R

ẽR

f̄S

ēS

f̄R

ēR

Figure 6.6: Plant Dirac structure DP with resistive ports opened (left) and
interconnection Dirac structure DI (right)

Dp DI
ẽP

f̃P (= fP )

fS = −f̄S, eS = ēS

fR = −f̄R, eR = ēR

fP = −f̄P

eP = ēP

f̃S(= fS)

ẽS

f̃R

ẽR

Figure 6.7: DP ◦ DI
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Dp DI

RI

ẽS

f̃R

ẽR

f̃P (= fP )

f̃S(= fS)

ẽP

fS = −f̄S, eS = ēS

fR = −f̄R, eR = ēR

fP = −f̄P

eP = ēP

Figure 6.8: DP ◦ DI ◦ RI

iii) The following integrability condition is satisfied

∇({In+W1g̃
�
R}−1{In−NJ}∇H) = [∇({In+W1g̃

�
R}−1{In−NJ}∇H)]�,

(6.85)
and there exists a positive definite function Hd : X → R such that

∇Hd = {In +W1g̃
�
R}−1{In −NJ}∇H, (6.86)

where the matrices J(x), R(x) are the original interconnection and damping
matrices while H(x) is the original Hamiltonian function appearing in (2.46).

Consider the interconnection Dirac structure DI given by the graph of the skew-
symmetric map⎡
⎢⎢⎢⎢⎢⎢⎣

ēS
ēP
ēR
f̃S
f̃P
f̃R

⎤
⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎣

N Ng NgR In 0 W1

g�N g�Ng g�NgR 0 Im g�W1

g�RN g�RNg g�RNgR 0 0 W3

−In 0 0 0 0 0
0 −Im 0 0 0 0

−W�
1 −W�

1 g −W�
3 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

f̄S
f̄P
f̄R
ẽS
ẽP
ẽR

⎤
⎥⎥⎥⎥⎥⎥⎦
, (6.87)

where f̄S , f̃S ∈ R
n, f̄P , f̃P ∈ R

m, f̄R ∈ R
p, f̃R ∈ R

p represent the flows and
ēS , ẽS ∈ R

n, ēP , ẽP ∈ R
m, ēR ∈ R

p, ẽR ∈ R
p represent the corresponding efforts

and the matrix W3 : X → R
p×p satisfies the relation

gR(x) = g̃R(x){W�
3 (x) −W�

1 (x)gR(x)}. (6.88)

Then, the composition of the plant Dirac structure DP (given by (2.33)-(2.35)) with
the interconnection Dirac structure DI (given by (6.87)), using the canonical rela-
tionship fS = f̄S , eS = −ēS, fP = −f̄P , eP = ēP , fR = −f̄R, eR = ēR yields the
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6.5 Generating alternate passive outputs for PHSD by change of Hamiltonian

resultant Dirac structure DP ◦ DI represented by the port-Hamiltonian system

ẋ = Jd(x)∇Hd(x) + g(x)fP + g̃R(x)f̃R, (6.89)
ẽP = g�(x)∇Hd(x), (6.90)
ẽR = g̃�R(x)∇Hd(x), (6.91)

where

Jd(x) = {I + g̃R(x)W�
1 (x)}J(x){I −N(x)J(x)}−1{I +W1(x)g̃�R(x)}. (6.92)

Consider next the Resistive structure given by

RI := {(f̂R, êR) ∈ FR ×F∗
R | f̂R = S̃RêR}, (6.93)

where S̃R = S̃�
R ≥ 0 is a p× p matrix that satisfies the relation

g̃RS̃Rg̃
�
R = {R+ g̃RW

�
1 J}{In −NJ}−1{In +W1g̃

�
R}. (6.94)

Then, the composition of the Dirac structure DP ◦ DI (represented by (6.89)-(6.91))
with the Resistive structure (6.93) yields the resultant structure DP ◦DI ◦RI which
represents the port-Hamiltonian system with dissipation given by

ẋ = [Jd(x) −Rd(x)]∇Hd(x) + g(x)fP , (6.95)
ẽP = g(x)�∇Hd(x), (6.96)

where the matrix Rd satisfies the equation (6.84).

Proof. We first show that the new port variables ẽS(= ∇Hd(x)), ẽP , ẽR satisfy
the equations (6.90), (6.91). For doing so, we consider the first equation of
(6.87) and evaluate the following:

ēS = N{f̄S+gf̄P+gRf̄R}+ẽS+W1ẽR, (6.97)
=>eS = −N{fS + gfP + gRfR}+ẽS+W1ẽR, (6.98)
=>eS = NJeS+ẽS+W1ẽR, (6.99)
=>ẽS = {In −NJ}eS −W1ẽR. (6.100)

We next consider the second equation of (6.87) and evaluate the following:

ēP = g�N{f̄S+gf̄P+gRf̄R}+ẽP+g�W1ẽR, (6.101)
=> eP = −g�N{fS+gfP+gRfR}+ẽP+g�W1ẽR, (6.102)

=> g�eS = g�NJeS+ẽP+g�W1ẽR, (6.103)
=> ẽP = g�{{In −NJ}eS −W1ẽR}, (6.104)
=> ẽP = g�ẽS , (6.105)
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where we have used (6.100) in (6.104) to obtain (6.105). We next consider the
third equation of (6.87) and evaluate the following:

ēR = g�RN{f̄S + gf̄P + gRf̄R} +W3ẽR, (6.106)
=> eR = −g�RN{fS + gfP + gRfR} +W3ẽR, (6.107)

=> g�ReS = g�RNJeS +W3ẽR, (6.108)
=> W3ẽR = g�R{In −NJ}eS. (6.109)

Next, substituting (6.100) in (6.109), we obtain that

{W3 − g�RW1}ẽR = g�R ẽS ,
=> {W3 − g�RW1}ẽR = {W3 − g�RW1}g̃�R ẽS, (6.110)

where we have used (6.88) to obtain (6.110). Since, the matrix {W3 − g�RW1}
has a full rank, equation (6.110) leads to (6.91). Next, by using (6.91) and
(6.100) we obtain that

ẽS = {In +W1g̃
�
R}−1{In −NJ}eS, (6.111)

=> ∇Hd(x) = {In +W1g̃
�
R}−1{In −NJ}∇H(x), (6.112)

which yields the relationship between the old and new Hamiltonian func-
tions.

We now consider the last equation of (6.87) and perform the following set
of computations,

f̃R = −W�
1 {f̄S + gf̄P} −W�

3 f̄R, (6.113)
= W�

1 {fS + gfP } +W�
3 fR, (6.114)

= W�
1 {−JeS − gRfR} +W�

3 fR, (6.115)
= {W�

3 −W�
1 gR}fR −W�

1 JeS, (6.116)
=> gRfR = g̃Rf̃R + g̃RW

�
1 Jes, (6.117)

where we have used the equation (6.88) to obtain (6.117). We next recall from
(2.33), (2.35) that

−fS = JeS + gfP + gRfR. (6.118)

Substituting (6.117) in (6.119) we obtain

−fS = {In + g̃RW
�
1 }JeS + gfP + g̃Rf̃R. (6.119)

Finally, using (6.111)-(6.112) in (6.119) yields equation (6.89).
If we now close the new resistive ports in (6.89) by imposing f̃R = −S̃RẽR

and use the relations (6.84), (6.94), we obtain (6.95) in a straight forward man-
ner which completes the proof. �
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6.6. Conclusions

Remark 6.9. The class of passive outputs for a PHSD can be enlarged by com-
bining the theory of Sections 6.2 and 6.5. The first step would be to modify
the Hamiltonian function and the interconnection, damping matrices to yield
the PHSD (6.95)-(6.96). The next step would then be to follow the procedure
outlined in Section 6.2 to generate new input-output pairs. It is clear that
this combined process would increase the scope of generating the desired
Casimir functions. In particular, for the MEMS optical switch example the
interconnection matrix J(x) lacked coupling terms between the electrical and
mechanical coordinates (see Remark 6.7) and hence the modification of the
interconnection matrix from J(x) to Jd(x) could possibly solve this problem.
However, the generation of new passive outputs via change of Hamiltonian
requires solving a set of partial differential equations (see (6.85) and (6.86))
which makes the method difficult to implement in practise.

6.6 Conclusions

We considered port-Hamiltonian systems with dissipation and showed that
when a new passive input-output pair is considered, the underlying Dirac
structure also changes. We defined a general class of new input-output pairs
which make the system passive, computed the new underlying Dirac struc-
ture and characterized the set of all achievable Casimirs for this new Dirac
structure. We then considered the special case where the original input is re-
tained and a new passive output is computed. We defined a general class of
new passive outputs for the PHSD and showed (on the basis of the achiev-
able Casimirs) the precise form of the so-called dissipation obstacle and how
the obstacle may be removed by changing the passive output. We reviewed
the well known “swapping the damping” approach used for computing new
passive outputs and showed that it can be obtained as a special case within
our general class of outputs. We then considered the examples of the RLC-
circuit and MEMS optical switch and studied the role played by the new class
of passive outputs in shaping the system’s energy. We finally studied the pos-
sibility of generating new passive outputs for PHSD by modifying as well the
Hamiltonian function and showed a constructive procedure for the same.
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