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Chapter 4

Elastic proton-deuteron scattering at
intermediate energies

4.1 Outline of the data analysis

The nucleon-nucleon potential (NNP) has been studied extensively by investigating the
properties of bound nuclear systems and, in more detail, viaa comparison of high-
precision two-nucleon scattering data with modern potentials based on the exchange of
bosons [5–9]. A measurement of the differential scatteringcross sections in the three-
nucleon systems like the proton-deuteron system is one of the tools used to study the
general nature of the 3NF. Precision data in a large energy interval for the differen-
tial cross section and analyzing power came from recent experimental studies at the
KVI [16–18], RIKEN [19] and RCNP [20]. All these experiments hadone common en-
ergy of 135 MeV/nucleon. Strikingly, the cross sections obtained at the KVI were found
to be significantly larger than those measured at RIKEN and at RCNP. The KVI data show
significant deviations from predictions of state-of-the-art Faddeev calculations incorporat-
ing modern NNPs and 3NPs at this energy, whereas the results obtained at RIKEN and
RCNP imply that the cross section can be described reasonably well exploiting the same
potentials.

This chapter presents the results of a new measurement of thedifferential cross sec-
tions of reaction2H(~p, dp) at a proton-beam energy of 135 MeV. These results are com-
pared with the previously published data taken at intermediate energies by performing, as
much as possible, a model-independent analysis of the energy dependence of the Nd cross
section at backward angles. The data are obtained at the KVI using BINA, which was de-
scribed in full detail in the previous chapter. In this chapter we focus only on the analysis
part of the experiment. Also, systematic uncertainties were controlled and studied by
measuring the inverse reaction1H(~d, dp) at a deuteron-beam energy of 65 MeV/nucleon
using the same experimental setup and analysis methods. Thedifferential cross section
at this energy is well-known and can, therefore, be exploited to verify independently the
read-out and analysis procedure, the applied detector inefficiencies, and the beam-current
measurement. Similarly, for both experiments, polarization observables have been mea-

39



40 Chapter 4. Elastic proton-deuteron scattering at intermediate energies

sured to check the quality of the data and the analysis procedure.

4.2 Event selection

The registered events in~pd and ~dp scattering experiments are a mixture of events origi-
nating from elastic and break-up reactions. For this experiment, events were selected in
which deuterons were detected in the forward part in coincidence with a scattered proton
in the backward part of BINA. For the~dp polarization data also a wall-wall coincidences
were required. In the analysis, a large part of the background, predominantly from the
break-up reaction, was reduced by verifying the kinematical correlation between the scat-
tering angle of the deuterons with that of the correspondingprotons. Figure4.1 shows
the correlation between the scattering angle of particles and their deposited energy in the
forward part of BINA. The top panel depicts data taken with a 135 MeV proton beam
impinging on a liquid-deuterium target, whereas the bottompanel shows data taken with
a 130 MeV deuteron beam hitting a solid organic CH2 target. For both panels, a coin-
cidence with the backward part of BINA was required. The dashed curves represent the
expected kinematics correlation based on energy and momentum conservation. The re-
actions2H(~p, dp) and 1H(~d, dp) can clearly be identified in the top and bottom panels,
respectively.

The differential cross section was obtained by counting events for several bins in the
scattering angle,θd. A bin size of 2◦ was chosen, which is significantly larger than the
experimental resolution. Furthermore, the data were corrected for the recoil effect by
transforming each event to the center-of-mass frame using the measured scattering an-
gle and using the assumption that each event originated froma deuteron with a mass of
1875.6 MeV. Figure4.2 shows the projected energy spectrum of selected events for the
elastic~d+ p reaction in the forward part of BINA for deuterons that scattered at an angle
between12◦-14◦. A clear peak atEc.m.

d =30 MeV corresponding to elastically scattered
deuterons can be observed on top of a small background from remaining events from the
break-up reaction and accidental coincidences. The full width at half maximum (FWHM)
of the distribution was found to be 2 MeV and stems from the energy resolution of the
scintillators of BINA. The background was estimated and subtracted using a 5th-order
polynomial fit together with a Gaussian distribution representing the true signal. The true
signal was identified and used to extract the cross section and analyzing powers.

4.3 Calculation of the cross section and analyzing powers

The selected events described in the previous section were used to calculate the differen-
tial cross section using the following formula

dσ

dΩ
=

Nq

LT ǫ Q ∆Ω

A

n t NA

, (4.1)
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Figure 4.1: The figure depicts the correlation between the scattering angle and the de-
posited energy for events registered in the forward part of BINA. The top panel corre-
sponds to data taken using a proton beam with an energy of 135 MeV impinging on a
liquid-deuterium target. The bottom panel shows data takenwith a deuteron beam of
130 MeV impinging on a solid organic CH2 target. For both panels, a coincidence with
a particle detected in the backward ball was required. The dashed curves represent the
expected kinematical correlation for a scattered deuteronof the elastic proton-deuteron
reaction.

where

N = The number of counts under the peak after background subtraction;

LT = The electronic live-time (45%);

Q = The total integrated charge collected in the Faraday cup (the beam current was 15 pA);

∆Ω = The solid angle of the detector (∆θ = ±2◦,∆φ = ±20◦);

ǫ = The efficiency (MWPC, live-time, hadronic reactions,....);

t = The target thickness, liquid deuterium (ρh = 65.1±3.3 mg/cm2);

t = The solid CH2 (ρh = 13.8 ± 0.2 mg/cm2);

NA = Avogadro’s number (6.02 × 1023);

A = The atomic mass of the target (4.028 amu);

n = The number of scattering centers of the target per molecule (2);

q = The charge of the projectile (1.6×10−19 C).
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Figure 4.2: The energy response of the detector of BINA placedat forward angles. The
peak stems from elastically-scattered deuterons at an angle of 12◦-14◦. The solid curve
represents a fit of the spectrum using a Gaussian function combined with a5th-order poly-
nomial representing the background. The dashed line shows the estimated background
contribution.

In the ~pd and ~dp scattering experiments, a liquid-deuterium target with a thickness of
3.85±0.2 mm (including the bulging) and a solid organic CH2 target with an effective
thickness of 13.8±0.2 mg/cm2 were used, respectively.

The cross section for H(~d, dp) reaction cab be written as [80]

σ(θ, φ) = σ0(θ)

[

1+
√

3pZiT11(θ) cosφ− 1√
8
pZZT20(θ)−

√
3

2
pZZT22(θ) cos 2φ

]

, (4.2)

whereθ andφ are the polar and azimuthal angles,iT11 is the vector-analyzing power and
T22 andT20 are tensor-analyzing powers.

The asymmetry ratio,σ
σ0

, as a function of the azimuthal angle,φ, has been used to
extract the analyzing powers. In the case of a beam which is purely vector polarized, one
expects a distribution that fluctuates around one with acosφ behavior. The amplitude of
this cosφ dependence can be used to extract iT11. For a pure tensor-polarized beam the
asymmetry ratio shows a different pattern. The amplitude ofthis cos 2φ dependence can
be used to extract T22, and T20 from the offset of thecos 2φ from one.
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Figure 4.3: The asymmetry ratio,σ
σ0

, for a vector-polarized deuteron beam (top panel)

and for a pure tensor polarized deuteron beam (bottom panel)for the 1H(~d, dp) reaction
at 65 MeV/nucleon.

Figure4.3 shows the asymmetry ratio,σ
σ0

, for a vector-polarized deuteron beam (top

panel) and for a pure tensor polarized deuteron beam (bottompanel) for the1H(~d, dp)
reaction at 65 MeV/nucleon. The amplitude of thecosφ modulation in the top panel
equals

√
3pZiT11 and the amplitude of thecos 2φ modulation in the lower panel equals

−
√

3
2
pZZT22. The offset from 1 in the lower panel equals− 1√

8
pZZT20. The polarization

value has been measured independently using the LSP, which yielded pZ = −0.570 ±
0.015 and pZZ = −1.560± 0.032. In the case of the2H(~p, dp) reaction, we used a similar
procedure. For this reaction, pZ was found to be 0.570± 0.02.

4.4 Systematic uncertainties and efficiency corrections

The main uncertainty in the differential cross section stems from the uncertainty in the
target thickness measurements which was 5%. The uncertainty of the current determi-
nation was about 2% (Ch.3). The efficiency of the coincidence hardware trigger was
determined from a data sample obtained from a minimum-bias trigger and found to be
98±1%. The detection efficiency of the MWPC was obtained by using an unbiased and
nearly background-free data sample of elastically-scattered deuterons and was found to
be typically 98% with an absolute uncertainty of 1%.
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A part of the background stems from elastically-scattered deuterons which undergo a
hadronic interaction inside the scintillators. These events cannot be separated easily from
the background from the break-up reaction and their contribution has, therefore, been es-
timated and corrected for by analyzing part of the data for which stringent kinematical
cuts have been applied and for which the break-up backgroundis found to be negligible.
This is illustrated in the top panel of Fig.4.4. This scatter plot shows the correlation
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Figure 4.4: The top panel shows the measured energy of elastically scattered protons
versus the energy of the corresponding deuterons. The lowerpanel is a projection of the
spectrum in the top panel on theEd axis. The histogram with the solid line represents the
data and the dashed line is the result of a MonteCarlo simulation based on the GEANT3
framework. The tail on the left-hand side of the peak corresponds to deuterons which
have undergone a hadronic interaction.

between the energy deposited in one of the scintillators at forward angles and in one of
the phoswich detectors of the backward part of BINA whose centroid is located at the
angle of 125◦. A clear correlation can be observed that corresponds to a background-free
observation of the elastic~p + d channel with deuterons detected at forward angles in co-
incidence with protons detected at backward angles. The tail on the left-hand side of a
very dense set of data points (“blob”) corresponds to deuterons which have undergone
a hadronic interaction inside the forward scintillators. Similarly, the tail underneath the
“blob” is due to protons which have undergone hadronic interactions inside the phoswich
scintillator at the backward part of BINA. The histogram withthe solid line in the bottom
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panel of Fig.4.4 is the projection of the scatter plot onto the Ed axis. The histogram with
the dashed line is the result of a MonteCarlo simulation usingthe GEANT3 framework
incorporating the GEISHA model [89] for the hadronic interactions. Although the mea-
sured and simulated energy distributions are not in perfectagreement, the total fraction
of events which suffer from a hadronic interaction is in bothcases about 16% with an
uncertainty of 2%. This means that the fraction of deuterons, Fr, which deposit their full
energy in the forward wall scintillators of BINA is about 84%.Furthermore, simulations
predict that this fraction is practically energy and, therefore, scattering-angle independent.
However the fraction,Fr, depends on the particle type. Figure4.5 shows the results of
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Figure 4.5: The fraction of particles, in %, which deposit their full energy in the forward
wall scintillators of BINA for protons and deuterons as a function of the scattering angle
in the center-of-mass frame. The circles correspond to deuterons and squares to protons.

the measuredFr for the scattered protons and deuterons entering the forward wall scintil-
lators of BINA as a function of the scattering angle in the center-of-mass frame of thepd
elastic scattering reaction. The energy of the particles inthe considered range is between
95 MeV and 115 MeV for the deuterons and between 109 MeV and 130MeV for the
protons. The circles correspond to deuterons and squares toprotons. For both particles
Fr varies at most by 2% within the angular range accepted by our detection system. The
difference between theFr for protons and deuterons can be explained by the fact that the
deuteron is a weakly boundp − n system and, therefore, it interacts hadronically more
than a proton of the same energy.
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Table 4.1: The relevant input parameters that used in the analysis of the elastic~dp and~pd
scattering reactions.

For~pd scattering experiment
Beam particles Polarized protons
Energy 135 MeV
Target Liquid deuterium
Average beam current 15 pA
Target thickness 65.07 ± 3.25 mg/cm2

Polar angle coverage 13◦ < θlab < 27◦

125◦ < θc.m. < 153◦

For ~dp scattering experiment
Beam particles Polarized deuterons
Energy 65 MeV/nucleon
Target solid CH2

Average beam current 30 pA
Target thickness 13.8 ± 0.2 mg/cm2

Polar angle coverage 14◦ < θlab < 24◦

43◦ < θc.m. < 79◦

Common in~dp and~pd scattering experiments
Average efficiency of MWPC for deuterons98%±1%
Average hadronic efficiency for deuterons 84%±2%
Average live-time of the acquisition 45%

The estimated systematic uncertainty
Target thickness (liquid deuterium) 5%
Target thickness (solid CH2 ) 3%
Current meter 2%
Efficiency of coincidence hardware trigger1%
Efficiency of MWPC for deuterons 1%
Efficiency of hadronic interaction 2%
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Figure 4.6: The elastic-scattering cross section of the~pd reaction at 135 MeV as a function
of time for various bins in angle. By fitting a constant line, anaverage value of the cross
section for every angle is extracted.

In our analysis, we assumed that the various efficiencies corrected for to arrive at the
cross section do not change during the course of the experiment. To check for additional
systematic uncertainties caused by, for instance, fluctuations of the detection efficiencies
in the course of time, the experimental data were divided into time bins consisting of a
small portions of an hour. The value for the elastic-scattering cross section for every hour
and for different scattering angles were obtained. Figure4.6shows the value of the cross
section for several angles as a function of time for~pd elastic scattering at 135 MeV. The
fluctuations of the cross section in the course of the experiment are very well within the
statistical error bars. A zero-th order polynomial fit givesaχ2/NDF ∼1 for each angle
for the entire experiment.

The relevant input parameters that used in the analysis of the elastic~dp and~pd scat-
tering reactions is summarized in Tab.4.1.

4.5 Results and discussion

Figure4.7summarizes the measured cross sections and analyzing powers for the1H(~d, dp)
reaction at a beam energy of 65 MeV/nucleon and as a function of the center-of-mass an-
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Figure 4.7: The differential cross section, vector, and tensor-analyzing powers of the elas-
tic ~d + p reaction atElab

d =130 MeV as a function of the center-of-mass angle,θc.m.. In
each panel, solid circles are data from this work. The horizontal dark gray bands at the
top of the panels represent the systematic uncertainty (2σ) for every data point. The tri-
angles in top-left panel represent cross-section data taken at RCNP [21]. The open circles
and open squares in the other panels are analyzing power datataken at KVI [23] and
at RIKEN [22], respectively. The dark gray bands correspond to calculations including
only two-nucleon potentials. The light gray bands represent calculations including an
additional Tucson-Melbourne TM’ three-nucleon force [66]. The solid lines correspond
to results of a Faddeev calculation using the AV18 two-nucleon potential [6] combined
with the Urbana-Illinois X (UIX) three-nucleon potential [67]. The dotted line represents
the results of a coupled-channel calculations (CDB+∆). The dashed line represents the
results of CDB+∆ calculation including the Coulomb force [73].

gle, θc.m. at forward angles. The results of the measured analyzing powers for backward
center-of-mass angles are shown in Fig.4.8. The systematic uncertainty of the measured
differential cross sections and analyzing powers is estimated to be 5% and 4.5%, respec-
tively. The data of this experiment are shown as filled circles and are compared with
published cross-section data taken at RCNP [21] and various polarization data obtained
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at KVI [23] and at RIKEN [22]. The latter data have been analyzed by the experimental
group at KVI. The new results are in a good agreement with the previously published
data. This demonstrates that the experimental setup and thedata-analysis procedure are
well understood. The dark gray bands correspond to calculations including only two-
nucleon potentials. The light gray bands represent calculations including an additional

Figure 4.8: The same as Fig.4.7for the backward angles. Cross sections are not measured
for these angles. Our data (filed circles) obtained by a coincidence measurement between
a proton and a deuteron both detected at the forward wall of BINA.

Tucson-Melbourne TM’ three-nucleon force [65]. The solid lines correspond to results
of a Faddeev calculation using the AV18 two-nucleon potential [6] combined with the
Urbana-Illinois X (UIX) three-nucleon potential [67]. Thedotted line represents the re-
sults of a coupled-channel calculations (CDB+∆). The dashed line represents the results
of CDB+∆ calculation including the Coulomb force [73].

Figure.4.9shows our results (filled circles) for the vector analyzing power (left panel)



50 Chapter 4. Elastic proton-deuteron scattering at intermediate energies

and the differential cross section (right panel) of the2H(~p, dp) reaction at a beam energy
of 135 MeV and as a function of the center-of-mass angle,θc.m.. The error bars for
all symbols represent statistical uncertainties, which, in most cases, are smaller than the
symbol sizes. The measured analyzing powers, shown in the left panel of Fig.4.9, are
compared to previously-published KVI data from Ref. [16] (open squares). The two data
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Figure 4.9: The left panel shows the results for the analyzing power of the2H(~p, dp) reac-
tion. The present work is represented by filled circles and the previously published KVI
data [16] are shown by open squares. The right panel shows thecorresponding measure-
ment of the differential cross section. Our results are represented by filled circle and are
compared to data published in Refs. [16–18] and [19]. The error bars represent statistical
uncertainties. The solid curves represent the results of a coupled-channel calculation by
the Hannover-Lisbon theory group and are based on the CD-Bonn potential including the
Coulomb interaction and an intermediate∆-isobar. The results of a similar calculation,
however, excluding the∆-isobar, are shown as dashed curves.

sets are in good agreement and their comparison gives, therefore, confidence in the qual-
ity of our data. Note, however, the striking discrepancy between the previously-published
KVI [17] (open squares) and RIKEN [19] (open triangles) differential cross sections as
shown in the right panel of Fig.4.9. The systematic uncertainties of the cross section
measurements are 2% for the RIKEN data, 4.5% for the previously-published KVI data,
and 6% for the data discussed in this section. Our results fall between these two data
sets and differ significantly from the previous measurements. Given the published errors,
the discrepancy is much larger (8σ’s) with RIKEN data than with the previous KVI data
(3.5σ’s). The solid and dotted curves represent the results of theFaddeev calculations
by the Hanover-Lisbon theory group. The RIKEN data set would imply that the theoret-
ical description of this three-nucleon process is well understood, whereas, the KVI data
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indicate that not all the ingredients are incorporated yet in the models. The observed dis-
crepancy between data and theory could originate from the fact that the predictions are
solutions of the non-relativistic Lippmann Schwinger equations, which would imply that
not all relativistic effects are included consistently.

4.6 The energy dependence of the proton-deuteron elas-
tic scattering cross section

The observed inconsistency for the differential cross section, as shown in Fig.4.9, initi-
ated a discussion within the nuclear-physics community on the reliability of the experi-
mental data and on how to interpret the data in terms of the underlying physics, such as
3NP effects. It is, therefore, of importance to review theseobservations with respect to
three-nucleon scattering data taken at other energies. Themost generic approach would
be to perform a partial-wave analysis (PWA) of all availablethree-nucleon scattering data
similar to what has been done for the nucleon-nucleon scattering data by the Nijmegen
group. Such an analysis would provide an independent judgment of the quality of vari-
ous data sets. At present, a PWA in the three-nucleon sector is still a technical challenge
which, so-far, has not been pursued and which is outside the scope of this thesis. Instead,
we have carried out a systematic study of the energy dependence of all available cross
sections in elastic proton-deuteron scattering with respect to state-of-the-art calculations
by the Hanover-Lisbon theory group. Part of this study is presented in Fig.4.10, Fig.4.11
and Fig.4.12. Since the description of the NN potential is considered as state-of-the-art,
we have compared the results with respect to the predictionsbased on NN potentials (top
panel in Fig.4.10). The remaining discrepancy is, hence, due to higher-ordereffects, such
as the 3NF. With this, we have emphasized the “problem”. The only assumption we made
is that we expect the remaining differences to vary gradually as a function of the incident
energy, e.g. assuming that there are no narrow resonance or interference patterns to be
expected. We could also have chosen to ignore the calculations and only show the cross
section - dividing out phase space factors to illustrate thedifferences - as function of the
incident energy. The conclusions will be the same.

The top panel of the Fig.4.10shows the relative difference between the model predic-
tions excluding the∆ isobar contribution and data taken at a fixed center-of-massangle
of θc.m.=140◦. The data points were extracted from a polynomial fit througheach angular
distribution. The error bars correspond to a quadratic sum of the statistical and systematic
uncertainties of each measurement. We have made a straight-line fit through the data,
excluding the measurements performed at the KVI, RIKEN, and RCNP. Including the
KVI data in the fit will, however, not change the conclusions (see Fig.4.12). Fig. 4.11
represents results of a similar study done forθc.m.=130◦. The shaded bands show the fit
functions including their errors, which are calculated based on the correlation matrix of
the fit parameters. Note the rapidly increasing discrepancywith energy between data and
the predictions based on a high-quality two-nucleon potential. At 135 MeV/nucleon the
deviation is already more than 50%, which is supported by ourdata. Based on the RIKEN
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Figure 4.10: The relative difference between the calculations by the Hanover-Lisbon the-
ory group and the measured cross sections for the elasticp + d reaction as a function of
beam energy forθc.m. = 140◦. The top panel shows the differences with a calculation
based on the CD-Bonn potential and the Coulomb interaction, whereas for the bottom
panel an additional∆ isobar has been taken into account. Open squares are data from
Ref. [17], open triangles are data from Refs. [19,21,24,90], stars are from Ref. [25], dia-
monds are from Ref. [26], open crosses are from Ref. [27], open circles are from Ref. [31],
open stars are from Ref. [91], crosses are from [92], and the filled circles are from this
work. The shaded band represents the result of a line fit through the data excluding the
results obtained at KVI, RIKEN and RCNP. The width of the band corresponds to a 2σ
error of the fit.

data one would conclude that the large deviation can be resolved at 135 MeV/nucleon
by including the∆-isobar effect, as demonstrated in the bottom panels of Fig.4.10and
Fig. 4.11. However, if this is true, it would imply that almost all experiments must suffer
from a normalization problem. A similar study has been done for other center-of-mass
angles,θc.m., between 125◦ and 155◦, leading to the same observation and conclusion.

4.7 A study of the cross-section scaling

A study of the cross section for different beam energies and as a function of Mandelstam
variables provides a way to check for the data consistency and to search for scaling in-
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Figure 4.11: Same as Fig.4.10except forθc.m. = 130◦.

variances. The Mandelstam variables are Lorentz invariantand describe the kinematics of
reactions with particles. Originally the variables were introduced by Mandelstam [93] to
describe two-body elastic scattering amplitudes in terms of dispersion relations as a func-
tion of two complex variabless andt. Mandelstam variables are widely used to describe
the kinematics of two-body final states viewed as two incident and two outgoing systems.
Labeling the incident particles with 1 and 2, the outgoing systems with 3 and 4 and using
four-momentum conservation, one can define the Mandelstam variables as follows

s = (p1 + p2)
2 = (p3 + p4)

2, (4.3)

t = (p1 − p3)
2 = (p2 − p4)

2, (4.4)

u = (p1 − p4)
2 = (p2 − p3)

2, (4.5)

wherep1 andp2 are the four-momenta of the incoming particles andp3 andp4 are the
four-momenta of the outgoing particles. The variables corresponds to the square of the
center-of-mass energy (invariant mass) andt the square of the momentum transfer. The
variabless, t andu satisfy the relation

s+ t+ u = (m1)
2 + (m2)

2 + (m3)
2 + (m4)

2 = constant. (4.6)

The letterss, t andu are also used in the termss-channel,t-channel andu-channel.
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Figure 4.12: Same as Fig.4.10except that the KVI data points are included in the fit.

These channels represent different Feynman diagrams or different scattering reaction
types where the interaction involves the exchange of an intermediate particle whose
squared four-momentum equalss, t or u.

Figure 4.13: Feynman diagrams representing thes-channel,t-channel andu-channel.

For example thes-channel corresponds to particles 1,2 joining into an intermediate
particle that eventually decays into 3 and 4. Thes-channel is the only way that resonances
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and new unstable particles may be discovered unless their lifetime is long enough that
they are directly detectable. Thet-channel represents the process in which particle 1
emits an intermediate particle and becomes the final particle 3, while particle 2 absorbs
the intermediate particle and becomes particle 4. Theu-channel is similar to thet-channel
with the roles of the particles 3 and 4 interchanged.

For a two-body reaction, the differential cross section,dσ
dt

, can be written as

dσ

dt
=

1

64πs

1

| p1cm |2
| M |2, (4.7)

whereM is the Lorentz-invariant matrix element andp1cm is the three momentum of
particle 1 in the center-of-mass frame. In the center-of-mass frame,t can be written as:

t = m1
2 +m3

2 − 2E1E3 + 2p1cm · p3cm, (4.8)

with m1, m3 being the rest masses,E1, E3 being the total energy, andp1cm andp3cm

being the momenta of particles 1 and 3 in the center-of-mass,respectively. In the elastic
scattering process,m1=m3, p1cm = p3cm andt can be simplified as:

t = 2p2
1cm(cos θc.m. − 1), (4.9)

whereθc.m. is the angle between particles 1 and 3 in the center-of-mass frame.
The cross section of the elastic proton-deuteron scattering process as a function of

angle shows that scattering at small angles (low-momentum transfer) is dominated by the
direct term in the two-nucleon potential which is predictedrather well by the calcula-
tions using only two-nucleon forces. At backward angles (large momentum transfer), the
nucleon-exchange term in the two-nucleon potential is responsible for the increase of the
cross section. In these two regions, the effects of the three-nucleon forces are predicted
to be small. At intermediate angles, where the cross sectionhas a minimum, one expects
the effects of the three-nucleon forces to be the largest as shown in Ref. [94].

According to Eq. (4.7), the cross section can be expressed as a multiplication of the
invariant matrix element with a phase space-factor which has a large variation with the
incident beam energy. The dynamical part of the cross section, i.e. the square of the
invariant matrix elements, can be obtained and studied by taking out the phase-space
dependence by multiplying the cross section withp2s, wherep is the momentum of the
incident beam ands is the total center-of-mass energy. This is done for the calculations
and the data shown in Fig.4.14for a large number of bombarding energies between 70
and 250 MeV where the square of the invariant matrix element is plotted against the
Mandelstam variable,t.

Several features can be observed in the Fig.4.14. At low values of −t, <
0.150 (GeV/c)2, one observes a scaling for all incident energies. This implies that the
dynamical part of the cross section predominantly depends on momentum transfer and
that it has a very small energy dependence. It is exactly in this region where one could
expect all the experiments to agree with each other (modulo asmall energy dependence).
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Figure 4.14: The elastic-scattering cross section dividedby the phase-space factor as a
function of t, for a number of incident beam energies between 70 and 250 MeV. In the
top panel the results of the calculations using the CD-Bonn potential are shown [5], while
in the middle panel, the effect of the three-nucleon force has also been added [73]. All
calculations include the Coulomb force. The bottom panel shows the same but for the
experimental data of Refs. [17,19,21,24–27,31,90–92].

For intermediate values oft, 0.150 < t < 0.300 (GeV/c)2, one enters the region of the
cross section minimum. In this region, the results of the calculations including the three-
nucleon force show indeed that the 3NF effect is as large as 50% in the minimum. How-
ever, the energy dependence of the effect is again very smallin the energy range above
100 MeV (see the middle panel). The bottom panel in Fig.4.14shows the experimentally-
obtained square of the invariant matrix element. Each line corresponds to a fit through the
data for a given energy. The width of this band is generally explained by the systematic
uncertainties quoted by various experiments. The top and middle panels in Fig.4.14show
that the square of the invariant matrix elements at the energy of 135 MeV must reside in-
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Figure 4.15: The figure shows a small area at low-momentum transfer for calculation and
experimental results from Fig.4.14.

side a narrow band. Figure4.15zooms into a small area at low-momentum transfers for
calculations and experimental results shown in Fig.4.14. As shown in Fig.4.15, the two
data sets at 135 MeV, which disagree with each other, reside on the two extreme sides of
the band (the KVI data above and the RIKEN data below the band).

Similarly, one can study the dependence on the Mandelstam variable,u as shown in
Fig.4.16. This variable represents the exchange-momentum transferof the recoil particle.
The conclusions are again the same, namely scaling as in Fig.4.14, but for backward
angles. Even though the region of scaling is smaller than forthe t variable, since the
exchange term is more sharply peaked at backward angles thanthe direct term at the
forward angles, one can still use this region to judge the absolute normalization of the
various data sets. Figure4.17 shows that the two recent data sets at 135 MeV which
disagree with each other reside on the two sides of the band (the KVI data above and
the RIKEN data below the band inu as well as in thet channel). One should note that
this simple “scaling” breaks down for energies below 100 MeV. This can be explained by
the fact that the de-Broglie wavelength is getting so large that coherence effects become
important.
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Figure 4.16: The same as the Fig.4.14, but for theu channel.
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Figure 4.17: The same as the Fig.4.15, but for theu channel.
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