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Chapter 2

Theoretical background

Scattering of a nucleon off another nucleon is a tool for probing the subatomic domain.
The results of the nucleon-nucleon (NN) scattering experiments are used to study the
forces between nucleons, the so-called nuclear force. Although quantum chromodynam-
ics (QCD) is able to describe the structure of hadrons in termsof quarks, it is not able
to relate the interaction between nucleons to the fundamental quark-quark interaction. In
the low-energy regime of QCD, the degrees of freedom are no longer quarks and gluons,
but rather nucleons and mesons. Chiral perturbation theory (χPT) is an effective field
theory constructed with a Lagrangian consistent with the (approximate) chiral symmetry
of QCD, as well as with the other symmetries of parity and charge conjugation.χPT is
a theory which allows one to study the low-energy dynamics ofQCD. The available nu-
clear potentials are built up by making use of experimental data orχPT, the parameters
of which are fitted to experimental data. There are a few high-quality nucleon-nucleon
potentials (NNP) and a Partial-Wave Analysis (PWA) which are obtained using the large
data set of NN scattering experiments up to 350 MeV. These potentials are able to describe
the world data set of the two-nucleon system with a reducedχ2 ≃ 1.

The obtained experimental data for the three-nucleon systems cannot be described on
the basis of the modern NNPs alone. A few theoretical groups have attempted to add extra
terms,like the addition of a static∆ to the Hilbert space of the two nucleons, to the NNPs
to make it compatible with the experimental results in the three-nucleon system. The so-
called three-nucleon force (3NF) effects can partly resolve the discrepancies between the
data and the predictions. However, the problem of finding a potential which can describe
all the results of the systems with more than two nucleons is still unsolved. The study of
a system with three or more nucleons has its difficulties which will be addressed in the
following sections. Also experimentally it is a challenge to find observables or reaction
channels which are sensitive enough to study 3NF effects. A four nucleon system like
deuteron-deuteron has more sensitivity to the three-nucleon force effects than the proton-
deuteron system. Therefore, it can be used to study 3NF effects in much more details.

This chapter is devoted to briefly describe the quantum mechanical theory of scat-
tering. In addition, an overview is given of the descriptionof the nuclear force in two-
nucleon systems and its extension to more than two nucleons.
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8 Chapter 2. Theoretical background

2.1 Scattering formalism for a two-body system

The derivations and notations of Refs. [50–52] are used in this section.
In the scattering of one nucleon off another nucleon, it is assumed that a wave packet

which describes the projectile, approaches a wave which describes the target in the labo-
ratory frame. In the non-relativistic limit and in the center-of-mass frame, the dynamics
of the wave function before scattering is the solution of theSchr̈odinger equation

i~
∂

∂t
|φ(~x, t)〉 = H0|φ(~x, t)〉, (2.1)

where H0 = − (~)2

2m
∇2 is the Hamiltonian of a freely moving particle. The general solution

of Eq.2.1 is
|φ(~x, t)〉 = e−iH0t|φ(~x)〉, (2.2)

where|φ(~x)〉 is the time-independent wave function of the unperturbed state.
As soon as the wave packet approaches the interaction region, the time evolution of

the state is given by

i~
∂

∂t
|ψ(~x, t)〉 = H|ψ(~x, t)〉, (2.3)

with the HamiltonianH = H0 + V , whereV is the interaction potential. A general
solution is given by

|ψ(~x, t)〉 = e−iHt|ψ(~x)〉. (2.4)

In the absence of any potential, the scattering state|ψ(t → 0)〉 must be equal to a free
state, i.e,|φ(t→ 0)〉, with the same energy which implies that

lim
t→−∞

‖ exp−iHt/~ |ψ〉 − exp−iH0t/~ |φ〉‖ = 0. (2.5)

The relation between the scattering and the free states can be written as [51]

|ψ±〉 = lim
ǫ→0

iǫ
1

E −H ± iǫ
|φ〉. (2.6)

We can defineG± = 1
E−H±iǫ

as the resolvent or Green’s function for the Helmholtz
equation

(∇2 + k2)G±(~x, ~x′) = δ(~x− ~x′). (2.7)

In a system where particles interact via a potentialV , the Green’s function is given as

1

E −H ± iǫ
=

1

E −H0 ± iǫ
+

1

E −H0 ± iǫ
V

1

E −H ± iǫ
= G0 +G0V G, (2.8)

whereG0 = (E − H0 ± iǫ)−1 is the free-particle propagator. By inserting Eq.2.8 into
Eq.2.6and knowing thatiǫG0|φ〉 = |φ〉, we get theLippmann-Schwinger Equation(LSE)

|ψ±〉 = |φ〉 +G0V |ψ±〉. (2.9)
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+ +t = + ....

+ +V = = + ....

Figure 2.1: Thet operator is represented by the series of diagrams and the potential in
terms of meson scattering.

In the region far from the interaction point, the wave function 〈~x|ψ±〉 is a combination of
the incident wave〈~x|φ〉, and an outgoing (incoming) spherical wave corresponding to the
positive (negative) solution.

In the scattering process, we are interested in the transition of the initial state to a final
state via the intermediate state,|ψ+〉. The transmutation operator,t, is defined by

V |ψ+〉 ≡ t|φ〉. (2.10)

Multiplying the LSE byV from the left results in

t = V + V G0t. (2.11)

The matrix elements of the transition operator in the momentum space are used to obtain
the cross section

dσ

dΩ
∝ |〈p′|t(E + iǫ)|p〉|2. (2.12)

The state|p〉 defines the energy and the direction of the beam and the state|p′〉 is defined
by the direction in which the detection system is placed. Energy conservation implies that
E = p′2

2µ
= p2

2µ
whereµ is the reduced mass of the system. If the energy is not conserved

(off-shell particles) thenE 6= p′2

2µ
6= p2

2µ
. Thet-matrix can be evaluated iteratively (Born

series) by
t = V + V G0V + V G0V G0V + V G0V G0V G0V + ... (2.13)

This can be shown diagrammatically for a system with two nucleons as shown in Fig.2.1.
The potentialV is represented by the wiggled lines and can be expanded in terms of
meson scattering represented by dashed lines. The observables for two-nucleon scattering
are derived with the on-shellt-operator. There are several nucleon-nucleon interaction
models which are able to describe an identical data base of NNscattering data with a
χ2 per datum∼ 1. This means that the on-shell matrix elements of the NN transition
matrix are essentially equal. This does, however, not implythat the models for the NN
interaction underlying these descriptions are identical.Moreover, the off-shell properties
of each potential may be rather different. Data based on a two-nucleon scattering are not
sensitive the off-shellt-matrix. Systems that are composed of more than two particles,
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such as the three nucleon scattering process are more advantageous to restrict the off-
shell matrix elements. Note, however, that the off-shell behavior is not an observable and
its elements are, therefore, model dependent.

2.2 Three- and four-nucleon scattering

In scattering experiments likep+ d or d+ d, we need to consider other possible channels
like break-up and transfer channels in addition to the elastic channel. In the elastic chan-
nel, particles in the initial and the final state are the same.Therefore, in the region far from
the interaction point and in spherical coordinates, the wave function has the form [51]

ψ(r, θ, φ) −→ eikz + f(θ, φ)
eikr

r
. (2.14)

The eikz term represents the incident plane wave and part of the incident beam that is
unscattered. The spherical wave,eikr

r
, describes the scattered nucleons, andf(θ, φ) is

the scattering amplitude of scattering to the direction(θ, φ) and is called the scattering
amplitude. The scattering amplitude describes the angulardependence of any outgoing
spherical wave and its determination is the goal of the scattering experiments. The wave
number in the center-of-mass is represented byk.

It is possible that the reaction products differ from the initial particles. As an example
one can refer to neutron-transfer,~d+d −→ p+ t, and proton-transfer,~d+d −→ n+3He,
channels in deuteron-deuteron scattering. Since there arestill two particles in the final
state, in the region far from the interaction point, we can reformulate Eq.2.15to express
the wave function as follows [51]:

ψ(r, θ, φ) −→ φ(0)eik0z + φ(1)f(θ1, φ1)
eik1r1

r1
+ φ(2)g(θ2, φ2)

eik2r2

r2
. (2.15)

Each channel is described by a spherical wave which is multiplied by a functionφ(i) that
describes the internal motion of the particles. The relative momentak1, k2 of the decay
channels are not the same due to the difference of the internal motion.

Proton-deuteron or deuteron-deuteron scattering experiments at intermediate energies
lead to break-up channels in which a deuteron splits into a proton and a neutron. As a
result, there will be more than two particles in the final state. The appearance of more
than two particles in the final state brings some difficultiesin the study of the scattering
procedure which are explained in the following.

For simplicity we consider the three-body break-up channel. As illustrated in Fig.2.2,
particles 2 and 3 are in one of the bound states of a system containing these two particles
before scattering. After scattering, the bound system is broken and these two particles are
in one of the continuum scattering states. It means that the number of final states in the
break-up scattering is much larger than in the case of two particles in the final state. The
second problem is that the interaction between particles cannot be confined. This problem
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Figure 2.2: A schematic diagram of the break-up reaction which leads to three free par-
ticles in the final state. The solid ellipse on left-hand siderepresents a bound system
containing particles 2 and 3 and the dashed ellipse on the right-hand side symbolizes that
the bound system of particles 2 and 3 is broken.

Figure 2.3: A schematic diagram of the first step in the break-up reaction in which a
two-particle excited state is produced.
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Figure 2.4: A schematic diagram of the second step in the break-up reaction in which a
two-particles excited state decays (left-hand panel) and the third step (right-hand panel)
in which particles fly out but still have final state interactions.

can be can be seen in the following way. The scattering processes can have three steps
as it shown in Figs.2.3 and2.4. Figure2.3 shows the first step, in which the subsystem
(2,3) is formed in an excited state. In the second step, the left-hand side of Fig.2.4, the
exited state decays and one of the particles, let’s say particle 2, emerges in the direction
of particle 1. When particle 2 approaches particle 1, it rescatters from it, as illustrated on
the right-hand side of Fig.2.4. Therefore, the interaction which forms the final state is not
localized to a small region around the center-of-mass and itcan take place everywhere in
the three-dimensional space. Also, due to the difficulties described previously, there is no
simple way to impose a time-independent boundary conditionwhich connects the initial
and the final states.

In spite of all above-mentioned difficulties, the problem ofthree-particle scattering
system is solvable by employing the Faddeev equations [50, 53]. The Faddeev equations
are the non-perturbative formulation of the three-body problem. Faddeev equations need
a potential as input. The potential describes the interaction between two individual parti-
cles.

2.3 The nucleon-nucleon potential (NNP)

Yukawa received the Nobel Prize in physics in 1949 for predicting the existence of what is
now known as theπ meson. Yukawa argued in 1935 [1] that the nuclear force is carried by
a particle with a mass approximately 200 times that of an electron. The Yukawa potential
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has the form

V (r) =
−g2e−mr

r
, (2.16)

wherem is the mass of the field mediator (exchanged meson) and the constantg is a real
number and is called the coupling constant. The coupling constant determines the strength
of an interaction andm the range of the force. The meson-nucleon coupling constantcan
be determined from the experimental data via a phase-shift analysis.

In general, the NN potential can be divided into three ranges. The long-range part
(r > 2 fm) is dominated by one-pion exchange. The intermediate-range part of the nuclear
force (1 fm < r < 2 fm) comes mainly from exchange of two poins and heavier mesons.
The hardcore in the interaction (r < 1 fm)is made of heavy mesons exchanges and multi-
pion exchanges [10].

A few NN potentials were developed in the 70’s and 80’s and were all based on the
meson-exchange theory. These were the Paris [54–56], Bonn [57], Nijmegen-78 [58]
and Argonne-V14 [13] potentials. The meson-nucleon coupling constants are considered
free parameters and are obtained via fitting the potentials to the world data set of NN
scattering. The quality of the fits was given by a reducedχ2 & 2 which came mostly
from a fairly large number of bad data points that were included in the world database
collection. Around 1990, the Nijmegen group developed their energy-dependent phase-
shift [59, 60] and multi-energy partial-wave analysis PWA [7, 61]. The difference to the
former phase-shift analysis was that their phase-shift analysis could use the scattering data
in a large range of incident-beam energies and the pion-nucleon coupling constant could
be extracted from the scattering data very precisely [62]. The so-called “bad data” were
discarded by a statistical analysis of world’s dataset of NNscattering experiments. Based
on this partial-wave analysis, a number of so-called high-quality potentials were devel-
oped, namely, Nijmegen-I, Nijmegen-II and Reid93 [8]. In these high-quality potentials,
the meson-coupling constants are fitted to the database of experimental nucleon-nucleon
scattering for each partial wave separately, except for thepion-nucleon coupling constant.
Note that for large angular momentum, only the pion contributes and all partial waves are
consistent with that coupling alone. The quality of the fits of these potentials is given by
a reducedχ2 ≈ 1 and it is possible to calculate rather precisely nucleon-nucleon scatter-
ing observables up to energies of≈ 300 MeV [63]. Also for the Bonn potential, which
was built on a meson-exchange principle, a parameterization in each partial wave was
used and its successor, CD-Bonn [5], was fitted to the NN scattering database which also
resulted in a reducedχ2 ≈ 1.

The high-quality potentials mentioned here were all constructed with the purpose
of calculating two-nucleon scattering observables. Another potential, the Argonne-V18
(AV18) [6], was constructed as an input for Green’s functionMonte-Carlo calculations of
nuclear matter, and is built along the same lines as the otherpotentials. The four additional
terms in the AV18 potential are charge-independence breaking terms.

All these so-called high-quality potentials, Nijmegen-I,Nijmegen-II, Reid93, CD-
Bonn and AV18 contain≈ 40 fit parameters. The results of all these potentials for two-
nucleon observables agree with each other, but the potentials show different off-shell
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effects. However, these cannot be measured experimentally. Since the coupling constants
are fitted in each partial wave, their physical content is meaningless [8] and apart from the
OPE, the potentials are in large part based on phenomenology.

The chiral perturbation theory (χPT) [38] is a new approach for studying the NN
interactions. In this framework, all nuclear forces such as2NF, 3NF, and 4NF are included
simultaneously and consistently. In this approach, the potential among any number of
low-energy nucleons is expanded in powers of nucleon momenta, Q/Λ, and the pion
mass,mp/Λ, scaled by a characteristic mass,Λ, of order of 1 GeV.

2.4 Three-nucleon force (3NF) models

The existence of three-nucleon forces (3NF) in the framework of meson exchange was
predicted in an early study of many-body interactions in atomic and nuclear systems [64].
Fujita and Miyazawa described the 3NF with two-pion exchange (TPE) between three
nucleons with an intermediate excitation of one nucleon into its first excited state, the
∆-isobar [14]. 3NFs appear when more than two nucleons are present and interact with
each other in a non-separable and irreducible way.

At present, the most commonly used 3NF models are the upgraded Tucson-Melbourne
(TM99) [65, 66], UrbanIX [67] and Brazil 3NP [68] forces. The TM99 3N force relies
on a low momentum expansion of the off-shellπN scattering amplitude, which is a mod-
ification of the original version [65] removing a term which was in conflict with chiral
symmetry [69]. This force also incorporates, among other dynamical ingredients, the ef-
fect of an intermediate (static)∆. Furthermore, it includes s-wave contributions in theπN
system. The Urbana IX 3N force is a pure 2π-exchange which is used together with AV18
NN-potential to fix the binding energy of the first few light nuclei. There are two overall
constants in this force that have been adjusted to the3H binding energy and the density of
nuclear matter [70]. Chiral perturbation theory is another approach for the calculation of
3NF. In this framework, no specific 3NFs have to be developed and 3NFs will appear nat-
urally as higher order terms along with the NN interaction [71,72]. The Hanover-Lisbon
group combines a high-quality NN potential, e.g., CD-Bonn or Nijmegen-II, with an ex-
plicit ∆-isobar excitation. This approach is based on an extension of a purely nucleonic
model in which one nucleon (N) can be excited to a∆ isobar [73]. The∆ isobar medi-
ates effective 3NFs and even higher orders of nuclear forcessuch as four-nucleon forces
(4NFs) in a four-nucleon system in an internally consistentmanner.

2.5 Theoretical calculations for the three- and four-body
systems

The Lippmann-Schwinger equation (LSE) is one of the important equations in scatter-
ing theory. For a three-body system, the LSE does not have a unique solution. The
non-uniqueness of the LSE has been pointed out by Faddeev andhe could overcome this
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problem by splitting up the LSE to three equations with a unique solution. The formu-
lation of the scattering for three-body systems is well known and the Faddeev equations
have been solved for these systems with realistic potentials as input.

Performing a calculation for a four-nucleon system is more challenging than for the
three-nucleon system. However, many attempts have been made to solve the four-body
system [43,44,74]. The Faddeev-Yakubovsky equation (FYE)has been developed to the
study the four-body system accurately [40]. One of the majorhurdles of solving the FYE
is the size of the matrices. Deltuvaet al. performed a calculation for the four-nucleon
scattering for all possible reactions initiated byn−3He, p−3H, andd − d scattering
below the three-body break-up threshold [75–77]. Realistictwo-nucleon potentials have
been used in the calculations. Later they improved their calculations by adding the∆-
isobar excitation to consider the effects of the 3NF and 4NF [78]. According to this new
calculation, the contribution from the effects of the 4NF for the binding energy of4He is
only 5% of that of the 3NF effects. An extension of the four-body calculation to energies
above the break-up threshold is still difficult to achieve.

In a four-nucleon system, one assumes that there are four particles interacting with
each other. Leta, b, c, andd represent the individual particles of a four-body system.
These particles can interact with each other through short-range forces. Therefore, be-
yond a certain distance from the center-of-mass, the forcesbetween all four particles drop
to zero. In a four-body system, the interactions can be classified into six two-body interac-
tions (V(ab)cd, V(ac)bd, V(ad)bc, V(bc)ad, V(bd)ac, andV(cd)ab), and four three-body interactions
(V(abc)d, V(acd)b, V(abd)c, andV(bcd)a). In the definition of(ab)cd it is assumed that particles
a andb interact with each other while particlesc andd are far away from each other as
well as from(ab). Thus, in(ab)cd one deals with a three-cluster partition in which there
are three non-interacting clusters ((ab), c, d) and in(abc)d we have a two-cluster partition
((abc), d).

The t-matrix of a four-body system can be written as

t = V + V Gt, (2.17)

whereG = (z −H0 − V )−1 with z = E + iǫ and

V =
∑

i<j

Vij +
∑

i<j<k

Vijk. (2.18)

The sum is taken over six two-body and four three-body interactions. t can be decom-
posed as:

t =
∑

i<j

t(ij) +
∑

i<j<k

t(ijk). (2.19)

The matrixtµ can be a two- or three-bodyt-matrix defined as:

tµ = Vµ + VµG0tµ, (2.20)
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whereG0 = (z −H0)
−1 is the free four-body Green’s function andµ runs over alli < j

andi < j < k . The total Green’s functionG = (z −H − V )−1 is given by

G = G0 +G0tG0. (2.21)

The scattering wave function for the system is defined by

Ψ = lim
ǫ→0

iǫG(ξ + iǫ)Φ, (2.22)

whereΦ is the incoming asymptotic wave function that corresponding to the various par-
titions of the four-body system (e.g.(abc)d, (ab)(cd), (ab)cd, andabcd) andξ is the total
energy. One can use the relation

Ψν = lim
ǫ→0

iǫGν(ξ + iǫ)Φ, (2.23)

and

lim
ǫ→0

iǫG0(ξ + iǫ)Φ = Ψ0, (2.24)

to write

Ψ = Ψ0 +
∑

i<j

Ψij +
∑

i<j<k

Ψijk. (2.25)

Recent attempts by Fonsecaet al.[41] have been made to calculate cross sections and spin
observables in an approximate way using the Born series expansion of the Yakubovsky
equations [40] which are developed for the four-body system. In this way, thed+ d scat-
tering wave function and thed + d elastict-matrix at intermediate energies have been
obtained. The theoretical formalism is based on a solution of the Alt, Grassberger, and
Sandhas equation (AGS) [79] for four strongly interacting identical nucleons. As these
equations are hard to solve at energies above the three-nucleon break-up threshold, Fon-
secaet al. has developed an approximation based on the lowest order terms in the Born
series expansion of the AGS equation. As illustrated in Fig.2.5, in the lowest order, the
d + d elastic scattering proceeds via the break-up of one of the deuterons in the initial
state, followed by an intermediate three-nucleon scattering between the second deuteron
and one of the two initial nucleons, and the final recombination of the two nucleons to
form a deuteron. The three nucleont-matrix is based on fully off-shellN +d elastic scat-
tering amplitudes. This approximation is expected to be valid for deuteron bombarding
energies larger than 100 MeV/nucleon and for low values of the momentum transferq.
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Figure 2.5: An approximation of the deuteron-deuteron elastic scattering amplitude where
U is the nucleon-deuteron t-matrix.

2.6 Expressions of the cross section

The general expression for the cross section of any reactioninduced by a polarized spin-1
projectile is [80,81]:

σ(ξ) = σ0(ξ){1 +
3

2
[pxAx(ξ) + pyAy(ξ) + pzAz(ξ)]

+
2

3
[pxyAxy(ξ) + pyzAyz(ξ) + pxzAxz(ξ)]

+
1

3
[pxxAxx(ξ) + pyyAyy(ξ) + pzzAzz(ξ)]}, (2.26)

wherepx, py, andpz are the Cartesian components of the vector polarization of the pro-
jectile particles andpxy, pyz, pxz, pxx, pyy, andpzz are the tensor components of the
polarization. The variablesAx(ξ), Ay(ξ), Az(ξ) andAxy(ξ), Ayz(ξ), Axz(ξ), Axx(ξ),
Ayy(ξ), andAzz(ξ) are the vector and tensor analyzing powers, respectively. The symbol
ξ represents any appropriate set of kinematic variables which defines the reaction. The
observablesσ(ξ) andσ0(ξ) are the polarized and unpolarized cross sections, respectively.

For a description of the beam polarization in the Cartesian system (see Fig.2.6), usu-
ally thez axis is taken along the projectile momentum,kp. The following unit vectors are
defined:

k̂ = ~kp/|~kp| : unit vector in the+z direction,

n̂ : unit vector in the+y direction,

Î = n̂× k̂ : unit vector in the+x direction,

ŝ : unit vector along the spin-quantization axis.

The direction ofŝ is described in the chosen coordinate system by two angles,β, 0 ≤
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Figure 2.6: Relation between the projectile helicity frame(X,Y, Z) and the polarized
beam is shown. We defineβ as the angle between the quantization axis and the beam
direction, andφ is the angle between the projection of~S on theX − Y plane and theY
axis. This is called the Madison convention and the left, right, up, and down scattering
angles are denoted byφ = 0◦, φ = 180◦, φ = 270◦, andφ = 90◦, respectively.

β ≤ π, andφ, 0 ≤ φ ≤ 2π, which are defined by

cos β = ŝ · k̂,
cosφ = ŝ · n̂/ sin β,

sinφ = −ŝ · Î/ sin β. (2.27)

With these definitions, the components of vector polarization are:

px = −pZ sin β sinφ,

py = pZ sin β cosφ,

pz = pZ cos β, (2.28)

wherepZ is the polarization of the beam with respect to its quantization axisŝ.

The tensor components are related to the tensor polarization,pZZ , with respect tôs by
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the following relations:

pxx = +
1

2
(3 sin2 β sin2 φ− 1)pZZ ,

pyy = +
1

2
(3 sin2 β cos2 φ− 1)pZZ ,

pzz = +
1

2
(3 cos2 β − 1)pZZ ,

pxy = −3

2
sin2 β cosφ sinφ pZZ ,

pyz = +
3

2
sin β cos β cosφ pZZ ,

pxz = −3

2
sin β cos β sinφ pZZ . (2.29)

The cross section can be expressed in terms ofβ, φ, pZ , andpZZ . Since we are
only interested in a configuration withβ = 90◦, the expression for the cross section is
simplified to

σ(ξ) = σ0(ξ)[1 − 3

2
sinφ pZAx(ξ) +

3

2
cosφ pZAy(ξ)

− 1

2
sin 2φ pZZAxy(ξ) +

1

2
sin2 φ pZZAxx(ξ)

+
1

2
cos2 φ pZZAyy(ξ)]. (2.30)

Parity conservation imposes the following restrictions onthe analyzing powers:

Ax(ξ
′, φ12) = −Ax(ξ

′,−φ12),

Ay(ξ
′, φ12) = Ay(ξ

′,−φ12),

Axx(ξ
′, φ12) = Axx(ξ

′,−φ12),

Axy(ξ
′, φ12) = −Axy(ξ

′,−φ12),

Ayy(ξ
′, φ12) = Ayy(ξ

′,−φ12), (2.31)

whereξ′ is the set of kinematical variables excluding the azimuthalopening angle between
the two final-state particles,φ12 = φ1 − φ2. In the experiment discussed in this thesis, the
analyzing powers are determined by studying theφ dependence of the ratioσ(ξ)/σ0(ξ)
for each configurationξ. For measurement of the observablesAy, Axx, andAyy, one
is allowed to add the data of the configurations withφ12 with that of−φ12, since these
observables do not switch sign as can be seen from Eqs.2.31. On the other hand, such an
addition would result in a cancellation of the terms which are sensitive to the analyzing
powersAx andAxy. This is a direct consequence of the odd parity of these variables
with respect toφ12. To extractAx andAxy, one, therefore, needs to subtract the data
of the configurationφ12 with that of the configuration−φ12. This would imply that the
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precision for the measurement ofAy, Axx andAyy is significantly better than the one of
Ax andAxy. Our first priority was to obtain observables which have the best precision
in this work. For this reason, the angle,φ12, will be referred to asφ12 = |φ1 − φ2|, to
indicate that for our purposes we added up data atφ12 with that of−φ12.

In Eq. 2.30, the decompositions have been expressed in Cartesian coordinates. For
practical purposes, the analyzing powers are also written in the spherical coordinate sys-
tem and the transformations are:

Re(iT11) =

√
3

2
Ay,

Im(iT11) = −
√

3

2
Ax,

Re(T20) =
1√
2
Azz,

Re(T21) = − 1√
3
Axz,

Im(T21) = − 1√
3
Ayz,

Re(T22) =
1

2
√

3
(Axx − Ayy)

Im(T22) =
1√
3
Axy. (2.32)

whereiT11 is the vector-analyzing power, andT20, T21, T22 are the tensor-analyzing pow-
ers. Using relations2.28, 2.29, and2.32, the cross section cab be expressed in the spheri-
cal coordinate system as

σ(ξ) = σ0(ξ)[1 +
√

3pZRe(iT11(ξ)) cosφ

− 1√
8
pZZRe(T20(ξ))

−
√

3

2
pZZRe(T22(ξ)) cos 2φ]. (2.33)

Note that Eq.2.33does not contain terms withIm(iT11), Re(T21), andIm(T21). These
contributions vanish because we took explicitlyβ = 90◦ andφ12 = |φ1 − φ2|. In this
thesis, the variablesRe(iT11), Re(T20) andRe(T22) will be referred to asiT11, T20 and
T22, respectively.

For a spin-1
2

projectile one can perform a similar analysis, which yields

σ(ξ) = σ0(ξ)

[

1 + pzAy(ξ) cosφ

]

, (2.34)

where the termξ represents any appropriate set of kinematic variables which defines the
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reaction. For the nuclear reaction with two particles in thefinal state, the proper set of
kinematic variables is the polar and azimuthal angles of oneof the the particles,ξ(θ, φ).
In the case of more than two particles in the final state, like the three-body break-up reac-

Figure 2.7: The proper variables for a three-body break-up reaction are shown.~Pd, ~P1, ~P2,
and ~P3 represent the momenta of incoming deuteron, outgoing deuteron, outgoing proton,
and outgoing neutron, respectively.θ1, φ1 andθ2, φ2 are the polar and azimuthal angles
of outgoing deuteron and proton, respectively. The relative azimuthal angle between the
two particles is shown byφ12.

tion in d + d scattering, we need more variables to define the kinematicalconfiguration.
Figure2.7 represents the definition of the quantities which we measured in the break-up
reaction in the helicity frame. The symbols~Pi, θi, andφi are the momentum, polar angle,
and azimuthal angle of theith particle in the final state, respectively. There are totally
nine quantities involved in the three-body break-up reaction. By measuring~Pi for two
particles and using the energy and momentum conservations,the reaction will be over-
determined. For the three-body break-up reaction, the set of kinematical parameters that
we used areξ(E1, E2, θ1, θ2, φ12 = |φ1 − φ2|) whereφ1 is the azimuthal angle of the
deuteron. The possible energy pairsE1, E2 are constrained to lie on a locus. Figure2.8
shows a typical energy correlation between deuteron and proton in ad + d break-up re-
action at 65 MeV/nucleon which is referred as theS-curve. TheS-curve contains all the
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Figure 2.8: The correlation between deuteron and proton energies in ad + d break-up
reaction at 65 MeV/nucleon. The deuteron and proton are scattered to an angle of 28◦ and
a relative azimuthal angle ofφd − φp = 180◦.

kinematically allowed combination ofE1 andE2. The corresponding kinematical vari-
able,S, represents the arc length along theS-curve with the starting point,S = 0, defined
by the deuteron with a minimum energy. Here, the deuteron andproton are scattered to
an angle of 28◦ with a relative azimuthal angle ofφ12 = 180◦. The locus is an ellipse in
the case of non-relativistic kinematics in the

√
E1,

√
E2 space.




