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Chapter 4

Excitation of the Atlantic Multidecadal Oscillation

4.1 Introduction

In Chapters 2 and 3 we have studied low-frequency dynamics of the atmosphere and
ocean, treating them as isolated subsystems of the North Atlantic climate system.
In this chapter we investigate the effect of deterministic atmospheric forcing on the
AMO mode in its weakly damped regime.

4.1.1 Stochastic forcing in ocean models

A classical approach in the study of ocean-atmosphere interactions is to model the
atmospheric forcing of the ocean by stochastic noise.

Preferred time scales. Hasselmann (1976) proposed a stochastic model to study cli-
mate variability. In this model he attributes climate variability to forcing of a slow
subsystem (e.g., the ocean) with a noisy fast subsystem (e.g., weather). The slow
subsystem acts as an integrator of white noise forcing which leads to a red noise
response.

Saravanan and McWilliams (1998) point out that white or red noise spectra do
not have preferred time scales, whereas realistic climate records do show preferred
time scales. They show that spatially coherent patterns of variability can lead to
preferred time scales of oceanic variability through spatial resonance. Their results
do not require the existence of oscillatory modes in either the ocean or atmosphere.

Griffies and Tziperman (1995) studied a four-box ocean model of the thermoha-
line circulation which has one damped oscillatory eigenmode in addition to purely
damped eigenmodes. They observed that stochastic forcing, modelling atmospheric
‘weather,’ can excite the oscillatory mode.
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The effect of noise on Hopf bifurcations. Juel et al. (1997) studied the effect of noise
on pitchfork and Hopf bifurcations by both physical experiments (using an electronic
oscillator) and numerical integrations of normal forms. For parameter values slightly
below the critical value for which a supercritical Hopf bifurcation occurs, they ob-
served low-frequency variations in the form of correlated oscillations in the envelope
of the time series. Moreover, they observed that noise can shift the critical value of
the bifurcation parameter in both sub- and supercritical direction.

Stochastic excitation of the AMO. Dijkstra et al. (2008) and Frankcombe et al. (2009)
studied the effect of stochastic forcing on the AMO mode. In their model the AMO
mode appears through a supercritical Hopf bifurcation of a steady ocean flow when
the forcing changes from restoring to prescribed heat flux (the scenario as described
in §3.3.2). Stochastic noise excites the AMO mode in the sense that in the subcritical
regime multidecadal variability with the spatio-temporal characteristics of the AMO
mode occurs. Moreover, white noise only weakly excites the AMO mode, but the
introduction of spatial and temporal coherence in the forcing increases the amplitude
of the variability to levels corresponding with observations. The physical mechanism
behind this excitation is explained in terms of rectification of a mean state: noise
increases the time-mean meridional overturning circulation, making the time-mean
state more unstable to the AMO mode.

4.1.2 Deterministic excitation of the AMO

In the low-order ocean model of Chapter 3 the AMO mode appears through a super-
critical Hopf bifurcation when switching from restoring (γ = 0) to prescribed heat
flux (γ = 1). Prescribed heat flux in ocean models is a strong idealisation since
it amounts to net zero atmospheric damping. In reality sea surface temperature
anomalies are substantially damped by the atmosphere. The central question of this
chapter is:

Can atmospheric low-frequency variability excite the weakly damped
AMO mode?

Here, weakly damped refers to the parameter range γ < γH , but for values of γ not
too far away from the Hopf bifurcation. We speak of excitation when multidecadal
variability related to the AMO mode occurs in this parameter range.

We study the low-order ocean model of Chapter 3 with additional forcing from
the low-order atmosphere model of Chapter 2. The resulting model should not be
considered as a coupled ocean-atmosphere model, but rather as an ocean model with
additional atmospheric forcing.
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4.2 Model

In this section we derive a formula to parametrise a heat flux from the atmosphere
model providing additive forcing in the ocean model.

4.2.1 The atmosphere and ocean models

We briefly recall the setup of the atmosphere model of Chapter 2 and the ocean
model of Chapter 3.

Atmosphere. The low-order atmosphere model in Chapter 2 is derived from the 2-
layer shallow water equations. The governing equations are given by a system of
six partial differential equations for the eastward velocity uℓ, the northward velocity
vℓ, and the thickness hℓ of each layer (ℓ = 1, 2). The equations are formulated on
a β–plane channel having dimensions La

x = 29000 km (longitude) and La
y = 2500

km (latitude). The model is forced by orography in the bottom layer and a zonal
wind profile, of which the amplitudes are controlled by the parameters h0 and U0,
respectively. The low-order model is a system of 46 ordinary differential equations.

Ocean. The low-order ocean model in Chapter 3 is derived from a model for ther-
mally driven ocean flows in a 3-dimensional rectangular basin having dimensions
Lo

x = 6000 km (longitude), Lo
y = 6000 km (latitude), and Lo

z = 4 km (depth). A
system of five partial differential equations governs the evolution of the velocity field
(u, v, w), the pressure p, and the temperature T . The thermal wind balance relates
the velocity field to the temperature field.

Ocean flows are forced by a restoring heat flux Qrest, which is proportional to the
difference between the sea surface temperature and an idealised atmospheric temper-
ature. The parameter ∆ determines the equator-to-pole atmospheric temperature
gradient. With restoring heat flux the ocean model has a stable equilibrium repre-
senting a steady ocean flow. From this equilibrium we compute the corresponding
heat flux which we use as prescribed heat flux, which we denote by Qpres. Finally,
we define a new heat flux

Qγ = (1 − γ)Qrest + γQpres, (4.1)

which interpolates between restoring (γ = 0) and prescribed heat flux (γ = 1). The
low-order model is a system of 27 ordinary differential equations.
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4.2.2 Additive atmospheric forcing for the ocean

From the layer thickness fields hℓ of the low-order atmosphere model we parameterise
a heat flux, which we use as additive forcing in the low-order ocean model. The
resulting model should not be interpreted as a coupled ocean-atmosphere model, but
as an ocean model with additional forcing by atmospheric low-frequency variability.

Heat flux. The downward heat flux Qoa at the ocean-atmosphere interface is decom-
posed in a part independent of air-sea interaction (Qoa), and a part proportional to
the difference in temperatures of the atmosphere and ocean at the interface. Hence,

Qoa = Qoa +KS(T a
S − T ), (4.2)

where T a
S is the atmospheric surface temperature and T is the sea surface tem-

perature. To obtain a closed system of equations, the quantities Qoa and T a
S are

parameterised from the variables of the atmosphere and ocean model.

Parameterisations. We parameterise the mean heat flux Qoa by Qγ defined in (4.1).
As in Van der Avoird et al. (2002) we will model T a

S as

T a
S = κT + (1 − κ)T a,

where T a is the temperature at the interface between the two layers in the atmosphere
and 0 ≤ κ ≤ 1 is a non-dimensional coupling coefficient. By the thermal wind relation
we have approximately

T a = −α(h1 − h2),

where h1 − h2 is related to the vertical pressure difference between the two layers.
Hence, (4.2) becomes

Qoa = Qγ +KS(κ− 1)[T + α(h1 − h2)]. (4.3)

Parameter Value
KS heat transfer coeffcient 40 [W m−2]
α coupling coefficient 1.0 × 10−3 [K m−1]
κ coupling coefficient 0.8 [–]

Table 4.1. Values of the coupling parameters. For the values of the parameters of the
atmosphere and ocean model see Tables 2.2 and 3.1.
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Figure 4.1. The atmospheric channel and the ocean basin are placed such that their western
boundaries and their centre lines are aligned. In addition, the atmospheric channel is
stretched in the meridional direction.

Galerkin projection of the heat flux. The projection of the first term in (4.3) already
occurs as a term in the autonomous ocean model. We only need to compute the pro-
jection of the second term. Observe that in the meridional direction the atmospheric
channel is smaller than the ocean basin. We solve this problem by aligning the line
y = 3000 km of the ocean basin and the line y = 1250 km of the atmospheric channel
and stretching the atmospheric channel, see Figure 4.1.

The surface heat flux will be distributed over a surface layer of the ocean having
thickness Hm. The contribution of the second term in (4.3) in the equation for T̂m,n,k

of the low-order ocean model can be written as

KS(κ− 1)

∫∫∫
[T (x, y, z) + α(h1(x, y) − h2(x, y))]cm(x)cn(y)ck(z)dxdydz, (4.4)

where the integral is computed over the box [0, Lo
x]×[0, Lo

y]×[−Hm, 0]. Since the fields
hℓ and T are expanded in Fourier modes, this integral gives a linear combination of
the state variables ĥℓ and T̂p,q,r. The numerical coefficients in this linear combination
are given by the integral of the product of two Fourier modes.

The low-order coupled system. Denote with Â ∈ R
46 and T̂ ∈ R

27 the state space
variables of the atmosphere and ocean model, respectively. Then ocean model with
atmospheric forcing can be symbolically written as the skew-coupled system:

ε
Â

dt
= F (Â;U0, h0)

dT̂

dt
= G(T̂ ; ∆, γ) +B(T̂ , Â).

(4.5)
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In these equations B is a bilinear operator which gives the contribution of the at-
mospheric heat flux according to (4.4). The parameter ε = 1/60 is needed to rescale
the time scale of the atmosphere model to the time scale of the ocean model.

4.3 Results

In this section we study how the AMO mode is excited by chaotic forcing from
the low-order atmosphere model, and we give a preliminary explanation in terms of
intermittency.

4.3.1 Excitation of the AMO

The parameters of the autonomous ocean model (KS = 0 W m−2) are fixed at
∆ = 20◦C and γ = 0.90, for which a steady ocean flow appears. A supercritical
Hopf bifurcation at γH = 0.951 gives rise to the AMO mode. Next, we force the
ocean model with a time-dependent heat flux computed from the intermittent strange
attractor of the atmosphere, see Figure 4.2 (KS = 40 W m−2). This strange attractor
has a significant amount of spectral power of several months up to years. It is to
be expected that for sufficiently small values of KS hyperbolic attractors of the
autonomous ocean model persist as non-autonomous analogues in the skew-coupled
model and that transversality properties persist in some form.

Using the formerly existing equilibrium as an initial condition, we obtain irregular
oscillatory behaviour in the state variables of the ocean model. The top panel of
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Figure 4.2. Strange attractor and its power spectrum (U0 = 15 m s−1 and h0 = 800 m).
This attractor occurs in the atmosphere model after a stable periodic orbit disappears
through a saddle-node bifurcation. See §2.3.2 for details.
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γ max. SST min. SST time scale maximum spectral power
0.90 14.03 13.84 39.5 years 3.39 × 10−6

0.91 14.01 13.81 39.5 years 4.47 × 10−6

0.92 13.98 13.78 39.5 years 6.18 × 10−6

0.93 13.95 13.73 39.5 years 9.12 × 10−6

0.94 13.91 13.68 39.5 years 1.47 × 10−5

0.95 13.87 13.61 39.5 years 2.74 × 10−5

Table 4.2. Maximum and minimum values of the basin averaged sea surface temperature
for different values of γ computed over a time span of 4000 years. Maximal spectral power
and the corresponding period.

Figure 4.3 shows a time series of the basin averaged sea surface temperature. This
time series shows high-frequency fluctuations which are due to the fast variability
of the atmosphere, but one can also observe a slower time scale. This is confirmed
by computing both a 10-year running average (middle panel) and a power spectrum
(bottom panel). The power spectrum shows that the multidecadal time scales have
a significant amount of power.

Closer to the Hopf bifurcation the multidecadal peak of the power spectrum be-
comes stronger, see Figure 4.4. The maximum and minimum values of the basin
averaged sea surface temperature decrease, but their difference remains nearly con-
stant (see Table 4.2).

For clarity, Figure 4.3 and Figure 4.4 only show a part of a time series computed
up to 5000 years. Time series computed up to 20000 years show that the oscillatory
behaviour does not decay after some time.

4.3.2 Preliminary interpretation

Chaotic atmospheric forcing causes high-frequency, irregular fluctuations in the state
variables of the ocean model. Despite this irregularity the power spectrum still reveals
a preferred time scale as a distinct peak at 39 years. Hence, the following question
arises:

What causes the distinct decadal time scale in the irregular fluctuations
of the oceanic variables?

The main idea is the following. The atmospheric forcing does not cause the
ocean variables to wander randomly through state space, but they move in preferred
directions which are determined by the stable manifolds of the formerly existing
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Figure 4.3. Induced multidecadal variability for γ = 0.90. Top: basin averaged sea surface
temperature as a function of time. Middle: 10-year running mean of the time series in the
top panel. Bottom: power spectrum.
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Figure 4.4. The same as Figure 4.3 but for γ = 0.94.
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equilibrium. Loosely speaking, the ‘ghost’ of the formerly existing nearby Hopf
bifurcation still influences the dynamics.

To fix thoughts, consider again the autonomous ocean model. For ∆ = 20◦C and
0.90 ≤ γ < γH = 0.951 the model has a stable equilibrium. Hence, the Jacobian
matrix of the vector field linearised around this equilibrium only has eigenvalues
with negative real part. The least stable eigenvalue (i.e., the eigenvalue closest to
the imaginary axis) is complex and its imaginary part corresponds with a time scale
of approximately 40 years. Denote with Φ1 ± iΦ2 eigenvectors associated with the
least stable eigenvalue. Note that they depend on γ, but this is supressed in the
notation.

Define the subspace
M = span {Φ1,Φ2}.

At the Hopf bifurcation (γ = γH) the subspace M is precisely the tangent plane
to the centre manifold. Let PM be the orthogonal projection from the ocean state
space R

27 onto the subspace M. The ratio

ρ(t) =
‖PMT̂ (t)‖2

‖T̂ (t)‖2

measures how well the ocean state variable T̂ projects onto the subspace spanned by
the eigenvectors of the least stable eigenvalue. Time series of the ratio ρ for different
values of γ are shown in Figure 4.5. Indeed, it is evident that ρ becomes larger when
γ is moved towards the Hopf bifurcation.

4.4 Discussion

The results presented in this chapter show that the AMO mode can be excited for γ <
γH by atmospheric forcing. Moreover, closer to the Hopf bifurcation the multidecadal
variability becomes more pronounced. These results are in agreement with those of
Dijkstra et al. (2008) and Frankcombe et al. (2009). Also their interpretation in terms
of rectification of the time-mean state is applicable here: the meridional overturning
circulation of the time-mean state is stronger than that of the equilibrium (not
shown).

Excitation versus amplification. On the other hand, the results in this chapter are
very different from the results obtained with annual forcing in §3.3.3. With annual
forcing the dynamics is either periodic or quasi-periodic, whereas chaotic forcing
causes highly irregular fluctuations in the ocean state variables. A second difference

90



 0.4

 0.42

 0.44

 0.46

 0.48

 0.5

 1000  1200  1400  1600  1800  2000

ρ

time (years)

γ = 0.90
γ = 0.92
γ = 0.94

Figure 4.5. Time series of the ratio ρ for three values of γ.

is that purely periodic forcing only amplifies the AMO mode (see Figure 3.13). The
AMO mode is, however, not excited because the Hopf-Nĕımark-Sacker bifurcation
takes place for almost the same parameter value as the orginal Hopf bifurcation of
the autonomous system.

Intermittency scenarios. The preliminary results of this chapter provide a starting
point for future research. In particular, the following question should be addressed:

What is the reason for the occurrence of the oscillatory behaviour in
Figure 4.5?

We only have given an interpretation in terms of ‘preferred directions’ in which the
ocean variables move due to formerly existing stable manifolds, i.e., how the ‘ghost’
of the formerly existing nearby Hopf bifurcation still influences the dynamics. Such
behaviour is possibly related to intermittency, but of which form is not yet clear.

The classical intermittency scenario described by Pomeau and Manneville (1980)
involves the bifurcation of a periodic orbit. For example, type I intermittency occurs
when a periodic orbit disappears through a saddle-node bifurcation and when the
global dynamics causes typical evolutions to return to the position of the formerly
existing periodic orbit. In this situation time series of the evolutions show switching
between periodic and chaotic behaviour. An example of this type of intermittency
is discussed in §2.3.2 (see Figures 2.10 and 2.10). Other types of intermittency are
related to period doubling bifurcations or Hopf-Nĕımark-Sacker bifurcations.
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The scenarios described by Pomeau and Manneville all involve a codimension-1
bifurcation. In this chapter (at least) two parameters must be tuned: the parameter
γ must be near the critical value of the Hopf bifurcation and the parameter KS must
be nonzero. Possibly, our results can be explained by intermittency scenario’s related
to bifurcations of higher codimension.

For a detailed investigation a model with a lower-dimensional state space is more
convenient. That is, we should develop ‘models of models.’ One possibility is to
study the normal form of a Hopf bifurcation coupled to suitable dynamical systems
with a chaotic attractor.
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