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1. Introduction

The atomic nucleus has proven to be an exceedingly interesting many-body system
to study as it has brought up surprises over and over again. The building blocks
are protons and neutrons, both spin-half particles. The quark degrees of freedom
are not excited in low-energy investigations of the nucleus. The underlying QCD1

structure manifests itself rather in a complex nucleon-nucleon force with spin- and
isospin-dependent terms. A strongly correlated bound quantum system, the nucleus,
is thus formed that exhibits a wide spectrum of phenomena. Information on the
shape and size of the nucleus, which are important quantities, may be found from
scattering experiments. The interpretation is simplest in those cases where the
projectile itself has no internal structure like an electron. In this case, the relevant
force is electromagnetic and we learn about the charge distribution in the nucleus.
The first experiments of this type were performed by Hofstadter in the late 1950s [1].
If instead of an electron a hadron is used as the projectile, the force is dominantly
the nuclear strong interaction and we derive information about the matter density.
The way in which the nucleus can be observed and described depends highly on
the nature and the energy of the particle with which we are probing the nucleus.
In view of this, for instance, (p, p) reaction is a tool to study the nuclear matter
distribution.

Stable nuclei (in total 263 isotopes) only occur in a very narrow band in the
Z − N plane (Fig. 1.1). All other nuclei, which are existing within the drip lines
(approximately 3000 isotopes have been identified and yet another 3000 − 4000 are
in terra incognita), are unstable and decay in various ways. Isobars with a large
surplus of neutrons tend to convert a neutron into a proton. In the case of a surplus of
protons, the inverse reaction may occur. These transformations are called β-decays.
Talking about physics for nuclei far from stability gives, at least, the impression
that some aspects of binding many-body systems under the influence of the strong
nucleon-nucleon force could be totally different from what one notes near the valley
of β-stability, e.g., the appearance of new magic numbers.

Pioneering technology enabled the control of energetic electron beams in particle
accelerators. These were invented in the 1930s and provided precise data on the
size and shape of atoms [2]. To probe the nucleus of atoms, higher energies were
required and the acceleration of protons was added to the toolkit of physicists.
However, to probe the very small, the accelerators also grew in size, complexity, and
cost. “Accelerators are, in essence, powerful microscopes, taking over when light is
no longer sufficient [3].”

Much of what we know about nuclei comes from nuclear reactions. In the past,

1 Quantum Chromodynamics
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2 Chapter 1: Introduction

Figure 1.1: Chart of the nuclides in coordinates of proton number, Z, against neutron

number, N . The black blocks in the middle of the valley of stability represent the stable

nuclei. Some predictions for the neutron drip line are also shown in this figure.

these were limited to stable nuclei, available as target materials, in bombardments
with beams of (other) stable nuclei, in particular light nuclei. Having short-lived
nuclei available as energetic beams, allows extending such studies in an inverse lab-
oratory kinematics to unstable radioactive nuclei away from stability. Exotic nuclei
are characterized by an extreme excess of protons or neutrons and are thus located
far away from the valley of stability (see Fig. 1.1). New structural phenomena are
to be expected, such as very different proton and neutron density distributions.
Reactions between nuclei play a decisive role in many astrophysical processes in
the Universe. Nuclear structure effects and the dynamics of nuclear reactions are
directly reflected in the various evolutionary stages of stars. Unstable nuclei, far
from stability, are involved and their properties determine the fate of the relevant
astrophysical processes.

The availability of energetic beams of short-lived nuclei, referred to as radioactive
ion beams (RIBs), has opened the way to the study of the structure and dynamics
of thousands of nuclear species never observed before in the laboratory. There is
little doubt that RIB physics has transformed not only nuclear physics itself but
many other areas of science and technology too, and will continue to do so in the
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years to come. While the field of RIB physics is linked mainly to the study of
nuclear structure under extreme conditions of isospin, mass, spin and possibly also
temperature, it also addresses problems in nuclear astrophysics and the study of
fundamental interactions. The development of new production, acceleration and
ion-storing techniques and the construction of new detectors adapted to work in the
special environment of energetic radioactive beams play also such an important role
that conquering the whole chart of nuclei for research looks to be only a matter of
time.

At present there are some facilities worldwide which allow the experimental de-
termination of the properties of many of these unstable nuclei. Invariably they use
radioactive ion beams (RIBs) that are produced using accelerated stable beams.
These are based either on the in-flight production (IFP), such as at the present
facilities at GANIL, GSI, NSCL/MSU, and RIBF [4] at RIKEN, or on the ISOL
technique, such as with ISOLDE [5] at CERN, ISAC [6] at TRIUMF and SPIRAL
at GANIL. These first-generation RIB facilities will soon be superseded by improved
and/or second-generation RIB facilities: RIBF at RIKEN (IFP), SPIRAL2 [7] at
GANIL (ISOL), FAIR at GSI (IFP), and FRIB [8] at NSCL (both IFP and ISOL).
For the long-term in Europe, design studies are made for the ultimate ISOL facility
EURISOL. The FAIR2 facility will provide intense high-quality RIBs using the IFP
technique and will thus provide excellent opportunities to study the properties of
exotic nuclei. The FAIR synchrotrons (see Fig. 3.1), operated in a high-intensity
mode of a few times 1011 ions/s, together with the extraordinary phase-space accep-
tance of the in-flight fragment separator (Super FRS) will yield secondary beams
of superior intensities. The secondary rare isotopes produced and separated at the
Super FRS can be delivered to three experimental branches, allowing for a diverse
and highly flexible program at beam energies from zero to 1 GeV/nucleon. These
branches are as follows:

• The high-energy branch: for this, an experimental area has been foreseen for
the high-energy reaction studies in inverse kinematics, employing an appara-
tus with high efficiency, acceptance, and resolution for kinematically-complete
measurements (R3B project3). The research program covers a variety of scat-
tering experiments such as knock-out and break-up reactions, and light-ion
(in)elastic and quasi-free scattering in inverse kinematics.

• The low-energy branch: at this section, it will be possible to study the prop-
erties of exotic nuclei, using beams from the Super FRS which are decelerated
or even completely stopped (energies ranging from about 100 MeV/nucleon
down to a few MeV/nucleon or at rest).

• The ring branch: presently, GSI4, alongside with the Chinese facility Lanzhou,

2 Facility for Antiproton and Ion Research

3 Reactions with Relativistic Radioactive Beams



4 Chapter 1: Introduction

is a research center hosting a facility (FRS5-ESR6) which allows accumulat-
ing radioactive beams in a storage-cooler ring. The storage ring concept will
be further developed at FAIR to a multi-storage-ring system (CR7, RESR8,
NESR9 storage rings) linked to the Super FRS. The coupled storage rings offer
a high collection efficiency for secondary beams, and electron cooling combined
with stochastic pre-cooling results in high-quality beams (with regard to emit-
tance and momentum spread) within cooling periods of below one second [9].
In combination with an internal target, high luminosities can be achieved as a
consequence which allows for in-ring reaction experiments. Hadronic scatter-
ing experiments at low momentum transfers with high sensitivity to transition
multipolarity are of prime interest. Moreover, an electron-ion collider will be
formed by coupling an electron storage ring to the ion storage ring NESR
allowing for studies of unstable nuclei by a purely electromagnetic probe.

The objective of EXL10 is to capitalize on light-ion induced direct reactions at
intermediate energies in inverse kinematics at an internal target in the NESR [10].
Elastic and inelastic scattering, charge-exchange reactions, quasi-free scattering and
transfer reactions can be studied with a universal detector setup. This detector
array should have full phase-space coverage and be able to measure energies of
recoil particles ranging from sub-MeV to around 100 MeV. Similar 4π detector
setups are being designed at other facilities, e.g., GASPARD for SPIRAL2, which
will be used with RIBs of much lower energies than would be available at FAIR.
GASPARD will also be used to measure recoil particles from reactions in inverse
kinematics with external RIBs impinging on a fixed target. However, because of
the kinematical conditions of inverse kinematics in case of beams of unstable nuclei,
high precision low-momentum-transfer measurements turn out to be an exclusive
domain of storage-ring experiments.

1.1 The goals and outline of this thesis

In order to perform a feasibility study for EXL at the NESR storage ring, for the
first time a test experiment was set up at the present storage ring ESR in 2005. In
this feasibility test we used the ESR to study the reactions resulting from the inter-
action of a stable 136Xe beam of 350 MeV/nucleon energy with an internal hydrogen

4 Helmholtzzentrum für Schwerionenforschung GmbH, Darmstadt, Germany

5 FRagment Separator

6 Experimental Storage Ring

7 Collector Ring

8 Recycled Experimental Storage Ring

9 New Experimental Storage Ring

10 EXotic nuclei studied in Light-ion induced reactions
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gas-jet target. The test experiment was intended to investigate the performance
of the detector systems and the background conditions in a realistic storage-ring
environment.

In this thesis, the analysis of the data from this experiment, with emphasis on
the measurement of the elastic scattering cross section, is presented11. The data
analysis of the feasibility experiment is complemented by performing simulations
for various detectors as well as introducing appropriate reaction channels. Parallel
to this, the framework for the simulations for the future EXL project was set up.
The simulations for EXL include the experimental setup, especially for the recoil
detector system, and investigation of some reaction channels. This way, investigation
of some proposed experiments with the aim of studying reaction channels of interest
was made possible.

The outline of the present thesis is as follows: in chapter 2, the theoretical back-
ground, covering the scattering and nuclear reaction phenomena, will be presented.
Chapter 3 provides an introduction to the EXL setup as a part of the FAIR project.
It will also cover some kinematical studies on reaction channels of interest. Chapter
4 starts with the methods and procedures used in order to build up the EXL setup
in a Geant4 simulation package. Some complementary analyses like investigation of
the efficiency and resolutions for the recoil detector setup are also presented in this
chapter. The feasibility experiment and the data-analysis techniques regarding this
experiment will be presented in chapter 5. Chapter 6 is dedicated to investigations
of a proposed experiment, with 56Ni as beam and 3He (4He) as target, to be done
at ESR. In order to obtain a thorough understanding of the kinematics and cross
sections of interest (relevant to chapters 3, 5, and 6), an extensive appendix (C)
is prepared which deals with the relativistic two-body interactions. In chapter 7,
summary is presented and conclusions are drawn.

11 A PhD thesis [11], partly dedicated to this experiment, has been already published.
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2. Theoretical background

The shape and size of the nucleus may be investigated by scattering experiments.
Generally speaking a projectile is scattered from the nucleus and the angular distri-
bution of the scattered particles is determined. This was done for the first time by
Rutherford and his collaborators, where they demonstrated the existence of a com-
pact nucleus in atoms. They scattered low-energy α-particles from thin gold foils
and observed that the projectiles were sometimes scattered at very backward angles,
in extreme cases close to 180◦. The explanation of the scattering data was a central
Coulomb field caused by a massive, positively-charged nucleus. The interpretation
of the obtained data is simplest if the projectile itself has no internal structure; it is
favorable to use elementary particles like electrons as projectile. In this case the rel-
evant force is due to the well-known electromagnetic interaction, and the scattering
data allow us to study the charge distribution and the electromagnetic properties of
the nucleus. The first experiments of this type were performed by Hofstadter and
his collaborators. They compared their high-energy electron scattering results with
the Mott cross section1 and showed a departure from the point-like scattering, which
was an evidence for the structure of the nucleus. This productive period of research
with electron scattering built the picture of the nucleus as a spherical distribution
of positive charge of constant density, so that the nuclear radius could be modeled
by the following relation:

r = r0A
1/3, r0 = 1.2 fm (2.1)

If a hadron is used as the projectile, the dominant force is due to the strong
interaction, acting on both protons and neutrons in a target nucleus. Therefore, one
can, in principle, obtain the information on the nuclear matter density distribution
if one can assume that the hadron-scattering theory is completely understood. It is
known that proton-nucleus elastic scattering at energies near 1 GeV is one of the
reliable sources of information on nuclear matter distributions [12, 13]. Owing to
the capability of multiple-scattering theory (especially of the Glauber theory [14]),
the use of the intermediate-energy protons as probe has been successful in describing
the scattering process in this energy region. This theory allows us to correlate the
differential elastic-scattering cross sections and the matter distributions of the nu-
cleus under study. The conditions to be satisfied for the Glauber multiple-scattering
theory for accurately describing proton elastic scattering are the eikonal approxi-
mation, the adiabatic approximation, the energy transferred to the nucleus to be

1 The Rutherford formula for the cross section, when the magnetic moment and recoil effects
are taken into account in the relativistic kinematics, is transformed into the Mott cross section.
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8 Chapter 2: Theoretical background

much lower than the kinetic energy of the scattered proton, and large internucleon
distances as compared to the proton-nucleon interaction radius. These requirements
are often well fulfilled in the case of hadron scattering for exotic nuclei with loosely
bound subsystems even better than for stable nuclei [15, 16].

In order to take into account the effects like the deflection of particles in the
nuclear field and absorption effects, one needs to go beyond the plane-wave Born
approximation. One way to improve this approximation is to use more realistic
incoming and outgoing wave functions (instead of plane waves) for projectiles and
ejectiles in order to describe the scattering process as exactly as possible. These wave
functions are produced by means of numerical solutions of the relevant differential
equations and the results are then compared with experimental observables of (pro-
ton) scattering off nuclei. This calculation procedure is known as the distorted-wave
Born approximation the essence of which will be discussed further.

In this chapter, the general formalism of scattering theory will be reviewed and
the Glauber theory for nuclear multiple scattering will be introduced. It will be
followed by an introduction to the reaction theory for inelastic scattering as well as
nuclear giant resonances.

2.1 Scattering theory

For any scattering process, the most appropriate observable is the total cross section.
The cross section can be experimentally determined from the reaction rate (Ṅ) if
the beam flux (Φb) of the incoming beam particles, and the target density (nt) are
known;

σtot(barn) =
Ṅ(1/s)

Φb(1/s) · nt(1/b)
, (2.2)

in which the denominator is called the luminosity L. An often used quantity in
storage ring experiments is the integrated luminosity

∫

Ldt; the number of reactions
which can be observed in a given reaction time is just the product of the integrated
luminosity and the cross section. We now outline how the cross section may be ob-
tained from theory [17]. The transition matrix element Mfi (probability amplitude)
is given by:

Mfi =< ψf |Hint|ψi >=

∫

ψ∗
fHintψi dV , (2.3)

in which Hint represents the interaction potential which transforms the initial-state
wave function ψi into the final-state wave function ψf . The connection between the
reaction rate, the transition matrix element and the density of final states (ρ(E ′) =
dn(E′)
dE′

) is expressed by Fermi’s second golden rule. It expresses the reaction rate W
per target particle and per beam particle in the following form:

W =
2π

~
|Mfi|2 · ρ(E ′), (2.4)
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in which

W =
Ṅ(E)

NbNt

=
σ · vb
V

, (2.5)

with vb and V being the beam velocity and the spatial volume occupied by the beam
particles. Here, Nt is the total number of target particles within the beam area and
Nb is the total number of the beam particles (V = Nb/nb), in which nb is the beam
density. Hence,

σ =
2π

~vb
|Mfi|2 · ρ(E ′) · V. (2.6)

If the interaction potential and the initial- and final-state wave functions are known,
the cross section can be calculated from Eq. 2.6. Otherwise, the cross-section data
can be used to determine the square of the transition matrix element from Eq. 2.6.
If the interaction is treated as a small perturbation in the scattering process, the
amplitude for a particle in an initial state with momentum ki to be scattered to a
final state with momentum kf by a potential V (x) is proportional to

f(q2) =

∫

d3x V (x)eiq.x/~, (2.7)

in which q ≡ ki − kf is the momentum transfer.

2.1.1 Determination of charge distributions

To find the amplitude for electron-nucleus scattering, we should in principle solve the
Schrödinger (or Dirac) equation, using nuclear wave functions and the full electro-
magnetic interaction. This can only be performed numerically. However, assuming
plane waves for the initial and final states one can derive the Rutherford differential
cross section as

(

dσ

dΩ

)

Ruth.

=
Z2α2(~c)2

4E2 sin4(θ/2)
, α =

e2

4πǫ0~c
(2.8)

in which E is the total initial energy of the projectile. Eq. 2.8 describes the scattering
of a spin-zero point-like projectile of unit charge from a fixed point-like target of
electric charge Ze. Obviously, this equation needs further modifications to apply
for actual electron-scattering experiments. Firstly, taking into account the electron
spin leads to the so-called Mott cross section [18]

(

dσ

dΩ

)

Mott

=

(

dσ

dΩ

)

Ruth.

[

1 − β2 sin2(θ/2)
]

with β ≡ v

c
, (2.9)

in which v is the velocity of the initial electron. At higher energies, the recoil of the
target (hence a factor of E′

E
; with E ′ being the final energy of the electron) and the

interaction with the magnetic moment of the target need to be taken into account
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as well. The final form for the differential cross section is
(

dσ

dΩ

)

=

(

dσ

dΩ

)

Mott

E ′

E

[

1 + 2τ tan2(θ/2)
]

with τ =
−q2

4M2c2
, (2.10)

in which −q2 ≡ −t ≈ 4EE′

c2
sin2(θ/2) is the four-momentum-transfer squared. In

the range of energies for the nuclear-structure studies it will be reasonable to ignore
the magnetic interaction. Thus, the final remaining modification will be due to
the spatial extension of the nucleus. The interaction operator for a charge e in an
electric potential Φ is Hint = eΦ. Hence, the matrix element is

< ψf |Hint|ψi >=
e

V

∫

Φ(x)eiq.x/~ dx, (2.11)

with ψi = eip.x/~/
√

V, ψf = eip′.x/~/
√

V, and q = p − p′. Using the Green’s second

theorem and inserting eiq.x/~ = −~
2

|q|2
∇2eiq.x/~ into Eq. 2.11 [17] one obtains:

< ψf |Hint|ψi >=
−e~2

V |q|2
∫

∇2Φ(x)eiq.x/~ dx, (2.12)

in which the potential Φ(x) and the charge density ρ(x) are related by Poisson’s
equation:

∇2Φ(x) =
−ρ(x)

ǫ0
. (2.13)

Therefore,

< ψf |Hint|ψi >=
e~2Ze

ǫ0V |q|2S(q), (2.14)

in which the form factor S(q) is defined as

S(q) =

∫

eiq.x/~f(x) dx with

∫

f(x) dx = 1, (2.15)

where Zef(x) = ρ(x) represents the spatial charge distribution of the nucleus. In
the case of a spherically-symmetric charge distribution, Eq. 2.15 leads to

S(q2) =
4π~

Ze|q|

∫ ∞

0

rρ(r) sin

( |q|r
~

)

dr, (2.16)

with ρ(r) being the radial charge distribution. The experimental cross section in this
approximation (no magnetic interaction, negligible target nucleus recoil) is given by

(

dσ

dΩ

)

=

(

dσ

dΩ

)

Mott

|S(q2)|2. (2.17)
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If we consider the nuclear charge distribution to be a homogeneous hard sphere of
radius R with constant density, the form factor will be zero at q = (~/R)·tan(qR/~).
For example, a minimum is found at qR/~ ≈ 4.5; the location of the minima thus
tells us the size of the scattering nucleus [17]. In reality, ρ(r) is not a hard sphere,
though it is approximately constant for much of the nuclear volume. Smoothing
the edges of the spherical charge distribution modifies the positions of the minima
but does not alter the argument leading to the conclusion that, due to the spatial
distribution of the nucleus, the elastic cross section would show a number of well-
defined minima superimposed on a decreasing cross section with scattering angle.
One might attempt to find the charge distribution

ρ(r) =
Ze

(2π)3

∫

S(q2)e−iq.x/~ dq. (2.18)

In practice, one chooses various parameterizations of ρ(r) in order to determine
the theoretical prediction for S(q2). This way one can vary the parameters to obtain
a best fit between theory and the measured value of S(q2). Defining the mean square
charge radius as

< r2 >= 4π

∫ ∞

0

r2 · f(r)r2 dr, (2.19)

and considering the low-energy scattering (|q|R/~ ≪ 1) one can obtain the form
factor from Eq. 2.15:

S(q2) = 1 − 1

6

q2 < r2 >

~2
+ · · · , (2.20)

which leads to

R2 =
5

3
< r2 >= −10~

2dS(q2)

dq2

∣

∣

∣

∣

∣

q2=0

. (2.21)

2.1.2 Determination of matter distributions

Electron-nucleus scattering has proven to be a powerful method in determining the
charge-density distributions of stable nuclei. Based on the experimental analysis
a rms charge radius of 4.8 fm for 136Xe is obtained [19]. Using a hadron as the
projectile one can experimentally probe the matter density within limited accuracy.
In 5.4.1 we will try to extract the proton-136Xe elastic-scattering cross section. The
extracted cross section has been analyzed within the framework of the Glauber
theory, using the symmetrized Fermi parametrization, in which the symmetrized
Fermi density is defined as [20]

ρm(r) = ρ0

[

(

1 + e(r−R)/a
)−1

+
(

1 + e(−r−R)/a
)−1 − 1

]

(2.22)

= ρ0
sinh(R/a)

cosh(R/a) + cosh(r/a)
,
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with a normalization:

ρ0 =
3

4πR3

1

1 + (πa/R)2 , (2.23)

where R is the “half-density radius” (ρ(R) = ρ(0)/2) and a is the width of the
nuclear density distribution. The rms nuclear matter radius Rrms is connected to R
and a by the relation [12]:

Rrms = (3/5)1/2R

[

1 +
7

3

(πa

R

)2
]1/2

. (2.24)

From the symmetrized Fermi parametrization, a matter radius of Rrms = 4.85 ±
0.1 fm was determined with the parameters R = 4.54 ± 0.05 fm and a = 0.90 ±
0.05 fm for the 136Xe nucleus [11]. As the energy of an incident charged particle
is increased, the elastic scattering is only a small part of the total interaction, as
inelastic scattering, transfer reactions, and compound nucleus processes tend to
occur with the result that the nucleus behaves rather like a strongly absorbing
sphere.

2.2 The Glauber theory for nuclear multiple

scattering

Scattering of high energy particles off nuclei is a powerful means for the investigation
of nuclear structure. A classical example is experiments using electron scattering in
which charge distributions of nuclei are studied. Scattering of high energy protons
may be a source of information on the matter (neutron) distributions in nuclei [21].
According to the Glauber theory, the scattering of high-energy protons from nuclei
can be described using the information on the free nucleon-nucleon (NN) interaction.

The nuclear diffraction theory stems directly out of the Fraunhofer form of optical
diffraction theory, which is a theory of collisions at small transferred momentum.
The “collisions” take place between a plane-wave and a screen with an aperture in
it, or with a partially absorbing obstacle. These waves describe the collisions with
small transferred momentum because the deflections of the waves are usually small.
Therefore, most of incident particles are scattered at forward angles. There is a
requirement that the wavelength should be small compared to the dimensions of the
aperture or obstacle.

In the nuclear optical model the nucleus could simply be thought of as a trans-
parent sphere which could be partially absorbing. The waves passing through this
cloudy sphere could undergo changes in amplitude and phase. What we can do is
to consider a matrix element of some phase-shift exponential exp[iχ(b, s)] taking
carefully into account its dependence on the internal coordinates [22]. Here, χ(b, s)
is the phase-shift function at the impact parameter b as a function of s defined in
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Fig. 2.1. In the case that the final state is the same as the initial state, we are
dealing with elastic scattering.

Figure 2.1: The nucleus makes a transition from an initial state |i > to a final state |f >.

Here, the phase shift is χ(b, s) at the impact parameter b and is a function of {s} (sj is

the projection of the nucleon coordinate rj on the plane perpendicular to ki + kf , where

ki and kf are the initial and final momenta of the incident particle, respectively).

2.2.1 Basic formulas of the Glauber theory

In the multiple-scattering theory of Glauber the hadron-nucleus scattering amplitude
is calculated in the framework of the adiabatic approximation. This is justified at
high energies where the incident particle passes through the nucleus in a very short
time so that the change of positions of the nucleons may be negligibly small. The
transition amplitude obtained by calculating the scattering from instantaneously
fixed nucleons is then averaged over the initial and final nucleus wave functions.
The scattering amplitude is represented in the eikonal approximation, which is valid
for processes involving small angle scattering and very large incoming momentum. In
this approximation, the trajectory of the projectile is assumed to be almost straight.
Finally, the main “additivity phase” assumption is made, according to which the
total eikonal phase acquired by the particle when passing through the nucleus at
a fixed impact parameter is equal to the sum of the phases from the individual
nucleons, the latter contributing as if they were free.

One of the virtues of the Glauber theory is that for the given nuclear wave func-
tion and free projectile-nucleon scattering amplitude, the total transition amplitude
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may be found by integrations only [12]. If the initial and final momenta of the inci-
dent particle are ki and kf , the amplitude for scattering of the particle on a system
of A-nucleons with the transition of this system from the state Ψi(r1, · · · , rA) to the
state Ψf (r1, · · · , rA) is written as

Ffi(q) =
ik

2π

∫

d2b eiq.bΨ∗
f (r1, · · · , rA)Γ(b, r1, · · · , rA)Ψi(r1, · · · , rA)

A
∏

j=1

drj,

(2.25)
where the so-called “profile function” Γ for the nucleon positions r1, · · · , rA is

Γ(b, r1, · · · , rA) = 1 − exp[iχ(b, r1, · · · , rA)]. (2.26)

It is assumed that the overall phase-shift function χ(b, r1, · · · , rA) is the sum of the
phase-shift functions χj for collisions with the individual nucleons,

χ(b, r1, · · · , rA) =
A
∑

j=1

χj(b − sj). (2.27)

Eq. 2.25 is the basic expression which is used for the calculation of elastic and
inelastic scattering of protons by nuclei [23]. For elastic scattering, k = |ki| = |kf |,
the transferred momentum q to the system would be q = 2k sin (θ/2), where θ is
the scattering angle in the CM system, b is the impact parameter vector which lies
in the plane perpendicular to the projectile direction along the z-axis, chosen to be
parallel to the average momentum k0 = (ki + kf )/2, and sj is the projection of the
nucleon coordinate rj on this plane (Fig. 2.1),

sj = rj − (k0/k
2
0)(rj · k0). (2.28)

For proton-nucleon collision in the diffraction approximation, the general form taken
for the elastic scattering amplitude is given as follows, when the spin degree of
freedom is neglected [14, 24]:

fj(q) =
ik′

2π

∫

d2b eiq.bγj(b), (2.29)

which can also be checked in Eq. 2.25 for the scattering by one nucleon. Here, k′ is
the wave number in the two-particle center-of-mass system, and the integration is
carried out in the plane perpendicular to the z-axis. The nucleon profile function

γj(b) = 1 − exp[iχj(b)] (2.30)

may be derived from the projectile-nucleon elastic-scattering amplitude fj(q) at the
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same laboratory energy by means of the inverse Fourier transformation:

γj(b) =
1

2πik′

∫

e−iq.bfj(q) d2q. (2.31)

When γ(b) depends only upon the magnitude of b (spin and isospin-amplitude
independent), the integration over the azimuthal angle gives the Bessel function J0

and we have

f(q) = ik

∫ ∞

0

J0(qb)γ(b)b db (2.32)

γ(b) =
1

ik

∫ ∞

0

J0(q
′b)f(q′)q′ dq′. (2.33)

Replacing χ(b, r1, · · · , rA) in Eq. 2.26 by Eq. 2.27 and using Eq. 2.30, one obtains
the well-known Glauber combination law for the profile functions:

Γ(b, r1, · · · , rA) = 1 −
A
∏

j=1

[1 − γ(b − sj)]. (2.34)

When the A-fold product in Eq. 2.34 is expanded in powers of γ, it results in a
scattering series consisting of A terms corresponding to single scattering, double
scattering and so on. This multiple scattering series does not include rescattering
terms (the scattering on the same nucleon more than one time). The contribution
from such terms at high energies is considered to be rather small.

In spite of the assumptions used in the derivation of the Glauber formula limiting
the range of its applicability for high-energy small-angle scattering, the Glauber
approach has been found in many cases to agree well with experiments at low energies
and at rather large angles [21]. This indicates that the Glauber theory has, in fact,
rather general applicability.

The form factor of the single-particle density ρj(rj) is defined as

Sj(q) =

∫

eiq·rjρj(rj) drj. (2.35)

The overall density distribution of the nucleus, as given by the sum of the single-
particle densities, is indicated by ρ(r), and S(q) =

∫

eiq·rρ(r) dr will be the corre-
sponding nuclear form factor. The normalization of the nuclear density distribution
is then

∫

ρ(r) dr = A, (2.36)

so that S(0) = A. The elastic-scattering differential cross section in the single-
particle scattering approximation is thus given by

dσ

dΩ
= |Fii(q)|2 ≡ A2|fj(q)|2|Sj(q)|2, (2.37)
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in which fj(q) and Sj(q) were introduced in Eqs. 2.29 and 2.35, respectively. In this
thesis, the Glauber approximation is used for the calculation of the elastic-scattering
cross section in the 136Xe(p, p) reaction in inverse kinematics. The results are com-
pared with the experimental data obtained at a beam energy of 350 MeV/nucleon.

2.2.2 Eikonal approximation

The central assumption of the Glauber theory is the eikonal approximation. The
projectile travels along a definite straight line trajectory through the field of the
target nucleus. This assumption allows us to obtain a number of crucial, yet simple,
cross section formulas. In order to examine the conditions for the validity of the
eikonal approximation, we consider the scattering of a point particle from a potential
with strength V0 and range a. If τ1 is the time spent by the projectile in the
interaction region, we get the relation τ1 = a/v, where v = ~k/m is the projectile
velocity. Furthermore, the process time necessary for the scattering potential to have
a significant effect on the projectile is τ2 = ~/|V0|. We can construct a “coupling
parameter” by taking the ratio of these two times [25]:

τ1
τ2

=
|V0|a
~v

. (2.38)

We have two simple cases for this coupling parameter:

• τ1/τ2 ≪ 1 ⇒ weak coupling limit (Born condition)

• τ1/τ2 ≫ 1 ⇒ strong coupling limit (WKB condition).

The eikonal method is useful when the wavelength of the incident particle is short
compared with the distance over which the potential varies appreciably. This short
wavelength condition is expressed in terms of the incident wave number k and the
range of the interaction a such that ka ≫ 1. However, unlike the short wavelength
WKB (Wentzel-Kramers-Brillouin) approximation, the eikonal approximation also
requires high scattering energies (E ≫ |V0|). Since ~v = ~

2k/m = 2E/k, one will
have

τ1
τ2

=
|V0|
E

× ka

2
. (2.39)

Therefore, while the eikonal approximation holds when the first factor is small and
the second factor large, it says nothing about their product. In that sense, the eikonal
approximation spans both the Born and WKB limits and contains elements of both.
The eikonal approximation can be derived starting from either the Schrödinger or the
Lippmann-Schwinger equation [26]. It leads to the well-known form of the scattering
amplitude (Eq. 2.32). The eikonal phase-shift function, χ(b), is defined as

χ(b) = − 1

~v

∫ ∞

−∞

V (R) dz, (2.40)
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where R is the projectile-target separation.

2.3 Direct-reaction theory for inelastic

scattering

Here, we start by defining the important quantities involved in the process of inelastic
scattering of a pair of nuclei a and A. In the following, the Greek letter α will refer
to the channel α of the partition a+A. We will follow the procedure used in Ref. [27]
which is based on the Satchler approach [28].

The product of the internal wave functions of the two nuclei in the channel α is
defined as

ψα(xα) ≡ ψa(xa)ψA(xA), (2.41)

in which xi represent the coordinates. The functions ψi are eigen functions of the
internal Hamiltonian of nucleus i. Hence,

(εa −Ha)ψa = 0, (εA −HA)ψA = 0, (εα −Hα)ψα = 0, (2.42)

where Hα = Ha +HA and εα = εa + εA. These wave functions are orthonormalized,
i.e.,

∫

ψ∗
a(xa)ψa′(xa)dxa = δaa′ , (2.43)

and similarly for ψA and ψα. The relative coordinate −→rα is the vector joining the
centers of mass of the two nuclei a and A:

−→rα = −→ra −−→rA. (2.44)

If we consider only the two-body force for nucleons, the interaction potential between
the two nuclei (projectile a and target A) can be written as

Vα(xα,
−→rα) =

a
∑

i=1

a+A
∑

j=a+1

vij. (2.45)

The nucleon-nucleon interaction will in general depend on the spin and isospin of the
two nucleons as well as on their separation −→rij = −→ri −−→rj . However, in the following
presentation we will suppress the spin and isospin quantum numbers.

The total Hamiltonian H for the channel α can now be written as the sum of
the internal Hamiltonians Hα of nuclei a and A, the kinetic energy of their relative
motion Kα, and their mutual interaction Vα:

H = Hα +Kα + Vα. (2.46)
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The total wave function of this Hamiltonian is

Ψ =
∑

α

ξα(
−→rα)ψα(xα). (2.47)

Here, ξ describes the relative motion of nuclei a and A, and the sum runs over a
complete (and infinite) set of internal states of the channel α.

Assume we have a beam of nuclei a incident on target nuclei A in the incoming

channel, denoted as channel α and specified by the wave function Ψ(+)(
−→
kα), where

the nuclei are both in their ground states and moving in a relative plane-wave state.
If the outgoing channel is denoted by β, corresponding to a partition with nuclei b
and B, with outgoing spherical waves, we can expand the incoming channel, which
has in addition to the incoming plane waves also spherical waves, in terms of the
states of channel β:

Ψ(+)
α (

−→
kα) =

∑

β

ξβ(
−→rβ )ψβ(xβ). (2.48)

We can solve the Schrödinger equation, using the appropriate total Hamiltonian of
Eq. 2.46 in the outgoing channel β:

(E −Hβ −Kβ)Ψ
(+)
α = VβΨ

(+)
α . (2.49)

If we project this onto channel β and integrate over xβ, we get from Eq. 2.48:

(Eβ −Kβ)ξβ(
−→rβ ) =< ψβ|Vβ|Ψ(+)

α >≡
∫

ψ∗
β(xβ)Vβ(

−→rβ , xβ)Ψ(+)
α dxβ, (2.50)

with Eβ = E − εβ, where εβ is defined in a similar way to Eq. 2.42 for ψβ.

2.3.1 Distorted waves (DWs)

The potential of interaction between nuclei a and A in the incoming channel or nuclei
b and B in the outgoing channel can be written as the sum of two terms: the first
is an average interaction, Uβ(rβ), over the nuclei in a certain channel, and depends
only on the channel radius, i.e. the relative distance between the two centers of mass
of the nuclei; and the second is a residual interaction, Wβ(xβ, rβ), which is relatively
smaller and can be treated as a perturbation. For example, in the outgoing channel
these can be defined as

Uβ(rβ) =< ψβ|Vβ|ψβ > , Wβ = Vβ(xβ,
−→rβ ) − Uβ(rβ). (2.51)

The average potential, Uβ, over the nuclei b and B can, in principle, be obtained
from the interaction between the two nuclei if the nucleon-nucleon interaction is
given and the ground-state wave functions of b and B are known. However, this
average potential is usually taken to be a complex optical potential obtained by
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fitting elastic scattering data of nuclei b and B at the incident energy of interest. It
usually also includes the Coulomb potential between the two charge distributions of
nuclei b and B.

Because of our choice for Uβ and Wβ the diagonal matrix element of Wβ, which
does not involve any internal rearrangement of the nuclei b and B, vanishes exactly:

< ψβ|Wβ|ψβ >≡ 0. (2.52)

Equations 2.49 and 2.50 can be rewritten in terms of the average potential Uβ(rβ),
which cannot change the internal states of channel β, and the residual interaction
Wβ, which can be treated as a perturbation that may induce rearrangement and
excitation of the nuclei b and B. In particular, Eq. 2.50 becomes

(

Eβ −Kβ − Uβ(rβ)
)

ξβ(
−→rβ ) = < ψβ|Wβ|Ψ(+)

α >

=
∑

β′ 6=β

< ψβ|Wβ|ψβ′ > ξβ′(−→rβ )

≡
∑

β′ 6=β

ξβ′(−→rβ )
∫

ψ∗
β(xβ)Wβ(

−→rβ , xβ)ψβ′(xβ) dxβ. (2.53)

The solutions of this equation can be expressed in terms of the solutions of the
homogeneous equation:

(Eβ −Kβ − Uβ(rβ))χ
(+)
β (

−→
kβ ,

−→rβ ) = 0. (2.54)

This equation describes the elastic scattering of b on B due to the optical model
potential Uβ in channel β, and the solutions, χ

(+)
β , are known as the distorted waves

which are distorted because of the optical model (including Coulomb) potential.
These solutions will have asymptotically the form of an incident plane wave plus an
outgoing (scattered) spherical wave:

χ
(+)
β (

−→
kβ ,

−→rβ ) −→ ei
−→
kβ ·

−→rβ + f
(0)
β (θ)

1

rβ
· ei

−→
kβ ·

−→rβ , (2.55)

where f
(0)
β (θ) is the elastic-scattering amplitude and θ is the scattering angle.

2.3.2 Coupled-channels method and distorted-wave Born
approximation

In describing the experimental data on direct nuclear reactions, two methods are
extensively used: the coupled-channels (CC) calculations and distorted-wave Born
approximation (DWBA). In the following we consider only the inelastic scattering
processes. In solving the Schrödinger equation for the full Hamiltonian in channel α,
(E −H)Ψ = 0, we start with the total wave function of Eq. 2.47 which is expressed
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as a function of a complete (infinite) set of internal states of channel α. Since we
consider only elastic and inelastic scattering, the α and β partitions are the same,
and Eq. 2.53 can be written as

(E − εα −Kα− < α|Vα|α >) ξα(
−→rα) =

∑

α′ 6=α

< α|Vα|α′ > ξα′(−→rα), (2.56)

where in this equation ψα has been replaced by α for simplicity. Here, α represents
an infinite set of channels. The diagonal matrix of Vα on the left-hand side of Eq. 2.56
represents the optical potential which describes elastic scattering. The non-diagonal
(inhomogeneous) coupling terms on the right-hand side represent the interaction
matrix elements. These give the transition potentials which are integrals over xα,
and therefore are functions of −→rα:

Vαα′(−→rα) =< α|Vα|α′ >≡
∫

ψ∗
α(xα)Vα(

−→rα, xα)ψα′(xα) dxα. (2.57)

Eq. 2.56 represents an infinite set of coupled equations for the channel functions
ξα(

−→rα) for the partition α = a + A. To make the problem tractable a truncation
should be made to a finite set of channels. The truncation is often guided by
physical insight or experimental observations as to which channels are the most
important ones and should be included. In addition to the initial and final states,
levels with strong couplings to either the initial or final state need to be included.
The coupled equations are then solved to find the solutions of the truncated model
and in particular to the initial and final states of interest.

The DWBA corresponds to taking the non-diagonal matrix elements of the in-
teraction to first order when evaluating the transition amplitude. Consider inelastic
scattering from an initial channel α to a final channel α′. Assume there is no other
strong couplings to these channels from any other channel in the partition α = a+A.
Then the coupled equations 2.56 can be truncated to the following two equations:

[(E − εα) −Kα− < α|Vα|α >]χα(
−→rα) =

∑

α′′ 6=α

< α|Vα|α′′ > χα′′(−→rα) (2.58)

and

[(E − εα′) −Kα− < α′|Vα|α′ >]χα′(−→rα) =
∑

α′′ 6=α′

< α′|Vα|α′′ > χα′′(−→rα), (2.59)

where χα(
−→rα) are used in Eqs. 2.58 and 2.59 instead of ξα(

−→rα) in Eq. 2.56 to indicate
the difference between the truncated model and exact channel functions, respec-
tively.

If the non-diagonal matrix elements of Vα are small, further approximations can
be made. Because elastic scattering is dominant, the off-diagonal matrix elements
have little effect in the entrance channel, which has incoming plane waves, and



2.4. Nuclear giant resonances 21

therefore, these matrix elements can be neglected on the right-hand side of Eq. 2.58.
However, they cannot be neglected in Eq. 2.59 because the solution of this equation
has only outgoing waves and would vanish without an inhomogeneous term which
acts as a source term. Furthermore, since χα is much larger than all other χα′′ , only
the term which has information on the direct coupling of channels α and α′ will be
kept on the right-hand side of Eq. 2.59. Therefore, we finally have

[(E − εα) −Kα− < α|Vα|α >]χα(
−→rα) ≈ 0 (2.60)

and

[(E − εα′) −Kα− < α′|Vα|α′ >]χα′(−→rα) ≈< α′|Vα|α > χα(
−→rα). (2.61)

The Green-function techniques can be used to solve these equations, which yield the
DWBA transition amplitude:

TDWBA
α′α =

∫

χ
(−)∗
α′ (−→rα) < α′|Vα|α > χ(+)

α (−→rα) d3rα. (2.62)

The distorted waves χ(+) and χ(−) satisfy the asymptotic boundary conditions of
plane waves plus outgoing or incoming spherical waves, respectively. They are solu-
tions of the homogeneous equations:

[(E − εα) −Kα− < α|Vα|α >]χ(+)
α (−→rα) = 0 (2.63)

and
[(E − εα′) −Kα− < α′|V †

α |α′ >]χ
(−)
α′ (−→rα) = 0, (2.64)

which describe elastic scattering in channels α and α′ due to the diagonal inter-
actions < α|Vα|α > and < α′|Vα|α′ >, respectively. If these diagonal interactions
(optical potentials including Coulomb interactions) are neglected, then the solutions
of the homogeneous equations are plane waves as expected. Eq. 2.62 would then
reduce to the simple Born approximation, which is known as the plane-wave Born
approximation (PWBA).

2.4 Nuclear giant resonances

Collective excitations of many body systems can be phenomenologically understood
as coherent vibrations around a state of equilibrium. These may be fluctuations in
density or vibrations in shape. A powerful method to study the properties of a many
body system is to subject it to a weak external perturbation and to examine its re-
sponse [17]. For the atomic nucleus subjected to the absorption of a photon or to the
scattering of a particle (electron, proton, etc.), the nucleus responds through the ex-
citation of states up to about 10 MeV. This response often involves only one or a few



22 Chapter 2: Theoretical background

particles. In the energy range between 10 and 30 MeV the system response exhibits
broad resonances. These are giant resonances which are important characteristics of
nuclear excitation spectra. Giant resonances are small-amplitude, high-frequency,
collective modes of excitations of nuclei. Collective excitation modes in many-body
systems exist in many branches of physics. In nuclei, this mode appears in almost
any multipolarity and isospin channel. The most prominent resonances are the
isovector dipole, which is a collective oscillation of the proton against the neutron
density, the isoscalar monopole, which is a radial vibration of the nucleus as a whole
(“breathing mode”), and the isoscalar quadrupole, which corresponds to collective
quadrupole oscillations. As a giant resonance is a collective motion of all nucleons
one expects that whatever mode it corresponds to, its characteristic properties do
not depend on the detailed microscopic structure of the nucleus but rather on its
bulk structure [27]. This implies that one can expect the following properties for a
given type of resonance:

• It occurs in all but the very lightest nuclei.

• Its parameters vary smoothly as a function of the number of nucleons A.

• It exhausts a large part of the appropriate sum rule.

Giant resonances can be classified according to their multipolarity L, spin S, and
isospin T quantum numbers. In the ∆S = 0,∆T = 0 modes the nucleons move
in phase, while in the ∆S = 0,∆T = 1 modes protons and neutrons oscillate in
opposite phases. In the ∆S = 1,∆T = 0 modes nucleons with spin up move against
nucleons with spin down, while in the ∆S = 1,∆T = 1 modes protons with spin
down move against neutrons with spin up and vice versa. Examples of vibrations
resulting from the excitation of various GRs are presented in Fig. 2.2. In this thesis
the possible contribution of the giant dipole resonance (GDR) in the 136Xe(p, p′)
reaction in inverse kinematics with a beam energy of 350 MeV/nucleon will be
investigated, experimentally. Also giant monopole resonance along with isoscalar
GDR will be examined for future experiments.

One may compare the magnitude of the total absorption cross section with the
theoretical limit for the absorption of electric dipole radiation in a nucleus with N
neutrons and Z protons. It is a feature of the GDR that, in the medium and heavy
nuclei, it exhausts to a large extent the Thomas-Reiche-Kuhn sum rule [29]:

∫ ∞

0

σ(ω) dω ≈ 60
NZ

A
MeV mb, (2.65)

where σ(ω) is the absorption cross section of radiation with frequency ω of a particle
with charge e bound by a harmonic force (F = mω2r) in which A = N + Z, and m
is the mass of the nucleon.

The first indications of the GDR in nuclei were obtained, using a source of
17 MeV photons [30] and detecting the radioactivity in various targets. Since the
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Figure 2.2: Representation of collective giant monopole (∆L = 0), dipole (∆L = 1),

and quadrupole (∆L = 2) resonances. The capital letters refer to the character of the

resonance: isovector (IV), isoscalar (IS), spin-flip (S), non-spin-flip (no letter), giant (G),

monopole (M), dipole (D), quadrupole (Q), resonance (R); e.g. isovector spin-flip giant

monopole resonance = IVSGMR [27].

experimental cross sections for some of the nuclei probed were two orders of magni-
tude larger than an averaged theoretical cross section, it was concluded that there
exists a resonance absorption in those nuclei. Since the GDR is in all nuclei located
above the particle emission threshold and since in medium and heavy nuclei the
height of the Coulomb barrier inhibits charged particle decay, the photo-absorption
cross section can be determined from a measurement of the neutron yield as a func-
tion of γ-ray energy. The experimental cross section points can be presented quite
well by a Lorentzian distribution [31]:

σ(E) =
σm

1 +
[

(E2 − E2
m)2 /E2Γ2

] , (2.66)

where the parameters Em, σm, and Γ are the resonance energy, peak cross section
and FWHM, respectively. Experimentally, the resonance energy varies from 24 MeV
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in 16O to 13.5 MeV in 208Pb which can be represented, for example, as [32]

Em = 31.2A−1/3 + 20.6A−1/6 MeV or Em = 47.9A−1/4.27 MeV. (2.67)

The width of the resonance, Γ, varies from about 4 MeV in 208Pb to 7 MeV in 65Cu.
Theoretically, the phenomenon was explained [33] as a collective vibration of the
protons against neutrons. The restoring force against the separation of protons and
neutrons is the symmetry energy, which also enters into the semi-empirical mass
formula. There have been attempts to predict the resonance energy theoretically.
For instance, Danos [34] derived a formula for the resonance energy of the GDR as
Em ∝ A−0.229 which agrees with the experimental results.

In recent years, a major trend in nuclear physics research is the investigation
of the structure of unstable nuclei. In this new domain of nuclear physics, excita-
tion of collective modes, in particular giant resonances, will be studied in order to
understand specific aspects of the nuclear structure of unstable exotic nuclei. It is
clear that the only possibility to explore these nuclei is by using inverse kinematics
in which the giant resonance in an unstable nucleus is excited by an interaction
with a stable target nucleus. The strength function of these giant resonances of the
unstable nucleus can be determined by measuring, for example, gamma rays and
neutrons from the GDR decay in coincidence with the scattered particle.



3. Overall design of EXL

In this chapter we will explain briefly the future experimental facility at GSI1 com-
plex. We will then focus on the EXL project and introduce the corresponding ex-
perimental setup. An overview of the relevant two-body kinematics alongside with
some simulations for the recoil detector setup will round up this chapter.

3.1 The FAIR facility

The Facility for Antiproton and Ion Research, FAIR (Fig. 3.1), provides, along with
research activities in other fields of physics, unique opportunities to study nuclei far
off stability, exploring new regions in the chart of nuclides which are of paramount
interest in the fields of nuclear structure and astrophysics [9]. The concept of the
FAIR accelerator facility aims for a multifaceted forefront science program, beams
of stable and unstable nuclei as well as antiprotons in a wide range of intensities and
energies, with optimum beam qualities. An important feature of the FAIR facility
is that, due to the intrinsic cycle times of the accelerator and storage-cooler rings,
up to four research programs can be run in a parallel mode. This allows a rich and
multidisciplinary research program, covering the fields: QCD studies with beams
of antiprotons, nucleus-nucleus collisions at high baryon density, nuclear structure
and nuclear astrophysics investigations with nuclei far from stability, atomic and
material science studies, etcetera.

3.2 The EXL setup

The investigations of direct reactions with exotic beams in inverse kinematics give
access to a wide field of nuclear-structure studies in the region far off stability. The
objective of the EXL project (EXotic nuclei studied in Light-ion induced reactions
at the NESR storage ring) is to capitalize on light-ion induced direct reactions in
inverse kinematics by using novel storage-ring techniques and a universal detector
system [10]. Light-ion induced direct reactions have been applied within the last two
decades for the investigation of light exotic nuclei with radioactive beams in inverse
kinematics [35]. The essential nuclear-structure information is often deduced from
high-resolution measurements at low-momentum transfer. It is exactly the kine-
matical conditions of inverse kinematics that make low-momentum transfer, high
precision measurements an exclusive domain in storage-ring experiments for study-
ing the unstable nuclei. This way, one can benefit from the luminosities provided

1 Helmholtzzentrum für Schwerionenforschung GmbH, Darmstadt, Germany
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Figure 3.1: Schematic view of the present facility (left side of the HESR ring) as well as

future FAIR project at GSI. The present facility includes the linear accelerator UNILAC,

the heavy-ion synchrotron SIS18, the fragment separator FRS and the experimental stor-

age ring ESR. The new project will comprise the double-ring synchrotron SIS100/300, the

high-energy storage ring HESR, the collector ring CR, the new experimental storage ring

NESR, the super-conducting fragment separator Super-FRS, and several experimental sta-

tions. The present UNILAC/SIS18 complex will serve as injector for the new double-ring

synchrotron.

in the ring experiments which are superior by orders of magnitude as compared to
experiments with external targets.

Detection of low-energy recoil particles is especially important to study the halo
or skin structure of exotic nuclei. For example, one of the most outstanding discov-
eries was the finding that nuclei may appear under certain conditions with a qualita-
tively new type of nuclear structure, so-called “halo” structure [36, 37]. Compared
to stable nuclei and nuclei close to stability, in which all the protons and neutrons
are essentially distributed uniformly over the nuclear volume, it was found that some
light neutron-rich nuclei located at or near the neutron drip line exhibit a widely
extended low-density distribution. The low-density distribution outside the core
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is due to nothing else than loosely bound valence neutrons (the halo) surrounding
a compact distribution of the majority of nucleons (the core). This phenomenon
was a signature of the unusual matter distribution in neutron-rich nuclei near the
neutron drip line. It magnifies i) the importance of studying such systems in the
limits of very low-momentum transfer, ii) aspects like the in-medium interactions in
proton-neutron asymmetric nuclear matter, iii) giant resonances with strength dis-
tributions totally different from those known in stable nuclei, v) the shell structure
in nuclei of extreme proton-to-neutron asymmetry leading to disappearance of the
known magic numbers and, in turn, to the appearance of new shell gaps, etcetera.
These were the motivations to start with the design of a new detection system for
future investigations. Various types of light-ion induced direct reactions serve in
these investigations like: elastic scattering of type (p, p), (α, α); inelastic scattering
of type (p, p′), (α, α′); charge exchange reactions of type (p, n), (d, 2He); quasi-free
reactions of type (p, 2p), (p, pn), (p, p+cluster); and transfer reactions of type (p, t),
(p, 3He), (p, d), (d, p).

Since the domain of low momentum transfer is of interest, extremely thin tar-
gets are requested, resulting in low luminosities if external targets would be used.
Likewise, due to their production mechanism, a large momentum spread and large
emittance are inherent to the secondary ion beams, which would deteriorate a mea-
surement of the target-recoil momenta and kinetic energies if not counteracted [10].
These problems can be overcome using stored and cooled secondary beams of un-
stable nuclei in a ring interacting with thin internal gas-jet targets. This way, we
would expect:

• high luminosities due to the continuous beam accumulation and beam recir-
culation,

• high-resolution detection of low-energy recoil particles due to beam cooling
and thin targets, and

• low-background conditions due to pure, windowless targets of H, He, etcetera.

In the EXL Technical Proposal, the design of a complex detection setup has been
investigated with the aim of providing a highly efficient universal detection system.
This universal detector system is applicable to a wide class of reactions and would
provide high resolution and large solid-angle coverage in kinematically complete
measurements. The apparatus, foreseen to be installed at the internal target of the
NESR storage cooler ring, is shown schematically in Fig. 3.2. The setup includes:

• a Si-strip and Si(Li) detector array for recoiling target-like reaction products,
completed by slow-neutron detectors, and a scintillator array of high granu-
larity for gamma rays and for the total-energy measurement of more energetic
target recoils;

• detectors in forward direction for fast ejectiles from the excited projectiles,
i.e., for neutrons and light charged particles; and
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Figure 3.2: The EXL detection setup. Right: New Experimental Storage Ring (NESR).

Middle: schematic view of the three main parts of EXL. Left: recoil detector setup sur-

rounding the gas-jet target, showing the silicon-detector elements which are covered by the

calorimeter crystals. The silicon-detector system consists of five regions covering different

angular ranges. These regions are known as A, B, C, D, and E which are colored here as

red, green, blue, yellow, and brown, respectively. Except for the region E which covers

the scattering angles of θLAB > 90◦, the other four regions are spread over the region with

θLAB < 90◦.

• heavy-ion detectors for the detection of beam-like reaction products.

All detector components will practically cover the full relevant phase space and have
detection efficiencies close to unity.

3.2.1 Overall design of the recoil detector system

In order to detect very low-energy recoil particles, UHV (ultrahigh vacuum) require-
ments imposed by the NESR operation need to be fulfilled. The overall vacuum in
the NESR beam-line should be better than 10−11 mbar. The overall design for the
recoil and gamma-ray detector for EXL consists of two major parts:

1. the EXL Silicon Particle Array (ESPA), which is assigned to detect light
charged particles emerging from the target,
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Figure 3.3: Mechanical design of various elements of the EXL recoil-detector setup [38].

(a) grid structure for holding the Si-detector elements; (b) Si-detector elements installed on

the grid structure and surrounded by the conflat flange; (c) a profile view showing various

detection layers. The outermost green layer represents the calorimeter scintillators which

are separated from the Si-detectors by a metallic shell holding the ultrahigh vacuum; (d)

the outlook of the completed design of the whole recoil-detector setup, installed on a

supporting structure. The design has been performed at KVI.
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2. the EXL Gamma and Particle Array (EGPA), which covers the whole ESPA
solid angle by a scintillator hodoscope and detects the punch-through charged
particles as well as the gamma rays.

The whole ensemble will be referred to as ERGA (EXL Recoil and Gamma Array).
Optionally, low-energy neutrons from (p, n) reactions are detected by the EXL Low-
Energy Neutron Array (ELENA).

Fig. 3.3 shows some views of the mechanical design (using UGS NX 5) for the
EXL recoil-detector setup. In the realized EXL recoil-detector setup, one has to
deal with difficulties like gluing the Si-detector elements to the frame (grid structure)
shown in Fig. 3.3a. The gluing should be performed with great care, in order to leave
a completely sealless spherical structure covered by the Si-detector elements. This
structure will experience pressure differences of the order of 10−5 mbar; it should be
sealed enough to hold a relative vacuum of 10−11 mbar for the interior pressure as
compared to 10−5 mbar for the pressure outside the spherical structure. In contrast,
it is the thick spherical shell (connected to the “conflat flange” in Fig. 3.3) that
withstands the high pressure differences of the order of one bar. This shell would
separate the calorimeter from the Si-detector elements. More design aspects are
outlined in the conceptual design report of EXL [10].

3.2.2 Kinematical regions of interest

The detector components need to fulfill strong demands concerning angular and
energy resolutions, energy threshold, dynamic range, granularity, vacuum compati-
bility, etcetera. The kinematical conditions and the resulting constraints on energy
resolutions are summarized in Figs. 3.4, 3.5, and 3.6 and are listed in Tables 3.1
and 3.2 for a few selected typical reactions at different incident energies.

The region of interest for most reactions is concentrated in the CM angular
range 0◦ < θCM < 30◦. Target-like recoil particles are to be detected in an energy
range from about 100 keV up to several hundred MeV, and in an angular region
of 30◦ < θLAB < 120◦ (except for transfer reactions, see Fig. 3.4). This defines the
constraints concerning detection angle, energy threshold, and dynamic range of the
individual detectors. Fig. 3.7 shows the recoil energy as a function of the scattering
angle for some selected reactions (shown in Fig. 3.4) which are representative of
elastic, inelastic, charge-exchange, and transfer reactions. The dotted curves show
the ±σ boundaries for the probability distribution of the kinematical curves when
we have a center-of-mass energy resolution of σ = 300 keV for the recoil particle.

In Tables 3.1 and 3.2, results of the simulations are listed for the expected res-
olution (σ = ∆E∗). In the simulations for the overall resolution of the detector
setup, we follow the same approach as will be explained in subsection 4.3.2. Here,
we exploit the generalized form of Eq. 4.25 which reads as

Histo → Fill
(

(E
(tot)
sil − µsil) + (E

(tot)
cal − µcal)

)

, (3.1)



3.2. The EXL setup 31
 [M

eV
]

re
co

il
E

 [deg]LABθ

0 20 40 60 80 100 120 140 160

-110

1

10

210

’)    E = 400 MeV/u,  E*= 15  MeVα,αPb(196

He,t)     E = 400  MeV/u3Be(12

He,t)    E = 400  MeV/u3Pb(196

)         E = 400  MeV/uα,αC(18

Sn(d,p)       E = 15    MeV/u132

°=1CMθ

°=5CMθ

°=10CMθ

°=20CMθ

0 20 40 60 80 100 120 140 160

-110

1

10

210

C(p,p’)      E = 400 MeV/u,  E*= 25  MeV18

Xe(p,p’)   E = 350 MeV/u,  E*= 15  MeV136

Xe(p,p)     E = 350  MeV/u136

Sn(p,p)     E = 740  MeV/u132

C(p,d)        E = 15    MeV/u22

Xe(p,d)    E = 350   MeV/u136

Xe(p,t)     E = 350   MeV/u136

°=1CMθ

°=5CMθ

°=10CMθ
°=20CMθ

Figure 3.4: Kinetic energy of the recoil particle versus its scattering angle, as calculated

in inverse kinematics by using Eq. A.16. Some representative center-of-mass angles for

the recoil particle (θCM = 1◦, 5◦, 10◦, 20◦) are marked on the kinematical curves. The

four points on each curve are plotted in the same sequence, with respect to the Erecoil,

as those shown for the two labeled curves. The CM scattering angles are defined to be

supplementary to the ones obtained using A.20. Here, E∗ is the excitation energy of the

beam particle having undergone inelastic scattering.

with E
(tot)
sil = ΣiE

(i)
sil and E

(tot)
cal = ΣjE

(j)
cal , in which i and j run over all the silicon-

detector elements and calorimeter crystals that detect energy deposition Esil and
Ecal, respectively. On the other hand, µsil and µcal are taken as the means of the
Gaussian fits to ΣkE

(tot)
sil and ΣkE

(tot)
cal when no detector resolution is folded into

silicon-detector elements and calorimeter crystals. Here, k runs over all the events.
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Figure 3.5: Same as Fig. 3.4 (top panel) but for θCM instead of kinetic energy. The

calculations are based on A.20.

In the simulations, an intrinsic resolution of FWHM = 50 keV was assumed for the
Si-detector elements. The resolution of CsI crystals was estimated from Fig. 4.27 as
a function of the deposited energy by the recoil protons in the individual crystals.
For other recoil particles (d, t, α), a resolution of 1% (FWHM) was assumed. In

addition, in order to calculate σ
(detected)
Erecoil

, we used a Gaussian interaction profile of
σx = σy = σz = 1 mm as an extended region around the target point within which
the recoil particles were generated in the simulations.

For five examples in Tables 3.1 and 3.2, we expect the recoil particles to punch
through the recoil-detector setup, namely, silicon-detector elements plus calorimeter
crystals. For the two reactions 18C(p, p′) and 136Xe(p, p′) with recoil-particle energies
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Figure 3.6: Same as Fig. 3.5 but for different reaction channels.

of ELAB
recoil = 304.3 MeV and 314.6 MeV, respectively, the simulation results for res-

olution was performed based on the energy deposition of those non-punch-through
events (respectively, ≈ 3.5% and 0.5% of the total events). On the other hand, we
expect all the events to punch through for the reactions 196Pb(3He, t), 196Pb(α, α′),
and 12Be(3He, t) with recoil-particle energies of ELAB = 1094.3 MeV, 1429.1 MeV,

and 802.1 MeV, respectively. In these cases, the numbers appearing under σ
(detected)
Erecoil

(= 3970 keV, 4300 keV, and 2650 keV, respectively) show the resolutions expected if
the kinetic energy of the particles would be measured with a 1% resolution by a de-
tector after punching through the calorimeter, i.e., if one places a thick detector right
after the calorimeter to stop these particles with a 1% resolution. In Table 3.1, the
simulation of the expected resolution σ

(detected)
Erecoil

for those cases in which θLAB ≥ 90◦
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Table 3.1: Required and expected resolutions for a few selected reactions with E∗ being

the excitation energy of the nucleus (projectile). The required resolution is calculated con-

sidering a resolution of 300 keV for the center-of-mass recoil energy. Here, σ
(detected)
Erecoil

is the

overall energy resolution calculated through simulations for the recoil detector geometry

of Fig. 4.2 without having the UHV shell in the geometry. The superscript (P) is shown

for those cases where the majority of the recoil particles punch through the calorimeter.

Calculation of σ
(detected)
Erecoil

for the three cases in which θLAB ≥ 90◦ are yet to be performed

after the implementation of the silicon-detector elements of region E (see Fig. 3.2) in the

simulations (see the text).

Resolution Resolution
Reaction θCM ELAB

recoil imposed for expected for
(θLAB) [MeV] σECM

recoil
= 300 keV EXL setup

E [MeV/u]
(

σELAB
recoil

[keV]
) (

σ
(detected)
Erecoil

[keV]
)

E∗ [MeV] [deg]
0.5 − 5 0.09 − 6.3 6 − 220 −

12Be(3He, t) (120 − 91)
5 − 18 6.3 − 81 220 − 440 40

400 (91 − 80)
0 18 − 25 81 − 155 440 − 460 40 − 550

(80 − 75)
25 − 59 155 − 802.1 460 − 530 550 − 2650(P)

(75 − 55)
132Sn(d , p) 3 − 22 2.8 − 5.9 90 − 160 −

(170 − 120)
15 22 − 45 5.9 − 15.3 160 − 290 −
0 (120 − 90)

1.5 − 14.6 0.3 − 26.5 250 − 440 130 − 30
136Xe(p, p) (89 − 80)

14.6 − 22.1 26.5 − 60.3 440 − 450 30 − 140
350 (80 − 75)
0 22.1 − 37.6 60.3 − 170.6 450 − 470 140 − 230

(75 − 65)
a)5.3 − 2.5 3.6 − 0.9 210 − 40 20

136Xe(p, p′) b)16.9 − 35.1 34.7 − 145.8 650 − 510 80 − 220
(75 − 65)

350 a)2.5 − 1.6 0.9 − 0.4 40 − 20 20
15 b)35.1 − 52.6 145.8 − 314.6 510 − 530 220 − 420(P)

(65 − 55)
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Table 3.2: Continued from Table 3.1.

Resolution Resolution
Reaction θCM ELAB

recoil imposed for expected for
(θLAB) [MeV] σECM

recoil
= 300 keV EXL setup

E [MeV/u]

E∗ [MeV] [deg]
(

σELAB
recoil

[keV]
) (

σ
(detected)
Erecoil

[keV]
)

1.1 − 11.3 0.4 − 39.3 220 − 340 130 − 180
132Sn(p, p) (89 − 80)

11.3 − 17.1 39.3 − 89.7 340 − 350 30 − 180
740 (80 − 75)
0 17.1 − 29.4 89.7 − 261.3 350 − 380 180 − 270

(75 − 65)
1.6 − 15.8 0.9 − 87.1 360 − 470 10 − 30

18C(α, α) (89 − 80)
15.8 − 23.8 87.1 − 196.1 470 − 480 30 − 370

400 (80 − 75)
0 23.8 − 40.3 196.1 − 547.2 480 − 500 370 − 2200

(75 − 65)
a)10 − 2.5 12.6 − 1.1 1050 − 30 150 − 20

18C(p, p′) b)12.8 − 51.4 20.4 − 304.3 1650 − 340 160 − 300(P)

(74 − 55)
400 a) 2.5 − 1 1.1 − 0.5 30 − 12 20
25 (55 − 30)

a)1.5 − 0.9 1.3 − 0.5 60 − 20 20
196Pb(α, α′) b)12.8 − 20.6 90.8 − 233.6 480 − 460 30 − 600

(80 − 75)
400 a)0.9 − 0.3 0.5 − 0.08 20 − 3 20
15 b)20.6 − 52.5 233.6 − 1429 460 − 520 600 − 4300(P)

(75 − 55)
a)0.9 − 0.6 0.4 − 0.16 30 − 14 20

196Pb(3He, t) b)13.3 − 20.9 75 − 184 460 − 450 40 − 690
(80 − 75)

400 a)0.6 − 0.2 0.16 − 0.03 14 − 2 20
0 b)20.9 − 52.5 184 − 1094 450 − 510 690 − 3970(P)

(75 − 55)
22C(p, d) a)25 − 4 5.9 − 2.3 460 − 120 30 − 10

15 b)74 − 156 30.9 − 78 1050 − 730 40 − 330
0 (40 − 10)
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Figure 3.7: Same as Fig. 3.4 for some representative reactions. The two dotted

curves correspond to the choice of the center-of-mass energy of the recoil particle as

ECM = ECM0 ± 300 keV, in which ECM0 is the center-of-mass energy of the recoil particle

according to the corresponding kinematical curves in Fig. 3.4. Here, the kinematical curve

of only 136Xe(p, p) is shown (solid line); for the other four reactions, only the σ = 300 keV

boundaries for the probability distribution of the kinematical curves around ECM0 are

shown.

needs to be performed after the implementation of the Si-detector elements of re-
gion E (shown schematically in Fig. 3.2) in the simulations. These three cases are
12Be(3He, t) with 91◦ ≤ θLAB ≤ 120◦ and 132Sn(d, p) with 120◦ ≤ θLAB ≤ 170◦ and
90◦ ≤ θLAB ≤ 120◦. Considering the range of energies of the corresponding recoil
particles (≤ 15.3 MeV, see Table 3.1), most probably we will have them stopped
in the silicon layers (a thickness of 1.6 mm for the Si-detector elements can stop
protons of 15.3 MeV). In this case the overall resolution will be the same as the
resolution of the silicon elements. As can be seen from the tables, for most reactions
of interest, the energy resolution requirements are well met with the proposed setup.



4. Simulations for the EXL
detector setup

In this chapter, we will discuss various simulation activities that has been performed
for EXL. It includes design and implementation of major detector elements as well
as some simulation analysis for the recoil detector setup.

The objective of the EXL project is to capitalize on light-ion induced reactions in
inverse kinematics by using storage ring techniques and a universal detector system.
Within the EXL Technical Proposal [10], the design of a complex detection setup was
investigated with the aim to provide a highly efficient, high-resolution universal de-
tection system, applicable to various reactions. Since a fully exclusive measurement
is envisaged, the detection system includes the recoil and γ-ray detectors, detectors
in forward direction for fast ejectiles, and heavy-ion detectors for the projectile-like
reaction products. The overall design for the recoil and γ-ray detectors for EXL
consists of two major arrays, namely the EXL Silicon Particle Array (ESPA), which
is intended to detect light charged particles emerging from the target, and the EXL
Gamma and Particle Array (EGPA), which covers the whole ESPA solid angle by
a scintillator hodoscope and detects the punch-through charged particles as well as
γ-rays. The whole ensemble will be referred to as ERGA (EXL Recoil and Gamma
Array). To retain an optimal resolution with particle identification possibilities it
is desirable to stop particles in the silicon layers. However, for the higher energies,
the γ-ray detector (EGPA) will have to be employed as a calorimeter for the total
energy measurement.

In order to see whether the main requirements for the EXL recoil detector setup,
which are high resolutions for momentum and energy of the recoiling target nuclei
and a low detection threshold, are satisfactorily realized one can perform detailed
simulation studies on the suggested detector scheme. The aim of the simulations is
to find the conditions which optimize the detection system in terms of its tracking
capabilities and detection with good energy and angular resolution and particle
identification. Simulation investigations of the EXL setup also help to check the
coincidence capabilities between the forward detection system, for charged ejectiles,
and the heavy-ion detector system. The simulations of the target recoil detector
were started by Zalite and Zalite [39], based on the technical proposal [10], by
constructing the forward part of the ESPA. The simulation package was prepared
on the basis of the general-purpose transport tool Geant4 [40]. This tool is able
to track particles through various layers of material, generate secondary particles
according to the interaction cross sections and the decay probabilities of the incident
particles, as well as to calculate their energy loss and time of flight. Recoil particles
are generated using external event generators. The simulations for the EGPA were

37
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Figure 4.1: Geometrical arrangement of the EGPA detector layers (left) made of indi-

vidual hexagonal profile prismoids (right), according to the technical proposal of EXL.

started by taking over the previous work done for the ESPA. At the first stage,
the arrangement of the crystals in the calorimeter EGPA was performed in the
simulations based on the design of the EGPA in the technical proposal, using a
shape for the individual crystals different from what was foreseen in the proposal.
In the technical design of EXL, the crystal shapes are foreseen to be hexagonal
profile prismatoids (see Fig. 4.1), using seven different window dimensions for the
individual crystals. In the simulations, however, we introduced rectangular profile
prisms for the crystals, all with the same dimensions. This is especially beneficial,
since we need to fabricate only one crystal shape. Fig. 4.2 shows a view of the
simulated geometry for ESPA surrounded by EGPA.

The full geometry of the major detector elements of EXL was completed by
integrating the already designed magnetic spectrometer elements of the NESR [41]
and the forward scintillator arrays (preceded by iron converters) into the main code.
Fig. 4.3 shows a view of the EXL geometry based on the present Geant4 code
which contains the major parts of the future experimental setup, namely the recoil
detector setup, the forward scintillator assemblies and the magnetic elements of the
ring. The inclusion of the heavy-ion detector setup is straightforward and can be
implemented in the code when we come up with the final design of the detectors
and their container pockets. The configuration of the forward detector system is the
same as the one in the feasibility experiment (Fig. 5.2) and could easily be replaced
with finalized designs of these detector assemblies. The analysis of the simulated
events is performed using the object-oriented data-analysis framework ROOT [42].



4.1. EXL silicon array ESPA 39

Figure 4.2: EXL Recoil and Gamma Array (ERGA). For the sake of clarity, only three

ring-sections of crystals belonging to the forward part of EGPA and three belonging to its

backward part are shown. The specifications of the four Si-detector regions shown here in

red (A), green (B), blue (C), and yellow (D) are presented in Table 4.1.

4.1 EXL silicon array ESPA

The EXL recoil detector system consists of silicon arrays, which detect charged
particles in a very large energy domain, ranging from about 100 keV or below to
several hundreds of MeV depending on the scattering angle and the class of reaction
in question. Several types of detectors will be exploited in this regard:

1. Detectors of 300 µm thickness with a spatial resolution better than 500 µm in
the x- and y-directions. Double-sided silicon strip detectors (DSSDs) will be
employed. The overall energy resolution required is 30 keV (FWHM).
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Figure 4.3: Schematic view of the major detector elements for the EXL setup imple-

mented into the simulations. The configuration of the forward scintillator arrays is the

same as the corresponding setup in the feasibility experiment (reported in chapter 5) and

needs to be substituted with the upcoming designs of these detector assemblies. For clarity,

only a few parts of the forward part of the calorimeter are shown here.
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2. Thin (≤ 100 µm) silicon detectors position sensitive in the x- and y-directions.
Here also, DSSDs with a resolution of better than 100 µm are considered to
be the principal choice. The overall energy resolution required is again 30 keV
(FWHM).

3. Si(Li) detectors of 9 mm thickness with a large area. The overall energy
resolution required is 50 keV (FWHM).

The Si-based recoil detector will be operated with a relatively small counting rate.
The fastest counting rate is 100 kHz over the 4π coverage. Therefore, radiation
damage effects are considered not to be of importance except at about 90◦ where
the yield rate of elastically-scattered and low-energy ions will be high.

4.1.1 Design of the ESPA

The ESPA geometry in the present simulations consists of four regions labeled as
A, B, C, and D, covering the θlab-range of 89◦ − 10◦. Fig. 4.4 shows the cross-
section view at φ = 0◦ for the four regions of the forward ESPA together with their
relative angular placements. Table 4.1 lists some specifications for all individual

Figure 4.4: A profile view of the EXL Silicon Particle Array (ESPA) at φ = 0◦ (spherical

polar coordinates). For every region, we would have different number of rings and layers

(for instance, region C consists of four rings and two layers). For the sake of orientation,

some representative θ-angles (in degrees) are shown here.

silicon-detector elements (rectangular cuboid volumes) that are implemented in the
present simulations.

All the geometrical parameters, listed here, can be easily modified without any
need to compile the code, provided that we make sure that the new configuration
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Table 4.1: Specifications of the Si-detector elements for the EXL Silicon Particle Array

(ESPA) shown in Fig. 4.2. For an explanation on the “Ring ID” and “Layer ID”, see

Fig. 4.4.

Region θlab (φlab) Ring Layer Active Thickness Distance Number of
coverage ID ID area to target silicon

[deg] [mm2] [mm] [mm] detectors
A 89 − 80 0 0 90×90 0.3 580 11 × 2

(88 × 2)
1 90×90 9 599 11 × 2

B 80 − 75 0 0 90×55 0.3 450 9 × 2
(93 × 2)

1 95×60 9 468 9 × 2
2 95×60 9 525 11 × 2
3 95×60 9 560 11 × 2

C 75 − 45 0 0 90×90 0.1 480 11 × 2
(91 × 2)

1 90×90 0.3 580 11 × 2
1 0 90×90 0.1 480-5.5 11 × 2

1 90×90 0.3 580-5.5 11 × 2
2 0 90×90 0.1 480 11 × 2

1 90×90 0.3 580 11 × 2
3 0 90×90 0.1 480-5.5 11 × 2

1 90×90 0.3 580-5.5 11 × 2
D 45 − 10 0 0 90×90 0.1 450 12

(360)
1 90×90 0.3 550 12
2 95×95 9 560 12

1 0 90×90 0.1 450-10 20
1 90×90 0.3 550-10 20
2 95×95 9 560-10 20

2 0 90×90 0.1 450 24
1 90×90 0.3 550 24
2 95×95 9 560 24

Total 468

is geometrically overlap-free. Table 4.1 describes Fig. 4.4 in details, which is a cut
of the geometry at φ = 0◦. For other profile cuts (φ 6= 0◦) we may have slightly
different distances to the target point for the silicon-detector elements in a specific
layer. This is due to the displacements that are introduced for the elements of each
layer in order to fill the phase space by staggering them over each other (see, for



4.2. EXL calorimeter EGPA 43

instance, the numbers under “Distance to target” column, for regions C and D).
For the silicon-detector elements of regions A, B, and C we have two sub-regions, as
shown in Fig. 4.2, on both sides of the beam, each covering an angular range of about
90◦ in the φ-direction, hence a multiplication by 2 appears in “Number of silicon
detectors” column. Unlike these three regions, region D covers the whole 2π of the
φ-coordinate. Note that in Fig. 4.2 the vector ψ represents positive rotations around
y-axis in a right-handed coordinate system, whereas η represents rotations around
lines that are embedded in the x−z plane and pass through the origin. In the special
case that the rotation is done around the z-axis (beam direction), η is the same as
φ. In fact, the whole silicon-detector elements in Fig. 4.2 can be positioned simply
in the spherical coordinate system in a well-defined manner (each silicon ring has
a definite θ-position and is extended in the φ-direction). However, having defined
the silicon-detector elements with respect to θ and φ, the definition of the crystal
elements (based on the conceptual design of Fig. 4.1) would not be straightforward
in the spherical coordinate system. This is simply because one cannot attribute a
specific θ or φ to a specific ring of crystals in a well-defined manner. Therefore, it is
much easier to define precisely the position of a crystal in the calorimeter in terms of
the η and ψ angles, which in a sense reflect the ring number and the crystal number
in that ring. Alternatively, we could have first defined the crystal elements with
respect to θ and φ; but we would then need to define the silicon-detector elements
in a new coordinate basis like ψ and η in order to position them in a systematically
easier way than in the spherical coordinate system.

4.2 EXL calorimeter EGPA

In order to construct the calorimeter EGPA as a spherical shell which would house
the spherically-arranged silicon-detector elements, one can, in principle, use many
different shapes for the individual crystals to build a geometrically 100% efficient
calorimeter (no gap between crystals). When trying to build a spherical calorimeter
from possible crystal profile shapes (polygons), it is easier to imagine a spherical
crust centered at the target position with the same thickness as the crystal height
(assuming that the crystal height is the distance between forward and backward faces
of the crystal that are away from the target point as much as the inner and outer radii
of the crust, respectively). In fact, all polygons of the forward and backward faces
of each crystal can be projected on the nearest spherical boundary of the imaginary
crust to make a ‘tiling pattern’ on the two spherical boundaries which might make the
geometry easier to imagine. In general, the crystals could be oblique in which case
the line (axis) passing through the mid-points of the crystal forward and backward
faces is not perpendicular to the profiles themselves. However, we limit ourselves to
‘right solids’ for which the axis is perpendicular to the two profiles. Therefore, we
can make an entirely gap-free spherical crust out of the individual crystals, once we
find the appropriate polygonal shapes for the two faces of the crystals.
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In geometry it is known that there are precisely five convex1 regular polyhedra2

(known as Platonic solids) which are unique in that the faces, edges, and angles are
all congruent3. These are named as tetrahedron, cube, octahedron, dodecahedron,
and icosahedron which have 4, 6, 8, 12, and 20 faces, respectively. Therefore, we
can imagine a highly symmetric gap-free crust (tiling pattern) made of a definite
number of identical polygons (maximum 20). On the other hand, an Archimedean
solid is a highly symmetric, convex polyhedron composed of two or more types of
regular polygons4 meeting in identical vertices. They are 13 in total and have the
following number of faces: 8, 14, 14, 14, 26, 26, 38, 32, 32, 32, 62, 62, and 92.
For instance, we can imagine a highly symmetric gap-free crust made of maximum
92 polygons (80 triangles and 12 pentagons). In spite of the fact that the above
geometrical shapes (or equivalently their tiling patterns on a spherical shell) are
highly symmetric and, therefore, suitable to be exploited as a base for making a gap-
free spherical calorimeter, they are limiting in that one has to use a definite number
of crystals of a definite polygonal profile shape. This is especially a drawback,
since for large spherical radii for the calorimeter one ends up with big sizes for the
individual crystals and that in turn means losing the angular resolution.

If the first priority in making the calorimeter is to have a 100% gap-free geometry,
then one has to forget about a highly symmetric tiling pattern. For example, one can
fully cover a spherical shell that is made of only pentagons and hexagons by using
totally 60 vertices on the spherical shell. However, among 1813 possibilities only one
of them, known as ‘truncated dodecahedron’, which is an Archimedean solid with
32 faces, is highly symmetric and has no pair of pentagons that share an edge [43].
One can make a convex polyhedron with pentagonal and hexagonal faces in which
the number of vertices in the tiling pattern grows as 2n with n = 12, 13, 14, . . . .
Only n = 30 produces a highly symmetric tiling pattern, but in principle one can
cover the shell using as many faces (equivalently crystals) as one wants using only
hexagons and pentagons, provided that the Euler theorem is satisfied:

V − E + F = 2, (4.1)

in which V , E, and F are the number of vertices, edges, and faces of the convex
polyhedra. On the other hand, if the first priority is a symmetric geometry rather
than a 100% gap-free spherical shell, we can cover the shell with tiling patterns

1 An object is convex if for every pair of points within the object, every point on the straight
line segment that joins them is also within the object.

2 A regular polyhedron is a polyhedron whose faces are congruent regular polygons which are
assembled in the same way around each vertex.

3 Two sets of points are called congruent if one can be transformed into the other by an isometry,
i.e., a combination of translations, rotations and reflections.

4 A regular polygon is a polygon which is equiangular (all angles are congruent) and equilateral
(all sides have the same length).
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with as many polygons as we wish while trying to keep it symmetric and at the
same time minimizing the amount of gaps between these tiling patterns. Especially,
when we are not obliged to cover the entire spherical surface with crystals we can
also make it out of one shape and size of polygons, to the extent that the efficiency
requirements are met. This is the case for the EXL calorimeter in which we will
have no calorimeter coverage at the two poles of the sphere, which are oriented
in the direction of the gas-jet injection. The present ongoing work on making the
individual crystals for the R3B (Reactions with Relativistic Radioactive Beams)
calorimeter [44], which is part of the future FAIR project, is focused on rectangular
profile (face) shapes. Therefore, based on the ongoing R&D [45] for the individual
crystals and because of synergy with R3B, for the simulations presented here, we
start to make the EXL calorimeter with the same geometry for the individual crystals
(rectangular profile) as in the R3B calorimeter. The crystal shapes are basically right
rectangular prismoids which are in turn a subset of prismatoids; a ‘prismatoid’ is a
polyhedron where all vertices lie in two parallel planes. If both planes have the same
number of vertices, and the lateral faces are either parallelograms or trapezoids, it
will be called a ‘prismoid’. Prismatoids have different types like pyramids, wedges,
prisms, antiprisms, and frusta, the latter of which is obtained by truncation of a
pyramid. The shape of the individual crystals for EXL, proposed in the technical
proposal, was a hexagonal profile prismoid; such a shape can be made as a union of
two similar volumes (one of which is highlighted in Fig. 4.1) each with a profile of
non-parallelogram tetrahedron. Essentially, for each ring of crystals one has to use
different sizes for the hexagonal profiles.

4.2.1 Design of the EGPA

Considering an individual calorimeter crystal as a right rectangular prismoid (a
truncated wedge or a frustum) shown in Fig. 4.5, the following geometrical relation
holds

(

dX2/2
)

(

dX1/2
) =

Hψ

Hψ − height
= 1 +

height

Hψ − height
, (4.2)

in which Hψ is the dot-product between the unit vector that connects the points O
(target position) and O′ (point at which the symmetry axis of the crystal intersects
with the line that passes through the mid-points of the two long (or short) sides of
the forward and backward rectangular faces of the prismoid that are both located at
one side of the symmetry axis) and the vector which starts from O′ and ends at the
mid-point of the long side of the backward rectangular face of the prismoid (dY2).
Thus,

tan
(

dψ0/2
)

≡ dX2

2Hψ

=
dX1

2
(

Hψ − height
) , (4.3)
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Figure 4.5: Top: right rectangular prismoid used for individual calorimeter crystals.

The symmetry axis of the prismoid, that is perpendicular to the forward and backward

rectangular faces of the prismoid at their mid-points, passes through the target position

(O). If Hη = Hψ (like what we see in this figure), the prismoid is a frustum, otherwise it

is a truncated wedge. Bottom: Top view of half of one typical rectangular prismoid that

is shown on top.

in which dψ0/2 is the angle between the line passing through the points O and O′

(symmetry axis of prismoid) and the line connecting O′ to the mid-point of the long
side of the forward (or backward) rectangular face of the prismoid (dY1 or dY2).
Hence,

dX2

dX1

= 1 +
2 · height · tan

(

dψ0/2
)

dX1

. (4.4)
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Similarly, we have
dY2

dY1

= 1 +
2 · height · tan

(

dη0/2
)

dY1

, (4.5)

with dη0/2 = tan−1
(

dY2

2Hη

)

being the angle between OO′ and the line connecting

O′ to the mid-point of the short side of the forward (or backward) rectangular face
of the prismoid (dX1 or dX2). Similar to Hψ, Hη is the dot-product between the
unit vector that connects the points O and O′ and the vector which starts from O′

and ends at the mid-point of the short side of the backward rectangular face of the
prismoid (dX2).

In principle, Hψ and Hη could be different and it is the relation between Hψ and
Hη that defines the relation between dX2 and dY2 (when dX1 and dY1 are fixed).
To remove geometrical complications, we require that for each prismoid there is one
point and only one point (O′) on the symmetry axis of the prismoid from which one
can draw lines that lie in the two planes on the two neighboring side faces of the
prismoid. Hence,

Hψ = Hη = H ⇒ dX2

dX1

=
dY2

dY1

. (4.6)

Such a prismoid is a frustum, since it is an apex-truncated pyramid rather than a
truncated wedge; ‘apex’ is a descriptive label for a visual singular highest or most
distant point or vertex in an isosceles triangle, pyramid, or cone, usually contrasting
with the opposite side called ‘base’. On the other hand, from Fig. 4.5 we have

dX2

dX1

=
H

H − height
⇒ H =

height

1 − dX1

dX2

. (4.7)

As can be seen from Fig. 4.5, the complete geometry of the calorimeter can be
built from individual crystals covering the surface of the sphere without having O′

coincide with the target point (O). In fact, this happens when we want to generalize
our approach, in which the target point can be placed anywhere on the symmetry
axis of the crystal starting from the front face (rectangular profile) of the crystal
and going to −∞ in the direction of the symmetry vector of the crystal shown in
Fig. 4.5. However, geometrically if we require all crystals to cover a spherical surface,
the minimum angular distance between neighboring crystals (gaps) happens when
O′ coincides with the target point position (provided that we require the two faces of
the crystal to look directly to the target point, like in Fig. 4.5). If O sits in between
O′ and the front face of the crystals, we would have to sacrifice the calorimeter
efficiency by introducing some gaps between neighboring crystals in order to force
them looking right towards O and at the same time having no overlaps with each
other. These gaps are at best wedge-shaped; their vertices are formed by two front
faces of two neighboring crystals touching at one line (neighboring sides). Thus, the
distance between two neighboring sides of two crystals is the smallest (= 0) on the
line where the two crystals touch each other at their front faces and the largest at
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the back face. Having this geometry in a coordinate system with O as the origin we
would expect the apex (O′) of all the imaginary truncated pyramids (crystals) to lie
on a sphere, centered at O, with a radius equal to the distance between O and O′.

On the other hand, if O sits on the other side of O′, again we would face some un-
solicited gaps between the neighboring crystals. At best we can make the geometry
(for instance a ring of crystals next to each other) with all the back windows of the
individual crystals completely touching each other at one side, which is practically
a line. Thus, the distance between the two neighboring sides of two crystals is the
smallest (= 0) on the line where the two crystals touch each other at their back
faces and the largest at the front face. That means if the target sits farther than
O′, relative to the front face of the crystals, we will have unavoidable wedge-shaped
gaps between the neighboring prismoids. Therefore, from now on, we proceed with
the assumption of having O and O′ coincide with each other, in order to make the
most efficient calorimeter with the assumed crystal shape. Consequently, assuming
that dη is the range defining the angular η-extension of one single frustum in any
coordinate system with O as the origin we will have

tan
(

dη/2
)

≡ tan
(

dη0/2
)

=
dY1

2
(

H − height
) =

dY2

2H
, (4.8)

provided that O coincides with the apex of the truncated pyramid. Hence,

dη = 2 tan−1

(

dY1

2Rin

)

= 2 tan−1

(

dY2

2Rout

)

, (4.9)

with Rin(Rout) being the distance between the target position and the forward (back-
ward) rectangular face of the frustum (crystal). This shows that dY2 depends only
on Rin when dY1 and height are fixed (Fig. 4.6).

In order to avoid volume overlaps we introduce a parameter ηtol, the angular
tolerance between the crystal rings, so that the angular distance between two neigh-
boring rings of crystals can be defined as

dη′ = dη + ηtol. (4.10)

Later on, we can choose ηtol infinitesimally small leaving no volume overlaps. There-
fore,

N = [
ηtot
dη′

], (4.11)

in which N is the total number of rings of crystals and ηtot is the total η-range within
which the crystal rings are to be placed next to each other, and [ηtot

dη′
] is the rounded

value of ηtot

dη′
. Now, by defining R′

1 as follows:

R′
1 =

√

R2
in +

(

dY1/2
)2

(4.12)
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we can find the distance between the y-axis and the lower (upper) edges of the front
face of an individual crystal in Fig. 4.6, i.e. PP ′ (QQ′):

Figure 4.6: Position (cross-section view) of the right rectangular-profile frustum in a

spherical shell (representing the forward or backward parts of the calorimeter) at a specific

cut ψ0. Here, ηj represents the angular position of the jth ring of crystals, with respect to

the equator, along the η-direction.

PP ′ = R′
1 cos

(

|ηj| − dη/2
)

QQ′ = R′
1 cos

(

|ηj| + dη/2
)

, (4.13)

in which |ηj| is the absolute value of ηj = jdη′ with −(N − 1)/2 ≤ j ≤ (N − 1)/2,
and N should be an odd number in order for the above relations to be valid (j
serves as a counter). We decided to construct the calorimeter using an odd number
of rings in order to have a symmetric assembly of crystal rings with respect to
the beam direction while having the middle (equator) ring making the plane which
contains the beam line. In fact, QQ′ is directly related to the maximum possible
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number of crystals which fit in each ring. Considering a circle centered at Q with
the radius of QQ′ and perpendicular to the y-axis, one can imagine all the upper
edges of the front faces of the crystals in a ring to be placed on the circumference of
this circle. Since dX1 is the same for all of the crystals in a ring, every crystal covers
an identical amount of the circle’s circumference. For a total ∆ψ angular coverage
of a ring over which we can fit an integer number of crystals, we would have all the
upper edges of the front faces of the crystals in a ring touching each other in a series,
leaving no free space on the circle covered by the crystals. Thus, QQ′ determines
directly the number of crystals that can make a ring. Note that the dimensions of
the crystal shown in Fig. 4.6 are exaggerated and are not in proportional scale to
the actually-realized design. What we see is the cross-sectional profile of one crystal
volume at a specific angle of ψ0 in the ψ-direction.

From Figs. 4.5 and 4.6, we can intuitively conclude that

dψ = 2 tan−1

(

dX1

2 ·Rin · sin(η)

)

= 2 tan−1

(

dX2

2 ·Rout · sin(η)

)

, (4.14)

in which dψ is the angular ψ-extension defining one single crystal in the coordinate
system and is not equal to dψ0, contrary to dη which is the same as dη0 when we
have O and O′ coinciding.

For a coordinate system with the origin (O) sitting on the symmetry axis of
the crystal but positioned between O′ and the front face of the crystal, the angular
η-extension of one single crystal could be defined as

dη = 2 · tan−1

(

dY1

2 ·Rin

)

6= 2 · tan−1

(

dY2

2 ·Rout

)

, (4.15)

whereas for a coordinate system in which the origin sits farther than O′ relative to
the front face of the crystal, the η-extension of an individual crystal could be defined
as

dη = 2 · tan−1

(

dY2

2 ·Rout

)

6= 2 · tan−1

(

dY1

2 ·Rin

)

. (4.16)

One can consider a rather “loose definition” for dη which holds for the three cases
(having O and O′ coinciding, O sitting on the right side of O′ and vice versa) as
below:

tan (dη/2) =
dYmid/2

Rin + height/2
, (4.17)

in which dYmid = dY1+dY2

2
. This is exact when we have O and O′ coinciding. The

situation gets worse if one wants to make such a loose definition for dψ with respect
to dXmid (shown in Fig. 4.5), since there is already an η-dependence in the definition
of dψ for the case of coinciding O and O′. Therefore, it is not a good idea to use a
“loose definition” for dψ in order to decrease the amount of unsolicited gaps between
the neighboring crystals in the case of non-coinciding O and O′. It is simply because
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most probably we will face volume overlaps which would be hard to locate and get
rid of, for instance, by introducing appropriate “tolerance angles”. Hence, in order
to build the geometry of the calorimeter in a systematic trustable way (in terms
of ending up with no volume overlap), one should avoid the “loose definition” but

instead use the exact definition of dψ as 2·tan−1
(

dX1

2·Rin·sin(η)

)

or 2·tan−1
(

dX2

2·Rout·sin(η)

)

,

respectively, when O is between O′ and the front face of the crystal or when it is on
the other side of O′.

On the other hand, the “loose definition” of Eq. 4.17 could be employed to define
dη, provided that we find the appropriate minimum tolerance angle η′tol in order
to have no volume overlaps. In fact, η′tol is minimum and equal to ηtol, defined
in Eq. 4.10, when O and O′ coincide. Depending on the distance between O and
O′ as well as the sizes of Rin and dY1 (or equally dY2), η

′
tol can possess different

values which is always bigger than ηtol, when O and O′ do not coincide. One could
easily obtain an optimum value for η′tol through a trial-and-error procedure, by
starting from the minimum probable value ηtol and checking the overlaps ring by
ring. This way, one could come up with different values of η′tol for each pair of
neighboring rings. Alternatively, one can use the maximum of η′tol (obtained for
every two neighboring rings) as the universal ηtol (valid for all the rings), provided
that the resulting detection coverage of the calorimeter is reasonable. For the case
of coinciding O and O′, based on which we constructed the calorimeter, we came up
with a universal value of ηtol = 0.01◦ which results in very small gaps between the
neighboring rings (≈ 0.1 mm). The fact that we cannot have an ηtol = 0◦ for the
case of the coinciding O and O′ has to do with having different number of crystals
in neighboring rings that are not essentially matched to each other at all edges.

For coinciding O and O′, from Eq. 4.14 we can deduce the following equation:

dψ = 2 · tan−1

(

dX1

2 ·Rin · cos(ηj)

)

, (4.18)

in which ηj is defined in Eq. 4.13 and shown in Fig. 4.6. Unlike dη, obviously dψ is
not a fixed number for all rings. Instead, it is a function of ring number and more
precisely should be indicated as (dψ)j. Clearly, for j = 0 (the equator ring) it is
possible to put all the crystals in a ring side by side next to each other, without
any space in between. However, this is not the case for the rings other than the
one making the equator. Therefore, in order to treat all the rings consistently we
impose another condition in order to have an automatic generation of ψtol, angular
tolerance between the crystals of a specific ring, like what we did for ηtol. Assuming
a total ψ range of ∆ψf = 240◦ for the forward part of the calorimeter (Fig. 4.7), we
require that the intersection of the two outermost sides (surfaces) of the first and
last crystals in a ring make an angle of ∆ψf . Hence, we have the following equation:

(

(dψ)j + ψtol

)

n− ψtol = ∆ψ, (4.19)
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Figure 4.7: Top view of the crystals that make the equator ring of the forward part of

the calorimeter. The intersection of the two outermost sides (surfaces) of the first and

last crystals of the ring make an angle of ∆ψf = 240◦. This is a complete confinement

of the equator ring between the two tangential planes intersecting at a line l which is

perpendicular to the equator and goes through the origin. For other rings one expects a

slight intrusion of crystals into the same planes confining the crystals.

with n being an integer number and ∆ψ standing for either of the forward (∆ψf )
or backward (∆ψb) parts of the calorimeter. Obviously, we need to find n in order
to calculate ψtol. A small routine can take care of this by starting from the integer
number n0 = 1 + [ ∆ψ

(dψ)j
] as the first guess for the maximum possible n, in which

n0 is equal or larger than [ ∆ψ+ψtol

((dψ)j+ψtol)
] for ψtol 6= 0, and checking if the calculated

ψtol from Eq. 4.19 is not smaller than the minimum “tolerance angle” (ψtol
(min))

required by the user. In the present configuration ψtol
(min) = 0.015◦ was tested and

gave no volume overlaps for ∆ψf = 240◦ for all the rings in the forward part. The

corresponding value for the backward part was obtained to be ψtol
(min) = 0.04◦ with

∆ψb = 116◦. If the calculated ψtol is smaller than ψtol
(min), then n0 will be lowered

by one unit in order for Eq. 4.19 to result in a new ψtol bigger than the previous one.
This procedure should continue until we obtain a ψtol ≥ ψtol

(min). Therefore, unlike
ηtol which is the same for all rings, ψtol changes per ring. Note that, in finding the
integer n, we use one property of the integer part function, namely that for the real
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numbers x and y we have [x+ y] ≥ [x] + [y]:

[
∆ψ

(dψ)j
] ≥ [

∆ψ + ψtol − ψtol
(

(dψ)j + ψtol

) ] ≥ [
∆ψ + ψtol

(

(dψ)j + ψtol

) ] − 1. (4.20)

4.2.2 Assemblies of volumes

It is worth to consider building the calorimeter out of smaller units (assemblies),
rather than making it by mounting individual crystals into one big assembly. Apart
from the fact that building and installing the calorimeter would be easier if we
make it out of identical smaller assemblies, there is another reason for considering
geometries of clusters, each with a number of volume elements, in the simulations.
The Geant package uses a geometry based on volumes, through which all generated
particles are tracked. There are some reports (e.g., [46]) showing that most of
the CPU time during tracking of a particle is spent by Geant in seeking in which
volume the particle is located. The time spent in this search is affected by the way
the different volumes are defined in the geometry. Experience with building similar
complex arrays suggests that for complicated geometries with a large number of
volumes it is better to use a “Russian-doll” structure (volumes inside larger volumes)
rather than defining each volume individually and placing it directly in the world
volume [46]. The procedure is to group the M basic volumes in m =

√
M container

volumes each containing m basic volumes. If
√
M is not an integer, m should be

chosen as close as possible to it. In either case, all m container volumes should
contain more or less the same number of basic volumes. Again, we divide each
container volume in p =

√
m container sub-volumes each of which containing p basic

volumes. We should keep on with the division of the sub-volumes with the same
criterion of the square root until the final subsub...sub-volume contains a relatively
small number of basic volumes.

Assembly-structured calorimeter

One can think of the calorimeter geometry that was designed for EXL, using the
procedure described in subsection 4.2.1, as one assembly of crystals extended as
much as ∆ψ in the ψ-direction. Alternatively, we can make the calorimeter out of
N identical assemblies of crystals each one covering ∆ψ/N in the ψ-direction. In
the η-direction we can introduce as much assemblies as we want, since we expect
no loss of the detection coverage as we do not have to introduce extra gaps between
the crystals of an assembly in the η-direction. For EXL, we chose an odd number
of N assemblies for the forward (Nf = 9) and backward (Nb = 3) parts of the
calorimeter, in order to allow for the beam entrance and exit holes not to fall into
more than one assembly. It should be mentioned that for Nf = 9 in the present con-

figuration ψtol
(min) = 0.01◦ was tested and gave no volume overlaps for an assembly

coverage angle of ∆ψ′
f =

∆ψf

Nf
in the ψ-direction. However, for Nb = 3 we need to
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have ψtol
(min) = 0.015◦, in order to have no volume overlaps for an assembly cover-

age angle of ∆ψ′
b = ∆ψb

Nb
for the backward part. The angular separation δψ of the

neighboring assemblies, which from now on will be referred to as the void between
the assemblies, can be chosen infinitesimally small. For rings other than the one
forming the equator ring (see the description of Fig. 4.7) we expect slight intrusions
into the planes confining the crystals of every ψ-extended assembly. Hence, δψ can
not be 0◦, due to the overlap of the crystals (for rings other than the equator) that
are located at the neighboring edges of the two neighboring assemblies. This is, of
course, because of our procedure of putting the crystals next to each other, in which
we required each ring to be confined between two planes intersecting at one line l.
Since we required l to be perpendicular to the equator (hence, arranging the crystal
rings along the ψ-direction in Fig. 4.2), we expect no volume overlap between the
neighboring assemblies (only) at the equator even with δψ = 0◦. For the whole
forward assemblies this angular void was chosen to be δψ = 0.02◦, which is large
enough not to make any overlaps between the neighboring assemblies5. The max-
imum spatial distance between the neighboring assemblies happens at the equator
and is about 2Rin sin(0.01◦) ≈ 0.2 mm for Rin = 67 cm. On the other hand, we
needed to choose this δψ to be at least 0.05◦ in order to have no overlaps between
the three assemblies of the backward part. This is equivalent to a maximum spatial
distance of 2Rin sin(0.025◦) ≈ 0.3 mm, with Rin = 37 cm, between the neighboring
assemblies. Following the above discussion, it is easily concluded that the exact
coverage angle would be ∆ψf

(exact) = ∆ψf + (Nf − 1)δψf for the forward part and

∆ψb
(exact) = ∆ψb + (Nb − 1)δψb for the backward part. The outermost edges of all

the rings of the whole forward part are positioned at angles ψf
(start) and ψf

(end)

defined as

ψf
(start) = ψmid − ∆ψf/2 − (Nf − 1)

2
δψf

ψf
(end) = ψmid + ∆ψf/2 +

(Nf − 1)

2
δψf , (4.21)

and in a similar way for the backward part as

ψb
(start) = ψmid − ∆ψb/2 − (Nb − 1)

2
δψb

ψb
(end) = ψmid + ∆ψb/2 +

(Nb − 1)

2
δψb, (4.22)

5 It should be mentioned that in the realized geometry, the ψ-extended assemblies are basically
pockets of crystals touching each other with no angular void between them. In the text,
wherever we talk about assemblies, they are bounded in the ψ-direction by virtual planes into
which the crystals might slightly intrude. In other words, the interval made by the realized
boundaries of any crystal pocket in the ψ-direction will thoroughly cover the interval made by
the virtual boundaries of the assembly of crystals.
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in which ψmid represents the angular orientation of the beam (z-axis) in the ψ-
direction.

Similarly, each assembly in the ψ-direction was divided into an odd number of
assemblies (N ′ = 11) in the η-direction for both forward and backward parts of the
calorimeter. Unlike ψtol which changes per ring of the crystals, when we bound the
crystals inside a ψ-extended interval, ηtol can be chosen as an infinitesimally small
fixed angle (0.01◦) for all the rings of the crystals, when we bound the crystals inside
an η-extended interval.
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Figure 4.8: Gaps between the crystals in a ring when we divide the forward part of the

calorimeter into 7 (triangles), 9 (squares), and 11 (solid circles) assemblies for a range of

∆ψf = 240◦ in the ψ-direction. For comparison, the result for the non-assembly-structured

geometry is also presented (empty circles). Here, ψtol
(min) = 0.015◦ is assumed for all

configurations. The connecting lines are drawn to guide the eyes.

For the assembly-structured geometry of the calorimeter described above, we
have a total of 12486 crystals for the forward part which are actually confined be-
tween two intersecting planes with 240◦+(9−1)×0.02◦ in between, for ∆ψf = 240◦.
For the non-assembly-structured geometry, we choose ∆ψf = 236.5◦ in order to have
nearly the same number of crystals (12484) as compared to the assembly-structured
geometry. This way we can compare CPU time consumption of a typical run for the
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two geometrical configurations. If we confine the non-assembly-structured calorime-
ter in the same 240◦ range, there would be 12672 crystals needed. It should be
mentioned here that for both assemblies we have 51 rings with ηtol = 0.01◦ in order
to cover about 88◦ in the η-direction. This is the range needed to cover all the silicon
layers.

Having in mind the discussion on the geometry optimization, we can at first
step divide the non-assembly-structured geometry in

√
12484 ≃ 111 assemblies. We

choose to perform this assemblage in both η and ψ-directions. Considering the
angular range of the exit hole for the beam to be around 7 to 8 degrees we came
up with 11 assemblies in the η-direction. Consequently, in order to have the closest
number to 111 we need to have 10 assemblies in the ψ-direction (10 × 11 = 110).
However, we should either choose 9 or 11 since we need to have an odd number
of assemblies in the ψ-direction. On the other hand, it is obvious that the bigger
the number of assemblies in the ψ-direction, the smaller would be the number of
crystals in a given assembly, making it more probable to wind up with larger gaps.
Therefore, choosing 9 assemblies rather than 11 in the ψ-direction is more favorable.
Fig. 4.8 compares the gap between the crystals when we divide the forward part into
7, 9, and 11 assemblies in the ψ-direction. Here, the gap is defined as the distance

Table 4.2: Detailed information of the specifications for each of the nine assembly groups

in the ψ-direction of the forward part of EGPA. Here ‘LR’ stands for a local ring-ID in a

specific η-assembly. In total we will have 60 crystals missing in the central assembly, due

to the beam entrance to the calorimeter.

Assembly crystal Number of
η-ID content local rings Number of crystals in

LR=0 LR=1 LR=2 LR=3 LR=4
0 116 5 22 23 23 24 24
1 129 5 25 25 26 26 27
2 140 5 27 28 28 28 29
3 117 4 29 29 29 30 ×
4 120 4 30 30 30 30 ×
5 150 5 30 30 30 30 30
6 120 4 30 30 30 30 ×
7 117 4 30 29 29 29 ×
8 140 5 29 28 28 28 27
9 129 5 27 26 26 25 25
10 116 5 24 24 23 23 22

Total 1394 51 × × × × ×

between the mid-points of the lower edges of the neighboring side faces of the two
neighboring crystals in a specific ring. The maximum distance between the two side
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faces of the two neighboring crystals happens at the lower edge of the two faces. This
is directly related to the fact that it is QQ′, and not PP ′ in Fig. 4.6, that determines
how many crystals can be put next to each other without overlapping. Notice that
these two side faces are not parallel to each other, hence, the distance between their
lower edges is less at the front faces than at their mid-points. Therefore, we need
to find the optimum gap between the crystals in order to have no volume overlap
for the neighboring crystals in a ring. Thus, for the sake of comparing the gaps
between the crystals in Fig. 4.8, we ended up with ψtol

(min) = 0.015◦ in order for
all the three configurations of Nf = 7, 9, and 11 to have no volume overlaps for the
range of ∆ψf = 240◦.

Table 4.3: Same as Table 4.2 for each of the three assembly groups in the ψ-direction

of the backward part of EGPA. In total we will have 18 crystals missing in the central

assembly, due to the beam entrance to the calorimeter.

Assembly crystal Number of
η-ID content local rings Number of crystals in

LR=0 LR=1 LR=2
0 57 3 18 19 20
1 63 3 20 21 22
2 45 2 22 23 ×
3 46 2 23 23 ×
4 48 2 24 24 ×
5 72 3 24 24 24
6 48 2 24 24 ×
7 46 2 23 23 ×
8 45 2 23 22 ×
9 63 3 22 21 20
10 57 3 20 19 18

Total 590 27 × × ×

Table 4.2 shows how many rings, each including how many crystals, are to be
placed in each ηiψj-assembly (with 0 ≤ i ≤ 10) when we have 9 assembly groups in
the ψ-direction (0 ≤ j ≤ 8) for the forward part. This is performed in such a way
to have more or less the same number of crystals in each ηiψj-assembly. Rings of
each ηiψj-assembly are labeled in the η-direction in an ascending order, hence, we
have local ring-IDs ranging from zero to maximum 4 for all the ηiψj-assemblies of
the forward part. Table 4.3 shows the same information for the backward part when
we have 3 assemblies in ψ-direction.

Figs. 4.9 and 4.10 represent two flowcharts showing how the forward part of
the calorimeter is constructed in non-assembly-structured and assembly-structured
ways, respectively. The symbols in Fig. 4.9 are defined as follows; Rin: inner
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Figure 4.9: Flowchart showing how forward (backward) part of the EXL calorimeter

is constructed as a whole (no assembly). For explanation of the symbols see the text.

The rectangular, trapezoidal, and diamond blocks represent a calculation or an operation,

reading the input data, and assessing a condition, respectively.
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Figure 4.10: Same as Fig. 4.9 for an assembly-structured geometry of the forward part.

Here, the forward part is assumed to be made of totally 11 × 9 assemblies.
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radius of the ball (forward or backward part of the calorimeter), dY1: length (long
side) of the crystal window, dη: η-extension of the crystal in a coordinate system
centered at the target point, ∆η: η-range within which all the crystal rings are to
be placed, ηtol: angular tolerance introduced between the crystal rings, N : total
number of rings of crystals, j: index running over the crystal rings, ηj: angular
position of jth ring, dX1: width (short side) of the crystal window, dψj: ψ-extension
of an individual crystal in jth ring in a coordinate system centered at target point,
∆ψ: ψ-range within which all the crystals of a typical ring are packed next to each
other, n: number of crystals that are to be packed in a specific ring, ψtol: calculated
angular tolerance to be considered between the crystals of a specific ring, i: index
running over the crystals in a ring. The condition ψtol < 0.015◦ is to be required
in order to have no volume overlaps between the crystals of the forward part. This
condition should be substituted with ψtol < 0.04◦ for the backward part.

One can make an estimation of the weight of calorimeter crystals; for the assembly-
structured forward part of ∆ψf = 240◦ with 12486 crystals it will be,

M = ρ · V = 12486 · ρ · height · (A1 + 4 · A2 + A3)/6 (4.23)

in which ρ is density of the material from which the crystals are made and V/12486 is
the volume of a prismatoid-shape crystal with height = 20 cm, A1 and A3 the areas
of the two faces of the crystal, and A2 the cross-sectional area of the intersection
of the prismatoid with a plane midway between the two parallel faces. With the
foregoing dimensions of a crystal made of CsI (ρ = 4.53 g/cm3) we will end up with
M ≈ 2.872 Tons.

4.3 Some simulation results for the recoil

detector setup

In the discussion concerning the assemblage of the calorimeter, we mentioned in 4.2.2
that one reason for making an assembly-structured geometry has to do with the
optimization of the geometry in the simulation code in order to reduce the CPU
time. Reports on the comparison of time consumption using optimized geometry
versus non-optimized geometry shows considerable difference for simulations with
Geant3 [46]. We did a similar investigation on the CPU time consumption in Geant4,
using our EXL recoil detector geometry. We expect to be sensitive enough to mea-
sure the difference in CPU time consumption when having the assembly-structured
or non-assembly-structured calorimeter. This is because we have a fairly big number
of crystal volumes in the geometry (in total 14238 crystals for the non-assembly-
structured forward and backward part). Therefore, if there is any difference between
the two configurations, in terms of the CPU time consumption, we should be able to
detect it even at the first order of assemblage process which was discussed in 4.2.2.
Fig. 4.11 compares the CPU time consumption by Geant4 with and without the
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assemblage of the calorimeter explained in 4.2.2. The fact that there is no dif-

Thrown Proton Energy [MeV]
10 210 310 410

tim
e 

[m
s]

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Figure 4.11: Comparison of the CPU time per event versus the thrown (kinetic) energy

of the proton for the EXL assembly-structured (squares) and non-assembly-structured

(triangles) calorimeter. Here, time consumed by Geant4 for setting up the geometry is

excluded. Empty and full symbols show, respectively, the time consumed for the full

analysis and for only tracking of particles.

ference in the CPU time consumption for an optimized (assembly-structured) and
non-optimized (non-assembly-structured) geometry of the calorimeter shows that,
unlike Geant3, Geant4 is internally optimized for non-assembly-structured geome-
tries. In other words, based on the present investigation, we cannot win in CPU time
through assemblage of the calorimeter, while performing simulations (tracking) in
Geant4. The internal geometry optimization is performed by Geant4 before starting
the simulations. For our geometry of recoil detector setup it takes about 70 seconds
(independent of doing assemblage or not) before starting the event generation and
tracking.

Although the results show that we do not win in CPU time by dividing the
geometry into assemblies in Geant4 simulations, the idea can still be used while
adjusting the simulation code for the Virtual Monte Carlo (VMC) simulations6.
In this case one would win in CPU time, for instance, when using the Geant3
transport. In addition, the idea of doing assemblage could be useful in another

6 In VMC simulations, one can employ different available transport packages (Geant3, Geant4,
and Fluka) in a single common code by calling them through a flag.
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sense, namely for manufacturing the calorimeter. Obviously, it is much easier and
more sensible to install and put together smaller pockets of crystals to construct the
calorimeter rather than making it the way we did for the non-assembly-structured
calorimeter. The way that we did the assemblage allows us to have crystal pockets
(assemblies of crystals) with flat sides perpendicular to the ψ-direction (Fig. 4.2).
This is convenient when we want to put the crystal pockets next to each other,
leaving the minimum amount of space between the neighboring pockets in a row
of pockets. It should be mentioned that in our assemblage method we came up
with 11 rows of pockets (see subsection 4.2.2) in order to make the most optimized
geometry for the sake of minimizing the CPU time. Nevertheless, one can come up
with smaller pocket sizes using the same approach to assemblage into bigger number
of rows (columns) of pockets extended along ψ (η) direction, since CPU time is not
an issue (at least in Geant4 simulations). However, based on the results of Fig. 4.8,
one should be careful not to introduce big number of pocket columns. One can see
from this figure that the bigger the number of pockets along the ψ-direction (pocket
columns), the bigger would be the amount of gaps between the individual crystals in
a ring of crystals. In any case, one has to do careful simulations to check the effect of
introducing bigger number of pockets in the ψ-direction on the overall efficiency of
the recoil detector. On the other hand, the number of assemblies or crystal pockets
along the η-direction (pocket rows) should not affect the efficiency, since the gaps
between the crystals along this direction are fixed and independent of the extension
of the pocket along η̂. Thus, one can, in principle, consider as many pockets along
η-direction as convenient for installation without being worried about the efficiency
of the setup.

4.3.1 Calorimeter acceptance

Speaking of assembly-structured and non-assembly-structured geometries, in the
way that we explained in subsection 4.2.2 for the EXL calorimeter, one can ask
about the practical differences that the two approaches can make in the expected
performance. The discussion of subsection 4.2.2 on the gaps between the crystals,
using different numbers of assemblies for the forward part, allowed us to conclude
intuitively that the lower the number of assemblies in the ψ-direction the less would
be the average gap between the crystals. This was reflected in Fig. 4.8 comparing
three different assembly numbers to be used in order to cover a fixed angular range.
The same comparison can be made between an assembly-structured and a non-
assembly-structured forward part, assuming 9 assemblies for the assembly-structured
geometry obtained from the optimization procedure that was already explained in
subsection 4.2.2. Fig. 4.12 (top panel) makes this comparison, using ψtol

(min) =
0.015◦ in order for both configurations of Nf = 1 and Nf = 9 to have no volume
overlaps in a range of ∆ψf = 240◦ for the forward part same as in Fig. 4.8. For

the backward part (bottom panel), this comparison is made, with ψtol
(min) = 0.04◦,

between the configurations of Nb = 1 and Nb = 3 in a coverage of ∆ψb = 116◦ for the
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backward part. The results can be qualitatively interpreted as an obviously better
geometrical acceptance for the non-assembly-structured calorimeter especially for
the forward part. The highly fluctuating behavior of the data corresponding to the
assembly-structured geometries is a sign of the significant extension of individual
crystals in the ψ-direction as compared to the angular extension of the assembly
along this direction.
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Figure 4.12: Gaps between the crystals in a ring for assembly-structured (stars; 9 assem-

blies in the ψ-direction) and non-assembly-structured (squares) geometry for the calorime-

ter. The comparison is made for the forward part with an angular coverage of 240◦ (top

panel as in Fig. 4.8) and the backward part of 116◦ (bottom panel) in the ψ-direction.
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In fact, in a geometry without silicon-detector elements it is more favorable (more
efficient calorimeter) to make each of the forward and backward parts out of one
assembly, merely based on the “gap” assessment. However, due to the multiple scat-
tering of protons in the silicon-detector elements before the calorimeter, one needs
to make a better quantitative assessment of the overall energy efficiency. Fig. 4.13
compares the efficiency of the calorimeter itself (crystals in vacuum and no silicon-
detector element and UHV shell in geometry7) for both configurations when protons
are impinged on the calorimeter. The efficiency here is considered to be the ratio of
the number of protons, which satisfy the calorimeter threshold condition (at least
one crystal detects deposited energy more than the threshold of the crystal), to the
total number of events randomly thrown into a solid angle, which must subtend a
smaller area than the area of the calorimeter over which crystals are more or less
homogeneously distributed.

Apart from the quantitative conclusions that one can draw from the geometrical
positions of individual volume elements, simulation packages usually provide an
auxiliary way for facilitating such quantitative assessments. This facility is actually
the possibility of switching off/on the physical processes of interest, provided that
one has already defined these processes appropriately in the code. In Geant4, it is the
user’s responsibility to define the physical processes of interest in his/her simulations
code. We have used this capability of switching off/on the multiple scattering (msc)
process, in order to quantify the transparency (a rough measure of the percentage of
the gaps) of the calorimeter for both configurations: assembly-structured and non-
assembly-structured (forward part) calorimeter in the presence of silicon-detector
elements and UHV shell. Here, we consider the transparency of the calorimeter
as the percentage of protons that cannot, in absence of msc, satisfy the threshold
condition of calorimeter. Thus, a fully transparent geometry is a geometry in which
no energy deposition is detected. Hence, based on this definition, inelastic hadronic
interactions can only increase the transparency. Consider the recoil detector setup
without the silicon-detector elements and UHV shell in the geometry. In the absence
of msc we can scan over the radially-oriented empty spaces between the crystals and
calculate the percentage of these empty spaces over the effective solid angle, i.e.
solid angle within which protons are generated. This was done by generating single-
energy protons at the target point in random directions, covering only region D of
silicon-detector arrays, over which we know that the calorimeter crystals are more
or less homogeneously distributed with respect to each other. Since all crystals are
frustums whose apexes virtually coincide at the target point, one expects that all
generated protons at the target point that miss the entrance windows of the crystals
pass through the gaps without hitting any of the crystals. Similarly, in the absence
of msc, those protons which enter a crystal will stay in that crystal all the way until
they stop or undergo a hadronic interaction.

Upon the inclusion of msc the particle escape through the gaps between the

7 For an explanation of the UHV shell, see subsection 4.3.2.
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Figure 4.13: Efficiency of the EXL calorimeter (Si-detector elements and UHV shell re-

moved, and crystals placed in vacuum) versus the thrown energy of protons, calculated for

randomly thrown protons in Θ = [15◦, 35◦] and Φ = [0, 2π], for non-assembly-structured

(squares) and assembly-structured (stars) calorimeter. Solid symbols show the calcula-

tions taking into account all physical processes and hollow symbols (squares and stars)

disregarding only multiple scattering (msc). The efficiency here is defined as the ratio of

the number of events, which satisfy the condition of depositing more than 1 (top panel), 10

(middle panel), or 40 MeV (bottom panel) in at least one of the crystals of the calorimeter,

to the total number of events. For the non-assembly-structured calorimeter and for the

crystal threshold energy of 40 MeV, the data in absence of only inelastic hadronic inter-

actions (triangles) and in absence of both msc and inelastic hadronic interactions (circles)

are also shown.

crystals can be considerable, when protons hit more crucial areas of the entrance
window of a crystal. One can expect, intuitively, the areas close to the edges of the
entrance window of a crystal to be more crucial, since the deviation of the particles
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due to msc at small scattering angles is considerable as compared to the larger
scattering angles. Consequently, one might expect that for the calorimeter energy
thresholds that are considerably high, msc decreases the efficiency since the amount
of crystal material passed by the proton is not enough to satisfy the threshold.
In order to test this scenario and see how the calorimeter threshold energy can
affect the amount of contribution of msc in shaping the efficiency, we switch off the
hadronic interaction when taking, for instance, the extreme case of 40 MeV for the
calorimeter threshold energy (Fig. 4.13). The comparison of data points (except
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Figure 4.14: Same as Fig. 4.13, but for the case where the crystals are placed in air.

for the thrown energy of 50 MeV) when we have no inelastic hadronic interaction
and when we have neither msc nor hadronic interactions shows that in fact, even
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with high threshold values, msc cannot induce protons to escape through the gaps.
Therefore, particle drain (undetectable protons) from the calorimeter due purely
to msc in the calorimeter is negligible, even when we have a sizable threshold of
40 MeV; it is only due to those protons that do not hit any crystal and go through
the gaps all the way until they leave the calorimeter. The drop of the data points at
thrown proton energy of 50 MeV is due to the high value of threshold as compared
to the thrown energy. Looking at the trend of data points from 100 MeV to 300 MeV
(for instance, solid squares in the lower panel of Fig. 4.13) one observes a decrease
at intermediate energies in this thrown energy range. The reason is that despite the
fact that the probability of inelastic hadronic scattering increases with increase in
the thrown energy (hence lowering the efficiency), at some thrown energy the events,
undergone inelastic hadronic interaction, are left with enough energy to satisfy the
threshold (hence increasing the efficiency). Based on the explained configuration
of crystals (non-assembly-structured forward calorimeter), the exact percentage of
gaps over the area of generation is what the circles in Fig. 4.13 show as decrease
from 100% efficiency (i.e., about 2%).

Fig. 4.14 is the same as Fig. 4.13 when the crystals are placed in air. It shows
how much the air between the crystals can obscure the effect of gap on lowering
the efficiency. For instance, at 20 MeV thrown energy for protons we expect a
fully efficient non-assembly-structured calorimeter as compared to a 2% loss in the
efficiency when crystals are in vacuum. Looking at the bottom panel of Fig. 4.14
one can see that, except for the thrown energy of 50 MeV, the triangles show higher
efficiencies than the circles. This is contrary to the situation in Fig. 4.13, in which
they are more or less on top of each other. This shows that due to introducing air
between the crystals the msc in the air helps increase the efficiency.

Fig. 4.15 gives an estimation of the calorimeter transparency for each of the two
calorimeter configurations used in the recoil detector setup when we have silicon-
detector elements and UHV shell in the geometry and no air between the crystals.
For thrown proton energies of 20 MeV and 50 MeV, the efficiency falls considerably,
since there is a high probability for protons to be captured in the silicon-detector
layers and, hence, not satisfy the threshold condition. The efficiency of the recoil
detector setup for both geometries averages to about 0.995 (for 1 MeV calorimeter
threshold energy) for thrown proton energies of more than 100 MeV (solid symbols).

We can also estimate the percentage of gaps in the calorimeter while keeping the
silicon-detector elements in the geometry. Knowing that punching through the sili-
con detectors happens well below 100 MeV, Fig. 4.15 reveals more or less the same
results as in Fig. 4.13. By switching off the hadronic interactions (empty trian-
gles), we can effectively prevent protons from having inelastic hadronic interactions
in the silicon-detector elements, which is necessary to make sure that protons of
thrown energies more than 100 MeV will punch through the silicon-detector array.
In addition, by switching off the msc we allow the protons, which already punched
through the silicon-detector elements at right positions, to go through the gaps and,
therefore, not satisfy the threshold condition. Therefore, as we can see in Fig. 4.15,
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Figure 4.15: Efficiency of the EXL recoil detector setup (including the Si-detector lay-

ers and UHV shell, all placed in vacuum) calculated for randomly thrown protons in

Θ = [15◦, 35◦] and Φ = [0, 2π] for non-assembly-structured (bottom panels) and assem-

bly-structured (top panel) calorimeter geometries. The efficiency here is defined as the

ratio of the number of events which satisfy the condition of depositing more than 1 or

40 MeV in at least one of the crystals of the calorimeter to the total number of events.

Different symbols show the calculations in presence of all physical processes (full squares),

in absence of only msc (hollow squares), in absence of only inelastic hadronic interactions

(triangles), and in absence of both msc and inelastic hadronic interactions (circles).

absence of msc acts in the direction of decreasing the calorimeter efficiency. Looking
at the circle symbols, the average percentage of gaps for the assembly-structured and
non-assembly-structured calorimeters amounts to about 3.6% and 2%, respectively.
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These results are comparable to those shown in Fig. 4.13, as they should.
Fig. 4.16 shows the same results as Fig. 4.15 when we put the crystals in air. It
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Figure 4.16: Same as Fig. 4.15, but for the case where the crystals are placed in air.

shows approximately the same results (solid squares) as in Fig. 4.15, since introduc-
ing the silicon elements as well as the UHV shell in the geometry already obscures
the significance of gaps between the crystals even when we have no air between them.
Table 4.4 represents the average values of the efficiency corresponding to Figs. 4.15
and 4.16 over the energy range of 100 − 300 MeV, when various interactions are
included.

Fig. 4.17 shows the fraction of energy that is collected by the Si-detector elements
and calorimeter as a function of the thrown proton energy. While no detection
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Table 4.4: The average values of the efficiency corresponding to Fig. 4.16 (where the

crystals are placed in air) over the proton energy range of 100 − 300 MeV, when various

interactions are included. The corresponding numbers for Fig. 4.15 (where the crystals

are placed in the vacuum) are the same within one percent. Here, a trigger threshold of

1 MeV is considered for the crystals.

msc hadronic msc and hadronic all interactions
OFF OFF OFF ON

Assembly-structured 0.966 0.996 0.968 0.993
Non-assembly-structured 0.982 0.999 0.985 0.996

threshold is considered for the individual crystals and Si-detector elements, a trigger
threshold of 1 (40) MeV is assumed for the calorimeter crystals. The decrease in
the efficiency of the energy collection at 50 MeV proton energy, as compared to
the data point at 100 MeV, can be understood knowing the fact that protons start
to punch through the Si-detector elements (≈ 9.4 mm thick, in total) at an energy
around 42 MeV. The decrease of the fraction after 100 MeV has to do with increasing
percentage of particles undergoing hadronic interaction. The fall of the data points
(visible in the trend of triangles or even slightly in circles) at energies close to
300 MeV is the signature of punching through the calorimeter. In real experiments,
one is generally interested in the total energy reconstruction of the particle emerging
from the interaction zone. Since particles undergo hadronic interactions, thereby
losing part of their energy, we performed a number of simulations to obtain the
number of particles for which the total energy reconstruction leads to the initial
particle energy. This results in a “full-energy” efficiency for protons for the Si-
detector elements and the two configurations of calorimeter as shown in Fig. 4.18.

Doing simulations we can study the relevance of the amount of deflection in-
duced on particles with thrown energy. This way, we can study the effect of this
fact on accentuating or downplaying the role of the gaps between the crystals for
the protons punching through the silicon elements. Looking at the trend of the
triangle symbols in Fig. 4.15 (top panel), there is a slight decrease in efficiency from
100 MeV to 300 MeV data points of the assembly-structured calorimeter. This
has to do with the different amounts of deflection induced on the proton through
experiencing msc in the silicon-detector layers. Fig. 4.19 compares the proton de-
flection angle due to msc, after the three silicon-detector layers of region D, for
two thrown energies. As expected for the higher thrown energy, the multiply-
scattered protons are focused more toward the smaller angles. This in turn allows
the protons to find their way more easily through the gaps between the crystals
than the thrown protons of lower kinetic energies. In order to make a rough es-
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Figure 4.17: The “average” fraction of energy that is collected by the ESPA and EGPA

as a function of the thrown proton energy. No detection threshold is considered for the

individual crystals and silicon elements, and a trigger threshold of 1 (40) MeV is assumed

for the calorimeter crystals. The description of symbols is the same as in Fig. 4.15. All

recoil-detector elements are present in the geometry (including the UHV shell) and the

crystals are placed in air.

timation based on the geometry to explain the trend of the triangle symbols, we
take the equator ring and get the size of the gap from Fig. 4.12 for the assembly-
structured (0.44 mm) and non-assembly-structured (0.24 mm) in the forward direc-
tion. The corresponding covering angles of these gap widths, for the calorimeter
inner radius of 65 cm, would be (∆ξ)assembly−structured = 2 sin−1

(

0.044
2×65

)

= 0.0388◦
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Figure 4.18: The full-energy efficiency of the sum of energy deposits in the Si-detector

elements and calorimeter as a function of the thrown proton energy. No detection threshold

is considered for the detector elements, and a trigger threshold of 1 MeV is assumed for the

calorimeter crystals. All recoil-detector elements are present in the geometry (including

the UHV shell) and the crystals are placed in air. Stars and squares represent the results

for the assembly-structured and non-assembly-structured calorimeters, respectively.

and (∆ξ)non−assembly−structured = 2 sin−1
(

0.024
2×65

)

= 0.0212◦. Therefore, from Fig. 4.19,
the number of protons undergone multiple scattering within (∆ξ)assembly−structured
and (∆ξ)non−assembly−structured is obtained to be 54 and 16 for 100 MeV generated
protons and 420 and 112 for 300 MeV generated protons (simulations done with
105 events), respectively. This means that, going from 100 to 300 MeV, we should
expect efficiency losses of about 0.36% and 0.1% for the assembly-structured and
non-assembly-structured geometries, respectively, when generating 300 MeV rather
than 100 MeV protons. In order to obtain these inefficiencies, we have used a crude
approximation in the geometry of the gaps. The corresponding efficiency losses,
from 100 to 300 MeV, that we get from simulations with the correct geometry, as
presented in Fig. 4.15 (triangle symbols), are 0.31% for assembly-structured and
0.07% for non-assembly-structured calorimeter, which are in very good agreement
with the rough estimates made.

Finally, a number of simulations were done using photons as impinging particles.
Fig. 4.20 shows the results of the efficiency for the thrown photons (solid symbols),
calculated for assembly-structured and non-assembly-structured geometries, includ-
ing the Si-detector elements and UHV shell and introducing air between the crystals.
The photon energy range of up to 300 MeV is chosen for this study to see the re-
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Figure 4.19: The proton deflection angle caused by only msc (solid histograms) and by

msc as well as elastic hadronic interactions (dashed histograms), after punching through

the three parallel silicon-detector layers of thicknesses 100 µm, 300 µm, and 9 mm, as ob-

tained from simulations. The thin and thick histograms are for proton generation energies

of 100 MeV and 300 MeV hitting the layers perpendicularly.

sponse of the system for photons that can be produced at these high beam energies.
The hollow symbols show the fraction of the total energy collected by the calorime-
ter and Si-detector elements for those events which satisfy the threshold condition
of at least one crystal element (trigger threshold). In the simulations, a detection
threshold of 100 keV is considered for each crystal element. Based on the results of
Fig. 4.20 (for instance, the upper panel), an average calorimeter efficiency of 98%
(non-assembly-structured) and 97% (assembly-structured) for the energy range of
100 − 300 MeV is expected. These values are comparable to the corresponding val-
ues for protons in Table 4.4, when msc is OFF. One should note, however, that the
full-energy reconstruction as was done for protons in Fig. 4.18, is not as easy for
photons due to creation of electromagnetic showers and leakage of energy out of the
detection volume. Subsequently, the fraction of the detected photons which do not
carry the initial energy is sizable (around 15% for 10 MeV) and increases with the
thrown photon energy (around 67% for 150 MeV).

Fig. 4.21 shows the multiplicity of the calorimeter crystals for various thrown
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Figure 4.20: Efficiency of the EXL recoil detector setup (including the Si-detector layers

and UHV shell). It is calculated for the EGPA placed in air and for randomly thrown

photons in Θ = [15◦, 35◦] and Φ = [0, 2π] for non-assembly-structured (solid squares) and

assembly-structured (solid stars) calorimeter geometries. The efficiency here is defined as

the ratio of the number of events which satisfy the condition of depositing more than 1,

10, or 40 MeV (trigger threshold) in at least one of the crystals of the calorimeter to the

total number of events. The hollow symbols show the fraction of the total energy collected

by the calorimeter and Si-detector elements, for those events which satisfy the threshold

condition of at least one crystal element. A detection threshold of 100 keV is considered

for each crystal. Note the different scales for the lower two figures compared to the upper

one and earlier similar figures.
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photon energies, calculated for the assembly-structured calorimeter, including the
Si-detector elements and UHV shell and introducing air between the crystals. It
represents the multiplicity pattern when we introduce various trigger thresholds
(1 MeV, 10 MeV, and 40 MeV) with a fixed detection threshold of 100 keV for indi-
vidual crystals. The average number of crystals per event contributing in building
up the histograms of Fig. 4.21 (100 keV detection threshold) are summarized in Ta-
ble 4.5. The multiplicity patterns for the non-assembly-structured calorimeter look

Table 4.5: The average number of crystals per event (N) contributing in building up the

histograms of Fig. 4.21 (100 keV detection threshold) for various trigger thresholds (1, 10,

and 40 MeV) at different photon energies.

trigger threshold [MeV] photon energy [MeV] N
10 6
20 (9)

1 (10) [40] 60 [16]
100 26 (26) [26]
200 38 (38) [38]
300 48 (48) [48]

approximately like the patterns in Fig. 4.21. Fig. 4.22 shows the sensitivity of the
multiplicity pattern (for the assembly-structured calorimeter) to various detection
thresholds for the thrown photon energies of 15 and 100 MeV and with a trigger
threshold of 1 MeV. The simulation results of the sensitivity of the multiplicity for
the trigger thresholds of 10 and 40 MeV show similar patterns. The average num-
ber of crystals per event contributing in building up the histograms of Fig. 4.22
for 100 MeV thrown photons (upper panel) are obtained to be 28, 26, 19, and 9,
respectively, for detection thresholds of 0, 100, 300, and 1000 keV. The correspond-
ing numbers for 15 MeV thrown energy (bottom panel) are 8.2, 7.5, 5.7, and 2.5,
respectively.

Acceptance survey for an alternative geometry of the
calorimeter

We already saw in 4.2.1 how to construct the calorimeter out of the individual
identical crystals by positioning (addressing) each crystal at a particular (η, ψ) point.
However, there is another way of configuring the calorimeter geometry by addressing
the (θ, φ) position of each crystal in which θ and φ are the physical polar and
azimuthal angles. This way, each ring of crystals is represented by a specific θ angle
which is physically more intuitive than being represented by an η angle. This is
because in the (θ, φ) configuration every crystal has a well defined angular position
in the spherical coordinate system which changes in a homogeneous way with respect
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Figure 4.21: The multiplicity of the calorimeter crystals for various thrown photon ener-

gies, calculated for the assembly-structured calorimeter, including the Si-detector elements

and UHV shell and introducing air between the crystals. The patterns were obtained for

randomly thrown photons in Θ = [15◦, 35◦] and Φ = [0, 2π] and various trigger thresholds

(1 MeV, 10 MeV, and 40 MeV) with a fixed detection threshold of 100 keV for each crystal.

For each trigger threshold, the multiplicity was obtained for thrown energies of 100 MeV,

200 MeV, and 300 MeV (solid histograms) and 10 MeV, 20 MeV, and 60 MeV (dashed

histograms in the top, middle, and bottom panels, respectively).
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Figure 4.22: Top: sensitivity of the multiplicity pattern (for the assembly-structured

calorimeter) to various detection thresholds (100 keV, 300 keV, and 1 MeV) for the thrown

photon energy of 100 MeV and with a trigger threshold of 1 MeV. Bottom: same as the

top panel, but for thrown photon energy of 15 MeV. The dashed histograms were obtained

with no detection threshold.

to the neighboring crystals in both θ̂ and φ̂ directions. Fig. 4.23 shows this new
configuration of crystals (as compared to Fig. 4.2) with respect to the silicon-detector
elements. Fig. 4.24 shows the minimum size of gaps for each ring of the forward
and backward parts of the calorimeter together with the calculated efficiency for the
non-assembly-structured calorimeter geometry of Fig. 4.23. Based on this figure,
the efficiency of the recoil detector setup amounts to about 99% (solid squares) for
proton thrown energies of 100 − 300 MeV, while the percentage of gaps between
crystals in the generation solid angle is about 4% (circle symbols). These can be
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Figure 4.23: Alternative configuration for the calorimeter crystals in ERGA as compared

to Fig. 4.2. For the forward and backward parts of this geometry we ended up with 63

and 14 rings with totally 13701 and 1905 crystals, respectively. Total CPU time needed

for geometry optimization is about 80 s in Geant4 as compared with 70 s for the geometry

shown in Fig. 4.2.

compared with the corresponding numbers for non-assembly-structured geometry
of Fig. 4.2, namely 0.98 and 2%, respectively, for the efficiency and percentage of
average amount of gaps between the crystals.

As was mentioned in 4.2.1, we could make the non-assembly-structured calorime-
ter of Fig. 4.2 by introducing a minimum tolerance angle between neighboring crys-
tals in the ψ-direction (ψtol

(min)). The geometry of Fig. 4.2 is bounded within an
η-range of about 90◦ around the equator. This way we ended up with ψtol

(min) =
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Figure 4.24: Top: gaps between the crystals in a ring for the non-assembly-structured

calorimeter geometry shown in Fig. 4.23. The squares and triangles are corresponding

to the forward and backward parts of the calorimeter, respectively. Bottom: same as

Fig. 4.16 (middle panel) for the geometry of Fig. 4.23.

0.015◦, which allowed us to make all the crystal rings with no volume overlap be-
tween the neighboring crystals in a ring. If we try to make the geometry of Fig. 4.23
while using a φtol

(min) = 0.015◦ for all the crystal rings, we will wind up having
volume overlaps between neighboring crystals in φ-direction. Unlike the situation
in Fig. 4.2 in which the crystal rings were at least 45◦ (in η-direction) far from the
poles (direction of the gas-jet injection), the closest ring of the forward part of the
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calorimeter in the geometry of Fig. 4.23 is only about 10◦ (in θ-direction) away from
the pole (the position of the beam exit hole). This requires bigger values of φtol

(min)

for the rings that are closer to the poles. Fig. 4.25 shows the required φtol
(min) for

each ring of the forward and backward parts of the calorimeter. We started from

0 20 40 60 80 100 120 140 160 180

0.05

0.1

0.15

0.2

0.25

0.3

0.35

-position of crystal ring [deg]θ

 [d
eg

]
(m

in
)

to
l

Φ

Figure 4.25: The required φtol
(min) for each ring of crystals in the non-assembly-struc-

tured calorimeter geometry of Fig. 4.23. The squares and triangles correspond to the

forward and backward parts of the calorimeter, respectively.

φtol
(min) = 0.015◦ as the minimum required tolerance angle (the same as what we

required for the forward part of the calorimeter in Fig. 4.2). This is equivalent to
a reasonable crystal edge distance of about 0.17 mm at the entrance window. For
the crystal rings which are positioned at least 45◦ away from the beam exit hole
we expect no volume overlaps, as we did not have any while bounding the rings of
Fig. 4.2 in an η-range of [−45◦, 45◦] with respect to the equator. This is what we
also see in Fig. 4.25 when we move from 120◦ down to 45◦ in θ-direction; none of
the crystal rings in this θ-range show any volume overlaps. From θ ≈ 45◦ down
to θ ≈ 10◦ we have to increase φtol

(min) in order to suppress volume overlaps in
the φ-direction. This results in bigger gaps between the crystals, as can be seen in
Fig. 4.24.

4.3.2 UHV shell

Vacuum requirements imposed by the NESR operation need to be fulfilled. In partic-
ular, the overall vacuum in the NESR beam-line should be better than 10−11 mbar.
On the other hand, the complexity of the EXL silicon particle-detector array and the
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need for high-density gas targets will, during the EXL operation, result in a gas load
on the vacuum chamber surrounding the internal target, which will be substantially
higher than the load in the present ESR conditions. For this, better differential
pumping is required for the NESR than ESR.

In the design of the setup, it is desired to separate two of its regions with different
vacuum conditions by a thin window, which could optionally be made from a thin
Kapton or stainless steel foil. The inner “ultrahigh vacuum” part should house the
silicon particle array ESPA or parts of it which should be bakable in order to realize
high vacuum conditions. The outer “low vacuum” part of the detector chamber
accomodates the scintillation detectors of the array EGPA, which is dedicated to
detect the γ-rays, as well as the residual energy of fast recoil particles, which punch
through the silicon detectors. A vacuum of the order of 10−4 − 10−5 mbar will be
sufficient for that part of the scattering chamber. The alternative is to put EGPA
completely in air preceded with a relatively thick shell which would hold 1 bar of
pressure. Based on the fact that we have different radii for forward and backward
parts of the EGPA (67 and 37 cm, respectively), the geometry of the UHV shell
was made in the simulations out of two semi spherical shells of radii 65 and 35 cm
connected to each other by two semi cylinders (basically two identical half-tubes of
non-zero inner radii) with the same heights as the shell thickness, making a closed
volume for the UHV shell (Fig. 4.26). Another way of making this shell is to subtract

Figure 4.26: A view of the UHV shell, simulated in accordance with the proposed geom-

etry for the EXL recoil detector setup (Figs. 4.1 and 4.2).
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a cone from a sphere. The apex of the cone would be at the target point in such
a way that the opening angle of the cone would cover the whole geometry of the
backward part of the calorimeter.

Results and discussion on the influence of the UHV shell on
the energy resolution

We made an estimation of the resolution of the EXL recoil detector setup for the
protons generated at different angles and energies. To do this, a representative
angle θ was chosen for each of the 4 regions of silicon detectors shown in Fig. 4.2,
namely A (silicon detectors depicted in red), B (silicon detectors depicted in green),
C (silicon detectors depicted in blue), D (silicon detectors depicted in yellow). We
chose θ = 25◦ for D, θ = 55◦ for C, θ = 78◦ for B and θ = 85◦ for A. These angles were
chosen in order to force the generated particles to pass through a definite number
of silicon layers. This number is 2, 4, 2, and 3, respectively, for the representative
angles chosen above for regions A, B, C and D. This way, we can effectively avoid
ambiguities due to overlapping silicon layers.

In order to have a comprehensive survey on the effect of the UHV shell on the res-
olutions, simulations were done for shells made of aluminum, Kapton (C22H10O5N2)
and Duplex Stainless Steel 2205 (ASTM: S32205, EN: 1.4462) with thicknesses of
0.1, 0.5, and 1 mm.

As an example, region A (region close to 90◦ in the lab frame) is further discussed.
The difference between different regions is the number of layers of silicon detectors
that we have in the geometry. In this region, we have two layers of silicon detectors of
300 µm and 9 mm thickness followed by the shell through which the generated proton
has to pass in order to reach the calorimeter. Denoting the deposited energy in the
1st and the 2nd silicon-detector layers as E1 and E2 and the kinetic energy of the
proton after the shell as Kout, we treat the two cases of having or not having the shell
by simply keeping a shell in the geometry made of either aluminum (or alternatively
Kapton, Duplex Stainless Steel) or vacuum. Thus, depending on whether or not
we have the shell in the geometry, Kout still has the same meaning (either kinetic
energy after the shell or kinetic energy after the last layer of silicon detectors with
no shell following). In order to proceed with the calculation of the overall energy
resolution, first we fill the following histogram (Histo) in the case of having no shell:

Histo → Fill
(

(E1 − µ1) + (E2 − µ2) + (Kout − µout)
)

, (4.24)

in which µ1, µ2, and µout are the means of the corresponding Gaussian fits to E1,
E2 and Kout. In first instance, we consider no threshold and no intrinsic resolution
for the detector elements; obviously, Histo would behave like a δ-function since
the intrinsic resolutions, thresholds, and the shell (passive medium) are not yet
included. From the experimental results for the resolution of the CsI(Tl) crystal for
protons we have a functional form like ∆Kout

Kout
= b/

√
Kout + c/Kout with b = 38.103



4.3. Some simulation results for the recoil detector setup 83

Energy [MeV]
0 20 40 60 80 100 120 140 160 180 200

310×

E
ne

rg
y 

re
so

lu
tio

n 
F

W
H

M
 [%

]

1

2

3

4

5

6

7

Figure 4.27: Energy resolution of a CsI(Tl) crystal for protons. Solid triangles show the

experimental results of Ref. [47], while the points shown as star and square are the results

from Refs. [48] and [49], respectively. Open circle is taken from [50] which is taken with

crystals of 50 cm3.

and c = 30519.8 as the best fit to the data points shown in Fig. 4.27 (except
for the open circle), where Kout is expressed in keV. In this figure, the first two
points are extracted from [47] and the third and fourth points are from [48] and
[49], respectively. The open circle is taken from [50]. There are also other data
available in the literature [51] which predict higher energy resolutions for protons in
CsI(Tl). Here, we do not make use of them, in order to proceed with the worst-case
scenario in estimating the resolution in the simulations. As an example, for a proton
with an energy of 50 MeV we would get µ1 = 0.675 MeV, µ2 = 26.647 MeV, and
µout = 22.664 MeV. Since the particle does not punch through EGPA, we expect
a resolution of 1.6% for 22.664 MeV energy deposit in CsI(Tl), based on Fig. 4.27.
Now considering an intrinsic resolution of 50 keV for the silicon-detector elements,
Histo would not be a δ-function any more. Assuming it to be Gaussian, the FWHM
of Histo is shown to be 0.367 MeV in the simulations. Hence, the resolution of the
recoil detector setup in the absence of the shell for an incoming proton energy of
50 MeV is obtained to be 100×0.367

50
=0.73%.

The above procedure can then be repeated with the aluminum (Kapton, Duplex
Stainless Steel) shell in the geometry. This time for the new Histo, µ1 and µ2 still
stay the same but µout changes, since we now have taken into account the effect of
a passive shell (µout = 21.467 MeV if we have a shell of a thickness of 0.1 mm). For
the µout = 21.467 MeV, we will have a resolution of 1.68% for a CsI(Tl) crystal.
Including this resolution and the 50 keV for silicon detectors we get a FWHM of
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0.411 MeV for the new Histo. Hence, the resolution of the recoil detector setup in
the presence of a 0.1 mm thick aluminum shell is calculated to be 100×0.411

48.789
=0.84%

in which 48.789 MeV is the sum of µ1 + µ2 + µout (approximately 1.2 MeV is lost in
the shell). This loss is well known and can be corrected for in order to obtain the
initial energy.

We can also check our simulation results analytically. For the above example of
50 MeV protons punching through the region A, we obtained µout = 22.664 MeV in
the absence of the UHV shell. Thus,

(

FWHM
)no shell

out
=
√

(

1.6
100

× 22.664
)2

+ 2 × (0.05)2 = 0.369 MeV,

with 1.6% being the resolution of CsI(Tl) at 22.664 MeV and 0.05 MeV the resolution
imposed on each silicon-detector element. Now in presence of the UHV shell:

(

FWHM
)

deposited energy in shell
= 0.182 MeV.

Consequently:

(

FWHM
)with shell

out
=
√

(0.369)2 + (0.182)2 = 0.411 MeV,

which is the same as what we already obtained through making fits to the Histo of
the simulations in the case where the UHV shell was included.

In all the spectra of the overall resolution of the EXL recoil detector setup that
are presented here (Figs. 4.28 and 4.29), the minimum thrown proton energy for
each thrown proton angle was chosen roughly around the energy needed to punch
through the shell. Note that as we get close to the punch-through energy region, the
probability of losing a proton in the UHV shell increases, therefore, the probability
of cutting (and hence narrowing) the spectrum of the proton kinetic energy after the
UHV shell in the low energy region increases. For these regions, we made sure that
the energy is chosen so that the resulting spectra have the right Gaussian shape. As
can be seen in Figs. 4.28 and 4.29, the threshold energies are quite different for the
four silicon-detector regions. This is simply due to various thicknesses of Si layers
for different regions. We have tried to approach toward the punch-through region
for the 0.1 mm thick UHV shell (empty triangles). This can be seen, for instance
in the top panel of region A, in which the triangles appear at 43.5, 44, 45, 50 MeV,
etcetera. However, the full triangles and squares start to show up from 50 MeV
thrown proton energy onward.

A comparison of the simulation results for the overall resolution shows that
Duplex Stainless Steel may not be a good candidate for making the UHV shell. For
a thickness of 1 mm, the resolution considerably deteriorates at low thrown proton
energies when we use Duplex Stainless Steel as compared with Kapton or aluminum.
Especially, Duplex Stainless Steel with a thickness of 1 mm, preceded by the silicon
detectors in region C, stops 20 MeV protons while for Kapton and aluminum even
17 MeV protons can still punch through and one can expect a reasonable resolution
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Figure 4.28: Energy resolution for protons in the EXL recoil setup in the absence of

UHV shell (plus signs), with a shell of thickness 0.1 mm (empty triangles), 0.5 mm (full

triangles) and 1 mm (full squares) made of Duplex Stainless Steel, Kapton and aluminum.

The upper and lower panels show the results for regions A (85◦) and B (78◦), respectively.

For an extensive discussion on how the energy resolutions are calculated, see the text.
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Figure 4.29: Same as Fig. 4.28 except for regions C (55◦) (upper panel) and D (25◦)

(lower panel).

for 20 MeV protons using either of the latter two materials for the UHV shell. On
the other hand, at low thrown proton energies, for this thickness, the resolution is
better by a factor of 2 for regions C and D when we use Kapton instead of aluminum.

It should be mentioned that, in the analysis, the resolution of the crystals was
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incorporated in Kout as the crystals are thick enough to stop the particles. This must
be conservative enough for surveying the effect of the shell on the resolution. In fact,
one has to consider the effect that hadronic interactions in crystals might have on
the detector response, which is an energy-dependent effect and at high energies can
significantly change the shape of the histograms used in the fit. However, it should
not have a significant effect on the FWHM of the fitted Gaussians or equivalently
on the resolution, even for the proton energy of 200 MeV (thrown toward region A
of silicon detectors) at which the amount of inelastic hadronic interactions in the
calorimeter crystals is obtained, through simulations, to be about 21%. With this
in mind, a more precise version of Eq. 4.24 is:

Histo → Fill
(

(E1 − µ1) + (E2 − µ2) + (Ec − µc)
)

, (4.25)

in which Ec and µc are, respectively, the energy deposited in the calorimeter and
the mean of the Gaussian fit to the spectrum of Ec. In order to have an idea of
the effect of hadronic inelastic interactions on the resolutions, based on the methods
already explained, we can take as an example region A and a Duplex Stainless Steel
shell. Fig. 4.30 shows the resolutions calculated using the latter method (Eq. 4.25),
which are almost the same as those shown in Fig. 4.28.
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Figure 4.30: Same as Fig. 4.28 (upper panel) except that hadronic interactions in the

crystals are also taken into account. See the discussion of Eq. 4.25 for more details.

In general, merely based on the simulation results for the overall resolution of the
EXL recoil detector setup, Kapton is the ideal material among the three. Neverthe-
less, it should be mentioned that irrespective of the chosen materials for the ultimate
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UHV shell, one should consider that the energy region between 10 to 20 MeV after
punching through the shell is the most crucial. Based on the results obtained here
and the fact that it is very difficult to make a chamber from Kapton without a strong
support frame, we conclude that the inner shell should be built from aluminum.



5. First feasibility experiment for
EXL

It is a well-known fact that the study of light-ion induced direct reactions, like elastic
and inelastic scattering, transfer, and charge-exchange reactions, provides important
information on the structure of nuclei. Hence, elastic and inelastic scattering ex-
periments with light projectiles like proton have been routinely performed in the
past [52]. Before having the radioactive ion beams (RIB) available, such studies
were limited to the use of stable or long-lived nuclei as targets in normal kinematics
experiments. But with the advent of RIB facilities there is a possibility to extend
the nuclear structure investigations to exotic nuclei as well. In this way, virtually
the whole chart of the nuclei opens up for research so that theoretical models can
be tested and verified all the way up to the limits of nuclear existence: the proton
and neutron drip lines [53] (see also Fig. 1.1). In particular, using stored radioactive
beams and exploiting reactions in inverse kinematics inside a storage ring using thin
internal targets enables, comparing to investigations with external targets, high res-
olution measurements down to very low momentum transfers. This technique allows,
in many cases, to deduce essential nuclear structure information. It also provides
a gain in luminosity from accumulation and recirculation of the radioactive beams
[54]. The high luminosities provided in these kinds of ring experiments compensate
for the very thin targets which permit the low-energy scattered target-like recoil ions
to make it through the target-beam interaction region and to enter the detectors in-
stalled around the target without major distortion of energy and angular resolution.
The possibility of studying these low-energy recoil particles is especially important
when getting away from the region of stable nuclei, since it will allow us to study
the periphery of exotic nuclei. For example, one of the most outstanding discoveries
was the finding that the nuclear matter may appear under certain conditions with
a qualitatively new type of nuclear structure, so-called “halo” structure [36, 37]. It
magnifies, among other nuclear structure aspects, the importance of studying such
systems in the limits of very low momentum transfers. In particular, (p, p) scat-
tering at low q has turned out to be an excellent tool for the investigation of halo
structures [12, 55]. Other aspects like the in-medium interactions in proton-neutron
asymmetric nuclear matter, giant resonances with strength distributions totally dif-
ferent from those known in stable nuclei, the shell structure in nuclei of extreme
proton-to-neutron asymmetry leading to disappearance of the known magic num-
bers and, in turn, to the appearance of new shell gaps could also be studied well in
the low momentum transfer region. These were all the motivations to start with the
design of a new detection system in the framework of the upcoming FAIR facility.
In order to perform a feasibility study for the EXL setup [10] at the NESR storage

89
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Figure 5.1: Schematic view of the ESR storage ring. In the first Feasibility experiment

for EXL, the recoil Si-detector was mounted close to the target position. The positions of

the other detector elements are indicated in Fig. 5.2.

ring, a test experiment was set up at the existing storage ring ESR (see Fig. 5.1)
in December 2005 at GSI Darmstadt, Germany. In this feasibility test, we used the
ESR storage ring to study the reactions resulting from the interaction of a stable
136Xe beam with an internal hydrogen target.

The test experiment was intended to investigate the performance of the detector
systems and the background conditions in a realistic storage ring scenario (results
partly published in [11] and [56]). In this chapter the experimental setup and data
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analysis for this experiment will be discussed.

5.1 Experimental setup

For the feasibility experiment, detector elements representing all the major detector
systems of the future EXL setup, along with an internal hydrogen gas-jet target were
installed at the ESR (Fig. 5.2). Most of the various detector elements in this experi-

Figure 5.2: Experimental setup for the EXL test experiment performed at the storage

ring ESR at GSI. For details see the text.

ment covered only a small fraction of the total available phase space. A 136Xe beam
with an energy of 350 MeV/nucleon was injected into the ESR from the heavy-ion
synchrotron SIS, periodically exposed to electron cooling and moderately bunched
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by an RF cavity. We had two bunches of totally 100 ns length; the circumference of
the ESR storage ring was about 108 m (≈ 500 ns for this energy). The beam storage
lifetime was found to be about 30 min; on average more than 109 ions were circu-
lating with a revolution frequency of 2× 106/s, scattering off the internal hydrogen
gas-jet target (with a thickness of ≈ 1012 atoms/cm2) which was installed inside the
vacuum chamber (for an introduction to the ESR internal target, see appendix B).

The detector setup for fast ejectiles consisted of two arrays with a total of 15
organic scintillators, each coupled with an iron converter, for detection of fast neu-
trons and light charged particles which are produced and can be detected mostly at
forward angles due to their relativistic velocities. The two scintillator arrays were
installed at about 230 cm and 400 cm downstream from the target (Figs. 5.2 and
5.3). Every scintillator and iron element had a rectangular cuboid shape with the

Figure 5.3: Top view of the organic scintillators used for detection of fast ejectiles. The

angular ranges that are shown here represent the range of the scattering angle θ that

covers the whole of the two detector layers labeled as “1st layer” and “2nd layer”. Note

that the iron converters in front of the scintillator bars are not shown here.

dimensions of 10×50×4 cm3 and 10×50×5 cm3, respectively. Each iron-scintillator
couple was mounted in such a way that we had 4 cm of scintillator material in the
beam direction preceded by 5 cm iron. In total we had eight iron-scintillator couples
put together in a square-like frame making the first array and seven put together as
a wall making the second array.

For detection, identification, and fast timing of the beam-like reaction products
we had a position sensitive silicon p-i-n diode (of 300 µm thickness and 45×45 mm2

surface area) followed by a 1 mm thick scintillation detector. They were installed
further downstream the target after the first dipole magnet in a movable vacuum
pocket driven in and out of the beam tube. Furthermore, a multi-wire propor-
tional chamber (MWPC) for detection of the product of atomic charge-exchange
reactions and a photomultiplier (PM) for additional luminosity measurements were
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mounted outside the UHV (Ultra High Vacuum) reaction chamber. A UHV compat-
ible single-sided Si-strip detector (Fig. 5.4) of 1 mm thickness and 40×40 mm2 area
(total of 40 strips) for detection of the target-like reaction products was the only
detector element mounted inside the UHV of the vacuum chamber. The detector

Figure 5.4: Photograph of the UHV compatible Si-strip detector used in the EXL test

experiment, together with the mounting flange and the wiring.

was designed [57] on the basis of a special vacuum compatible ceramic support and
connected to the preamplifiers located outside of the reaction chamber via home-
made copper wires with glass pearls acting as isolation. The Si-strip detector was
read out in five groups of silicon strips, each of which with eight strips, and was
used to detect the recoil protons. Energy deposition and position of the particles
were reconstructed using a charge-division method (Fig. 5.5). The detector was
first tested with an 241Am α-source and an energy resolution of 27 keV at 5.6 MeV
(0.5%) was obtained (Fig. 5.6). It also showed a very good position resolution in
terms of having well separated peaks (Fig. 5.7). The UHV conditions in the storage
ring and the necessary baking of anything placed in it require that they are resistant
to high temperatures. The Si-strip detector was tested and it was shown that it can
withstand temperatures of up to 200◦ Celsius [58].

Geometrically, the silicon detector edges were placed at angles of about 89.5◦

and 73.4◦ with respect to the beam direction (z-axis) in such a way that the normal
vector to the detector surface, passing through the mid-point of the detector, points
straight to the center of the interaction point inside the target chamber (Fig. 5.8).
The distance of the mid-point of the detector square surface to the target point was
about 14.3 cm. To protect the detector from the UV light coming from beam-target
interactions, a thin nickel foil of 1 µm thickness was mounted in front of it.
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Figure 5.5: Charge-division readout for the Si-strip detector. The sum of signal 1 and

signal 2 gives the energy deposited in the detector, and their ratio gives information about

the coordinate of the particle [11].
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Figure 5.6: Energy spectrum of individual strips of the Si-strip detector, tested with

an 241Am α-source. The fit is a Gaussian with mean = 5637.11 ± 0.02 keV and

FWHM = 27.33 ± 0.02 keV [11].
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Figure 5.7: Position resolution of one group of the Si-strip detector, tested with an 241Am

α-source. The individual strips are clearly separated [11].

Figure 5.8: Position of the Si-detector with respect to the beam direction and the center

of the interaction-profile O (OH is perpendicular to the detector surface at its mid-point

and is about 14.3 cm long). The angular positions of the edges of the five groups of silicon

strips with respect to the beam direction in the laboratory frame (LAB) are shown as

well. The circle drawn at the target point represents the extended target. Note that the

dimensions are not to scale.

5.2 Luminosity monitors

During the test experiment the beam was moved horizontally along the x-axis (per-
pendicular to the beam axis and the direction of the gas-jet injection) over the target
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in order to measure the extension of the interaction profile by different relative lu-
minosity monitors. Three detector elements were used to measure the relative lumi-
nosity: a MWPC that was used to detect the (Xe54+ →Xe53+) beam ions deflected
out of the central orbit of the ring after atomic charge exchange, a photomultiplier
installed close to the target that was used to detect UV light produced from the
beam-target interaction, and the silicon detector that was used to detect the recoil
light particles. The interaction profiles obtained from these three detectors are in
good agreement and shown in Fig. 5.9. The size of the target profile is obtained
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Figure 5.9: The interaction profile as measured by three different detection systems [57].

Asterisks, hollow squares, and hollow circles represent data from MWPC, Photomultiplier

(PM), and Si-detector, respectively. For the sake of clarity, the data points of PM and

Si-detector are shifted a bit to the right and the left side of the MWPC data, respectively.

The fit is made to the MWPC data. The interaction profile has a width of 8.95±0.22 mm

(FWHM).

to be about 7.4 mm (FWHM) after unfolding the beam size which was estimated
to be about 5 mm in diameter. The absolute luminosity was calculated measuring
the beam intensity (by means of a current transformer) and the target density and
reached a maximum value of (6 ± 2) × 1027 cm−2 s−1. The target density was con-
stantly recorded during the experiment and the beam intensity was also registered
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during each period of data acquisition (run) with cooled and stabilized beam. For
a specific run with the duration of 18976 seconds, the registered ESR beam current
was about 6.16 mA and the average target density during the run time was obtained
to be about 2.29×1012/cm2 (the target density was recorded every 3 seconds). This
results in an averaged luminosity of about 1.6 × 1027 cm−2 s−1 for a fully stripped
136
54 Xe. This is comparable to the luminosity calculated from the nominal values
of the average number of ions circulating in the ring (≈ 109) and the revolution
frequency of ions (≈ 2 MHz).
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Figure 5.10: Identification of the reaction channels. The top panel shows the deposited

energy (in MeV) of heavy ions in the p-i-n diode. Here, all the reaction products are

registered. In the middle panel the reaction channels are differentiated through requiring

a coincidence between two coupled detectors in the first series of scintillators (the two

detectors labeled as “1st layer” and “2nd layer” in Fig. 5.3). The spectrum of the first

panel clearly shows the dominance of singles channel, when compared to the middle panel

in terms of the amount of statistics after requiring coincidence. The bottom panel shows

the Geant4 simulation results for 135I and 135Xe ions of 350 MeV/nucleon that are detected

by the p-i-n diode in the reaction channels 136Xe(p, 2p) and 136Xe(p, np), respectively. The

left peak corresponds to I isotopes and the right one to Xe. The results of the upper two

panels are calibrated to the simulation results for the Xe peak.
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5.3 Detection of beam-like particles and forward

ejectiles

The detection system for beam-like reaction products in the ESR test experiment
consisted of a silicon p-i-n diode detector with a thickness of 300 µm and an area of
45 × 45 mm2 followed by a thin scintillator of 1 mm thickness, which was used for
triggering and fast timing of the beam-like particles. The system was installed about
21 m downstream from the target (≈ 6 m after the dipole magnets; see Fig. 5.2). The
energy resolution of the scintillator did not allow for isotope separation; thus, the
energy loss of heavy-ions was measured by the p-i-n diode. There was a possibility
for the p-i-n diode to be moved in and out of the ring; during the refilling of the
ESR ring and before the beam was cooled down we needed to bring out the detector
in order to keep it away from any possible radiation damage caused by the direct
intense beam. This feature allowed us as well to change the distance of the detector
with respect to the center of the ring during the experiment (the surface of the
detector was perpendicular to the beam direction). This way, one could scan for
the heavy ions deflected from the beam direction, which are basically those which
undergo an interaction.

Using the combination of the heavy-ion detection setup and the two series of
scintillator assemblies, installed about 2.3 m and 4 m downstream of the target,
one can identify different reaction channels like (p, n), (p, pxn), and (p, 2pxn). In
such reactions there is a possibility that the light ejectiles, emitted at forward angles
due to relativistic velocities, are detected by the scintillator arrays in coincidence
with the beam-like particles hitting the small area p-i-n diode. The result of such
a coincidence measurement is shown in Fig. 5.10 (middle panel). We also used the
Geant4 package to compare data with simulations. Comparing to the results of
the simulations (bottom panel), it reveals the identification of at least two reaction
channels, namely 136Xe(p, np) and 136Xe(p, 2p). The simulations are performed for
135Xe and 135I of 350 MeV/nucleon.

Fig. 5.11 shows the deposited energy in the two consecutive scintillator layers
of the first series of the fast ejectile scintillators (see Fig. 5.3). The results are
from data analyses and simulations in Geant4 and Geant3 as well. The Geant3
results were obtained using the Virtual Monte Carlo (VMC)1 package. The two
simulation results of Geant3 and Geant4 are in good agreement. There is a small
peak, appearing at around 20 MeV, in the simulated spectrum of the “2nd layer”
which is not present in the experimental data. It is built up by those protons which
are scattered at angles around 3.7◦ (see Fig. 5.3) and hit the “1st layer” at the upper
edge while they miss the first iron layer before this scintillator layer. Thus, the small
peak appears more or less at the same position as that of the peak of the “1st layer”,

1 The Virtual Monte Carlo provides an abstract interface into the Monte Carlo transport codes:
Geant3, Geant4 and Fluka. The user VMC based application, independent from the specific
Monte Carlo codes, can then be run with all three simulation programs. [59]
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Figure 5.11: Deposited energy (in MeV) in the two consecutive layers of the first series

of fast ejectile scintillators (shown in Fig. 5.3). On the left side the experimental spectra

are shown. These spectra were obtained using the coincidence condition between the two

scintillators labeled as “1st layer” and “2nd layer” in Fig. 5.3. Shown on the right are the

corresponding simulation results of 350 MeV protons thrown isotropically. The solid and

dotted histograms are the results of simulations with Geant4 and Geant3 (using the VMC

package), respectively. The experimental results are calibrated to the Geant4 simulations

at high peaks.

since it is built up by those events which effectively pass through one layer of iron
placed right before the “2nd layer”; the peak of the “1st layer” is built up by events
which essentially pass through the first iron layer before being registered by the
“1st layer”. The reason that we do not see the small peak of the “2nd layer” in the
data should be due to the misalignment of the iron-scintillator layers resulting in a
geometry slightly different from what we implemented in the simulations (Fig. 5.3).
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5.4 Detection of target recoil particles

In the feasibility experiment we used different detector elements in order to study
different reaction channels by installing them at appropriate positions. This way, we
could detect various interaction products such as the light ejectiles and the projectile-
like particles by (at least) partly covering the predicted phase space of the expected
interactions. In order to study the elastic scattering channel of proton-136Xe a UHV-
compatible single-sided silicon strip detector of 1 mm thickness preceded by a 1 µm
thick foil of nickel was installed inside the target chamber (see Fig. 5.2). Using the
data from the first group of strips of the Si-strip detector, the 136Xe(p, p) elastic
scattering differential cross section was determined. Since the registered data by the
silicon detector (including the first group) comprises the elastic as well as inelastic
scattering events, the most appropriate way of studying the elastic scattering channel
would be to separate elastic from inelastic events by a precise determination of energy
and angle. While the energy resolution was sufficient, the relatively bad angular
resolution due to the target extension did not allow such a procedure. Therefore,
for the investigation of elastic scattering, only data from the first group of strips
were considered because here primarily elastic scattering events are expected, since
the inelastic scattering cross section is expected to be negligibly small at angles
covering this group of strips. The solid angle coverage of the first group of strips
can easily be calculated from Fig. 5.8 to be about 15.4 msr. Inelastic reactions can
also be studied in other strips where the cross sections and kinematics allow this.

5.4.1 Elastic scattering cross section

The elastic scattering cross section could be measured knowing that the first group
of the Si detector is thick enough to effectively stop the elastically-scattered protons.
This can be confirmed through simulations by calculating the deposited energy of
elastically-scattered protons in this group (a thickness of 1.0 mm for the detector
can stop protons of 12.1 MeV energy). Fig. 3.4 (bottom panel) shows the energy
of the elastically-scattered proton versus its scattering angle. It is convenient to
make use of the Mandelstam variable −t, which is defined as the square of the four
momentum transfer. For the proton-136Xe elastic scattering one can measure the
cross section as a function of −t, which is expressed in terms of the proton scattering
angle θp in LAB, as follows (derivation in A.2):

− t = 4
(

cpCM
)2

(

1

1 + (γLAB)2 tan2 θLABp

)

. (5.1)

It is also possible to express −t in terms of the proton kinetic energy KLAB
p after

collision with the heavy ion:

2mpK
LAB
p = 2

(

cpCM
)2 (

1 + cos θCMp
)

≡ −t, (5.2)
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in which mp, K
LAB
p , and θCMp are the rest mass of the proton, kinetic energy of

the recoil proton in the LAB frame, and scattering angle of proton in the center-
of-mass frame (with its z-axis along the beam direction), respectively. In order to
determine −t from the recoil energy KLAB

p (since the angular resolution was not
good enough), the energy of the protons was corrected for their energy loss in the
nickel foil which was mounted in front of the Si-detector. For a 136Xe beam energy
of 350 MeV/nucleon, the parameters cpCM and γLAB are obtained to be 0.8779 GeV
and 1.3695, respectively. Figs. 5.12 and 5.13 show the experimental differential cross
section (solid squares) as a function of −t, obtained using Eq. 5.2 after correcting
for the energy loss in the nickel foil and assuming that the recoil protons would
not punch through in the first group of the Si-detector. The curve shows the
prediction of the Glauber multiple-scattering theory for the elastic scattering cross
section [52, 11], assuming a matter radius of 4.9 fm. For comparison, the simulations
for point-like and extended interaction profiles are shown as well. The simulations
were performed by implementing the geometry in a Geant4/VMC code. Exploiting
the VMC package allowed us to compare the Geant3 and Geant4 simulation results.
We started from the Glauber theory for the elastic scattering cross section (solid
curve) and used it as the generator for the elastic scattering channel. There is a
cut-off in the simulations for the point-like target (asterisks in the top panel of
Fig. 5.12) at about −t = 0.0067 (GeV/c)2 which corresponds to the maximum
scattering angle with respect to 90◦ in LAB at which a proton can be generated at
the target point and still end up in the first group of silicon strips. In the absence
of a threshold (which is 500 keV in the present experiment), the simulation points
should, in principle, start to show up from about −t = 0.0001 (GeV/c)2, which
corresponds to protons generated with kinetic energies of about 70 keV.

In Fig. 5.12 (bottom panel), the shape of the simulations for the extended inter-
action profiles agree reasonably well with the experimental results up to a value of
about −t = 0.011 (GeV/c)2. However, beyond this value of −t, there is an abrupt
drop in the number of counts which is not compatible with the trend at lower −t
values. This might have to do with the operation of the Si-detector in this experi-
ment. Fig. 5.13 compares the Geant4 simulation results for two extended interaction
profiles with the experimental data. The simulated data points start to show up at
around −t = 0.0011 (GeV/c)2 due to the energy threshold of 500 keV of the silicon
detector. This is also visible in the experimental data points at very low values of
−t. The shapes of the simulations for the extended interaction profiles agree reason-
ably well (over the shown range of −t) with the experimental results; with the best
agreement for a profile with a FWHM of 10.5 mm (stars) in the z-direction. Due
to the small dimensions of the first group of the Si-detector and its placement close
to 90◦ as well as the small extension of the interaction profile, (compared with its
distance to the first group of silicon strips), the extension of the interaction profile
along the x- or y-axis has a quite negligible effect on the shape of the simulations.
This negligible effect was confirmed through simulations, even at the order of 1 cm
for the FWHMx or FWHMy. This shows that the main source in shaping the slope
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Figure 5.12: Top: solid squares show the experimental absolute elastic scattering cross

section. The curves show the proton-136Xe elastic scattering cross section as a function of

four-momentum-transfer squared −t for a beam energy of 350 MeV/nucleon, as predicted

by the Glauber theory [14] (solid curve) and Eikonal approximation (dashed curve [60]).

The asterisks, which are normalized to data at −t = 0.0031 (GeV/c)2, are the simulation

results for the point-like target using the Glauber theory prediction. Bottom: the hollow

squares and triangles are, respectively, Geant4 and Geant3 simulations (using the VMC

package) which, together with the experimental data, are normalized to the theory curve

at −t = 0.0031 (GeV/c)2. The simulations for the extended interaction profile were done

for an interaction profile of FWHMz = 7.4 mm, using the Glauber theory.
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Figure 5.13: The curves and solid squares are the same as in Fig. 5.12 (top panel).

Circles and stars show the simulation results, based on the Glauber theory (solid curve),

for interaction profiles of FWHMz = 7.4 and 10.5 mm, respectively. Hollow squares

show the simulation results for the elastic scattering cross section, based on the Eikonal

approximation (dashed curve), for an interaction profile of FWHMz = 7.4 mm. The

simulation data points (counts), obtained using Geant4, are normalized to the experiment

at −t = 0.0031 (GeV/c)2 and the error bars are statistical. KLAB
p is the recoil energy

of the proton in the laboratory frame and θCM is the angle of the recoil proton in the

center-of-mass frame with respect to −ẑ, in which ẑ represents the direction of the beam.

of the count rates per −t-bin is due to its much higher sensitivity to the extension of
the interaction profile along the z-axis rather than the other two axes. Nevertheless,
the simulation results presented here are obtained using a full three-dimensional
Gaussian profile as the position density of generation. For the four simulation re-
sults that are presented in Fig. 5.13, the Gaussian extension of the interaction profile
along the x- and y-axes were assumed to be FWHMx = 9.0 mm (corresponding to a
target extension of 7.4 mm) and FWHMy = 5 mm (since we had a beam diameter of
5 mm and since we expect no folding with target along the direction of injection of
the gas-jet target, namely along the y-axis, with the assumption of a rather uniform
target density in the interaction region). Along the z-axis the position distribution
for generating protons was chosen according to a Gaussian of FWHMz = 7.4 mm
(circles and hollow squares) or FWHMz = 10.5 mm (stars).

In order to deduce a cross section from the data, the experimental data points
must be unfolded for geometrical effects by using appropriate correction factors. The
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correction factors are inter-related to the geometrical acceptance of the first group
of silicon strips and were calculated through simulations which will be discussed
hereafter. In order to understand the descending behavior of the elastic scattering
cross section, we can decompose the effects of various independent sources that have
influence on the shape of the uncorrected cross section (solid squares in Fig. 5.13).
The first source is the intrinsic shape of the underlying cross section. The other
source is the geometrical acceptance of the Si-detector for which we expect, for the
specific geometry in our experiment, that more particles miss the detector at larger
values of −t (the effective solid angle is t-dependent).

One can calculate the acceptance of the detector for a particular scattering angle
through simulations, provided that the interaction profile is well known. Thus, in
order to study the effect of geometrical acceptance, we performed simulations for the
recoil detector using an isotropic angular distribution for the generation of particles.
Fig. 5.14 compares the correction factors that are obtained, using a uniform angular
distribution, for the interaction profiles of FWHMz = 7.4 mm and 10.5 mm. It is
reasonable to use these correction factors (respectively, corresponding to the circles
and stars in Fig. 5.14) in order to correct the experimental data and to compare
them with any theoretical predictions. The results are shown in Fig. 5.15, where all
the data sets are normalized to the theory at −t = 0.0031 (GeV/c)2. It shows that
the results corresponding to an interaction profile of FWHMz = 10.5 mm agree best
with the theoretical prediction. This fact could be interpreted as an indication of an
asymmetric target profile with respect to the x- and z-axes. In case of a symmetric
target profile with respect to the x- and z-axes, we would have a conical extension of
the gas-jet which would be essentially symmetric around the y-axis (direction of the
gas-jet injection). It should be mentioned that, in the simulations of Fig. 5.14, −t
was calculated based on Eq. 5.2, since the effect of those few protons which punch
through at areas close to the edges of the first group of the Si-detector was found
to be negligible (see Fig. 5.18, top panel).

The effect of profile asymmetry discussed above is shown by simulations to be
approximately the same as the effect of either a slightly rotated Si-detector around
the target point or a shifted interaction profile along the beam direction. It is
quite possible that the exact position of the Si-detector with respect to the nominal
target point has not been determined very accurately in the experiment. Even if
the position of the Si-detector during the experiment had been determined with
a good accuracy with respect to the center of the scattering chamber, the center
of the interaction region could have been easily off-centered by a few millimeters
from the nominal position. The effect of an interaction point shifted by 1.5 mm
toward −∞ in the z-direction yields a comparable correction factor, up to a few
percent, to the case when we have a rotated Si-detector by about 0.5◦ toward the z-
axis (Fig. 5.14), and are both equivalent to an interaction profile of about 10.5 mm.
Simulation results for the elastic scattering cross section, using an interaction profile
of FWHMz = 7.4 mm and a rotated geometry of 0.5◦ (or a shifted geometry of
1.5 mm) would then also reasonably agree with the shape of the experimental curve
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Figure 5.14: Required correction factors for unfolding the acceptance of the first group

of the Si-detector from the cross section, as obtained from simulations, using the uniform

distribution. In the simulations we used the kinematics of proton-136Xe elastic scattering.

Circles and stars show the simulation results with FWHMz =7.4 mm and 10.5 mm, respec-

tively, as the extension of the interaction profile. Squares are obtained with an interaction

profile of FWHMz =7.4 mm, when the Si-detector is rotated 0.5◦ around the y-axis toward

the z-axis and pluses are the results of a shift by 1.5 mm toward −∞ in the z-direction,

again with a FWHMz of 7.4 mm. Since in the simulations for the registered counts by the

first group of the Si-detector all points are normalized to a constant (uniform distribution)

at −t = 0.0031 (GeV/c)2, the correction factor is equal to 1 at this value of −t.

in Fig. 5.13. This means that the interaction profile could still be the same as the
one measured by the luminosity monitors (see Fig. 5.9). However, we cannot rule out
the possibility of having extraordinarily extended target profile in the z-direction as
the measurement of the luminosity was done through scanning the target with the
beam in the x-direction. We could not disentangle the exact geometrical condition
that we might have had during the experiment: a slightly rotated geometry with
respect to the target point, a slightly shifted interaction profile with respect to the
center of the interaction chamber, or an asymmetric profile). Nevertheless, based
on simulations, the net result of the three scenarios would be the same as far as the
elastic scattering cross section is concerned.

One can imagine other scenarios for the shape of the interaction profile than
simply a Gaussian; especially when seeking an explanation for the abrupt drop in
the cross section at −t values higher than −t ≈ 0.011 (GeV/c)2; see Fig. 5.12. It
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Figure 5.15: The curve is the same as in Fig. 5.13 and the solid squares are the experi-

mental data normalized to the curve. The hollow circles and stars represent the corrected

experimental data for the interaction profiles of FWHMz = 7.4 mm and 10.5 mm, respec-

tively. All data points are normalized to the curve at −t = 0.0031 (GeV/c)2.

could be that we had a non-uniform (and/or discontinuous) luminosity resulting
from the non-uniformity of the target density over the area of interaction with the
beam. In appendix B.1, we will try to understand the unusual behavior of the
data points at higher −t values merely based on a simulation analysis of different
interaction profiles.

Discussion

Fig. 5.16 (top panel) compares the elastic scattering cross-section calculations for an
interaction profile of FWHMz = 7.4 mm for both cases when a uniform distribution
or predictions of Glauber theory are used as the angular-density generators for the
cross section. Clearly the difference between the two data points (related to the
uniform and Glauber distributions) at each −t reflects the deviation of the cross
section from uniformity. Similarly, the amount of change in the difference between
the two data points at −t and −t+ δ(−t) is directly related to the slope of the line
connecting the two neighboring corrected points at −t. It is the slope of the fit to the
corrected data points which would determine the local slope of the derived theory
at a certain −t. Following the trend of the circles in this figure, we can intuitively
conclude that, over the region of smaller CM scattering angles, the acceptance of
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Figure 5.16: Top: the curve is the Glauber theory prediction for the proton-136Xe elastic

scattering cross section as a function of four-momentum-transfer squared and the dotted

line represents the uniform distribution. Circles and triangles show the simulation results

(counts normalized to the curve at −t = 0.0031 (GeV/c)2), calculated based on Eq. 5.2

(assuming no punch through), with FWHMz = 7.4 mm as the extension of the interaction

profile using the uniform distribution and Glauber theory, respectively. Ep is the deposited

energy in the first group of the Si-detector. Bottom: simulations of the 1 mm thick

Si-detector, showing four-momentum-transfer squared on the y-axis with the assumption

of no punch through, versus the one calculated from angular relations (Eq. 5.1) on the

x-axis. Here, the interaction profile of FWHMz = 10.5 mm and a uniform cross section is

used in the simulations in order to magnify the influence of the probable punch-through

events. The same pattern is expected when using a FWHMz = 7.4 mm.

the detector falls with −t (or equivalently with the energy of the scattered protons)
faster than exponentially. Over the larger values of the CM scattering angle (away
from 90◦ in LAB), the acceptance falls rather exponentially.

It is necessary to investigate the amount of contamination of punch-through
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Figure 5.17: Top: simulations of the recoil detector, with 0.5 mm thickness for the

Si-detector, showing four-momentum-transfer squared, calculated based on Eq. 5.2, ver-

sus the one calculated from angular relation (Eq. 5.1). The interaction profile of

FWHMz = 7.4 mm (corresponding to the plus signs in the bottom panel) is used in the

simulations. Bottom: experimental data (solid squares) and simulation results of counts

per −t-bin, in the proton-136Xe elastic scattering, as a function of four-momentum-transfer

squared, calculated based on Eq. 5.2. The other three symbols represent the simulations

for a Si-detector of 0.5 mm thickness with a uniform phase space density generator (the

dotted line); stars: simulations with an interaction profile of FWHMz = 10.5 mm, pluses:

simulations with an interaction profile of FWHMz = 7.4 mm, and triangles: simulations

with an interaction profile of FWHMz = 7.4 mm compensated for the punch-through

protons. All experimental and simulated data points are normalized to the line at

−t = 0.0031 (GeV/c)2.

events in the results of the top panel in Fig. 5.16. This is because we established our
arguments on the geometrical acceptance of the first group of the silicon detector
based on the assumption of having negligible amount of punch-through events. For
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the interaction profiles of FWHMz = 7.4 and 10.5 mm (with FWHMx = 9.0 mm and
FWHMy = 5 mm) the simulations show that majority of the generated protons stop
in the first group of the Si-detector of 1 mm thickness (Fig. 5.16, bottom panel).
The shaded region in this figure is due to those few protons which punch through
at areas close to the edges of the first group of the Si-detector, where the amount of
material through which the particles travel vary.

There is a possibility that we had an effective detector thickness of less than
1 mm for the silicon detector. In such a case protons might punch through the
silicon detector, thereby changing the shape of the calculated elastic scattering cross
section (based on Eq. 5.2). In order to have an estimate of this change, we can take
an exaggerated case considering a thickness of 0.5 mm (half of the nominal thickness)
for the silicon detector. Fig. 5.17 shows the results using a uniform distribution for
the cross section and interaction profiles of FWHMz = 7.4 and 10.5 mm (with
FWHMx = 9.0 mm and FWHMy = 5 mm). Up to −t = 0.0085 (GeV/c)2 the
simulated cross sections decrease smoothly; however, at higher values of −t, there
are significant deviations from this smooth trend of the cross section. This has to
do with those protons punching through the nickel foil and 0.5 mm thick silicon
detector at high enough energies. Simulations show that, for the detector geometry
in our setup, those protons that are generated at around z = −5 mm down to
−∞ can punch through the first group of the Si-detector. Based on this fact, we
can compensate for the punch-through protons and extract the cross section. By
incorporating the proper FWHM for the interaction profile into our simulations as
well as normalizing the simulations to the statistics of our experiment, we can obtain
a value of −t which is now different from the one extracted through Eq. 5.2 due to the
punch through; this is particularly important when we want to compensate for the
punch-through protons in the experimental data. Therefore, by doing simulations
with Glauber theory used as the generator for the cross section, we can repeat the
same procedure as in the case of uniform distribution to see how much we need to
compensate for the punch-through events in our experimental data. Fig. 5.18 shows
the result of these simulations with an interaction profile of FWHMz = 7.4 mm
and 0.5 mm thick Si. It confirms that the punch-through protons have negligible
contribution in changing the shape of the elastic scattering cross section, calculated
based on Eq. 5.2. Therefore, the probable minute deviations in the effective thickness
of the Si-detector from 1 mm should not be any source of problems when making
use of Eq. 5.2 to calculate the elastic scattering cross section. Therefore, unlike
Fig. 5.17 (for the case of a uniform cross section and 0.5 mm thick Si-detector), it
is not necessary to compensate for the punch-through events at all.

5.4.2 Acceptance correction by using the measured
angular distribution

As already mentioned, one needs to correct for (i.e. unfold) the geometrical accep-
tance of the detector setup in order to obtain the correct elastic scattering cross
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Figure 5.18: Top: same as Fig. 5.17 (top panel), using the Glauber theory as the genera-

tor for the elastic scattering cross section. Bottom: elastic scattering cross section obtained

using Eq. 5.2 (dotted line; projection of the top histogram on the y-axis), contribution of

the punch-through protons to the elastic scattering cross section (shaded area), and elastic

scattering cross section compensated for the punch-through protons (solid line). All the

histograms are shown for protons which punch through.

section that can be properly compared with theoretical calculations. In principle,
one can correct the unfolded cross-section data using the correction factors obtained
from simulations. In order to be able to draw any conclusion on the agreement
between theory and experiment, we need to have another source to be used for our
generator other than the theory under investigation. In subsection 5.4.1, we calcu-
lated the percentage of particles that are generated at a certain −t and missed the
first group of the Si-detector (in a way, back-tracking the generated protons). This
percentage was related to the geometrical acceptance of the detector at −t and sub-
sequently provided the correction factor. In the following discussion we will try to
reconstruct the underlying theory by using the measured position in the Si-detector
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and following a procedure that we will refer to as “trigonometric approach” in cal-
culating −t. This will allow us to investigate the possibility of safely extracting the
elastic scattering cross section, while making use of the position information of the
Si-detector.

Fig. 5.19 shows the measured position in the Si-detector for the first group of
strips close to 90◦ in LAB. Keeping in mind that we had a threshold of about
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Figure 5.19: Position information, as obtained during the measurement, of the detected

events by all the eight strips of the first group of the Si-detector. The first peak is

originating from the closest strip to 90◦. The percentages on the figure reflect the relative

heights of the peaks and sum up to 100%. The Si-detector had a threshold of about

500 keV.

500 keV, one can understand the observed trend of data in this figure. Except for
the last three strips, we can see an increase in the number of events registered at
each position (strip), while getting away from the closest strip to 90◦ in LAB (the
midpoints of the first and eighth strips of the first group of the silicon strips are
placed at 89.3◦ and 86.5◦, respectively). In principle, we would expect a decreasing
behavior, since the elastic scattering cross section as well as the detector acceptance
decrease with increasing −t or equivalently with decreasing θ. The fact that we
see an opposite behavior in this figure (for the first few strips) has to do with the
threshold condition which is discussed below.
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First, consider the situation where every strip receives equal number of elastically
scattered events. Analytic calculations (trigonometric approach) show that for a
target profile of FWHMz = 7.4 mm, the energy threshold is directly related to the
relative heights of the position peaks. Considering a Gaussian interaction profile
with 9 mm, 5 mm, and 7.4 mm as the FWHM along the x-, y-, and z-axes and
allowing the generated events at a specific random point to end up uniformly over
the area of every strip, we can obtain the corresponding distribution of −t for
each strip. We expect identical peak heights for all the strips when we have no
threshold, since we are assuming identical number of events ending up at every
strip and triggering the detector. On the other hand, when we have a non-zero
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Figure 5.20: Trigonometric calculation (reconstruction) of −t for the elastic scattering,

based on Eq. 5.1, as seen by each strip of the first group of Si-detector. A Gaussian of

9.0 mm, 5 mm, and 7.4 mm as FWHM along the x, y, and z-axes is considered for the

spatial generation of protons and all the events (dedicated to a specific strip) are required

to end up at a random point on the strip surface. No threshold is considered here and the

same number of events are distributed over each strip. The percentage of events that, for

each strip, can satisfy a threshold condition of 500 keV is written under the corresponding

curve. The detected −t by the first group is, in principle, the summation of all eight

spectra of the individual strips (spectrum on the bottom right hand side).
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threshold every strip detects a different percentage of events ending up in them.
The resulting spectrum for the triggered events by the strips would show no more
peaks of identical heights. The peaks would have relative heights as 0.34, 0.5, 0.55,
0.64, 0.74, 0.85, 0.89, and 0.92 as compared to 1 (when we have no threshold).
These numbers are simply the ratio of events with −t ≥ 0.0011 (GeV/c)2 (for
a threshold of 500 keV) to the total number of events for each strip. Fig. 5.20
shows the reconstructed −t as it is seen by each strip as well as the reconstructed
cumulative −t seen by the first group of eight strips. For the first few strips, this
resembles the rising trend of the heights of the peaks in Fig. 5.19. However, what
we see in Fig. 5.19 is a combination of the discussed threshold effect as well as the
effect of non-uniformity of the elastic scattering cross section. This non-uniformity
can be quantified and integrated in the above approach for distributing events; it
can be thought of as dedicating different number of events to each strip. Therefore,
if we could somehow obtain the relative number of events (based on the real elastic
scattering cross section) to be dedicated to each strip, then we would expect a
resulting spectrum with relative heights identical to what we see in Fig. 5.19. In
principle, we can attribute the effect of the relative (appropriate) number of events
to the relative heights of the position peaks by doing the simulations. This should
give the exact relative heights of the peaks provided that we implement the exact
experimental conditions in the simulations (such as the spatial extension of the
interaction profile and the precise position of the Si-detector). In addition to the
exact experimental conditions to be implemented in the simulations, we need to
know the underlying cross section based on which to generate particles. We can
try to make sense of Fig. 5.19, based on the approximate geometrical information
(such as an interaction-profile extension of FWHMz = 7.4 mm, FWHMy = 5 mm,
and FWHMx = 9.0 mm) and by considering a shear elastic scattering cross section
based on the Glauber theory (or the derived cross section in subsection 5.4.1).

Fig. 5.21 shows the position information of the detected events by all the eight
strips of the first group of the Si-detector, as obtained through simulations with
the mentioned assumptions. Comparing the relative heights of the peaks in this
figure (bottom panel) with the trend of the percentage of events that can satisfy
the threshold condition for each strip in Fig. 5.20, we can qualitatively conclude
that the increasing behavior of the peak heights in Fig. 5.21 for the first five peaks
is due to the threshold condition. On the other hand, it is the decreasing elastic
scattering cross section which counteracts and takes over the threshold action at
higher −t values and appears as gradually decreasing heights for the other three
strips. Considering the qualitative agreement between Fig. 5.21 (bottom panel) and
Fig. 5.19, we may assume that the relative heights of the position peaks (or at least
the rising and falling trend of the heights of the peaks) in Fig. 5.19 could mainly be
attributed to the elastically scattered protons. Based on this assumption, we may
extract the appropriate number of events for each strip from this figure and feed
it in our random-generation model to obtain the cumulative elastic scattering cross
section. The difference between experiment and simulations may then be explained,



114 Chapter 5: First feasibility experiment for EXL

SiPos[0]

C
ou

nt
s

1 2 3 4 5 6 7 8

20000

40000

60000

80000

1 2 3 4 5 6 7 8

5000

10000

15000

20000

8.1 %
10.5 %

12.9 %
14.4 % 15.1 % 14.4 % 13.2 %

11.4 %

Figure 5.21: Same as Fig. 5.19, but obtained through simulations, using the Glauber

theory, with threshold energies of zero (top panel) and 500 keV (bottom panel). The

percentages on the bottom panel could be compared with the corresponding ones on

Fig. 5.19.

to some extent, by inelastic background events in the experiment.

Fig. 5.22 (dotted curves) shows the same as in Fig. 5.20 with the addition of the
threshold as well as using an appropriate number of events for each strip as extracted
directly from the experimental result of Fig. 5.19. We can also use strip position
information to derive the contribution of individual strips to the elastic scattering
cross section obtained through the analysis of the deposited energy. For comparison
the corresponding results are also presented in Fig. 5.22 (thin histograms). If we had
a zero threshold for the Si-detector in the experiment, the dotted curve in the panel
that is labeled as “cumulative” in this figure could be regarded as the underlying
theory curve.

In the following we try to unfold, to some extent, the influence of the threshold
in shaping the spectrum of Fig. 5.19 by making use of simulations. Considering
the simulation results in Fig. 5.21, we can use the ratio of the heights of the peaks
of the upper panel to the corresponding ones of the lower panel and use them
to enhance (modify) the heights of the peaks in Fig. 5.19. Since this ratio only
represents the amount of threshold influence we assume that it is irrelevant to the
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Figure 5.22: Thick dotted and solid curves (trigonometric approach): same as Fig. 5.20

but with a threshold of 500 keV for the Si-detector and generating appropriate number

of events towards each strip as extracted from Figs. 5.19 (dotted curves) and 5.23 (solid

curves). Thin curves (energy deposition approach): counts per −t-bin for the elastic

scattering obtained, alternatively, through the experimental analysis of deposited energy

in each strip.

theory curve that we used (Glauber) as our generator. Therefore, we can directly
use these ratios to appropriately modify the heights of the peaks of Fig. 5.19. In
principle, we would expect the resulting spectrum to show a pattern similar to what
we see in the simulations of Fig. 5.21 (top panel). Fig. 5.23 shows the enhanced
(modified) spectrum of Fig. 5.19 through exploiting the simulations of Fig. 5.21
with the assumed threshold of 500 keV (solid bars) as well as assuming an optional
threshold of 900 keV (dotted bars). In none of these two results we see a decreasing
trend for the heights of the bars as one should expect from the elastic scattering
cross section (like in Fig. 5.21, top panel). Different threshold values were used in
the simulations in order to investigate the effect of threshold on the relative heights
of the modified spectrum. Nonetheless, all of them show smaller heights of the peaks
at least for the first strip(s) relative to the next neighboring strip(s). This could be
an indication that the detector position must have been different; for instance, the



116 Chapter 5: First feasibility experiment for EXL

SiPos[0]
1 2 3 4 5 6 7 8

]3
 1

0
×

C
ou

nt
s 

[

500

1000

1500

2000

2500

3000

3500

4000

310×

Figure 5.23: Modified spectrum of Fig. 5.19, exploiting simulations of Fig. 5.21 with

the nominal threshold of 500 keV (solid bars) as well as assuming a threshold of 900 keV

(dotted bars). Simulations show that, regardless of the threshold value, the relative counts

of at least the first and second strips (with respect to the others) violates the trend that one

should expect from the elastic scattering cross section. This could be an indication that this

strip must have been (partly) outside the phase space coverage of the elastically-scattered

protons. See text for details.

spectrum corresponding to 900 keV in Fig. 5.23 can be explained if we consider a
geometry of the Si-detector in which the first strip of the first group is placed (at
least partly) at an angle more than 90◦ in LAB. In fact, a rotated geometry of the
Si-detector in Fig. 5.8 as much as 1◦ around the y-axis toward the x-axis can place
the first strip at a slightly larger angle than 90◦ in LAB. Fig. 5.22 shows as well
the cumulative cross section (thick curves), obtained like the dotted curves when
feeding the statistics of 500 keV threshold of Fig. 5.23 (instead of Fig. 5.19) into
the generator. Fig. 5.24 shows the cumulative cross section, obtained through the
trigonometric approach, together with the Glauber theory prediction for the elastic
scattering cross section, all normalized to the theory curve.

There is an inherent drawback in this method of calculating −t from the angular
placements of individual strips. It arises from the sizable extension of the interaction
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Figure 5.24: Elastic proton-136Xe scattering cross section as a function of four-momen-

tum-transfer squared. The solid squares are the experimental data (corresponding to the

thin histogram in the bottom right panel of Fig. 5.22), as obtained through Eq. 5.2 as-

suming no punch through, and the curve is the Glauber theory prediction. Solid triangles:

cumulative −t, as in Fig. 5.22 (solid thick curve). The hollow triangles are for when we

exclude the events registered in the last two strips of the first group of the Si-detector,

using the same approach that led us to obtain cumulative −t in Fig. 5.22. All points are

normalized to the curve at −t = 0.0031 (GeV/c)2.

profile with respect to the widths of the detector strips. The fact that a number of
random positions for the generated particles are chosen over a sizable region (interac-
tion profile) and then attributed with equal weights to a specific strip, considerably
flattens the fine structure of any underlying cross section. This can easily be seen
in Fig. 5.24, especially in the flat structureless region below −t = 0.003 (GeV/c)2.
As an example we can take two generation points, over the interaction profile, one
at z = z0 and the other at z = −z0 which are located symmetrically with respect to
the origin. Clearly, the generation probability for the two positions is the same, but
that the two generated particles at these points both end up at a specific strip with
the same probability is not true. In our analytic approach of calculating −t, it is
not possible to implement this difference in the probability of ending up at a specific
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strip for a particle generated at z0 or −z0. Therefore, the bigger the extension of the
target profile the less precise would be the calculation of −t, when using the trigono-
metric approach. Thus, one has to be careful in following this approach to calculate
−t, even when there is a high confidence in the spectrum of Fig. 5.19. For extended
target profiles, along the beam direction, this method is the most inaccurate when
the detector is installed near 90◦ in LAB. Hence, there is no way of precisely calcu-
lating the elastic scattering cross section around 90◦, based on this approach, other
than minimizing the target extension along the beam direction. Similarly, for other
reaction channels, one cannot expect that installing detectors at angles close to zero
in LAB could overcome this inherent problem of target extension, because then the
calculation of −t gets sensitive to the target extension along the x- and y-axes.

There is a possibility that the behavior of the Si-detector (appeared as a drop in
the cross section pattern of Fig. 5.12) had been due to the operation of the last two or
three strips of the first group. In such a case, the registered energy of the events by
these defected strips cannot be used to calculate −t from Eq. 5.2 and might instead
contribute to cross section at lower values of −t than what we expect from an elastic
scattering event. In this case, we are not able to exclude these miscalculated events.
However, that does not necessarily mean that the relative peak heights of the last
few strips are wrong. If we assume that all of the eight strips of the first group of
the Si-detector were triggering correctly (based on the threshold energy), Fig. 5.19
would show a correct pattern of triggering while at the same time the last few strips
did not register the correct deposited energy spectrum. Thus, it is possible that
this figure could still be used to extract the elastic scattering cross section as the
underlying cross section. It is interesting to note that the behavior of (at least) the
first strip in Fig. 5.23 undermines the applicability of this method in calculating the
cross section over the whole range of −t and one should, therefore, avoid using this
method.

Fig. 5.24 compares the results of the analytic calculation of the cumulative −t for
the two cases of excluding or including the influence of the last two strips. As can be
seen in this figure, apart from the overall shapes of the two calculated cross sections,
the inclusion of the statistics of all the strips causes the slope of the cross section to
deviate from the theory prediction; even if the pattern in Fig. 5.19 (and consequently
in Fig. 5.23) can be considered as a true triggering pattern, there still could be
considerable amount of inelastic scattering events in the last two (few) strips which
can satisfy the threshold condition. The qualitative similarity of Figs. 5.19 and 5.21
cannot, quantitatively, rule out the significance of inelastic scattering events that
were detected by the first group of the Si-detector. Hence, it would not be reasonable
to take all the statistics under the peaks (especially the last few peaks) of Fig. 5.19
as having originated from elastic scattering events.
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5.4.3 Inelastic scattering channel(s)

Using the spectra of the deposited energy in the Si-detector groups (see Fig. 5.8),
one can also try to identify inelastic scattering events [61]. In general, these spectra
comprise elastic and inelastic scattering events. One can build up the whole spec-
trum of the deposited energy (in a Si-detector group) by performing simulations
for elastic as well as inelastic scattering. It is necessary to know what the dom-
inant inelastic scattering channels are if we want to understand the shape of the
experimental spectrum. The procedure would be to use the theoretical estimation
for the dominant channels in the Monte Carlo simulations producing protons with
appropriate energies and angles in phase space.

The calculation of the inelastic scattering channels in 136Xe, that leads to the
Giant Dipole Resonance (GDR) with an excitation energy of 15.2 MeV and a width
of 4.8 MeV [62] has been performed, using the Eikonal approximation [60]. Fig. 5.25
shows the theoretical calculations for the proton-136Xe elastic and inelastic scatter-
ing cross sections, based on the Glauber multiple scattering theory and the above-
mentioned calculations for the Giant Dipole Resonance in 136Xe (Fig. 3.4 shows
the kinematics for the relevant elastic and inelastic scattering channels). Fig. 5.26
shows the experimental as well as the simulation results for the deposited energy in
all the operating Si-detector groups. In the spectrum of the deposited energy for
the fifth group of the Si-detector we expect the lowest contribution from the elastic
scattering events (compared to the other groups of the Si-detector). Whereas, based
on the simulations results for this group, we see the highest contribution from the
inelastic scattering events, as compared to the amount of inelastic scattering events
registered in the other groups for the case of GDR in 136Xe with Ex = 15.2 MeV.
In the simulations of the GDR channel, we assumed the total GDR strength given
by the microscopic calculations of [60] to be situated at the centroid value, in order
to get an impression of what to expect. For the simulations in Fig. 5.26, we only
considered the elastic and inelastic scattering channels and assigned equal number of
events to the two channels to be generated according to their respective kinematics
and cross section. In order to have a thorough investigation of the contribution of
various reaction channels to the observed spectra, one needs to take into account all
possible reaction channels. Apart from the elastic and inelastic scattering channels
one can think of possible transfer reactions as well, e.g., (p, d) and (p, t). However,
based on the kinematical calculations for these two channels, one would expect no
Si-detector exposure from these transfer channels (Fig. 3.4, bottom panel, shows the
respective kinematics).

The inelastic scattering channels may be identified by analyzing the data orig-
inating from those groups of the Si-detector which are positioned farther from 90◦

in LAB. This is especially fruitful in distinguishing the elastic and inelastic scat-
tering channels, since we expect a narrower distribution in the deposited energy for
elastically-scattered protons as we move away from the first group. This is because
for smaller laboratory scattering angles, almost all protons punch through the de-
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Figure 5.25: Theoretical calculations for the cross section of proton-136Xe elastic scat-

tering channel (thin curve), based on the Glauber theory, and inelastic scattering channel

of giant dipole resonance of 136Xe with the resonance energy of 15.2 MeV, based on a

calculation using the Eikonal method [60] (thick curve). The GDR strength used in this

calculation exhausts 56% of the TRK sum rule. The numbers on the top horizontal axis

represent the proton scattering angle in the center-of-mass frame with respect to −ẑ; the

upper row of numbers is related to the inelastic scattering kinematics of proton-136Xe with

Ex = 15.2 MeV, whereas the lower one is related to the elastic scattering kinematics. The

brick- and simple-shaded areas in the picture show, respectively, the covered region of

the fifth group of the Si-detector by the elastic and inelastic scattering kinematics for a

point-like target. The boundary edges of the two shaded areas correspond to the LAB

scattering angles of a = c = 73.4◦ and b = d = 76.6◦.

tector and deposit almost the same amount of energy in the detector. This narrower
pattern of the deposited energy is clear in the spectrum of elastic scattering of the
fifth group as compared to the fourth group in Fig. 5.26. If we did not have protons
punching through these layers then we would expect a completely different behav-
ior in terms of the extension of the elastic scattering spectrum in these groups. In
this case, it is the kinematical curve of Fig. 5.27, rather than the straggling, that
influences the amount of extension of the elastic scattering spectrum as shown in
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Figure 5.26: Deposited energy in the first and last two groups of the Si-detector as

measured in the experiment (thick histograms) and obtained through simulations. In the

simulations for the elastic (thin histograms) and inelastic (dotted histograms) scattering

channels an extended interaction profile of FWHMz = 7.4 mm is assumed and equal

number of events were thrown into the phase space for both channels. In the simulations for

the inelastic channel of 136Xe, a giant dipole resonance with Ex = 15.2 MeV is considered.

Fig. 5.26, top panel. Whereas, when we have punch-through protons, it is the kine-
matics of Fig. 5.27 as well as the energy of the protons that compete in determining
the amount of extension of the spectra of the deposited energy. For instance, based
on kinematics, this extension is broader for the fifth group as compared to the fourth
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tum-transfer squared (and not the scattering angle) by the five groups of the Si-detector

in the case of a point-like scatterer.

group. But since the elastically-scattered protons can punch through both groups,
we expect to have lower deposition of energy (and hence slightly narrower spectrum)
in the fifth group. On the other hand, for the first group of the Si-detector, we would
expect the extension of −t (or, equivalently, deposited energy) to be the same as
what we see in Fig. 5.27 (for a point-like scatterer). That is because we do not
expect punch-through events for this group.

Fig. 5.28 shows the simulation results for the amount of GDR inelastic scattering
events registered by the fourth and fifth groups of the Si-detector (rotated by 0.5◦

around the y-axis) for an interaction profile of FWHMz = 7.4 mm. The reduction of
the statistics, appearing at around 8 MeV in the second panel, is due to the minimum
in the cross section pattern. Based on the results of the second panel, protons start to
punch through the fifth group at energies around 12.1 MeV. Accidently, around the
same energy, the inverse kinematics of the two-body proton-136Xe inelastic scattering
(with 350 MeV/nucleon) requires the scattering angle to turn around (see the bottom
panel of Fig. 5.28). This is due to the specific detector thickness in the present setup.

Fig. 5.29 shows the experimental data for the response of the fifth group of the
Si-detector together with the simulation results of the elastic and inelastic (GDR)
scattering channels for a point-like target as well as an extended interaction profile.
In the simulations, the ratio of the elastic scattering to inelastic scattering events
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line) and fourth (thin line) groups of the Si-detector for the inelastically-scattered events

corresponding to the GDR excitation of 136Xe with Ex = 15.2 MeV. Second panel: sim-

ulations for the kinetic energy of proton versus the deposited energy in the fifth group

of the Si-detector for the GDR events. In the simulations, an interaction profile of

FWHMz = 7.4 mm and a rotated geometry by 0.5◦ around the y-axis toward the z-axis
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Figure 5.29: Simulations and experimental results for the deposited energy in the fifth

group of the Si-detector. The simulations are for the elastic as well as the inelastic scatter-

ing events for the giant dipole resonance of 136Xe with Ex = 15.2 MeV. The dotted curves

show the simulations for the point-like target, while the solid curves are for an interaction

profile with the spatial extension of FWHMz = 7.4 mm, when the Si-detector is rotated

0.5◦ around the y-axis toward the z-axis. The spectrum in the bottom right panel is the

sum of the two spectra in the top panels.

is taken to be in agreement with the amounts of reaction rates observed by the Si-
detector for the two reaction channels. Clearly, the extended tail in the experimental
data is a sign of the extended target profile, as can be seen from the simulations.
In the simulations of the elastic scattering channel, there is a step-like behavior
right after the cut-off of the threshold region. It is due to those protons which
punch through the fifth group of the Si-detector at regions close to the edges of this
group. A large difference is seen between the results of the simulations (FWHMz =
7.4 mm for a rotated Si-detector by 0.5◦ around the y-axis toward the z-axis) and
the experiment in the position of the peak from elastic scattering.

Assuming that we had a correct calibration for the experimental spectrum, one
can think of other scenarios in order to reproduce this characteristic of the experi-
mental spectrum through simulations, namely the position of the elastic scattering
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peak. Fig. 5.30 shows the same results as in Fig. 5.29 (solid histograms), assuming a
significantly smaller thickness of 0.5 mm for the Si-detector (or equivalently consid-
ering a not fully depleted detector). In this case, the simulations can reproduce data
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Figure 5.30: Same as Fig. 5.29 (solid histograms) but for a 0.5 mm thick Si-detector.

with the mentioned characteristic. However, we will also get a second bump close to
the peak. In addition, the tail of the inelastic scattering events in the experimental
data is more extended than in the simulations. Simulations show that whatever
inelastic scattering channels we consider to have contributed in building up the tail
of the experimental data, we cannot reconstruct the contribution corresponding to
deposited energies more than ≈ 9 MeV in this spectrum. This is because a 0.5 mm
thick silicon detector is simply not thick enough to let protons deposit more than
about 9 MeV in it.

In order to have a consistent picture explaining both the peak position and the
end-point of the experimental spectrum, there must have been a combination of a
problem with the calibration as well as a nonlinearity problem; the two effects, which
are related to the calibration, can shift the experimental peak position toward the
higher values of deposited energy and at the same time keep the end-point around
the position that simulations predict. However, the problem of nonlinearity needs
to be further investigated.
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In reality there are more inelastic channels which contribute to the shape of the
energy spectrum. Clearly, for comparison with a measurement where clear evidence
for the various giant resonances is observed, a full simulation including their widths
should be performed. Nevertheless, a clear evidence for the GDR is seen in the
data. With this experiment, the feasibility of the EXL setup for reaction studies
was shown.



6. Future experiments for EXL

In this chapter we will discuss investigations based on simulations performed for an
EXL physics program with 56Ni as beam. In the proposed experiment, 3He and 4He
are considered to be used as target inside the ESR storage ring. In conjunction with
appendix C, it provides a basic understanding of the kinematics and expected cross
sections of interest.

6.1 Proposal for upcoming experiments with

ESR

The EXL physics program aims to study nuclei outside the valley of stability for
their matter distribution, new collective modes and the behavior of well-known
collective modes for these nuclei, etcetera. It will address these questions with elastic
and inelastic proton and alpha scattering as well as charge-exchange and transfer
reactions, all performed at relatively low-momentum transfers. To start the EXL
program, the collaboration aims to study the Ni isotopes. Measurements have been
performed or are being performed on the stable isotope 58Ni and on neutron-rich
isotopes. One of the interesting nuclei in this isotopic chain is the self-conjugate 56Ni.
The 56Ni nucleus is very important for two reasons. First, it is an unstable doubly
magic nucleus. Second, it plays an important role in the stellar nucleosynthesis [63].
With its first excited state at 2.7 MeV, a clear separation of elastic and inelastic
scattering channels is expected. The high production rate and the long half-life
(around 6 days) of this nucleus makes it an ideal candidate for reaction studies
with a stored and cooled exotic beam at ESR. In the past, a lot of work has been
performed on the 58Ni nucleus. What is interesting now is to investigate the elastic
scattering and to study the giant monopole and dipole resonances and the Gamow-
Teller Resonance (GTR) in 56Ni nucleus. Fig. 6.1 shows the predicted kinematical
curves for various reaction channels of 56Ni in inverse kinematics. It shows the effect
of the variation of the beam energy as well as the excitation energy on the relation
between Erecoil versus θLAB.

6.1.1 Isoscalar giant monopole and dipole resonances

Having the 56Ni nucleus as the beam, the elastic scattering is best performed with
a hydrogen target. In order to investigate the ISGMR and ISGDR, it is most
suitable to use a 4He target. Fig. 6.2 shows the expected kinematics of the two
channels with their centroids at 19.5 and 30.0 MeV, respectively. The corresponding
widths were considered to be 5.2 ± 0.5 [64] and 10.8 ± 1.9 MeV [65], respectively.

127
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Figure 6.1: Kinematics curves for the reactions 56Ni(p, p), 56Ni(α, α), and 56Ni(3He, t)

with beam energies of 50, 200, and 400 MeV/nucleon. The dotted curves show the kine-

matics, corresponding to the same-color solid curves with no excitation, but considering

an excitation energy of E∗ = 10 MeV for the projectile(-like) nucleus. The turning points

of the curves separate, by definition, the regions of low- and high-energy branches.

Fig. 6.3 (bottom panel) shows theoretical estimates of the ISGMR and ISGDR
differential cross sections as a function of the center-of-mass angle [66]. In the top
panel, the corresponding cross sections in the laboratory frame are presented. These
were obtained from the bottom panel, exploiting Eq. A.26. The simulated data are
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were considered to be 5.2 ± 0.5 [64] and 10.8 ± 1.9 MeV [65], respectively.

obtained from these cross sections at a luminosity of 1025 cm−2s−1 in a period of 15
days of running. The error bars were estimated considering a recoil detector setup
covering the range of scattering angles in the upper panel, using DSSD detector
elements like in Fig. 6.7.

6.1.2 Gamow-Teller resonance

Using the simulations, one can calculate the acceptance of different detector elements
for various reaction channels. In practice, one can exploit this idea in order to design
a detector setup optimized for a specific reaction channel. In the optimization pro-
cess, one would find the best position for the various detector elements to maximize
the acceptance of individual detectors. As an example, we consider the proposed
experiment with 56Ni nuclei as beam and 3He nuclei as target, in order to find an
optimized geometry for the recoil and heavy-ion detectors and derive the respective
single and coincidence reaction rates. In the procedure of predicting the reaction
rates we would rely on theoretical calculations for the cross section of the channels
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Figure 6.3: Theoretical predictions for cross sections, as a function of the LAB angle (top

panel) and CM angle (bottom panel), for excitation of ISGDR (E∗ = 30 MeV, dotted line)

and ISGMR (E∗ = 19.5 MeV, solid line) in inelastic scattering of 56Ni nucleus on alpha

particles at 200 MeV/nucleon. The simulated data are obtained from these cross sections

at a luminosity of 1025 cm−2s−1 in a period of 15 days of running. The error bars were

estimated considering a recoil detector setup spanning over the range of scattering angles

in the upper panel, using detector elements like DSSD elements in Fig. 6.7.

of interest. Fig. 6.4 shows the theoretical prediction for the cross section of the
56Ni(p, n) reaction, with beam energies of 50 and 200 MeV/nucleon, as a function of
projectile-like excitation energy [67, 68]. It shows that the charge-exchange cross sec-
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Figure 6.4: Theoretical predictions for the differential cross section of the 56Ni(p, n) re-

action, with beam energies of 50 (dotted curve) and 200 MeV/nucleon (solid curve), as

a function of projectile-like excitation energy [67]. The calculation is performed for the

normal kinematics with a light-ion scattering angle of 0.1◦ in the laboratory frame.

tion has a maximum probability at excitation energies around 4 MeV. Fig. 6.5 shows
the relation between various kinematical variables of the light ejectile and heavy pro-
jectile for a projectile-like excitation energy of 4 MeV for (p, n) and (3He, t) reaction
channels. Since it is difficult to measure the (p, n) reaction with the EXL setup, we
will discuss further the reaction channel 56Ni(3He, t)56Cu for the beam energies 50,
200, and 400 MeV/nucleon. The 3He gas-jet target will use the same setup as the
hydrogen and deuterium jet targets, except for the addition of the 3He gas recovery
system.

Consider a detector setup in which we have a silicon detector with an area of
45 × 45 mm2 and a thickness of 300 µm for the heavy ions (the same dimensions
as the p-i-n diode detector in the feasibility experiment, subsection 5.3), installed
inside the ESR storage ring in possible locations after the dipole magnets. Based on
the simulations, the heavy-ion detector would have the highest acceptance for fully-
stripped 56Cu ions, when it is installed right after the last dipole magnet before
the quadrupole magnet (see Fig. 5.2 for the geometry of the ESR storage ring).
The position optimization for the heavy-ion detector was achieved by moving the
detector along (and on both sides of) the beam line as well as changing its distance
to the center of the beam pipe. Now consider the low-energy branch of the light-ion
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Figure 6.5: Top panel: center-of-mass scattering angle of the light ejectile versus its

scattering angle in the laboratory frame (LAB) for the reaction channels 56Ni(3He, t)

and 56Ni(p, n), for beam energies of 50, 200, and 400 MeV/nucleon and an excitation

energy of 4 MeV for 56Cu ions. The angles are measured with respect to the heavy-ion

beam direction. Second panel: the same as above but zoomed in for a small region of

center-of-mass angles. Here, the region close to 180◦ corresponds to small center-of-mass

scattering angles in normal kinematics. Third panel: kinetic energy of the light ejectile

versus its laboratory scattering angle. Bottom panel: laboratory scattering angle of the

excited 56Cu versus the laboratory scattering angle of light ejectile.
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kinematics in Fig. 6.5 (recoil energies less than about 17.5, 15.5, and 13 MeV in the
56Ni(3He, t) reaction channel for the beam energies of 50, 200, and 400 MeV/nucleon,
respectively). Based on this convention, the low- and high-energy branches meet at

the turning point of θ
(light ion)
LAB . Having the kinematics of the low-energy branch,

it makes not much difference where the detector is exactly placed in the available
space of 70 cm length right after the last dipole magnet. This is the case when
we put the detector on the left side with respect to the beam direction, since on
the right side the acceptance drops drastically. For the three beam energies, the
detector position was fixed at 60 cm after the last dipole magnet perpendicular to
the beam direction with its closest edge 5 mm away from the center of the beam
pipe. The acceptance of this detector (labeled as D1 in Fig. 6.7) for 50, 200, and
400 MeV/nucleon beam energies was obtained to be about 86%, 99%, and 100%
for singles, respectively, over the range of scattering angles shown in the middle
panel of Fig. 6.6. For the interaction region, a Gaussian-type extended profile of
FWHMz = 7.4 mm, FWHMx = 9.0 mm, and FWHMy = 5.0 mm was considered.
We took the size of the extended interaction profile to be the same as what we had
in the feasibility experiment, though it can, in principle, be different.

The next stage would be to find the optimized position for the recoil detec-
tor setup. For the recoil detector we will have double-sided silicon-strip detectors
(DSSD) of 300 µm thickness and 65× 65 mm2 area. Based on the simulations with
the kinematics of low-energy branch, there is no significant difference in the coinci-
dence acceptance of the DSSD detector, whether it is positioned on the right or left
side of the beam line inside the target chamber. Using the cross section correspond-
ing to the low-energy branch of the light-ejectile kinematics (Fig. 6.6, middle panel),
we optimized the position of a single DSSD detector in terms of having the maxi-
mum amount of coincidence events with the heavy-ion detector. The optimization
was dictated only by the best angular position for the recoil detector (DSSD (1) in
Fig. 6.7) on the left side of the beam line, while the distance of the detector to the
center of the interaction profile was set to be 15 cm. This distance is sufficient to
cover a range of about 24◦ for the polar scattering angle, when we have a point-like
target. The optimized (in terms of giving the maximum coincidence rate) installa-
tion angle for this DSSD detector element was found to be about 53◦ and 64◦, for
the beam energies of 50 and 200 MeV/nucleon, respectively. Here, we define the

installation angle to be the angle between
−→
OR and ẑ in Fig. 6.7.

Due to the probable limitations in changing the position of detectors inside the
interaction chamber for different beam energies, it is more suitable to work with
a common detector geometry for various beam energies. Thus, from now on we

will proceed with a common geometry in which
−→
OR makes an angle of 53◦ with ẑ.

Having this geometry, the coincidence acceptance of DSSD (1) with the heavy-ion
detector was found to be 2.9%, 3.6%, and 1.2% for the beam energies of 50, 200,
and 400 MeV/nucleon, respectively.

Apart from DSSD (1) we included six other DSSD elements in the geometry;
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Figure 6.6: Top: cross section of the reaction channel 56Ni(3He, t) in normal kinematics

for the 3He energies of 50 (triangles), 200 (squares), and 400 MeV/nucleon (stars) as

a function of triton scattering angle in LAB. The calculation is performed for a 56Cu

excitation energy of 4 MeV and the data points were derived through normalization to

the experimental data of Fig. A.2 (Gaussian fit). The normalization was performed at

0.1◦ for the beam energies of 50 and 200 MeV/nucleon, and 0.31◦ for the beam energy of

400 MeV/nucleon [69]. Middle: equivalent cross sections in inverse kinematics obtained

from the top panel using Eq. A.30. Bottom: equivalent cross sections in inverse kinematics

obtained from the middle panel using Eq. A.26.

DSSD (4) has the mirror position of DSSD (1) with respect to the beam direc-
tion, DSSD (2) and (3), to be used in combination with DSSD (1), are considered
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Figure 6.7: Schematic view of the ESR recoil Si-detector setup (seven DSSD elements)

for the proposed experiment with a beam of 56Ni and a gas-jet target of 3He. The box

represents the target chamber which is connected to the beam pipe. The recoil detectors

DSSD (1) and (4) are placed symmetric with respect to the beam direction. Their mid-

points are 15 cm away from the center of the interaction profile (O). The detector surfaces

are perpendicular to the lines connecting O and their midpoints (OR and OR′). DSSD (2)

and (3) are placed next to each other with the same orientation as DSSD (1) in space,

but with a distance of 15 cm between their surfaces and the surface of DSSD (1). In the

simulations, OR and OR′ make an angle of 37◦ with respect to x̂ and −x̂, respectively.

The detectors DSSD (5), (6), and (7) have the same positions with respect to each other

as DSSD (1), (2), and (3) do; OR′′ makes an angle of 19◦ with respect to ẑ. The smallest

edge-distance of the heavy-ion detectors D1 and D2 to the center of the beam pipe are 5

and 60 mm, respectively. D1 is approximately 17 m away from O. The center of all the

detector elements have the position (azimuthal angle) of 0◦ or, in case of DSSD (4), 180◦

in the spherical coordinate system.
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for tracking the light ejectiles, and DSSD (5), (6), and (7) play the same role as
DSSD (1), (2), and (3) do, while covering the region of small scattering angles. In
order to prevent the deflected heavy ions to hit the DSSD (5) and (7), we ended
up with a setup in which OR′′ makes an angle of about 19◦ with the beam direc-
tion. Even with these “safe” distances, one might have to move the detectors out of
position when injecting the beam into the ring.

 [deg]LAB
(photon)θ

 [d
eg

]
LA

BC
u)

56 ( θ
ph

ot
on

 e
ne

rg
y 

[M
eV

]

20 40 60 80 100 120 140 160

1

2

3

4

5

20 40 60 80 100 120 140 160
0

0.2

0.4

0.6

0.8

1

Figure 6.8: Top: Energy of the emitted photon in the decay 56Cu∗ → γ + 56Cu accord-

ing to the phase space versus its scattering angle in LAB, considering 4 MeV excitation

energy for the daughter nucleus in the reaction channel 56Ni(3He, t) with a beam energy

of 50 MeV/nucleon. Bottom: scattering angle of the de-excited 56Cu nuclei versus the

scattering angle of the emitted γ rays. The calculation is done for the kinematics of the

low-energy branch (see Fig. 6.5). Different shades in the lower panel refer to different

intensities.

In order to obtain the shape of the cross section of a specific reaction channel as
a function of scattering angle from the experiment (or simulations), we need to find
the respective acceptance as a function of scattering angle. Practically, we need to
choose a finite bin size for the scattering angle (∆θ). However, ∆θ should be small
enough to show the interesting features of the cross section pattern. Consecutively,
we would be able to calculate the corresponding detector count rates for each bin of
∆θ. In practice, it is the obtained count rates for the consecutive ∆θ bins (regions)
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that would reveal the “measured” shape of the underlying cross section. Dividing
the angular range of interest into ∆θ regions of 4◦ width, we can derive the singles
acceptance of a DSSD detector, the singles acceptance of the heavy-ion detector,
and the coincidence acceptance of the two detectors for every ∆θ region. Tables 6.1

Table 6.1: Acceptance of DSSD (5), the heavy-ion detector D1 in Fig. 6.7, and the co-

incidence acceptance of the two detectors (a5, b1, and acoinc.(5), respectively). The results

are from simulations for a detector setup to be installed at the ESR storage ring and for

the beam energy of 50 (200) [400] MeV/nucleon. The calculation is for the low-energy

branch of the reaction channel 56Ni(3He, t) with an excitation energy of 4 MeV for the

projectile-like particle (see Fig. 6.5), using the theoretical cross sections of Fig. 6.6, mid-

dle panel. The de-excited 56Cu nuclei were generated (and tracked down) according to

the phase-space kinematics of an excited nucleus emitting a photon at the center of the

interaction region. “θLAB-range” represents the triton scattering angle in the laboratory

frame.

θLAB-range a5 b1 acoinc.(5)

[deg] [%] [%] [%]
1 − 5 0.3 (0.3) [0.3] 100 (100) [100] 0.3 (0.3) [0.3]
5 − 9 10.7 (10.5) [11.3] 100 (100) [100] 10.7 (10.5) [11.3]
9 − 13 28.1 (28.1) [29.2] 100 (100) [100] 28.1 (28.1) [29.2]
13 − 17 29.3 (29.0) [28.7] 100 (100) [100] 29.3 (29.0) [28.7]
17 − 21 22.6 (22.4) [22.6] 100 (100) [100] 22.6 (22.4) [22.6]
21 − 25 18.2 (18.0) [18.9] 100 (100) [100] 18.2 (18.0) [18.9]
25 − 29 15.4 (15.2) [15.6] 100 (100) [100] 15.4 (15.2) [15.6]
29 − 33 9.2 (8.8) [8.6] 99.9 (100) [100] 9.2 (8.8) [8.6]
33 − 37 0.6 (0.5) [0.6] 99.1 (100) [100] 0.6 (0.5) [0.6]
37 − 41 0 (0) [0] 93.0 (100) [100] 0 (0) [0]
41 − 45 0 (0) [0] 76.5 (100) [100] 0 (0) [0]
45 − 49 0 (0) [0] 59.1 (100) [100] 0 (0) [0]
49 − 53 0 (0) [0] 47.5 (100) [100] 0 (0) [0]
53 − 57 0 (0) [0] 40.8 (100) [100] 0 (0) [0]
57 − 61 0 (0) [0] - (100) [100] 0 (0) [0]
61 − 65 0 (0) [0] - (100) [100] 0 (0) [0]
65 − 69 0 (0) [0] - (99.9) [100] 0 (0) [0]

and 6.2 summarize the results. In all the tables presented here, the acceptance
of the heavy-ion detector implies the acceptance for 56Cu ions in a phase space
that is determined by the de-excitation of the mother nucleus at the beam-target
interaction point by photon emission. Fig. 6.8 shows the relation between various
kinematical variables of the de-excited nuclei and the emitted photons for the low-
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energy-branch kinematics and 50 MeV/nucleon beam energy. The results presented

Table 6.2: Same as Table 6.1 for DSSD (1) and DSSD (4). For the case of the beam

energy of 400 MeV/nucleon, only the acceptances related to DSSD (1) are presented,

since the ones related to DSSD (4) have the same values.

θLAB-range a1 a4 acoinc.(1) acoinc.(4)

[deg] [%] [%] [%] [%]
1 − 5 0 (0) [0] 0 (0) 0 (0) [0] 0 (0)
5 − 9 0 (0) [0] 0 (0) 0 (0) [0] 0 (0)
9 − 13 0 (0) [0] 0 (0) 0 (0) [0] 0 (0)
13 − 17 0 (0) [0] 0 (0) 0 (0) [0] 0 (0)
17 − 21 0 (0) [0] 0 (0) 0 (0) [0] 0 (0)
21 − 25 0 (0) [0] 0 (0) 0 (0) [0] 0 (0)
25 − 29 0 (0) [0] 0 (0) 0 (0) [0] 0 (0)
29 − 33 0 (0) [0] 0 (0) 0 (0) [0] 0 (0)
33 − 37 0 (0) [0] 0 (0) 0 (0) [0] 0 (0)
37 − 41 1.2 (1.2) [1.1] 1.1 (1.2) 1.2 (1.2) [1.1] 1.1 (1.2)
41 − 45 8.2 (8.2) [8.5] 8.3 (8.3) 8.2 (8.2) [8.5] 8.3 (8.3)
45 − 49 9.3 (9.2) [9.3] 9.4 (9.4) 9.3 (9.2) [9.3] 9.4 (9.4)
49 − 53 8.7 (8.7) [8.7] 8.8 (8.8) 8.7 (8.7) [8.7] 8.8 (8.8)
53 − 57 8.4 (8.3) [8.2] 8.4 (8.4) 8.4 (8.3) [8.2] 8.4 (8.4)
57 − 61 - (7.9) [8.0] - (7.9) - (7.9) [8.0] - (7.9)
61 − 65 - (6.9) [6.8] - (6.9) - (6.9) [6.8] - (6.9)
65 − 69 - (1.2) [1.1] - (1.2) - (1.2) [1.1] - (1.2)

in Tables 6.1 and 6.2 can, in turn, be used to derive the corresponding reaction rates
by making use of C.5. Figs. 6.9 and 6.10 (top panel) show the singles reaction rates
of DSSD (1), (4), and (5), taking a luminosity of 1025 cm−2s−1 and beam energies
of 50, 200, and 400 MeV/nucleon.

In order to have a thorough investigation of the reaction rates of a specific reac-
tion channel registered by a detector element, one needs to have an estimation of the
rates of other reaction channels in the real experiment. In our case, we need to work
out the reaction rates of the high-energy branch as well as the elastic scattering (as
a potentially dominant channel and background) rates. It was shown by simulations
that the acceptance of the designed recoil detector setup is approximately zero for
the elastic events. It is worth mentioning that for the kinematics of the high-energy
branch, the acceptance of the heavy-ion detector is significantly reduced. This re-
quires having a second heavy-ion detector installed at a more appropriate location,
in order to detect heavy ions originating from the high-energy branch. The opti-
mized location for this detector (labeled as D2 in Fig. 6.7) was obtained to be at
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Figure 6.9: Top: simulation results showing the reaction rates as a function of triton scat-

tering angle in the reaction 56Ni(3He, t) for 50 MeV/nucleon beam energy, corresponding

to the kinematics of the low-energy branch, as observed by DSSD (1) (triangles), DSSD (4)

(circles), and DSSD (5) (stars). A luminosity of 1025 cm−2s−1 is used in the calculations.

Bottom: same as top panel but for the high-energy branch. For the high-energy branch,

we considered a uniform distribution for the cross section equal to 0.9 mb/sr (see the text).

The effect of the acceptance can be seen in the dropping behavior of data points at posi-

tions close to the edges of individual detectors. Here, the solid stars are the coincidence

rates registered by DSSD (5) and the heavy-ion detector D2.

the same 60 cm after the last dipole magnet, but with an edge distance of 60 mm
to the center of the beam pipe (as compared to 5 mm in the case of the heavy-ion
detector D1). Although the position of this detector is now optimized to detect
the heavy ions, there will be few or no tritons detected in coincidence by various
DSSD elements. The corresponding reaction rates are shown in the bottom panel of
Fig. 6.9 for the beam energy of 50 MeV/nucleon. For the other two beam energies,
no coincidence was detected. In order to calculate the reaction rates corresponding
to the high-energy branch, we considered a uniform distribution for the cross sec-
tion equal to 0.9 mb/sr for the beam energy of 50 MeV/nucleon, respectively (see
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Figure 6.10: Same as top panel of Fig. 6.9 for the beam energies of 200 (top panel) and

400 MeV/nucleon (bottom panel).

Fig. 6.6, middle panel). This way, we would have an overestimation of the reaction
rates corresponding to the high-energy branch; the actual cross sections are much
smaller than these values. This overestimation allows us to investigate the ratio of
the reaction rates corresponding to the low- and high-energy branches. In principle,
one should expect a better discrimination of the low-energy-branch events over the
high-energy-branch ones in the real experiment. This is possible, for instance, by
requiring coincidence between D1 and DSSD elements, since we do not expect to de-
tect 56Cu nuclei corresponding to the high-energy branch by the heavy-ion detector
D1.

Based on the derived reaction rates from simulations we can have an estimation
of the relative errors in determining the cross section. Fig. 6.11 shows the results
for the three beam energies and a luminosity of 1025 cm−2s−1, with fifteen days run-
time. For the estimation of the error bars, we have made use of the reaction rates
of DSSD (1) and (5). The relative error of measurement is obtained to be less than
7%, 24%, and 49% for the beam energies of 50 (over [11◦, 53◦]), 200 (over [11◦, 65◦]),
and 400 MeV/nucleon (over [11◦, 65◦]), respectively. The numbers were obtained
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Figure 6.11: The cross sections and extracted statistical error bars for the low-energy

branch of the reaction channel 56Ni(3He, t), based on the reaction rates of Figs. 6.9 (top

panel) and 6.10 for the beam energies of 50 (solid thin curves), 200 (solid thick curves),

and 400 MeV/nucleon (dashed curves). The error bars are estimated to be attainable

after 15 days of running the experiment, with the assumption of having a luminosity of

1025 cm−2s−1. The error-bar estimation was done exploiting the singles reaction rates of

DSSD (1) and (5). The numbers in the top panel show the center-of-mass scattering angles

at the positions of the arrows. For the sake of clarity, the three error bars corresponding

to the beam energy of 400 MeV/nucleon in the bottom panel are shifted a bit to the left.
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over the mentioned angular ranges except for the interval [31◦, 41◦] where the error
bars are larger. Performing the experiment at 400 MeV/nucleon seems to be rather
difficult unless the luminosities are increased by an order of magnitude.

Obeying the kinematics of the low-energy branch shown in Fig. 6.5, tritons can
hardly punch through DSSD (1), making it impossible to track them by DSSD (2)
or DSSD (3). Whereas, having the kinematics of the high-energy branch, tritons can
be tracked exploiting the latter two recoil detectors (see Fig. 6.7). Fig. 6.12 shows
the reconstructed triton scattering angle for the events that are detected by two
consecutive DSSD elements (like DSSD (1) and DSSD (2)), as obtained from the
simulations. The linear diagonal pattern that shows the relation between the thrown
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Figure 6.12: The real scattering angle of tritons, as generated in the simulations, ver-

sus the reconstructed one by the combination of DSSD (1) and DSSD (2), DSSD (1)

and DSSD (3), DSSD (5) and DSSD (6), or DSSD (5) and DSSD (7). The results are

for the high-energy branch of the reaction channel 56Ni(3He, t) with a beam energy of

50 MeV/nucleon.

scattering angle and the reconstructed one indicates how good the reconstruction
can be performed. In the simulations, a pixel size of 1× 1 mm2 was assumed for the
DSSD detectors. The position of the hit pixel is reconstructed from the real position
of the hit. The real x- and y-positions of the hit are extracted from the entrance and
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exit windows of each DSSD detector. If the particle stops in the detector element,
the x- and y-positions of the hit would be retrieved from the entrance window of
the DSSD detector element. The extracted x- or y-position then gets replaced with
the x- or y-position of the closest pixel center, which would be registered as the
reconstructed hit point. The line that connects two reconstructed hit points on
two consecutive DSSD detectors (like DSSD (1) and DSSD (2)) would eventually
represent the reconstructed scattering direction. From this figure, one can conclude
that tracking is quite feasible once particles have enough energy to reach the second
layer.
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7. Summary and conclusions

The investigation of exotic nuclei using light-ion reactions in inverse kinematics gives
access to a large domain of nuclear structure information in the region far off sta-
bility. The future FAIR facility will provide new opportunities in order to extend
and advance these investigations. In particular, using stored and cooled radioactive
beams in a storage ring impinging on thin internal targets enables, in comparison
to investigations in inverse kinematics with external targets, high resolution mea-
surements down to very low momentum transfers. This technique allows to deduce
essential nuclear structure information that would be difficult to obtain otherwise.

Feasibility experiment

Before having the possibility to use radioactive ion beams, one was limited to use
only stable or long-lived nuclei as targets. But with the advent of RIB facilities and
exploiting reactions in inverse kinematics inside a storage ring, one is now able to
extend the nuclear structure investigations to exotic nuclei as well. This method was
applied at the ESR in a test experiment in 2005 in which a 136Xe beam with an energy
of 350 MeV/nucleon was stored into the ESR storage ring, continuously exposed to
electron cooling and scattered off a hydrogen gas-jet target. The absolute luminosity
was calculated to have reached a maximum value of (6 ± 2) × 1027 cm−2 s−1. On
the detector side, we had 15 organic scintillators, each coupled to an iron converter,
installed in two arrays for the detection of fast neutrons and charged particles,
a position-sensitive p-i-n diode coupled to a scintillator for the identification and
fast timing of the beam-like reaction products, a MWPC for the tracking of the
products of atomic charge-exchange reactions, and a single-sided Si-strip detector
for the detection of the low-energy recoils.

The Si-strip detector was mounted inside the UHV target chamber with the high-
est edge angle around 89.5◦ relative to the beam direction. It comprised five groups
of silicon strips, each of which consisted of 8 strips. The elastic-scattering channel
was studied using the first group of the Si-detector, which was the closest group to
90◦ in the laboratory frame. This was possible primarily because we expect a small
contamination from the inelastic scattering channels for this group of the Si-detector.
The thickness of the Si-detector (1 mm) was such that the elastically-scattered low-
energy protons would stop in the first group of the Si-detector. This, in turn, allowed
us to derive the elastic-scattering cross section using only the deposited-energy in-
formation in this group of the Si-detector (Eq. A.52). Comparing the experimental
data for the elastic-scattering cross section with the simulations, we could pin down
some geometrical conditions. This allowed to unfold these geometrically-imposed
conditions from the available data. The simulations for the elastic scattering chan-

145



146 Chapter 7: Summary and conclusions

nel were performed making use of the calculations based on the Glauber theory as
a generator for the cross section distribution. It was shown by the simulations that
the interaction profile must have been an extended one, in order to be able to repro-
duce the elastic-scattering cross section as obtained from the experiment. However,
introducing a proper extension for the interaction profile, completely compatible
with what the luminosity monitors showed during the experiment, did not give the
best agreement with the shape of the elastic-scattering cross section. This suggests
a few scenarios. Among these scenarios is the possibility of having had interaction
profiles larger than expected. Another is the wrong determination of the position or
the angle of the Si-detector with respect to the center of the interaction region. The
simulation results show that the effect of a larger interaction profile is equivalent
to the effect of a shift in the position of the Si-detector along the beam and/or a
rotation of it around the center of the interaction profile. In other words, any of the
three scenarios (over-extended profile, shift in the position or rotation) could have
happened during the experiment and all lead essentially to the same result in the
measurement of the angular distribution of the elastic-scattering cross section.

Alternatively, one could derive the elastic-scattering cross section from the angu-
lar information of the scattered protons. However, this proved to be impossible for
our experimental setup, considering the fact that the interaction profile was quite
extended resulting in smoothening the spectra. Therefore, any interesting structure
in the cross section pattern could not be revealed. We concluded that there is no way
of precisely determining the elastic-scattering cross section, based on this approach,
other than minimizing the target extension along the beam direction. In addition,
even if we consider an ideal case in which we would have a point-like target, the
angular method of extraction of the elastic-scattering cross section would be highly
sensitive to the detector threshold. Simulations show that in order to unfold the
effect of the detector threshold, when we use Fig. 5.19 to reproduce the elastic-
scattering cross section, the detector position and orientation need to be measured
very accurately.

Using the spectra of the deposited energy in the fifth group of the Si-detector,
an attempt was made to investigate the presence of inelastic scattering events. The
same method of implementing a generator for the elastic scattering channel was used
to introduce an inelastic scattering channel of interest in the simulations, namely
IVGDR channel with the centroid excitation energy of 15.2 MeV. Clearly, the im-
plementation of an appropriate generator into the simulations should include the
kinematics as well as the proper cross sections. Hence, by analyzing the simulation
results for the fifth group of the Si-detector based on theoretical predictions for both
the elastic and inelastic scattering channels, an estimate of the reaction rates for the
two reaction channels could be made. This, in turn, led us to derive the proper
fraction of the two channels contributing to the experimental spectra observed by
the fifth group of the Si-detector. Consequently, we could estimate the contribution
of the assumed inelastic scattering channel in building up the tail of the deposited
energy. Based on Figs. 5.29 and 5.30, we qualitatively concluded that a combination
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of two problems, a possible wrong detector calibration and/or the non-linearities in
the detector response, can explain the different positions of the elastic scattering
peak in the experiment as compared to the simulations. Nonetheless, comparing
experiment and simulations, a clear evidence of inelastic events for GDR channel
is observed in data. In conclusion, the results of the feasibility study seem to be
promising and the experiment serves as an important milestone for the EXL project.

Simulations for EXL

The simulations for the EXL recoil detector setup started by constructing the for-
ward part of the ESPA [39] in a Geant4 code. At KVI, it was then taken over by
implementing the EXL calorimeter EGPA into the first code and coupling it with
ROOT-based codes to easily analyze the data in a hit-level (lower than event-level)
analysis. The full geometry of the major detector elements of EXL was, then, com-
pleted (Fig. 4.3) by integrating the already designed magnetic spectrometer elements
[41] as well as the forward scintillator arrays into the main code.

In the simulations of the EXL calorimeter, the crystal shapes were chosen to
be right rectangular prismoids; see Fig. 4.5. They were spherically arranged along
two angular directions (ψ and η, as shown in Fig. 4.2) in a most optimized way, for
which the center of the interaction profile would coincide with the (virtual) apex of
the crystal (frustum). It turned out that it is along the ψ-direction that one would
expect acceptance losses, due to introducing bigger gaps along this direction, if we
require the crystals to be confined between two specific ψ-angles. Consequently,
for an assembly-structured calorimeter for which we divide the ψ-range into a finite
number of angular intervals, we face bigger gaps between the neighboring crystals.
Using CsI for making the crystals (ρ = 4.53 g/cm3), we end up with a calorimeter
of M ≈ 2.9 Tons weight.

Based on the acceptance investigations for the EXL recoil detector setup, we
estimated the percentage of gaps between the calorimeter crystals to be 3.6% and
2% for the assembly-structured and non-assembly-structured calorimeter geome-
tries, respectively. On the other hand, the efficiency of the recoil detector setup for
protons averages to about 99% (for 1 MeV calorimeter threshold and considering a
trigger threshold of 1 MeV) for both geometries and for thrown proton energies of
more than 100 MeV (Table 4.4). It was shown that this result remains the same
whether we put the crystals in air or in vacuum. Having photons as impinging
particles, an average calorimeter efficiency of 98% (non-assembly-structured) and
96% (assembly-structured) for the energy range of 100− 300 MeV was obtained, as
shown in Fig. 4.20.

In order to have a comprehensive investigation of the effect of the UHV shell
on the energy resolutions for protons, simulations were performed using various
shell materials and thicknesses. For this, a resolution of 50 keV was considered for
individual Si-detector elements and the resolution of the calorimeter crystals was
derived from the fit to the available experimental data for protons; see Fig. 4.27. It
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was concluded that Kapton would be the ideal material, as compared to aluminum
and stainless steel, for making the UHV shell. However, from the practical point of
view, it would be easier to build the inner shell from aluminum. Based on Figs. 4.28
and 4.29, the most critical region, as far as resolution is concerned, lies between 10
to 20 MeV after punching through the shell.

Tables 3.1 and 3.2 summarize some kinematical conditions and resulting con-
straints on energy resolutions for the EXL recoil detector setup and for a few se-
lected typical reactions at various incident energies. Assuming a center-of-mass
energy resolution of σ = 300 keV to be achieved for the recoil particles, the ex-
pected resolutions to be observed by the recoil detector setup are, in most cases,
better than the imposed resolutions in the center of mass. For a few other cases in
which the particles are expected to punch through the calorimeter, one may need to
consider placing a thick detector right after the calorimeter to stop these particles.

Future experiments for EXL

A simulation-based investigation was performed for a proposed experiment at the
ESR with 56Ni nuclei as beam, and 3He and 4He nuclei as target. The experiment
aims at studying the (3He, t) reaction channel as well as inelastic scattering channels
of ISGMR and ISGDR at small scattering angles. Attempts were made to design an
optimized geometry for the recoil and heavy-ion detectors to achieve optimum single
and coincidence reaction rates for the (3He, t) reaction channel. The investigation
of this channel was done for three beam energies of 50, 200, and 400 MeV/nucleon
and was focused on the low-energy branch of the kinematics. This is because one
is primarily interested in low-energy tritons in the 56Ni(3He, t) reaction channel.
Eventually, one needs to take into account and differentiate the reaction rates orig-
inating from other reaction channels like the elastic scattering channel as well as,
e.g., tritons with the kinematics of the high-energy branch (see Fig. 6.5). Seven
DSSD elements as the recoil detector setup and two heavy-ion detector elements
were introduced in the simulations, in order to cover an appreciable phase space for
the two branches of the kinematics (Fig. 6.7). The estimation of the reaction rates
originating from the high-energy branch was done by considering an upper limit
(uniform distribution) for the respective cross sections; see subsection 6.1.2. This
overestimation allowed to estimate the ratio of the reaction rates corresponding to
the low- and high-energy branches (in terms of differentiating low- and high-energy-
branch events). The results for the beam energy of 50 MeV/nucleon which are
presented in Fig. 6.9 predict comparable amount of events (corresponding to the
low-energy branch) to be detected, as compared to the reaction rates coming from
the high-energy branch. Based on the derived reaction rates from simulations, one
could estimate the relative errors in measuring the cross sections corresponding to
the low-energy branch. Assuming a luminosity of 1025 cm−2s−1 and using the sin-
gles reaction rates of DSSD (1) and (5), the relative errors in cross section after
fifteen days of measurement were obtained to be less than 7% (24%) [49%] for a
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beam energy of 50 (200) [400] MeV/nucleon as shown in Fig. 6.11. These statis-
tical error sizes are expected to be attainable for the angular range between 11◦

and 65◦ (except for the interval [31◦, 41◦] for which we would expect big uncertain-
ties due to the loss in the geometrical acceptance). Performing the experiment at
400 MeV/nucleon seems to be rather difficult unless the luminosities are increased
by an order of magnitude.
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A. Relativistic kinematics for
two-body interactions

A.1 Kinematics

In this appendix we discuss the two-body kinematics in the relativistic framework.
While the energy-momentum conservation determines the possible configurations
of outgoing particles in a collision, two arguments make kinematical considerations
important. First, experiments are performed in the laboratory system (LAB) in
which the target particle is at rest. Second, calculations are mostly performed in the
center-of-mass (CM) frame, since the dynamics depends only on the relative motion
of the colliding particles. To compare theoretical calculations with experimental
results, one needs to transform from one frame to the other. To link experiments
and calculations, it is necessary to find the connections between energies, momenta,
angles, and cross sections in the two systems, before and after collision.

To establish these connections, we use the Lorentz transformation and conser-
vation of energy and momentum. Although from the point of view of relativistic
mechanics all coordinate systems are equal, for all practical purposes only the LAB
and CM frames are of particular importance. All direct observations are in the lab-
oratory system, so it is convenient to use it for reporting experimental results. The
CM coordinate system is convenient to use, since in this system the disintegration
and collision processes for two particles have the maximum degree of symmetry.
Thus, for example, if there are no polarization effects, the disintegration of one
particle into two others is characterized by a spherically symmetric distribution of
secondary particles in the center-of-mass frame.

A.1.1 Kinematical invariants

Consider the case of two incoming particles 1 and 2 scattering to produce two out-
going particles 3 and 4 (Fig. A.1). One can define the invariant Mandelstam vari-
ables s as the square of the total energy in the CM frame, t as the square of the
four-momentum transfer, and u as the crossed four-momentum transfer squared as
follows:

s = (p1 + p2)
2 = (p3 + p4)

2

t = (p1 − p3)
2 = (p4 − p2)

2

u = (p1 − p4)
2 = (p3 − p2)

2, (A.1)
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Figure A.1: Scattering variables in a typical two-body scattering. Here, mi is the rest

mass of the ith particle and m2 is considered to be at rest in LAB frame. Ei
LAB represents

the total energy of the ith particle in LAB.

from which it follows that (we use hereafter natural units; ~ = c = 1):

s+ t+ u = m1
2 +m2

2 +m3
2 +m4

2 = const., (A.2)

which shows that only two of the three invariants are independent. Experimentally,
the total energy of the beam particle in the LAB frame (E1

LAB), mass of the beam
particle (m1), and target-particle mass (m2) are fixed. Thus, for given outgoing
masses m3 and m4 and for a particular scattering angle θLAB, the corresponding
energies E3

LAB and E4
LAB can be computed from the four-momentum conservation

relation:
p1 + p2 = p3 + p4. (A.3)

The kinematical invariant s is then given by:

s ≡ (p1 + p2)
2
CM =

(

E1
CM + E2

CM , 0
)2

=
(

E3
CM + E4

CM , 0
)2

(A.4)

≡ (p1 + p2)
2
LAB =

(

E1
LAB +m2,

−→p1
LAB

)2

= m1
2 +m2

2 + 2m2E1
LAB.

Similarly:
t = m1

2 +m3
2 + 2 (−→p1 · −→p3 − E1E3) (A.5)

= m2
2 +m4

2 − 2m2E4
LAB,
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and
u = m1

2 +m4
2 + 2 (−→p1 · −→p4 − E1E4) (A.6)

= m2
2 +m3

2 − 2m2E3
LAB,

in which Ei and −→pi are the total energy and three-momentum of the ith particle in
an arbitrary coordinate system.

Inserting Ei
CM =

(

(−→pi CM
)2

+mi
2

)1/2

, as the total energy of the ith particle in

the CM frame, into the first equation of A.4, and using the relations |−→p1
CM | = |−→p2

CM |
and |−→p3

CM | = |−→p4
CM |, we can obtain the magnitude of the CM momenta as follows:

|−→p1
CM | =

1

2
√
s
· ω
(

s,m1
2,m2

2
)

,

|−→p3
CM | =

1

2
√
s
· ω
(

s,m3
2,m4

2
)

, (A.7)

with
ω(x, y, z) =

√

x2 + y2 + z2 − 2xy − 2yz − 2xz. (A.8)

From Eqs. A.4, A.5, and A.6 for a fixed target particle in LAB (E2
LAB = m2)

we obtain

E1
LAB =

(

s−m1
2 −m2

2
)

/2m2,

E3
LAB =

(

m2
2 +m3

2 − u
)

/2m2,

E4
LAB =

(

m2
2 +m4

2 − t
)

/2m2. (A.9)

By combining with Eqs. A.7, we obtain

|−→p1
LAB| = ω

(

s,m1
2,m2

2
)

/2m2,

|−→p3
LAB| = ω

(

u,m2
2,m3

2
)

/2m2,

|−→p4
LAB| = ω

(

t,m2
2,m4

2
)

/2m2. (A.10)

Furthermore, the corresponding CM energies are deduced from Eqs. A.7 as fol-
lows:

E1
CM =

(

s+m1
2 −m2

2
)

/2
√
s,

E2
CM =

(

s−m1
2 +m2

2
)

/2
√
s,

E3
CM =

(

s+m3
2 −m4

2
)

/2
√
s,

E4
CM =

(

s−m3
2 +m4

2
)

/2
√
s. (A.11)

Therefore, using Eqs. A.5 and A.7 and the expressions for E1
CM and E3

CM from
Eq. A.11, we can calculate the scattering angle in the CM frame in terms of the
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kinematical invariants as follows:

cos
(

θCM
)

=
−→p1

CM · −→p3
CM

|−→p1
CM ||−→p3

CM |
(A.12)

=
s2 + s (2t−m1

2 −m2
2 −m3

2 −m4
2) + (m1

2 −m2
2) (m3

2 −m4
2)

ω (s,m1
2,m2

2) · ω (s,m3
2,m4

2)
.

Similarly, for the scattering angle in the LAB frame, we obtain

cos
(

θLAB
)

=
−→p1

LAB · −→p3
LAB

|−→p1
LAB||−→p3

LAB|
(A.13)

=
(s−m1

2 −m2
2) (m2

2 +m3
2 − u) + 2m2

2 (m2
2 +m4

2 − s− u)

ω (s,m1
2,m2

2) · ω (u,m2
2,m3

2)
.

It is convenient to have the functional form of the total energy of the outgoing
particle

(

E3
LAB or E4

LAB
)

versus the scattering angle in LAB. Substituting for s
and u from Eqs. A.4 and A.6 into Eq. A.13, we will have

2 cos
(

θLAB
)

=
aE3

LAB + b
√

c
(

(

E3
LAB

)2 −m3
2
)

, (A.14)

in which

a = 2
(

E1
LAB +m2

)

, b = m4
2−m1

2−m2
2−m3

2−2m2E1
LAB, c =

(

E1
LAB

)2−m1
2.

(A.15)
Subsequently, from Eq. A.14 we obtain

E3
LAB =

−ab± 2 cos
(

θLAB
)

·
√

4c2m3
2 · cos2 (θLAB) + c (b2 − a2m3

2)

a2 − 4c · cos2 (θLAB)
. (A.16)

The functional form of E3
LAB versus θLAB in Eq. A.16 shows that there could be

a turning point for θLAB as E3
LAB increases from zero to higher values. The angle,

θLAB0 , at which the turning happens, is calculated from this expression as:

θLAB0 = cos−1

(
√
a2m3

2 − b2

2m3

√
c

)

≡ cos−1

(
√

P

Q

)

, (A.17)
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with

P = 4
(

m3
2 −m2

2
) (

E1
LAB

)2
+ 4m2

(

m3
2 −m2

2 +m4
2 −m1

2
) (

E1
LAB

)

+
(

2m3
2
(

m2
2 −m1

2
)

+ 2m4
2
(

m2
2 +m1

2
)

−
(

m1
2 +m2

2
)2 −

(

m3
2 −m4

2
)2
)

and

Q = 4m3
2
(

(

E1
LAB

)2 −m1
2
)

. (A.18)

Once we have E3
LAB versus θLAB (scattering angle of particle #3), we can cal-

culate E4
LAB versus θLAB by using the following relation:

E4
LAB = E1

LAB +m2 − E3
LAB. (A.19)

It is of interest to calculate θLAB versus θCM . We can obtain θLAB using Eqs. A.12
and A.13:

cos
(

θLAB
)

= cos
(

θCM
)

× ω (s,m3
2,m4

2)

ω (u,m2
2,m3

2)
×

(

(s−m1
2 −m2

2) (m2
2 +m3

2 − u) + 2m2
2 (m2

2 +m4
2 − s− u)

s2 + s (2t−m1
2 −m2

2 −m3
2 −m4

2) + (m1
2 −m2

2) (m3
2 −m4

2)

)

.

(A.20)

A.1.2 Transformation of cross sections

For a two-body reaction, dσ/dt and dσ/dΩ have the relation:

dσ/dt = 2π
d(cos θ)

dt

dσ

dΩ
. (A.21)

Using Eqs. A.12 and A.21, we get:

(dσ/dΩ)CM =
1

4πs
ω
(

s,m2
1,m

2
2

)

· ω
(

s,m2
3,m

2
4

) dσ

dt
. (A.22)

With the help of Eqs. A.9 and A.10, we introduce laboratory quantities and get:

dσ/dt =
π
(

1 +
ELAB

1

m2
− cos θLAB

ELAB
3

m2

|−→p1
LAB

|

|−→p3
LAB

|

)

|−→p1
LAB||−→p3

LAB|
(dσ/dΩ)LAB . (A.23)
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Rewriting Eq. A.22 and using Eq. A.23 we will have:

(

dσ

dΩ

)CM

normal

=
1

4πs
· ω
(

s,m2
1,m

2
2

)

· ω
(

s,m2
3,m

2
4

)

(

dσ

dt

)

normal

≡ J1 ×
(

dσ

dΩ

)LAB

normal

, (A.24)

with

J1 =
ω (s,m2

1,m
2
2) · ω (s,m2

3,m
2
4)

4s · |−→p LAB
1 ||−→p LAB

3 |
×
(

1 +
ELAB

1

m2

− cos θLAB
ELAB

3

m2

|−→p LAB
1 |

|−→p LAB
3 |

)

,

(A.25)

where “normal” stands for normal kinematics (light projectile on heavy target-
particle) and s = m2

1 + m2
2 + 2m2E

LAB
1 . We can have the same expression for the

inverse kinematics, where a heavy projectile impinges on the light target-particle
(exchanging m1 and m2):

(

dσ

dΩ

)CM

inverse

≡ J1,inv. ×
(

dσ

dΩ

)LAB

inverse

, (A.26)

with

J1,inv. =
ω (sinv.,m

2
2,m

2
1) · ω (sinv.,m

2
3,m

2
4)

4sinv. · |−→p LAB
1,inv.||−→p

LAB
3,inv.|

×

(

1 +
ELAB

1,inv.

m1

− cos θLABinv.

ELAB
3,inv.

m1

|−→p LAB
1,inv.|

|−→p LAB
3,inv.|

)

, (A.27)

in which sinv. = m2
2 + m2

1 + 2m1E
LAB
1,inv. and “inv.” shows the respective quantity

in inverse kinematics with the following numbering convention for the particles:
particle #1 with mass m2, particle #2 with mass m1, particle #3 with mass m3,
and particle #4 with mass m4. Hence, based on this notation, ELAB

1,inv. and −→p LAB
1,inv.

are the total energy of the beam particle (heavier than the target particle) and its

3-momentum in the LAB frame; ELAB
3,inv.,

−→p LAB
3,inv., and θLABinv. are the total energy, 3-

momentum, and scattering angle of the scattered light particle in the LAB frame.
Using Eq. A.22 we have:

(

dσ
dΩ

)CM

inverse
· 4sinv.

ω (sinv.,m2
2,m

2
1) · ω (sinv.,m2

3,m
2
4)

≡ 1

π
·
(

dσ

dt

)

inverse

, (A.28)
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which, using Eq. A.26, results in:

(

dσ

dt

)

inverse

=
π

|−→p LAB
1,inv.||−→p

LAB
3,inv.|

× (A.29)

(

1 +
ELAB

1,inv.

m1

− cos θLABinv.

ELAB
3,inv.

m1

|−→p LAB
1,inv.|

|−→p LAB
3,inv.|

)

(

dσ

dΩ

)LAB

inverse

.

This result could have been intuitively concluded from Eq. A.23, in which dσ/dt
and (dσ/dΩ)LAB are for normal kinematics.

In Eq. A.29,
(

dσ
dΩ

)LAB

inverse
can be obtained from Eqs. A.24 and A.26, using the

intuitive fact that
(

dσ
dΩ

)CM

normal
≡
(

dσ
dΩ

)CM

inverse
, (which in turn translates into sinv. ≡ s):

(

dσ

dΩ

)LAB

inverse

=

(

dσ

dΩ

)LAB

normal

× J2, (A.30)

in which

J2 =
|−→p LAB

1,inv.||−→p
LAB
3,inv.|

|−→p LAB
1 ||−→p LAB

3 |
×

(

1 +
ELAB

1

m2
− cos θLAB

ELAB
3

m2

|−→p
LAB
1 |

|−→p LAB
3 |

)

(

1 +
ELAB

1,inv.

m1
− cos θLABinv.

ELAB
3,inv.

m1

|−→p
LAB
1,inv.|

|−→p LAB
3,inv.|

) . (A.31)

Using Eqs. A.29 and A.30, we obtain

(

dσ

dt

)

inverse

=

(

dσ

dΩ

)LAB

normal

×
π
(

1 +
ELAB

1

m2
− cos θLAB

ELAB
3

m2

|−→p
LAB
1 |

|−→p
LAB
3 |

)

|−→p LAB
1 ||−→p LAB

3 |
,

(A.32)

which could be rewritten, using Eq. A.23, to give:

(

dσ

dt

)

inverse

≡
(

dσ

dt

)

normal

=

(

dσ

dt

)

. (A.33)

Therefore, we can summarize Eq. A.23 as follows:

(

dσ

dΩ

)LAB

normal

=

(

dσ

dt

)

× J3,

(

dσ

dΩ

)LAB

inverse

=

(

dσ

dt

)

× J4. (A.34)

in which

J3 =
|−→p LAB

1 ||−→p LAB
3 |

π
(

1 +
ELAB

1

m2
− cos θLAB

ELAB
3

m2

|−→p LAB
1 |

|−→p LAB
3 |

) ,
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and

J4 =
|−→p LAB

1,inv.||−→p
LAB
3,inv.|

π
(

1 +
ELAB

1,inv.

m1
− cos θLABinv.

ELAB
3,inv.

m1

|−→p LAB
1,inv.|

|−→p LAB
3,inv.|

) . (A.35)

An example

In this subsection, we will try to derive a differential cross section as function of
the scattering angle for a specific channel, using the experimental data available for
some other reactions and having only one experimental cross section point at one
angle for our reaction of interest. For illustration we consider the reaction channel
56Ni(p, n)56Cu with an excitation energy of 4 MeV. The calculation of Fig. 6.4 gives
the cross section dσ/dt at a single point (0.1◦ in normal kinematics or equivalently
at 0.34◦ and 1.96◦ in inverse kinematics for 50 and 200 MeV/nucleon, respectively),
which is 623 and 240 mb/(GeV)2 for 4 MeV excitation energy at the beam ener-
gies of 50 and 200 MeV/nucleon, respectively. Thus, from Eq. A.34 we will have
(

dσ
dΩ

)LAB

inverse
= 1.308 and 0.079 mb/sr for these two energies, respectively. Having

this single cross section point in inverse kinematics and exploiting the experimental
cross section for 90Zr(p, n) reaction in normal kinematics as shown in Fig. A.2, we

attempt to derive the cross section
(

dσ
dΩ

)LAB

inverse
for the reaction channel 56Ni(p, n).

The way we do this is to normalize to the experimental data. From Eq. A.34

we obtain
(

dσ
dΩ

)LAB

normal
= 14.65 and 29.95 mb/sr for the beam energies of 50 and

200 MeV/nucleon, respectively. The normalization procedure is performed for the
cross sections when represented as functions of qR, in which q is the 3-momentum
transfer and R is the nuclear radius. At θLABnormal = 0.1◦ we obtain qR = 0.341
and 0.170 GeV.fm/c for beam energies of 50 and 200 MeV/nucleon, respectively.
Here, R = 4.629 fm is used as the radius of 56Ni nucleus. On the other hand,
for the 90Zr(p, n) reaction in normal kinematics at 295 MeV proton energy and

Ex = 10 MeV and ∆L = 0 we have
(

dσ
dΩ

)LAB

normal
= 2.1 and 7.26 mb/sr [27] at

qR0 = 0.341 and 0.170 GeV.fm/c, respectively, in which R0 = 5.422 fm is the radius
of 90Zr nucleus (see Tables A.1 and A.3). Therefore, the normalization factors for
proton beam energies of 50 and 200 MeV are obtained to be 14.65/2.1 = 6.976 and
29.95/7.26 = 4.125, respectively. Tables A.1, A.2, and A.3 show the results of the
normalization procedure for the proton beam energies of 50 and 200 MeV.

Fig. A.3a shows the derived cross sections in normal kinematics (based on Ta-
bles A.1, A.2, and A.3) for the two beam energies. Using Eq. A.30 we can then
extract the corresponding cross sections in inverse kinematics. Fig. A.3b compares
the results of this procedure with the actual theoretical prediction for the cross sec-
tions of 56Ni(p, n) reaction at beam energies of 50 and 200 MeV/nucleon in inverse
kinematics. The agreement between the theoretical calculations and the extracted
results is reasonable.
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Figure A.2: Cross sections for the reaction channel 90Zr(p,n) in normal kinematics for

a beam energy of 295 MeV and an excitation energy of Ex = 10 MeV with ∆L = 0. The

six data points shown here are the results of multipole-decomposition-analysis (MDA) and

extracted from Ref. [27]. While the solid curve is a Gaussian fit to data points, the dotted

curve is taken as the cross section in Tables A.1, A.2, and A.3, which is maximum at

θLABnormal = 0◦.

A.2 Momentum-transfer analysis in 136Xe (p, p)

For a given s, both t and u depend linearly on the cos θCM as:

− t = 2ECM
1 ECM

3 −m2
1 −m2

3 − 2pCM1 pCM3 · cos θCM

−u = 2ECM
2 ECM

3 −m2
2 −m2

3 − 2pCM2 pCM3 · cos θCM . (A.36)

In the case of elastic scattering
(

m1 = m3 and ECM
1 = ECM

3

)

and again for fixed s
we can easily derive t, since it is an invariant variable which is the same in the LAB
and CM frames:

− t = 2
(

pCM
)2 (

1 − cos θCM
)

, (A.37)

which has the bounds 0 ≤ −t ≤ 4
(

pCM
)2

. Clearly, pCM is the 3-vector of momentum
in the CM frame and can be calculated via

s =
(

ECM
1 + ECM

2

)2
=

(

√

m2
1 + (pCM)2 +

√

m2
2 + (pCM)2

)2

. (A.38)
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Table A.1: Calculation of the cross section of 56Ni(p, n) for 4 MeV excitation energy

in 56Cu in normal kinematics for Ep = 200 MeV through normalization to the available

normal kinematics cross section of 90Zr(p, n) with a beam energy of Ep = 295 MeV and

an excitation energy of Ex = 10 MeV. The normalization factor at θLAB(56Ni) = 0.1◦ was

obtained to be 4.125 for this beam energy.

qR θLAB(90Zr)
90Zr(p, n) 56Ni(p, n) θLAB(56Ni)

(dσ/dΩ)LABnormal (dσ/dΩ)LABnormal

[GeV.fm/c] [deg] [mb/sr] [mb/sr] [deg]
0.170 1.21 7.26 29.95 0.1
0.174 1.31 7.15 29.49 0.75
0.178 1.41 7.00 28.87 1.07
0.183 1.51 6.87 28.34 1.33
0.188 1.61 6.71 27.69 1.57
0.192 1.71 6.56 27.06 1.78
0.197 1.81 6.40 26.40 1.98
0.203 1.91 6.22 25.66 2.18
0.208 2.01 6.03 24.87 2.36
0.213 2.11 5.86 24.17 2.55
0.219 2.21 5.68 23.43 2.73
0.225 2.31 5.47 22.56 2.90
0.230 2.41 5.29 21.82 3.07
0.236 2.51 5.08 20.95 3.24
0.242 2.61 4.89 20.17 3.41
0.248 2.71 4.70 19.39 3.57
0.254 2.81 4.49 18.52 3.74
0.260 2.91 4.30 17.74 3.90
0.267 3.01 4.12 16.99 4.06
0.273 3.11 3.89 16.05 4.22
0.279 3.21 3.71 15.30 4.38
0.286 3.31 3.51 14.48 4.54
0.292 3.41 3.34 13.78 4.70
0.299 3.51 3.14 12.95 4.85
0.305 3.61 2.98 12.29 5.01
0.312 3.71 2.80 11.55 5.17
0.318 3.81 2.64 10.89 5.32
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Table A.2: Continued from Table A.1.

qR θLAB(90Zr)
90Zr(p, n) 56Ni(p, n) θLAB(56Ni)

(dσ/dΩ)LABnormal (dσ/dΩ)LABnormal

[GeV.fm/c] [deg] [mb/sr] [mb/sr] [deg]
0.325 3.91 2.47 10.19 5.48
0.332 4.01 2.31 9.53 5.63
0.338 4.11 2.18 8.99 5.78
0.345 4.21 2.03 8.37 5.94
0.352 4.31 1.88 7.75 6.09
0.359 4.41 1.76 7.26 6.24
0.366 4.51 1.63 6.72 6.40
0.372 4.61 1.52 6.27 6.55
0.379 4.71 1.40 5.77 6.71
0.386 4.81 1.29 5.32 6.86
0.393 4.91 1.20 4.95 7.01
0.400 5.01 1.10 4.54 7.16
0.407 5.11 1.01 4.17 7.31
0.414 5.21 0.93 3.84 7.46
0.421 5.31 0.85 3.51 7.62
0.428 5.41 0.78 3.22 7.77
0.435 5.51 0.70 2.89 7.92
0.442 5.61 0.65 2.68 8.07
0.449 5.71 0.59 2.43 8.22
0.456 5.81 0.54 2.23 8.37
0.463 5.91 0.48 1.98 8.52
0.470 6.01 0.43 1.77 8.67
0.477 6.11 0.40 1.65 8.82
0.484 6.21 0.36 1.48 8.98
0.491 6.31 0.32 1.32 9.13
0.499 6.41 0.29 1.20 9.28
0.506 6.51 0.26 1.07 9.43
0.513 6.61 0.23 0.95 9.57
0.520 6.71 0.21 0.87 9.73
0.527 6.81 0.19 0.78 9.88
0.534 6.91 0.16 0.66 10.03
0.541 7.01 0.15 0.62 10.17

For a frame (e.g., CM) moving along an arbitrary z-direction we have ECM =
γ(E − vpz), in which v, E, and pz are the velocity of the frame, the particle energy,
and z-component of particle momentum in the LAB (target) frame, and ECM is
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Table A.3: Same as Table A.1 for 50 MeV/nucleon beam energy. The normalization

factor at θLAB(56Ni) = 0.1◦ was obtained to be 6.976.

qR θLAB(90Zr)
90Zr(p, n) 56Ni(p, n) θLAB(56Ni)

(dσ/dΩ)LABnormal (dσ/dΩ)LABnormal

[GeV.fm/c] [deg] [mb/sr] [mb/sr] [deg]
0.341 4.15 2.1 14.65 0.1
0.345 4.21 2.03 14.16 2.41
0.352 4.31 1.88 13.11 3.95
0.359 4.41 1.76 12.28 5.06
0.365 4.51 1.63 11.37 5.99
0.372 4.61 1.52 10.60 6.81
0.379 4.71 1.40 9.77 7.56
0.386 4.81 1.29 9.00 8.25
0.393 4.91 1.20 8.37 8.91
0.400 5.01 1.10 7.67 9.53
0.407 5.11 1.01 7.05 10.12
0.414 5.21 0.93 6.49 10.70
0.421 5.31 0.85 5.93 11.26
0.428 5.41 0.78 5.44 11.79
0.435 5.51 0.70 4.88 12.32
0.442 5.61 0.65 4.53 12.83
0.449 5.71 0.59 4.12 13.33
0.456 5.81 0.54 3.77 13.82
0.463 5.91 0.48 3.35 14.31
0.470 6.01 0.43 3.00 14.78
0.477 6.11 0.40 2.79 15.25
0.484 6.21 0.36 2.51 15.71
0.491 6.31 0.32 2.23 16.17
0.499 6.41 0.29 2.02 16.63
0.506 6.51 0.26 1.81 17.07
0.513 6.61 0.23 1.60 17.52
0.520 6.71 0.21 1.46 17.95
0.527 6.81 0.19 1.32 18.39
0.534 6.91 0.16 1.12 18.82
0.541 7.01 0.15 1.05 19.25

the energy of particle in the CM frame. Alternatively, we can have the following
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Figure A.3: (a): Cross section of the reaction channel 56Ni(p, n) in normal kinematics

for the proton energies of 50 (triangles) and 200 MeV (squares) and an excitation en-

ergy of 4 MeV, derived through normalization to the experimental data of Fig. A.2. (b):

Theoretical prediction for the cross section in inverse kinematics for the reaction channel
56Ni(p, n) with beam energies of 50 (dotted curve) and 200 MeV/nucleon (solid curve) [69].

For comparison, the extracted cross sections from the method of normalization to exper-

imental data is also shown for the beam energies of 50 (triangles) and 200 MeV/nucleon

(squares). For an extensive discussion on the derivation of the method, see the text.

transformations:

E = γ
(

ECM + vpCMz
)

, pz = γ
(

pCMz + βECM
)

, py = pCMy , and px = pCMx , (A.39)
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with γ =
(

1 − (v/c)2)−1/2
and c = 1 in natural units. Consequently,

tan (θLAB) =

√

p2
x + p2

y

pz
=

tan
(

θCM
)

γLAB
(

1 + v·ECM

pCM
z

) , (A.40)

where θLAB (θCM) is the scattering angle in the laboratory (center-of-mass) frame
and v is the velocity of the CM frame relative to the LAB frame (hence substituting
γ and β with γLAB and βLAB). For a two-body scattering, we have

tan
(

θLABi

)

=
tan
(

θCMi
)

γLAB
(

1 +
v·ECM

i

pCM
i ·cos (θCM )

) , i = 1, 2 (A.41)

in which |pCM1 | = |pCM2 | = pCM and θCM2 = π − θCM1 . Therefore,

tan
(

θLABi

)

=
sin
(

θCMi
)

γLAB
(

cos (θCMi ) + βLAB
ECM

i

pCM

) , i = 1, 2 (A.42)

The 4-momenta of the beam particle, moving in z-direction, and the target particle,
fixed in LAB, can be written as

p1 = (E1, 0, 0, pz) , p2 = (E2, 0, 0, 0) (A.43)

Hence,
s = m1

2 +m2
2 + 2m2 (m1 +Kb) , (A.44)

in which Kb is the kinetic energy of the beam particle in LAB. From Eqs. A.38
and A.44, we can calculate pCM , βLAB, and γLAB. For a 136Xe beam energy of
350 MeV/nucleon, these parameters are obtained to be 0.8779 GeV, 0.6832, and
1.3695, respectively. On the other hand, from Eq. A.37, −t is given by the following
relations:

− t = 2
(

pCM
)2
(

1 − cos
(

θCMion
)

)

= 2
(

pCM
)2
(

1 + cos
(

θCMp
)

)

, (A.45)

since in our case, the beam (ion) is moving in z-direction and the target (proton) is
fixed. Therefore, we obtain

tan
(

θLABion

)

=

√

(−t) − (−t)2

4(pCM )2

γLAB
(

pCM − (−t)
2pCM + βLAB

√

(pCM)2 + (mion)
2

) , (A.46)
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tan
(

θLABp

)

=

√

(−t) − (−t)2

4(pCM )2

γLAB
(

(−t)
2pCM − pCM + βLAB

√

(pCM)2 + (mp)
2

) , (A.47)

in which θLABion and θLABp are the 136Xe and proton scattering angles in LAB, and
mion = 126.5962 GeV and mp = 0.9383 GeV are their respective rest masses.
We can also calculate −t with respect to θLABp from Eq. A.42, knowing that for
the elastically-scattered proton, we expect θCMp > π/2 (in the CM frame, the z-
component of the proton momentum is negative):

tan
(

θLABp

)

=
sin (θCMp )

γLAB
(

b+ cos (θCMp )
) , (A.48)

in which b = βLAB
ECM

p

pCM = 1, since pCM = mCM
p βLAB and mCM

p ≡ ECM
p . Thus, from

Eqs. A.45 and A.48 we obtain

− t = 4
(

pCM
)2

(

1

1 + (γLAB)2 · tan2
(

θLABp

)

)

. (A.49)

It is also possible to calculate −t versus the proton kinetic energy (KLAB
p ) after

collision with the heavy ion:

ELAB
p = γLAB

(

ECM
p + βLABpCM · cos

(

θCMp
)

)

, (A.50)

with ECM
p =

√

m2
p + (pCM)2. Thus,

KLAB
p = γLAB

(

γLABmp + βLABpCM · cos
(

θCMp
)

)

−mp, (A.51)

since before the collision, proton is assumed to be at rest
(

ECM
p = γLABmp

)

. Thus,
we obtain

2mpK
LAB
p = 2

(

pCM
)2
(

1 + cos
(

θCMp
)

)

≡ −t, (A.52)

using the fact that mpγ
LAB ≡ mCM

p .
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B. The ESR internal target

The ESR internal target has become a standard device to perform in-ring experi-
ments at the Experimental Storage Ring (ESR). There are a number of requirements
to be met by the ESR internal target, which differ strongly from normal gas-jet tar-
get installations. The most critical ones are: operation under UHV conditions, no
reduction of the ESR geometrical acceptance and the production of high-density
targets from very different gas species. The ESR gas-jet system can deliver molecu-
lar densities of 1012 − 1014 cm−3 for various gases like He, H2, D2, N2, CH4, Ar, Kr,
and Xe [70].

The main loss mechanism for highly charged ions inside the storage ring is elec-
tron capture or interaction with the residual gas. Thus, the most critical boundary
condition for the operation of an internal target is the UHV system of the ESR (base
pressure 10−11 mbar), which must remain almost unaffected. The present target phi-
losophy can be described as creation of a supersonic gas-jet with a large number of
well defined small clusters of gas. To meet the UHV requirements of the ESR, the
actual setup consists of an injection and dump part, both separated by skimmers in
a few stages of a differential pumping. Fig. B.1 shows a schematic view of the ESR
internal target. To perform standard services without breaking the ESR vacuum,
the injection part and gas-jet dump can be separated from the interaction chamber
by the use of UHV compatible valves. To optimize the overlap between ESR ion-
beam and target, the counting rate of photons from the interaction region, detected
by a photomultiplier, is maximized by shifting the position of the ion beam. The
most critical part for the formation of a supersonic gas-jet at any internal target is
the vacuum stage where the gas is expanded into the vacuum. The preparation of a
supersonic gas-jet with high collection speed, low temperature and small divergence,
depends strongly on the geometry, the temperature, the alignment and mechanical
precision of the nozzle and the first skimmer [72].

B.1 Effect of various interaction-profile shapes

on the acceptance

Assuming that the drop in the elastic scattering cross section happens at −t ≈
0.011 (GeV/c)2 as shown in Fig. 5.12, one can obtain the corresponding value of the
proton scattering angle θ, from Eq. A.47, to be 85.32◦. In the following procedure
this θ value represents the angle at which the proton is generated and sent to the
upper edge of the first group of the Si-detector; the generation point of the proton,
say on the z-axis, is essentially where the target density (and equivalently the inter-
action profile) could undergo a discontinuity. The idea is to see whether or not we
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Figure B.1: Schematic picture of the ESR internal target. The jet consists of four stages

at the injection and four at the dump side. The stages were pumped differentially with

turbo pumps [71].

can translate back the abrupt drop in the cross section to a possible discontinuity
in the pressure profile (target density). Based on the position of the first group
of the Si-detector, this density discontinuity must have started at z = −2.52 mm,
assuming the center of interaction to be at z = 0. Therefore, we simply assume that
a pressure drop in the target must have occurred over the region of z < −2.52 mm.
For simplicity, I proceed with assuming a discontinuity only along the z-axis, since
we know that the discontinuity in the density along the x- or y-axis should have
very small effect on the outcome of the simulations for the cross section. This is,
of course, because of the far less impact of the derivative of the interaction profile
along the latter two axes on the overall cross section, when we already see a quite
small impact from the sheer extension of the interaction profile along these axes.
Now I consider for the continuous part of the generation region to be a Gaussian
along the z-axis, with the centroid at z = 0 and FWHMz = 7.4 mm, bounded in
the interval z ∈ [−2.52 mm,+∞]. But, for the region of z ∈ [−∞,−2.52 mm], we
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can think of different possibilities for the generator functional form such as: uni-
form, damping sinusoidal or even diffraction-like patterns. Doing simulations we can
study the influence of these scenarios for the shape of the interaction profile, even
though it seems hard to seek physical and experimental explanations backing any of
these functional forms. For −t = 0.02 (GeV/c)2, we would find z = −14.46 mm as
the lowest point (along the z-axis) from which a proton can be generated and sent
to the first group of strips right at the edge of the detector located at θ = 89.5◦.
This way, we make sure that the contribution to the cross section in the interval
0.011 (GeV/c)2 < −t < 0.02 (GeV/c)2 is solely made by the generation points in
the interval z ∈ [−14.46 mm,−2.52 mm]. Practically, here, z = −14.46 mm is
equivalent to −∞. In order to reproduce the shape of the cross-section data, shown
in Fig. 5.12, which resembles a step-like behavior at −t ≈ 0.011 (GeV/c)2, three
functional forms were used as follows:

1) A diffraction-like pattern as sketched in Fig. B.2;

z

x

D2.
52

 m
m

14
.4

6 
m

m

2-t = 0.011 (GeV/c)

2-t = 0.02 (GeV/c)

)° = 85.32 θ(

)° = 83.7 θ(

0.5 mm

1.5 mm

1 mm

uniformly 20%

uniformly 35%

uniformly 45%

dif
fra

cti
on

-li
ke

 pa
tte

rn

8.95 mm

 border
x,z

imaginable FWHM

 group st1

6 
m

m

10
 m

m

13
 m

m

3.
75

 m
m

Figure B.2: An exaggerated sketch (in terms of the scales) of a diffraction-like pattern,

which was assumed as the area over which the proton generation was performed for the

discontinuous generation region extended from the point labeled as D down to −∞ along

the beam direction. The continuous Gaussian generator extends along the beam direction

from D up to +∞. The x- and y-components of the generation points are continuously

distributed; y: uniformly, x: uniformly before and Gaussian after D along the beam

direction.
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2) A damping sinusoidal of the form sin2(z)
z2

for generation density defined over
z ∈ [−∞,−2.52 mm]. The generation along the x- and y-axes was performed as
continuous Gaussians of FWHM = 9 and 5 mm, respectively, all over the z-axis;
and

3) A uniform function defined over z ∈ [−∞, z0], followed by a gap defined over
z ∈ [z0,−2.52 mm]. For an optional value of z0 = −10 mm, the result (Fig. B.3,
bottom left panel) shows a very small enhancement around −t = 0.013 (GeV/c)2.
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Figure B.3: Top left: functional forms (uniform and damping sinusoidal) for discontinu-

ous generation region together with a Gaussian for the continuous generation region used

as the interaction profile for particle generation along the beam direction (z-axis). The

resulting shapes for elastic scattering cross section at high values of −t can be compared

with the one calculated based on the diffraction-like pattern (Fig. B.2).

Fig. B.3 (top left) shows the specific functional forms that were chosen for the
step-like uniform and damping sinusoidal generators together with the resulting
shapes for the cross section. In all the three procedures 97% of the events were ded-
icated to the continuous Gaussians, while 3% to the discontinuous regions. In fact,
there is only a slight difference between the results of the second and third functional
forms; in the case of a ‘damping sinusoidal’ the range of z ∈ [−12 mm,−2.52 mm]
acts effectively as a gap (see Fig. B.3, top left panel), which is a longer gap than
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what I used in the ‘uniform generation’ approach, and that is the reason of having no
enhancement around −t = 0.013 (GeV/c)2. On the other hand, the high probability
of generation around z = −14 mm, in the case of a damping sinusoidal, causes a
small enhancement at very high values of −t (as compared to the case of ‘uniform
generation’). The latter two arguments could explain the kind of fluctuations in the
resulting cross section of the ‘damping sinusoidal’ as opposed to the one obtained
for the ‘step-like uniform generation’. For a generator of diffractive form, the cross
section shape (Fig. B.3, bottom right panel) at higher values of −t does not seem to
be compatible with the experiment at all, since it has a smoothly decreasing trend
rather than a uniform one (the assumption of the step-like behavior of data at high
values of −t). This favors especially the idea of a ‘gap’ since, in terms of the target
density distribution in the discontinuous region, the density of gas (in case of gap
or damping sinusoidal) goes in the opposite direction, as compared to the assumed
diffraction-like pattern, as we go to a large negative distance along the z-axis. For
the discontinuous region in Fig. B.2, I optionally chose spatially uniform generation
over three regions. Thus, for instance, I have only dedicated 0.6% of total events to
the farthest generation region. The choice of the shape of this diffraction-like pat-
tern should not matter, as long as we are solely interested qualitatively in studying
the change in the cross section trend; based on the above discussion, the whole idea
of a ‘diffraction-like’ interaction profile is out of question (compare Fig. B.3, bottom
right panel with the experimental results in Fig. 5.12), independent of the specific
form of the assumed diffractive pattern.

Apart from the different resulting shapes for the cross section in the region of
large −t values (Fig. B.3), what they show in common is the smoothness in their
continuous spectra. Clearly, this cannot explain the broken trend of the cross section
at −t ≈ 0.011 (GeV/c)2 as shown in Fig. 5.12. In other words, we may conclude
that whatever shape the interaction profile possesses (continuous or discontinuous),
it cannot explain the sudden drop in the experimental cross section. This is a valid
point, since we deal with an extended interaction profile in which the contribution
from different regions of the interaction profile to the cross section pattern is appre-
ciable in smoothening any abrupt behavior originating from a discontinuous region
of the interaction profile. The reason for the abrupt drop in the cross section lies
most probably in the operation of the detector itself.
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C. Reaction rates

An often used quantity in storage ring experiments is the integrated luminosity
∫

Ldt. The number of reactions which can be observed in a given reaction time is
just the product of the integrated luminosity and the cross section. For a specific
reaction channel, the total reaction rate is

Ṅ = L ·
∫

whole phase space

(dσ/dΩ)∆Ω = L(2π)

∫ π

0

(dσ/dΩ)dθ · sin θ. (C.1)

Considering L = x× 1028 cm−2s−1, we will have L = 10x mb−1s−1 which results in

Ṅ = 20πx

∫

(dσ/dΩ)dθ · sin θ, (C.2)

where dσ/dΩ is given in units of mb/sr. Equivalently,

Ṅ = (20πx)
∑

i

(dσ/dΩ)i(∆θ)i sin θi, (C.3)

in which θi runs over the whole phase space of the respective cross section. Choosing
(∆θ)i = 4◦, we obtain

Ṅ = (20πx)(4/180)π
∑

i

sin θi · (dσ/dΩ)i, (C.4)

in which (dσ/dΩ)i is, in principle, the mean value of every (dσ/dΩ)j inside the (∆θ)i
at a specific θi.

In practice, only a fraction of all the reactions is observed by detectors. Thus,
the observed reaction rate by a detector at θi is

∆Ṅobserved = ai(4π
2/9)x · (dσ/dΩ)i · sin θi, (C.5)

in which ai (“detector acceptance”) is the ratio of the number of detected light
ejectiles generated at θi to the total number of generated light ejectiles at θi. Thus,
the total reaction rate detected by the detector is

Ṅobserved =
∑

i

(∆Ṅ)observed
i = (4π2/9)x ·

∑

i

ai(dσ/dΩ)i · sin θi. (C.6)
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Nederlandse samenvatting

Voordat de mogelijkheid bestond om radioactieve ionenbundels (RIBs) te gebruiken,
waren we gelimiteerd tot het gebruik van stabiele of langlevende kernen als doelwit.
Met het ontstaan van RIB faciliteiten en het gebruik van reacties in omgekeerde kine-
matica in een opslagring, is het mogelijk geworden om het onderzoek naar kernstruc-
tuur uit te breiden tot exotische kernen en lage impulsoverdracht. Deze methode is
in 2005 toegepast in de bestaande ring (ESR) op GSI1 in een testexperiment waarbij
een 136Xe bundel met een bundelenergie van 350 MeV/nucleon was opgeslagen in
de ESR. We hadden 15 organische scintillatoren voor het detecteren van snelle neu-
tronen en geladen deeltjes, een positiegevoelige p-i-n diode voor de identificatie van
projectielachtige zware deeltjes, een MWPC voor het volgen van producten van ato-
maire ladingsuitwisselingsreacties, en een eenzijdige Si-strip detector met acht groe-
pen. Het elastische verstroöıngskanaal is bestudeerd door het gebruik van de eerste
groep van de Si-detector. Deze groep was het dichtst bij 90◦ in de LAB-coördinaten.
Dit was voornamelijk mogelijk omdat we een kleine besmetting van het inelastische
verstroöıngskanaal voor deze groep verwachtten. De verkregen hoekverdeling voor
de elastische verstroöıng leverde werkzame doorsneden op die direct vergeleken kon-
den worden met theoretische berekeningen. Door het gebruik van simulaties werd
duidelijk dat het interactieprofiel uitgebreid moet zijn geweest (FWHM= 7.4 mm
langs de x en z-as). Hierdoor konden wij de in het experiment verkregen werkza-
me doorsnede reproduceren. De simulaties toonden een redelijke overeenkomst aan
tussen experiment en de Glauber theorie. Dit ontdekten wij na het ontvouwen van
de geometrische acceptantie. Door het gebruik van de spectra van de energie die
achterbleef in de vijfde groep bij kleinere hoeken dan 90◦, werd een poging gedaan
om te onderzoeken of er ook inelastische verstroöıngsgebeurtenissen plaats hadden
gevonden. We konden de bijdrage van gebeurtenissen voortkomend uit excitatie
van de Reuzen Dipool Resonantie (IVGD = IsoV ector Giant Dipole Resonance)
schatten. Dit stelde ons in staat de reactiesnelheden te schatten van elastische en
inelastische verstroöıngsreacties. Hier konden we het spectrum van de energie die
achterbleef in deze detectiegroep reconstrueren en de resultaten met het experiment
vergelijken. Wij namen sommige verschillen tussen de simulaties en het experiment
waar, zoals de positie van de elastische piek in de vijfde groep. Dit komt hoogst
waarschijnlijk door slechte lineariteit in de detectoren van deze groep. Niettemin
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werd er een duidelijk bewijs voor de excitatie van de GDR waargenomen.
Ook is er een op simulaties gebaseerd onderzoek gedaan voor een voorgesteld

experiment met 56Ni kernen als bundel en 3He kernen als trefplaat. Er is gepro-
beerd om een geoptimaliseerde geometrie voor de terugstootdeeltjes en zware-ionen
detectoren te ontwerpen om zo een maximale reactiesnelheid te behalen. Gebaseerd
op de reactiesnelheid afgeleid uit de simulaties, schatten we dat de relatieve fout
in de werkzame doorsnede minder dan 7% (24%) is voor een bundelenergie van 50
(200) MeV/nucleon in een redelijke meettijd van 15 dagen. Hetzelfde soort schat-
tingen waren gemaakt voor reacties die te maken hebben met een trefplaat van
4He.

Op het KVI zijn de simulaties voor de detectieopstelling van EXL begonnen met
de overname van andere eerdere simulatieactiviteiten voor deze opstelling. We heb-
ben de EXL calorimeter EGPA ontworpen en in de beschikbare Geant4 code voor de
silicium elementen (ESPA) voor de detectie van terugstootdeeltjes gëımplementeerd.
De volledige geometrie van de belangrijkste detectie-elementen van de EXL opstel-
ling werd voltooid door integratie van de al ontworpen magnetische spectrometer
elementen uit een andere simulatieactiviteit. Na de voltoöıng van de geometrie
voor de terugstootdetectie deel van de opstelling en calorimeter (ESPA en EGPA),
hebben we een volledig onderzoek uitgevoerd naar de energieresoluties en geometri-
sche acceptanties van de detectie set-up. Door het gebruik van protonen, werd een
gemiddelde efficiëntie van 98% (96%) voor de non-assembly-structured (assembly-
structured) calorimeter verkregen.
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