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2. Theoretical background

The shape and size of the nucleus may be investigated by scattering experiments.
Generally speaking a projectile is scattered from the nucleus and the angular distri-
bution of the scattered particles is determined. This was done for the first time by
Rutherford and his collaborators, where they demonstrated the existence of a com-
pact nucleus in atoms. They scattered low-energy α-particles from thin gold foils
and observed that the projectiles were sometimes scattered at very backward angles,
in extreme cases close to 180◦. The explanation of the scattering data was a central
Coulomb field caused by a massive, positively-charged nucleus. The interpretation
of the obtained data is simplest if the projectile itself has no internal structure; it is
favorable to use elementary particles like electrons as projectile. In this case the rel-
evant force is due to the well-known electromagnetic interaction, and the scattering
data allow us to study the charge distribution and the electromagnetic properties of
the nucleus. The first experiments of this type were performed by Hofstadter and
his collaborators. They compared their high-energy electron scattering results with
the Mott cross section1 and showed a departure from the point-like scattering, which
was an evidence for the structure of the nucleus. This productive period of research
with electron scattering built the picture of the nucleus as a spherical distribution
of positive charge of constant density, so that the nuclear radius could be modeled
by the following relation:

r = r0A
1/3, r0 = 1.2 fm (2.1)

If a hadron is used as the projectile, the dominant force is due to the strong
interaction, acting on both protons and neutrons in a target nucleus. Therefore, one
can, in principle, obtain the information on the nuclear matter density distribution
if one can assume that the hadron-scattering theory is completely understood. It is
known that proton-nucleus elastic scattering at energies near 1 GeV is one of the
reliable sources of information on nuclear matter distributions [12, 13]. Owing to
the capability of multiple-scattering theory (especially of the Glauber theory [14]),
the use of the intermediate-energy protons as probe has been successful in describing
the scattering process in this energy region. This theory allows us to correlate the
differential elastic-scattering cross sections and the matter distributions of the nu-
cleus under study. The conditions to be satisfied for the Glauber multiple-scattering
theory for accurately describing proton elastic scattering are the eikonal approxi-
mation, the adiabatic approximation, the energy transferred to the nucleus to be

1 The Rutherford formula for the cross section, when the magnetic moment and recoil effects
are taken into account in the relativistic kinematics, is transformed into the Mott cross section.
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8 Chapter 2: Theoretical background

much lower than the kinetic energy of the scattered proton, and large internucleon
distances as compared to the proton-nucleon interaction radius. These requirements
are often well fulfilled in the case of hadron scattering for exotic nuclei with loosely
bound subsystems even better than for stable nuclei [15, 16].

In order to take into account the effects like the deflection of particles in the
nuclear field and absorption effects, one needs to go beyond the plane-wave Born
approximation. One way to improve this approximation is to use more realistic
incoming and outgoing wave functions (instead of plane waves) for projectiles and
ejectiles in order to describe the scattering process as exactly as possible. These wave
functions are produced by means of numerical solutions of the relevant differential
equations and the results are then compared with experimental observables of (pro-
ton) scattering off nuclei. This calculation procedure is known as the distorted-wave
Born approximation the essence of which will be discussed further.

In this chapter, the general formalism of scattering theory will be reviewed and
the Glauber theory for nuclear multiple scattering will be introduced. It will be
followed by an introduction to the reaction theory for inelastic scattering as well as
nuclear giant resonances.

2.1 Scattering theory

For any scattering process, the most appropriate observable is the total cross section.
The cross section can be experimentally determined from the reaction rate (Ṅ) if
the beam flux (Φb) of the incoming beam particles, and the target density (nt) are
known;

σtot(barn) =
Ṅ(1/s)

Φb(1/s) · nt(1/b)
, (2.2)

in which the denominator is called the luminosity L. An often used quantity in
storage ring experiments is the integrated luminosity

∫

Ldt; the number of reactions
which can be observed in a given reaction time is just the product of the integrated
luminosity and the cross section. We now outline how the cross section may be ob-
tained from theory [17]. The transition matrix element Mfi (probability amplitude)
is given by:

Mfi =< ψf |Hint|ψi >=

∫

ψ∗
fHintψi dV , (2.3)

in which Hint represents the interaction potential which transforms the initial-state
wave function ψi into the final-state wave function ψf . The connection between the
reaction rate, the transition matrix element and the density of final states (ρ(E ′) =
dn(E′)
dE′

) is expressed by Fermi’s second golden rule. It expresses the reaction rate W
per target particle and per beam particle in the following form:

W =
2π

~
|Mfi|2 · ρ(E ′), (2.4)
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in which

W =
Ṅ(E)

NbNt

=
σ · vb
V

, (2.5)

with vb and V being the beam velocity and the spatial volume occupied by the beam
particles. Here, Nt is the total number of target particles within the beam area and
Nb is the total number of the beam particles (V = Nb/nb), in which nb is the beam
density. Hence,

σ =
2π

~vb
|Mfi|2 · ρ(E ′) · V. (2.6)

If the interaction potential and the initial- and final-state wave functions are known,
the cross section can be calculated from Eq. 2.6. Otherwise, the cross-section data
can be used to determine the square of the transition matrix element from Eq. 2.6.
If the interaction is treated as a small perturbation in the scattering process, the
amplitude for a particle in an initial state with momentum ki to be scattered to a
final state with momentum kf by a potential V (x) is proportional to

f(q2) =

∫

d3x V (x)eiq.x/~, (2.7)

in which q ≡ ki − kf is the momentum transfer.

2.1.1 Determination of charge distributions

To find the amplitude for electron-nucleus scattering, we should in principle solve the
Schrödinger (or Dirac) equation, using nuclear wave functions and the full electro-
magnetic interaction. This can only be performed numerically. However, assuming
plane waves for the initial and final states one can derive the Rutherford differential
cross section as

(

dσ

dΩ

)

Ruth.

=
Z2α2(~c)2

4E2 sin4(θ/2)
, α =

e2

4πǫ0~c
(2.8)

in which E is the total initial energy of the projectile. Eq. 2.8 describes the scattering
of a spin-zero point-like projectile of unit charge from a fixed point-like target of
electric charge Ze. Obviously, this equation needs further modifications to apply
for actual electron-scattering experiments. Firstly, taking into account the electron
spin leads to the so-called Mott cross section [18]

(

dσ

dΩ

)

Mott

=

(

dσ

dΩ

)

Ruth.

[

1 − β2 sin2(θ/2)
]

with β ≡ v

c
, (2.9)

in which v is the velocity of the initial electron. At higher energies, the recoil of the
target (hence a factor of E′

E
; with E ′ being the final energy of the electron) and the

interaction with the magnetic moment of the target need to be taken into account
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as well. The final form for the differential cross section is
(

dσ

dΩ

)

=

(

dσ

dΩ

)

Mott

E ′

E

[

1 + 2τ tan2(θ/2)
]

with τ =
−q2

4M2c2
, (2.10)

in which −q2 ≡ −t ≈ 4EE′

c2
sin2(θ/2) is the four-momentum-transfer squared. In

the range of energies for the nuclear-structure studies it will be reasonable to ignore
the magnetic interaction. Thus, the final remaining modification will be due to
the spatial extension of the nucleus. The interaction operator for a charge e in an
electric potential Φ is Hint = eΦ. Hence, the matrix element is

< ψf |Hint|ψi >=
e

V

∫

Φ(x)eiq.x/~ dx, (2.11)

with ψi = eip.x/~/
√

V, ψf = eip′.x/~/
√

V, and q = p − p′. Using the Green’s second

theorem and inserting eiq.x/~ = −~
2

|q|2
∇2eiq.x/~ into Eq. 2.11 [17] one obtains:

< ψf |Hint|ψi >=
−e~2

V |q|2
∫

∇2Φ(x)eiq.x/~ dx, (2.12)

in which the potential Φ(x) and the charge density ρ(x) are related by Poisson’s
equation:

∇2Φ(x) =
−ρ(x)

ǫ0
. (2.13)

Therefore,

< ψf |Hint|ψi >=
e~2Ze

ǫ0V |q|2S(q), (2.14)

in which the form factor S(q) is defined as

S(q) =

∫

eiq.x/~f(x) dx with

∫

f(x) dx = 1, (2.15)

where Zef(x) = ρ(x) represents the spatial charge distribution of the nucleus. In
the case of a spherically-symmetric charge distribution, Eq. 2.15 leads to

S(q2) =
4π~

Ze|q|

∫ ∞

0

rρ(r) sin

( |q|r
~

)

dr, (2.16)

with ρ(r) being the radial charge distribution. The experimental cross section in this
approximation (no magnetic interaction, negligible target nucleus recoil) is given by

(

dσ

dΩ

)

=

(

dσ

dΩ

)

Mott

|S(q2)|2. (2.17)
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If we consider the nuclear charge distribution to be a homogeneous hard sphere of
radius R with constant density, the form factor will be zero at q = (~/R)·tan(qR/~).
For example, a minimum is found at qR/~ ≈ 4.5; the location of the minima thus
tells us the size of the scattering nucleus [17]. In reality, ρ(r) is not a hard sphere,
though it is approximately constant for much of the nuclear volume. Smoothing
the edges of the spherical charge distribution modifies the positions of the minima
but does not alter the argument leading to the conclusion that, due to the spatial
distribution of the nucleus, the elastic cross section would show a number of well-
defined minima superimposed on a decreasing cross section with scattering angle.
One might attempt to find the charge distribution

ρ(r) =
Ze

(2π)3

∫

S(q2)e−iq.x/~ dq. (2.18)

In practice, one chooses various parameterizations of ρ(r) in order to determine
the theoretical prediction for S(q2). This way one can vary the parameters to obtain
a best fit between theory and the measured value of S(q2). Defining the mean square
charge radius as

< r2 >= 4π

∫ ∞

0

r2 · f(r)r2 dr, (2.19)

and considering the low-energy scattering (|q|R/~ ≪ 1) one can obtain the form
factor from Eq. 2.15:

S(q2) = 1 − 1

6

q2 < r2 >

~2
+ · · · , (2.20)

which leads to

R2 =
5

3
< r2 >= −10~

2dS(q2)

dq2

∣

∣

∣

∣

∣

q2=0

. (2.21)

2.1.2 Determination of matter distributions

Electron-nucleus scattering has proven to be a powerful method in determining the
charge-density distributions of stable nuclei. Based on the experimental analysis
a rms charge radius of 4.8 fm for 136Xe is obtained [19]. Using a hadron as the
projectile one can experimentally probe the matter density within limited accuracy.
In 5.4.1 we will try to extract the proton-136Xe elastic-scattering cross section. The
extracted cross section has been analyzed within the framework of the Glauber
theory, using the symmetrized Fermi parametrization, in which the symmetrized
Fermi density is defined as [20]

ρm(r) = ρ0

[

(

1 + e(r−R)/a
)−1

+
(

1 + e(−r−R)/a
)−1 − 1

]

(2.22)

= ρ0
sinh(R/a)

cosh(R/a) + cosh(r/a)
,
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with a normalization:

ρ0 =
3

4πR3

1

1 + (πa/R)2 , (2.23)

where R is the “half-density radius” (ρ(R) = ρ(0)/2) and a is the width of the
nuclear density distribution. The rms nuclear matter radius Rrms is connected to R
and a by the relation [12]:

Rrms = (3/5)1/2R

[

1 +
7

3

(πa

R

)2
]1/2

. (2.24)

From the symmetrized Fermi parametrization, a matter radius of Rrms = 4.85 ±
0.1 fm was determined with the parameters R = 4.54 ± 0.05 fm and a = 0.90 ±
0.05 fm for the 136Xe nucleus [11]. As the energy of an incident charged particle
is increased, the elastic scattering is only a small part of the total interaction, as
inelastic scattering, transfer reactions, and compound nucleus processes tend to
occur with the result that the nucleus behaves rather like a strongly absorbing
sphere.

2.2 The Glauber theory for nuclear multiple

scattering

Scattering of high energy particles off nuclei is a powerful means for the investigation
of nuclear structure. A classical example is experiments using electron scattering in
which charge distributions of nuclei are studied. Scattering of high energy protons
may be a source of information on the matter (neutron) distributions in nuclei [21].
According to the Glauber theory, the scattering of high-energy protons from nuclei
can be described using the information on the free nucleon-nucleon (NN) interaction.

The nuclear diffraction theory stems directly out of the Fraunhofer form of optical
diffraction theory, which is a theory of collisions at small transferred momentum.
The “collisions” take place between a plane-wave and a screen with an aperture in
it, or with a partially absorbing obstacle. These waves describe the collisions with
small transferred momentum because the deflections of the waves are usually small.
Therefore, most of incident particles are scattered at forward angles. There is a
requirement that the wavelength should be small compared to the dimensions of the
aperture or obstacle.

In the nuclear optical model the nucleus could simply be thought of as a trans-
parent sphere which could be partially absorbing. The waves passing through this
cloudy sphere could undergo changes in amplitude and phase. What we can do is
to consider a matrix element of some phase-shift exponential exp[iχ(b, s)] taking
carefully into account its dependence on the internal coordinates [22]. Here, χ(b, s)
is the phase-shift function at the impact parameter b as a function of s defined in
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Fig. 2.1. In the case that the final state is the same as the initial state, we are
dealing with elastic scattering.

Figure 2.1: The nucleus makes a transition from an initial state |i > to a final state |f >.

Here, the phase shift is χ(b, s) at the impact parameter b and is a function of {s} (sj is

the projection of the nucleon coordinate rj on the plane perpendicular to ki + kf , where

ki and kf are the initial and final momenta of the incident particle, respectively).

2.2.1 Basic formulas of the Glauber theory

In the multiple-scattering theory of Glauber the hadron-nucleus scattering amplitude
is calculated in the framework of the adiabatic approximation. This is justified at
high energies where the incident particle passes through the nucleus in a very short
time so that the change of positions of the nucleons may be negligibly small. The
transition amplitude obtained by calculating the scattering from instantaneously
fixed nucleons is then averaged over the initial and final nucleus wave functions.
The scattering amplitude is represented in the eikonal approximation, which is valid
for processes involving small angle scattering and very large incoming momentum. In
this approximation, the trajectory of the projectile is assumed to be almost straight.
Finally, the main “additivity phase” assumption is made, according to which the
total eikonal phase acquired by the particle when passing through the nucleus at
a fixed impact parameter is equal to the sum of the phases from the individual
nucleons, the latter contributing as if they were free.

One of the virtues of the Glauber theory is that for the given nuclear wave func-
tion and free projectile-nucleon scattering amplitude, the total transition amplitude
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may be found by integrations only [12]. If the initial and final momenta of the inci-
dent particle are ki and kf , the amplitude for scattering of the particle on a system
of A-nucleons with the transition of this system from the state Ψi(r1, · · · , rA) to the
state Ψf (r1, · · · , rA) is written as

Ffi(q) =
ik

2π

∫

d2b eiq.bΨ∗
f (r1, · · · , rA)Γ(b, r1, · · · , rA)Ψi(r1, · · · , rA)

A
∏

j=1

drj,

(2.25)
where the so-called “profile function” Γ for the nucleon positions r1, · · · , rA is

Γ(b, r1, · · · , rA) = 1 − exp[iχ(b, r1, · · · , rA)]. (2.26)

It is assumed that the overall phase-shift function χ(b, r1, · · · , rA) is the sum of the
phase-shift functions χj for collisions with the individual nucleons,

χ(b, r1, · · · , rA) =
A
∑

j=1

χj(b − sj). (2.27)

Eq. 2.25 is the basic expression which is used for the calculation of elastic and
inelastic scattering of protons by nuclei [23]. For elastic scattering, k = |ki| = |kf |,
the transferred momentum q to the system would be q = 2k sin (θ/2), where θ is
the scattering angle in the CM system, b is the impact parameter vector which lies
in the plane perpendicular to the projectile direction along the z-axis, chosen to be
parallel to the average momentum k0 = (ki + kf )/2, and sj is the projection of the
nucleon coordinate rj on this plane (Fig. 2.1),

sj = rj − (k0/k
2
0)(rj · k0). (2.28)

For proton-nucleon collision in the diffraction approximation, the general form taken
for the elastic scattering amplitude is given as follows, when the spin degree of
freedom is neglected [14, 24]:

fj(q) =
ik′

2π

∫

d2b eiq.bγj(b), (2.29)

which can also be checked in Eq. 2.25 for the scattering by one nucleon. Here, k′ is
the wave number in the two-particle center-of-mass system, and the integration is
carried out in the plane perpendicular to the z-axis. The nucleon profile function

γj(b) = 1 − exp[iχj(b)] (2.30)

may be derived from the projectile-nucleon elastic-scattering amplitude fj(q) at the
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same laboratory energy by means of the inverse Fourier transformation:

γj(b) =
1

2πik′

∫

e−iq.bfj(q) d2q. (2.31)

When γ(b) depends only upon the magnitude of b (spin and isospin-amplitude
independent), the integration over the azimuthal angle gives the Bessel function J0

and we have

f(q) = ik

∫ ∞

0

J0(qb)γ(b)b db (2.32)

γ(b) =
1

ik

∫ ∞

0

J0(q
′b)f(q′)q′ dq′. (2.33)

Replacing χ(b, r1, · · · , rA) in Eq. 2.26 by Eq. 2.27 and using Eq. 2.30, one obtains
the well-known Glauber combination law for the profile functions:

Γ(b, r1, · · · , rA) = 1 −
A
∏

j=1

[1 − γ(b − sj)]. (2.34)

When the A-fold product in Eq. 2.34 is expanded in powers of γ, it results in a
scattering series consisting of A terms corresponding to single scattering, double
scattering and so on. This multiple scattering series does not include rescattering
terms (the scattering on the same nucleon more than one time). The contribution
from such terms at high energies is considered to be rather small.

In spite of the assumptions used in the derivation of the Glauber formula limiting
the range of its applicability for high-energy small-angle scattering, the Glauber
approach has been found in many cases to agree well with experiments at low energies
and at rather large angles [21]. This indicates that the Glauber theory has, in fact,
rather general applicability.

The form factor of the single-particle density ρj(rj) is defined as

Sj(q) =

∫

eiq·rjρj(rj) drj. (2.35)

The overall density distribution of the nucleus, as given by the sum of the single-
particle densities, is indicated by ρ(r), and S(q) =

∫

eiq·rρ(r) dr will be the corre-
sponding nuclear form factor. The normalization of the nuclear density distribution
is then

∫

ρ(r) dr = A, (2.36)

so that S(0) = A. The elastic-scattering differential cross section in the single-
particle scattering approximation is thus given by

dσ

dΩ
= |Fii(q)|2 ≡ A2|fj(q)|2|Sj(q)|2, (2.37)
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in which fj(q) and Sj(q) were introduced in Eqs. 2.29 and 2.35, respectively. In this
thesis, the Glauber approximation is used for the calculation of the elastic-scattering
cross section in the 136Xe(p, p) reaction in inverse kinematics. The results are com-
pared with the experimental data obtained at a beam energy of 350 MeV/nucleon.

2.2.2 Eikonal approximation

The central assumption of the Glauber theory is the eikonal approximation. The
projectile travels along a definite straight line trajectory through the field of the
target nucleus. This assumption allows us to obtain a number of crucial, yet simple,
cross section formulas. In order to examine the conditions for the validity of the
eikonal approximation, we consider the scattering of a point particle from a potential
with strength V0 and range a. If τ1 is the time spent by the projectile in the
interaction region, we get the relation τ1 = a/v, where v = ~k/m is the projectile
velocity. Furthermore, the process time necessary for the scattering potential to have
a significant effect on the projectile is τ2 = ~/|V0|. We can construct a “coupling
parameter” by taking the ratio of these two times [25]:

τ1
τ2

=
|V0|a
~v

. (2.38)

We have two simple cases for this coupling parameter:

• τ1/τ2 ≪ 1 ⇒ weak coupling limit (Born condition)

• τ1/τ2 ≫ 1 ⇒ strong coupling limit (WKB condition).

The eikonal method is useful when the wavelength of the incident particle is short
compared with the distance over which the potential varies appreciably. This short
wavelength condition is expressed in terms of the incident wave number k and the
range of the interaction a such that ka ≫ 1. However, unlike the short wavelength
WKB (Wentzel-Kramers-Brillouin) approximation, the eikonal approximation also
requires high scattering energies (E ≫ |V0|). Since ~v = ~

2k/m = 2E/k, one will
have

τ1
τ2

=
|V0|
E

× ka

2
. (2.39)

Therefore, while the eikonal approximation holds when the first factor is small and
the second factor large, it says nothing about their product. In that sense, the eikonal
approximation spans both the Born and WKB limits and contains elements of both.
The eikonal approximation can be derived starting from either the Schrödinger or the
Lippmann-Schwinger equation [26]. It leads to the well-known form of the scattering
amplitude (Eq. 2.32). The eikonal phase-shift function, χ(b), is defined as

χ(b) = − 1

~v

∫ ∞

−∞

V (R) dz, (2.40)
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where R is the projectile-target separation.

2.3 Direct-reaction theory for inelastic

scattering

Here, we start by defining the important quantities involved in the process of inelastic
scattering of a pair of nuclei a and A. In the following, the Greek letter α will refer
to the channel α of the partition a+A. We will follow the procedure used in Ref. [27]
which is based on the Satchler approach [28].

The product of the internal wave functions of the two nuclei in the channel α is
defined as

ψα(xα) ≡ ψa(xa)ψA(xA), (2.41)

in which xi represent the coordinates. The functions ψi are eigen functions of the
internal Hamiltonian of nucleus i. Hence,

(εa −Ha)ψa = 0, (εA −HA)ψA = 0, (εα −Hα)ψα = 0, (2.42)

where Hα = Ha +HA and εα = εa + εA. These wave functions are orthonormalized,
i.e.,

∫

ψ∗
a(xa)ψa′(xa)dxa = δaa′ , (2.43)

and similarly for ψA and ψα. The relative coordinate −→rα is the vector joining the
centers of mass of the two nuclei a and A:

−→rα = −→ra −−→rA. (2.44)

If we consider only the two-body force for nucleons, the interaction potential between
the two nuclei (projectile a and target A) can be written as

Vα(xα,
−→rα) =

a
∑

i=1

a+A
∑

j=a+1

vij. (2.45)

The nucleon-nucleon interaction will in general depend on the spin and isospin of the
two nucleons as well as on their separation −→rij = −→ri −−→rj . However, in the following
presentation we will suppress the spin and isospin quantum numbers.

The total Hamiltonian H for the channel α can now be written as the sum of
the internal Hamiltonians Hα of nuclei a and A, the kinetic energy of their relative
motion Kα, and their mutual interaction Vα:

H = Hα +Kα + Vα. (2.46)
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The total wave function of this Hamiltonian is

Ψ =
∑

α

ξα(
−→rα)ψα(xα). (2.47)

Here, ξ describes the relative motion of nuclei a and A, and the sum runs over a
complete (and infinite) set of internal states of the channel α.

Assume we have a beam of nuclei a incident on target nuclei A in the incoming

channel, denoted as channel α and specified by the wave function Ψ(+)(
−→
kα), where

the nuclei are both in their ground states and moving in a relative plane-wave state.
If the outgoing channel is denoted by β, corresponding to a partition with nuclei b
and B, with outgoing spherical waves, we can expand the incoming channel, which
has in addition to the incoming plane waves also spherical waves, in terms of the
states of channel β:

Ψ(+)
α (

−→
kα) =

∑

β

ξβ(
−→rβ )ψβ(xβ). (2.48)

We can solve the Schrödinger equation, using the appropriate total Hamiltonian of
Eq. 2.46 in the outgoing channel β:

(E −Hβ −Kβ)Ψ
(+)
α = VβΨ

(+)
α . (2.49)

If we project this onto channel β and integrate over xβ, we get from Eq. 2.48:

(Eβ −Kβ)ξβ(
−→rβ ) =< ψβ|Vβ|Ψ(+)

α >≡
∫

ψ∗
β(xβ)Vβ(

−→rβ , xβ)Ψ(+)
α dxβ, (2.50)

with Eβ = E − εβ, where εβ is defined in a similar way to Eq. 2.42 for ψβ.

2.3.1 Distorted waves (DWs)

The potential of interaction between nuclei a and A in the incoming channel or nuclei
b and B in the outgoing channel can be written as the sum of two terms: the first
is an average interaction, Uβ(rβ), over the nuclei in a certain channel, and depends
only on the channel radius, i.e. the relative distance between the two centers of mass
of the nuclei; and the second is a residual interaction, Wβ(xβ, rβ), which is relatively
smaller and can be treated as a perturbation. For example, in the outgoing channel
these can be defined as

Uβ(rβ) =< ψβ|Vβ|ψβ > , Wβ = Vβ(xβ,
−→rβ ) − Uβ(rβ). (2.51)

The average potential, Uβ, over the nuclei b and B can, in principle, be obtained
from the interaction between the two nuclei if the nucleon-nucleon interaction is
given and the ground-state wave functions of b and B are known. However, this
average potential is usually taken to be a complex optical potential obtained by
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fitting elastic scattering data of nuclei b and B at the incident energy of interest. It
usually also includes the Coulomb potential between the two charge distributions of
nuclei b and B.

Because of our choice for Uβ and Wβ the diagonal matrix element of Wβ, which
does not involve any internal rearrangement of the nuclei b and B, vanishes exactly:

< ψβ|Wβ|ψβ >≡ 0. (2.52)

Equations 2.49 and 2.50 can be rewritten in terms of the average potential Uβ(rβ),
which cannot change the internal states of channel β, and the residual interaction
Wβ, which can be treated as a perturbation that may induce rearrangement and
excitation of the nuclei b and B. In particular, Eq. 2.50 becomes

(

Eβ −Kβ − Uβ(rβ)
)

ξβ(
−→rβ ) = < ψβ|Wβ|Ψ(+)

α >

=
∑

β′ 6=β

< ψβ|Wβ|ψβ′ > ξβ′(−→rβ )

≡
∑

β′ 6=β

ξβ′(−→rβ )
∫

ψ∗
β(xβ)Wβ(

−→rβ , xβ)ψβ′(xβ) dxβ. (2.53)

The solutions of this equation can be expressed in terms of the solutions of the
homogeneous equation:

(Eβ −Kβ − Uβ(rβ))χ
(+)
β (

−→
kβ ,

−→rβ ) = 0. (2.54)

This equation describes the elastic scattering of b on B due to the optical model
potential Uβ in channel β, and the solutions, χ

(+)
β , are known as the distorted waves

which are distorted because of the optical model (including Coulomb) potential.
These solutions will have asymptotically the form of an incident plane wave plus an
outgoing (scattered) spherical wave:

χ
(+)
β (

−→
kβ ,

−→rβ ) −→ ei
−→
kβ ·

−→rβ + f
(0)
β (θ)

1

rβ
· ei

−→
kβ ·

−→rβ , (2.55)

where f
(0)
β (θ) is the elastic-scattering amplitude and θ is the scattering angle.

2.3.2 Coupled-channels method and distorted-wave Born
approximation

In describing the experimental data on direct nuclear reactions, two methods are
extensively used: the coupled-channels (CC) calculations and distorted-wave Born
approximation (DWBA). In the following we consider only the inelastic scattering
processes. In solving the Schrödinger equation for the full Hamiltonian in channel α,
(E −H)Ψ = 0, we start with the total wave function of Eq. 2.47 which is expressed
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as a function of a complete (infinite) set of internal states of channel α. Since we
consider only elastic and inelastic scattering, the α and β partitions are the same,
and Eq. 2.53 can be written as

(E − εα −Kα− < α|Vα|α >) ξα(
−→rα) =

∑

α′ 6=α

< α|Vα|α′ > ξα′(−→rα), (2.56)

where in this equation ψα has been replaced by α for simplicity. Here, α represents
an infinite set of channels. The diagonal matrix of Vα on the left-hand side of Eq. 2.56
represents the optical potential which describes elastic scattering. The non-diagonal
(inhomogeneous) coupling terms on the right-hand side represent the interaction
matrix elements. These give the transition potentials which are integrals over xα,
and therefore are functions of −→rα:

Vαα′(−→rα) =< α|Vα|α′ >≡
∫

ψ∗
α(xα)Vα(

−→rα, xα)ψα′(xα) dxα. (2.57)

Eq. 2.56 represents an infinite set of coupled equations for the channel functions
ξα(

−→rα) for the partition α = a + A. To make the problem tractable a truncation
should be made to a finite set of channels. The truncation is often guided by
physical insight or experimental observations as to which channels are the most
important ones and should be included. In addition to the initial and final states,
levels with strong couplings to either the initial or final state need to be included.
The coupled equations are then solved to find the solutions of the truncated model
and in particular to the initial and final states of interest.

The DWBA corresponds to taking the non-diagonal matrix elements of the in-
teraction to first order when evaluating the transition amplitude. Consider inelastic
scattering from an initial channel α to a final channel α′. Assume there is no other
strong couplings to these channels from any other channel in the partition α = a+A.
Then the coupled equations 2.56 can be truncated to the following two equations:

[(E − εα) −Kα− < α|Vα|α >]χα(
−→rα) =

∑

α′′ 6=α

< α|Vα|α′′ > χα′′(−→rα) (2.58)

and

[(E − εα′) −Kα− < α′|Vα|α′ >]χα′(−→rα) =
∑

α′′ 6=α′

< α′|Vα|α′′ > χα′′(−→rα), (2.59)

where χα(
−→rα) are used in Eqs. 2.58 and 2.59 instead of ξα(

−→rα) in Eq. 2.56 to indicate
the difference between the truncated model and exact channel functions, respec-
tively.

If the non-diagonal matrix elements of Vα are small, further approximations can
be made. Because elastic scattering is dominant, the off-diagonal matrix elements
have little effect in the entrance channel, which has incoming plane waves, and
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therefore, these matrix elements can be neglected on the right-hand side of Eq. 2.58.
However, they cannot be neglected in Eq. 2.59 because the solution of this equation
has only outgoing waves and would vanish without an inhomogeneous term which
acts as a source term. Furthermore, since χα is much larger than all other χα′′ , only
the term which has information on the direct coupling of channels α and α′ will be
kept on the right-hand side of Eq. 2.59. Therefore, we finally have

[(E − εα) −Kα− < α|Vα|α >]χα(
−→rα) ≈ 0 (2.60)

and

[(E − εα′) −Kα− < α′|Vα|α′ >]χα′(−→rα) ≈< α′|Vα|α > χα(
−→rα). (2.61)

The Green-function techniques can be used to solve these equations, which yield the
DWBA transition amplitude:

TDWBA
α′α =

∫

χ
(−)∗
α′ (−→rα) < α′|Vα|α > χ(+)

α (−→rα) d3rα. (2.62)

The distorted waves χ(+) and χ(−) satisfy the asymptotic boundary conditions of
plane waves plus outgoing or incoming spherical waves, respectively. They are solu-
tions of the homogeneous equations:

[(E − εα) −Kα− < α|Vα|α >]χ(+)
α (−→rα) = 0 (2.63)

and
[(E − εα′) −Kα− < α′|V †

α |α′ >]χ
(−)
α′ (−→rα) = 0, (2.64)

which describe elastic scattering in channels α and α′ due to the diagonal inter-
actions < α|Vα|α > and < α′|Vα|α′ >, respectively. If these diagonal interactions
(optical potentials including Coulomb interactions) are neglected, then the solutions
of the homogeneous equations are plane waves as expected. Eq. 2.62 would then
reduce to the simple Born approximation, which is known as the plane-wave Born
approximation (PWBA).

2.4 Nuclear giant resonances

Collective excitations of many body systems can be phenomenologically understood
as coherent vibrations around a state of equilibrium. These may be fluctuations in
density or vibrations in shape. A powerful method to study the properties of a many
body system is to subject it to a weak external perturbation and to examine its re-
sponse [17]. For the atomic nucleus subjected to the absorption of a photon or to the
scattering of a particle (electron, proton, etc.), the nucleus responds through the ex-
citation of states up to about 10 MeV. This response often involves only one or a few
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particles. In the energy range between 10 and 30 MeV the system response exhibits
broad resonances. These are giant resonances which are important characteristics of
nuclear excitation spectra. Giant resonances are small-amplitude, high-frequency,
collective modes of excitations of nuclei. Collective excitation modes in many-body
systems exist in many branches of physics. In nuclei, this mode appears in almost
any multipolarity and isospin channel. The most prominent resonances are the
isovector dipole, which is a collective oscillation of the proton against the neutron
density, the isoscalar monopole, which is a radial vibration of the nucleus as a whole
(“breathing mode”), and the isoscalar quadrupole, which corresponds to collective
quadrupole oscillations. As a giant resonance is a collective motion of all nucleons
one expects that whatever mode it corresponds to, its characteristic properties do
not depend on the detailed microscopic structure of the nucleus but rather on its
bulk structure [27]. This implies that one can expect the following properties for a
given type of resonance:

• It occurs in all but the very lightest nuclei.

• Its parameters vary smoothly as a function of the number of nucleons A.

• It exhausts a large part of the appropriate sum rule.

Giant resonances can be classified according to their multipolarity L, spin S, and
isospin T quantum numbers. In the ∆S = 0,∆T = 0 modes the nucleons move
in phase, while in the ∆S = 0,∆T = 1 modes protons and neutrons oscillate in
opposite phases. In the ∆S = 1,∆T = 0 modes nucleons with spin up move against
nucleons with spin down, while in the ∆S = 1,∆T = 1 modes protons with spin
down move against neutrons with spin up and vice versa. Examples of vibrations
resulting from the excitation of various GRs are presented in Fig. 2.2. In this thesis
the possible contribution of the giant dipole resonance (GDR) in the 136Xe(p, p′)
reaction in inverse kinematics with a beam energy of 350 MeV/nucleon will be
investigated, experimentally. Also giant monopole resonance along with isoscalar
GDR will be examined for future experiments.

One may compare the magnitude of the total absorption cross section with the
theoretical limit for the absorption of electric dipole radiation in a nucleus with N
neutrons and Z protons. It is a feature of the GDR that, in the medium and heavy
nuclei, it exhausts to a large extent the Thomas-Reiche-Kuhn sum rule [29]:

∫ ∞

0

σ(ω) dω ≈ 60
NZ

A
MeV mb, (2.65)

where σ(ω) is the absorption cross section of radiation with frequency ω of a particle
with charge e bound by a harmonic force (F = mω2r) in which A = N + Z, and m
is the mass of the nucleon.

The first indications of the GDR in nuclei were obtained, using a source of
17 MeV photons [30] and detecting the radioactivity in various targets. Since the
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Figure 2.2: Representation of collective giant monopole (∆L = 0), dipole (∆L = 1),

and quadrupole (∆L = 2) resonances. The capital letters refer to the character of the

resonance: isovector (IV), isoscalar (IS), spin-flip (S), non-spin-flip (no letter), giant (G),

monopole (M), dipole (D), quadrupole (Q), resonance (R); e.g. isovector spin-flip giant

monopole resonance = IVSGMR [27].

experimental cross sections for some of the nuclei probed were two orders of magni-
tude larger than an averaged theoretical cross section, it was concluded that there
exists a resonance absorption in those nuclei. Since the GDR is in all nuclei located
above the particle emission threshold and since in medium and heavy nuclei the
height of the Coulomb barrier inhibits charged particle decay, the photo-absorption
cross section can be determined from a measurement of the neutron yield as a func-
tion of γ-ray energy. The experimental cross section points can be presented quite
well by a Lorentzian distribution [31]:

σ(E) =
σm

1 +
[

(E2 − E2
m)2 /E2Γ2

] , (2.66)

where the parameters Em, σm, and Γ are the resonance energy, peak cross section
and FWHM, respectively. Experimentally, the resonance energy varies from 24 MeV
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in 16O to 13.5 MeV in 208Pb which can be represented, for example, as [32]

Em = 31.2A−1/3 + 20.6A−1/6 MeV or Em = 47.9A−1/4.27 MeV. (2.67)

The width of the resonance, Γ, varies from about 4 MeV in 208Pb to 7 MeV in 65Cu.
Theoretically, the phenomenon was explained [33] as a collective vibration of the
protons against neutrons. The restoring force against the separation of protons and
neutrons is the symmetry energy, which also enters into the semi-empirical mass
formula. There have been attempts to predict the resonance energy theoretically.
For instance, Danos [34] derived a formula for the resonance energy of the GDR as
Em ∝ A−0.229 which agrees with the experimental results.

In recent years, a major trend in nuclear physics research is the investigation
of the structure of unstable nuclei. In this new domain of nuclear physics, excita-
tion of collective modes, in particular giant resonances, will be studied in order to
understand specific aspects of the nuclear structure of unstable exotic nuclei. It is
clear that the only possibility to explore these nuclei is by using inverse kinematics
in which the giant resonance in an unstable nucleus is excited by an interaction
with a stable target nucleus. The strength function of these giant resonances of the
unstable nucleus can be determined by measuring, for example, gamma rays and
neutrons from the GDR decay in coincidence with the scattered particle.




