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Chapter 4

Machine Design and
Single-Particle Dynamics

This Chapter1 contains the analytical evaluations of the effect of the magnetic
field errors, magnet misalignments and chromatic aberrations on the transverse
beam dynamics in the presence of linear and nonlinear fields. Using the beam
matrix formalism and theory of field expansion introduced in Section 3.2, it pro-
duces the tolerances on the magnets field quality and alignment in the FERMI
linac and predicts the emittance growth in the presence of chromatic filamenta-
tion of the particle transverse phase space. After that, under the assumption of
linear optics transport, the design of a dispersion-free, straight diagnostic line
and of a dispersive diagnostic line is presented. In fact, these studies have been
implemented in the FERMI lattice. The constraints imposed by the beam di-
agnostic performance on the optics design are considered. The measurement of
several beam parameters is simulated with particle tracking. Finally, a two-stage
station for geometric beam collimation, integrated into the diagnostic line, is dis-
cussed; the collimation efficiency is analytically evaluated and the prediction is
compared with the result of particle tracking.

1This Chapter is based on the following works: Analytical evaluation of chromatic aberrations and
alignment tolerances in single-pass linacs, ST/F-TN-09/01 (2009) by S. Di Mitri and M. Cornacchia.
Compact multi-purpose optics insertion in the FERMI@Elettra linac bunch compressor area, WEPB42 in
Proc. of Free Electron Laser Conf. 2010, Malmo, Sweden, by S. Di Mitri and M. Cornacchia. Geometric
efficiency of a two-stage fully absorbing collimation system in single-pass linacs, Phys. Rev. Special Topics
– Accel. and Beams, 13, 052801 (2010), by S. Di Mitri.
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4.1 Magnet Specifications

4.1.1 Magnetic Field Tolerances

Let us first consider a real dipole magnet. A quadrupole field component (ran-
dom error) causes emittance blow up by excitation of chromatic aberration through
the following kick: ∆x′ = k1,diplx = k1,diplηδ. The quadrupole normalized
strength k1,dip can be defined in terms of the quadrupole coefficient normalized
to the dipole coefficient:

k1,dip =
egdip

p
=

θ

Rl

∣∣∣∣ b1

b0

∣∣∣∣ (4.1)

The notation is that adopted in Section 3.2. The kick error becomes:
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According to 3.31, the corresponding emittance growth is:
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So, the following expression can be used to obtain the tolerance on the relative
quadrupole field component in a dipole magnet corresponding to a maximum
emittance growth ∆ε
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The sextupole-like kick of a dipole magnet for an off-momentum particle
is primarily related to the 2nd order chromatic aberration in a dispersive path:
∆x′ = k2,diplx2 = k2,dipl(ηδ)2. The sextupole normalized strength k2,dip can be
defined in terms of the sextupole coefficient normalized to the dipole coefficient:

k2,dip =
emdip

p
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so that the kick becomes:
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According to 3.31, the corresponding emittance growth is:

∆ε

ε
' β

2ε

(
2θ

R

)2

(ησδ)
4
∣∣∣∣ b2

b0

∣∣∣∣2 (4.7)

68



and the tolerance on the relative sextupole field component in a dipole magnet
corresponding to a maximum emittance growth ∆ε

ε will be:∣∣∣∣ b2
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Table 4.1 lists the magnetic specifications for the quadrupole and sextupole
field components of the dipole magnets in the FERMI electron beam delivery
system in order to ensure an emittance growth equal to or less than 1% from
each individual contribution. The multipolar components are computed for
R=20 mm. The specifications for the Spreader dipole magnets are much more re-
laxed than in BC1 and BC2 because of the very small energy spread, σδ < 0.1%,
expected in that region.

Table 4.1: Magnetic field quality specifications for the FERMI dipole magnets.

|b1/b0| |b2/b0|
BC1 ≤ 0.6 · 10−4 ≤ 1.5 · 10−4

BC2 ≤ 1.2 · 10−4 ≤ 1 · 10−3

Spreader ≤ 1 · 10−3 ≤ 5 · 10−3

Similarly to the dipole magnet case, a real quadrupole magnet might be
affected by a sextupole field component (random error) that causes emittance
blow up by excitation of chromatic aberration in a dispersive path or by geo-
metric aberration. The sextupole-like kick is: ∆x′ = k2,qlx2, where x might be
dominated by the particle dispersive motion, x = ηδ, or by the pure betatron
motion, x =

√
εβ. The sextupole normalized strength k2,q can be defined in

terms of the sextupole coefficient normalized to the quadrupole coefficient:

k2,quad =
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so that the kick is:
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The tolerance on the relative sextupole field component in a quadrupole magnet
is therefore: ∣∣∣ b2
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In FERMI, both these formulas provide a specification for the quadrupole mag-
net field at least one order of magnitude larger than that for the dipoles, already
shown in Table 4.1.

4.1.2 Magnet Alignment Tolerances

A dipole magnet roll angle φd may generate residual dispersion in the non-
bending plan, vertical here, that in turn may lead to vertical emittance dilution.
The vertical kick given by the dipole field with a roll angle to the beam with

finite energy spread is: ∆y′ =
∫

Bdl
Bρ φdσδ. A constraint on the vertical emittance

growth leads to the tolerance on the maximum acceptable roll angle:

|φd| ≤
1
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√
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2εy
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For the constraint of 1% emittance blow up , the tighter specification on the
dipole magnets alignment over the whole FERMI beam delivery system is set
by the maximum bending angle in BC1 (θ = 0.122 rad) in the presence of the
maximum relative energy spread (σδ = 2%): φd ≤ 500 µrad (rms value).

A quadrupole magnet roll angle φq in a dispersion free region may induce
geometric coupling. The kick given by the quadrupole gradient projected on the
vertical plane is: ∆y′ = k1lxβφq. A constraint on the vertical emittance growth
leads to the tolerance on the (maximum) roll angle:

|φq| ≤
1

|k1l|σβ,x

√
∆εy

εy

2εy

βy
(4.13)

For the constraint of 1% emittance blow up, one has to satisfy φq ≤20 mrad (rms
value) for the average focusing length f = 1/kl = 5 m and average β-function
of 20 m, which are typical values in the FERMI linac.

If the quadrupole is in a dispersive region, instead, the roll angle excites
residual vertical dispersion that, in turn, will cause vertical emittance dilution.
The kick given by the quadrupole gradient projected on the vertical plane is
then: ∆y′ = k1lxηδφq. A constraint on the vertical emittance growth leads to the
tolerance on the maximum roll angle:

|φq| ≤
1

|k1l|ηxσδ

√
∆εy

εy

2εy

βy
(4.14)

Then, the 1% emittance blow up requests the tighter alignment of φq ≤10 mrad
(rms value) respect to the case of non-dispersive motion. An uncorrected dis-
persion of 10 mm and an rms relative energy spread of 2% are here assumed.
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Finally, a quadrupole magnet lateral displacement causes a dipole kick that
generates residual dispersion. The dipole-like kick for the vertical plane is:
(∆y′)| = k1l(∆y). A constraint on the vertical emittance growth leads to the tol-
erance on the maximum lateral displacement of the quadrupole magnetic axis
from the beam path:

|∆y| ≤ 1
|k1l|σδ

√
∆εy

εy

2εy

βy
(4.15)

Due to the bunch length compression, the BC1 area sees the maximum energy
spread of σδ = 2% of the whole line. The energy spread couples to kl ≤ 0.26
m−1 and βy ≤ 68 m, so that an emittance blow up smaller than 1% is ensured
by ∆x, ∆y ≤ 100 µm (rms value). The same area includes a RF vertical de-
flector for beam diagnostics, as shown in the next Section. During the vertical
deflection of a 1 ps long beam, the particle maximum vertical displacement at
the quadrupoles is ∆y ≤ 500 µm (this really applies only to the deflected bunch
edges). With the upper limit of kl ≤ 0.14m−1 and βy ≤ 68 m as defined by the
optics design in this region, we obtain ∆ε/ε ≤ 1%. More details about the optics
design and the magnetic lattice of this area are given in the next Section.

4.2 Beam Transport and Diagnostics

4.2.1 Design of a Dispersion-Free Diagnostic Line

A low-β symmetric optics insertion covering 2π/3 betatron phase advance, de-
voted to beam diagnostics and beam transport, is in the laser heater area (100
MeV), in the BC1 area (∼350 MeV) and at the end of the linac (≤1.5 GeV),
as shown in Figures 2.2 and 2.3. Each optics insertion includes quadrupole
magnets (kl ≤ 0.26 m−1) for beam optics matching to the downstream lat-
tice and a spectrometer line for energy measurement. The optics or, equiva-
lently, the quadrupole normalized strengths are made the same in all the afore-
mentioned areas by scaling the quadrupole magnet gradient with the beam en-
ergy, g[T/m] = E[GeV] · k[m−2]/0.2998. Differently from the other locations,
a larger energy spread is used in the BC1 area for bunch length compression.
For this reason, the chromatic aberration sets a tighter constraint on the max-
imum quadrupole integrated strengths, as mentioned in the previous Section.
The presence of a vertically deflecting RF cavity used for diagnostic purposes
requires an even more accurate optics design. The lattice of the FERMI@Elettra
BC1 area is shown in Figure 4.1. The arrangement of magnetic and diagnostic el-
ements is mainly determined by the constraint of having a single optics for beam
diagnostics and transport. The compactness of the insertion has been achieved
to save space for acceleration in the linac tunnel. The constraints on the Twiss
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Figure 4.1: Schematic layout of the FERMI@Elettra BC1 area.

parameters in the BC1 area are listed below, in the order of importance:

1) The horizontal betatron function βx has to be shrunk to the 1 m level in the
second half of the magnetic chicane to minimize the projected emittance
growth induced by CSR emission.

2) The effective strength of the vertical RF deflector is proportional to the trans-
port matrix element from the deflector to the screen on which the beam is
projected [81], Sy =

√
βy,1βy,2 sin ∆µy,12. The expression contains 3 inde-

pendent optics parameters and it must be maximized by a suitable optics.

3) The choice of a single optics for diagnostic and transport suggests to adopt
a periodic phase advance ∆µx,y pattern, so that the horizontal and vertical
emittance measurement can also be done with the multi-screen technique,
alternative to the usual quadrupole scan.

4) A small βx and a high horizontal dispersion ηx are required at the screen in
the spectrometer line to characterize the particle energy distribution.

5) The 4 independent Twiss parameters βx,y and αx,y have to be matched in
the area to keep the optics under control (i.e., sufficiently smooth) and to
match the beam to the downstream lattice.

6) A proper setting of high βx,y and ∆µx,y ' π/2 has to be set in the area to
allow geometric collimation.

All quadrupoles involved have bipolar power supplies for a larger accep-
tance in case of largely mismatched beam from the injector. Four quadrupoles
along the upstream L1 (see Figure 2.2) are used for point 1. They naturally pro-
duce a high βy = 68 m at the end of BC1, where we have therefore placed the
vertical RF deflector (point 2). Downstream of BC1, 5 quadrupoles distributed
over 2.5 m with an average integrated strength of kl = 0.18 m−1 build up a low-β
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symmetric optics, as shown in Figure 4.2, with ∆µx,y = 2π/3 over the following
10 m (points 3 and 5). The beam waist is at the central screen where βx,y = 3 m.
Collimators are near each of the outer two screens (point 6), although βx,y = 12
m at the collimators’ location is not as large as desired. Due to the optics sym-
metry, the collimators are identical (saving costs), with cylindrical apertures to
collimate both planes at the same location and sufficiently long to guarantee a
full absorption, so avoiding the usual spoiler plus absorber scheme. Since the
distance between the screens is proportional to βx,y at the collimators, the total
length of the insertion is a compromise between available space and collimation
efficiency. Not to add space in the s-direction, a dipole magnet (spectrometer)
is inserted between the last two screens. It deflects the beam horizontally in the
dispersive line to characterize the electron beam energy distribution. A FODO
cell is added upstream of the dipole (this is switched off during the machine
operation), downstream of it in the dispersive line and also in the straight line.
The first two FODO cells balance the geometric and the chromatic contribution
to the particle motion (point 4) in order to improve the energy measurement res-
olution. The third FODO cell completes the matching to the downstream linac.
The betatron phase advance built up in this region also allows a suitable tra-
jectory correction scheme made of 4 BPMs and 6 corrector magnets per plane
(combined devices). The scheme allows one to measure the residual dispersion
after BC1, to build a straight line along the 5 matching quadrupoles, to measure
the residual field of the spectrometer magnet and to properly launch the beam
into the succeeding linac.

A careful design of the quadrupole focusing downstream of the deflector
has to be carried out because, in the case of a fully compressed and deflected
beam, the magnets are traversed by a vertically large size beam with up to 2%
rms energy spread. The large energy spread might induce emittance degrada-
tion by means of chromatic aberration. At the same time, the dipole-like kick
of the quadrupoles traversed off-axis affects not only the motion of the bunch
centroid (trajectory distortion) but also the linear dependence of the RF deflect-
ing kick with the longitudinal position inside the bunch. In other words, the
path of particles distant from the quadrupole axis could be distorted by the
quadrupole field, possibly reducing the magnification factor of the deflecting
process at the screen. For this reason, the optics are designed so that the maxi-
mum quadrupolole kick kl∆y ≈ 50 µrad is much smaller than the maximum de-
flector vertical kick, zeVRFωRF/(Ec), for z = 500 µm, corresponding to 1 mrad.
Particle cross-over between adjacent slices due to quadrupole focusing is there-
fore excluded. The projected emittances εx,y can be measured by scanning the
strength of the last matching quadrupole and looking to the beam size at the
second screen, or with the 3-screens technique without changing the nominal
optics set for beam transport. The bunch is vertically deflected according to the
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Figure 4.2: Optics from the FERMI Gun to the BC1 area.

product of the RF kick from the deflector and the effective length Sy [81]:

〈∆y〉 =
(

eV⊥
E

sin φRF

)(√
βDβS sin ∆µDS

)
∼ ỹ′ · L̃ (4.16)

The effective length L̃ is 5 m, 14 m and 22 m from the 1st to the 3rd screen, respec-
tively. The last one should therefore be used for bunch length measurements. At
this point, linear transport analysis translates a 1 ps fwhm long bunch into a 6.7
mm vertical spot size. Since the non-deflected rms beam size is 0.1 mm, we
should be able to resolve (6.7/3.5) · 0.1 = 15 longitudinal slices (we have used
a factor 3.5 between the standard deviation and the full width of a hard-edge
distribution). A conservative picture of 10 slices equivalent to 100 fs resolution
at the energy of 350 MeV could be considered to reduce the bunch length mea-
surement error down to 1% [81] or just in case of shorter bunches.

The slice horizontal emittance is foreseen to be measured with a quadrupole
scan at the 2nd screen, taking advantage of the natural beam waist at this loca-
tion. The expected minimum horizontal beam size is 60 µm; therefore a 10 µm
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rms screen+CCD resolution has been specified. The quadratic behavior of the
rms beam size σ2

x vs. the quadrupole strength can be analytically predicted. Dur-
ing the scan, a bunch length in the range 0.5–1.5 ps is expected to be translated
into a vertical spot size in the range 4–8 mm.

As a check of the linear analysis used so far, the elegant code [82] has been
used to track a 350 pC, 1 ps fwhm long bunch compressed 10 times in BC1. Fig-
ure 4.3 shows the simulation result for the bunch length measurement with the
RF vertical deflector in the BC1 area, after bunch length compression by a fac-
tor of 10. Current profile (left plot) and deflected beam at the 3rd screen (right
plot) are illustrated. Figure 4.4 depicts the simulation of the slice horizontal
emittance measurement performed with quadrupole scan, after vertical deflec-
tion and bunch length compression by a factor of 10. The 6.5 mm bunch length
at the 3rd screen, shown in Figure 4.3 and the slice horizontal emittance mea-
surement at the 2nd screen, shown in Figure 4.4, are in full agreement with the
afore-mentioned analytical predictions.

Figure 4.3: Simulation of the bunch length measurement with the RF vertical de-
flector in the BC1 area. Left plot is the histogram reproducing the beam current
profile. It can be reconstructed from the projection of the bunch on the screen
after deflection, as shown in the right plot. The simulation assumes a 350 pC
bunch, compressed by a factor 10 in BC1.

4.2.2 Design of a Dispersive Diagnostic Line

The FERMI@Elettra beam delivery system includes five spectrometer lines (see
Figure 2.2) in which the beam energy distribution is characterized by analyzing
the transverse profile collected on a screen, in the bending plane. The minimum
relative energy deviation δ = (E0 − E1)/E0 between two particles with mean
energy E0 and E1 corresponds to the physical separation ∆ of the two particle
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Figure 4.4: Simulation of the slice horizontal emittance measurement with
quadrupole scan. The curve shows σ2

x vs. quadrupole strength at the 2nd screen
and it refers to one of the central slices in the bunch. The horizontal geometric
emittance and the Twiss parameters for each of the bunch slices are extracted
from the fit of the quadratic behaviour of the squared slice horizontal beam size
vs. the integrated quadrupole strength.

projections onto the screen:

δ =
2∆
η

(4.17)

where η is dispersion at the screen location. By definition, eq.4.17 shows the
intrinsic resolution of the energy deviation measurement. In case of a sector
dipole magnet with bending angle θ, the intrinsic resolution is maximized by
placing the screen at the optimum distance sM = β0/α0 [53] from the center
of the dipole magnet, where the Twiss parameters are computed in the dipole
center. Following this prescription and by including a beam finite geometric
emittance, eq.4.17 becomes:

δ =

√
ε√

β sin(θ/2)
(4.18)
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and one also finds sM = η(sM)
η′(sM)

. The beam size as determined by the geometric
and chromatic contribution of the particle motion is:

σ =
√

εβ + (ησδ)2 ≡ ησδ

√
1 + κ2 (4.19)

where we have introduced the error coefficient κ =
√

εβ/ησδ. Given the pure
chromatic beam size σ0 = ησδ, the relative error of the energy spread measure-
ment induced by the betatron motion is:

∆E
E0

=
σ− σ0

σ0
=
√

1 + κ2 − 1 (4.20)

Eq. 4.20 defines the intrinsic energy resolution of the spectrometer line. For a
more complicated system than a dipole magnet followed by a drift section, the
optical resolution power of a spectrometer line can also be evaluated in terms
of ratio η/

√
β at the screen location. This ratio does not depend from the beam

parameters, but only from the beam line optics design. Thus, the effective reso-
lution of a spectrometer line is always optimized for η/

√
β� 1. This condition

might set important constraints on the beam line design and, at the same time,
it assumes that the electron beam is perfectly matched to the design optics of
the lattice. Figure 4.5 shows the nominal optics from the injector end to the BC1
spectrometer line. The spectrometer is a 0.5 m long rectangular dipole; the bend-
ing angle is 25 deg. The screen is placed at 1.75 m from the dipole exit flange.
The optical functions of interest are depicted in Table 4.2.

Table 4.2: Design optics functions of the BC1 dispersive line.

Center of dipole magnet Screen Unit
βx 32.0 0.05 m
αx -10.0 3.4
βy 2.3 30 m
αy 2.2 -42.6
ηx 0.1 0.5 m
η′x 0.4 0.05
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Figure 4.5: Optics functions from the injector exit to the end of the BC1 spec-
trometer line.

A BPM has been installed immediately downstream of the spectrometer mag-
net. The BPM (ηx/

√
βx = 0.09m1/2) is thought to be used to find the acceler-

ating crest of the upstream linac over a wide range of RF phases by looking to
the bunch centroid position. Albeit limited in energy range, the absolute energy
measurement at the screen (ηx/

√
βx = 0.8m1/2) has a higher resolution than at

the BPM. The measurement accuracy is mainly limited by the screen+CCD sys-
tem resolution, ∆SC = 20 µm [83], so that the energy measurement relative accu-
racy is ∆SC/ηx = 4 · 10−5 (this has to be compared with eq.4.20). The expected
0.1% mean energy jitter can thus clearly be detected both at the screen and at
the BPM. Figure 4.6 plots eq. 4.20 that is the (intrinsic) error of the measurement
of relative energy spread due to the contribution of the betatron motion to the
chromatic beam size detected at the screen, in the horizontal plane, as function
of the measurement central value. The total energy spread σδ,tot will be in the
range 0.5–2% for the mean energy in the range 100–350 MeV. The lowest energy

78



is possibly achieved by turning off the RF in L1.

Figure 4.6: Relative error of the energy spread measurement vs. central value
(dimensionless parameters). The solid line is for the beam mean energy of 100,
the dotted line is for 350 MeV.

In principle, the slice or even the uncorrelated energy spread could be mea-
sured in a spectrometer line from the dispersive projected image of the beam on
the screen, under critical conditions of the beam optics, energy distribution and
diagnostics resolution. The concept of correlated, uncorrelated and slice energy
spread have already been given in Section 3.1.2. They are schematically recalled
here in Figure 4.7 and their geometric interpretation in the longitudinal phase
space is given in order to quantify the dispersive line diagnostic performance.
A linear correlation in the longitudinal phase space is assumed; such a correla-
tion, ∆δcorr, is also called energy chirp. The thickness of the area occupied by
the particles is the uncorrelated energy spread, ∆δuncorr. It can be measured as
a projection on the energy axis only if the correlation is removed. The projec-
tion of a small longitudinal portion of the bunch gives the slice energy spread,
∆δSL. Notice that, as long as a correlation is present, the slice energy spread
does not really coincide with the uncorrelated one, even for zero slice length. In
Figure 4.7 the temporal coordinate is substituted by the phase φ = ωRFt, where
ωRF is the linac angular radio-frequency. In this way, all variables in the Fig-
ure are dimensionless and geometric considerations can be easily applied to the
normalized longitudinal phase space. In particular, we define the linear energy
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Figure 4.7: Longitudinal phase space with linear energy chirp (conceptual).

chirp α = dδ/dφ and the uncorrelated and slice energy spread as function of it:

∆δuncorr = ∆δSL,∞ cos α
∆δSL,∞ = ∆δSL − ∆φSL tan α

(4.21)

∆δuncorr coincides with ∆δSL which only if the energy chirp is sufficiently small,
namely α� 1 and tan α� ∆δSL

∆φSL
, finally implies:

α� ∆δuncorr

∆φSL
≈ ∆δSL

∆φSL
(4.22)

When eq.4.22 is satisfied, the energy chirp is negligible with respect to the intrin-
sic spread of the beam energy that is the total energy spread actually coincides
with the slice energy spread. In this case, a simple spectrometer magnet fol-
lowed by a screen can be used to measure the slice energy spread. Table 4.3
compares the values of the l.h.s and r.h.s. of eq.4.22 for all the five spectrometer
lines of the FERMI@Elettra lattice, according to the beam parameters listed in
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Table 2.2 for the configuration of FEL1 Operation. The slice length is defined as
1/30 of the fwhm bunch length. Table 4.3 shows that, according to eq.4.22, only
in the laser heater spectrometer line, when the injector is run on-crest, the mea-
surement of energy spread is an effective way to detect the slice one. In reality,
the on-crest acceleration in the injector superimposes the sin-like RF curvature
to the beam energy distribution, so that the longitudinal phase space is no more
linear and eq.4.22 only applies to the beam core, which is dispersed on the ac-
celerating crest. On the contrary, in the BC1 area a large ∼ 1% rms and mostly
linear energy chirp exists for the bunch length compression. Unfortunately, such
a large chirp completely masks the slice energy spread. For this reason, a ver-
tical RF deflecting cavity has been foreseen in the BC1 area to reconstruct the
longitudinal phase space [81, 84] and to make a direct measurement of the slice
energy spread.

Table 4.3: Design parameters of the beam longitudinal phase space in the FERMI
dispersive lines.

Spectrometer ∆φFW ∆δtot ∆δuncorr α ∆δuncorr/∆φSL ∆δuncorr ≡ ∆δSL
Line [S-deg]
Gun 0.188 0.025 6 · 10−4 0.13 0.10 No
LH 0.188 0.006 2 · 10−4 0.03 0.25 Yes
BC1 0.019 0.100 5 · 10−4 5.26 0.83 No
DBD 0.019 0.005 2 · 10−4 0.26 0.33 No
MBD 0.019 0.005 2 · 10−4 0.26 0.33 No

With the vertical deflector, the longitudinal phase space can be reconstructed
at the screen. The target size accommodates up to a 2% energy spread, 10 ps
fwhm long bunch. The resolution of the measurement of the slice energy spread
σδ,sli is limited by ∆SC to 14 keV rms at 350 MeV. At the same time, eq.4.20 pre-
dicts that a relative slice energy spread, σδ,sli, not smaller than 1 · 10−4 could be
measured to avoid in turn a big error (> 10%) due to the contribution of the geo-
metric optics. So, our best guess for the measurement of the slice energy spread
is σδ,sli = 30 keV±12 keV at 350 MeV. Since the correlated energy spread does
not substantially change through BC1 (CSR contribution to it is pretty small) and
in the approximation of the longitudinal emittance preservation, eq.3.17 states
that the uncorrelated energy spread, σδ, increases by the same factor of which
the bunch length, σt, is reduced. According to particle tracking results of the
FERMI injector [29], the uncorrelated energy spread at 100 MeV is expected to
be close to 3 keV rms. So, assuming a linear bunch length compression by a
factor of 10 in BC1, the measurement of 30 keV in the succeeding spectrometer
line would be an indirect measurement of the uncorrelated energy spread at the
injector level.
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One could finally wonder if the slice energy spread measured with the ver-
tical RF deflector is sufficiently close to the uncorrelated energy spread. Figure
4.8 is a sketch of the image displayed at the screen after the beam vertical de-
flection. The horizontal displacement of the longitudinal slices is proportional
to their energy deviation, ∆δsep, through the dispersion function. The slice hor-
izontal width is proportional to the slice energy spread, ∆δSL. Hence, the linear
chirp is sufficiently small if the slices lateral displacement is much smaller than
the slice horizontal width:

∆xsep � ∆xSL =⇒ ηx∆δsep � ηx∆δSL =⇒ α∆φSL � 4σδ,SL ≈ ∆δuncorr (4.23)

The final form of eq.4.23 is clearly independent of the dispersion and puts a
constraint on the energy chirp. By inserting in eq.4.23 the values in Table 4.3 for
the BC1 spectrometer line, we obtain: 3.3 · 10−3 � 2.0 · 10−3, which is clearly
false. Thus, the slice energy spread measured by dividing the bunch duration
into 30 slices cannot be interpreted as pure uncorrelated one, unless the number
of slices resolved at the screen is increased at least by a factor of 3.

Figure 4.8: Reconstruction of the longitudinal phase space (conceptual). The
beam is vertically deflected and then dispersed on a screen in a horizontal spec-
trometer line.
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4.2.3 Screen Resolution

The diagnostic lines depicted so far are thought to be at fixed beam energy, since
they do not include any active accelerating element. We now want to consider
the beam acceleration along the linac. One of the most sensitive diagnostics to
the beam energy change is the screen system that is primarily used to measure
the transverse profile of the electron beam. Figure 4.9 shows the evolution of the
geometric rms beam size and consequently the required screen resolution.

Figure 4.9: Vertical rms beam size and screen resolution from the injector end
(100 MeV) to the undulator (1.5 GeV) in FERMI@Elettra. The black line sketches
the FERMI layout.

To illustrate this point we recall that, since εN is an invariant, eq.3.8 deter-
mines the energy dependence of the (standard deviation of) beam size, σ =√

βε, when chromatic contributions are neglected. In the realistic assumption of
a constant accelerating gradient (E ∼ s) and for a given average betatron func-
tion β̄ along the accelerator, we have σ ∼ 1/

√
s. In the FERMI@Elettra linac,

β̄ ≈ 20 m (see Figure 2.3) and eq.3.8 pushes the resolution of the screen systems
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down to the 5 µm level at 1.2–1.5 GeV. The two curves overlap but with different
scales, since the rms resolution is defined as 1/5 of the beam size. The normal-
ized emittance is conserved so that the curve is dominated by the oscillating
behaviour of the vertical betatron function (compare with Figure 2.3) and by the
adiabatic damping of the geometric emittance. The tighter screen resolution is
asked to be approximately 5 µm in the Spreader, where the strong quadrupole
focusing and the high energy make the beam transverse size very small. Thus,
a small betatron function at very high energy could be a limiting factor to the
measurement accuracy of the beam transverse size.

4.2.4 Geometric Collimation

Control of beam losses in particle accelerators is often mandatory to protect
equipment. This includes preventing halo particles traveling at large ampli-
tudes and eventually hitting the vacuum chamber creating secondary showers.
The halo is usually intercepted by absorbing metal blocks called collimators;
they locally restrict the vacuum chamber physical aperture without affecting
the main beam. The main beam is defined as the ensemble of particles whose
trajectory in the pseudocanonical transverse phase space (u, u′), with u = x, y, is
contained in an ellipse of area εu, εu being the transverse geometrical emittance
of the beam. By definition, the halo particles have betatron oscillation ampli-
tudes larger than

√
εuβu, βu being the betatron function. To intercept both large

amplitude and large angle particles both a primary and a secondary collimator
are needed. In the literature, a Collimation System (CS) design usually includes
a spoiler and an absorber; the purpose of the spoiler is to increase the transverse
footprint of any unwanted particles before they are stopped in the absorber. The
present scheme relies instead on a CS consisting of two fully absorbing apertures
in the beam path, such as, e.g., a 20 cm long Cu block whose stopping power for
electron beams up to the GeV range is high [85].

Collimation systems are used both on linear [86–91] and on circular acceler-
ators [92–94] to minimize background in physics detectors and to limit the irra-
diation of equipment, possibly leading to demagnetization of undulator perma-
nent magnets. The need of high luminosities in colliders and in linac-based FELs
obtained with high beam intensities makes these problems even more serious.
1-D and 2-D detailed analytical studies and particle tracking simulations of CS
for circular accelerators are available in the literature. The guiding principle for
positioning the secondary collimators in circular accelerators is thought to have
been first given in [95] and independently developed in [96, 97]. More recent
general principles for two-stage, spoiler plus absorber collimation in circular ac-
celerators have been extensively examined in [98–100]. The optimization criteria
of the CS contained in the mentioned references assume the quasi-periodic par-
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ticle motion in a storage ring. The choice of the working point, normally clear of
resonances in the tune diagram, justifies the assumption that particles touch the
primary collimator at their outermost spatial extension. This is not necessarily
true in a linac, since particles might reach the primary collimator with a small
offset but still with a large angular divergence. The quasi-periodic motion also
carries the requirement of a secondary collimator with a larger aperture than
that of the first, because particles that do not interact with the primary collima-
tor must not be affected by the secondary one. This is not the case when using
full-absorption collimators that are therefore allowed to have the same aperture.

Before illustrating the geometric CS of the FERMI@Elettra linac, a brief re-
view of how the collimation process is described in the literature is given. In
[98] the phase advance ∆µ between the primary and the secondary collimator
is the critical quantity to be chosen in order to minimize the excursion of the
particles scattered by the primary collimator:

∆µopt = 2arc sin

(√
1
2

H
L + H

)
(4.24)

where L is the normalized half aperture of the primary collimator and H is the
normalized step back of the secondary one. In [99, 100] the phase advance be-
tween the primary and the secondary collimator is derived by considering the
minimum kick that a particle has to receive in the primary collimator in order to
be intercepted by the secondary one:

cos ∆µopt =
n1

n2
(4.25)

where n1 and n2 are the half apertures (in the normalized phase space) of the
primary and of the secondary collimator, respectively. By definition, L > H in
eq.4.24 and n2 > n1 in eq.4.25 to prevent particles from hitting the secondary
collimator before hitting the primary one. The optimum design of a two-stage,
fully absorbing CS in a single-pass linac driving a FEL is presented in [88, 89],
where the largest clearance between the collimated beam and the undulator vac-
uum chamber is defined by a phase advance of π/2 between the primary and
the secondary collimator. A comparison of the CS performance for linac-based
FELs is reported in [96], where the effectiveness of the collimation system is
quantified by means of particle tracking results in terms of the fraction of ini-
tial halo particles that survive the CS. Particle tracking plays a role also in [91,
92, 101] where the inefficiency ηc is defined as the ratio of the number Ni(Acut)
of particles traveling at amplitudes larger than the cut amplitude Acut over the
number Nimp of particles impacting the collimator; Acut is given by the vacuum
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chamber aperture downstream of the CS:

ηc =
Ni(Acut)

Nimp
(4.26)

As mentioned before, the above criteria are not necessarily always appro-
priate to motion in single-pass accelerators, in which angular divergence rather
than offset is the primary cause for far-out halo buildup. The present study
produces a 1-D analytical expression for the efficiency of a fully absorbing, two-
stage collimation system in a single-pass linac that is independent of the number
of particles impacting the CS and of their transverse distribution. The expression
is a function of the collimators aperture, the vacuum chamber aperture down-
stream of the CS and the optical functions. Unlike the definition given in eq.4.26,
the efficiency is proportional to the number of particles stopped by the real CS
over those stopped by the ideal CS and, unlike the prescriptions of eq.4.24 and
eq.4.25, the efficiency depends not only on the phase advance between the pri-
mary and the secondary collimator but also explicitly on the collimator aperture
and the betatron function value. As a result, for some optics and aperture set-
tings, the predicted optimum phase advance in between the primary and the
secondary collimator differs from π/2. Finally, a more general collimation in-
dex is defined that also describes the case of a real CS with an acceptance smaller
(bigger cleaning capability) than the ideal one.

The analytical approach assumes linear, uncoupled, non-chromatic optics.
The case study of low-β symmetric optics defined over a drift space as shown
in Figure 4.10 is considered. This choice reflects the optics design in the BC1
diagnostic region, as shown in Figure 4.2. The aim is, given an arbitrary halo
particle distribution, to minimize the fraction of halo particles surviving the CS.
The result of the analytical approach is then checked against particle tracking
with the elegant code.

The collimation acceptance is defined in the normalized transverse phase
space with particle coordinates:

X(µ) =
√

εcos(µ + φ) = x√
β

X′(µ) = dX
dµ = −

√
ε sin(µ + φ) =

(√
β dx

ds + α x√
β

)
(4.27)

where X will be replaced by Y when appropriate. The notation refers to the
usual Twiss functions α, β, betatron phase advance (µ), and particle invariant (ε)
for the plane of interest. This transformation reduces the betatron oscillations
to a simple harmonic motion. The simple geometric considerations depicted in
Figure 4.11 show that, for a given collimation half aperture g, a phase advance
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Figure 4.10: Schematic of a two-stage collimation system with low-β symmetric
optics.

∆µ = π/2 between the primary (C1) and the secondary (C2) collimator maxi-
mizes the probability of intercepting particles having large betatron amplitude.
The circular phase space described by eq.4.27 is represented at the C2 location
and limited in spatial position by the collimator half aperture g/

√
β = |IO|.

For a generic phase advance ∆µ in between the collimators, the shadow of C1 at
the location of C2 is represented by the inclined lines |EF|, |GH| tangent to the
circumference. The area a(∆µ) of the parallelogram EFGH is the CS acceptance.
By simple geometric considerations (see Figure 4.11) we can infer that:

a(∆µ) = 2g(EM + IM + HI)/
√

β = 4g2| sin ∆µ|/β (4.28)

The parallelogram base EH increases monotonically from 2g/
√

β to +∞ as
∆µ goes from π/2 to 0 (while its height remains 2g/

√
β). The minimum ac-

ceptance for a given collimator half aperture is therefore the area ABCD corre-
sponding to ∆µ = π/2, amin = 4g2/β. For any g 6= 0, a(∆µ) ≥ amin > 0 and
∆µ = π/2 allows one to obtain the same acceptance but with the largest half
aperture. This is usually a major goal in order not to restrict the accelerator vac-
uum chamber and, for this reason, we can set aopt ≡ amin = 4g2/β. We propose
to define the “collimation efficiency as function of the relative phase advance”
between the primary and the secondary collimator as follows:

ξcoll(∆µ) =
1/a(∆µ)

1/amin
= | sin ∆µ| (4.29)

where the symbol ξ is used for the collimation efficiency instead of η, in the
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Figure 4.11: Two-stage collimation system acceptance in the normalized phase
space.

literature usually referred to signify the collimation inefficiency. For any given
incoming beam, the quantity 1/amin is supposed to define the optimum number
Nopt of particles stopped by the CS. Hence, ξcoll(∆µ) can be interpreted as the
ratio of the number Nreal of particles stopped by the real CS over the optimum
number Nopt.

The CS acceptance has to be fixed according to the area in the transverse
plane (x, y) to be protected from stray particles. Inside the vacuum chamber, for
simplicity assumed as cylindrical, a safety clearance area of width ∆ = R− r ≥ 0
is defined. The main goal of the CS is to prevent particles traveling through
the real space in the shaded region (R − r) of Figure 4.12. Here, R = OA is
the chamber radius; r = OC is the beam-stay-clear radius; a clearance ring of
width ∆ = BC prevents particles from hitting the vacuum chamber surface. The
collimator half aperture footprint g = OD is also projected on the (x, y) plane
(not to scale). With reference to Figure 4.12, the optimum collimator acceptance
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Figure 4.12: Cross section of the undulator vacuum shadowed by collimators.

aopt can be defined for any ∆opt > 0 as follows [88, 89]:

aopt =
(R− ∆opt)2

2β0
=

r2
opt

2β0
(4.30)

where β0 is the maximum betatron function over the layout region to be pro-
tected by particle hits. The optimum collimator half aperture is then calculated
for a given betatron function βcoll at the collimator. One has:

gopt =
√

aoptβcoll (4.31)

Once aopt is fixed by eq.4.30, then gopt is also specified. However, the practical
lower limit of the collimator half aperture is usually determined by the effect of
the transverse wake field in the collimator on the main beam dynamics [102, 103]
and the real half aperture g may happen to become larger than gopt. Now, we
assume r =

√
2β0a = g

√
2β0/βcoll to be the radius of the CS defined by the real

acceptance a or, equivalently, by the real gap g, is different from the optimum
value ropt in eq.4.30. For any 0 ≤ ∆ ≤ ∆opt, one can define the “collimation
efficiency as function of the collimator half aperture” as follows:

ξcoll(r) =
R2 − r2

R2 − r2
opt

(4.32)
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By definition, 0 ≤ ξ(r) ≤ 1 and it describes the ratio of the clearance area defined
by the real CS over its nominal value. The optimum case of unity efficiency is
given by r = ropt, when particles are stopped exactly at the desired amplitude
ropt. When r = R, the CS does not shadow the downstream vacuum chamber,
all particles are allowed to hit the chamber and therefore the efficiency is zero.

In order to characterize the expected CS performance both in terms of the
phase advance between the primary and the secondary collimator and of their
half aperture, we propose the following definition of “collimation index” as the
product of the two efficiencies in eq.4.29 and in eq.4.32:

χcoll =
R2 − r2

R2 − r2
opt
| sin ∆µ| (4.33)

The physical meaning of eq.4.33 is the following.
(i) For any width of the clearance area 0 ≤ ∆ ≤ ∆opt we have 0 ≤ χ ≤

1 and χ can be interpreted as general collimation efficiency. In this case, the
relative phase advance that gives the (local) maximum of collimation efficiency
is π/2. Alternatively, if the phase advance is fixed, the collimation efficiency is
maximum for ∆ = ∆opt.

(ii) For any width of the clearance area ∆opt < ∆ ≤ R, χcoll can be greater
than 1, in which case it describes a CS that, for the same incoming beam, is
stopping more particles than in the ideal case.

(iii) A null phase advance leads to zero efficiency because it implies that one
collimator only is active; thus, for any finite collimator half aperture there is
no cleaning of particle angular divergence. Alternatively, a clearance area of
width ∆ = 0 leads to zero efficiency because, for any phase advance between
the collimators, it allows particles to travel at amplitudes as large as R in the
downstream vacuum chamber.

Eq.4.33 can be made more explicit by substituting eq.4.30 into eq.4.32 and
then giving the explicit dependence of βcoll on the lattice geometry. A simple
case is given by the two-stage CS in the presence of low-β symmetric optics, as
shown in Figure 4.10. This is clearly the case of the FERMI optics in the linac
diagnostic areas (see Section 2.3). If β̌ is the betatron function at the waist and
∆s is the CS half length, then we have:

β(∆s) = β̌ + ∆s2

β̌

∆µ(∆s) = 2 arctan
(

∆s
β̌

) ⇒


∆s =
√

β̌(β(∆s)− β̌)

∆µ(∆s) = 2 arctan
(√

β(∆s)−β̌

β̌

) (4.34)

finally giving:

β(∆s) = βcoll = β̌

[
1 + tan2

(
∆µ

2

)]
(4.35)
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where 0 ≤ ∆µ ≤ π. Substituting eqs.4.30, 4.31 and 4.33 into 4.35, we obtain:

χcoll =
R2 − g2 β0

β̌
(1 + cos ∆µ)

R2 − r2
opt

sin ∆µ (4.36)

Let us now assume that the geometrical or optical parameters of the CS
might not be free parameters because of wake field effect, space limitations,
costs, or specific optics set for diagnostic purposes. Owing to the trigonomet-
ric functions in 4.36 and for any ropt ≤ r ≤ R, the maximum of collimation
efficiency does not necessarily occur at the π/2 phase advance. For example, if
the collimator is defined with a half aperture larger than its optimum value, a
wider phase advance could be adopted to obtain larger betatron functions at the
collimators. Figure 4.13 shows the collimation index χcoll as defined in eq.4.36,
as a function of the CS phase advance ∆µ. The solid curve refers to the optimum
set of parameters (nominal collimator half-aperture 1.4 mm): χcoll = 1 at 90 deg.
The dotted curve and the dashed curve refer to a smaller (1.2 mm) and a big-
ger (1.6 mm) collimator half aperture, respectively. In these cases, χcoll can be
restored to 1 at 71.4 deg and at 104.4 deg phase advance, respectively. The bot-
tom line shows the betatron function at the collimators location. Table 4.4 lists
the fixed parameters used for the calculation: the vacuum chamber radius and
the clearance aperture downstream of the CS, the betatron function at the waist
and at its maximum downstream of the CS. Table 4.5 summarizes the parame-
ters that vary when different curves are considered. The proposed scenario well
fits the optics parameter and layout of the CS in the FERMI@Elettra diagnostic
areas, located downstream of BC1 and of the whole linac.

Table 4.4: Fixed parameters of the 2-stage collimation system.

Parameter Value Unit
R 3.5 mm
∆/R 0.2
β0 12 m
βwaist 3 m

The validity of the analytical results shown in Figure 4.13 and in Table 4.5
has been benchmarked with particle tracking. As mentioned before, eqs.4.33
and 4.36 were defined, for any given incoming beam, as the ratio of quantities
proportional to the number of particles stopped by the real CS over the design
value. Similarly, the collimation performance extracted from simulation results
is here determined by the ratio of the number of particles stopped by the real CS
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Figure 4.13: Collimation index χcoll vs. relative betatron phase advance between
the two fully absorbing geometric collimators.

Table 4.5: Optics parameters to restore the optimum collimation defined by
χcoll = 1.

Collimator Optimum ∆s βcoll
half aperture [mm] phase advance [deg] [m] [m]

1.4 90 3.0 6.0
1.2 71.4 2.16 4.6
1.6 104.4 3.87 7.98

over the number of particles stopped by the nominal layout, both evaluated at
the downstream location where β = β0:

χsim(β0) =
Nreal
Nopt

(4.37)

The 0.7 nC charge of the main beam at the entrance of the CS has a symmetric
Gaussian distribution in (x, x′) and (y, y′) with a 3-sigma cutoff in phase space.
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Its rms geometric emittance is 0.91 · 10−8 mm mrad. The 0.3 nC charge halo
beam is depicted by a symmetric Gaussian particle distribution in (x, x′) and
(y, y′), centered on the main beam axis and extending at radius twice that of the
main beam. The mean energy is 250 MeV and rms energy spread of 0.1%; no
energy chirp is considered. The whole beam is represented by 105 particle self-
generated by elegant and matched to the lattice optics. Figure 4.14 shows the
particle distribution after horizontal collimation for the CS parameters listed in
Tables 4.4 and 4.5, half aperture 1.4 mm.

Figure 4.14: Particle distribution after horizontal collimation. From left to
right: physical transverse plane (x, y) observed downstream of the CS, where
β = β0 =12 m; vertical particle distribution with σy = 0.415 mm; horizontal
particle distribution with σy = 0.388 mm. The absorbing coefficient predicted
by elegant code for 105 initial particles is 3.3%.

The optimum cleaning is defined by the two-stage CS as described by the
geometrical parameters listed in Table 4.4 and in Table 4.5, for a nominal colli-
mator half aperture of 1.4 mm and a relative phase advance of 90 deg. The two
collimators C1 and C2 are identical, rectangular and perfectly absorbing. In this
ideal case, the percentage of stopped particles is Nopt = 3.3% and this defines
the unity collimation efficiency (in other words, it is supposed the user wants to
stop exactly this amount of particles). We now assume that the installed colli-
mators have a half aperture different from the nominal. If the magnetic lattice
cannot be changed – for example, due to stronger constraints on the optics or
if there is no space available for a different configuration of the CS –, then the
collimation efficiency changes.

Table 4.6 shows that the collimation performance simulated by elegant agrees
with the analytical prediction both for smaller and larger half apertures than
the nominal one, with a discrepancy of 6% and 20%, respectively (numbers in
parentheses refer to the 2-D collimation performed with rectangular jaws; in this
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case, the 2-D collimation index is calculated as the product of the two 1-D ones).
Several runs with different seeding numbers generating the initial particle dis-
tribution show fluctuations within 10% of χsim that are intrinsic to the tracking
procedure; this uncertainty reduces the discrepancy between χsim and χcoll .

As a final check, the optics is rematched in elegant for the 1.2 and 1.6 mm
half apertures to re-establish the unity collimation efficiency according to the an-
alytical prescriptions in Table 4.5. The resulting collimation efficiencies are listed
in Table 4.7; they converge towards the (nominal) unity value with a discrepancy
smaller than 9%.

Table 4.6: Simulated and analytical collimation performance for π/2 phase ad-
vance.

Collimator ∆µC1−C2 Particles σ(β0) χsim χcoll
half aperture [mm] [deg] stopped [%] [µm] Eq.4.36 Eq.4.33

1.4 90 3.3 (6.7) 391 1.0 (1.0) 1.0 (1.0)
1.2 90 7.9 (15.3) 369 1.4 (2.3) 1.5 (2.3)
1.6 90 1.3 (2.5) 404 0.6 (0.4) 0.5 (0.3)

Table 4.7: Simulated and analytical collimation performance for optimum phase
advance.

Collimator ∆µC1−C2 Particles σ(β0) χsim χcoll
half aperture [mm] [deg] stopped [%] [µm] Eq.4.36 Eq.4.33

1.4 90 3.3 (6.7) 391 1.0 (1.0) 1.0 (1.0)
1.2 71.4 3.6 (7.5) 395 1.4 (2.3) 1.09 (1.12)
1.6 104.4 3.5 (6.9) 388 0.6 (0.4) 0.6 (1.03)

As already mentioned, eq.4.36 well suits to the low-β symmetric optics that
was designed for the BC1 diagnostic area. Geometric collimation of the electron
beam has to be installed downstream of BC1 to clean up the halo particles that
could be generated during the bunch length compression because of energy- or
optics-mismatch. According to eq.4.36, a two-stage, full absorbing CS with half-
aperture of 2 mm and relative phase advance ∆µx,y = 2π/3 between the two
collimators, in each transverse plane, completely shadows the undulator cham-
ber with minimum half-gap of 3.5 mm in the vertical plane. A clearance dis-
tance from the inner chamber surface of 20% of the inner radius was assumed.
The real device installed in the FERMI linac, downstream of the BC1 magnetic
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chicane and also at the linac end, has two other optional half-apertures of 3 and
4 mm radius to make the CS more flexible in terms of beam acceptance. Nomi-
nally, these larger apertures do not shadow the undulator chamber but are still
able to stop particles traveling at amplitudes larger than the mentioned gap. The
real efficiency and stopping power of the CS should then be verified by tracking
more detailed halo particle distributions and, of course, during commissioning.

4.3 Conclusions

The analytical evaluation of the effect of the magnetic field errors, magnet mis-
alignments and chromatic aberrations in the presence of linear and nonlinear
fields on the transverse beam dynamics in the FERMI@Elettra linac has been
presented. Using the beam matrix formalism and theory of field expansion
introduced in Section 3.2, the specifications for the magnets field quality and
alignment have been given in order to limit the emittance dilution to 1% for
each individual error source. Then, in the assumption of linear optics transport,
the design of a dispersion-free, straight diagnostic line and of a dispersive diag-
nostic line has been presented. With particular attention to the FERMI@Elettra
lattice, the BC1 region for electron beam diagnostic and production has been
discussed. The optics requirements coming from the beam diagnostic perfor-
mance have been integrated into the optics design. So, the intrinsic resolution
of the mean energy and energy spread measurement has been evaluated. The
possibility of measuring the correlated, uncorrelated and slice energy spread at
all the dispersive lines of the FERMI@Elettra lattice has also been investigated.
The measurement of several beam parameters has been simulated with particle
tracking. Finally, a two-stage station for beam geometric collimation, integrated
into the straight diagnostic line, has been discussed. The collimation efficiency
has been analytically defined and the theoretical prediction for the BC1 case
study agrees well with the result of particle tracking.
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