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Chapter 3

Theoretical Tools for Machine
Design

This Chapter1 contains the theoretical basis used to describe the single parti-
cle and electron beam collective dynamics in a single-pass linac. In spite of the
general validity of the theoretical models, their applicability to the FERMI case
study is discussed. First, Liouville’s theorem of phase space volume conserva-
tion is recalled to illustrate the goal of an ideal machine design that is the full
preservation of the electron beam 6-D emittance. Then, perturbations of the
beam dynamics that invalidate the theorem are considered. The single parti-
cle transverse dynamics includes the issue of optics matching, magnetic field
errors and chromatic aberrations. The principle of linear and nonlinear bunch
length compression is discussed for the longitudinal dynamics. The collective
effects refer to the short-range space charge forces, short-range structural (also
called geometric) wake fields in the linac and microbunching instabilty devel-
oping first in the linac – as the resultant perturbative interaction of coherent
synchrotron radiation emission in bends, longitudinal space charge force in the
linac and dispersive motion in the magnetic compressor – and then in the FEL.

1This Chapter recalls well known theory of accelerator physics. The references are highlighted in
the text.
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3.1 Particle Motion in the Phase Space

3.1.1 Liouville’s Theorem: Limit of Applicability

Particle motion in an optoelectronic transport system is called laminar if it as-
sumes a point emitter and optics elements free of aberrations, which implies the
system is perfectly linear and non-dispersive. Since these conditions cannot be
satisfied in reality (a particle beam has finite extensions and velocity spread, the
optical line has some residual aberrations), the concepts of beam emittance and
brightness have been introduced. The former describes the spread in the con-
figuration (x, y, z) and velocity (vx, vy, vz) space of the beam population with
respect to an arbitrary defined reference particle (usually this is the beam cen-
ter of mass or center of charge); the latter defines the time averaged or peak
transverse particle density. Formally, the definitions of emittance and bright-
ness imply physical quantities that are related to the single-particle motion sat-
isfying the linear approximation of the second-order paraxial ray equation [45].
This describes the particle trajectory in the configuration space for small devi-
ations from the optical axis and only linear variations of electric and magnetic
fields around it. This formalism is the basis for the corpuscular optics and very
suitable for studying laminar beams. Since beam emittance and brightness in-
volve by definition a whole ensemble of particles, a paraxial envelope equation
has also been associated with the single-particle ray equation: provided that
the emittance is invariant (a constant of the motion), the envelope equation de-
scribes the behaviour of a “perfect”, nonlaminar beam.

The paraxial formalism becomes inadequate when we try to follow the evo-
lution of an intense beam with appreciable spatial dimensions in a complicated
transport system. In this case, the optical line design and optimization study
has to prevent deterioration of the injected beam quality. This problem is con-
siderably simplified by the use of the Hamiltonian formalism, which governs
the trajectories of points representing particles in phase space. The concepts of
emittance and brightness were then introduced in terms of invariants that result
from Liouville’s theorem [46]. Complementary definitions of rms, projection
and section emittance were firstly given by Lapostolle [47], the latter ones be-
ing recently translated into the more common notations of projected and slice
emittance, respectively.

The Hamiltonian – or canonical – equations of motion of a N-particle en-
semble with k degrees of freedom consist of a set of 2k first-order differential
equations:

dqi/dt = ∂H/∂pi
dpi/dt = −∂H/∂qi

(3.1)

that involves a set of 2k generalized coordinates defining the phase space (qi, pi),
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with i = 1, ...N, and the total energy Hamiltonian function H. The more proba-
ble configurations of the ensemble of particles are represented by higher values
of a probability function also known as the phase space density function, f6N .
For N identical and non-interacting particles in the 3-D configuration space and
with 6 degrees of freedom, the single-particle Hamiltonian depends only on the
6 pseudo-canonical coordinates (x, x′, y, y′, z, δ). Here the angular divergences
x′, y′ are defined as the ratio of the transverse over the longitudinal momen-
tum, x′ = px/pz, y′ = py/pz. The relative energy or momentum deviation
δ = ∆pz/pz is also introduced.

We summarize without proof [45] the main properties of the trajectories as-
sociated with the coordinates (q1, p1) and independent of the 4 others.

• The trajectories in the 2-D phase space (q1, p1), Γ2, depend uniquely on
the initial values (q0, p0) and the time. Thus, at a given instant of time the
trajectories corresponding to different initial pairs nowhere intersect. As
a consequence, if H is explicitly independent of time – it is an invariant
of the motion – the trajectories in Γ2 are independent of time and cannot
intersect. In the case of an oscillatory system, the curves of constant H are
closed and do not intersect.

• A boundary that encloses a group of particles at time t1 will transform into
another boundary at time t2 enclosing the same group of particles.

• Under linear transformation of the particle coordinates – linear transfer
map describing the optical system – the topology of the curves in phase
space is preserved. For Hamiltonian systems, the area of an ellipse is con-
served, although the eccentricity changes with time, since the determinant
of the transfer matrix is equal to unity for non-dissipative equations of
motion.

The last statement is, in fact, a special case of Liouville’s theorem that corre-
sponds to the continuity equation for the phase space density function f :

d f
dt

=
∂ f
∂t

+
k

∑
i

(
∂ f
∂qi

q̇i +
∂ f
∂pi

ṗi

)
= 0 (3.2)

Eq.3.2 states that for Hamiltonian systems, the density of the representative
points – or particles – in the appropriate phase space is invariant along the tra-
jectory at any given point. The theorem can also be expressed in terms of the
invariance of the phase space hypervolume enclosing a chosen group of parti-
cles as they move in phase space, if the number of particles in the volume does
not change with time: the fictitious gas of points thus behaves as an incompress-
ible fluid. So, if we define ~w = (q̇, ṗ) and d~f is the vector of the surface element
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enclosing the hypervolume V(t), then at the time t + ∆t the particles will be
occupying another volume V(t + ∆t), as shown in Figure 3.1. Following [48],
we show that the initial and the last volumes are the same that is the volume is
preserved by the Hamiltonian flow:

dV(t)
dt

=
∫

~w · d~f =
∫
∇· ~wdv =

∫ (
∂q̇
∂q

+
∂ ṗ
∂p

)
dv =

∫ (
∂2H
∂q∂p

+
∂2H
∂p∂q

)
dv = 0

(3.3)
The shape of the domain boundary in phase space may be considerably de-
formed, for example, under the effect of nonlinear forces, but the volume en-
closed remains constant. This volume is the emittance of the particle ensemble.

Figure 3.1: Area-preserving map in the canonical phase space [48].

In its more general sense, Liouville’s theorem applies to Hamiltonian sys-
tems in which the forces can be derived from a potential φ(~q, t) that may be time
dependent, but must not depend on the particles’ momentum. This is shown
by assuming non-Hamiltonian forces denoted by Qi, so that in the associated
generalized phase space the Liouville invariance condition, eq.3.2, becomes:

d f
dt

= − f
k

∑
1

∂Qi
∂pi

(3.4)

Eq.3.4 gives the rate of change of phase space density under the action of non-
Hamiltonian forces. The phase space density may be preserved, provided that
the non-Hamiltonian forces are not dependent on the momenta. Thus, the fol-
lowing phenomena limit the applicability of the Liouville’s theorem to particles
motion in an accelerator: collisions, wave mechanical effects, space charge forces

32



– intended as short-range inter-particle Coulomb interactions –, wake fields,
electromagnetic radiation emission and absorption. One of the main purposes
of the machine design and optimization study carried out for FERMI@Elettra
was that of preserving the initial 6-D volume – or density, for a constant num-
ber of particles – along the entire electron beam delivery system. Almost all the
afore-mentioned effects have been analytically evaluated and simulated in order
to predict not only the volume distortion, but also its blow up due to frictional
forces, as depicted in the following.

ii) Dipole and quadrupole magnets field errors, misalignment and vibration
leads to specifications for the machine static alignment and stability, as
discussed in Section 4.1.

i) The effect of the geometric collimation on the transverse particle distribution
is evaluated and discussed in Section 4.2.

iii) The particle motion in the presence of short-range space charge (SC) forces2

along the FERMI linac is investigated in Section 5.1.

iv) The geometric longitudinal wake field in the accelerating structures dilutes
the longitudinal phase space of the beam by introducing linear and nonlin-
ear correlations. The wake field induced energy chirp requires a suitable
arrangement of the linac RF phases in order to minimize the final energy
spread, to recover the nominal energy and to ensure an efficient bunch
length compression. The electron beam dynamics in the presence of longi-
tudinal wake field in the FERMI@Elettra linac is discussed in Section 5.2.

v) The geometric transverse wake field in the accelerating structures dilutes
the transverse phase space of the beam by introducing linear and nonlin-
ear correlations between the longitudinal coordinate z inside the bunch
and the transverse phase space. The wake field induced transverse emit-
tance dilution can be compensated by canceling the transverse wake field
kick with a proper trajectory correction along the entire linac, as shown in
Section 5.3.

2In general, Liouville’s theorem still applies in the 6-D phase space in the limit of very small
correlations established by the space charge forces between particles, so that each particle moves in
the same way than all the others, in the collective (also named ”mean”) field generated by all the
others. Quantitatively, this situation is satisfied if the number of particles in the Debye sphere sur-
rounding any particle is large, that is λD � n−1/3, where n is the density of charged particles in the
configuration space and λD is the Debye length that is the ratio of the thermal velocity, (KT/m)1/2,
to the plasma frequency ωp = (q2n/mε0)

1/2, q and m being the particle charge and mass. Then, a
smoothed out potential due to all particles may be calculated from the density distribution in the
configuration space and its contribution included in the Hamiltonian system of forces appearing in
Liouville’s equation 3.2. This procedure leads to the derivation of the Maxwell-Vlasov equation,
which self-consistently describes the behaviour of an assembly of charged particles.
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vi) Coherent Synchrotron Radiation (CSR) emission implies a careful design of
the dispersive systems used for magnetic bunch length compression and
beam transport. A detailed study of the CSR instability for FERMI@Elettra
is carried out in Section 5.4.

vi) Longitudinal Space Charge (LSC) field inside a high charge density beam
induces broad bandwidth energy modulations that corrupt the flatness of
the beam longitudinal phase space. Moreover, energy modulations are
converted into density modulations when the beam passes through dis-
persive sections of the lattice. The amplification of such conversion along
the accelerator is called microbunching instability and its development in
FERMI@Elettra is discussed in Section 5.5.

vii) Alternative schemes of magnetic compression that suppress the microbunch-
ing instability and improve the electron beam quality are discussed in
Chapter 6.

3.1.2 Beam Emittance

The FEL demands full preservation of the 6-D electron beam emittance as at the
injector level. The emittance conservation law is stated in Liouville’s theorem.
Provided that the Liouville’s theorem is (approximately) valid for the case of
interest, it can applied considering any special features of the system such as
symmetry and possible interdependence between the degrees of freedom. For
each 4-D phase space, Γ4, one may, for example, consider the motion of the N
particles of the whole system whatever the coordinates associated with the two
other components. Hence, the domain in Γ2 appears as the “projection” of the
hypervolume occupied in Γ6 onto the particular 2-D plane:

f2(q1, p1) =
∫ ∫ ∫ ∫

f6(q1, p1, q2, p2, q3, p3)dq2 − dq3dp2 − dp3

Area(Γ2) =
∫ ∫

allNpoints dq1dp1

(3.5)

Alternatively, one may consider the behaviour of a limited fraction of the parti-
cles cloud – for example, particles satisfying conditions imposed on the coordi-
nates of the other two degrees of freedom. Particular “sections” through Γ6 are
then obtained. If the degrees of freedom are not coupled, Liouville invariance
applies both to projection and section phase space domains. These domains do
not, however, refer to the same number of particles and, in general, their extent
and density in phase space are different.

Figure 3.2, left plot, conceptually illustrates eqs.3.5 applied to the 3-D real
space, in which for simplicity of representation a spherical volume is initially
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considered. A particle density function f3 is defined in the volume. By integrat-
ing f3 along the z-coordinate, the projected area in the (x, y) plane is obtained,
characterized by the 2-D density function f2. A further integration along the
y-coordinate projects the initial f3 onto the f1 density function, which describes
the particle distribution along the segment extending in the x-direction, irre-
spective of the other two coordinates y and z. We now assume that each particle
contained in the initial volume has an additional velocity vector (vx, vy, vz). The
definition of the initial density function f3 is therefore extended to the 6-D f6.
The integration of f6 over all coordinates behaves exactly in the same way than
f3. So, f2 is obtained that describes the distribution of particle position and ve-
locity along the horizontal segment shown in Figure 3.2, left plot. The 2-D area
occupied by the ensemble of particles in the phase space (x, vx) is called hor-
izontal projected emittance. Identical definitions apply to the other planes, by
integrating f6 along different axes.

The same procedure can be repeated but now restricted to a small longitudi-
nal portion of the volume, for example denoted by the longitudinal coordinates
z and z + ∆z, as sketched in Figure 3.2, right plot. Typically, ∆z is chosen to be
much smaller than total length of the volume. The horizontal emittance can still
be computed as a projection of the initial 6-D emittance onto the plane (x, vx).
But, since only the particles inside the small portion of the volume of length ∆z
are considered, the projected area is now called horizontal slice emittance. Iden-
tical definition applies to the other planes, by projecting the 6-D emittance onto
different axes and selecting portions of the volume along different directions.

Figure 3.2: Conceptual illustration of projected (left) and slice (right) phase
space area in 3-D.

In the case the electron beam dynamics in a linac for a FEL, the slice notation
usually refers to the longitudinal coordinate (time duration or bunch length) in-

35



side the particle cloud. For this reason, the transverse slice emittance could be
preserved along the transport system, for each bunch slice, but the slices mis-
alignment or mismatch in the transverse phase space – each slice centroid is
following a different trajectory or each slice has a different emittance from an-
other – can effectively lead to a projected emittance growth. On one hand, the
preservation of the slice emittance as the injector level is important because it en-
sures an efficient FEL power amplification. On the other hand, time arrival jitter
between the electron beam and the external seed laser for HGHG FELs focuses
the attention on a portion of the bunch much longer than the FEL cooperation
length, so that the preservation of the projected emittance (either defined over
the whole bunch length or a considerable part of it) is important as well.

Real measurements of the transverse emittance usually involve particle co-
ordinates in the so called pseudo-canonical transverse phase space (x, x′, y, y′),
instead of the afore-mentioned canonically conjugate coordinates (x, px; y, py),.
The exact relation between the canonical momentum and the angular diver-
gence of a relativistic particle is:

px = mrelvx + qAx = mcβγx′ + qAx (3.6)

where we have used the usual relativistic parameters β = vz/c, γ = 1/(1 −
β2)1/2 and the magnetic field potential Ax. The same formalism applies to the
vertical plane. If we restrict the magnetic field to the transverse plane (Ax =
Ay = 0), such as in the hard-edge field approximation, the Liouville invariant
can be written as follows:

Υ4 =
∫ ∫ ∫ ∫

allNpoints dxdpxdydpy =

= (mcβγ)2
∫ ∫ ∫ ∫

allNpoints dxdx′dydy′ = (mcβγ)2V4

(3.7)

As a consequence, the hypervolume of the pseudo-canonical phase space, V4,
is preserved only if the particles longitudinal momentum is a constant of the
motion. The hypervolume is called “geometric” hyperemittance, ε4 = V4 in
units of m2rad2 and the brightness, B4, which is the average value of the par-
ticle density in the pseudo-canonical phase space is also given: B4 = I/ε4, in
units of Am−2rad−2. According to eq.3.7, the “normalized” hyperemittance,
εN,4 = Υ4/(m2c2) = β2γ2ε4, is preserved even during acceleration, as well as
the normalized brightness BN,4 = I/εN,4.

It is straightforward to restrict the same analysis to the 2-D phase spaces rep-
resenting the particle motion in the horizontal or in the vertical plane. Assuming
the motion in the two planes is uncoupled, we can write for each plane:

ε =
∫ ∫

dxdx′ =
εN
βγ

(3.8)
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in units of m rad. The energy dependence of the geometric emittance, eq. 3.8, is
called “adiabatic damping”.

Under special conditions, the relation between the 4-D hypervolume V4 and
the 2-D phase space areas described by eq.3.8 assumes a general form:

V4 = A2,x A2,y/χ −→ ε4 = εxεy/χ −→ B = χI/(A2,x A2,y) (3.9)

in which χ is a form factor, approximately equal to 2. This value corresponds to
a hyperellipsoid in Γ4, the projections of which have elliptical boundaries [74].
The trajectory of harmonic oscillator is an ellipse in Γ2 and elliptic domains will
therefore occur if: i) the particles move in a field that attracts them linearly to-
wards the axis (linear paraxial approximation); ii) the motion is unbounded in
configuration space (no collimation). The special volume in Γ4 in fact corre-
sponds to a surface density uniformly distributed over a hyperellipsoid and is
known as the Kapchinsky-Vladimirsky distribution or the microcanonical distribu-
tion. It gives rise to linear SC fields so that the propagation of such beams can be
studied analytically, even when the current is high.

Unlike the microncanonical distribution, if the beam has boundary contours
in phase space very different from ellipses, then the alternative definition of sta-
tistical emittance may be used that relies on the idea that it is always possible
to define a perfect beam – corresponding to a uniformly filled ellipse –, the be-
haviour of which indicates that of the real beam. This idea proved to be invalu-
able as a measure of the order or disorder in the domain occupied by the beam in
the configuration space. In order to explain this, we consider a real beam, with
density f2(x, x′). The second moments of this distribution, < x2 >, < x′2 > and
< xx′ > are related to the beam width, transverse velocity spread and position-
to-angular divergence correlations, respectively. The “equivalent” perfect beam
is then defined to be the perfect beam having the same intensity and the same
second moments of the real projected transverse distribution. Notice that for a
perfect beam, by definition, the half-width, a, in the x-direction is the maximum
value of x: a = xmax =

√
< x2 >. The half-angular velocity spread, a′, defined

to be x′max, is then: a′ = x′max =
√
< x′2 >. The geometric root mean square or

rms emittance, in units of mrad, is therefore given by [49]:

ε = pq =
√
< x2 >< x′2 > −(< xx′ >)2 (3.10)

irrespective of the orientation of the ellipse relative to the axis. For an upright
ellipse, < xx′ >= 0. The expression in the square root is also the determinant of
the so called beam matrix:

ε =

√
det
(

< x2 > < xx′ >
< xx′ > < x′2 >

)
(3.11)
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With the use of the standard deviations σx, σx′ and the correlation coefficient
r = <xx′>√

<x2><x′2>
≤ 1, the expression of the rms emittance can also be written as:

ε = σxσx′
√

1− r2 (3.12)

Unlike eq.3.10 and 3.11, this expression is still valid when the mean values <
x > and < x′ > do not vanish. For simplicity of notation, in the following
we will always assume < x >= 0 and < x′ >= 0 (same in the other two phase
spaces) unless differently specified, so that the rms definition coincides with that
of standard deviation.

A further mathematical manipulation of eq.3.10 allows one to write the sta-
tistical emittance also in this form [50]:

ε =
1
N

√√√√2
N

∑
i=0

N

∑
j=0

A2
ij (3.13)

that is the (square root of) the sum of the squared areas A2
ij of all the N(N− 1) tri-

angles formed by any couple of representative points Mi = (qi, pi), Mj = (qj, pj)
in Γ2 and the origin of coordinates O. Thus, the emittance can be considered as a
statistical mean area: the rms area of the triangles OMi Mj as sketched in Figure
3.3. This statistical mean area is not the area of a limiting contour, such as in
the case of the Liouville emittance, but the measure of the spread of the points
around their barycentre. When their spread increases, the rms triangle area in-
creases. For the same reason, points at very large distance from the barycentre
give large contribution to the statistical emittance. If there is a long but small
tail, the statistical emittance overestimates the spread of the distribution.

The mean-square values are bounded for all distributions of practical interest
and the rms emittance is a highly indicative measure of the fraction of interest
for the most real beams. Thus, we can define the statistical emittance as func-
tion of the betatron function βx and the standard deviation of the beam size
σx = (< x2 >)1/2 at a certain position along the transport system, for any de-
sired percentage of particles (P) contained in the ellipsoidal boundary (of the
equivalent perfect beam) defined in the 2-D pseudo-canonical phase space:

εx(P) =
A(σ2

x)

βx
=

k2σ2
x

βx
(3.14)

where k is the effective fraction of beam size that corresponds to the betatron
amplitude A(σx). In the special case of a Gaussian 2-D distribution function,

f2(x, x′) =
1

2πσxσx′
e
− x2

2σ2
x
− x′2

2σ2
x′ (3.15)
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Figure 3.3: Emittance as a statistical mean area.

k is related to the percentage P of beam particles to which the statistical emit-
tance refers by k =

√
−2ln(1− P). Thus, the percentage of particles enclosed

by the ellipsoidal contour in Γ2 can be computed for any k value, as shown in
Table 3.1. The probability that a particle is inside the phase space contour corre-
sponding to the specified statistical emittance is 1− e−c/2, where c is the constant
term in the equation describing the ellipsoidal contour in Γ2:

x2

2σ2
x
+

x′2

2σ2
x′

= c (3.16)

Table 3.1: Fraction of particles in the 2-D phase space vs. number of standard
deviations of the beam transverse size.

k 1.0 1.2 1.5 1.8 2.0 2.15 2.45 3.0 4.0
P [%] 39 51 67.5 80 86.5 90 95 98.9 99.97

The beam statistical emittance is an invariant of the motion if and only if the
focusing effect of the transport system is linear [49]. In fact, its invariance is
a consequence of the transformation imposed on an ellipse by a linear system
and not of Liouville’s theorem, which is only applicable to a surface enclosing
an ensemble of effective representative points. We stress that the area within
an isodensity curve in phase space is conserved as the particles move through
an even nonlinear but Hamiltonian system; on the other hand, the statistical
emittance will increase as a result of distortion or even filamentation of the oc-
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cupied area in Γ2. In other words, in the presence of a nonlinear transfer map
the straight line joining a couple of points Mi, Mj is not mapped onto a straight
lines and the triangle OMi Mj mentioned above is not mapped into another tri-
angle. As a matter of fact, the majority of the experimental set ups deal with
the statistical emittance, not with the Liouville one, because the particles’ coor-
dinates can be measured and the emittance easily computed with eqs.3.10–3.12.
In practical applications, the statistical emittance is a good measure of the beam
line acceptance needed to transport the beam without losses. Consistently with
the experiments, most of the particle tracking codes used in this Thesis compute
the rms emittance starting from the particle distribution. The rms emittance co-
incides with the Liouville emittance as long as the transport system is linear.
So, the rms emittance is a convenient parameter for matching a beam to a lin-
ear transport system and, at the same time, it might be used for describing the
degree of nonlinearity of the real system and the consequent mismatch of the
beam to the magnetic lattice.

We now move to the longitudinal particle motion. We consider a 6-D particle
density f6(x, x′, y, y′, t, δ). The time coordinate, t = cz, depicts the longitudinal
position along the bunch of an ultra-relativistic particle (β ≈ 1). The origin of
coordinates is that of a reference particle whose vector of coordinates is zero. By
integrating f6 over the four transverse coordinates and then again along t, we
obtain the 1-D distribution of the particle energy relative deviation. We define
the rms of such a distribution as the total relative energy spread of the particle
beam that is occupying the hypervolume of interest. The total energy spread
includes, in general, two contributions: the correlation term between the lon-
gitudinal coordinates (t, δ) and the uncorrelated term that is only given by δ.
We want to give their mathematical definition by introducing first the longitu-
dinal emittance of a particle beam. Since we are mainly interested in sources of
nonlinear motion in the longitudinal phase space, we will consider the statis-
tical emittance, which is affected by such a nonlinear dynamics, instead of the
Liouville emittance. By replicating for the pseudo-canonical longitudinal phase
space the definition of rms emittance as in eq.3.10, we find:

εt =
√
< t2 >< δ2 > −(< tδ >)2 = σtσδ

√
1− r2 (3.17)

For an upright ellipse, r = 0 and its projection on the energy axis (integration of
the 2-D density function over t) defines the uncorrelated relative energy spread
of the particle beam. On the contrary, as r approaches 1, the phase space topol-
ogy is dominated by the (t, δ) correlation and the corresponding projection on
the energy axis is called correlated relative energy spread. In reality, a particle
beam always has an uncorrelated energy spread that originates, for example,
by the thermal motion during beam generation at very low energies. In a typ-
ical RF photoinjector (employing low quantum efficiency cathodes) for normal
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conducting linac-based FELs, this is expected to be in the range 1–3 keV rms,
but most of the times it can be neglected with respect to the correlated energy
spread that runs in the range 0.1–10 MeV. So as for the transverse emittance, the
slice energy spread is defined as the total energy spread of a longitudinal por-
tion of the beam that is the projection of f6 restricted to those particles lying in a
temporal range ∆t. In general, the slice energy spread still contains a correlated
and an uncorrelated contribution, but as ∆t → 0 (the slice is much shorter than
the bunch), < tδ >→ 0 and the slice energy spread approaches the uncorrelated
one.

3.2 Single Particle Dynamics

3.2.1 Optics Mismatch, Field Errors and Filamentation

The problem of beam line design is usually that of guiding a given beam, of
known current and emittance, in such a way that the loss of particles and dete-
rioration of the original optical properties are kept as low as possible. The so-
lution requires an analysis of the beam dynamics and is considerably facilitated
by the use of the phase space representation. For any given optical element or
for an ensemble of them, we define the acceptance of the beam transport sys-
tem as the region of phase space within which the motion of all particles will
be stable through the whole system. The acceptance domain is equivalent to
the maximum hyperemittance domain that a beam may occupy if it is to pass
through the system without loss of particles. As far as the transverse motion
is concerned, the injected beam will be completely transmitted if the shape of
the geometric emittance contour will lie within the acceptance contour of the
system corresponding to the same location along the line. Provided that the sta-
tistical emittance is less than the acceptance of the system, optical elements such
as quadrupole magnets can be inserted into the system with the main purpose of
transforming the beam Twiss parameters, which govern the spatial and angular
particle distribution in the transverse planes, in such a way that the emittance
remains constant during the transport and the beam Twiss parameters coincide
with their design value at any point of the lattice. In this case the beam is said
to be “matched” to the optical element (or system).

Particle propagation through the lattice corresponds to a rotation of the emit-
tance domain in Γ2. If the matching is not performed correctly, the emittance
domain will sample larger amplitudes (in both configuration and angular coor-
dinate) of the phase space. Let us assume an optics mismatch of the electron
beam. We postpone the discussion of mismatch sources to a few paragraphs
below. Now, if the forces are not linear – this is the case of high order multipole
components of the external magnetic field – or even linearly dependent from the
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particle energy – such as in the presence of large energy spread beam traveling in
a linear focusing lattice –, the angular velocities of rotation of the representative
points in Γ2 vary with their radial distance, with the result that the emittance dia-
gram becomes deformed and filamentation occurs. Filamentation is here meant
to be the distortion of the beam emittance contour in phase space due to the
difference in the phase advance of the particles within the bunch. Even though
the Liouville invariance in Γ2 is unaffected by the filamentation, the represen-
tative points become scattered over a much larger region of phase space: the
Liouville emittance is still conserved while the rms emittance increases. There
are several sources of filamentation. The most common and, as we will see, the
most relevant for the dynamics in the FERMI linac, is the linear chromaticity,
ξ = ∆µ̃/(µδ), which characterizes the energy dependence of the betatron phase
advance. Here ∆µ̃ is the phase advance difference of a particle from the mean
phase advance of the bunch. In the presence of chromatic filamentation, the
particle phase space ellipse assumes a contour larger than the initial one, thus
effectively increasing the beam emittance. If ξδ, the lattice chromaticity times
the relative energy spread, is smaller than 1, the filamentation is contained [51].
This is the case of FERMI where |ξx|δ ≤ 5.1 · 10−3 and |ξy|δ ≤ 0.7 · 10−3. On the
contrary, if |ξ|δ > 1, the filamentation is complete.

It is possible to formally recognize two main processes leading to a beam
optics mismatch. The betatron mismatch affects the superposition of the Γ2 beam
emittance contour onto the lattice acceptance, i.e. the beam Twiss parameters
β̃x,y(s), α̃x,y(s) do not match the lattice design parameters βx,y(s), αx,y(s). In this
case, both the beam size and divergence are affected and will diverge from the
expected behaviour. The deviation of the beam Twiss parameters from those de-
fined by the lattice is usually characterized in terms of the mismatch parameter,
Bmag [52]:

Bmag =
1
2
(β̃γ− 2α̃α + γ̃β) (3.18)

By definition, the mismatch parameter is always equal or larger than 1 and it has
an important physical meaning. If a beam is injected into a ring or a linac with
an optics mismatch, the beam will filament until its distribution approaches a
shape that is matched to the lattice. However, the filamentation causes the beam
emittance to increase, such that it is finally related to the initial (at injection)
emittance by ε̃ = Bmagε. So, in the case of β-mismatch, the emittance growth
is a multiplicative effect. In the FERMI linac, three main areas are devoted to
betatron optics matching with quadrupole focusing: in the laser heater area, at
the end of the injector (100 MeV); in the BC1 diagnostic area, downstream of
the magnetic chicane (350 MeV) and at the linac end, before entering into the
Spreader (1.2 GeV). Six, five and four quadrupoles are used, respectively, in
each of the mentioned area to match the 4 independent Twiss parameters, αx,y
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and βx,y, of the incoming beam to the downstream lattice. The beam optics is
expected to become closer and closer to the model as the beam is matched and
travels along the linac. If the machine is reasonably well tuned, a mismatch
parameter smaller than 5% in both planes is expected, so keeping the final pro-
jected emittance within the FEL specification.

The dispersive mismatch is a mismatch of the dispersion function and of its
derivative, usually designed to be zero at the injection point. A residual ∆η and
∆η′ distorts the beam trajectory in the presence of mean energy deviation and
increases the rms emittance because the particles start coherent β-oscillations
around the matched phase space. A typical source of residual (mismatched)
dispersion is given by a particle that traverses a misaligned quadrupole. The
particle is subject to a dipole-like kick ∆u’=klq∆q, which is proportional to the
integrated normalized quadrupole strength klq and to the quadrupole-to-beam
lateral displacement ∆q. The beam offset after a drift of length l is therefore
∆u=∆u’·l or, for a more general path of the particle through active optics ele-
ments [53]:

∆u = kl∆q
√

βqβl sin ∆µql (3.19)

Eq.3.19 introduces the betatron function at the quadrupole location, βq, and at

the observation point downstream of it, βl . ∆µql =
1

2π

∫ s=l
s=q

1
β(s)ds is the betatron

phase advance between the quadrupole and the observation point. So, a strong
focusing translates into a strong kick and this in turn excites a large trajectory
distortion. The dipole-like kick from a misaligned quadrupole excites a residual
momentum dispersion η (simply dispersion, in the following) of the order of
∆u′lq/2 and a momentum dependent kick η′ = dη/ds of the order of ∆u′/2, just
out of the magnet. We recall that, in general, the standard deviation of the beam
size is governed by the following relation:

σ =

√
εβ + (ηδ)2 (3.20)

where β is the betatron function and η is the dispersion function that runs over
the lattice. So, in the presence of a relatively high energy spread δ, such as in the
bunch length compression area, the dispersion would contribute to enlarge the
beam size because of the chromatic particle motion or, equivalently, to increase
the effective transverse emittance according to:

∆ε

ε
' (ηδ)2

βε
(3.21)

or, for the exact expression in the presence of a non-zero α parameter:

ε̃

ε
=

√
1 + σ2

δ

∆η2 + (βη′ + α∆η)2

εβ
⇒ ∆ε

ε
' 1

2
σ2

δ

H̄
ε

(3.22)

43



where we have defined the following quantities:

∆η = η − <xδ>
σ2

δ

, ∆η′ = η′ − <x′δ>
σ2

δ

, H = η2+(βη′+αη)2

β (3.23)

H should be made as small as possible by manipulating the two orthogonal
vectors η and (βη′ + αη) in order to minimize the emittance dilution. Unlike
the β-mismatch, the emittance dilution induced by η-mismatch is an additive
effect. It can therefore be compensated by removing the residual dispersion with
a suitable trajectory manipulation [54]. By keeping the indicative threshold of
1% emittance growth, residual values of ∆η ≤ 1 mm and ∆η′ ≤ 1 mrad can
be tolerated locally in the presence of total energy spread ≤ 0.1%. Across the
compressor areas where the energy spread rises up to 2%, we obtain the tighter
tolerances ∆η ≤ 1 mm and ∆η′ ≤ 0.1 mrad.

Even in the case of a perfectly matched beam at the injection point, the dis-
tortion of the phase space contour in Γ2 can still arise due to imperfections of
the successive magnetic field pattern. The analytical evaluation of a magnet
field and alignment error depends on the magnet multipolar components (i.e.
dipole, quadrupole, sextupole field, etc.) and on the type of effects (i.e. chro-
matic or geometric aberration, misalignment, etc.) one is investigating. Geo-
metric aberrations, generated by terms proportional to the betatron amplitude,
are responsible for the betatron motion distortion (dependence of the betatron
motion on the betatron amplitude). Chromatic aberrations, generated by terms
that depend on the particle energy deviation, are responsible for the linear and
nonlinear chromaticity, as well as for the distortion of the betatron motion with
an energy deviation. Owing to the fact that the particle motion in the FERMI
linac is characterized by a relatively high energy spread over most of the entire
lattice (between 0.1% and 2%) and that, due to the small emittance, the betatron
oscillation amplitudes never exceed a few hundred microns, the specification
for the field quality of the magnets in the FERMI linac is based on a model of
the single particle motion in the presence of chromatic aberrations (up to the 2nd

order in δ) and nonlinear magnetic field components (up to the 2nd order in x
and y). An “ideal” magnet is here defined as one without magnetic or mechani-
cal imperfections and perfectly aligned on the machine reference trajectory. This
is the line on which, by design, all magnetic and electric axis of the machine
components should lie. The “ideal” betatron motion around the reference tra-
jectory is purely linear, without chromatic dependences and described by the
well known Twiss functions. In reality, a linear magnetic lattice made of dipole
and quadrupole magnets provide also a nonlinear field pattern because of mag-
netic field imperfections. These can be grouped into systematic errors, due to the
finite extension of the magnet, and random errors, due to constructional imper-
fections. Both types of error induce multipolar field components. For example,
the magnetic symmetry in a dipole allows a systematic sextupole and decapole
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field component; a quadrupole includes a systematic 12- and 20-pole field com-
ponent, etc. In general, all real magnets include random field components of
any order. Notice that the expression “higher order”, when applied to the mag-
netic field expansion and to the particle equation of motion, should always be
intended “in the particle coordinates”, which are defined over the 6-D phase
space (x, x′, y, y′, z, δ). The magnetic field expansion in Cartesian coordinates to
the n-th order can be expressed through the function of a complex variable [55]:

By + iBx =
+∞

∑
n=1

(bn − ian) (x− iy)n−1 (3.24)

According to eq.3.24, bn are called normal coefficients, an are called skew coeffi-
cients. They are the field gradient at the n-th order:

bn = 1
(n−1)!

∂n−1By
∂xn−1 an = 1

(n−1)!
∂n−1Bx
∂yn−1 (3.25)

Alternatively, one can normalize the Taylor expansion as follows:

By ' b0 + b1

( x
R

)
y=0

+ b2

( x
R

)2

y=0
+ b3

( x
R

)3

y=0
+ O(x4) =

n

∑
0

bn

( x
R

)n

y=0

(3.26)
with R an arbitrary distance in the transverse plane from the magnetic axis. The
multipolar normal field coefficients become:

b0 = B0; b1 =

(
∂By

∂x

)
y=0

R; b2 =
1
2

(
∂2By

∂x2

)
y=0

R2; ...bn =
1
n!

(
∂nBy

∂xn

)
y=0

Rn;

(3.27)
In the following we adopt the definition given in eq.3.27. All formulas refer
to the horizontal plane but are equally valid in the vertical plane when neither
bending nor dispersion is involved. Only the normal field components are con-
sidered because neither skew magnets nor big skew field error components are
usually present in the linac lattice for FELs. A general treatment of the magnetic
field with normal and skew components can be found in [56] and [57].

Once the error kick due to a perturbation is known – optics mismatch, chro-
maticity, magnet field error or misalignment –, the beam matrix formalism al-
lows the calculation of the perturbed geometric emittance as a function of the
perturbation action. By setting a threshold on the maximum tolerable emittance
growth, one obtains the tolerance on the perturbation strength. To illustrate

this formalism, we initially define ~X =

(
x
x′

)
as the vector of the particle co-

ordinates and A =

[
γx αx
αx βx

]
the matrix of the Twiss parameters (same for
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the vertical plane). The particle geometric emittance εx is defined by ~Xt A~X =

∑ij Aijxixj = εx. The beam matrix is defined as σb = A−1 = εx

[
βx −αx
−αx γx

]
.

Let us consider an angular kick error ∆x′ induced by the magnetic field error
or, equivalently, by the energy dependence of the magnetic force on the particle
motion. The initial beam divergence is modified as follows:

〈x′2〉 = 〈x′20 〉+ 〈∆x′2〉 (3.28)

and the perturbed beam matrix becomes:

σ̃b = εx

[
βx −αx

−αx γx +
〈∆x′2〉

εx

]
(3.29)

Now the perturbed emittance ε̃x can be calculated as the determinant of the
perturbed beam matrix:

ε̃x =
√

det [σ̃b] =

√
ε2

x

(
1 +
〈∆x′2〉βx

εx

)
(3.30)

In the approximation of a small emittance growth, that is ∆εx � εx, we find:

∆εx

εx
' 1

2
βx

εx
〈∆x′2〉 (3.31)

This formalism has been implicitly applied to derive eq.3.22. In this case, the
perturbed emittance is computed by modifying the beam matrix as follows:
β → β + (ηδ)2/ε and γ → γ + (η′δ)2/ε and then computing the square root
of the perturbed beam matrix determinant. Another important application of
eq.3.31 concerns the chromatic aberration induced by the quadrupole focusing
in the presence of high energy spread. It depends on the integrated quadrupole
strength, kl, on the β-function at the quadrupole and on the relative energy
spread, σδ:

∆ε

ε
' 1

2
β2σ2

δ (kl)2 (3.32)

The point of the FERMI lattice most sensitive to chromatic aberrations is ex-
pected to be in proximity of BC1, where the rms energy spread may reach a
maximum value of about 2% and a vertical betatron function of 68 m is de-
signed for diagnostic purposes. Thus, eq.3.32 predicts ∼ 10% vertical emittance
dilution in this region. Once the whole magnetic lattice is known, it is straight
forward to evaluate that the total contribution from all other quadrupoles in the
FERMI linac, in both planes, is smaller than 5%. The Spreader focusing brings
less than 1% emittance growth by virtue of the relatively smaller energy spread
(σδ = 0.1%).
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3.2.2 Magnetic Bunch Length Compression

Magnetic bunch length compression is carried out via ballistic contraction or
elongation of the particles path length in a magnetic chicane. The linac located
upstream of the magnetic chicane is run off-crest to establish a correlation be-
tween the particle longitudinal momentum, or equivalently its energy deviation
δ (usually of the order of 1%) with respect to the reference particle and the z-
coordinate along the bunch, i.e. the bunch head has a lower energy than the
tail. In the magnetic chicane, due to their lower (higher) rigidity, leading (trail-
ing) particles travel on a shorter (longer) path than trailing (leading) particles.
The reference trajectory is conventionally defined by the motion of the bunch
centroid. Since all particles of the ultra-relativistic beam travel in practice at
the speed of light, the bunch edges approach the centroid position and the to-
tal bunch length is finally reduced. Notice that, since the chicane is made of
four identical dipole magnets and is therefore totally symmetric, it is a perfect
achromat to every order in δ. In the bending plane, horizontal here, the beam
size reaches its maximum extension (∆x ∼10’s mm full width) between the two
inner dipole magnets, where the dispersion is maximum (∆x/δ ∼0.1 m). At the
chicane end the beam size is restored to a much smaller value determined by
pure geometric optics (ηx = 0).

The integral of the dispersion along the chicane, taken with the signed cur-
vature of each dipole, is proportional to the transport matrix element R56 that
governs the linear path-length dependence from the particle energy:

z = z0 + R56δ (3.33)

R56 is therefore the momentum compaction of the dispersive line times the on-
energy path length. In the following, we choose a longitudinal coordinate sys-
tem such that the head of the bunch is at z<0. A chicane has R56 < 0 with this
convention. The exact and the approximated (θ � 1) expressions for the R56 and
the maximum dispersion R16 = ηx of a four dipole magnet symmetric chicane
is:

R56(θ) = −
[

4
le f f

sin θ
(tanθ − θ) + 2− d

tan2θ

cos θ

]
≈ 2θ2

(
d +

2
3

le f f

)
(3.34)

η(θ) = −
[

2
le f f

sin θ

(
1

cos θ
− 1
)
+ d

tanθ

cos2θ

]
≈ (d + le f f )θ (3.35)

Here θ is the bending angle, le f f is the dipole magnet rectilinear length over
which the integrated field is computed and that relates to the bending radius ρ
as le f f = ρ sin θ; d is the distance between the first (third) and second (fourth)
bend magnet calculated along the straight line. For θ � 1, ηx is very close to
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the trajectory offset with respect to the straight line (θ = 0). In FERMI, R56
is never bigger than 50 mm (absolute value), while the maximum horizontal
displacement of the magnetic chicanes from the straight line is 300 mm for a
bending angle of 7 deg.

A linac with energy gain eV sin φ (V and φ are the RF accelerating peak volt-
age and phase, respectively) imparts to the beam the following linear energy
chirp:

h =
1

EBC

dE
dz

=
2π

λRF

eV cos φ

E0 + eV sin φ
≈ σδ

σz
(3.36)

where E0 and EBC are the beam mean energy at the entrance and at the exit of
the linac, respectively. The rms bunch length after compression is obtained in
the “linear approximation” by substituting eq.3.36 into eq.3.33:

σz = 〈z2 − 〈z〉2〉 =
√
(R56σδ0,u)

2 + (1 + hR56)
2 σ2

z0 ≈ (1 + hR56) σz0 (3.37)

where σz0 and σδ0,u are the rms bunch length and the uncorrelated energy spread
before compression. The “linear compression factor” is therefore:

C =
σz0

σz
≈ 1

1 + hR56
(3.38)

Figures 3.4, 3.5 and 3.6 plot the linear compression factor in BC1, eq. 3.38, as
function of the RF phase of the upstream linac, L1 (accelerating crest is at 90
deg S-band). Each curve is for a different bending angle of the magnetic chi-
cane dipole magnets. We point out that the linear term (1 + hR56) in eq.3.38 can
be forced to zero by setting R56 = −1/h < 0 that defines the point of “full-
compression”. This is shown by the asymptotic behaviour to +∞ in Figures 3.5
and 3.6. In reality, at the point of full-compression, the minimum bunch length
is determined by nonlinear terms in the particle motion and by the uncorrelated
energy spread. It is desirable that the compression process remains linear in z
and δ in order to avoid bifurcations in longitudinal phase space and high peak
current spikes at the edges of the electron bunch. The mechanisms leading to
this kind of degradation of the current profile will be discussed later. At the mo-
ment, we can rely on the fact that a distribution as uniform as possible is aimed
for, as it provides the maximum peak current in the main body of the bunch and
narrows the bandwidth of the FEL output.

In practice, compressions by a factor bigger than ∼ 3 are dominated by non-
linear effects such as sinusoidal RF time-curvature (mostly giving a quadratic
energy chirp) in the upstream linac and the chicane 2nd order path-length de-
pendence from the particle energy. For simple magnetic chicanes with no strong
focusing inside, the RF and path-length effects always conspire with the same
signed 2nd order terms to make the problem worse. The 2nd order term T566,
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Figure 3.4: Linear compression factor as given by the FERMI@Elettra magnetic
chicane, BC1, vs. L1 RF phase, for bending angle in the range 0–0.055 rad.

Figure 3.5: Linear compression factor as given by the FERMI@Elettra magnetic
chicane, BC1, vs. L1 RF phase, for bending angle in the range 0.055–0.085 rad.
The working point for the one-stage compression is also shown by labels.
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Figure 3.6: Linear compression factor as given by the FERMI@Elettra magnetic
chicane, BC1, vs. L1 RF phase, for bending angle in the range 0.085–0.120 rad.

describing the path-length energy dependence of the chicane transport matrix,
is approximately equal to −3R56/2 for a simple symmetric chicane. The bunch
length transformation through magnetic compression at 2nd order is:

z = z0 + R56δ + T566δ2 (3.39)

Also δ can be expanded up to the 2nd order energy chirp h′:

δ =
∆E

EBC1
≈ δ0,u + hz0 + h′z2

0 (3.40)

With the afore-mentioned convention for the accelerating field, the 2nd order
energy chirp is given by:

h′ =
1
2

dh
dz

= −
(

2π

λRF

)2 eV sin φ

E0 + eV sin φ
(3.41)

As already done for the linear case, by inserting eq.3.41 and eq.3.40 into eq.3.39,
the bunch length transformation is now obtained at 2nd order:

σ2
z = (R56σδ0,u)

2 + (1 + hR56)
2 σ2

z0 +
(

T566σ2
δ0,u

)2
+

(
h2T566 + h′R56

)2
σ4

z0 + (2hT566σz0σδ0,u)
2

(3.42)
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The higher order beam dynamics makes the compression factor always finite
and a finite minimum bunch length is also determined. The minimum bunch
length can be evaluated starting from the statistical definition of the longitudi-
nal emittance, eq.3.17. The correlation term 〈δz〉 is dominated by the 2nd order
optics and energy chirp, so that eq.3.17 can be rewritten as:

εz =

√
σ2

z σ2
δ + (h′σ2

z )
2 +

(
T566σ3

δ

)2 (3.43)

At the end, the minimum bunch length is determined by imposing the condition
of no correlation in the longitudinal phase space. So, given the emittance in
eq.3.43, the minimum bunch length achievable with magnetic compression is:

σz,min ≈
εz

σδ0,u
≈

√√√√√σ4
z0 + σ4

δ0,u

(
T566σδ0,u

h′σz0

)2

σ2
z0 + (2/π)λRFtan2φ

(3.44)

In order to linearize the 2nd order bunch length transformation, the use of a
short section of RF accelerating field at a higher harmonic of the linac RF fre-
quency [36, 37] is usually adopted, thereby maintaining the initial temporal
bunch profile and avoiding unnecessary amplification of undesired collective
effects. Following [37] and without loss of generality, we consider the beam is 1)
near-crest accelerated in the injector with energy gain eV0 sin(φ0 + ksz0), 2) far-
crest accelerated in the linac upstream of the magnetic chicane with energy gain
eV1 sin(φ1 + ksz0) and 3) in the X-band section with energy gain eVx sin(φx +
kxz0). Here ks, kx is S-band and X-band RF wavenumber and z0 is the electron
longitudinal position with respect to the reference particle (bunch centroid); the
bunch head is at z<0. The RF phase φ0, φ1, φx is defined to be π/2 at acceler-
ating crest and a phase in the interval 0 < φ < π/2 will accelerate the bunch
head less than it will the bunch tail. Finally, the particle energy at the magnetic
chicane is:

EBC1 = E0 + eV0 sin(φ0 + ksz0) + eV1 sin(φ1 + ksz0) + eVx sin(φx + kxz0) (3.45)

For 2nd order harmonic compensation, the X-band RF phase is set to −π/2
(eVx ≥ 0) at decelerating crest. The relative energy deviation with respect to the
reference particle to 2nd order in z0 is then given by [57]:

∆E
EBC1

≈
(

eV0ks cos φ0 + eV1ks cos φ1

EBC1

)
z0−

(
eV0k2

s sin φ0 + eV1k2
s sin φ1 − eVxk2

x
2EBC1

)
z2

0

(3.46)
≡ az0 + bz2

0

where, by definition, a > 0 for eV0 > 0, eV1 > 0 and 0 ≤ φ0, φ1 ≤ π/2. Similarly,
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b < 0 with the harmonic RF switched off (eVx = 0). The incoming uncorrelated
energy spread is ignored for simplicity; it is usually of the order of 0.01% at∼100
MeV and therefore negligible with respect to the correlated one, which is at the
level of 1%. Inserting eq.3.46 into eq.3.39, we obtain:

z = (1 + aR56) z0 +
(

bR56 + a2T566

)
z2

0 (3.47)

To linearize the transformation, the 2nd order term must be set to zero:

b = −T566

R56
a2 ≈ 3

2
a2 (3.48)

As anticipated above, eq.3.48 asks for the RF phase of the harmonic section to
be chosen at decelerating crest. Since the harmonic voltage is lowering the nom-
inal beam energy, the linac voltage has to be increased accordingly to keep the
chicane energy constant:

eV1 sin φ1 = EBC1 − E0 − eV0 sin φ0 + eVx (3.49)

Similarly, the compression factor is also dependent on main RF voltage settings,
so a second requirement is to hold the linear chirp, h, constant:

−eV1 cos φ1 = eV0 cos φ0 −
aEBC1

ks
(3.50)

The two constraints of constant energy at the chicane, eq.3.49, and of constant
linear chirp, eq.3.50, are used to calculate the harmonic voltage needed to com-
pletely cancel 2nd order compression terms by eliminating the eV1 terms from
eq.3.48. The linear compression relation −aR56 ≈ (1− σz/σz0) is also applied,
which ignores the typically negligible uncorrelated energy spread. The neces-
sary harmonic voltage is finally calculated:

eVx =

EBC1

[
1 + λ2

s
2π2

T566
|R56|3

(
1− σz

σz0

)2
]
− E0(

λs
λx

)2
− 1

(3.51)

The square of the harmonic ratio n2 = (λs/λx)2 in the denominator suggests
that higher harmonics are more efficient for 2nd order compensation, decelerat-
ing the beam less.
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3.3 Collective Effects of the Electron Beam

3.3.1 Short-Range Space Charge Forces

The present study concerns the machine design and electron beam dynamics
in the main linac of a FEL facility. This implies that we are not going to deal
with the electron beam generation and transport at energies lower than 50 MeV.
Thus, we will consider SC forces, that scale as ∼ E−2 in the laboratory frame,
only in two cases. In the first case, the longitudinal electric field generated by
clusters of charges or density modulation along the bunch can still be sufficiently
high to induce an energy modulation as the beam travels along the accelerator.
Such an energy modulation translates into density modulation when the beam
passes through a dispersive region (in FERMI, this happens in BC1, BC2 and
in the Spreader), with a consequent degradation of the energy and the current
flatness. This dynamics is assumed to be purely longitudinal and it is discussed
in detail in Section 5.5.

In the second case, SC forces might be enhanced because of the very high
charge density achieved with the bunch length compression. Although 3-D
tracking codes can be used to simulate the compression – such simulations are
actually recommended to investigate detailed aspects of the beam dynamics in
the presence of SC forces –, an analytical estimation of the impact of these forces
on the transverse dynamics is still possible. Following [58] we find that the rms
transverse envelope equation for a bunched beam in a linac is:

σ′′ +
γ′

γ
σ′ + Kσ =

ks

γ3σ
+

εth
γ2σ3 (3.52)

Here, the standard deviation of the beam transverse size σ is assumed to be a
function of the axial position s along the linac, γ′ = dγ/ds is the accelerating
gradient, K = (eB0)

2/(2mcγ)2 is the focusing gradient of a solenoid of central
field B0, ks = I/(2IA), IA = 17kA being the Alfven current, and εth is the ther-
mal emittance, which is mainly due to the photoemission process at the cathode
surface: it is a Liouville invariant throughout acceleration. We now consider the
following invariant envelope solution for the beam size:

σ̄ =
1
γ′

√
ks

γ(1/4 + Ω2)
(3.53)

where Ω =
√

Kγ/γ′. The laminarity parameter, ρL, is defined as the ratio of
the “space charge term” driven by ks and the “emittance term” driven by εth in
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eq.3.52, computed with the substitution σ = σ̄:

ρL =

(
ks

εthγγ′
√

1/4 + Ω2

)2
(3.54)

If ρL � 1, the particles motion is dominated by SC forces with negligible con-
tribution from the betatron motion. By computing the laminarity parameter as
function of the beam parameters along the transport system, we can identify ma-
chine areas where ρL � 1, which should be investigated more carefully with 3-D
codes. As an example, for an electron linac driven by a standing wave photoin-
jector with no external focusing, Ω2 = 1/8, the energy at which the transition
occurs, ρL = 1, can be quite high:

γtr =

√
2
3

2ks

εthγ′
(3.55)

often corresponding to several hundreds of MeV. Unfortunately, the transition
from SC-dominated (ρL � 1) to quasi-laminar (ρL � 1) motion cannot be de-
scribed accurately by this model because, by definition, σ̄ is a valid solution of
eq.3.52 only for ρL � 1.

3.3.2 Short-Range Structural Wake Fields

For a longitudinal charge distribution λz, the energy loss of a test electron due
to the electromagnetic wake of leading electrons is given by the geometric wake
potential [59, 60]:

W(z) = −
∫ ∞

z
w(z− z′)λz(z′)dz′ (3.56)

where w(z-z’) is the Green’s function, also called “wake function”, that emulates
the effect of the wake fields as generated by a single particle. Because of the
principle of causality, the wake is zero if the test electron is in front of the wake
source. If the relaxation time of the wake field is shorter than the repetition time
of the accelerator, then the e.m. field associated with two succeeding bunches
do not interfere and the single bunch wake field is said to be in the short range
regime. This is the case of the FERMI linac, as opposite to the long range wake
field usually present in rings, recirculating linacs and single-pass linacs dealing
with a bunch train. In addition to this, if the beam is much shorter than the
characteristic wake field length s0 [61] and if the structure length L is much
longer than the catch-up distance a2/(2σz), where a is the cell iris radius and
σz is the rms bunch length, then the wake field is said to be, respectively, in the
periodic structure and in the steady state regime:

a2

2L
� σz � s0 (3.57)
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The characteristic length s0 =
(
0.41a1.8g1.6/L2.4

c
)

[61] is function of the cell iris
radius a, of the cell inner width g and of the iris-to-iris distance Lc. In the very
special case of periodic structure, steady state regime and very short electron
bunches, the wake function assumes a simple form. For the longitudinal and
transverse field component we have:

wL(0+) =
Z0c
πa2 wT(0+) =

Z0cs1
πa4 (3.58)

Here Z0=377 Ω is the free vacuum impedance. For FERMI, typical values are
s0=1.5 mm, s1=0.5 mm, σz=40–100 µm and a2/(2Lc)=2–20 µm. So, while the
steady state approximation is always satisfied, the periodic structure approxi-
mation is not. Nevertheless, it was found that by computing the short-range
wake numerically and fitting it with a simple function, one can obtain a result
that is valid over a large range of z (position along the bunch) and over a useful
range of parameters [62]. For the longitudinal wake function we have:

w(z) =
Z0c
πa2 · e

(−
√

z/s0)
[

V
C ·m

]
(3.59)

So, for the FERMI L0 accelerating structures one obtains [61]:

w(z) = 380 · e
(
−
√

z[mm]/1.28
) [

V
pC ·mm

]
(3.60)

For the FERMI CERN-type accelerating structures in L1 and L2 [61]:

w(z) = 311 · e
(
−
√

z[mm]/1.38
) [

V
pC ·mm

]
(3.61)

For the Elettra-type BTW accelerating structures in L3 and L4, the computed
wake function integrated over the whole structure length and for z ≤5 mm is
[63]:

w(z) = 7450 · e
(
−
√

z[mm]/0.3
)
+

3√
z[mm]

+ 3000
√

z[mm]

[
V
pC

]
(3.62)

The main difference between the wake function of the BTW and those of the
other structures is due to the very different internal shaping and smaller average
iris radius (5 mm instead of 9 mm) of the BTW single cell.

Similarly to the longitudinal case, the transverse wake function of the FERMI
linac structures can be approximated with analytical expression, as suggested in
[64]:

w1(z) =
4s1Z0c

πa4

[
1−

(
1 +

√
z
s1

)
e−
√

z/s1

] [
V

C ·m2

]
(3.63)
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For the L0 accelerating structures and z ≤ 5mm, one obtains [29]:

w1(z) = 9623 ·
[

1−
(

1 +

√
z[mm]

0.6

)
· e−
√

z[mm]/0.6

] [
V

pC ·m2

]
(3.64)

For the CERN-type accelerating structures in L1 and L2 [29]:

w1(z) = 7524 ·
[

1−
(

1 +

√
z[mm]

0.7

)
· e−
√

z[mm]/0.7

] [
V

pC ·m2

]
(3.65)

For the Elettra-type BTW accelerating structures in L3 and L4 an analytical model
was chosen that is a combination of periodic and one-cell structure solutions.
The transverse wake function integrated over the structure length, for a maxi-
mum bunch length of 2 mm is [63]:

w1(z) = 1.7 · 105 ·
[

1−
(

1 +
√

z[mm]
0.12

)
· e−
√

z[mm]/0.12
]
+

+8.5 · 104 ·
√

z[mm]/10−3
[

V
pC·m

] (3.66)

Again, the main difference between the wake function of the BTW and of the
other structures is due to the different internal shaping and iris radius. Figure
3.7 shows the longitudinal (left plot) and transverse (right plot) geometric wake
functions of the FERMI accelerating structures (here S0A and S0B refer to the
structures in L0).

Figure 3.7: Longitudinal (left) and transverse (right) geometric wake functions
per unit length of the FERMI linac.
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The excitation of the longitudinal wake potential induces energy loss and,
in particular, increases the correlated energy spread of the electron bunch. De-
pending on the bunch length and wake function strength, such correlation with
the longitudinal particle coordinate inside the bunch can be linear or nonlinear.
Unlike the monopole nature of the longitudinal wake field pattern, the short-
range geometric transverse wake field is excited by electrons traveling off-axis.
When the electron bunch travels near the axis of the accelerating structures, the
transverse wake field is dominated by the dipole field component. As a result,
the bunch tail oscillates with respect to the head forming in the (z, x) and in the
(z, y) plane a characteristic “banana shape” [65]. Persistence of the slice oscil-
lations along the linac and their amplification may cause the conversion of the
bunch length into the transverse dimension (beam break up). So, the displaced
bunch tail adds a contribution to the projection of the beam size on the trans-
verse plane, actually increasing the projected emittance.

3.3.3 Microbunching Instability

Coherent Synchrotron Radiation (CSR) [66–70] in the bending magnets of the
two bunch compressors plays a major role in the micro-fragmentation of the
electron bunch. This effect will be considered later. In this paragraph the ef-
fect of synchrotron radiation is analyzed for a smooth electron density function,
when the emission is at wavelengths of the order of the bunch length and much
longer than the typical wavelength of incoherent emission: λCSR ≥ lb � λincoh,
where λincoh = (4πR/3γ3), γ is the relativistic Lorentz factor and R is the bend-
ing radius. The coherent emission is characterized by an intensity spectrum
that is proportional to the square of the number of particles N times the single
particle intensity, unlike the incoherent emission that is simply linear with the
number of particles: (

dI
dω

)
tot

= N(N + 1)|F(ω)|
(

dI
dω

)
e

(3.67)

where |F(ω)| is the Fourier transform of the longitudinal particle distribution
(form factor); it is of the order of 1 for very short bunches. When λCSR ≈ lb,
a cooperative scale length of the process can be defined that describes the in-
teraction of electrons and photons during the emission. This is the “slippage
length" [70], sL = Rθ

2γ2 + Rθ3

24 , where θ is the bending angle. In this case, the
CSR emission depends on the details of the charge distribution, of the geometry
of the electrons path and it causes a variation of the electron energy along the
bunch (energy chirp). Owing to the fact that the energy variation happens in a
dispersive region and that different slices of the bunch are subject to a different
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energy variation, they start betatron oscillating around new, different dispersive
orbits during the emission, thus increasing the projection of beam size on the
transverse plane. At the end of compression, the bunch will be suffering of an
additional (nonlinear) energy chirp and of a projected emittance growth in the
bending plane.

The energy variation along the the electron bunch can be evaluated by means
of the CSR wake potential. In the “steady state" approximation R/γ3 � lb ≤ sL,
it can be expressed as follows [70]:

WSS
CSR(z) = −

1
4πε0

2e
31/3R2/3

∫ z

−∞

1

(z− z′)1/3
dλz(z′)

dz′
dz′ (3.68)

The energy loss per unit length of the reference particle due to the radiation
emission of the entire bunch is then dE/dz = NeWSS

CSR(z). In [70] the authors
distinguish different regimes of CSR emission, depending on the relation be-
tween bunch length, bending magnet length and slippage length. So, using
eq.3.68 in the short bunch (lb ≤ sL), long magnet (γθ � 1) approximation, the
energy loss per unit length of the reference particle due to the emission of a
Gaussian line-charge distribution is [70]:

dE
dz

= − 1
4πε0

2e2N
31/3R2/3σ4/3

z

I0(z/σz)√
(2π)

(3.69)

where I0(z/σz) is the CSR wake potential that has an oscillating behaviour along
the Gaussian bunch. While leading particles gain energy, tailing particles loose
it. Averaged over the entire bunch, the particles loose energy. The induced rms
relative energy spread [72] and the total emitted peak power [70] are:

Pcoh ≈
0.352

4π

c
ε0

e2N
R2/3σ4/3

z
(3.70)

σδ,CSR = 0.2459re
N

R2/3σ4/3
z

Rθ

γ
(3.71)

Eq.3.68 points out that the energy loss is proportional to the first derivative
of the longitudinal charge distribution. So, a stronger CSR induced energy loss
is expected, for example, from a Gaussian line-charge than from a uniform one
with smooth edges. Also, a current spike in the bunch tail could drive a dam-
aging CSR emission. As an example, we report in the following the analytical
expression for the CSR induced energy loss and coherently emitted power for a
uniform charge distribution. The total energy loss, which is N-times the single
particle loss, and the emitted power in the short bunch, long magnet regime are
[70]:
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∆ECSR,tot = N∆ECSR,e '
32/3

4πε0

N2e2

R2/3l4/3
b

Rθ (3.72)

Pcoh '
32/3

4πε0

ce2N
R2/3l4/3

b

(3.73)

When the bunch is much longer than the slippage length, the afore-mentioned
steady state regime provides incorrect results. Transient effects when the bunch
enters and leaves the magnet have to be taken into account. So, in the long bunch
(sL � lb), long magnet (γθ � 1), the total energy loss is [70]:

∆ECSR,tot = N∆ECSR,e '
1

4πε0

N2e2

lb
[4ln(γθ)− 2] (3.74)

while for the long bunch (sL � lb), short magnet (γθ � 1) regime we have [70]:

∆ECSR,tot = N∆ECSR,e '
1

6πε0

N2e2

lb
(γθ)2 (3.75)

CSR emission is only one aspect of a more complex dynamics called mi-
crobunching instability. In fact, the instability is driven by the interaction and
reciprocal amplification of the CSR and the LSC field. The latter is meant to be
the short-range inter-particle Coulomb interaction that determines the variation
of particles’ longitudinal momentum. When the beam exits the photoinjector,
the space-charge oscillation period is typically of the order of meters and any
beam density modulation is practically frozen. Thus, without loss of general-
ity, the microbunching instability is assumed to start at the photoinjector exit
from a pure density modulation caused by shot noise or unwanted modulation
in the photoinjector laser temporal profile. Several studies [74–76] indicate that
such density modulation amplitudes are of the order of 0.01% in the sub-micron
range and reach ∼ 1% at longer wavelengths. As the beam travels along the
linac to reach BC1, the density modulation leads to an energy modulation via
the LSC wake. This is equal to the free space-charge wake for the wavelength of
interest:

λm �
2πd

γ
(3.76)

d being the transverse size of the vacuum chamber and γ the Lorentz factor. The
expression for the LSC impedance is [71]:

Z(k) =
iZ0

πkr2
b

[
1− krb

γ
K1

(
krb
γ

)]
(3.77)
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where Z0 = 377Ω is the free space impedance, rb is the radius of the transverse
cross section for a uniform distribution and K1 is the modified Bessel function
of the second kind.

According to the theory developed in [77], the current spectrum is character-
ized by a bunching factor:

b(k) =
1

Nec

∫
I(z)e−ikzdz (3.78)

where N is the total number of electrons. b(k) couples with the LSC impedance
along a path L to produce energy modulation of amplitude [77]:

∆γ(k) ≈ − I0b(k)
IA

∫ L

0

4πZ(k, s)
Z0

ds (3.79)

where IA = 17 kA is the Alfvén current.
We now consider that the bunch length is compressed in an achromatic mag-

netic chicane such as BC1 characterized by a momentum compaction R56,1 (we
now adopt this notation to differentiate the first magnetic chicane from a second
one). For a generic initial energy distribution V0(δγ/γ) at the entrance of BC1,
the resultant density modulation can be expressed through the bunching factor
at the compressed wavelength [78]:

b1(k1) =

[
b0(k0)− ik1R56,1

∆γ(k0)

γ

] ∫
d
(

δγ

γ

)
V0

(
δγ

γ

)
e
(
−ik1R56,1

δγ
γ

)
(3.80)

where k1 = 2π/λ1 = k0/(1 + hR56,1) is the wave number of the modulation
after compression; it is equal to the initial wave number k0 times the linear com-
pression factor C = 1/(1 + hR56,1), h being the linear energy chirp. The bunch-
ing evolution in a two-stage compression is obtained by iterating the previous
expression:

b2(k2) =

{[
b0(k0)− ik1R56,1

∆γ(k0)
γ

] ∫
d
(

δγ
γ

)
V0

(
δγ
γ

)
e
(
−ik1R56,1

δγ
γ

)
− ik2R56,2

∆γ(k1)
γ

}
×

×
∫

d δγ
γ V1

(
δγ
γ

)
exp

(
−ik2R56,2

δγ
γ

)
(3.81)

where the suffix 2 refers to the BC2 element. So, according to eq.3.79 the energy
modulation amplitude in front of BC1 is:

∆γ(k0) =
I0b0(k0)

IA

∫ BC1

0

4πZ(k0, s)
Z0

ds (3.82)
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while that in front of BC2 is:

∆γ(k1) =
I0b1(k1)

IA

∫ BC2

BC1

4πZ(k1, s)
Z0

ds (3.83)

The bunching described by eq.3.80 assumes a very simple form for an initial
Gaussian energy distribution:

b1(k1) =

[
b0(k0)− ik1R56,1

∆γ(k0)

γ

]
exp

[
−1

2

(
k1R56,1

σγ

γ

)2
]

(3.84)

The exponential term shows that the particle longitudinal phase mixing con-
tributes to the suppression of the instability if the initial uncorrelated energy
spread σγ/γ is sufficiently larger than the energy modulation amplitude ∆γ/γ.
In case of non-reversible particle mixing in the longitudinal phase space (total
suppression of the instability), this damping mechanism is called energy Lan-
dau damping. We stress that the present analysis is in the linear approximation
because it assumes that the microbunching instability starts from a small energy
or density modulation, |CkR56∆γ/γ| � 1.

The spectral dependence of the microbunching instability gain in the density
modulation can be expressed as the ratio of the final over the initial bunching. In
the case of magnetic compression, if the initial bunching term can be neglected
with respect to the chicane contribution, the instability is said to be in the “high
gain regime”, G(k) � 1. So, the gain in the density modulation after linear
compression, due to an upstream energy modulation and for a Gaussian energy
distribution, is given by:

G(λ) =

∣∣∣∣∣ b f (λ f )

bi(λi)

∣∣∣∣∣ = k f R56
∆γ

γ
exp

(
−1

2
k f R56

σγ,i

γ

)
(3.85)

3.3.4 Free Electron Laser

The emission of a FEL in an undulator chain relies on an instability mechanism
very similar to that of the afore-mentioned microbunching instability in a linac.
As the electron beam passes through the undulator, the initial spontaneous or
externally seeded radiation induces a longitudinal density modulation at the ra-
diation wavelength scale. As a result, the radiation becomes amplified in inten-
sity and enhanced in coherent characteristics, finally leading to an exponential
instability. As the optical power builds up, electrons become trapped and rotate
in the longitudinal phase space bucket. Eventually, the beam-wave interaction
becomes nonlinear, putting the exponential power growth into saturation. Ac-
cording to the steady-state model that describes a FEL in the 1-D, plane-wave
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limit and driven by an electron beam of infinite duration and uniform density,
the FEL power initial growth and saturation can be described simply by [79]:

P = αPnes/Lg < Psat (3.86)

where Pn is the effective input power, α is the coupling coefficient represent-
ing the fraction of the power Pn coupled into the dominant mode exponentially
growing in s (the distance along the undulator) with a power gain length Lg and
Psat is the saturation power. The input power is the frequency integrated syn-
chrotron radiation power in an FEL gain bandwidth generated in the first gain
length [80]. As for the saturation power, one may define a saturation length
given by:

Lsat = Lg ln
(

Psat

αP

)
(3.87)

that is the length of the undulator required to reach the maximum output power.
The quantities Lg, Lsat and Psat are the major performance parameters for the
FEL process. In this model the quantities in eq.3.86 are given by:

α = 1/9, Pn ≈ ρ2cE/λr, Lg = λu
4π
√

3ρ
, Psat ≈ ρPbeam (3.88)

where E is the mean beam energy, λu is the undulator magnetic period, λr is the
FEL output wavelength at the fundamental emission, Pbeam[GW] = I[A]E[GeV]
is the total peak power of the electron beam and ρ is a dimensionless parameter
known as the Pierce parameter [14]. This is defined by:

ρ =

[(
I

IA

)(
λu Au

2πσ

)2 ( 1
2γ0

)3
]1/3

(3.89)

where IA = 17.045 kA is the Alfven current, σ is the standard deviation of the
electron beam transverse size and Au is a parameter related to the configuration
of the undulator phase that is helical or planar. If we define the dimensionless
undulator parameter K = eλuB0/2πm0c2 = 0.934λu[cm]B0[T], where B0 is the
peak undulator magnetic field, then we also define au = K for the helical un-
dulator and au = K/

√
2 for planar undulator. Finally, Au = au for a helical

undulator and Au = au[J0(ξ)− J1(ξ)] for a planar undulator, where ξ = a2
u

2(1+a2
u)

and J’s are Bessel functions. Here it is sufficient to mention that the 1-D gain
length is predicted to be increased by some parameters that measure the de-
viation of the electron beam from the 1-D case (transverse emittance, energy
spread). Specifically, the increase is given by the diffraction process of the FEL
radiation (spatial 3-D effect), the electron’s longitudinal velocity spread caused
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by finite transverse emittance and energy spread. Given some goal FEL perfor-
mance, the criteria for the optimization of the undulator parameters is to have
the shortest possible saturation length in order to minimize the size and hence
the cost of the project.

The study of the electron beam dynamics in the accelerator is the conditio sine
qua non for the validation of the FEL performance. In general, the FEL process
asks for high charge density in the 3-D configuration and velocity space. The
repulsive SC forces tend to dilute the charge density. They scale in all directions
as γ−2 in the laboratory frame, so that a high accelerating gradient, usually big-
ger than 100 MV/m in the electron gun and 20 MV/m in the succeeding booster
linac, is required. The transverse emittance is the electron beam quality factor
used to evaluate the particle spatial and velocity spread as a resultant of the bal-
ance between (high) charge density, (strong) accelerating field and space charge
forces. The emittance has to be minimized at the injector end and preserved up
to the undulator.

The close interaction of the electron beam with first the seeding laser and
then the self-emitted photons, to build up the FEL amplification implies a cor-
rect superposition of the two beams along the FEL line. The electron/photon
transverse coupling is ensured by the following condition on the 2-D normal-
ized emittance, γε [13]:

γε ≤ γλr

4π
(3.90)

This equation says the electron beam has never to exceed the photon beam size
defined by the radiation diffraction limit. So, for example, a normalized emit-
tance smaller than 2 mm mrad has to be ensured at the FERMI undulator for 10
nm output wavelength at fundamental emission.

The on-axis fundamental radiation wavelength can be related to the undula-
tor/electron beam system by considering a simple time-of-flight argument. By
considering simple wave interference, only those wavelengths that propagate
ahead of the electron (in vacuum, a co-propagating radiation wavefront will al-
ways move ahead of an electron) by an integer number of wavelengths in one
undulator period will constructively interfere after many such periods. The time
taken for an electron propagating along the undulator axis with mean speed v̄z
to travel one undulator period, te = λu/v̄z, is the same time a resonant wave-
front takes to travel the distance λu + nλn. By equating these expressions, the
following relation for the resonant wavelength is obtained:

λr,n =
λu

n

(
1− v̄z/c

v̄z/c

)
≈ λu

2nγ2 (1 + K2) (3.91)

where n = 1, 2, 3, ..., the undulator magnetic period, λu is usually a few mm long
and K is the undulator strength parameter, usually of the order unity. According
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to eq.3.91, the 1.5 GeV electron beam energy and an undulator period 35 mm
long ensure a fundamental FEL radiation output wavelength in the range 5–15
nm for K=1–2.

Eq.3.91 also implies that a spread of the electron energy potentially enlarges
the output radiation bandwidth and/or shifts the central radiation wavelength.
The electron beam total energy spread, σE,tot, is approximately given by the
quadratic sum of the uncorrelated term, σE,u, the rms energy modulation am-
plitude induced by the seeding laser, ∆Es, and the term of correlation between
the particle energy and the z-coordinate inside the bunch (energy chirp), σE,c:

σE,tot =
√

σE,u2 + σE,c2 + ∆Es
2 (3.92)

The maximum acceptable deviation of the longitudinal phase space (relative
energy deviation ∆E/E0 vs. z) from the desired flatness is determined by the
Pierce parameter ρ that is the FEL gain bandwidth expressed in terms of nor-
malized energy. The flatness defines the value of the nonlinear component of
the energy variation along the bunch for which the increase in bandwidth of the
X-ray signal due to this variation becomes equal to the Fourier transform limited
bandwidth defined by the bunch length.

The electron/photon interaction in the FEL undulator is actually a local in-
teraction that happens over a cooperation length, Lc = λr/4πρ, usually much
shorter than the electron bunch, i.e. on a fs scale compared to 100s of fs bunch
duration. The 10s of fs long seed laser pulse activates the FEL amplification
process over several cooperation lengths, so underlining the importance of cor-
relations of the electron beam parameters with the longitudinal coordinate along
the bunch. The linac design has to ensure the preservation of the electron beam
quality on the slice scale. In practice, this scale will be determined by the resolu-
tion of the electron bunch length measurement. Owing to a shot-to-shot arrival
time jitter of the order of 100 fs between the seed laser and the electron beam
at the entrance of the undulator, different bunch portions participate to the FEL
interaction at different shots. So, a bunch portion longer than the seed laser
should be suitably prepared for the FEL interaction. For this reason, the longitu-
dinal correlation of the slice beam parameters is usually studied over the whole
bunch length.

3.4 Conclusions

The theoretical tools for describing the single particle and electron beam col-
lective motion in a single-pass linac have been recalled and their applicability
to the FERMI case study has been discussed. Liouville’s theorem illustrates the
primary goal of 6-D electron beam emittance preservation as at the injector level.
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The high beam quality that is required for the FEL process is expressed in terms
of the Liouville transverse emittance and energy spread. In reality, the applica-
bility of Liouville’s theorem to the beam transport and bunch length compres-
sion in a linac-based FEL is invalidated by several single particle and collec-
tive frictional forces. These degrade time-projected or local (in the z-coordinate)
beam parameters. To investigate such different effects, the concept of projected
and slice emittance has been introduced for the transverse motion. The defini-
tion of correlated, uncorrelated and slice energy spread has been given for the
longitudinal motion. The rms emittance has also been introduced as a statistical
measure of the particle spread in the phase space. In fact, most of the measure-
ments of the electron beam parameters deal with that, rather than with the Li-
ouville one. Unfortunately, unlike the latter, the former is diluted by chromatic
filamentation. Because of the relatively high energy spread required from the
magnetic bunch length compression, the chromatic filamentation may develop
in the presence of beam optics mismatch or magnetic field errors. Neverthe-
less, the beam matrix formalism allows one to determine the design tolerances
in terms of mismatch parameter, magnet alignment and field quality to avoid
an emittance dilution beyond the specifications. As for the longitudinal dynam-
ics, the theory of magnetic bunch length compression has been expanded up to
the second order in the particle coordinates. It has been shown how the second
order energy chirp and path-length-to-energy correlation term limit the com-
pression efficiency and, therefore, the minimum bunch length achievable with a
magnetic chicane. The effect of a higher harmonic RF cavity in the longitudinal
particle motion has been introduced in order to cancel the second order terms.

The analytical treatment of the most important collective effects has also been
given. The interaction of the electron beam with the image charge field in the ac-
celerating structures has been described in terms of longitudinal and transverse
wake potential. The beam dynamics in the presence of the electromagnetic self-
field has been investigated through the laminarity parameter. This could be
used to identify the linac regions in which short range space charge forces cor-
rupt the quasi-laminar particle motion by virtue of the very high charge density.
This is expected to happen, for example, during the bunch length compression,
even at high energy. The space charge forces are then modeled with a longi-
tudinal wake function that induces an energy modulation at wavelengths much
shorter than the bunch length. It is transformed into a density modulation in the
chicanes’ dispersive region, therefore enhancing the emission of coherent syn-
chrotron radiation that, in turn, amplifies the initial energy modulation. This
self-amplifying process is called microbunching instability and degrades both
the energy and the particle density distribution. Formulas for the computation
of the linear gain, in the one- and two-stage compression scheme have been
given. A very similar process is at the basis of the FEL instability. The 1-D
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modeling of the FEL generation has been sketched and the requirements on the
electron beam quality have been deduced from some basic formulas; the beam
quality is essentially characterized in terms of peak current, transverse emit-
tance and relative energy spread.
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