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Chapter 4
Properties of Dark Matter Haloes in the Cosmic Web

The same thrill, the same awe and mystery, come again
and again when we look at any problem deeply enough.
With more knowledge comes deeper, more wonderful
mystery.

Richard P. Feynman

Abstract

We present a study of the general properties of dark matter haloes extracted from a
cosmological N-body simulation of a ΛCDM Universe. Haloes are divided accord-
ing to their morphological affiliation (clusters, filaments, walls and the field) using
the Multiscale Morphology Filter. Subhaloes embedded in larger virialized haloes
as well as isolated haloes were identified with a novel subhalo finder: FracHOP,
which exploits the topological properties of the smoothed density field. We find that:

i).- The mass functions of haloes in voids, walls, filaments and clusters are very well
differentiated. Haloes in clusters with masses corresponding to galaxies and small
groups are underrepresented. The mass function of massive haloes closely resembles
the overall population. The mass function of haloes in filaments is almost comple-
mentary to the mass function in clusters. The mass distribution of haloes in walls
is an intermediate case and is steeper than the global population. This explains the
difficulty in detecting walls in galaxy surveys since walls are delineated mainly by
low-mass haloes. Haloes in voids show a very steep mass function, strongly avoid-
ing high masses.

ii).- The formation time of haloes is weakly dependent on morphological environ-
ment: Haloes tend to form earlier in the order walls - filaments - clusters. This is in
disagreement with previous findings of other authors. We argue that the discrepancy
is the result of the ill-defined concept of ”formation time” and its strong dependence
on the (stochastic) mass accretion history.

ii).- The sphericity and triaxiality of haloes varies as a function of their mass and
morphological environment. The effect is stronger for isolated haloes.

iii).- We find a small but clear dependence of the spin parameter with the morpho-
logical environment. From clusters to filaments, to walls and voids haloes spin more
rapidly.

iv).- The major axis of inertia of haloes is strongly oriented along the spine of the
filament or the plane of the wall in which the halo is located. Haloes with low
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masses at the present time were more strongly oriented than massive haloes at the
present time.

v).- The spin vector of haloes is oriented perpendicular to the spine of the filament
and parallel to the plane of the wall. Low mass haloes at the present time seem to
be more strongly oriented than high mass haloes.

vi).- The infall of matter of haloes in filaments is restricted to the direction of the
filament. The infall of matter of haloes in walls occurs mainly along the plane of the
wall.

4.1 Introduction

The Cosmic Web plays a key role in the determination of galaxy properties. It forms
the “stage” in which galaxy evolution takes place. The different morphological

components of the Cosmic Web (clusters, filaments, walls and voids) define unique en-
vironments. These environments correspond to different density ranges and dynamical
circumstances which in turn influence the interactions between galaxies and their sur-
roundings (see chapter 2). A well known example of the relevance of environment in
shaping the properties of galaxies is the morphology-density relation. The relation de-
scribes the gradual change in galaxy populations of different Hubble type as function
of their local density: Ellipticals populate predominately highly dense compact clusters
while lenticulars and spirals are distributed more uniformly across the entire Cosmic Web
(Dressler, 1980; Dressler et al., 1997). This morphology-density relation has been found
to be valid from the richest clusters down to the lowest densities. Several other studies
have also addressed the importance of the initial density environment from which the
galaxy emerged. (Bardeen et al., 1986; Kauffmann et al., 2004; Blanton et al., 1999,
2005a; Avila-Reese et al., 2005; Macciò et al., 2007, among others). However, the vast
majority of these studies focus on the comparison between the dense clusters and the
more diffuse “field”.

Local environment has been traditionally defined in terms of density, either computed
using a ”window” defining a smoothing length (Dressler, 1980; Melott et al., 1988; Blan-
ton et al., 1999; Vogeley et al., 1994), or self-adaptive scale methods such as the SPH
(Lucy, 1977), DTFE (Schaap & van de Weygaert, 2000) and wavelets (Martı́nez et al.,
2005) . Even when local density is found to offer a fair characterization of the local en-
vironment it fails in describing one crucial aspect: it does not take into account the local
dynamics, which determines the way a halo interacts with its local neighborhood. Effects
include tidal interactions, mass accretion, merging and fast encounters, cannibalism, mass
stripping, etc. Haloes in different morphological (and hence dynamical) environments
will experience different accretion and interaction histories which depend on more fac-
tors than only local density. For instance, it is well known that haloes get stripped of part
of their mass as they enter the dense environment of clusters where their interactions are
limited to fast encounters that do not result in merging given the high peculiar velocities
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inside the cluster (Gunn & Gott, 1972; Ghigna et al., 1998; Gill et al., 2005; Gao et al.,
2005; Hester, 2006). Filaments are highly coherent streams defining a predisposition in
the direction of mass accretion (West et al., 1991; van Haarlem & van de Weygaert, 1993;
Natarajan et al., 1998; Dubinski, 1998; Knebe et al., 2004; Aubert et al., 2004; Libeskind
et al., 2005; Benson, 2005; Altay et al., 2006; Lee & Evrard, 2007). This will not only
increase the probability of encounters, but also set their relative influence: it will severely
affect the shape, angular momentum and orientation of the emerging haloes. Haloes in
walls participate in a large-scale coherent motion representative of more quiet environ-
ments. The low density of such environment limits the effect of non-linear interactions
providing a clean test-bed to study the influence of the large-scale tidal field.

Two key factors will determine galaxy properties: the initial conditions from which
the proto-galaxy emerged and the subsequent interactions with its environment. Primor-
dial circumstances are set by the initial density fluctuation field from which galaxies will
condense and correspond to linear processes. Environmental circumstances are the result
of the history of the galaxy in terms of the dynamics of its local environment. They can
be linear or non-linear. Many traditional analysis of halo properties, such as mass func-
tions and formation times, are based solely on the basis of primordial conditions (Press
& Schechter, 1974; Cole & Lacey, 1996) or include basic environmental effects such as
merging. The mass function of haloes in dense clusters and underdense voids has been
studied by only considering the primordial overdensity from which the haloes collapsed
and including some simple environmental effects such as tidal force (Sheth & Tormen,
2004). Recently Lee (2006) proposed a formalism based on a broken hierarchy that ac-
counts for both the primordial and environmental processes that determine the final mass
of a halo. A complete theory of galaxy formation must include both primordial and envi-
ronmental effects in order to describe and predict the complex relation between galaxies
and their environment.

The most important example of the effect of environment on dark matter haloes is the
accretion of mass, determined to a first order by:

• The local density in the vicinity of the halo which determines the amount of matter
a halo can accrete given the available mass surrounding it. The expansion of the
Universe plays an important role by limiting the “horizon” inside which a halo can
accrete mass

• The kinematics of the environment surrounding the halo which determine whether
or not a halo is able to accrete mass. The accretion of mass in the “hot” environment
characteristic of clusters is limited by the high velocity dispersion of the particles.

• The particular anisotropy defined by the surrounding Megaparsec matter distribu-
tion of a halo may affect the direction and characteristics of the infall of matter (van
Haarlem & van de Weygaert, 1993).
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The result of these accreting processes is a nested system of haloes. This is a natural
consequence of the hierarchical scenario in which objects are formed in a bottom-up
fashion: small clumps of matter associate to produce even larger objects which may form
part of a larger system and so on. A clear example of this is our galaxy, the Milky Way
and its neighbor Andromeda. They are expected to merge in the future. Both galaxies
are located inside the Local Group consisting of several other galaxies. The Local Group
itself forms part of an even larger structure, the Local Supercluster.

The mass accretion is commonly described in terms of a characteristic “formation
time” which depends on the rate of mass accretion or the amount of matter accreted at a
given epoch (Gottlöber et al., 1999; Wechsler et al., 2002; Tasitsiomi et al., 2004; Sheth &
Tormen, 2004). The fact that there is no consensus on the proper definition of formation
time makes it difficult to compare studies between authors. Most of them, however, rely
on the properties of the mass accretion history to define formation time. Although this
choice may seem physically well motivated it is plagued by several inconsistencies given
the fact that in a hierarchical scenario the mass accretion is an often violent process that
greatly varies from halo to halo. Any assumption based on the properties of the mass
accretion histories will be affected by the stochastic nature of the mass growth.

4.1.1 Galaxy properties and the Cosmic Web

Angular momentum, shape and the Cosmic Web

One of the most remarkable effects of the Megaparsec matter distribution on galaxies is
that of angular momentum generation. The structural and dynamical properties of galax-
ies and their formation are closely related to the acquisition of angular momentum. It is
a key ingredient in models of galaxy formation (Mo et al., 1998; Van den Bosch, 1998;
Fall & Efstathiou, 1980; Cole et al., 2000). According to the Tidal Torque Theory (TTT)
galaxies acquire their angular momentum as a consequence of the tidal shear produced
by the neighboring primordial matter distribution (Hoyle, 1951; Peebles, 1969; Doroshke-
vich, 1970; Jones & Efstathiou, 1979; Fall & Efstathiou, 1980; White, 1984; Barnes &
Efstathiou, 1987):

Ji ∝ εi,j,kIj,lTl,k (4.1)

where Ij,l is the inertia momentum tensor of the proto-galaxy and Tl,k is the tidal shear
tensor generated by the surrounding matter configuration. A natural consequence of the
TTT is a correlation between the angular momentum of haloes and their surrounding
matter distribution (Efstathiou & Jones, 1979; Barnes & Efstathiou, 1987; Heavens &
Peacock, 1988; Lee & Pen, 2002; Porciani et al., 2002; Mackey et al., 2002). Also a close
relation between the angular momentum and halo’s shape, at least in the early phases
before the turnaround time. The same tidal field that gives origin to the morphological
features in the Cosmic Web is also responsible for the winding-up of proto-haloes. This
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unique relation between haloes and the Cosmic Web is the basis of theoretical predictions
on the orientation of the spin vector of haloes located in filaments and walls Lee & Pen
(2002); Lee (2004).

The acquisition of angular momentum is a complex process that depends on both
linear and non-linear effects. It can be divided in three basic processes:

• Tidal torquing (linear) produced by the primordial matter distribution, and the pos-
sible subsequent (non-linear) torque from large scale structures (filaments and clus-
ters) (Hoyle, 1951; Peebles, 1969; Doroshkevich, 1970; Fall & Efstathiou, 1980;
White, 1984).

• Merging with other haloes, which can be further divided in

– Contribution from the individual spin of the merging haloes

– Total orbital angular momentum of the merging system

(Jones & Efstathiou, 1979; Vitvitska et al., 2002; Maller & Dekel, 2002; Fal-
tenbacher et al., 2005; Shaw et al., 2006; Hetznecker & Burkert, 2006; Warnick
& Knebe, 2006).

• Anisotropic infall of haloes, in which the final angular momentum is mainly de-
termined by the angular momentum of the most massive progenitor (Peirani et al.,
2004; Faltenbacher et al., 2005; Warnick & Knebe, 2006).

The same processes that determine the spin acquisition of haloes also affect their shape,
mass and related properties. As a result of the often violent events in the history of
haloes and their possibly anisotropic infall one can expect them to be in general non-
spherical, as numerical experiments have confirmed (Bailin & Steinmetz, 2005; Allgood
et al., 2006; Altay et al., 2006; Bett et al., 2007). Along the same line (Plionis et al., 2003)
used the orientation of haloes as a probe of the relaxation state of clusters. The spin and
shape of haloes, and in particular, their alignment with respect to their surrounding matter
distribution contain imprints of both linear and non-linear effects and may serve as a probe
to the interactions between haloes and their environment.

Orientation studies have often shown contradictory results as a result of their strategy
in finding correlations between haloes and the large scale structure and with other haloes.
For instance, while Kashikawa & Okamura (1992); Navarro et al. (2004) and Brunino
et al. (2007) found that the spin of galaxies is aligned with the plane of the wall in which
they are embedded other authors seem not to detect any systematic alignment (Dekel,
1985). This is even true when using similar methods (Heymans et al., 2006; Patiri et al.,
2006b), although Heymans et al. (2006) artificially suppressed any possible correlation.
On the other hand similar studies of alignments in filaments seem to find that haloes are
perpendicular (Lee & Pen, 2002; Bailin & Steinmetz, 2005; Faltenbacher et al., 2002;
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Altay et al., 2006; Hahn et al., 2007b). Others find that they would be oriented parallel
(Hatton & Ninin, 2001).

Very recent findings by Trujillo et al. (2006); Aragón-Calvo et al. (2007); Brunino
et al. (2007) and Hahn et al. (2007b) seem to reach a general consensus that:

• Both the spin vector and the major axis of inertia of haloes located in walls lie in
the plane of the wall.

• The spin vector of haloes points in the direction perpendicular to the filament in
which they are located. (at least until masses of a few times 1011 h−1 M� (Aragón-
Calvo et al. (2007) and later confirmed by Hahn et al. (2007a)).

• The major axis of inertia of haloes is strongly aligned with the direction of the
filament in which they are located.

4.1.2 Work plan

In the present study we address the effect of the large scale matter distribution in the
determination of the properties of haloes. The matter distribution is characterized in terms
of its morphology in clusters, filaments and walls by means of the Multiscale Morphology
Filter introduced in chapter 2. The ability to identify the different morphological and
dynamical environments (see chapter 3) is crucial in order to differentiate between the
primordial and environmental effects that determine the properties of haloes. Here we
elaborate on the results presented in Aragón-Calvo et al. (2007). It concerns a study of
the spin and shape alignment of dark matter haloes located in filaments and walls at the
present time. Here we extend those results to include the evolution in time as well as a
more complete description of haloes in terms of their general properties such as mass,
shape, spin parameter, etc. We study the properties of dark matter haloes in terms of
environment focusing on

• halo mass function,

• halo formation times,

• halo shapes,

• halo rotation and spin,

• halo alignments.

In section 2 we describe the computer simulations that form the basis of our study. We in-
troduce the halo/subhalo finders and present a list of the properties we computed for each
halo in order to produce the halo catalogue. Section 3 presents a few cases describing the
infall of matter in haloes located in filaments and walls and the effect it has on their shape
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and spin orientation. In sections 4 to 7 we study the general properties of haloes such as
mass function, formation times, shapes and spin parameter in terms of the morphology
in which they are located. Section 8 presents a study on the orientation of shape and spin
vectors of haloes with respect to their host filament or wall as function of the mass of
the halo and as a function of time. A summary of our main findings and conclusions are
presented in section 9.

4.2 N-body simulations and halo catalogues

The results presented in this chapter are based on a large cosmological N-body simulation
containing 5123 dark matter particles inside a cubic box of 200 h−1 Mpc. The number
of particles and boxsize was chosen as a compromise between a sufficiently high mass
resolution needed to resolve galaxy-sized dark matter haloes and at the same time to pro-
vide with a significant number of cosmological structures, in particular the tenuous walls.
The enormous dynamical range needed makes it very difficult to completely achieve both
goals unless one uses zooming techniques (Klypin et al., 2001) focused on specific re-
gions. In our case this is unfeasible given the fact that our study is not restricted to a
specific region but to the complete simulation box.

The simulation has been done using the public version of the parallel Tree-PM code
Gadget2 (Springel et al., 2005). We adopted the concordance ΛCDM cosmological model
Ωm = 0.3, ΩΛ = 0.7, h = 0.7 and σ8 = 0.7. The mass per particle is 4×109 h−1 M�, the
softening length was set to 25 h−1 kpc (comoving) until z = 2 and 8 h−1 kpc (physical)
after that time. We stored 20 snapshots spaced in logarithmic intervals of the expansion
factor a starting at a = 0.02 until the present time a = 1.

On the basis of the same initial conditions file we generated a lower resolution version
of 2563 particles, following the averaging procedure described in Klypin et al. (2001).
The low-res version was used to compute density fields.

4.2.1 Morphological environment

The matter distribution was classified as cluster, filament or wall using the MMF. Figure
4.1 shows two views at different angles of the particles in a sub-box of the N-body simu-
lation (left panels), a subsample of particles in filaments (center panels) and walls (right
panels). In order to help the reader in visualizing the filaments and walls we plot on top
of each particle the eigenvector of the Hessian matrix (see chapter 2 section 5.2)

H =
∂2f

∂ri∂rj
(4.2)

computed at the grid cell where the particle is located. The eigenvectors indicate the
direction of filaments and the perpendicular to the plane of the walls respectively. The two
walls depicted in figure 4.1 have a two dimensional nature: the vectors normal to the plane
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Figure 4.1: Particles inside a sub-box of 37.5 × 75 × 100 Mpc h−1. Only a small fraction of
the total number of particles is shown for clarity (top-left panel), and the same sub-box rotated
110 degrees (bottom-left). Filaments are delineated by a subsample of the particle distribution
and a vector indicating the direction of the filament. (middle-top and middle-bottom). Two walls
are detected in the sub-box (regions delimited by a solid line and a dashed line in top-right and
top-bottom panels). On top of each particle we plot a vector perpendicular to the plane of the wall.
These vectors point perpendicular to us when the wall is seen edge-on (dashed region top-right
and solid region bottom-right) and point towards us then the wall is face on (solid region top-right
and dashed region bottom-right).

of the wall are pointing to the observer when the wall is seen face-on and perpendicular
when the wall is see edge-on. The orientation of the halo’s shape, spin vector, infall of
matter, etc. will be determined with respect to the local direction of filaments and walls.

4.2.2 Halo catalogues

Luminous galaxies are the most widely used tracers of the Cosmic Web. They are as-
sumed to be “biased” tracers of the underlying matter distribution (Kaiser, 1984; Peacock
& Heavens, 1985; Dekel & Rees, 1987). In the current paradigm of galaxy formation lu-
minous galaxies are associated with massive dark matter haloes. Their properties are sup-
posedly strongly related to their host dark matter halo. This may provide a link between
numerical models and the real universe (Mo & Fukugita, 1996; Wechsler et al., 1998;
Scoccimarro et al., 2001; Cooray & Sheth, 2002). Current state-of-the-art computer sim-
ulations are able to reproduce several properties of the observed galaxies by advocating
to a number of physical processed encoded in semi-analytical models (White & Frenk,
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1991; Cole, 1991; Cole et al., 1994; Evrard et al., 1994; Kauffman, 1999; Somerville
& Primack, 1999; Cole et al., 2000; Mathis et al., 2002). Such models involve simpli-
fications of complex (and poorly understood) physical processes and do not take into
account both non-linear and environmental effects. In our study we focus on pure dark
matter haloes. We do wish to avoid any assumption of unknown physical processes that
may affect or determine the way galaxies interact with their environment, and with other
galaxies, as they evolve in the Cosmic Web.

A dark matter halo is defined as a concentration of matter which is gravitationally
self-bound and virialized:

U + T < 0
U + 2T = 0.

(4.3)

The spherical collapse model defines a simple criteria to define virialized haloes in terms
of their relative overdensity. A concentration of matter is considered to be virialized if its
density contrast is equal or larger than �virial ∼ 300 1.

4.2.3 Hierarchy of haloes

In the hierarchical picture of structure formation the notion of a virialized halo goes be-
yond that of a dense clump of matter. The mass accretion of hierarchically formed haloes
can be divided in three basic processes defined by the ratios between the halo’s mass and
the accreted clumps:

• Steady accretion of surrounding matter in the form of both isotropic and anisotropic
infall.

• Cannibalism of smaller groups or clumps which often suffer violent disruption by
the strong tidal field of the larger group.

• Merging with other haloes of similar size, after which the identity of both haloes
may be impossible to unambiguously identify.

It is common to find in the literature the terms groups, subgroup, halo, subhalo, galactic
halo, group of galaxies, etc. used indistinctly. In order to avoid confusion among the
various concepts and for clarity we specify and define these terms along the lines listed
in table 4.1.

1For a LCDM cosmology and at the present time
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Galactic halo The term galactic halo is used in the literature to refer to haloes (in
our convention) with masses lower than a few times 1012 h−1 M� .
“galactic” stresses the fact that such haloes are assumed to host lumi-
nous galaxies .

Groups of galaxies This refers to virialized haloes with masses between a few times 1012

h−1 M� and 1014 h−1 M� . Groups of galaxies contain typically up to
a few tens of galaxies and their associated galactic subhaloes.

Cluster Refers to virialized haloes or groups of galaxies with masses larger than
1014 h−1 M� . Clusters can contain hundreds and even thousands of
galaxies and their associated galactic haloes.

Group An association of particles usually defined in terms of a density thresh-
old. Groups refer to general associations of particles with no particular
physical meaning.

Subgroup A subset of particles that form part of a larger group. Subgroups are as-
sociated to substructures present in groups. Subgroups as well as groups
(in our definition) do not need to represent physical objects.

Halo Halo refers in the most general sense to a self-bound group of particles
that may be:
Isolated and containing no substructure, or
embedded inside a larger virialized halo (therefore a subhalo).
We use the term halo to refer to self-bound objects regardless of whether
or not they are isolated or form part of a larger virialized halo. Haloes
are self-bound objects and do not contain substructure (defined by the
smoothing window used in the the FracHop finder).
A subhalo that is its own host virialized halo is in our definition also a
virialized halo, i.e. a virialized halo with no substructure. There is an
ambiguity between the terms virialized halo and halo in this case. When
necessary we will explicitly indicate the difference in the text.

Virialized halo A group with density equal or higher than the virial density predicted by
the spherical collapse model. (Note that density alone does not warranty
virialization). Virialized haloes may contain substructure up to several
nesting levels or may be isolated objects with no substructure (deter-
mined by the mass resolution and the smoothing length of the subhalo
finder). We use the term “virialized” to stress that virialization is the
only relevant property defining these objects.

Subhalo A bound group embedded inside a larger virialized halo. Subhaloes are
clearly defined against the diffuse background particles that form the
halo in which they are embedded. They are associated with luminous
galaxies. By construction subhaloes identified with FracHop do not
contain substructure since each FracHop subhalo is defined by the lo-
cal maximum in the smoothed density field convolved with a Gaussian
window of fixed width.

Table 4.1: Definitions of the different terms used in this work.
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Halo and subhalo finders

The problem of identifying dark matter haloes from a discrete particle distribution is
closely related to the computational group finding problem. One of the most widely used
group finders is the friends of friends (FoF) algorithm (Davis et al., 1985) which identifies
groups by associating particles with separations smaller than a given linking length. This
is usually defined in terms of the mean interparticle separation, effectively linking parti-
cles above some density threshold. Since the FoF algorithm is based only on the interpar-
ticle distance it has the tendency of linking adjacent groups by thin bridges of particles,
often producing unnatural looking structures (Bett et al., 2007). One improvement of FoF
is the HOP group finder (Eisenstein & Hut, 1998). It links particles by associating each
particle to the densest of its N-closest neighbors, until it finally reaches the particle that
is its own densest neighbor and finally it applies a series of validations. Groups identified
with HOP are almost identical to those found with FoF but present fewer artificial bridges
between close groups.

Subhaloes identified in computer simulations as part of a larger hierarchical system
can be related to galactic haloes embedded in groups of galaxies and clusters of galaxies.
Various algorithms have been devised in order to deal with the identification of subhaloes.
Some of them do not account for the hierarchical nature of virialized haloes. Instead they
are based upon the dynamics of the halos and/or consider self-bound systems. DENMAX
was the first of those methods (Gelb & Bertschinger, 1994), followed by its improved
implementation SKID (Weinberg et al., 1997) and Bound Density Maxima BDM (Klypin
et al., 1999). Other methods attempt to identify subhaloes associated to highly dense sub-
clumps of matter. These methods simply identify overdensities above an arbitrary value,
usually in the range 500-1000 of the mean density (Sugerman et al., 2000; Chen & Jing,
2002; Peirani et al., 2004; Brunino et al., 2007). The more advanced methods take into
account the hierarchical nature of virialized haloes. Examples are the hierarchical friends-
of-friends (Gottlöber et al., 1999), ADAPTAHOP (Aubert et al., 2004), the MLAPN halo
finder (Gill et al., 2004), SubFind (Springel et al., 2001) and the substructure finder de-
veloped by Weller et al. (2005) among others. Some of these methods are able to identify
haloes and their embedded subhaloes even to several nesting levels.

4.2.4 HOP and FracHOP halo catalogues

In this study we produced virialized halo and halo catalogues using two different halo
finders:

• HOP halo finder, used here for the identification of self-bound virialized haloes
regardless of their inner structure.

• FracHOP subhalo finder, based on a modification of the original HOP algorithm.
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Figure 4.2: A sample of 6 large haloes identified with HOP and their subhaloes identified with
FracHop (see text for details). The gray scale indicates density in logarithmic scale, dark-gray
particles have higher density than light-gray ones. The circles enclose all subhaloes except the
largest one, and are scaled as M1/3

halo with arbitrary size chosen to give a clear impression of the
substructures.

FracHOP identifies subhalos embedded in virialized haloes previously identified
using HOP by exploiting the topological properties of the smoothed density field.

Figure 4.2 shows several examples of subhaloes identified with FracHOP at present time.
This figure illustrates the difference between haloes and the substructure they contain as
a result of their hierarchical formation. Instead of being simple homogeneous objects,
virialized haloes are complex systems with nested subhaloes. FracHop successfully iden-
tifies substructures embedded in larger objects. However, the fact that the topology of the
haloes is analyzed at a fixed smoothing length introduces some limitations on the range
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of objects FracHop can identify. FracHop can not deal with several nesting levels and is
not able to identify the substructure present in the subhaloes themselves. Another perhaps
more important limitation is the systematic underestimation of massive haloes, since they
are broken into smaller systems. One can alleviate this problem by “reassigning” unbound
particles in a subhalo to the largest subhalo in the parent halo (Springel et al., 2001). In
the present implementation of FracHop we did not attempt to correct this effect since
we are interested in Milky Way size subhaloes identified with an appropriately specified
smoothing length.

4.2.5 Halo properties

For each halo we compute the following properties:

• Mass: Defined as the number of particles in the halo multiplied by the mass per
particle.

MHalo = Npartmpart (4.4)

• Radius, defined as the maximum extent of the halo. This radius is not necessarily
the same as the virial radius Rvir. Strictly speaking the virial radius of a subhalo
is the radius of its parent virialized halo. This virial radius corresponds to the
maximum extent of the parent halo.

• Center of mass: Computed as the mean position of all particles in the halo.

xcom =
1

Npart

Npart∑
i

xi (4.5)

• Shape, determined on the basis of the ratios between the principal axis of inertia
of the halo, defined as:

Ii,j =
∑N

i xixj∑N
i mi

, (4.6)

where the positions xi and xj are with respect to the center of mass xcom and the
summation is over all particles in the halo. The axes of inertia are defined in terms
of the eigenvalues of the inertia tensor as,

a =
√
λ1, b =

√
λ2 and c =

√
λ3, (4.7)

where a > b > c. The degree of sphericity, oblateness p (pancake shaped) and
prolateness q (egg shaped) are usually parametrized by,
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s =
c

a
; p =

b

a
; q =

c

b
. (4.8)

Another measure of shape is the triaxiality parameter:

T =
a2 − b2

a2 − c2
. (4.9)

High values of triaxiality indicate prolateness while low values correspond to an
oblate configuration.

• Angular momentum, defined as:

J =
N∑
i

mi ri × (vi − v̄) (4.10)

where mi is the mass per particle, ri is the distance to each particle from the center
of mass of the halo, vi is the peculiar velocity of the particle and v̄ the mean (bulk)
velocity of the halo. It is often preferable to express the angular momentum in terms
of the dimensionless spin parameter λ (Peebles, 1969). We used a modified version
that is computationally less intensive than the original (Bullock et al., 2001):

λ =
|j|√

2RvirVvir

(4.11)

where j is the specific angular momentum:

j =
1

NHalo

NHalo∑
i=0

ri × vi, (4.12)

and

Vvir =
GMvir

Rvir)1/2
(4.13)

is the circular velocity at the virial radius Rvir.

4.3 Halo evolution and large scale environmental influence:
case studies

One crucial aspect of halo formation and evolution is the mass accretion. This may have
an important effect in the shape of the halo as well as its orientation (shape and spin) once
the interactions with the environment become nonlinear. The mass accretion in haloes is
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largely determined by the geometry of the Megaparsec matter distribution which defines
the local dynamics (Bond et al., 1996; van de Weygaert & Bertschinger, 1996; van de
Weygaert, 2005). The tidal field responsible for the shaping of the filaments and walls
also influences the shape and orientation of primordial clumps of matter and sets the
specific directions along which matter is accreted.

The infall of matter can be described by a multipole expansion in which each compo-
nent of the expansion corresponds to a specific geometry pattern. The first three compo-
nents of the expansion are:

• The monopole component (divergence) corresponds to the isotropic accretion of
mass. It does not depend on external forces, it is the result of the overdense or
underdense character of the regions under study. Due to its isotropic nature, the
monopole does not affect the shape and spin orientation of a halo.

• The dipole component is the result of the bulk motion of the halo or the flow of
matter in which the halo also participates.

• The quadrupole term (shear) of the infall is associated to the anisotropic infall of
matter. It determines the main directions from which matter is accreted. It also
determines if the infall occurs mainly along a line or a plane.

In this section we present a several study cases of the mass accretion in haloes located in
filaments and walls. We study the distribution of infalling matter at the present time inside
radial shells centered in the halo. For a few haloes we also show the infall of matter at
different times. Subsequently we present a study of a larger sample in which the strength
of the effect, although present, is less prominent.

Our assessment of matter infall on to haloes is restricted to isolated haloes because
they represent a cleaner large scale environment. The dynamics of the local environment
of haloes embedded in larger virialized haloes is dominated by non-linear interactions.
This may erase any signature of the possibly anisotropic infall of matter induced by its
large scale morphological environment.

We will first study the infall along filaments, subsequently that involved with walls.

4.3.1 The infall ellipsoid

In order to study the infall of matter we ignore the monopole and dipole components of
the multipole expansion and concentrate only on the quadrupole term. The quadrupole
term reflects the anisotropies of the infall of matter in a simple way. We characterize the
quadrupole by defining an infall ellipsoid in a similar way as the distribution of matter in
haloes is described by an ellipsoid (see section 4.6). This infall ellipsoid is restricted to
infalling particles. The main axes of the infall ellipsoid correspond to the eigenvalues li
of the tensor



138 4. Properties of Dark Matter Haloes in the Cosmic Web

Figure 4.3: Infall of matter in a halo. The gray ellipsoid represents the halo, where a is corre-
sponds to the major axis of inertia of the halo. ΦI is the angle between the direction of the host
filament and the main axis of inertia of the halo a (see section 4.6). The infall of matter is shown
as curved arrows flowing into the infall ellipsoid represented by the large ellipsoid.

Mkl =
N∑
i

xik, xilwi, (4.14)

where xik and xil are the k − th and l− th coordinate of the particle i. The eigenvectors
are ordered as l1 > l2 > l3. wi is a weight given by:

wi =
vi

|vi|
· xi

|xi|
(4.15)

where vi is the peculiar velocity of the particle i and the summation is performed over all
infalling particles inside the shell, defined as particles that satisfy:

vi · xi < 0. (4.16)

Particles with a peculiar velocity perpendicular to the radial direction are given low
weights while particles with a peculiar velocity directed outside the halo are discarded.

Infall ellipsoid of haloes in filaments

The matter accretion along a line or filament can be characterized by one large eigenvalue
and two smaller ones. This corresponds to an infall ellipsoid with prolate shape with
eigenvalues l1 > l2  l3 (see equation 4.14). In this geometry the main infall direction is
indicated by the largest eigenvalue l1. Figure 4.3 shows an idealized model of the infall
of matter in a halo with mass accretion along a line. The halo is represented by a gray
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Figure 4.4: Infall of matter in a halo. The gray ellipsoid represents the halo, where a is corre-
sponds to the major axis of inertia of the halo. ΦI is the angle between the plane of the wall and
a. The infall of matter is shown as curved arrows flowing into the infall ellipsoid represented by
the large ellipsoid.

ellipsoid with axis ratios determined from its inertia tensor (equation 4.6). We show the
angle between the main axis of inertia and the direction of the filament in which the halo
is located. The infall pattern is indicated as a flow by curved arrows and represented by
the infall ellipsoid.

Infall ellipsoid of haloes in walls

Infall of matter restricted to a plane, as in the case of walls, can be described by one small
eigenvector (perpendicular to the plane) and two large ones (lying on the plane). This
corresponds to an infall ellipsoid with oblate shape (l1  l2 > l3). The direction normal
to the plane is indicated by the smallest eigenvector l3. Figure 4.4 shows an idealized
model of the infall of matter along a plane. For clarity we only show the infall of matter
as curved arrows and the infall ellipsoid.

4.3.2 Haloes in filaments

In order to visualize the infall from the immediate external matter distribution we pro-
duced AITOF projections of the surrounding infalling particle distribution. The AITOF
projection is a useful representation to show a sky projection of the matter as seen from the
center of the halo. Figure 4.5 shows several examples of the projection on the sky of dark
matter particles (taken from the 2563 simulation) inside a shell of radius rHalo < rshell <

5 h−1 Mpc centered at the center of mass of isolated haloes located in filaments. We dis-
card particles inside the halo since they have been already accreted and if plotted they
would obscure the view. The external radius of the shell was chosen in order to avoid
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small-scale anisotropies in the infall pattern that may result from nonlinear interactions.
With such radius we also include the local large scale structure up to ∼ 2 times the radius
of a typical filament (see chapter 3). The directions shown in figure 4.5 and the following
figures are described in table 4.2.

Symbol Description Applies to
Big circles Projected direction of the filament in which the halo

is located (eF). The direction of the filament is fixed
at all times.

Filament

Thick arrows Indicate the main direction of infall of matter cor-
responding to the largest eigenvector l1 computed
from equation 4.14

Filament

Sun symbol Represents the direction of the spin vector of the
halo computed from equation 4.27.

Halo

Ellipsoid Indicates the direction of the main axis of inertia of
the halo computed from equation 4.6.

Halo

Light-gray
great circle

Indicates the plane of the wall in which the halo in
embedded at present time.

Wall

Dark-gray
great circle

Indicates the plane of infall. For walls we use
the eigenvector corresponding to the smallest eigen-
value computed from equation 4.14 in order to de-
fine the normal perpendicular to the plane of infall.

Wall

Table 4.2: Symbols used to describe infall, shape and morphology for haloes in filaments and
walls.

From figure 4.5 we can see that the filament in which the halo is embedded defines the
direction of infall which moulds the halo’s shape. The close coupling between the di-
rection of the filament, the main direction of infall and the shape of the halo is evident
and sets strong constraints on the expected orientation of haloes in relation to their parent
filament. The main axis of inertia of haloes is aligned with the direction of their host
filament. There is no clear relation between the spin vector and the direction of infall or
the direction of the filament. This is expected given the small magnitude of the alignment
effect (see section 4.8).
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Sample of haloes

a

b c

d e

Figure 4.5: Top-left: Definition of the various directions shown in the figure. Other panels:
the projection on the sky (as seen from the center of 5 different haloes a,b,c,d,e identified at
the present time) of dark matter particles inside a shell of rHalo < rshell < 5 h−1 Mpc. The
position on the sky where the filament enters the shell surrounding the halo is indicated by the
large light-gray circles. The direction of the major axis of inertia of the halo is indicated by the
filled ellipsoid. The main direction of infall of matter computed from equation 4.14 is indicated
by the thick arrows pointing to the top of the page. The direction of the spin vector of the halo is
indicated by the large sun symbol �.
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Time evolution

Figures 4.6 and 4.7 show the direction of infall, filament, shape and spin vector of haloes
a and b in figure 4.5 at six different times. The direction of the filament in kept fixed to
its direction at the present time. Our main findings can be summarized as follows:

• The infall of matter at present the time is strongly correlated with the direction of
the filament in which the halo is located. As one goes to earlier times the direction
of infall gradually changes.

• In general, there are no large jumps in the direction of infall (also seen in many
other haloes not shown here). A jump in the direction would be expected during a
large merging event.

• The orientation of the halo’s shape suffers several jumps induced by accretion of
large clumps of matter which momentarily affect their direction (van Haarlem &
van de Weygaert, 1993). However, the shape orientation is relatively robust to those
changes.

• The infall of matter is in most cases related to large associations of particles delin-
eating the direction of the filament at that particular time.

• The direction of neighboring haloes is largely defined by the direction of infall
which is defined by the direction of the filament. This sets a predisposition in the
direction of interactions between haloes. According to figure 4.5 mergers are to be
expected along the direction of the infall/filament.

Figure 4.8 shows the main angle between the direction of infall of a sample of haloes,
the direction of their parent filament (left panels) and the direction of infall and the shape
of the haloes (right panels). Both plots are shown as a function of time (top panels) and
mass accretion (bottom panels). The direction of infall is weakly oriented with the fil-
ament at early times. This indicates that although the general large scale orientation of
filaments remains unaffected at different epochs, at small scales it may change consider-
ably. At very early stages the local direction of the proto-filaments may not necessarily
be aligned to the direction of the filament at present time (see figure 3.22). At later times
the direction of infall becomes more correlated with the direction of the filament. This is
to be expected as a consequence of the Megaparsec scale tidal field which ultimately de-
termines the direction of the filament (Bond et al., 1996). The same effect is observed as
function of the mass accretion of the haloes. The shape of the haloes tends to be aligned
with the direction of infall in shells up to 3 h−1 Mpc from early times until the present
time. There is no significant change in the strength of the shape-infall orientation. This
reflects the role of the infall in moulding the shape of the haloes via their local filament.
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Time evolution, halo a

z = 2.03 z = 1.59

z = 1.04 z = 0.61

z = 0.26 z = 0

Figure 4.6: Evolution in time of the infall of matter around a shell of size rHalo < rshell < 5
h−1 Mpc centered in the halo a shown in figure 4.5. The position on the sky where the filament
enters the shell surrounding the halo is indicated by the large light-gray circles. The direction of
the major axis of inertia of the halo is indicated by the filled ellipsoid. The main direction of infall
of matter computed from equation 4.14 is indicated by the thick arrows pointing to the top of the
page. The direction in which the arrows point has no particular meaning. The direction of the spin
vector of the halo is indicated by the large sun symbols �.
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Time evolution, halo b

z = 3.83 z = 2.03

z = 1.04 z = 0.61

z = 0.26 z = 0

Figure 4.7: Evolution in time of the infall of matter around a shell of rHalo < rshell < 5 h−1

Mpc centered in the halo b shown in figure 4.5. The position on the sky where the filament enters
the shell surrounding the halo is indicated by the large light-gray circles. The direction of the
major axis of inertia of the halo is indicated by the filled ellipsoid. The main direction of infall
of matter computed from equation 4.14 is indicated by the thick arrows pointing to the top of the
page. The direction in which the arrows point has no particular meaning. The direction of the spin
vector of the halo is indicated by the large sun symbols �.
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Infall-LSS Infall-Shape

Figure 4.8: Top panels: mean angle between the main direction of infall and direction of the
major axis of inertia of a sample of 100 haloes and the direction of the parent filament as function
of the expansion factor. Bottom panels: same as top panels but as function of the mass growth.
Shaded areas indicate error bars computed from 1000 Monte Carlo realizations of random points
in the interval 0-1 with the same number of points as the real sample.

4.3.3 Haloes in walls

Figure 4.9 shows several examples of the distribution of dark matter particles (taken from
the 2563 simulation) projected on the sky inside a shell of radius rHalo < r < 5 h−1 Mpc
viewed from the center of mass of isolated haloes. The description of the symbols used
is presented in table 4.2.

The projected distribution of matter shown in figure 4.9 clearly delineates the plane
of the wall a well as the plane of infall. Several haloes can be seen in the vicinity, always
contained in the plane of the wall. This is especially clear in frames a, c and e. In frame
e we can identify two large associations of particles at opposite directions in the sky
suggesting a filament instead of a wall. However, the overall matter distribution has a
planar nature. This is demonstrated by its close match to the great circle of both the wall
and in plane of infall.
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Sample of haloes in walls

a

b c

d e

Figure 4.9: Top-left: Definition of the various directions shown in the figure. The halo is repre-
sented by a filled ellipsoid with major axis of inertia

−→
S . The vectors pointing to the center of

the halo illustrate the infall of matter represented by the vector normal to in infall plane
−→
I . Other

panels: Projection on the sky of particles inside a shell with inner radius equal to the radius of the
halo and external radius of 5 h−1 Mpc. The direction of the major axis of inertia of the halo is
indicated by the ellipse symbol, the spin vector is indicated with the sun symbols, the plane of the
wall corresponds to the light gray line and in plane of infall is represented with the dark gray line.
See text for details.
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This apparent inconsistency is the result of the close relation between filaments and
walls, the former often being found crossing large walls. In fact, in a hierarchical scenario
one expects that even walls are characterized by considerably filamentary substructure.
Frame b is a special case in which the planar nature of the wall is not obvious. Two (or
maybe three) small filaments cross the sky and merge at the plane of the wall.

There is a clear correlation between the plane of the wall and the plane of infall as
expected if the accretion of matter occurs via the walls. This suggest that the plane of
infall could potentially be used as a “cheap” wall finder, or at least as a good indicator
of the character of the matter configuration surrounding a halo. Walls could then be
identified as neighborhoods with a planar infall pattern characterized by the ratio between
the eigenvalues computed from equation 4.14. This particular infall pattern is the result
of the shear flows induced by the Megaparsec-scale matter distribution. This prescription
could be extended to a multiscale analysis without great effort. Such study is beyond the
scope of the present work.

There is a strong alignment between the orientation of both the major axis of inertia
of the halo and the direction of its spin vector with the plane of the wall in figure 4.9.
Even more striking is the excellent coupling between the direction of the spin vector and
the plane of the wall. From the five examples only one deviates from the plane of the
wall. Haloes in walls seem to have their spin vector more strongly oriented with the plane
of their parent wall than their more erratic counterpart in filaments.

Time evolution

Figures 4.10 and 4.11 show the evolution in time of the plane of infall, the orientation
of the major axis of inertia and the spin vector of haloes c and e. This figure illustrates
the unique dynamical environment defined by walls. While at present time the infall of
matter occurs predominantly via the plane of the wall, at early times it is perpendicular to
it, reflecting its collapse. The distribution of matter in the vicinity of the halo delineates
the plane of the wall from very early times indicating that the final orientation of the wall
retains “memory” of its primordial orientation. This may provide a unique prove of the
linear phases of the Universe.

Note the frame at redshift z = 2.85 in Figure 4.10: we can appreciate the collapse
of two (projected) filamentary structures into the plane of the wall. The direction of the
major axis of inertia of the halo varies at different times but it is in general close to the
plane of the wall. The spin vector seems to maintain its orientation at different times. This
stands in contrast to the more erratically oriented haloes in filaments. The fact that the spin
vector of haloes in walls is more strongly oriented than their counterpart in filaments was
already shown in Aragón-Calvo et al. (2007). This reflects the more quiet and coherent
environment which characterizes walls. In this respect walls of galaxies may offer a
unique prove to test theories of large scale structure and galaxy formation. It will allow a
detailed study of the environment defined in terms of linear and non-linear influences.
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Time evolution, halo c

z = 5.15 z = 2.85

z = 1.59 z = 1.04

z = 0.61 z = 0

Figure 4.10: Projection on the sky of particles inside a shell with inner radius equal to the radius
of the halo and external radius of 5 h−1 Mpc. The direction of the major axis of inertia of the halo
is indicated by the ellipses, the spin is indicated by the circle with the dot. The light gray thick
line indicates the plane of the wall and the dark gray thick line the plane of infall. The plane of
the wall is fixed to its orientation at the present time. Each figure corresponds to a different time.
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Time evolution, halo e

z = 2.85 z = 1.59

z = 1.04 z = 0.61

z = 0.26 z = 0

Figure 4.11: Projection on the sky of particles inside a shell with inner radius equal to the radius
of the halo and external radius of 5 h−1 Mpc. The direction of the major axis of inertia of the halo
is indicated by the ellipses, the spin is indicated by the circle with the dot. The light gray thick
line indicates the plane of the wall and the dark gray thick line the plane of infall. The plane of
the wall is fixed to its orientation at the present time. Each figure corresponds to a different time.
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Infall-LSS Infall-Shape

Figure 4.12: Top panels: mean angle between the main direction of infall and direction of the
major axis of inertia of the halo and the direction of the parent wall as a function of the expansion
factor. Bottom panels: same as top panels but as function of the mass growth. Shaded areas
indicate error bars computed from 1000 montecarlo realizations of random points in the interval
0-1 with the same number of points as th real sample.

Figure 4.12 shows the angles between the plane of infall and the plane of the wall
in which the halo is embedded (left panels) and the plane of infall and the major axis
of inertia of the halo (right panels) as function of time (top panels) and mass accretion
(bottom panels). At early times the direction of infall is perpendicular to the plane of the
wall reflecting the collapse predicted by Zel’Dovich (1970). The effect can be seen only
at large scales rshell = 3 h−1 Mpc. At smaller scales rshell < 3 h−1 Mpc the direction of
infall is oriented with the plane of the wall at all times. This suggests that haloes in walls
may accrete mass from small filaments produced by the fragmentation of their parent
wall. The different infall patterns as function of scale reflects the influence of both linear
(large scale) and non-linear (small scale) effects. Linear effects are highly coherent and
stretch along large distances (van de Weygaert, 2002). Non-linear effects have a more
local influence and are erratic in nature.
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An example of this may indeed be seen in figure 4.10 where we can see the emergence
of two filaments at redshift z = 2.85 and their subsequent merging. At all times the two
filaments are located close to the plane of the wall suggesting that they in fact form part
of it. The two associations of particles at the points where the two filaments intersect cor-
respond to haloes which are fed by them and are therefore oriented in the same direction.
Even when the plane of infall at early times is perpendicular to the plane of the wall it
seems that at scales corresponding to galactic haloes the infall of matter is restricted to the
plane of the wall at all times. The same may not be true for larger haloes that collapsed
from larger volumes. Those haloes will experience the two dynamical regimes of walls:
the primordial collapse and the subsequent fragmentation into small filaments that set the
new direction of infall. This can be seen from figure 4.12 where at large scales the shape
of the halo tends to be less aligned with the main direction of infall. At smaller scales,
however, the shape and direction of infall are well correlated and in fact the correlation is
stronger at earlier times.

4.4 Halo mass function

The Cosmic Web consist of a mixture of compact collapsed haloes embedded in a more
diffuse medium. The haloes follow the cosmic web patterns closely. Clusters, filaments
and walls define regions where most haloes have formed given their relative higher den-
sity contrast. Most of our knowledge on the spatial distribution of matter in the universe
comes from galaxies observed in large surveys. This makes it necessary to assess how
far haloes delineate the Cosmic Web 2 and what the properties of these haloes are. In
this section we present a study of the general properties of dark matter haloes located in
clusters, filaments, walls and the field.

Figure 4.13 shows the location of virialized haloes in a slice of the simulation box.
The distribution of haloes differs only in that large virialized haloes are broken into sev-
eral smaller haloes (see figure 4.2). The four boxes show virialized haloes in clusters,
filaments, walls and the field as white filled circles. The size of the circles scales with
mass. They are superimposed on the underlying density field, grayscale background.
Virialized haloes delineate the morphological components of the cosmic web in meticu-
lous detail. Note that they not only follow the Large Scale Structure but their mass seems
to be closely related to the morphology in which they reside. The mass of haloes de-
creases in the order clusters-filaments-walls-field reflecting the characteristic densities of
each morphology.

2This was partially studied in chapter 3.
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Figure 4.13: Virialized haloes in clusters, filaments, walls and voids starting at the top left panel
clockwise. The size of the virialized haloes is scaled with their mass. The underlying density field
(in logarithmic scale) is depicted by the gray shades in the background.

4.4.1 Mass, density and morphology

Figure 4.14 shows the distribution in mass and density for haloes located in clusters,
filaments, walls and voids. Haloes in each morphological environment cover a particular
range in density. This is also reflected in their mass, haloes in clusters are the most
massive and are associated to the densest environments compared to other morphologies.
This is expected since massive haloes are the result of the collapse of the high peaks
in the primordial matter distribution (Bardeen et al., 1986; Peacock & Heavens, 1985).
Since the mass of a halo depends on the overdensity of its primordial peak and clusters,
filaments, walls and voids cover a distinctive range of densities one can assume their
characteristic masses to be also different.
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Figure 4.14: Distribution in mass and density contrast. We show the results for haloes located in
clusters, filaments walls and voids (clockwise starting at the top-left panel). Haloes were identified
with HOP from the 5123 simulation. The density contrast corresponds to the value of the DTFE
pixel in which the halo is located. The grayscale distribution was produced by assigning each
halo to a grid equally spaced in the logarithm of the density contrast Log10(δ+1) and Log10 h

−1

M�. We superimpose 5 contour lines equally spaced in logarithmic intervals to help visualize the
shape of the distributions.
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4.4.2 Mass function

Figure 4.15 shows the mass function of virialized haloes (left panel) and haloes (right
panel) in clusters, filaments, walls and voids (thin solid, dashed, dotted and dot-dashed
lines respectively). Voids were defined as regions which were not labeled as cluster,
filament or wall by the MMF and have a relative density of δ < −0.2. We identified
haloes by using the SubFind halo finder described in Springel et al. (2001). The reason
for this is the limitation in the maximum mass of haloes identified with FracHop (See
Section 4.2.3). FracHop tends to break haloes into their substructure producing a mass
cut-off of a few times 1013 h−1 M� given the smoothing length used to trace the topology
of the density field. The mass function of both virialized haloes and haloes do not differ
significantly. In what follows we will describe only to the mass function of virialized
haloes and will refer to them simply as haloes.

Figure 4.15 shows the mass function of the overall halo population (dark gray line),
haloes in clusters (solid line), filaments (dashed line), walls (dotted line) and voids (dotted-
dashed line). As a comparison we also plot the theoretical mass function computed from
the Press-Schechter function (Press & Schechter, 1974):

dn

dM
=

2√
2π

ρ0

M2

δc
σ

∣∣∣∣ dlnσ
dlnM

∣∣∣∣ exp
(
− δ2c

2σ2

)
(4.17)

where ρ0 is the present time mean density of the Universe, and σ(M) is the present,
linear theory rms density fluctuation inside spheres containing a mean mass M . The
evolution with redshift is controlled by the overdensity threshold δc. This threshold cor-
responds to the overdensity, extrapolated to the present time using linear theory, of a
uniform spherical clump that fully collapsed according to the spherical collapse model.
The Press-Schechter formalism gives a mass function in good agreement with N-body
simulations (Davis et al., 1985; Efstathiou & Rees, 1988; Efstathiou et al., 1988; Lacey
& Cole, 1994). We computed the mass function using the Press-Schechter formalism for
a standard ΛCDM model with the same parameters as the N-body simulation used in our
study.

The mass function of the overall halo population closely follows the Press-Schechter
prediction (Efstathiou & Rees, 1988; Efstathiou et al., 1988). However, all halo popula-
tions distinguished by morphological environment significantly deviate from the generic
prediction of Press-Schechter. This reflects their different environment (see figure 4.15).
We heuristically fitted a two-power law to the mass functions in order to quantify their
differences. The fit was done logarithmically:

Log10N(< M) =

{
a+m1Log10M if M < M∗
a+m2Log10M if M > M∗

(4.18)

where M is the mass of the halo, a is a constant, m1 and m2 are the slopes at the low
and high mass ends respectively and M∗ corresponds to a characteristic mass at which
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SubhaloesHaloes

Figure 4.15: Halo and subhalo mass functions for the different morphological environments.
Left: cumulative mass function of HOP virialized haloes in clusters, filaments, walls and the field
(dotted, dashed, dotted-dashed and solid respectively). The mass function for the full halo sample
is indicated by the thick dark-gray line. The thick light-gray line indicates the prediction from
Press-Schechter formalism. Right: the same as left panel but for haloes identified with SubFind.
Note that the overall population is the result of the sum of all morphological environments.

the slope of the curve changes from m1 to m2. We fit all mass functions to equation 4.18
and compute also the value of N(< M∗) at the characteristic mass M∗ as a measure of
the amplitude of the mass function.

Some observations can be made on the basis of our results summarized in figure 4.15
and table 4.3.

Morphology M∗ [M� h−1] N(< M∗) m1 m2

All 13.13 -3.46 -0.92 -1.03
Clusters 13.11 -3.45 -0.22 -1.11
Filaments 12.59 -2.90 -0.66 -2.55
Walls 12.84 -5.16 -1.64 -1.90
Voids 11.41 -4.24 -2.32 -4.41

Table 4.3: Parameters fitted to the mass function of haloes in different morphologies. We show
the best fit for the characteristic mass M∗, the value of the function at the characteristic mass N
and the slope of the curve at the low and high mass end m1,m2. The fit was performed for all
the haloes in our sample as well as for haloes in clusters, filaments, walls and voids (identified as
field regions below a given density threshold). See text for details.
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Figure 4.16: Virialized haloes in the vicinity of massive clusters. Left: virialized haloes with
masses > 5× 1012 h−1 M� identified in blobs are shown inside a slice of 12 h−1 Mpc thickness.
The zoomed area on the right shows virialized haloes with masses larger than > 5 × 1012 h−1

M� (white circles), while lower mass virialized haloes are indicated by black circles.

4.4.3 Clusters

The mass function of haloes in clusters follows the overall population in the range 1013 <

M < 1015 h−1 M� . The parameters obtained from the fit to equation 4.18 are almost
identical to the overall population. The only exception is the slope m2 in the low-mass
end (M < 1013 h−1 M� ) which is nearly flat. Around M < 1012 h−1 M� there is an
artificial increase in the number of haloes. This tail is the result of spurious detections
in the periphery of large virialized haloes as illustrated in figure 4.16 and can be easily
corrected.

Clusters themselves represent a morphological component of the cosmic web in con-
trast to filaments, walls and voids. The later are defined in terms of the haloes they
contain (or lack in the case of voids). This is the origin of the “knee” in the mass function
of haloes in clusters: haloes that are sufficiently massive (∼ 1014 h−1 M� ) are no longer
part of a filament, wall or void. They become a cluster according to our definition.

4.4.4 Filaments

The mass function of haloes in filaments has a complementary behavior with respect to
clusters. The slope in the low-mass end of the mass function (m1) is slightly smaller than
the overall population. The “knee” atM∗ ∼ 1013 h−1 M� in the mass function marks the
point where large groups become well differentiated clusters sitting at the intersections
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of the filamentary network. Haloes larger than 1015 h−1 M� can not be located inside
filaments since those masses are characteristic of clusters. The limited size of objects in
our simulation box does not allow us to reach the high mass end of the curve. We can
anticipate that it will run almost vertical as we approach 1015 h−1 M� .

4.4.5 Walls

The slope of the mass function of haloes in walls is steeper than that for the overall
population. Haloes with masses larger than 1012 h−1 M� are approximately one order
of magnitude less numerous than the overall population. The sparsity of massive haloes
immediately translates into the difficulty of tracing walls in galaxy surveys. Indeed, one
may argue that walls observed in galaxy surveys may be better defined in terms of their
surrounding matter distribution (Trujillo et al., 2006).

4.4.6 Voids

The mass function of haloes in voids is very steep. Haloes of masses larger than 1012 h−1

M� are almost four orders of magnitude less numerous compared to overall population
(Colberg et al., 2005b; Gottlöber et al., 2003; Patiri et al., 2006a). Milky-way sized haloes
are therefore extremely rare in voids. This is clearly in accordance with observations.

4.5 Halo formation times

4.5.1 Definition

The change of mass experienced by a halo via accretion of surrounding matter or merging
with other haloes is encoded in the mass accretion history which can be used to define
the “formation time” of haloes. We computed the mass accretion history of our haloes by
following their most massive progenitor line (see appendix 4C).

Among the various definitions of formation time (see for instance Gottlöber et al.
(1999); Wechsler et al. (2002); Tasitsiomi et al. (2004); Sheth & Tormen (2004)) we
decided to follow the approach of Wechsler et al. (2002). Their definition of formation
time does not depend on the “observation time” of the halo but on its mass accretion rate.
The mass accretion history is then assumed to follow a curve of the form:

M(a) = M0e
−αz, (4.19)

where M0 is the mass of the halo at present time, z is the redshift and α is a parameter
related to the characteristic expansion factor ac defining the formation time of the halo.
The expansion factor ac is related to the slope of the curve S as

ac =
a0α

S
, (4.20)
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where a0 is the observation time of the halo, defined in our case to be the present time
a0 = 1. Using this formulation, the mass accretion history can be fitted by the function:

M(a) = M0 exp
[
−acS

(a0

a
− 1

)]
. (4.21)

The formation time of the halo corresponds to the expansion factor ac at which the mass
accretion curve reaches the slope S. In order to improve the fit we also allowed M0 to
vary in the fitting procedure (Allgood et al., 2006).

4.5.2 Accretion history validation

We must stress that equation 4.21 is only valid for haloes with a steady mass accretion
history. Mergers deviate significantly from this curve and give unrealistic values of ac

and systematically lower values of M0. The stripping suffered by haloes as they are
absorbed by large clusters also produces large deviations in the mass accretion history.
We fitted equation 4.21 to all our mass accretion histories and reject haloes whose fitted
M0 was less than half of the mass at present time. Also haloes which are not formed at
present time according to this criteria (ac > 1) or have earlier formation times than their
first identification were excluded from the sample. Figure 4.17 shows several typical
examples of haloes with:

• Steady accretion (top panels).

• Large merging events or mass stripping (center panels).

• Haloes that have an earlier formation time than their first identification time in
which case ac is extrapolated from the fit (bottom panels).

In the determination of the formation times we only consider the steady mass accreting
haloes. In the other cases the definition of formation time is meaningless (center panels of
figure 4.17) or can not be reliably computed given the resolution limit of our simulation
(bottom panels of figure 4.17). The above restrictions severely limits the halo sample
to steady mass accreting haloes . We can appreciate from figure 4.17 that those are the
only haloes for which the definition of formation time can be unambiguously applied (see
appendix 4C).

4.5.3 Formation times in the Cosmic Web

Figure 4.18 shows the mean formation time of haloes in clusters, filaments, walls and
voids as function of their mass. We find that in general the formation time is correlated
with the mass of the halo. More massive haloes tend to form earlier than less massive
ones (Wechsler et al., 2002; Sheth & Tormen, 2004; Gao et al., 2005; Harker et al., 2006;
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Figure 4.17: Mass accretion histories from nine different haloes: steady accretion of mass (top
panels), violent mergers and mass stripping (central panels) and haloes with extrapolated forma-
tion times (bottom panels). The star symbol indicates the formation time derived from the fit to
equation 4.21, also indicated in the caption.

Croton et al., 2007). We found a weak trend for haloes in walls and filaments to form
earlier than haloes in clusters in an apparent disagreement with the commonly accepted
dependence between formation time and density, i.e. that low mass haloes form earlier
in high density regions (Gao et al., 2005; Harker et al., 2006; Hahn et al., 2007b; Cro-
ton et al., 2007). The reason for this discrepancy lies in the intrinsic differences in the
definition of formation time. More specifically, it will depend on the sample of haloes to
which one can apply the definition of “formation time”. For instance, low mass haloes in
the vicinity of clusters have “early” formation times as result of the combined effect of
mass stripping as the halo enters the high density regions and the suppression in the mass
accretion (Moore et al., 1996; Wang et al., 2007). Often it is necessary to ”correct” the
mass accretion history of such haloes by neglecting their mass stripping. The result of
this is that mass stripping haloes tend to look “old”.
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Figure 4.18: Formation time as a function of mass of haloes in clusters, filaments and walls. The
formation time was derived by fitting the mass accretion history to equation 4.21. The dashed
filled areas represent the Poisson error computed from 100 Monte Carlo realizations with random
formation times uniformly distributed in the range 0-1 and with the same number of points as the
real halo sample. Note that the real distribution of formation times does not has to be uniform in
which case the error bars will be smaller.

The steady mass accreting haloes represent a highly biased sample that may not be
representative of the general population. This bias is stronger for subhaloes than for
virialized haloes. Virialized haloes grow in a bottom-up fashion, always increasing their
mass. Subhaloes on the other hand may loose part of their mass as they are accreted into
larger systems. This results in large variations in their mass accretion history. The mass
accretion history of virialized haloes only deviates from equation 4.21 in the case of large
mergers.

As a comparison with the traditional definition of formation time we followed a com-
mon approach and “corrected” the mass accretion histories by ignoring any decrease in
the mass of the halo caused by mass stripping (Croton et al., 2007). If the mass of the halo
suddenly decreases we keep the value of the mass at the previous time. This gives a more
acceptable mass accretion history that produces a cleaner fit to equation 4.21. Figure 4.19
shows the formation time as function of the mass of haloes in:

• Clusters with more than 50 subhaloes (solid line).

• Haloes in small groups (less than 5 members) or isolated and with local density of
less than 10 times the mean density of the universe.
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Figure 4.19: Formation time as a function of mass of haloes as a in clusters with more than 50
subhaloes (solid line) and haloes that are isolated or in groups of less than 5 haloes and with a local
density smaller than 10 times the mean density. The formation time was computed by “correcting”
mass stripping (see text for details) and subsequently fitting equation 4.21. The dotted lines in the
right panel indicate the 1σ dispersion of the formation times. The dashed filled areas represent
the Poisson error computed from 100 Monte Carlo realizations with random formation times
uniformly distributed in the range 0-1 and with the same number of points as the real halo sample.
Note that the real distribution of formation times does not has to be uniform in which case the
error bars will be smaller.

The formation time computed with this approach is in agreement with the accepted be-
havior (Sheth & Tormen, 2004; Gao et al., 2005; Harker et al., 2006; Croton et al., 2007).
Haloes that enter highly dense regions such as clusters get part of their mass stripped
while their mass accretion halts. This has the effect of producing mass accretion histories
characteristic of “old” haloes.

The relation we found between formation time and morphological environment is
small and in the same order as the error bars. A more detailed analysis is needed with
a larger sample. Perhaps even more important is that we need a better definition of for-
mation time which is not affected by the stochastic nature of the mass accretion in a
hierarchical scenario.
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4.6 Halo shapes

The shape of haloes is determined by both linear and nonlinear processes. Theoretical
predictions are in general restricted to the effect of linear processes in the halo. The
highly complex nature of nonlinear processes renders it extremely difficult to predict
their effects. The shape of the halo is the result of three basic processes:

• The shape of the primordial peak from which the halo originated (Bardeen et al.,
1986; Bond & Myers, 1996a; van de Weygaert & Bertschinger, 1996; Sheth et al.,
2001)

• The external tidal shear that “moulds” the halo (Bond et al., 1996; van de Weygaert,
2005).

• Non-linear interactions that distorts the original shape. This includes close encoun-
ters and large merging events which are related to the infall of matter (van Haarlem
& van de Weygaert, 1993).

Figure 4.20: An ellipsoidal model of a triaxial halo with main axes a > b > c.

4.6.1 Shape definition

We evaluate the shape of haloes by approximating their mass distribution by a triaxial
ellipsoid. The axes of inertia are to be evaluated from the tensor of inertia (see figure
4.20):

Ii,j =
N∑
i

xixj , (4.22)

where the positions xi and xj are with respect to the center of mass and the summation
is over all particles in the halo. The axes of the ellipsoid can be determined from the
eigenvalues λi of the inertia tensor as a =

√
λ1, b =

√
λ2 and c =

√
λ3, where a > b > c.

Haloes can be classified in terms of their axis ratios by defining their degree of sphericity
s, prolateness q (egg shaped) and oblateness p (pancake shaped) as:

s =
c

a
; p =

b

a
; q =

c

b
. (4.23)
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Figure 4.21: Top panels: four examples of isolated haloes. Bottom panels: four examples of
group haloes. For clarity only particles that belong to haloes are shown. The box is centered at
the position of the halo and is 3 h−1 Mpc of side for isolated haloes and 2 h−1 Mpc of side for
groups haloes. The gray shade corresponds to the density of the particle smoothed with a Gaussian
window of 75 h−1 Kpc.

An additional measure for the ellipsoid’s shape is triaxiality,

T =
a2 − b2

a2 − c2
. (4.24)

High values of triaxiality indicate prolateness, low values indicate oblateness.

4.6.2 Isolated vs. group haloes

The influence of the Megaparsec-scale tidal force field on the shape of the halo will be-
come a secondary effect as soon as the halo enters highly dense regions. In these envi-
ronments the dynamics of the halo are dominated by small-scale interactions which may
erase any primordial signature. In an attempt to discriminate between the influence of the
linear (initial conditions and Cosmic Web) and the non-linear interactions we divided our
halo sample in two (see figure 4.21):

• Isolated haloes, i.e. haloes that are their own parent halo. They do not contain
substructure or have subhaloes with masses below our limit of 50 particles.

• Group haloes refer to haloes that form part of a group with 3 or more haloes. Pairs
of haloes are discarded in order to exclude systems undergoing merging in which
case the system is not relaxed and the shapes may be strongly distorted.
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Figure 4.22: Sphericity of haloes in clusters, filaments, and walls as function of their mass. Left:
haloes embedded in groups of 3 or more subhaloes. Right: isolated haloes. The shaded area
indicates the Poisson error computed from 1000 montecarlo realizations with random orientations
uniformly distributed in the range 0-1 and with the same number of points as the real sample.

4.6.3 Sphericity

Figure 4.22 shows the sphericity of isolated and group haloes located in clusters, filaments
and walls. The sphericity of haloes in different morphological environments is roughly
similar. We found a small difference between the isolated and groups haloes, although
the differences are within the error bars. Low-mass isolated haloes are more spherical
than their counterparts in groups. This may be the result of a more quiet interaction
history given their relative isolation. Isolated haloes have a weak trend to increase their
ellipticity with decreasing mass. The effect is opposite for group haloes. This “reverse”
trend with mass found in group haloes has been reported previously solely as a resolution
effect (Bett et al., 2007; Hahn et al., 2007b). Our results seem to suggest that non-linear
interactions play a role in the shape of the haloes in groups (or subhaloes) in addition to
any resolution effect. If mass resolution was the origin of the effect one would expect
to see it in all haloes regardless of their environment. The non-linear character of the
interactions in the interior of groups is reflected in the lower degree of sphericity which
seems to affect more strongly low-mass haloes.

Isolated haloes located in clusters correspond to haloes that are themselves identified
as clusters by the MMF (see figure 4.16). They have a slightly different behavior than
isolated haloes in filaments and walls as their sphericity decreases with mass. This may
not be surprising since massive haloes correspond to large groups and clusters which
feed from their surrounding filaments. This induces an anisotropic infall of matter which
together with the Megaparsec-scale tidal field determines the halo’s shape (van Haarlem
& van de Weygaert, 1993; Colberg et al., 1999).
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Figure 4.23: Normalized distribution of shapes of haloes in all environments, clusters, filaments
and walls respectively. The shaded grid was computed by binning individual haloes to a two
dimensional grid. We plotted 10 contour lines equally spaced in logarithmic scale in order to
appreciate the shape of the two dimensional distribution. The dashed lines marks the division
between oblate (pancake shaped) and prolate (sausage shaped) haloes.

4.6.4 Shape

Figure 4.23 shows the normalized distribution of the shape of haloes parametrized by their
axis ratios p = b/a and q = c/b. We can see that haloes are mostly triaxial objects with
a large variation in shapes. Spherical configurations are in fact uncommon in accordance
with theoretical expectations.

The shape of haloes depends on the initial condition from which the halo emerged
in which spherical peaks are rare and the high peaks are expected to be more spherical
(Bardeen et al., 1986). We found haloes to be slightly prolate (Allgood et al., 2006;
Macciò et al., 2007; Bett et al., 2007). Haloes located in walls lack the tail towards
low sphericity which we see in clusters and filaments. This is probably a result of the
limited resolution of our simulation. Figure 4.23 emphasizes the triaxial nature of haloes,
but it does not allow us to appreciate any significant differences between the different
morphological environments.
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Figure 4.24: Triaxiality of haloes in clusters (dotted line), filaments (dashed line) and walls (dot-
dashed line) as function of the mass of the halo. The sample was divided into groups haloes
(left) and isolated haloes (right). The shaded area indicates the Poisson error computed from 1000
montecarlo realizations with random values of triaxiality uniformly distributed in the range 0-1
and the same number of points as the real sample.

A more illuminating comparison is given in Figure 4.24 where we show the mean
triaxiality parameter T (see equation 4.24) of haloes in clusters, filaments and walls as
function of their mass. The differences are small if one considers all haloes. We find
a tendency of haloes to decrease their degree of prolateness with increasing mass until
∼ 4× 1012 h−1 M� . Beyond this point the trend is reversed. Haloes in clusters have the
highest degree of prolateness.

Other factors also affect the final shape of a halo such as the subsequent anisotropic
gravitational collapse which amplifies small asphericities (Icke, 1973) and the anisotropic
mass accretion from the surrounding LSS (van Haarlem & van de Weygaert, 1993). All
these factors are encoded in the initial conditions setting correlations between the shape
of peaks/dips and the tidal field produced by the Megaparsec matter distribution (van de
Weygaert & Bertschinger, 1996).

The effect of the morphological environment stands out when we split the sample
into isolated and group haloes. Isolated haloes in clusters are clearly prolate suggesting
the infall of matter along the direction of their filaments. We found haloes in filaments
to be less prolate. This effect is only seen in the isolated haloes located in filaments.
The mechanism responsible for this behavior is not clear and it seems to contradict the
general trend. It suggest a more isotropic infall for high mass haloes possibly located
at the nodes of star or grid filaments (see chapter 3) in which case the infall has a more
two-dimensional nature. Haloes in walls and clusters have increasing prolateness with
increasing mass following the general trend.
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4.7 Halo rotation and halo spin

The acquisition of angular momentum in the Tidal Torque Theory is the result of the
gravitational interaction between the proto-galaxy and the surrounding matter distribu-
tion (Hoyle, 1951; Peebles, 1969; Doroshkevich, 1970; Jones & Efstathiou, 1979; Fall &
Efstathiou, 1980; White, 1984):

Ji ∝ εi,j,kIj,lTl,k (4.25)

where Ij,l is the inertia momentum tensor of the proto-galaxy and Tl,k is the tidal shear
tensor generated by the surrounding matter configuration. This tidal shear is also re-
sponsible for the emergence of the characteristic patterns of the Cosmic Web, which is
highly suggestive of a significant link between the angular momentum of a proto-galaxy
and the Megaparsec-scale matter distribution. If this would be the only relevant pro-
cess one would expect to see the imprint of the Cosmic Web in the orientations of the
galaxy spins. However, later nonlinear and gasdynamical effects may severely influence
and weaken such a correlation. Certainly within the prevailing hierarchical buildup of
haloes nonlinear effects will quickly become dominant. Among these the most important
include matter stripping, close encounters, large merging events, etc. Here we hope to
obtain some understanding of the effect and the various processes that affect it.

4.7.1 Spin parameter

The angular momentum of haloes is commonly parametrized by the dimensionless spin
parameter (Peebles, 1969):

λ =
|J | |E|1/2

GM5/2
(4.26)

where E is the total energy of the halo, M is its mass, G is the gravitational constant and
J is the total angular momentum defined as:

J =
N∑
i

mi ri × (vi − v̄). (4.27)

In this, mi is the mass per particle, ri is the distance of each particle from the center
of the halo, vi is the peculiar velocity of the particle and v̄ the mean (bulk) velocity of
the halo. We computed dimensionless spin parameter using a modified version that is
computationally less intensive than equation 4.26 (Bullock et al., 2001):

λ =
|j|√

2RvirVvir

(4.28)

where Vvir = (G(Mvir)/Rvir)1/2 is the circular velocity at virial radius Rvir and j is the
specific angular momentum:
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Figure 4.25: Top: spin parameter distribution of the overall halo sample (dashed line). The gray
solid line indicates the best fit to equation 4.31. Bottom: ratio between the overall distribution
and the best fit. The x-axis is shown in logarithmic scale to emphasize the deviation from a pure
log-normal distribution.

j =
1

NHalo

NHalo∑
i=0

ri × vi. (4.29)

The spin parameter indicates the degree in which a halo is rotationally supported. High
values of λ correspond to fast spinning haloes while low values are characteristic of highly
bound slow rotating objects. The halo spin parameter distribution in simulations is found
to be well approximated by the log-normal function:
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p(λ)dλ =
1

σλ

√
2π

exp

[
− lnλ/λ2

2σ2
λ

]
dλ

λ
(4.30)

with the peak around 0.04 < λ < 0.05 (Warren et al., 1992; Cole & Lacey, 1996; Mo
et al., 1998; Steinmetz & Bartelmann, 1995; Catelan & Theuns, 1996). Figure 4.25 shows
the distribution of the modified spin parameter λ′ of all haloes in the simulation (in what
follows we drop the “prime” in λ for simplicity). Traditionally the distribution of spin
parameters is plotted in linear scale. This produces the well known log-normal distri-
bution which seems to provide a good fit. However, if one plots the same distribution
in logarithmic scale a strong difference arises: the low-spinning tail is underrepresented
in equation 4.30. The distribution resembles a log-normal distribution with a moderate
skewness. This is in clear disagreement with the commonly assumed distribution (Bul-
lock et al., 2001; Van den Bosch et al., 2002). Recently Bett et al. (2007) found the same
effect. They argue that a log-normal function is a poor descriptor since it strongly avoids
low-spin values while the real distribution, based as it is on the three-dimensional vector
J, does not. They propose a function that provides a better description of the distribution:

P (log λ) = A

(
λ

λ0

)3

exp

[
−α

(
λ

λ0

)3/α
]

(4.31)

whereA is a constant factor, λ0 corresponds to the peak of the distribution and α is related
to the width of the peak.

Figures 4.26 and 4.27 show the distribution of spin parameters of haloes in clusters,
filaments, walls and the field. Distinguished by large scale morphology there appears to
be a significant difference between morphologies. Haloes in clusters have the highest
values of λ. Haloes in filaments and walls have values similar to the values of λ with-
out morphological distinction and haloes in the field have the smallest values of λ (see
table 4.4). The width of the distribution also decreases in the order clusters-filaments-
walls-field. The effect is consistent in both the values computed from the fit to equation
4.31 and the mean, median and standard deviation of the distributions. Using a marked
correlation analysis Faltenbacher et al. (2002) found a similar result, namely that neigh-
boring cluster pairs tend to have higher spins than the average, although the comparison
is difficult given the differences in the mass range and their definition of environment.
The closest comparison for our work in the literature is the study by Hahn et al. (2007b).
Our results are in qualitative agreement with theirs although they found a much stronger
environmental effect. In particular, their low mass haloes have a prominent tail towards
high spinning haloes.

In order to get a better understanding of the influence of environment in the spin pa-
rameter we computed the spin parameter of haloes in which no removal of unbound par-
ticles was performed. Spurious detections were removed from the sample. Only haloes
with statistical significance of σhalo = 3 were considered according to:
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Figure 4.26: Spin parameter distribution of haloes residing in clusters, filaments, walls and the
field (dotted, dashed, dot-dashed and thin solid lines respectively). The thick gray line indi-
cates the distribution of all haloes regardless of their morphological affiliation. Left panels show
low mass haloes defined as M < 1012M�h−1 while high mass haloes (1012M�h−1 < M <

1013M�h−1) are shown on the right panels. Top panels: Spin parameter distribution of haloes
which have their unbound particles removed. Central panels show the ratio between the distri-
bution of all haloes and the specific distribution per morphology. Bottom panels show haloes
identified as 3σ significance with no removal of unbound particles and using the densest half
particles in the determination of λ (see text for details).

〈ρhalo〉 = ρmin

(
1 +

σhalo√
Nhalo

)
(4.32)

where 〈ρhalo〉 is the density averaged over all particles in the halo, ρmin is the minimum
density in the halo, σhalo defines the significance level for a halo to be considered a real
detection (Aubert et al., 2004). The choice of σHalo = 3 restricts the sample to haloes
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Figure 4.27: Spin parameter distribution of low-mass haloes residing in clusters, filaments, walls
and the field (dotted, dashed, dot-dashed and thin solid lines respectively). This plot corresponds
to the top-left panel in figure 4.26 shown here in linear scale in order to appreciate the high-spin
end. The thick gray line indicates the distribution of all haloes regardless of their morphological
affiliation.

that represent a significant overdensity compared to their surroundings. Additionally we
used only the half densest particles inside each halo.

The lower panels of figure 4.26 show the spin parameter of haloes in each morpholog-
ical environment. The difference between morphological environments stands out, with
larger values of λ in the order clusters, filaments, walls and the field. Note that the peak of
the distribution is also different compared to the haloes with unbound particles removed.
Low mass haloes in clusters have a higher spin parameter than haloes in filaments, walls
and the field. This strong segregation as a function of morphology is not found in the
haloes with unbound particles removed. The differences between the two distributions
arise from the unbound particles. These are “hot” particles from the local environment
of the haloes. Figures 4.26 and 4.27 suggest that the spin parameter-morphology found
by Hahn et al. (2007b) is the result of the influence of the potential well in which the
haloes are located and non-linear interactions. The dependence of the spin parameter on
morphology seems to merely reflect their characteristic density range.



172 4. Properties of Dark Matter Haloes in the Cosmic Web

Low mass
λ0 α mean λ median λ σλ

All 0.048 2.730 0.049 0.043 0.260
Clusters 0.054 2.871 0.057 0.049 0.265

Filaments 0.049 2.674 0.050 0.044 0.259
Walls 0.047 2.687 0.048 0.042 0.252
Field 0.044 2.645 0.045 0.040 0.255

High mass
λ0 α mean median σλ

All 0.039 2.574 0.039 0.035 0.250
Clusters 0.040 2.695 0.040 0.035 0.256

Filaments 0.039 2.519 0.039 0.035 0.247
Walls 0.038 2.469 0.038 0.034 0.245
Field 0.037 2.568 0.037 0.033 0.249

Table 4.4: Parameters derived from the fit to Equation 4.31 and some statistics computed from
the distribution of spin parameters of haloes in different morphological environments. The sam-
ple is divided in high mass (M < 1012h−1M� ) and low mass haloes (1012h−1M� < M <

1013h−1M� ).

4.8 Halo orientation

One aspect of the Tidal Torque Theory that has been given recently significant attention
is the orientation between the spin vector and the surrounding matter distribution.

The influence of the morphological environment on the halo is not restricted to the
amplitude of its angular momentum. One of the clearest predictions of the Tidal Torque
Theory is a correlation between the spin vector and the surrounding matter distribution.
Theoretical works indicate that the spin vector of haloes points perpendicular to the fila-
ment in which they are located. In the case of haloes in walls the spin vector lies in the
plane of the wall (Lee & Pen, 2002; Lee, 2004). The halo shape orientation has been
studied in filaments (Hatton & Ninin, 2001; Faltenbacher et al., 2002; Bailin & Stein-
metz, 2005; Altay et al., 2006; Aragón-Calvo et al., 2007; Hahn et al., 2007b) and more
recently in walls (Patiri et al., 2006b; Aragón-Calvo et al., 2007; Hahn et al., 2007b). Pre-
vious studies gave different alignments as a result of the poor methods used to identify
filaments and walls. The MMF

In this section we study the alignment between haloes and their morphological en-
vironment i.e. filament or wall. For this purpose we may analyze the alignment of the
following properties

• shape and moment of inertia tensor

• angular momentum and spin vector
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• matter inflow direction

• tidal field orientation

with respect to the filament or wall in which they are located. While here we concentrate
on the angular momentum and shape, in a more extensive forthcoming study we will also
relate these to their main source: the large scale tidal field configuration. Qualitatively
we have looked into the matter infall directions in section 4.3. A more explicit analysis
will also be a subject of a forthcoming study.

Haloes residing in filaments and walls at the present time were traced back in time
by means of their most massive progenitor line (see appendix 4C). The morphological
affiliation of haloes at the present time is kept fixed along their past history, i.e. haloes
in filaments are considered as part of a filament at all times and similarly for walls. By
using this approach we perform the morphological segmentation only at the present time
and assume that filaments and walls can be traced in time by the haloes they contain and
neglecting the morphological evolution and the subsequent migration of haloes between
morphologies. The reason for this simplification is that the morphological segmentation
at different times will give different morphological affiliation to the same halo as a con-
sequence of the sequential collapse between morphologies driven by their hierarchical
gravitational collapse. The fact that both filaments and walls seem to keep the same ori-
entation at large scales (see chapter 2) gives us confidence in the use of their direction at
the present time as a fair tracer of the Megaparsec-scale tidal field.

4.8.1 Angle definitions

In order to study the orientation between the shape θI and spin vector θ of haloes with
respect to their large-scale morphology we define the following angles (see figure 4.28):

θI =

{
φI filaments
90 − φI walls

(4.33)

and

θ =

{
φ filaments
90 − φ walls

(4.34)

where φI is the angle between the major axis of inertia and the filament/wall, and φ is the
angle between spin vector J and the filament/wall (see figure 4.28). The angles φI and φ
are defined as:

φI = cos−1

(
a · eF,W

| a || eF,W |

)
(4.35)

φ = cos−1

(
J · eF,W

| J || eF,W |

)
(4.36)
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Figure 4.28: Diagram showing the angles between the shape φI and spin vector φ of a halo and
the direction its parent filament or wall.

with a being the vector corresponding to the major axis of inertia of the halo, eF,W is
the vector delineating the spine of the filament (F ) or the normal to the plane of the wall
(W ). They are computed from the smallest and largest eigenvalues (for filaments and
walls respectively) of the Hessian matrix (see chapter 2). The eigenvalues of the Hessian
were computed at a single scale corresponding to ∼ 3 h−1 Mpc. This is roughly the
typical scale of a filament (see chapter 3, section 3.7.6). The use of this scale removes
small-scale variations in the direction of filaments and walls.

In our convention a halo is oriented or aligned with its host filament if its shape/spin
points in the same direction as the filament (φI,F = 0, φF = 0). A halo is oriented or
aligned with its host wall if its shape/spin lies in the plane of the wall(φI,F = 0, φF = 0).
Note that the plane of the wall is represented by the vector normal to it eW but the angle
between the walls and the shape/spin is measured with respect to the plane of the wall.

4.8.2 Mass definitions

The mass accretion history varies from halo to halo as a result of its initial conditions
and environment (see figure 4.17). Two haloes of a given mass at the present time did not
necessarily have the same mass at earlier times. As a result, there are two basic definitions
of mass we can apply to a halo in the past:

• The mass of the halo at the present time, regardless of its mass at previous epochs
M(z = 0).

• The mass of the halo at each redshift following its most massive progenitor M(z).

The first definition accounts for the mass of a halo regardless of its previous history. It
is used to compare the properties of a halo that eventually will end up at a given mass at
the present time. The second definition accounts each epoch independently. It serves to
compare the properties of haloes with their mass at the epoch in which they are identified.
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Figure 4.29: Angle between the axis of inertia of haloes and the direction of their host filament
(left panel) or wall (right panel) as a function of time. We divided the halo sample in low-mass and
high-mass haloes with M  1012 h−1 M� marking the point at which there is a similar number
of haloes in both mass ranges. The shaded areas (dark for filaments and light for walls) indi-
cate the Poisson error computed from 1000 montecarlo realizations of randomly oriented haloes
(uniformly distributed in cos θI ) and with the same number of points as haloes.

4.8.3 Shape alignment

Figure 4.29 shows the mean alignment between the axis of inertia of haloes and their
parent filament or wall as a function of the expansion factor of the Universe. We divided
the halo sample in mass (at the present time), with M  1012 h−1 M� marking the point
at which there is a similar number of haloes in both mass ranges. The major axis of the
halo is oriented with the large scale matter distribution, defined by its parent filament or
wall. Haloes in filaments are oriented along the direction of the filament while haloes
in walls are oriented with the plane of the wall. The orientation of haloes changes with
time, the effect being stronger for low-mass haloes. At early times both low and high-
mass haloes are strongly oriented with their parent morphology. This is to be expected
as a consequence of the tidal shear and the infall of matter (also determined by the tidal
field). At later times orientation is less prominent, indicating the influence of non-linear
processes that partially erase the primordial orientation.

Figure 4.30 shows the evolution in time of the angle between the shape of haloes
and their host filament/wall as function of mass (using the definitions described in section
4.8.2) computed at several redshifts. The difference in the orientations between both mass
definitions is notable and we proceed to describe them.
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Figure 4.30: Left: angle between the major axis of inertia of haloes and the direction of their host
filament (top panels) or wall (bottom panels) as a function of the mass of the halo computed at
the present time M(z = 0). Right: the same as the left panels but with the x-axis corresponding
to the mass of the halo at its corresponding redshift M(z). Shaded areas indicate Poisson error
computed from 1000 montecarlo realizations of randomly oriented haloes (uniformly distributed
in cos θI ) and with the same number of points as haloes in each bin. The different shades of gray
of correspond to redshift with darkest being z = 0. Note that the error bars for haloes in walls at
high redshift increase with mass as a result of the lack of massive haloes in walls at early times.

Shape alignment M(z = 0)

The relation between the mass of the halo at the present time and its shape orientation with
respect to its host filament/wall depends strongly on the mass and redshift (left panels of
figure 4.30). Low mass haloes were more oriented in the past compared to high mass
haloes. This effect is reversed at later times. Low mass haloes tend to lose their orientation
while high mass haloes remain almost unaffected. This may indicate that low mass haloes
are more affected by external forces while massive haloes are more robust against changes
in their orientation.
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Shape alignment M(z)

The relation between mass and shape alignment with respect to the host filament/wall
is a simple function of time (right panels of figure 4.30). At all times low mass haloes
are less oriented than massive ones. The slope of the mass-orientation curves remains
roughly constant. This is an indication that haloes change their orientation at the same
rate independently of their mass. The mass-time-orientation dependence is practically the
same for haloes in filaments and walls. The fact that at early times there are less massive
haloes than at present time is reflected in the large error bars and noisy curves in the high
mass end.

From figure 4.30 we can see that the shape alignment of low mass haloes is less robust
than massive haloes. This is to be expected as a direct result of interactions between the
halo and its surroundings. Non-linear interactions such as mass stripping, direct encoun-
ters and cannibalism will change the shape orientation of haloes. This effect can also be
appreciated at scales characteristic of clusters (van Haarlem & van de Weygaert, 1993).
At such scales the highly coherent infall of matter via filaments may prevent the clusters
from losing its shape orientation.

The mass limit of our haloes corresponds to 50 particles. This limited number may
introduce resolution artifacts in the shape and spin determination (Bett et al., 2007). How-
ever, the consistency of the change in the shape orientation with time for both low and
high mass haloes suggest that even if there are resolutions artifacts they do not seem to
strongly affect the alignment signal. In the worst case they will erase part of the signal
and therefore any real alignment should be higher. In Aragón-Calvo et al. (2007) we pre-
sented a study of the alignment of haloes (at z = 0) using a smaller simulation box with
twice the mass resolution with almost identical results.

4.8.4 Spin alignment

In this section we study the evolution in time of the alignment between the spin vector
J of haloes and the direction of their host filament or wall as a function of the mass of
the halo and time. We compute the angle between the halo’s spin vector and its parent
filament, θF = φF , or wall θW = 90 − φW , according to equation 4.34. Figure 4.31
shows the orientation between the spin vector of haloes and their parent filament or wall
as a function of time. The sample was divided into low and high-mass haloes (see section
4.8.3). Some observations can be made:

• The spin vector of low-mass haloes in filaments points in the direction perpendic-
ular to the filament in the past. At the present time it changes its orientation to
become parallel.

• High-mass haloes in filaments remain oriented perpendicular to the filament at all
times.
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Figure 4.31: Angle between the spin vector of haloes and the direction of their host filament (left
panel) or wall (right panel) as a function of time. We divided the halo sample in low-mass and
high-mass haloes withM  1012 h−1 M� marking the point at which there is a similar number of
haloes in both mass ranges. The shaded area and dotted line indicate the Poisson error for low and
high-mass haloes respectively. It was computed from 1000 montecarlo realizations of randomly
oriented haloes (uniformly distributed in cos θI ) and with the same number of points as haloes.

• Both low and high-mass haloes in walls have their spin vector lying in the plane of
the wall at all times. The strength of the orientation seems to decrease for low-mass
haloes and decrease for high-mass haloes at later times.

The spin orientation of haloes in filaments and walls indicate a clear influence of the Cos-
mic Web in the angular momentum acquisition. The strength of the alignment signal is
maximum at early epochs when the non-linear interactions do not dominate the dynamics
of haloes. The behavior of low-mass haloes is puzzling. There seems to be another mech-
anism responsible for the reorientation of the haloes besides the primordial winding-up
of the halo via the tidal torque. Possible agents may be non-linear interactions restricted
by the characteristic dynamics of filaments. A secondary tidal torque produced by the
Cosmic Web in the non-linear regime may be another option. However, its influence is
limited given the fact that the angular momentum acquisition is more efficient before the
turnaround of the proto-halo. The nature of this contrived effect will be the subject of a
future study.

Figure 4.32 shows the alignment of the spin vector of haloes and the direction of their
host filament or wall as a function of the mass of the halo. The alignments were computed
at several redshifts. Our results can be summarized as follows:
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Figure 4.32: Left: angle between the spin vector of the haloes and the direction of their host
filament (top panels) or wall (bottom panels) as a function of the mass of the halo computed at
the present time M(z = 0). Right: the same as the left panels but with the x-axis corresponding
to the mass of the halo at its corresponding redshift M(z). Shaded areas indicate Poisson error
computed from 1000 montecarlo realizations of randomly oriented haloes (uniformly distributed
in cos θI ) and with the same number of points as haloes in each bin. The different shades of gray
of correspond to redshift with darkest being z = 0. Note that the error bars for haloes in walls at
high redshift increase with mass as a result of the lack of massive haloes in walls at early times.
For clarity we only display the lower (filaments) and upper (walls) half of the error bars. They are
symmetric respect to < cos θ >= 0.5.

4.8.5 Spin alignment M(z = 0)

The spin vector of haloes in filaments points perpendicular to the direction of the filament.
In the case of walls the spin vector lies in the plane of the wall. (left panel of figure 4.32).
Haloes in walls are more aligned at the present time compared to haloes in filaments by
almost a factor of 3 in the high-mass end. The reason for this may be the more quiet
environment of haloes in walls compared to filaments. A halo located inside a filament
may suffer several encounters as it flows along the filament.

The orientation of haloes in both filaments and walls as a function of the mass of the
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halo at present time indicates that low mass haloes were more strongly oriented with their
host structure at early times. At the present time the effect is reversed and high mass
haloes are more oriented.

Low mass haloes lose their orientation with time. This may be due to the fact that their
low mass makes them more sensible to interactions with their environment. High mass
haloes do not lose their orientation. Instead their degree of orientation remains roughly
constant and there seems to be a small increase. This may be the result of the anisotropic
and asymmetric infall of matter along the filaments (van Haarlem & van de Weygaert,
1993). In such case the effect will be stronger for massive haloes.

Low mass haloes identified at the present time that were traced back to high redshifts
present a quiescent slow steady mass accretion. The limiting mass we impose in the halo
identification when constructing the most massive progenitor line restricts the minimum
mass a halo can have in order to be included in our sample. Low mass haloes at the
present time whose most massive progenitor can be traced back to early times could not
have a significant increase in their mass. These haloes can be considered early forming or
old haloes. These old haloes acquired most of their mass at early times and slowed their
mass accretion very soon. In the tidal torque theory a halo acquires its angular momentum
from the surrounding matter until the turnaround time, at which point it detaches itself
from the general expansion of the universe and the influence of the large scale mass
distribution damps. Old haloes accreted most of their mass in the early epochs when one
expects to have a coherent tidal field. On the other hand, late-forming haloes acquired
their mass more recently, when their host structures were already entering the non-linear
regime. At this point small scale interactions become stronger and more prominent than
the large-scale tidal force.

4.8.6 Spin alignment M(z)

The orientation of the spin vector of haloes in filaments and walls as function of the mass
of the halo at the time of identification behaves as a simple function of time (right panel
of figure 4.32). The similar slopes in the mass-orientation curve suggest that their degree
of orientation decreases at a similar rate for all haloes regardless of their mass. The effect
can be best appreciated in the case of filaments where the halo sample is larger.

High mass haloes are strongly oriented at early times. These haloes have evolved into
even larger masses at the present time. Apparently the mechanism responsible for the
spin acquisition induces a much stronger spin alignment on massive haloes at early times.
At all times the high mass haloes are more strongly oriented. This may be a consequence
of the dependence between the mass of a halo and its degree of orientation with the
surrounding tidal field (Bardeen et al., 1986; Bond & Myers, 1996a; van de Weygaert
& Bertschinger, 1996). This intrinsic alignment determines the effectiveness of the tidal
force exerted on the proto-halo.
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4.9 Conclusions

In this work we studied the properties of haloes in clusters filaments and walls. Haloes
were identified from a large cosmological N-body simulation containing only dark matter
particles. The morphological segmentation of the cosmic web was performed with the
Multiscale Morphology Filter, a novel technique that segments regions of space according
to their local geometry taking into account the multiscale nature of the matter distribution.

We present a novel subhalo finder (FracHOP) used to identify substructures inside
virialized haloes by exploiting the topological properties of the density field smoothed on
a fixed scale. The FracHOP halo finder allows us to identify self-bound haloes regardless
of whether or not they are isolated or embedded in a larger halo.

Our main finding can be summarizes as follows:

• Haloes in clusters filament, walls and voids have well differentiated mass functions.
The mass function of haloes in clusters and filaments presents a complementary
behavior. The slope of the mass function of haloes in voids and walls is more steep
than that of haloes in clusters.

• Haloes in walls are more spherical than haloes in filaments and clusters. We con-
firm the general trend of haloes to become less spherical with increasing mass until
a mass of a few times 1012 h−1 M� where the trend is reversed. This was pre-
viously reported as a resolution effect. We divided the sample in isolated haloes
and haloes inside groups containing 3 or more subhaloes. Haloes in virialized
groups have increasing sphericity with increasing mass until approximately 1013

h−1 M�. Isolated haloes have decreasing sphericity with increasing mass. The
trend is stronger for haloes in filaments indicating that the infall of matter in fila-
ments is highly anisotropic given their particular geometry.

• We found a small dependence of the spin parameter of haloes and their morpho-
logical environment. Haloes in clusters have larger spin parameter than haloes in
filaments, walls and the field. We reproduced the strong effect found by Hahn et al.
(2007b) and argue that it is produced by “hot” particles that are not bound to the
haloes and merely reflect the hotness of their environment.

• The major axis of inertia of haloes in filaments and walls lies along the filaments
and in the plane of the wall respectively.The effect is stronger at higher masses and
earlier times.

• The spin vector of haloes in filaments and walls lies perpendicular to the filament
and parallel to the plane of the wall respectively. The effect is stronger at higher
masses and earlier times.



182 4. Properties of Dark Matter Haloes in the Cosmic Web

• The infall of matter in haloes located in filaments is strongly correlated with the
direction of the filament. Also their shape is correlated with both the direction of
infall and the direction of the host filament. This indicates that the filament moulds
the shape of the halo by setting a particular direction of matter infall.

• The infall of matter in haloes located inside walls at the present time is confined
to the plane of the wall. The shape of haloes is also oriented with the plane of
the wall at the present time. We found that at large radius the direction of infall
changes with time. This is a clear signature of the pancake collapse predicted by
Zel’Dovich (1970).

4A HOP Halo Finder

We used the publicly available HOP halo finder (Eisenstein & Hut, 1998) in order to
identify virialized haloes regardless of the substructure they may contain. The HOP halo
finder consist of two main steps:

• hop: The first step is the determination of densities of all particles using an adap-
tive kernel. The number of particles used for the density determination is given by
Ndens. Subsequently particles are linked by associating each particle to the densest
particle from the list of its N-closest neighbors Nhop. The process is repeated until
it reaches the particle that is its own densest neighbor. The hop algorithm asso-
ciates all particles to their local maxima. Due to the adaptive nature of the density
estimator hop groups are often artificially broken due to spurious local maxima.

• regroup: In order to regroup artificially broken groups and to discriminate be-
tween virialized and loose groups it is necessary to perform an additional step.
Three density thresholds are defined as follows:

– δout defines the minimum density a group can have in order to be considered
a real object.

– δsaddle defines the density above which groups are merged.

– δpeak defines the density below which a group is assigned to its parent group.

In practice the only parameter that affects the result of the group finding is δout.
Changing the other two density thresholds produces marginal differences.

HOP groups selected at present time with the parameters shown in table 4.5 are equivalent
to those found using FoF with a linking length of b = 0.2 times the mean interparticle
separation (Scannapieco & Thacker, 2003; Cohn et al., 2001). They represent structures
with roughly 300 times the mean density of matter in the universe assumed to be “virial-
ized haloes”.
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Ndens Nhop Nmerge δout δsaddle δpeak

64 16 4 80 120 160

Table 4.5: Parameters used as input for HOP.

4B The FracHop Subhalo Finder

In order to identify bound isolated haloes and subhaloes embedded in larger virialized
haloes we devised a somewhat different implementation of the HOP halo finder (Eisen-
stein & Hut, 1998). This adaptation (called FracHop), described for the first time in
Aragón-Calvo et al. (2007), exploits the topological properties of nested local maxima
smoothed on a fixed scale. It involves five steps:

1.- Halo Finder. The first step is the identification of virialized haloes by running the
standard HOP halo finder: We run hopwith the standard parameters and regroup
with δout=80, δsaddle=120 and δpeak=160. Each of these haloes is considered a
parent halo candidate which may contain more than one single subhalo.

2.- Gaussian densities. Next for all particles we compute densities using a Gaussian
window with dispersion of 70 h−1 kpc, in order to produce a smoothed density
field without substructure smaller than this kernel.

3).- Assigning particles to local maximum. We run hop again but only for particles
inside the parent halo candidates. We provide the Gaussian densities computed in
the last step as an input for hop. The subhalo identification is performed without
running regroup. In this way hop assigns all particles to their smoothed local
maximum. By construction every HOP halo contains at least one FracHop subhalo.

4.- Removal of spurious subhaloes. Inside large haloes particles might randomly
group to form spurious associations which are not real physically bound objects.
Also, a subhalo may contain particles with abnormally high peculiar velocity which
in reality belong to its parent halo. Removing unbound particles discards “hot”
particles that do not belong to the subhalo. The removal of unbound particles is
performed iteratively by computing the potential energy from all the particles inside
the subhalo and eliminating particles that do not satisfy:

1
2
mpart(vpec − vbulk)2 < Epot (4.37)

where mpart is the particle’s mass, vpec is the peculiar velocity and vbulk the bulk
velocity
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5).- Discard spurious detections. Subhaloes that evaporate or have removed most of
their particles until they fall below the detection limit of 50 particles are considered
spurious detections.

A computationally less demanding option for the identification of spurious de-
tections is given by Aubert et al. (2004) using a very similar adaptation of HOP
(ADAPTAHOP) to the one presented here. They define statistically significant
subhaloes compared to Poisson noise as:

〈ρsubhalo〉 = ρmin

(
1 +

σsubhalo√
Nsubhalo

)
(4.38)

where 〈ρsubhalo〉 is the density averaged over all particles in the subhalo, ρmin is the
minimum density in the subhalo, σsubhalo defines the significance level for a halo
to be considered a real detection (Aubert et al. (2004) used a value of σSubhalo = 3)
and NSubhalo is the number of particles in the subhalo. This method allows us to
perform a fast identification of bound subhaloes by assigning a level of significance
but it does not eliminates unbound particles.

Figure 4.33: Flow diagram of the FracHOP subhalo finder.
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4C Most Massive Progenitor Line

Haloes evolve in a hierarchical way increasing their mass not only via steady accretion
of surrounding matter but also by infall of smaller haloes and merging with other haloes
of similar mass (Klypin et al., 1999; De Lucia, 2006). This complex growth process
makes it difficult and sometimes impossible to uniquely identify a given halo. Its identity
may change or even disappear due to merging and cannibalism. A common approach
for tracing the history of a halo is to identify the particles forming a halo at a given time
(here referred to as child halo) and “trace them back” in the previous snapshot. The same
particles contained by the child halo can be found distributed in several smaller haloes (or
progenitor haloes) and in the diffuse matter in between them (see figure 4.34). The same
process can be iteratively performed for each of the progenitor haloes until no more haloes
can be found. This set of links between progenitor-child haloes in different snapshots is
known as “merging tree” and is the base to obtain the “most massive progenitor line”
(MMPL).

Figure 4.34: Two child haloes and their progenitors identified in the previous snapshot. In this
cartoon, a valid progenitor must have at least 1/2 of the radius of the child halo in order to be
considered a valid most massive progenitor. Following this criteria, the child halo on the left has
no valid progenitors, while the halo on the right has two valid progenitors (B and C) from which
B is the most massive.

There are several procedures for constructing the MMPL from the merging tree of
a halo (Gottlöber et al., 1999; Wechsler et al., 2002; Tasitsiomi et al., 2004; Sheth &
Tormen, 2004). Even when they differ in some details from each other they all share the
same general principle: identifying the most massive progenitor at previous snapshots
and applying a series of constraints for validation in order to identify the most massive
progenitor line (See Figure ] 4.34). The specific steps we followed in the construction of
the MMPL (including sub-halo identification) are the following:
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i First we run the HOP halo finder using standard set of parameters for hop (i.e.
Ndens = 64, Nhop = 16, Nmerge = 4) for all snapshots. Regrouping required
more attention since the overdensities defining collapsed virialized haloes changes
with redshift for cosmologies with Ωm 	= 1. The parameters used for regroup
were rescaled with the overdensities predicted by the spherical collapse model for
each redshift as follows:

δouter(z) = δouter(z = 0)
�crit(z = 0)
�crit(z)

(4.39)

where δouter(z = 0) = 80 is the adaptive overdensity used by Eisenstein & Hut
(1998) to identify virialized haloes at present time, �crit(z = 0) is the overden-
sity of a spherical collapsed object evaluated at present time and �crit(z) is the
overdensity evaluated at the redshift of the snapshot. �crit(z) is defined as:

�crit = 18π2 + 82x− 39x2 (4.40)

where x = Ω(z) − 1 (Bryan & Norman, 1998). The other two parameters used
in regrouping were scaled with δouter as suggested in Eisenstein & Hut (1998):
δsaddle = 1.5δouter and δpeak = 2δouter.

ii For all snapshots we generated new files containing only particles inside haloes
identified with HOP. This reduces significantly the number of particles to process
from almost half at z = 0 to less than one percent at the first snapshot (z = 9).

iii For each particle we compute densities inside a Gaussian window with dispersion
75 h−1 kpc.

iv We run hop again, this time providing the Gaussian densities computed in the
previous step. A small complication arises at this point from the optimization in
step ii, since hop links particles to the densest from a list of N-nearest neighbors
(Nhop). Particles in HOP groups with NHalo < Nhop will search for the densest
neighbor inside its own halo and its closest Nhop − NHalo particles in the next
closest HOP group. This results into an artificial merging of low mass haloes which
may not be even close to each other. This artifact can be easily fixed by changing
the number of neighbors Nhop to a small number like Nhop = 2, in which case the
search is restricted only to the closest particle.

v We produce FracHop halo catalogues for all snapshots and compute quantities such
as mass, radius, bulk velocity, angular momentum, inertia tensor, etc. for each halo.

vi In the construction of the merging tree we only consider haloes with more than
50 particles and less than 2500 corresponding to range of 1012 − 1013 h−1 M�
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in mass. For each halo we identify the particles shared with haloes from in the
previous snapshot. All haloes that share particles are considered progenitor haloes.
There is no restriction in the number of particles a progenitor halo can have.

vii Relevant properties such as child Id, progenitor Id, child mass, progenitors mass
and common mass between child and progenitor haloes are stored.

viii From the list of progenitors the one that contributes with most particles to its child
halo is identified. This contributed mass must be at least 0.4 times the mass of the
child halo in order to be considered a valid most massive progenitor. The process is
repeated iteratively for all haloes in the simulation starting with the haloes identified
at z = 0, producing the most massive progenitor line of each halo in our simulation.

Figure 4.35 shows the mass accretion history of five haloes (top panels) and the particle
distribution around a sphere of 2 h−1 Mpc centered at the position of the halo. In order
to better appreciate the merging evens we only show particles that belong to haloes. The
diffuse particles in between are discarded in the plot. The mass accretion history reflects
the events seen in the particle distribution. Large mergers can be identified as abrupt
jumps in the mass accretion history as well as in the particle distribution. From this figure
we can appreciate the stochastic nature of the mass accretion. Erratic mass accretion
histories have correspondingly complex interaction histories. The mass accretion history
of a halo largely depends on the local non-linear environment.
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Figure 4.35: Top panels: mass accretion history of 5 typical haloes. The solid line indicates their
mass accretion history and the dashed line the fit to equation 4.21. Lower panels: the surrounding
particle distribution corresponding to the haloes shown in the top panels traced back at different
redshifts. We only plotted particles that belong to haloes located inside a radius of 2 h−1 Mpc
centered in the halo under study.




