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5
Mass modeling of late-type spiral

galaxies from stellar kinematics and
photometry

Katia Ganda, Glenn van de Ven and Reynier F. Peletier

ABSTRACT — We simultaneously model the kinematics of bulges and discs in our
sample of 18 Sb-Sd galaxies, using our SAURON data and the results of the photomet-
ric bulge-disc decomposition presented in the previous chapter. We adopt a new method
based on the velocity moments of the Collisionless Boltzmann Equation and weigh the
contribution of the bulge and disc to the global (observed) velocity and velocity dispersion
in proportion to their contribution to the (intrinsic) light profile. Our approach is a para-
metric one: we assume simple functional forms for the velocity and velocity dispersion
of the two components, whose shape is suggested either by physical plausibility or by the
appearance of the data, and fit them to the observed profiles. This method brings us to a
dynamical estimate of the circular velocity of bulge and disc. Given the best-fit models of
bulge and disc that we have determined in our photometric study, we can also build mod-
els for the intrinsic mass distribution, the only unknown being the mass-to-light ratio, that
we assume to be radially constant in each component, and from there we can calculate the
circular velocity of disc and bulge. By comparing the two determinations of the circular
velocity, from the kinematics and from the mass modeling, we can gain insight into the
mass-to-light ratio of disc and bulge. The ‘global’, dynamical mass-to-light ratio values
that we find by luminosity-weighting our measurements for discs and bulges are in most
cases larger than the values predicted by population models, both Single Stellar Popula-
tion models and more complex ones allowing for a continuous, exponentially declining
star formation history. This supports a scenario in which dark matter plays an impor-
tant dynamical role down to the radial scale probed by SAURON, where galactic discs
are submaximal and their bulges have typically a lower dark fraction. On the basis of the
kinematical fits, we also calculate the V/σ ratios of our bulges and discs, finding that V/σ
correlates with morphological type, becoming smaller when going to later-types: thus the
effect of the decrease of luminosity with type, together with the decrease of rotational
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velocity with decreasing luminosity (Tully-Fisher relation), is more important at this end
of the Hubble sequence than the decline with type of the velocity dispersion.

5.1 INTRODUCTION
A simultaneous mass modeling of the kinematics of bulges and discs of spiral galaxies, or,
if we prefer to call it that way, a kinematical decomposition in bulge and disc using stellar
kinematics, is basically a virgin terrain, and will be the topic of this chapter.

For elliptical galaxies a rich literature on dynamical modeling exists. They range from
simple axisymmetric models to full triaxial ones constructed using the so-called Schwarzschild
superposition method (see van den Bosch et al. 2007 and references therein), aiming at re-
producing the details of the observed kinematical and photometrical properties. A range of
information can be extracted from this kind of studies, such as the measurement of black hole
masses and the stellar orbital distribution.

Galaxy discs have been the subject of an equally fertile literature, thanks to their large gas
content. In fact, the discs of spiral galaxies have become very interesting for the community
of extragalactic astronomers since it was recognised that the rotation curves of the dynami-
cally cold discs provide a reliable tracer of the mass distribution. The circular velocity curves
of the neutral hydrogen (HI) remain flat at radii well beyond the extension of the stellar disc.
This was the first observational evidence of the fact that spiral discs are embedded in massive
haloes of dark matter (Bosma 1978, Rubin 1983, van Albada et al. 1985, Begeman 1987),
and generated a prolific stream of studies. The contribution of the gravitational field of the
stellar disc to the circular velocities in the inner parts remains unknown without independent
measurements of the mass surface density of the disc itself. The so-called ‘maximum-disc
hypothesis’ states that the disc is as massive as allowed by the rotation curve (van Albada et
al. 1985), but the observed rotation curves can be reproduced as well by a submaximal disc
and a more concentrated dark matter halo (disc-halo degeneracy).

The stellar discs are known for long to be well described by an exponential radial light
fall-off (Freeman 1970), as we saw in the previous chapter. As for the vertical structure,
a long-living discussion has been favouring now an exponential decline; now a distribution
corresponding to a locally isothermal disc (hyperbolic secant squared); now an intermediate
solution. The characteristic scale height is roughly a factor 10 smaller than the radial scale
length and is approximately constant over the disc (van der Kruit & Searle 1981, van der
Kruit & Searle 1982, Shaw & Gilmore 1990; contrary claims come from de Grijs & Peletier
1997). From a kinematical point of view, the stellar discs of spiral galaxies have received
much less attention than their gaseous counterpart, for very practical reasons: stellar discs
are faint, making it hard to obtain kinematical data of satisfying quality. Nevertheless, a few
authors have investigated the kinematics of the stellar discs of spiral galaxies, measured from
spectroscopic data using the stellar absorption-lines; the stellar rotation curves show gener-
ally the same shape as the gaseous ones, but with a smaller amplitude, due to the asymmetric
drift. An important reference in the field is the work of Bottema (1993). He modeled the
stellar kinematics of 12 unbarred high-surface-brightness spirals of type Sa to Sc (predom-
inantly Sc), assuming a locally isothermal, thin disc with constant mass-to-light ratio. He
found that spirals follow an approximately linear relation between stellar velocity dispersion
(taking as reference the value of the radial dispersion at one disc scale length) and maximum
rotational velocity. This relation suggests that the stellar discs of more massive galaxies are
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hotter systems. He compared the detected relation with that holding for an isolated exponen-
tial disc, assuming an (approximated) value of 10 for the ratio between disc scale length and
scale height, finding that the peak rotation of the disc is on average only 63 ± 10 percent of
the observed maximum rotation: this means that discs are ‘submaximal’. He also showed
that his assumption of an approximately constant mass-to-light ratio M/L within galaxies,
at a value close to 2 (in solar units and relatively to the B− band), is consistent with the
observations of the stellar kinematics; a supporting argument is the fact that the applicabil-
ity of the Tully-Fisher relation (L ∝ V 4, Tully & Fisher 1977) over the observed range of
galaxy luminosity requires equal values of M/L. Bottema (1993) also argued that it is plau-
sible that for all spirals the ratio between the vertical and radial dispersion σz/σR, that he
assumed to be constant in radius, equals the value 0.6, close to what measured for the solar
neighbourhood (0.53 ± 0.07, see Dehen & Binney 1998 and Mignard 2000), and used this
property in his dynamical modeling. This ratio, which describes the velocity anisotropy, has
been recently measured also in a few spirals of type Sa to Sbc (Gerssen, Kujken & Merrifield
1997, 2000; Shapiro et al. 2003), yielding slightly larger numbers, between 0.6 and 0.8. The
velocity anisotropy will enter the equations that we will use in the modeling presented later
in the chapter, where these results will be important in justifying the applicability of (some
of) our assumptions.

Another relevant piece of work on the stellar kinematics of disks is the project carried
out by Michael Kregel for his PhD Thesis (Kregel, van der Kruit & Freeman 2004, Kregel
& van der Kruit 2005, Kregel, van der Kruit & Freeman 2005). He obtained and analysed
optical long-slit spectra for a sample of 17 edge-on spirals (type Sb to Scd), tracing the stel-
lar kinematics well into the disc-dominated region, the last measured point corresponding in
most cases to a (projected) radius beyond one disc scale length. He chose edge-on objects
because of their higher surface brightness, which allows to achieve spectra of better quality
with the same availability of telescope time, and because they allow a direct investigation of
the vertical structure and a determination of the intrinsic flattening of the discs. He found
a range in amplitude for the velocity dispersions, with central values spanning the range 20
− 150 km s−1 (slightly lower than in our sample, where the central dispersion goes from
≈ 40 to ≈ 200 km s−1, see Table 2.1, in Chapter 2) and with dispersion generally radially
decreasing moving outwards, also outside the central region dominated by the bulge. By
modeling the data, he came to several conclusions. For the velocity anisotropy σz/σR, he
estimated values between 0.5 and 0.7: similar to the solar neighbourhood and lower than in
earlier-type spirals (Shapiro et al. 2003). He confirmed the result of Bottema (1993) that discs
are submaximal: at least in his sample, discs cannot provide the observed maximum rotation:
according to him (see Kregel, van der Kruit & Freeman 2005), the average discs contribute
to 53 ± 4 percent of the observed rotation curve at 2.2 disc scale lengths, while a maximal
disc would contribute almost entirely; a working definition used in the literature is that a disc
is maximal if it contributes to 85 ± 10 percent of the rotation curve (Sackett 1997, lower than
100 to allow contribution from the bulge and from a low-density dark halo). This means that
intermediate- to late-type spiral discs live in dark haloes that dominate the mass fraction even
at small radii. Kregel, van der Kruit & Freeman (2005) confirmed also the other result of
Bottema (1993) that the velocity dispersion correlates with the galaxy maximum rotational
velocity: the best-fitting straight line provides the linear relation σR = 0.29 vmax. From a
photometric analysis they derived the central surface brightness, later converted to face-on
view, radial scale length and vertical scale height. The scatter in the mentioned σR − vmax
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relation appeared to correlate with the disc flattening, face-on central surface brightness and
M/L. Studying the correlations between the measured photometric and kinematic parame-
ters, they concluded that spirals with a higher maximum rotation have both larger and thicker
discs.

The reviewed literature presents interesting results, but all the studies we mentioned ig-
nore the bulge light, like Gerssen, Kujken & Merrifield (1997) do in the case of NGC 488 (a
galaxy that belongs to our sample as well), or give an estimate of it and subtract it (Bottema
1993), to focus on the disc only. The problem of a modeling of the observed kinematics that
simultaneously accounts for both bulge and disc dynamics has not been treated yet. Hence
this chapter: here we try to address this issue, trying to break the unavoidable degeneracies
by adopting simple assumptions. This task is not an easy and straightforward one, but we try
to tackle the problem using some of the best present-day data for this kind of objects. This
chapter can also be regarded as a natural consequence of our previous results; the photome-
try suggests the existence of two components (bulge and disc), which are not evident in the
line-strengths (see Chapter 3 and in particular Fig. 3.8). A natural question arising from the
previous chapters is if we can recognize the signature of the two components in our kinemati-
cal data. Our approach represents a progress compared to previous work (e.g. Bottema 1993)
also because our relations for the velocity ellipsoid are based on the velocity moments of the
Collisionless Boltzmann Equation and are therefore more general, and because we do not
need to make assumptions on the mass-to-light ratio to obtain a measurement of the circular
velocity from our kinematic information.

Before moving to the actual modeling of our galaxies, we will shortly summarize the
general theoretical framework, in Section 5.2. In Section 5.3 we explain the method applied
for the kinematical modeling. In Section 5.4 we present the mass modeling of (the bulges
and discs of) our galaxies via Multi Gaussian Expansion (MGE). In Sections 5.5 and 5.6
we present respectively a first, simplified approach based on the strong assumption that the
only contribution to the rotation comes from the disc and the only contribution to the random
motions from the bulge, and the more general mass modeling from which we will derive our
results. Finally, in Section 5.7 we discuss our conclusions and summarize the work presented.

5.2 A BRIEF SUMMARY OF STELLAR DYNAMICS
A stellar system like a galaxy is formed by a very large number of stars (hundreds of millions
or billions); if we want to study its large-scale dynamics, we are interested in the global prop-
erties and not in the detailed motion of each single star: we are interested in a macroscopic
description of the system. The approach that has gained the favour of the dynamicists through
the decades is a fluid approximation: in the limit of a very large number of stars the equation
of motion of any star is determined by a smooth mean potential φ(~r, t):

d2~r

dt2
= ~∇φ (5.1)

φ(~r, t) = −G
∫

ρ(~r, t)

|~r − ~r′|
d3r′ (5.2)

where ρ = ρ(~r, t) is the mass density function describing the system. In this approxima-
tion, the distribution of particles (stars) in the six-dimensional phase space of position and
velocity is given by a distribution function or phase-space density DF = f(~r, ~v, t) such that
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f(~r, ~v, t) d3rd3v gives the cumulative luminosity of the stars that at time t have position
in the small volume d3r centred on ~r and velocities in the small volume d3v centred on ~v;
the condition f ≥ 0 holds everywhere in the phase space. The DF obeys the Collisionless
Boltzmann Equation (CBE):

Df

Dt
=
∂f

∂t
+ ~v · ∂f

∂~x
− ~∇φ · ∂f

∂~v
= 0, (5.3)

where the smooth potential φ is related to the DF by the Poisson Equation:

∆φ = 4πG

∫

M

L
fd3~v, (5.4)

with M/L the mass-to-light ratio. The CBE is the fundamental equation of stellar dynamics
(Binney & Tremaine 1987). It describes the phase-space evolution of a continuum system.
Real systems always present some extent of granularity, that is generally missed in the contin-
uum mean-field description that we just introduced. In particular, encounters between pairs
of stars cause the acceleration to differ from the smooth gravitational force −~∇φ. In the case
where stellar encounters are important (collisional systems) it is necessary to add a non-zero
term to the right-hand side of the CBE. But since this is usually not the case when treating
galaxies, we will rely on the applicability of the CBE.

A useful method to extract information from the CBE is the moments approach: by multi-
plying the CBE by powers of the velocity components and integrating over the velocity space,
one obtains a series of differential equations for the velocity moments: the continuity equa-
tion that connects the first moments and the Jeans equation that connects the second moments
to the density and gravitational potential, without having to know the DF.

Another possible simplification of the CBE is given by the study of its stationary solution:
the case where

∂f

∂t
= 0. (5.5)

It turned out to be useful to introduce the concept of integral of the motion: a function In of
the phase space positions and velocities such that In[~r(~r0, ~v0, t), ~v(~r0, ~v0, t)] = In(~r0, ~v0).
An integral of the motion is called isolating if the sets in the phase space defined by the
conditions In(~r, ~v) = i1, In(~r, ~v) = i2, are disjoint for almost any i1 6= i2. According to
Jeans (1915), the DF is a function of the isolating integrals of the motion only. In a spherical
symmetrical potential, for example, these integrals are the energyE and the three components
of the angular momentum vector ~L. Or, in the case of an axisymmetric potential, there are
two exact integrals of the motion, the energyE and the component of the angular momentum
parallel to the symmetry axis,Lz, and a third integral I3 that is in general not known in closed
form. In the more general case of a triaxial potential, integrals of the motion are the energy
E and two integrals I2 and I3 not known explicitly. A particular class of triaxial potentials
exists, called Stäckel potentials, for which all the three integrals of the motion are analytical.

Given these few notions about the integrals of the motion, we will not push this discussion
further, we will instead focus on a particular application of the moments approach.
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5.3 MASS MODELING FROM STELLAR KINEMATICS AND PHO-
TOMETRY: the method

We apply a simple method to decompose the observed mean line-of-sight velocity and ve-
locity dispersion of our galaxies in the contribution of the large-scale disc and of an inner
component (the bulge). The method is based on the velocity moments of the CBE and it has
been successfully applied in the framework of a project devoted to the study of the dark matter
halo of the (early-type) galaxy NGC 2974 (Weijmans et al., 2007, submitted). We saw in the
previous chapter that a decomposition in components is possible on the basis of photometric
data, and now we want to find the signature of the different components in the kinematics, if
possible, and to measure the mass-to-light and V/σ ratios for the two components separately.

5.3.1 Theoretical framework
For a stationary axisymmetric galaxy the Collisionless Boltzmann Equation in cylindrical
coordinates ~r = (R, φ, z) reads:

vR
∂f

∂R
+ vz

∂f

∂z
+

(

v2
φ

R
− ∂Φ

∂R

)

∂f

∂vR
− vRvφ

R

∂f

∂vφ
− ∂Φ

∂z

∂f

∂vz
= 0. (5.6)

Where f(R, z; vR, vφ, vz) is the distribution function (independent of azimuth φ and time),
Φ(R, z) the underlying gravitational potential and ν( ~R) = ν(R, z) =

∫

f d~v the intrinsic
luminosity density. Multiplying by vR and integrating over the velocities, one obtains the
Jeans equation:

∂(νv2
R)

∂R
+
∂(νvRvz)

∂z
+
ν

R

(

v2
R − v2

φ + r
∂Φ

∂R

)

= 0 (5.7)

Which, under the assumption ∂ν/∂z = 0 (for symmetry), becomes

v2
c = vφ

2 − σ2
R

[

∂ ln ν

∂ lnR
+
∂ lnσ2

R

∂ lnR
+ 1 −

σ2
φ

σ2
R

+
R

σ2
R

∂(vRvz)

∂z

]

, (5.8)

where σ2
φ = v2

φ−vφ
2, σ2

R = v2
R, σ2

z = v2
z and v2

c = R (∂Φ/∂R) is the (square of) the circular
speed. The mean rotation vφ follows from the observed velocity field, while the remaining
term is the so-called asymmetric drift correction.

The last term in Eq. 5.8 depends on the alignment of the velocity ellipsoid. If the velocity
ellipsoid is aligned with the cylindrical coordinate system (R, φ, z) , then vRvz = 0; if it is
aligned with the spherical coordinate system (R, θ, φ), then vRvz = (σ2

R − σ2
z)(z/R)/[1 −

(z/R)2], which is proportional to z/R close to the disc plane. In the general case, introducing
the factor κ, with 0 ≤ κ ≤ 1, we can write

vRvz = κ (σ2
R − σ2

z)
(z/R)

1− (z/R)2
. (5.9)

A typical value for a disc galaxy is κ = 0.5 (Kent & de Zeeuw 1991), and we will adopt
it throughout this chapter; Weijmans et al. (submitted) tested other values of κ and found a
difference in the final circular velocity of the order of the measurement errors (≈ 10 km s−1).
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To evaluate the right-hand member of Eq. 5.8, estimates of σφ and σz are needed. Multi-
plying the CBE respectively by the terms vR(vφ − vφ) and vz(vφ − vφ) and introducing the
logarithmic gradients of vφ in the radial and vertical direction:

αR =
∂ ln vφ

∂ lnR
and αz =

∂ ln vφ

∂ ln z
, (5.10)

one finds:
σ2

φ

σ2
R

=
1

2

[

1 + αR + κ
1 − σ2

z/σ
2
R

1 − (z/R)2
αz − (vφ − vφ)3

σ2
Rvφ

]

(5.11)

and
σ2

z

σ2
R

=
κ q2φ(1 + αR)

κ q2φ(1 + αR) − (R2 − z2)αz
. (5.12)

These expressions can be substituted in Eq. 5.8 to find a general relation for the circular
velocity and the asymmetric drift. We briefly notice that in Eq. 5.12, for z = 0 and for a
flat rotation curve (αR = 0), using the typical value 0.6 for the velocity anisotropy σz/σR

(see references in the Introduction), we get the relation κ q2
φ = 0.56, so that for qφ = 1 the

adopted value κ = 0.5 seems to be reasonable.

5.3.2 Observables
With the observations, we can only measure quantities projected on the plane of the sky, or,
to use other words, integrated along the line-of-sight. If i is the inclination angle under which
the galaxy is seen (with i = 0 for face-on and i = 90◦ for edge-on galaxies), the relations
between the intrinsic cylindrical coordinates (R, φ, z) and the cartesian coordinates (x′, y′)
on the sky and z′ along the line-of-sight are:

R = [x′
2

+ (y′ cos i+ z′ sin i)2]1/2,

φ = arctan[(y′ cos i+ z′ sin i)/x′],

z = y′ sin i− z′ cos i. (5.13)

If the intrinsic luminosity density in an infinitesimally thin disc plane (z = 0) is ν(R), the
surface brightness is

I = ν([x′
2
+ y′

2
/ cos2 i]1/2). (5.14)

Given the surface brightness profile along the projected major axis x′ = R, for the quantity
∂ ln ν(R)/∂ lnR, entering in Eq. 5.8, holds that ∂ ln ν(R)/∂ lnR = d ln I(R, 0)/d lnR.

If the systemic velocity is vsys, the observed (line-of-sight) velocity is given by

V = vsys + vφ cosφ sin i, (5.15)

while the mean line-of-sight velocity dispersion is:

σ2 = σ2
φ cos2 φ sin2 i+ σ2

R sin2 φ sin2 i+ σ2
z cos2 i− vRvz sinφ sin(2i). (5.16)

The streaming motion vφ follows straightforwardly from the observed velocity, while αz,
required in the evaluation of the right-hand member of Eq. 5.12 (and indirectly of Eq. 5.16),
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is less easy to constrain.
The problem can be overcame by considering a simple functional form for vφ that fits the

kinematical data and deriving from it the vertical slope. We will follow the prescription of
Evans & de Zeeuw (1994) for power-law models (where the potential is simply a power of
the spheroidal radius):

vφ ∝ R

(R2
c +R2 + z2/q2Φ)

1/2+β/4
, (5.17)

where Rc is the core radius, qΦ is the flattening of the spheroidal equipotentials and β =
− limR→∞[d ln v2

c/d lnR] controls the logarithmic gradient of the rotation curve at large
radii: positive values of β correspond to falling rotation curves, negative to rising. We will
adopt β = 0 (flat rotation curve) and a spherical potential (qΦ = 1), which is a reasonable
assumption: even though the density distribution of most galaxies is flattened, the potential
is much rounder than the density (Binney & Tremaine 1987). With the definition of Eq. 5.10
and this simple model, we obtain

αR = 1 − (1 + β/2)R2

R2
c +R2 + z2/q2Φ

and αz = − z2

q2ΦR
2
(1 − αR). (5.18)

Combining Eqs. 5.11, 5.12, 5.16 with this last relation for αz , assuming that the velocity
ellipsoid is symmetric around vφ = vφ and evaluating the resulting expression at z = 0, we
get

σ2

σ2
R

= 1 − 1

2
(1 − αR)

[

cos2 φ sin2 i+
2 cos2 i

κ q2Φ(1 + αR) + (1 − αR)

]

= FR; (5.19)

adopting for vφ the simple model of Eq. 5.17, which means that αR can be expressed as in
Eq. 5.18, and using the selected values κ = 1/2, qΦ = 1 and β = 0, we finally obtain:

σ2

σ2
R

= 1 − R2 cos2 φ sin2 i

2(R2
c +R2)

− R2 cos2 i

R2
c + (3/2)R2

. (5.20)

Therefore, σR can be estimated from the observed velocity dispersion σ.
Taking into account the thin-disc approximation we are adopting and substituting the

power-law model in the equation for the circular velocity (Eq. 5.8), it becomes:

v2
c = vφ

2−σ2
R

{

∂ ln I

∂ lnR
+
∂ lnσ2

R

∂ lnR
+

1

2
(1 − αR)

[

1 +
2κ

2 − (1 − κ q2Φ)(1 + αR)

]}

(5.21)

which reduces to

v2
c = vφ

2 − σ2
R

{

∂ ln I

∂ lnR
+
∂ lnσ2

R

∂ lnR
+

R2

2(R2
c +R2)

+
R2

(2R2
c + 3R2)

}

(5.22)

when putting κ = 1/2, qΦ = 1 and β = 0 and adopting for αR the functional form of
Eq. 5.18. With the assumptions we have made and calculations carried out, all terms in
this equation are now accessible, once measurements of the velocity, velocity dispersion and
surface brightness are available.
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5.3.3 Mass models
Let us suppose now to know the observed surface brightness distribution of a galaxy, I(R).
By deprojecting and assuming a mass-to-light conversion, one can retrieve the intrinsic mass
density, the gravitational potential and the corresponding circular speed. The comparison be-
tween the circular speed inferred in this way and the response from Eq. 5.22 (or Eqs. 5.21
or 5.8) gives a measure of the applicability of the adopted assumptions. We decompose our
surface brightness into a sum of Gaussian distributions. The Gaussians do not represent a
complete set of functions and consequently cannot reproduce any arbitrary brightness distri-
bution, but they turn out to be extremely useful in the application to realistic distributions.
The use of a Gaussian decomposition is therefore not mandatory for the kind of calculation
we want to perform, but it makes the maths easier and it allows an analytical deprojection.
We express the intensity as

I(R) =
N
∑

j=1

Ij(R) (5.23)

where N is the number of Gaussians in which I(R) is the surface brightness distribution to
be decomposed and each Ij is a Gaussian with two free parameters (in the one-dimensional
case): the central surface brightness I0,j and the dispersion along the observed major axis
σ′

j . For an axisymmetric system, for the j-th Gaussian the intrinsic (deprojected) luminosity
density is given by

νj(R, z) =
q′jI0,j√
2πσjqj

exp

{

− 1

2σ2
j

[

R2 +
z2

q2j

]}

, (5.24)

where σj and qj are the intrinsic dispersion and flattening, related to the observed quantities
σ′

j and q′j by
σj = σ′

j and q′j
2

= cos2 i+ q2j sin2 i. (5.25)
with i viewing angle. If Lj = 2πσ2

j q
′
jI0,j and (M/L)j are the total luminosity and the

mass-to-light ratio of that Gaussian, the gravitational potential is expressed by

Φj(R, z) =
2GLj(M/L)j√

2πσj

∫ 1

0

exp

{

− u2

2σ2
j

[

R2 +
z2

1 − (1 − q2j )u2

]}

du
√

1 − (1 − q2j )u2

(5.26)
and the circular speed in the plane z = 0 by

v2
c,j(R) =

2GLj(M/L)j√
2πσj

R2

σ2
j

∫ 1

0

exp

{

−u
2R2

2σ2
j

}

u2 du
√

1 − (1 − q2j )u2
. (5.27)

Integrating these equations returns the (square of the) circular speed corresponding to the
global mass distribution and provides the ‘check’ on the results from the speed calculated
from the observed velocity and velocity dispersion via Eq. 5.22 for which we were aiming,
and, as final number, the mass-to-light ratio. The method here described is called Multi
Gaussian Expansion (MGE) and, together with the idea that the potential and the circular
velocity become simple and quick to calculate using Gaussians, is due to Emsellem, Monnet
& Bacon (1994).
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5.3.4 Two components: bulge and disc
Let us consider a galaxy as a two-component system (disc and bulge), and let us assume
that a photometric bulge-disc decomposition has been performed, so that the total surface
brightness I(R) can be expressed as the sum of a contribution from the bulge Ib and from the
disc Id. This is what we have done in the previous chapter. One can then decompose both the
bulge and disc brightness distributions, separately, into series of Gaussians, and, depending
on a choice for the mass-to-light ratios of bulge and disc, come to an estimate of their circular
speeds, as in Eq. 5.27.

Given the series of Gaussians reproducing the bulge and disc brightness, using Eq. 5.24
and adding the contribution from all Gaussians, one can calculate the density νb and νd. A
useful parameter to define is the local bulge-to-total luminosity fraction:

λ(R, z) =
νb(R, z)

νb(R, z) + νd(R, z)
, (5.28)

which will represent the relative weighting factor of the two components in all the following
analysis.

Coming to the kinematics, once the streaming motion vφ(R, z) for the bulge and disc is
known, the total ordered motion is given by a luminosity-weighted combination of the two
components:

vφ = λ vφb + (1 − λ) vφd; (5.29)

given vφb and vφd, Eq. 5.22 (or Eqs. 5.21 or 5.8) provides a prediction for the circular
velocity of bulge and disc and their combination:

v2
c = λ v2

c,b + (1 − λ) v2
c,d. (5.30)

The mean line-of-sight velocity dispersion is given by

σ2 = λσ2
b + (1 − λ)σ2

d + λ(1 − λ)
(

vφb − vφd

)2
cos2 φ sin2 i. (5.31)

where σb and σd are the contribution from bulge and disc, respectively. The last term arises
from the fact that the velocity dispersion is a non-linear function of the DF.

We emphasize the fact that we have implicitly used throughout all the calculations a thin-
disc approximation, evaluating all quantities at z = 0, since we have not performed any
integration along the line-of-sight, which is in principle wrong for both disc and bulge, and
especially for the thick(er) bulge. However, this is not the dominating source of uncertainty
(see also Weijmans et al., 2007, submitted), especially for this kind of galaxy, whose bulge is
not much rounder than its disc.

5.4 MAKING A PHOTOMETRIC MASS MODEL: Multi Gaussian
Expansion of disc and bulge profiles

The goal of this chapter is to apply the methods outlined above to our sample of galaxies,
making use of the SAURON data described and exploited in Chapters 2 and 3 and of the
results of the photometric bulge-disc decomposition presented in Chapter 4.

The first step is the decomposition in Gaussians of the bulge and disc profiles. Given
the fit parameters listed in Table 4.2, we built (H− band) model profiles in linear units (for
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Figure 5.1: MGE decomposition of the disc model profiles of NGC 2805 and 4254, taken as examples;
the crosses represent the observed (global) profile, the solid line the fitted exponential and the filled
triangles the profile reconstructed from the Gaussians obtained by applying the MGE program to the
disc model profiles.

disc and bulge) according to Eqs. 4.1, 4.3 and 4.5 and performed on them a one-dimensional
MGE decomposition (Emsellem et al. 1994), using the implementation of Michele Cappellari
(Cappellari 2002). We used 10 Gaussians for the discs and a number variable between 13 and
19 for the bulges. The fits are excellent for all galaxies, as shown in a couple of cases in Fig.
5.1 (see figure caption for details). In the one-dimensional case we are dealing with, for each
Gaussian the MGE program returns two parameters: the total counts C0,j and the standard
deviation σj . From the total counts of each Gaussian one can calculate the corresponding
peak surface brightness I0,j via the relation C0,j = I0,j

√
2πσj , and I0,j can be converted

from mag arcsec−2 to physical units (L� pc−2) by multiplying by the factor (64800/π)2 ×
10(MH,�/2.5), where MH,� is the magnitude of the sun in the reference band (H) and its
value (= 3.32) is taken from Binney & Merrifield (1998). The reader might also remember
that in the analysis in Chapter 4 we found that the vast majority of our galaxies hosts an inner
component, revealed as an excess of light compared to the exponential + Sérsic fit to the sum
of bulge and disc. This luminous mass contributes to the kinematics in the innermost regions;
therefore, an accurate mass model has to account for this component as well. We modeled
it as an additional Gaussian with peak amplitude determined on the basis of the magnitude
values reported in Table 4.5 and with FWHM equal to 2′′ (the size of these objects is most
often much smaller, but the spatial sampling provided by SAURON does not allow to resolve
them better) and with the same mass-to-luminosity ratio as the bulge.

In order to deproject the Gaussian distributions, figures for the intrinsic and observed
flattenings of bulge and disc are also needed. A usual procedure to derive the inclination i
from the isophotal diameters is to apply the formula

cos2(i) = (q′2 − q2)/(1 − q2), (5.32)
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equivalent to the Eq. 5.25 (right-hand side), where q′ is the observed ratio of minor-to-major
diameters and q is the intrinsic axis ratio, representing the flatness of the galaxy. In the past,
the value q = 0.20 (Holmberg 1946) has often been adopted for all spiral galaxies, but later on
several studies showed that there is some variation of q with morphological type (Heidmann
et al. 1972, Bottinelli et al. 1983), and started measuring smaller values for q. A relevant ex-
ample is the work presented by Guthrie (1992), who studied a sample of 262 edge-on spirals
selected from the UGC and described the distribution of isophotal axial ratios (logR0, where
R0 = 1/q) as a Gaussian with mean value 0.95 ± 0.03 (corresponding approximately to q ≈
0.12) and a dispersion around the mean of 0.12 ± 0.04. The author argued that the quite large
dispersion around the mean might be partly due to an intrinsic dependence on type. More
recently, this dependence on type has been studied in detail by Yuan & Zhu (2004), who per-
formed a statistical analysis on 14998 disc galaxies and found a linear decrease of q as type
increases for −3 ≤ T ≤ 7 and an increase for T ≥ 7, which implies that among lenticular
and early-to-intermediate spirals, discs becomes flatter as the type becomes later, while very
late-type spirals and irregulars become thicker. According to them, the minimum value of q
would be 0.09, for Scd-Sd galaxies. These studies were based on a statistical concept, us-
ing isophotal axis ratios. A different approach was adopted by Kregel, van der Kruit & de
Grijs (2002): via a two-dimensional method, they study both the horizontal and vertical scale
lengths (respectively, hR and hz, according to their notation), for a sample of 34 Sa-Sc galax-
ies. Their result is that the average flattening hR/hz is 7.3, corresponding to q ≈ 0.14. This
is the value we have adopted in our analysis and fed into Eq. 5.25, together with the observed
disc ellipticity εdisc = 1 − q′, to estimate the inclination∗. Then, we estimated the intrinsic
flattening of the bulge from Eq. 5.25, using the bulge ellipticity and the adopted inclination;
in the four cases where the observed ellipticity is larger for the bulge than for the disc (see
Fig. 4.7 in Chapter 4), Eq. 5.25 might have no solution; there we adopted the same intrinsic
flattening as for the discs (= 0.14). As for the Gaussian representing the central component,
q = 1 was used, to mimic the round appearance given by the smearing caused by the seeing.

Having all the necessary ingredients, using Eq. 5.24 for the bulge and disc Gaussians sep-
arately, we recovered their intrinsic luminosity density, νb and νd, from which we calculated
the luminosity fraction λ(R) in the plane z = 0, as defined in Eq. 5.28†. In Fig. 5.2 we
plot both λ (solid line) and 1 − λ (dashed line) for all the sample galaxies, representing re-
spectively the contribution of bulge and disc to the light distribution. The dashed vertical line
overplotted indicates the radial extent of our kinematical data, while the dotted one marks the
λ = 0.3 limit, corresponding to the outer limit of the bulge-dominated region. In this figure
(as in most of the following), the horizontal scale is given in arcsec in the bottom axis, and
converted to kpc in the top one‡. We see that for several galaxies within the SAURON range
the role of the bulge is important, while for several others the bulge contribution drops rapidly
to zero. For example, in objects like NGC 488 or 772 the bulge seems to be dominant or at
least relevant over a large part of the profile, while for cases like NGC 864 and 2964 outside
the innermost ≈ 5′′ the bulge light fraction is negligible.

∗The values here adopted for the inclination can differ from those listed in Table 2.1 in Chapter 2, which have
been taken from literature references.

†λ has been calculated without considering the Gaussian representing the central component.
‡Using the same estimates for the distance moduli as in Chapters 2 and 4.
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Figure 5.2: Local bulge-to-total luminosity fraction λ for all galaxies (solid lines); the dashed lines
represent the profile of 1 - λ, i.e. the disc-to-total luminosity fraction; the overplotted vertical solid
lines indicate the extent of our kinematical data, while the dotted ones mark the λ = 0.3 limit. For
NGC 2805 and 5668 λ ≥ 0.3 on the whole observed range. The horizontal scale is in arcsec on the
bottom axis and in kpc on the top one.
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5.5 MASS MODELING USING KINEMATICS AND PHOTOMETRY:
a (very) simple approach

After decomposing the photometric model profiles of bulges and discs in Gaussians, we
moved to the kinematics, using the SAURON measurements. To have enough constraints
to be able to solve the equations presented in Section 5.3, some more ‘working hypothesis’
are necessary. We started with some strong assumptions that probably do not apply in the
case of real galaxies but can give some hints on how to proceed further. We assumed that all
the ordered motion is due to the disc component and all the random motion to the bulge, a
scenario that is rather inappropriate but can serve as a test. Using the notation introduced in
Section 5.3, vφb = 0, σd = 0 and Eqs. 5.29 and 5.31 become respectively:

vφ = (1 − λ) vφd (5.33)

and
σ2 = λσ2

b + λ(1 − λ) vφ
2
d cos2 φ sin2 i (5.34)

and also Eqs. 5.8, 5.21 and 5.22 for both components simplify.
We want to emphasize that this simple approach is only a kind of toy model that helped

us understanding the difficulties of the method and both the limitations and the potentialities
of the data, but it leads to unphysical results. In other words, this first approach is a ‘very
simple’ one, as we called it in the section’s title, to the point that it is even a ‘too simple’ one:
a more realistic approach will follow (Section 5.6), in the framework of a set of assumptions
which are more complicated (‘less simple’) but more realistic.

5.5.1 Fits to the observables
Instead of using the full two-dimensional kinematical maps, we extracted profiles of V and
σ along the projected major axis x′ = R (corresponding to the position angles determined
in Chapter 4, see Table 4.1). Therefore, since we work in one dimension, in all equations
we could safely fix φ = 0 along the projected major axis. Before extracting the profiles,
we subtracted the systemic velocity from the velocity maps, using the same values as we
did in Chapter 2 for the presentation of the maps. The extraction has been accomplished
using kinemetry (Krajnović et al. 2006), a method developed to analyse maps of kinematical
moments based on an harmonic expansion of two-dimensional maps of observed velocity,
velocity dispersion (and higher Gauss-Hermite moments, if it is the case) along ellipses. In
our application, it was used just as a tool to extract the profiles along fixed ellipses. The
position angle has been adjusted with ± 180◦ in order to extract always the positive side of
the rotation curve, for presentation purposes. We deprojected the velocity profiles by dividing
by sin i. Then, in order to avoid numerical noise, especially in the derivatives, we fitted simple
functional forms to the velocity and velocity dispersion and used the best-fit in the rest of the
analysis, in place of the observed profile, as shown in Figs. 5.3 and 5.4. Here we want to
point out that in this simple approach the adopted fitting functions serve mainly as a smooth
and analytical parameterization of the data, without a stronger physical meaning, especially
in the case of the velocity dispersion. At a variance, in the following section we will try to
always build physically significant fitting functions, in order to have more realistic models.
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Fits to the observed velocity
For the velocity, according to Eq. 5.15 and considering that the systemic velocity has been
subtracted and that the observed profiles have been deprojected, a fit to the observed profile
gives the total vφ. In the simple approach we are exploring, this depends on the disc compo-
nent only. As a fitting function we used the model of Eq. 5.17, which, in the plane z = 0 and
assuming β = 0, becomes:

vφ(R) =
v∞R

√

R2
c +R2

. (5.35)

where v∞ is the asymptotic rotation velocity and Rc the core radius. This model describes
a rotation curve that increases like vφ(R) ∝ (v∞/Rc)R when Rc � R and at large radii
tends asymptotically to the value v∞. By inspection of the velocity profiles, we can see that
in several cases the curves flatten out only in the last few points or not at all; this means that
the core radius Rc cannot be well constrained and fitting Eq. 5.35 would lead to unphysical
values for both Rc and v∞. Therefore, in those cases we are in the regime Rc � R and we
used instead a linear relation:

vφ(R) = kv R. (5.36)

In practice, we fitted Eq. 5.35 (with v∞ and Rc as free fit parameters) to all profiles and
rejected the cases where Rc � Rmax, with Rmax the largest radius of the extracted profiles;
in those cases we applied the linear fit, where kv is the only free parameter. Three galaxies
(NGC 864, 3423 and 4254) turned out to be ‘on the edge’, with −0.1 ≥ Rc − Rmax ≥ 0.6;
in these cases we kept the power-law model fit (Eq. 5.35). Fig. 5.3 presents the velocity
profiles together with their best-fits; the radial coordinate is given in arcsec along the bottom
axis and in kpc along the top one. The parameters of the fit are listed in Table 5.1. We see
that the velocity profile is generally well described by the simple fitting functions we used.
We notice here that in the case of NGC 5585 and 5668 it was necessary to fit a linear relation
allowing for a zero point. This is probably due to a residual systemic velocity. The best-fit
value for the zero point was found to be ≈ -7.2 and -3.5 km s−1, respectively for NGC 5585
and 5668. The zero points have been added to the data and the shifted profiles have been
used in the rest of the analysis. We also notice that for NGC 628 the kinematical profiles are
disturbed by a foreground star located ∼ 13′′ away from the centre; for both velocity and
velocity dispersion, in the affected region (∼12 - 16′′) we substituted the observed profile
with a linear interpolation between the points that are not influenced.

Fits to the observed velocity dispersion
The appearance of the velocity dispersion profiles is more variegated, reproducing the drops
and dips found in the SAURON maps presented in Chapter 2. In the simple approach that we
are treating, all this variety depends on the bulge component only. Some profiles present a flat
inner region and then decrease moving outwards (NGC 488, 2964), some increase with radius
in the innermost arcseconds and then decrease (NGC 4030, 5678), some keep increasing
outwards over the whole available radial range (e.g. NGC 628, 2805, 3346) and others have
a more complex behaviour. Therefore, we had to adapt the fitting function to the different
phenomenology. For 13 galaxies (including all the cases where the profile is rising outwards
on its whole extension) we fitted a simple linear relation, of the form:

σ(R) = σ0,l + kσ R (5.37)
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Figure 5.3: Fits to the velocity profiles in the simple approach. The asterisks represent the deprojected
observed velocity profiles, the solid lines the best-fits. Units are km s−1 on the vertical axis and arcsec
and kpc on the bottom and top horizontal axis.
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NGC v∞ Rc kv FIT
(1) (2) (3) (4) (5)
488 251.79 10.40 - PL
628 20.38 17.41 - PL
772 184.80 5.95 - PL
864 157.76 14.81 - PL
1042 - - 1.44 L
2805 36.32 11.29 - PL
2964 178.80 12.76 - PL
3346 - - 5.07 L
3423 72.15 17.76 - PL
3949 116.95 17.06 - PL
4030 213.93 9.36 - PL
4102 167.54 6.45 - PL
4254 108.39 17.51 - PL
4487 - - 3.04 L
4775 - - 1.40 L
5585 - - 0.79 L
5668 - - 2.27 L
5678 176.64 8.12 - PL

Table 5.1: Best-fit parameters for the fits to the observed velocity profiles. Column (1): NGC iden-
tifier; (2): v∞, in km s−1; (3): Rc, in arcsec; (4): kv , in km s−1 arcsec−1; (5): fitting function: PL
corresponds to the model of Eq. 5.35, L to the linear model of Eq. 5.36.

where σ0,l and kσ are free parameters; the sign of kσ will decide if the profile rises or declines
with radius. For these 13 objects, we took the decision to fit a linear relation because either it
was suggested by the data, or the data was too noisy or irregular to allow more sophisticated
decompositions. The case of NGC 772 is peculiar in this respect, showing a profound dip
in the central region, which seems to be the deepest (in σ) and one of the most extended (in
radius) among the profiles looking similar (central dip in the innermost arcseconds, followed
by a more ‘classical’ decline of σ with radius); for this galaxy, we decided to fit a linear
relation starting from R = 8′′, and extrapolated the best-fit straight line to R < 8′′. This
is clearly an over-simplification of the profile and an unfaithful parameterization of the data,
with a central residual larger than ≈ 30 km s−1. We will comment on this point in a few
paragraphs. The remaining five galaxies (NGC 488, 2964, 4030, 4102, 5678) allow a more
sophisticated treatment. We adopted the general exponential fitting function:

σ(R) = σ0,e + σ1,e exp

(

−
√

R2 +R2
c

R1,e

)

. (5.38)

Where σ0,e, σ1,e, R1,e are free fit parameters and Rc is a fixed core radius. We used this
fitting function for the velocity dispersion profile of NGC 488 and 4030, fixing Rc to the
value of the core radius of a power-law potential determined in the fit to the velocity profile,
and for NGC 4102, setting instead Rc = 0. For NGC 2964 and 5678, fitting an exponential
(both with Rc fixed to to the value obtained from the fit to velocity and to 0) resulted in very
large values for R1,e, meaningless compared to the radial scale we probe with our data. For
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NGC σ0,l kσ σ0,e σ1,e R1,e σ0,el kσ,el FIT
(1) (2) (3) (4) (5) (6) (7) (8) (9)
488 - - 78.22 256.36 13.72 - - EC
628 54.93 1.09 - - - - - L
772 143.0 -0.41 - - - - - L∗

864 71.41 -0.31 - - - - - L
1042 49.55 -0.78 - - - - - L
2805 49.41 1.08 - - - - - L
2964 - - - - - 146.16 -3.13 EL
3346 46.98 1.32 - - - - - L
3423 47.82 -0.14 - - - - - L
3949 66.26 0.72 - - - - - L
4030 - - 77.30 63.06 11.85 - - EC
4102 - - 43.80 114.43 13.13 - - E
4254 79.60 -0.22 - - - - - L
4487 50.80 -0.09 - - - - - L
4775 38.53 0.65 - - - - - L
5585 38.65 -0.23 - - - - - L
5668 46.28 0.65 - - - - - L
5678 - - - - - 126.30 -2.01 EL

Table 5.2: Best-fit parameters for the fits to the observed velocity dispersion profiles. With reference
to the notation adopted in Eqs. 5.37, 5.38, 5.40, column (1): NGC identifier; (2): σ0,l, in km s−1; (3):
kσ , in km s−1 arcsec−1; (4): σ0,e, in km s−1; (5): σ1,e, in km s−1; (6): R1,e, in arcsec; (7): σ0,el, in
km s−1; (8): kσ,el, in km s−1 arcsec−1; (9): fitting function: L corresponds to the linear model of Eq.
5.37; EC to Eq. 5.38 with non-zero core radius; E to Eq. 5.38 with zero core radius; EL to Eq. 5.40; L∗

refers to the case of NGC 772. As described in the text, the linear fit for this galaxy is performed only
outside R = 8′′, extrapolating then the fit to the inner zone.

R1,e � R Eq. 5.38 reduces to

σ(R) = σ0,e + σ1,e

(

1−
√

R2 +R2
c

R1,e

)

, (5.39)

therefore in the cases of NGC 2964 and 5678 we used the simplified fitting function

σ(R) = σ0,el + kσ,el

√

R2 +R2
c (5.40)

with Rc fixed to the value obtained from the velocity fit and σ0,el and kσ,el free parameters.
Fig. 5.4 shows the observed profiles together with the best-fits, and Table 5.2 lists the fit
parameters, for all galaxies. We see that in many cases the fits provide a good or excellent
representation of the data, but for the galaxies with a central ‘σ-dip’, the fit in the central part
is rather poor. As mentioned, this is the case of NGC 772 (which is actually the most dramatic
one) and of NGC 4030 and 5678. The profiles are smooth and noise cannot be blamed for
the quality of the fit. We tested that in all three cases the profiles are fitted very well by a
‘double linear relation’: a rising straight line in the region of the dip and a decreasing one
outside it. Such a behaviour could not be easily treated in the very simplified framework
described in the preamble to Section 5.5: the ‘double linear relation’ would for example
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Figure 5.4: Fits to the velocity dispersion profiles in the simple approach. The asterisks represent our
data, the solid lines the best-fits. Units are km s−1 on the vertical axis and arcsec and kpc on the bottom
and top horizontal axis.
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generate discontinuities in the derivatives. This suggests that, at least for those objects, this
scenario fails to provide a satisfactory description of our galaxies: the assumption of a single
component contributing to the velocity dispersion does not describe the data. But for the
moment we will stick to it and use the selected best-fits in place of the observed profiles (of
V and σ).

5.5.2 Circular velocity of bulge and disc
Now we aim to apply the equations of the previous sections to find, under the assumptions
we have made, an estimate for the circular velocity of the bulge and disc components. We
first clarify that in the derivation we presented, Eqs. 5.19 and 5.21 are obtained using the
expressions for αR and αz in Eq. 5.18, that depends on the adoption of a power-law model
for vφ. One could argue that this is not the general case and in particular it is not always the
case for our objects, since we fitted the velocity profiles of six of them using a linear relation
in the plane z = 0 (Table 5.1), which yields αR = 1 (from the definition in Eq. 5.10), with no
information about the vertical slope αz. Given the fact that the linear relation is the limiting
case of the power-law model for Rc � R, we still use for αz the expression in Eq. 5.18
(αz ∝ (1 − αR), which results in αz = 0 for the linear velocity curves), and Eqs. 5.19 and
5.21.

The fit to the observed velocity profile, together with Eq. 5.33, gives the rotational ve-
locity of the disc vφd, and then Eq. 5.21 its circular velocity vc,d, using the assumption we
made that the disc has zero velocity dispersion. From our MGE decomposition of the disc
(model) profile, using the formulas of Section 5.3.3, we obtained another estimate of the
circular velocity, where the only unknown is a scaling factor representing the mass-to-light
ratio (M/L)d, which we will treat as a constant as a function of radius (assuming, in prac-
tice, the same mass-to-light ratio for all the Gaussians in which the profile is decomposed:
(M/L)j = (M/L)d ∀j). Comparing the two estimates of vc,d, in principle one could get
information on the mass-to-light ratios, and on the reliability of the hypothesis used. Fig. 5.5
shows the profiles of the circular velocity of the discs of our galaxies, from both approaches.
The circular velocity profile obtained from the mass modeling has been rescaled in order to
match the profile obtained from the velocity moments approach by fitting for a constant rep-
resenting the (square root of the) mass-to-light ratio. In the fit, the points inside the central 5′′

have been excluded and the other points have been weighted according to their contribution
to the luminosity, using the function 1 - λ. From the figure, we notice some cases where,
being λ ∼ 1 in the centre, the disc velocity takes on very high values (Eq. 5.33). This can be
viewed as (another) indication of the fact that the assumption that all the velocity resides in
the disc is incorrect. But there are also cases where, globally, the profiles look reasonable and,
more, the general shape matches the profile obtained from the MGE analysis, e.g. NGC 2964
and 3949. This might mean that in those case the velocity is indeed dominated by the disc
contribution.

Substituting the best-fit for the observed velocity dispersion and the rotational velocity
of the disc vφd in Eq. 5.34, fixing φ = 0, we obtained an expression for the bulge velocity
dispersion σb. In some cases it can happen that the contribution from vφ

2
d in the equation be-

comes even larger than the observed velocity dispersion, giving (unphysical) negative values
for σ2

b (this could be an artificial effect due to the assumption vφb = 0). When this happened
(NGC 772 and 4102), we set to zero the contribution from vφ

2
d, using simply σ2 = σ2

b . Then,
as done for the disc, using Eqs. 5.19 and 5.21 from one side and our MGE decomposition of
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Figure 5.5: Disc circular velocity in the simple approach. The asterisks indicate the part of the dynamical circular
velocity profile outside the radius 5′′ used in the evaluation of (M/L)d, the (smaller) crosses the part inside it; the
solid line is the circular velocity from the mass modeling, rescaled using (the square root of) (M/L)d. The dotted
vertical line delimits the region where λ ≥ 0.3 (or the outer limit of the observed profiles, when λ ≥ 0.3 on the
whole available radial range: this is the case of NGC 2805 and 5668).
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Figure 5.6: As in Fig. 5.5, for the bulge circular velocity. Here the asterisks represent the part
of the dynamical circular velocity profile inside the radius where λ ≥ 0.3 (delimited by the dotted
vertical line), used in the evaluation of (M/L)b, the (smaller) crosses the external part. For presentation
purposes, the maximum velocity on the vertical axis is fixed to 300 km s−1, and in several cases parts
of the profiles go out of scale.
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NGC (M/L)d (M/L)b

488 6.071 0.311
628 0.130 0.232
772 5.801 0.438
864 1.477 0.913
1042 0.304 1.839
2805 1.997 0.390
2964 0.843 1.183
3346 1.879 2.706
3423 1.341 0.701
3949 0.515 0.955
4030 3.597 0.239
4102 1.145 0.284
4254 0.728 0.238
4487 2.393 1.635
4775 0.085 0.691
5585 0.702 2.922
5668 2.558 0.549
5678 1.047 0.432

Table 5.3: Estimates of M/L for discs and bulges from the simple approach where only the disc
contributes to vφ and only the bulge to the velocity dispersion; the M/L values are expressed in solar
units in the H− band. These numbers are not supposed to be realistic estimates of the mass-to-light
ratios: reliable estimates will be given in Section 5.6.

the bulge (model) profile from the other one, we obtained two estimates of the bulge circular
velocity, with the bulge mass-to-light ratio as (free) scaling parameter. In Fig. 5.6 we present
both profiles (from the dynamical approach and from the mass modeling) of the circular ve-
locity of the bulges of our galaxies. As for the profile derived from the mass modeling, here
we consider only the contribution from the bulge, neglecting the central component. The
rescaling needed to match the profiles, evaluated only within the region where λ ≥ 0.3,
indicated in the figure with a vertical dotted line (i.e. within the region where the bulge con-
tribution to the total light is significant), gives an estimate of the bulge mass-to-light ratio.
The figure shows that in several cases the matching is reasonable (for example, NGC 1042,
4487, 5585, 5668), while in others the velocity assumes in the last points unrealistically high
values (NGC 2964, 3346), and in others (NGC 628, 4030) it drops rapidly, encountering the
condition v2

c,b = 0. This indicates that, at least in those cases, the approach followed does
not give a good description of the galaxies, the mass-to-light ratio values listed in Table 5.3
are not reliable and (some of) the assumptions need to be adapted.

5.6 MASS MODELING USING KINEMATICS AND PHOTOMETRY:
a two-components approach

After the unrealistic approach above investigated, we move to a more general treatment of the
problem in which both the bulge and the disc component contribute to the ordered as well as
the random motions. This is intuitively a more reasonable description of spiral galaxies. We
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used again equations 5.29 and 5.31 to combine the contributions of the two components to
the observables and assumed realistic functional forms for the kinematical profiles of bulges
and discs, in order to compare with the observations.

We started by fitting the velocity profile extracted with kinemetry using the function

vφ = λ
v∞,bR

√

R2 +R2
C

+ (1 − λ)
v∞,dR

√

R2 +R2
C

(5.41)

where v∞,b, v∞,d andRc are free parameters. This is equivalent to assume for both bulge and
disc a power-law model (with the usual choice β = 0, qφ = 1), with the same core radius Rc

but allowing for different amplitudes (or asymptotic velocities). For several galaxies the fitted
core radius turned out to be very large, so that we applied instead a linear approximation, like
in the previous section, fitting the function

vφ = λ kv,bR+ (1 − λ) kv,dR (5.42)

where the slopes kv,b and kv,d are the free parameters to determine. The profiles and the
fits are shown in Fig. 5.7, together with the bulge and disc contributions: λ vφ,b represented
by a dotted line and (1 − λ) vφ,d, drawn as a dashed line. A qualitative comparison with
Fig. 5.5 shows that the galaxies for which the matching of the two curves of the disc circular
velocity (from the dynamical modeling and from the mass model) was already reasonable in
the approach pursued in the previous section, are indeed those for which a two-components
approach assigns the smaller contribution to the total rotational velocity to the bulges. This is
for example the case for NGC 864 and 2964, where the bulge contribution to vφ differs from
zero in the innermost few points only; correspondingly, in Fig. 5.5 the circular velocity curves
for the disc match very well outside the central 3-5′′. Table 5.4 lists the best-fit parameters.

We investigated the importance of the degeneracies in the three- and two-parameter
fits (respectively, two power-laws or two straight lines) by computing the goodness-of-fit
indicator χ2 for a grid of ≈ 106 points in the parameter space, under the assumption of
constant velocity errors, and examined the levels of constant ∆χ2 = χ2−min(χ2), projected
on the parameter planes. From this exercise we have learnt that, unfortunately, the parameter
space is degenerate and that it is not always possible to reliably constrain the bulge v∞,b

(or the slope kv,b, for the linear fits). This is most evident in the cases of galaxies such as
NGC 864, 2964, 3346, 3949 and 5678, where the bulge contribution (λvφ,b) to the global
rotation is small: for these galaxies, acceptable solutions can be found for a large range of fit
parameters describing the bulge velocity (v∞,b or kv,b). Therefore, one has to be careful and
interpret the parameters ‘cum grano salis’. In addition to this, some regions of the parameter
space are not allowed since they would produce unphysical results for the circular velocities
of disc and/or bulge. A more detailed analysis of the topology of the parameter spaces is
beyond the scope of this chapter, requiring a considerable amount of computational time,
particularly when studying the four-dimensional parameter space involved in some of the fits
to the velocity dispersion that we are going to address in the coming paragraphs. Considering
all this, in some cases (NGC 488, 772 and 3949) we were not able to find solutions that
both gave good fits and guaranteed the positivity and ‘reasonableness’ of the circular velocity
curves, therefore we had to constrain the fits imposing ‘by hand’ an upper/ lower limit to v∞,b

and/or v∞,d or to the core radius Rc, as indicated in Table 5.4.
The following step was to assume a functional form for the radial dispersion of bulge and
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Figure 5.7: Fits to the velocity profiles in the two-component approach. The asterisks represent the
deprojected velocity profiles extracted from the SAURON maps, the solid lines the two-component best-
fit; the dotted and dashed lines represent, respectively, the contribution of bulge and disc. Units are km
s−1 on the vertical axis and arcsec and kpc on the bottom and top horizontal axis.
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NGC v∞,b v∞,d Rc kv,b kv,d FIT
(1) (2) (3) (4) (5) (6) (7)
488∗ 400.00 266.86 16.41 - - PL
628 - - - 1.40 0.66 L
772∗ 407.99 163.06 15.00 - - PL
864 206.60 166.39 16.16 - - PL
1042 - - - 0.67 1.62 L
2805 - - - 3.47 1.03 L
2964 123.77 177.24 12.50 - - PL
3346 - - - 4.96 5.08 L
3423 - - - 5.05 2.73 L
3949∗ 230.00 146.51 24.94 - - PL
4030 352.71 210.52 14.22 - - PL
4102 302.91 186.59 10.37 - - PL
4254 - - - 7.93 3.82 L
4487 - - - 3.81 2.49 L
4775 - - - 1.60 1.33 L
5585 - - - 0.93 0.71 L
5668 - - - 2.86 1.18 L
5678 296.39 186.69 10.42 - - PL

Table 5.4: Best-fit parameters for the fits to the observed velocity profiles in the two-components
approach. Column (1): NGC identifier; (2): v∞,b, in km s−1; (3): v∞,d, in km s−1; (4): Rc, in arcsec;
(5): kv,b, in km s−1 arcsec−1; (6): kv,d, in km s−1arcsec−1; (7): fitting function: PL corresponds to
the model of Eq. 5.41, L to the linear model of Eq. 5.42. For the galaxies marked with an asterisk the fit
was obtained by putting some constraints on the parameters: for NGC 488 an upper limit on both v∞,b

and v∞,d; for NGC 772 a lower limit on RC ; for NGC 3949 a lower limit on v∞,b.

disc, σR,b and σR,d; Eq. 5.19 provides then the corresponding expressions for σb and σd,
which can be used in Eq. 5.31 for the comparison with the observed velocity dispersion. We
started by adopting an exponential law for the radial velocity dispersion of both bulge and
disc:

σ2
R,b = σ2

1,b exp (−R/R1,b) and σ2
R,d = σ2

1,d exp (−R/R1,d) (5.43)
where σ1,b, σ1,d, R1,b and R1,d are free parameters. The choice of adopting a dispersion
varying exponentially with radius can be physically motivated, at least for the disc: assuming
a locally isothermal disc, the square of the vertical dispersion is proportional to the radial
mass surface density Σ(R):

σ2
z ∝ Σ(R) (5.44)

which, for a radially constant mass-to-light ratio and an exponential brightness profile, be-
comes:

σ2
z ∝ I(R) ∝ exp (−R/h). (5.45)

Since the velocity anisotropy σz/σR is close to constant in spiral discs (see the Introduction
to this chapter and references therein), the last equation yields:

σ2
R ∝ exp (−R/h). (5.46)

The ‘two-exponentials’ approach works in several cases, but in others it returns unphys-
ical fit parameters: large numbers describing the disc and/or bulge scale length. When this
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NGC σ1,b R1,b kb σ1,d R1,d kd

488 - - 197.97 195.68 38.14 -
628 50.72 34.46 - - - 81.05
772 - - 114.68 188.90 52.12 -
864 82.184 1.87 - 83.36 63.49 -
1042 - - 49.65 - - 39.96
2805 - - 45.97 80.82 65.34 -
2964 111.77 5.57 - 115.68 62.53 -
3346 - - 45.42 - - 63.57
3423 - - 35.17 69.71 17.83 -
3949 59.14 3.17 - - - 85.35
4030 - - 105.38 - - 108.13
4102 153.18 17.72 - 138.40 24.35 -
4254 - - 77.37 84.81 50.39 -
4487 54.17 8.29 - 78.58 26.44 -
4775 44.43 4.93 - - - 52.93
5585 42.44 19.80 - - - 37.82
5668 - - 45.41 - - 66.32
5678 111.65 4.67 - 136.60 45.67 -

Table 5.5: Best-fit parameters for the fits to the observed velocity profiles in the two-components
approach. The notation is as in Eq. 5.43 and 5.47. NGC 864, 2964, 4102, 4487 and 5678 are fitted with
two exponentials; NGC 488, 772, 2805, 3423 and 4254 with a constant for the bulge and an exponential
for the disc; NGC 628, 3949, 4775 and 5585 with an exponential for the bulge and a constant for the
disc; NGC 1042, 3346, 4030 and 5668 with two constants.

happened, we adopted a constant σR for the component for which the exponential fit had
turned out to be unnecessary. This is equivalent to say that the exponential fall-off starts be-
yond the radial extension of our data. In some other cases the values selected by the fitting
procedure for both bulge and disc exponential scale lengths turned out to be unphysical: there
we modeled the radial dispersions of both components with a constant:

σR,b = kb and σR,d = kd. (5.47)

In fact, in the limit of very large values of the fitted scale radiiR1,b and R1,d, the exponential
laws in Eq. 5.43 can be approximated with constants. Fig. 5.8 illustrates graphically the fits,
together with the contribution from bulge and disc and Table 5.5 lists the fit parameters.

5.6.1 Circular velocity of bulge and disc
With the above, smooth representation of the kinematics, we use Eq. 5.21 to calculate the
circular velocity profile of bulge and disc and compare them with those obtained from the
mass model, to infer an estimate of the mass-to-light ratios. For the discs, the actual values of
the mass-to-light ratio have been determined excluding the 5 innermost arcsec; for the bulges
only the region where λ ≥ 0.3 has been considered §. Figs. 5.9 and 5.10 show respectively

§In two cases -NGC 2805 and 5668- the condition λ = 0.3 is encountered at radii outside the range of the
observed profiles, as seen in Fig. 5.2; in these two cases for the determination of the bulge mass-to-light ratio we
used therefore the full range of the observed profile.



172 CHAPTER 5: MASS MODELING OF LATE-TYPE SPIRAL GALAXIES

Figure 5.8: Velocity dispersion fits: the asterisks represent the observed σ profiles, the solid lines
the square root of

ˆ

λ FR,bσ
2

R,b + (1 − λ)FR,dσ2

R,d + λ(1 − λ)(vφb − vφd)
2 sin2(i)

˜

, best-fit to the
square of the observed σ; the dotted and dashed lines are respectively the square root of the bulge and
disc contribution (λFR,bσ

2

R,b and (1 − λ) FR,dσ2

R,d) and the dot-dashed ones the square root of the
remaining term λ(1 − λ)(vφb − vφd)

2 sin2(i), where FR,b and FR,d are defined in Eq.5.19.
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the circular velocity profiles for discs and bulges¶. In contrast with Section 5.5, the match of
the circular velocity of the disc is outstanding, and in most cases also the circular velocities of
the bulges compare very well in the central regions, where they are dominating. At variance
to what we did in Section 5.5, the dynamical circular velocity of the bulge (Fig. 5.10) is here
compared to the circular velocity from both the mass model of the bulge and the mass model
of the bulge plus the central component, when present (obtained by adding a Gaussian to the
bulge Multi Gaussian Expansion of the bulge model profile, as explained in Section 5.4). For
some galaxies (NGC 772, 1042, 4487, 4775, 5585) the inclusion of the central component
had a visible effect on the innermost ≈ 5′′. In several cases, the matching of the circular
velocity from the kinematical modeling to the one from the MGE slightly improves when
considering the inner component (solid thin line, in the figure) rather than not (dashed line).
In any case, we remind the reader that the luminosities of the central components might be
affected by systematic errors (see Fig. 4.16 in chapter 4). The effect on the mass-to-light
ratio is in any case small.

For some objects (NGC 488, 772, 4030 and, to a lesser extent, NGC 4102) the matching
of the circular velocity curves of the bulges is less good than in most of the others. These
galaxies are amongst the earliest in the sample, being all Sb’s or Sbc’s, and two of them
(NGC 772, for which we measure the largest effective radius in our sample, see Table 4.2
in Chapter 4, and NGC 4030) have some of the largest bulges, which might have created
problems in the photometric decomposition: the bulge might have been overestimated due to
inclusion of parts of the disc light. The case of NGC 4102 could also suffer from difficulties
in the photometric study, given the high complexity of the innermost region of this galaxy,
that presents several nuclei and also hosts an active region, being the galaxy a LINER (see
also Chapter 2, Section 2.6.4); these features can affect the shape of the photometric profile
of the bulge. In addition, NGC 4102 is a barred galaxy, and the bar is not modeled separately
in our photometric analysis, but most often affects the extraction of the bulge photometric
profile. Another possible reason, despite less likely, of the discrepancies might be a break
down of the thin-disc approximation. None of these possibilities can be ruled out until a
detailed inspection of the parameter space and its degeneracies is performed, telling if there
are other acceptable solutions providing a better match of the two curves of bulge circular
velocity; as mentioned, such an analysis is not intended to be carried out here and is deferred
to an upcoming paper.

Table 5.6 lists the mass-to-light ratios necessary to match the circular velocity curves, for
discs and bulges, and a ‘global’ value whose meaning will be clarified soon (see the beginning
of next section). For the bulge mass-to-light ratio, the values obtained considering the effect
of the central component in the mass model are given, when available. Our approach neglects
the possible presence of central black hole, which might affect the kinematics in the innermost
regions, and the effect of the SAURON PSF, but these features are not expected to alter our
results in any dramatic way.

¶Knowing the mathematical expressions of the quantities of interest, we could also extrapolate the circular ve-
locity profiles to (slightly) larger (and smaller) radii than in the observed kinematical profiles.
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Figure 5.9: Disc circular velocity: the thick solid line represents the profile calculated from the
dynamical modeling, the thin line is the circular velocity obtained from the mass modeling, rescaled
with the (square root of) (M/L)d. The dashed vertical line indicates the limit of the observed profile,
the dotted one the λ = 0.3 limit (but see caption to Fig. 5.5 for exceptions). Units are km s−1 on the
vertical axis and arcsec and kpc on the bottom and top horizontal axis.
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Figure 5.10: Circular velocity of the bulge, see the previous figure. The circular velocity from the
mass modeling is plotted as a thick line in the region where λ ≥ 0.3, indicated by the dotted vertical
line, and as a dot-dashed line elsewhere; the dashed vertical line indicates the limit of the observed
profile. The solid thin curves represent the circular velocity for a mass model that takes into account
the central component, the dashed thin ones neglect it.
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NGC (M/L)d (M/L)b (M/L)tot

488 2.435 1.060 1.613
628 0.579 0.550 0.565
772 1.461 1.013 1.198
864 1.535 1.098 1.460
1042 0.741 1.525 1.078
2805 1.725 1.023 1.266
2964 1.158 1.219 1.164
3346 3.223 2.616 3.028
3423 1.707 0.897 1.381
3949 1.027 0.811 0.984
4030 1.352 0.933 1.142
4102 1.491 0.313 1.170
4254 0.673 0.500 0.594
4487 2.133 1.759 1.908
4775 0.412 0.530 0.467
5585 1.135 2.449 1.747
5668 0.988 0.700 0.771
5678 1.261 0.768 1.170

Table 5.6: Estimates of the dynamical M/L ratio for discs and bulges from the two components
analysis, and mean value of the global mass-to-light ratio, as defined in Eq. 5.48. The M/L values are
expressed in solar units in the H− band. The uncertainty on the mass-to-light ratios is not given here:
a full error analysis is deferred to an upcoming paper.

5.6.2 Mass-to-light ratios and dark matter in late-type spirals
From our estimates of dynamical mass-to-light ratio for disc and bulge, respectively (M/L)d

and (M/L)b, we built a profile for the global mass-to-light ratio as

(M/L)tot = λ (M/L)b + (1 − λ) (M/L)d. (5.48)

In several cases (M/L)tot turns out to be radially almost constant or only mildly changing‖.
The mean value of the (M/L)tot profiles is listed in the third column of Table 5.6. In this
section we want to investigate the relations between the dynamical mass-to-light ratio M/L
and other galactic properties and to compare it with the stellar mass-to light ratioM?/L from
stellar population models.

In Fig. 5.11 we plot the dynamical mass-to-light ratios of discs and bulges against a
number of parameters derived from our SAURON data and from our photometric analysis,
in order: the morphological type T; the stellar velocity dispersion σ10 calculated on a very
high signal-to-noise spectrum obtained by averaging all the SAURON spectra within a circular
aperture of 10′′ radius; the absolute H− band magnitude of disc and bulge (Chapter 4); the
Sérsic shape parameter n; the Hβ absorption strength, SSP-equivalent age and star formation
time-scale τ , all measured on a central aperture of 1.′′5 radius (see Chapter 3). Fig. 5.12
shows similar relations for the global mass-to light-ratio, for which we take the mean of the
radial profile defined in Eq. 5.48 (see also Table 5.6). The correlations are not particularly

‖The global mass-to-light ratio would be exactly constant only if the mass-to-light ratios of bulge and disc were
equal.
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Figure 5.11: Relations between the M/L ratios of discs and bulges and other parameters. First and
second row: disc (M/L)d against T- type, σ10 (see text), disc and bulge absolute H− band magnitude,
Sérsic parameter n, central aperture Hβ, age and star formation time-scale τ ; third and fourth row: as
in the first two, for the bulge (M/L)b. The dashed lines overplotted in some of the panels indicate the
best-fitting linear relations; the solid lines in the plots involving σ represent the relation from Paper IV.
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Figure 5.12: Relations between the (mean) global mass-to-light ratio (M/L)tot and other galaxy’s
parameters, as in Fig. 5.11 for bulges and discs; the solid line overplotted in the plot involving σ
represents the relation from Paper IV.

strong: only the relations log(M/L)b − log(n) and log(M/L)b − Mb have a linear Pearson
coefficient |c| ≈ 0.5 . For these two relations we overplot with dashed lines the results of an
outlier-resistant linear fit. In the panels involving the velocity dispersion we overplot instead,
using solid lines, the relation between velocity dispersion and mass-to-light ratio found by
Cappellari et al. (2006, hereafter Paper IV) in his study of 25 early-type galaxies belonging
to the larger sample of the SAURON survey. The expression there reported for such relation
refers to the I− band, and we converted it to H by considering a colour (I − H)� = 0.76
mag for the Sun (Binney & Merrifield 1998) and a typical colour I −H = 1.5 mag for spiral
galaxies (see also Chapter 4, Section 4.6). The corrisponding colour-corrected relation reads:

(M/L)H = 1.9

(

σe

200 km s−1

)0.84±0.07

(5.49)

where σe is the velocity dispersion within the effective radius. Given the fact that for spirals a
‘global’ effective radius is an ill-defined quantity, in our plots we replaced it with σ10, accord-
ing to the definition given above. Considering the total range in velocity dispersion spanned
by our galaxies, the figures show that our data do not follow the trend from Paper IV; the
agreement is better, particularly for the disc and the global M/L, for the galaxies with σ10

larger than ≈ 100 km s−1, i.e. for the earliest-type galaxies of our sample, with velocity dis-
persion within the range used by the authors of Paper IV in the determination of their relation.
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In conclusion, the most interesting correlations we find are those between the bulge dynam-
ical M/L and the bulge luminosity and the Sérsic shape parameter n (Fig. 5.11), indicating
that the mass-to-light ratio of bulges is smallest for the smallest and latest-type galaxies. This
is a result valid also for dwarf and low-surface brightness galaxies in general.

A comparison with the stellar mass-to-light ratio potentially can tell us which fraction of
the dynamical mass governing the stellar kinematics resides in the stellar component itself.
The stellar mass-to-light ratio can be estimated by comparing observed stellar population
characteristics with predictions from models, as we now explain.

Given a set of stellar population models, we selected the best-fitting one by simultane-
ously minimizing the distance between the three model Lick indices Hβ, Fe5015 and Mgb
and our observed ones, calibrated to the Lick system as outlined in Chapter 3. Doing this for
each spectrum in our SAURON datacube (binned to a minimum signal-to-noise ratio of 60,
see Chapters 2 and 3), we obtained for each corresponding position on the sky plane the best-
fitting stellar population parameters, including M?/L. When available, we took for M?/L
the value relative to the H− band; otherwise the one relative to the V− band, and converted
it to H using the V −H colour of the model and (V −H)� = 1.51 mag for the Sun (Bin-
ney & Merrifield 1998). From these maps of stellar M?/L using the kinemetry program we
extracted radial profiles, aiming to compare them with the dynamicalM/L.

In principle, to obtain accurate values of the stellar mass-to-light ratio, it would be ad-
visable to measure the line-strength indices directly on the model spectra, in the same way as
done on the SAURON ones, without applying any Lick offset, in order to avoid introducing
errors related to the determination of the Lick offsets themselves and, ultimately, to the accu-
racy of the flux calibration; this is the accurate method adopted in Paper IV. In this work we
used instead the tabulated values for the Lick indices of the population models, and assessed
the importance of errors in the calibration to the Lick system by manually changing the Lick
offsets applied to our line-strength measurements before comparing them with the model
indices, adopting first the upper and then the lower limits of the offsets, as measured and
presented in Chapter 3 (Section 3.3.1): 0.0 Å, 0.47 Å, 0.20 Å respectively for Hβ, Fe5015
and Mgb in the case of the upper limits and -0.12 Å, 0.17 Å, 0.10 Å in the case of the lower
ones. We found that the uncertainty on the stellar mass-to-light ratios due to errors on the
Lick offsets are not very significant and do not affect our conclusions. We will return to the
uncertainties on in the stellar mass-to-light ratio in a more quantitative fashion later on.

In Fig. 5.13 we plot in units of decimal logarithm the total dynamical mass-to-light ratio
profile (asterisks), according to the definition in Eq. 5.48, together with the predicted stellar
mass-to-light ratio profile, that we obtained in the way just illustrated, exploring various pop-
ulation models available in the literature. The dotted line represents values based on the SSP
models from Vazdekis (1996, 1999), calculated using a Kroupa (2000) Initial Mass Func-
tion (hereafter, IMF); the solid line is the prediction from the Bruzual & Charlot (2003) SSP
models with Chabrier (2003) IMF and the dashed line is obtained using the Bruzual & Char-
lot (2003) models with Chabrier (2003) IMF as well, but with a star formation rate (SFR)
declining exponentially with time, for different values of the e-folding time-scale τ (see the
analysis described in Section 3.6.3, in Chapter 3). Both the maps and the profiles of stel-
lar mass-to-light ratio are in many cases rather flat over the field, for all the models utilised
(exception: M?/L for NGC 864 from the Vazdekis models). As we see from the plots in
Fig.5.13 , there are non-negligible differences between the estimates from different models;
for the SSP models here discussed, we find that, by considering the M/L values averaged
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Figure 5.13: Comparison of the dynamical M/L (asterisks) with the prediction from population models: from
Vazdekis (1996, 1999) SSP (dotted line), from Bruzual & Charlot (2003) SSP (solid line) and from Bruzual &
Charlot (2003) models with exponential SFR (dashed line). The scale on the vertical axis is logarithmic.
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over the radial profile and considering the mean on all galaxies:

(M?/L)BC,Chabrier = (0.69± 0.12) (M?/L)V az,Kroupa (5.50)

where the quoted error is the standard deviation of the mean of all values for the individual
galaxies. The M?/L profiles from the Bruzual & Charlot (2003) models with exponential
SFR lie in most cases above the two curves from the SSP models, and in all cases above the
curves from the Bruzual & Charlot (2003) SSP models. Some of the difference between the
curves might also arise from the fact that the model providing the best-fit to the observed
line-strengths does not necessarily have the same age and metallicity for the various sets of
models. To assess the proportions of the systematic uncertainties introduced by the models,
we also explored the dependence on the IMF of the predictedM?/L. We repeated the exercise
of calculating the M?/L profiles using both the SSP models of Vazdekis (1996,1999) and
Bruzual & Charlot (2003) based on a Salpeter (1955) IMF. We obtained severe discrepancies
between the two IMFs, for both sets of models:

(M?/L)V az,Kroupa = (0.66± 0.01) (M?/L)V az,Salpeter (5.51)

and
(M?/L)BC,Chabrier = (0.57± 0.01) (M?/L)BC,Salpeter, (5.52)

confirming a known result. The authors of Paper IV (see caption to Fig. 17 in there) find

(M?/L)V az,Kroupa = 0.70 (M?/L)V az,Salpeter (5.53)

and
(M?/L)Maraston,Kroupa = 0.65 (M?/L)Maraston,Salpeter (5.54)

(Michele Cappellari, private communication, with reference to the SSP models described in
Maraston 2005); on the same line, also Bell & de Jong (2001) find that IMFs with less low-
mass stars than the Salpeter law giveM/L ratios 30 percent lower than Salpeter. The Salpeter
IMF has a too-high number of low-mass stars that can change significantly the total mass of
the stellar population without affecting the global luminosity, dominated by more massive
stars. In the case of the Salpeter IMF, the comparison between different models gives:

(M?/L)BC,Salpeter = (0.80 ± 0.14) (M?/L)V az,Salpeter , (5.55)

in concordance with the claim of Paper IV: ‘the absolute value of the (M/L)pop agree to
within 20 percent between the different models’. This has been known since Charlot, Worthey
& Bressan (1996).

Limiting ourselves to the case of the Bruzual & Charlot (2003) models (with Chabrier
IMF) we looked in detail at the influence of errors on the derived stellar mass-to-light ratio
from uncertainties in the calibration to the Lick system of the measured line-strength indices,
performing the test mentioned at the beginning of this section: we evaluated the profiles of
M?/L by applying to the indices the adopted values for the Lick offsets and both their upper
and lower allowed limits, and found that the three resulting profiles are generally very close.
Table 5.7 lists the percentage error on the mean values of the stellar mass-to-light due to this
effect: these uncertainties are well within the variations due to different choices of the IMF
or to the choice of the set of population models to use (Vazdekis, Bruzual & Charlot, ...).
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NGC ∆(M?/L)% NGC ∆(M?/L)% NGC ∆(M?/L)%

488 5.9 2964 3.6 4254 5.1
628 8.4 3346 5.1 4487 3.7
772 8.4 3423 5.2 4775 3.2
864 6.5 3949 1.5 5585 15.1
1042 4.5 4030 3.5 5668 1.4
2805 7.2 4102 3.9 5678 5.9

Table 5.7: Percentage errors on the stellar mass-to-light ratio from uncertainties in the calibration to
the Lick system, for the SSP models of Bruzual & Charlot (2003). These errors are well within the
uncertainties coming form the choice of the models and the IMF.

Figure 5.14: Comparison of the dynamical (vertical axis) and stellar (horizontal axis) mass-to-light
ratio for the bulges (first column), the bulges (second) and the global galaxy values (third). In the
first row the M?/L is derived using the SSP models of Vazdekis (1996, 1999), in the second the SSP
models of Bruzual & Charlot (2003) and in the third one the models of Bruzual & Charlot (2003) with
exponential SFR. The solid lines overplotted in the panels indicate the 1:1 relation; the dashed lines
in the first two rows, the position of the 1:1 relation if one would have used SSP models based on a
Salpeter IMF (see text).
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In Fig. 5.14 we study the relations between the dynamical mass-to-light ratio of bulges
(first column), discs (second) and the global galaxy’s value (third) against the expected values
from the population models: Vazdekis SSP, with Kroupa IMF (first row), Bruzual & Charlot
(2003) SSP with Chabrier IMF (second) and Bruzual & Charlot (2003) models with expo-
nential SFR and Chabrier IMF (third). The numerical values used here have been obtained by
averaging the M?/L profiles of Fig. 5.11, while the dynamical M/L values are taken from
Table 5.6. The overplotted solid lines represent the 1:1 relation. Adopting a Salpeter IMF
would cause an increase of all the stellar mass-to-light ratios of ∆ log(M?/L) ∼ 0.18 for
the Vazdekis SSP models and ∆ log(M?/L) ∼ 0.24 for the Bruzual & Charlot (2003) SSPs
(from Eqs. 5.51, 5.52), which can be displayed by shifting the 1:1 relations to the position
indicated by the dashed lines. In this case several galaxies (bulges, discs, total values) would
have a stellar mass-to-light ratio larger than the total dynamical one; this happens for a num-
ber of galaxies also when considering the radial profiles, at least on a part of the radial range.
This fact suggests that the Salpeter law is not applicable here and, under the assumption that
the IMF is universal, it has to be rejected (see a similar argument given in Paper IV).

Despite all the mentioned uncertainties and unknown, Figs. 5.13 and 5.14 show that in
almost all cases the dynamical mass-to-light ratio is larger than what expected from the stel-
lar populations, indicating that there is more mass contributing to the dynamics of the system
than the luminous mass probed by the stellar population tools. Considering the stellar mass-
to-light ratio obtained using SSP models (both from Vazdekis and Bruzual & Charlot), this
is true in nearly all cases, for discs, bulges and global galaxy values, while in the case of
the models of Bruzual & Charlot with exponential SFR there are some uncertain cases (e.g.,
in Fig. 5.13, NGC 628, 4254 and 4775) for which the situation might depend critically on
the errors on both the stellar and dynamical mass-to-light ratio. This is a result of major im-
portance and brings us to conclude that, unless the difference between stellar and dynamical
mass-to-light ratio reflects IMF variations between galaxies, it can only depend on the pres-
ence of dark matter. Our conclusion is that galactic discs are in general submaximal.

In other words, our mass modeling provides evidence of the necessity of dark matter in
order to explain the observed kinematics.

Looking at Fig. 5.14, one can see that the predicted dark matter fraction, i.e. the distance
from the line defining the 1:1 relation, is larger in the first and second row (SSP models) than
it is in the third one (exponentially declining SFR). This can be explained by considering that
secondary star formation events, ignored in a SSP scenario, can change the stellar mass-to-
light ratio: using SSP models one can underestimate the stellar mass-to-light ratio. This effect
was seen already in Paper IV, where, referring to early type galaxies, the authors showed that
it was more important for young galaxies than for older ones. This difference between the
predictions from SSP models and from models accounting for composite populations repre-
sents one more caveat against the interpretation of the stellar populations of spiral galaxies in
terms of SSPs (see Chapter 3); but before over-interpreting our results we should remind the
reader that caution is needed until a full error analysis is carried out (upcoming paper).

In Fig. 5.15 we compare the stellar-to-dynamical mass ratio M?/M , for disc and bulge,
calculated as the ratio of the stellar to the dynamical mass-to-light ratios. The asterisks rep-
resent values obtained from the Bruzual & Charlot SSP models (used to evaluate the stellar
mass-to-light ratio); the filled triangles use instead Bruzual & Charlot models with exponen-
tial SFR; the symbols relative to the same galaxy are simply shifted parallel to the dashed
line, that indicates the 1:1 relation. The figure implies that in our sample the bulges tend to
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Figure 5.15: Comparison of the estimated M?/M for the disc and the bulge. For each galaxy we
plot with an asterisk the point obtained using SSP models from Bruzual & Charlot (2003) and as a
filled triangle the point obtained with the models with exponential star formation rate. The overplotted
dashed line indicates the 1:1 relation. The regions where M?/M > 1 are unphysical.

have a slightly larger M?/M ratios than the discs. This interesting result points toward the
intuitive fact that the dark matter contribution to the dynamics is less relevant in the very cen-
tral region (the often small bulge) than outside it; confirmations of this finding from studies
probing larger radii, careful testing against the assumptions adopted, and also a comparison
with results from larger samples would be desirable to make our result stronger.

We revisited the correlations of Figs. 5.11 and 5.12 by considering, in place of the
dynamical mass-to-light ratio, the the stellar-to-dynamical mass ratio M?/M , as obtained
dividing the stellar mass-to-light ratio predicted by the Bruzual & Charlot SSP models by the
dynamical one. We could not detect significant correlations between the stellar-to-total mass
ratio for the discs (M?/M)d and the global parameters, but did find interesting correlations
for the bulges and the total galaxy values. Fig. 5.16 illustrates these correlations, showing
also the best-fitting straight lines in the cases with linear Pearson coefficient |c| ≥ 0.4. One
can see that bulges with a larger dark fraction (i.e. smaller (M?/M)b) tend to belong to
later-type galaxies, with lower stellar velocity dispersion, larger mass (of both disc and bulge
component), smaller Sérsic parameter n, which also host younger stars (as indicated both by
the trend with SSP-equivalent age and with the time-scale of star formation τ ). The trends
become weaker when considering the globalM?/M ratio, but the qualitative behaviour is the
same as for the bulges. We also tested the dependence of this result on the population models:
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Figure 5.16: Relations between the M?/M ratio and other parameters. First and second row: bulge (M?/M)b

(in decimal logarithm) against T type, σ10, disc and bulge absolute H− band magnitude, Sérsic parameter n,
central aperture Hβ, age and star formation time-scale τ ; third and fourth row: as in the first two, for the M?/M

ratio relative to the global galaxy. The dashed lines overplotted indicate the best-fitting linear relations.
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using the Bruzual & Charlot models with the exponential SFR, Fig. 5.16 would look very
similar, with some more scatter in some of the panels.

To conclude, the correlations in Fig. 5.16 suggest that for the bulge (M?/M)b there is
a trend with type from no need for dark matter in earlier-types to an increasing need for
dark matter in later types and that the mass-to-total ratio of bulge and disc approach each
other towards later types, in line with the picture in which the bulges become more and more
‘disc-like’.

5.6.3 V/σ ratios
The ratio between the rotational velocity and the velocity dispersion has been widely stud-
ied in the literature as a tool to investigate the dynamical state and the degree of anisotropy
in early-type galaxies. The distribution of elliptical galaxies in the (V/σ, ε) diagram, also
known as ‘anisotropy diagram’, helped understanding that bright elliptical galaxies are not
rotationally supported against gravity, and their shape is due to velocity dispersion anisotropy
(e.g. Illingworth 1977), while low-luminosity ellipticals may be flattened by rotation and are
consistent with having nearly oblate figures, as shown in the paper of Davies et al. (1983),
a milestone on the topic. The standard approach for early-type galaxies was to measure
the kinematics (V and σ) and the morphology (ε), and look at the position of the observed
galaxies in the plane (V/σ, ε), in comparison with the theoretical line expected for an oblate
isotropic rotator (Binney 1978). Ellipticals that lie near the line are presumably well described
as oblate isotropic rotators, while ellipticals below the line have very little rotation and most
probably their velocity dispersion is strongly anisotropic. Larger and larger compilations of
kinematical data for early-type galaxies have become available in the following years, and
recent works started using integral-field kinematics as well (Cappellari et al. 2007).

The debate over oblate versus prolate, rotating versus pressure supported ellipsoids loses
any meaning in the framework of spiral galaxies, but the V/σ ratio remains an interesting
quantity to look at, once one is aware that the interpretative machinery commonly used for
ellipticals is not applicable here. For both bulges and discs, we calculated the V/σ profiles as
vφ(R)/σ(R), on the basis of the kinematical fits. We also obtained a ‘global’ V/σ profile as
vφ,tot(R)/σtot(R), where vφ,tot and σtot are obtained from the vφ and σ profiles of bulge and
disc using Eqs. 5.29 and 5.31; we notice that our V/σ ratios are not affected by inclination
effects∗∗. Fig. 5.17 illustrates the resulting profiles. The solid lines represent the global V/σ,
the dashed ones the V/σ of the discs and the dotted ones the V/σ of the bulges. In nearly all
cases (except NGC1̇042) the bulge profiles stay above the ones for the discs, indicating that
these bulges are indeed rotators, against the classical view of bulges as hot spheroids. Look-
ing at the figure we can also notice that most often the global V/σ rapidly converges to the
one of the disc, given the fact that the bulge contribution is relevant only in the few innermost
arcseconds. In a few cases, though, at the end of the radial range of the data (dashed vertical
line) the global V/σ is still above the curve for the disc. The most evident examples of this are
NGC 2805 and 5668, which are the galaxies where the bulge contribution to the photometry
has the slowest decline (see the λ profiles in Fig. 5.2) and where also the bulge contribution
to the rotational velocity is predominant on the whole radial range of the kinematical profiles
(Fig. 5.7).

∗∗In fact, we calculated V/σ from the selected best-fits; as mentioned in Section 5.5.1, the fits are performed on
deprojected velocity profiles.
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Figure 5.17: V/σ profiles, obtained dividing vφ(R) by σ(R), for bulge (dotted line), disc (dashed
line) and for the global V/σ profile (solid line), for all our galaxies. The overplotted dashed vertical
line indicates the extension of our kinematical (observed) profiles, the dotted one marks the limit of the
region within which λ ≤ 0.3 (see caption to Fig. 5.5 for details and exceptions).
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Figure 5.18: V/σ ratio calculated as the maximum rotational velocity divided by the mean dispersion
(see text) against ellipticity, for discs (crosses), bulges (triangles) and their combination (asterisks). The
filled circles represent the data of Davies et al. (1983; the cross overplotted on some of them indicates
the bulges of the disks galaxies in their sample), the open ones the data of Bender et al. (1994). The
solid line is the line of oblate isotropic rotators.

In the literature the ratio V/σ is often defined as an average quantity obtained by dividing
the maximum rotational velocity by the mean velocity dispersion within a fiducial radius,
typically half of the effective radius. For consistency, we calculated V/σ also as the ratio
between the maximum rotational velocity within the radial range observed (and within the
region where λ ≥ 0.3 in the case of the bulges) and the mean dispersion within half of the
disc scale length -when smaller than the observed radial extent- for the discs, and similarly
within half of the bulge effective radius for the bulges. A caveat -among others- is that with
SAURON we most often do not measure the ‘true’ maximum rotation, because of the limited
radial coverage, and that here we use values not directly observed, but obtained via our fitting
procedure. Therefore our measured V/σ for the discs have to be considered as lower limits.

In Fig. 5.18 we plot this ratio against the ellipticity ε, for bulges (triangles), discs (crosses)
and the global galaxy values (asterisks). The latter global values are plotted against the el-
lipticity of the disc. This is the classical (V/σ, ε) diagram, in which our galaxies occupy a
region with higher V/σ than early-type galaxies, as can be seen by comparing with the data
from Davies et al. (1983, filled circles) and from Bender et al. (1994, open circles). The
overplotted solid line corresponds to the line for oblate ellipsoids with isotropic velocity dis-
persion (V/σ ∼

√

ε/(1 − ε), Binney 1978). This figure must be simply regarded as a plot
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comparing the position of bulges and discs and not as a diagnostic of the anisotropy of the
systems. In fact, here the diagram (V/σ, ε) cannot be interpreted in the classical way, which
is meaningful only for a galaxy with density stratified on similar oblate spheroids. In our
case this clearly breaks due to our thin-disc assumption and to the fact that for our objects the
ellipticity is not well defined (bulges and discs have different ellipticity). This figure confirms
what we noticed looking at the profiles in Fig. 5.17: the bulges have often a higher V/σ than
the discs, but we should be cautious against over-interpretation since, as we mentioned, the
V/σ ratios of the discs represent lower limits, given the fact that the rotational velocity in-
creases on the whole SAURON range, and the bulges with highest V/σ should be considered
with some circumspection: the two obvious outliers in the figure correspond to the bulges of
NGC 772 and 4030, two of the galaxies with the worst matching between the curves of bulge
circular velocity in Fig. 5.10.

Concluding, we investigated the relations between the average V/σ ratios of discs and
bulges and the global ones and other galactic parameters as we did for the mass-to-light ratio
in Figs. 5.11 and 5.12. In general the correlations are rather weak, and must be considered
critically, given the disclaimers discussed above; in Figs. 5.19 and 5.20 we show only corre-
lations for bulge and disc (Fig. 5.19) and for the global V/σ (Fig. 5.20) that yield a linear
Pearson correlation coefficient |c| ≥ 0.4. The overplotted dashed lines indicate the best-
fitting linear relations obtained from an outlier-resistant fit. Interestingly the correlation with
morphological type is present in all three cases (bulge, disc and global): the V/σ ratio be-
comes smaller moving towards later-types. This means that the combination of the decrease
of luminosity with type and of the rotational velocity with luminosity (Tully-Fisher relation),
resulting in a velocity declining with type, is more important than the decrease of the velocity
dispersion with type.

5.7 SUMMARY AND CONCLUSIONS
This chapter can be considered as a natural consequence of all the work presented before,
using both the kinematical data of Chapter 2 and the results of the photometric bulge-disc
decomposition of Chapter 4: in fact, in Chapter 2 we have seen that the stellar velocity disper-
sion of our Sb-Sd galaxies does not always present a central peak, often showing, viceversa,
a dip in the central region. This suggests the presence of a dynamically separate component
accounting for such a behaviour in the dispersion. In Chapter 3, from the other side, we did
not notice in the line-strengths any trace of a second component. In the photometrical study
in Chapter 4, instead, we could clearly distinguish the two-component structure, ‘bulge’ and
disc. Puzzled by all these hints, the spontaneous question is whether a careful analysis of the
kinematics that assumes that the galaxy consists of (at least) two components, makes sense:
this is the topic of this chapter. The missing important step, that we defer to a future paper, is
to check if performing the same kind of analysis but dropping the two-component hypothesis
and working with a single component could reproduce the observed kinematics equally well.
In other words: this approach works, and we can retrieve information on the dynamical status
of bulge and disc separately, but is this needed? Are our assumptions justified, or, even better,
required by the data?

We have performed dynamical modeling of the bulges and discs of our galaxies, using
a new method based on the velocity moments of the CBE. First of all, we have applied the
MGE method to our model photometric profiles of disc and bulge (from the fits performed in
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Figure 5.19: Relevant correlations involving the V/σ ratios of bulges and discs. Top row: disc V/σ
against T type, central velocity dispersion (in log) and disc absolute H− band magnitude; middle row:
bulge V/σ against T type, central velocity dispersion and disc absolute H− band magnitude; bottom
row: bulge V/σ against Sérsic n, central star formation time-scale τ (in log) and bulge absolute H−

band magnitude; the overplotted dashed lines represent the best-fitting straight lines.
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Figure 5.20: Relevant correlations involving the global V/σ ratio (calculated as the maximum ro-
tational velocity divided by the mean dispersion) and morphological type, central velocity dispersion
and the disc absolute H− band magnitude; the overplotted solid lines represent the best-fitting straight
lines.

Chapter 4), which allowed us to retrieve the intrinsic light density distribution and the bulge-
to-total ratio λ as a function of radius; having the intrinsic light distribution, we calculated
the mass distribution, the gravitational potential and the circular velocity of bulge and disc,
the only unknown being a (constant) scaling factor representing the mass-to-light ratio. From
the other side, we have assumed simple functional forms for the rotational velocity vφ and
the radial velocity dispersion σR, for both discs and bulges, and combined them into a global
quantity by means of the luminosity-weighting λ, with the purpose of comparing with the
observables. Via fits to the one-dimensional profiles of velocity and velocity dispersion ex-
tracted from our SAURONmaps, we obtained analytical expressions for the rotational velocity
and radial dispersion of the two components. Applying the equation of the asymmetric drift,
we came to an alternative estimate of the circular velocity of bulge and disc, independently of
any assumption on the mass-to-light ratio. The obvious conclusion is that the scaling factor
needed to match the two curves of circular velocity can provide a measurement of the mass-
to-light ratio of the two components, that we assumed to be constant in radius.

In a first attempt, in order to simplify the equations involved, we assumed a non-rotating
hot bulge and a rotating cold disc, supposing that the bulge had zero rotational velocity and
the disc had no velocity dispersion, and carried out our calculations under these hypothesis.
In a few cases, the derived profiles of the circular velocity turned out to be in reasonable
agreement with those coming from the mass modeling, but in many others they did not agree
at all; in addition, for several galaxies we were not able to accurately reproduce the observed
velocity dispersion. We engaged in this first approach as a kind of ‘training terrain’ to start
understanding which fitting functions to use and to get familiar with the method, viewing it
more as a test model than a scientifically meaningful tool. Indeed, we had to reject it together
with its strong assumptions, since it gave unphysical results.

Moving then to a more realistic scenario, we allowed both disc and bulge to contribute to
both rotation and dispersion, and repeated the analysis, achieving good or excellent matches
of the circular velocities derived from the MGE mass modeling and from the kinematics,
for both bulge and disc, and therefore obtaining reliable values for the mass-to-light ratios
-within the adopted assumptions. We compared the dynamical mass-to-light ratios of bulges
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and discs, and the global values as well, with stellar mass-to-light ratios obtained from the
analysis of the stellar populations, using the line-strength indices measured and discussed
in Chapter 3 and stellar population models. When doing this, we investigated the depen-
dence of the stellar mass-to-light ratios on the choice of the population models and on the
adopted IMF, finding not negligible (∼ 30 percent) discrepancies between predictions based
on Kroupa (or Chabrier) IMF and predictions based on the Salpeter law. We also found dis-
crepancies between the mass-to-light ratios predicted by Vazdekis and by Bruzual & Charlot
models, and by SSPs and models evolved assuming an exponentially declining SFR. Beyond
all the uncertainties, the main result is that (in most cases) our galaxies have dynamical mass-
to-light ratios larger than the stellar ones, suggesting an important dynamical role of the dark
matter halo even within the radial range under examination. This is an extremely interesting
and relevant result: our mass modeling provides evidences for the necessity of dark matter in
spiral galaxies.

As a final topic, we briefly addressed the V/σ ratio; one more time, our measurements
suggested that the bulges of our galaxies are not simply hot spheroids -something for which
we collected repeated evidence during the whole Thesis. A last, related result is that the V/σ
ratio anticorrelates with the morphological type, getting smaller while the type gets later.

The work that we have presented represents a new approach to the study of the dynamics
of spiral galaxies, and potentially it could be suitable for application to larger samples. But
the reader must be aware of the assumptions explicitly or implicitly used in our method, of
the possible problems implied, and of the series of additional tests and checks that would be
desirable to perform. Most of them were already outlined in the main body of the chapter,
and they will be more carefully examined and questioned in the near future. Let us reflect a
moment over some of them.

• The method makes use of a thin-disc approximation: all quantities are evaluated in
the plane z = 0 and treated as if they depended on R only and integration along the
line-of-sight has always been neglected. The method was originally developed having
in mind a gas disc (gas in the early-type galaxy NGC2974, see Weijmans et al., 2007,
submitted), and here it was applied to both stellar disc and bulge of spiral galaxies.
It would be interesting to investigate the effect on our results of a non-zero thickness,
despite it being true that the bulges of our galaxies are not much rounder than their
discs.

• Choices have been made regarding the shape of the kinematical profiles, adopting spe-
cific fitting functions, following a criterion of physical plausibility and trying at the
same time to simplify the equations, without introducing too many free parameters. It
could be interesting to see how these options affect the outputs; for example, how much
the final estimates of the mass-to-light ratios would change allowing for a different core
radius for disc and bulge when fitting the velocity profiles.

• The mass-to-light ratio of both discs and bulges has been treated as a quantity constant
with radius, which might not be the case: for example, there are claims from studies of
planetary nebulae (Herrmann & Ciardullo 2005) that the mass-to-light ratio of discs is
an increasing function of galactocentric distance.

• Our treatment only considers disc, bulge and (roughly) the central component. Any
additional component (inner + outer disc structure, bars, rings) is neglected, and it had
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been neglected also in the photometric analysis taken as starting point. In any case,
despite detailed modeling of three components not being performed, all the light has
been taken into account, either in the disc or in the bulge. The possible presence of a
central black hole has been ignored.

• A weakness of our method consists of the degeneracies in the parameter space in the fits
to the observables, which in some cases are so severe that it is impossible to constrain
some of the parameters, despite the fact that our kinematical profiles often are not noisy
at all. Breaking these degeneracies would most likely require data extending to larger
radii. But in some cases even that would not help in the unambiguous determination of
the parameters describing the bulge kinematics: for the galaxies hosting the smallest
bulges the degeneracies are directly related to the physics of the system.

In our work we have also made some other assumptions, less fundamental than the previ-
ous ones, which might affect our results, and which would deserve some extra testing. Some
choices have been made for several quantities, such as the disc intrinsic flattening (fixed to
0.14 for all galaxies), the flattening of the potential qφ (assumed equal to one), the slope β of
the rotation curve in the power-law model (assumed to be zero): all sensible features, physi-
cally motivated. Nevertheless, in principle it would be advisable to prove our results against
variations of these parameters.

In conclusion, there are several interesting possible developments that could make our
results more robust. Among others, a comparison with a one-component only analysis, to
see if and for which galaxies a second component is really required to fit the data; a careful
testing against all the mentioned assumptions; a generalization of the method to perform a
full two-dimensional modeling of the SAURON maps, and an extension to larger radii, com-
plementing the integral-field data with long-slit spectroscopy. This would help to constrain
asymptotic velocities and core radii, providing a more accurate description of the kinematics
of our objects and a more precise estimate of the mass-to-light ratios and would also allow
comparisons with the larger-scale gas kinematics (for example from HI observations, when
available).

Acknowledgements
We are grateful to Michele Cappellari, Isabel Pérez, and Anne-Marie Weijmans for useful
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