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Chapter 7

Shape description

Graph theory is a traditional discipline in mathematics; complex problems are mapped onto
graph representations which allow efficient solutions. We have mapped the skeletons onto
abstract curve graphs. Those graphs are finite because the pictures are finite. This approach
provides options to take advantage of existing graph algorithms for the description of those
skeleton images. In this chapter we define a list of properties for those graphs which can be
divided into three groups of features. One group describes the structure of skeletal curves
without any length measurements. For the second group we discuss lengths measurements
and we split components into disjoint simple arcs and compute the lengths of those arcs. In
a third group we adapt features designed for graphs. Parts of this chapter are published in
(Klette 2006).

7.1 Junctions for the description of volume images

The number of junctions, branching indices and cardinality of junctions are exam-
ples of properties to express the complexity of curve structures. The adjacency ma-
trix M of dimension l ∗ l, as a result of the labeling algorithms, can be used for the
computation of properties which are independent from any lengths measurements.
The number of rows or columns represents the number of singular elements, each
singular element is a node of a graph. In graph theory, the degree of a node v (or va-
lency) of an undirected graph G is the number of edges incident with v. The degree
of node v in G is equivalent to the branching index of a singular element labeled
with v. If all nodes in G have the same degree then G is regular.

5. COROLLARY. The degree (branching index) m of a node i, 1 ≤ i ≤ l, in an abstract
curve graph G, represented by adjacency matrix M , is the number Ni of labels j, 1 ≤ j ≤ l,
in row i of matrix M .

We can derive a set of features (adapted from graph theory) such as the follow-
ing:
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Figure 7.1: A 3D view of brain tissue (35 slices) of a patient with epilepsy.

• the maximum degree (branching index), given by MAXm = max{Ni, 1 ≤ i ≤ l},

• the minimum degree (branching index), given by MINm = min{Ni, 1 ≤ i ≤ l},

• the average degree (branching index), given by Am =
P

Ni

l , 1 ≤ i ≤ l,

• the number of singular voxels with a fixed branching index k, 0 ≤ k ≤ Mmax,

• the order (total number of nodes), or

• the number of junctions in S, which is equal to the number of rows with m > 2.

7.2 Application to astrocyte analysis

Long term observations have shown that astrocytes in human brain tissue (which
we related to junctions in the skeleton images) tend to increase and tend to move
closer together with increasing degrees of epilepsy. It also appears in some example
images that parts of the volume show no astrocytes at all (see Figure 7.1).

For those reasons we are interested in the number of junctions in subvolumes.
If we divide the volume into equally sized cubes then some of those cubes have no
junctions and others have a high number of junctions. In other words, it is interest-
ing to compute properties which express the density and distribution of junctions in
the whole volume. The higher the number of junctions in a subvolume the higher
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Figure 7.2: 3D skeleton of the binarized volume shown in Figure 1.4.

is the density relative to the whole volume. The number of junctions in subvolumes
is needed to express the uniformity of junctions. The volume data are divided into a
set of subvolumes sl, 1 ≤ l ≤ Sv (small cubes of identical size, Sv is the total number
of those cubes). For a fixed branching index j, we count the number of junctions Nsl

in each cube having branching index j.

25. DEFINITION. Junctions of branching index j are uniformly distributed in a volume
picture if the number of such junctions is equal in every subvolume. The deviation from this
ideal case characterizes the degree of non-uniformity.

We can also derive easily basic features such as the following:

• the maximum number of junctions with the same branching index in one sub-
volume MAXsv = max{Nsl

, 1 ≤ l ≤ Sv},

• the minimum number of junctions with the same branching index in one sub-
volume MINsv = min{Nsl

, 1 ≤ l ≤ Sv},

• the average number of junctions with the same branching index in one sub-
volume Asv =

P
Nsl

Sv
.

We illustrate the case of a fixed segmentation using pairwise disjoint, uniformly
sized cubes of voxels. The data set shown in Figure 1.4 is divided into 36 subcubes,
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Branching indexj Junctions in V1 Junctions in V2 Ratio between V1 and V2

j = 3 150 276 54.3%
j = 4 53 85 62.4%
j = 5 16 21 76.2%
j = 6 5 7 71.4%
j = 7 2 2 100%

3 ≤ j ≤ 7 226 391 57.8%

Table 7.1: Number of junctions per branching index in the red cubes (volume V1) and in the
total volume (volume V2).

all of size 423. (This also generates some redundant data.) We have chosen this
subdivision based on the sizes of given data sets and we had in mind that experts
in the school of medicine have the hypothesis that there is a relationship between
the number of astrocytes close to the main blood vessels and stages of epilepsy. See
Figure 7.2 for the resulting curve (3D skeleton). We demonstrate the approach by
results for this example data set.

All identified junctions have branching indices between 3 and 7. The shaded
cubes in Figure 7.3 correspond to the location of the main blood vessel, and they
contain in total more than 50% of all junctions, for each branching index between
three and seven.

Table 7.1 presents the total number of junctions per branching index for the red
cubes (volume V1) and for the whole volume V2.

We counted the number of junctions of equal types per cube to find out how they
are distributed in the volume. Table 7.2 shows the total number of junctions per
cube. Obviously, they are not (ideally) uniformly distributed in the whole volume.
Most of them are located close to the blood vessel.

Figure 7.3: Location of a main blood vessel (shown as red cubes) detected by analyzing the
3D skeleton shown in Figure 7.2.
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Table 7.2: Distribution of junctions in subcubes: The horizontal axis represents the ordinal
numbers of the subcubes, and the vertical axis represents the number of all junctions in a
subcube.

The cardinality of junctions in this experiment did not exceed four and the max-
imum branching index did not exceed seven. The original structure of the image
(elongated parts) and a range of preprocessing steps (segmentation and noise re-
duction by a sequence of morphological operations) are reasons for the cardinality
and the branching index remaining at low values. Theoretically, this is not always
the case as discussed in Chapter 6.

7.3 Length measurements in volume images

In this section we use the length of curves in subvolumes to derive features which
are measures for the density and the distribution of curves in subvolumes rela-
tive to the whole volume. Figure 7.1 shows subvolumes where blood vessels are
very dense, and subvolumes without vessels. This is reflected in the skeleton image
which shows very densely located arcs in some subvolumes and only some arcs in
others. The total length of those curves per subvolume is a measure for the density
of arcs and curves. In Chapter 6 we derived the abstract curve graph expressed in
an adjacency matrix M . Length measurements between any two singular elements
(nodes of the graph) are required for the construction of a weighted cost matrix,
where the weight is the distance between nodes. Accurate length measurements for
digital curves is an active research area since a long time. The Euclidean distance is
a measure for the shortest continuous straight line between vertices. It is an indica-
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tion how far away or how close vertices are to each other. Having the coordinates of
centroids of all singular elements allows the computation of the Euclidean distance
between any two of them.

The Euclidean distance de(p, q) between two nodes is a measure for the length
of a continuous straight line between those nodes p and q, and it is not a measure
for the length of the digital curve between those nodes. However, the Euclidean
distance is useful to describe the discrepancy between the straight line and the ac-
tual curve. An easy approach to describe the density of those arcs in subvolumes
is counting the number of regular voxels between end voxels during the labeling
process as described in the previous chapter. To reduce the error for junctions we
can add the Euclidean distance between the centroid and the center of the starting
voxel to the number of regular voxels. This estimation is very rough. A different
possibility is the use of chamfer distances (see Chapter 2). For example, we could
add weights 1 for 2-adjacent neighbors,

√
2 for 1-adjacent neighbors and

√
3 for 0-

adjacent neighbors. For a given 0-connected arc γ in a 3D volume image and a grid
of resolution h the length L of the arc is defined by

Lh(γ) =
1
h

(n1 +
√

2n2 +
√

3n3). (7.1)

An advantage of this approach is that it can be done during the labeling process. In
general, those algorithms have linear time complexity. Those local estimators take
only distances of local neighbors into account. They have the disadvantage that they
do not converge to the true length of the arcs with increasing grid resolution (Klette
and Rosenfeld 2004).

A different approach is used in global length estimations for digital arcs or curves.
One example for such a global length estimator is the so called digital straight segment
algorithm (DSS-algorithm). The algorithm cuts an arc into a set of digital straight seg-
ments, and the total length is the sum of the lengths of those segments. An example
for a linear time 3D DSS-algorithm (by I. Debled-Rennesson) is also contained in
(Klette and Rosenfeld 2004).

Let a and b be relatively prime integers, and let µ and ω be integers:

26. DEFINITION. D = Da,b,µ,ω ⊂ Z2 is a 2D arithmetic line defined by integers a, b, µ,
ω, if and only if the following is true:

Da,b,µ,ω = {(x, y) ∈ Z2 : µ ≤ bx− ay < µ + ω} (7.2)

Da,b,µ,ω ia called an arithmetic line with slope b
a , approximate intercept µ

a and
arithmetic width |ωa |. The parameter µ is the lower bound of D, and the parameter
ω is the arithmetic thickness of D.
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27. DEFINITION. D = Da,b,µ1,µ2,ω1,ω2 ⊂ Z3 is a 3D arithmetic line defined by integers a,
b, c, µ1, µ2, ω1, and ω2, if and only if the following is true:

Da,b,µ1,µ2,ω1,ω2 = {(x, y, z) ∈ Z3 : µ1 ≤ cx− az < µ1 + ω1 ∧ µ2 ≤ bx− ay < µ2 + ω2}
(7.3)

The parameters a, b, and c are relatively prime integers, 0 ≤ c ≤ b ≤ a, which
represent x-, y-, and z-coordinates respectively, the parameters µ1 and µ2 are the
lower bounds of D, and the parameters ω1 and ω2 are the arithmetic thickness of D.

Chain codes of DSS are defined as follows:

28. DEFINITION. Let γa,b be a digital ray such that

γa,b = {(x, ax + b) : 0 ≤ x < ∞}, (7.4)

where 0 ≤ a ≤ 1. It is enough to consider this choice of a due to the symmetry of the
grid. γa,b intercepts at a sequence of points pn, n ≥ 0, with the vertical grid lines. Let
(n, In) ∈ Z2 be the grid point closest to pn, and let the following be true:

Ia,b = {(n, In) : n > 0 ∧ In = ban + b + 0.5c} (7.5)

Chain codes ia,b are the differences between successive Ins such that

ia,b(n) = In+1 − In =

{
0 if In = In+1

1 if In = In+1 − 1
(7.6)

A DSS is called α-DSS (grid point model), α ∈ {4, 6, 8, 18, 26}, if Aα is used for
the adjacency relation.

It has been proved that w = max{|a|, |b|} defines 8-DSSs. In this thesis, we only
consider 8-DSS to calculate the length of the digital arc.

7. THEOREM. Any set of grid points Da,b,µ,max{|a|,|b|} is the set of grid points of a digital
straight line. Conversely, for any rational1 digital straight line, there exist a, b, and µ such
that the set of grid points of the given digital straight lines is Da,b,µ,max{|a|,|b|}.

This is a theorem from (Debled-Rennesson and Reveilles 1995). The authors also
proposed a linear online 2D 8-DSS segmentation algorithm.

A DSS algorithm is called online if the algorithm reads successive chain codes
i(0), i(1), ... and determines the maximum k ≥ 0 such that i(0), i(1), ..., i(k) is a DSS,
but i(0), i(1), ..., i(k), i(k + 1) is not a DSS.

We assume that the lines are in the first octant; other cases can be mapped into
this case by reflection. Let a and b be relatively prime integers, and let µ and w

1The slope is a rational number.
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be integers. We consider lines with slope 0 ≤ b/a ≤ 1 (0 ≤ b ≤ a). Therefore,
for an 8-DSS, all the grid points in Da,b,µ,ω lie between or on a lower supporting
line bx − ay = µ and an upper supporting line bx − ay = µ + max{|a|, |b|} − 1 =
µ + a − 1. Two parallel lines are called a pair of supporting lines of Da,b,µ,ω if they
are at minimum diagonal distance, and all grid points are located between those
lines. Let u1, u2 and l1, l2 be the points on the upper and lower supporting line,
respectively, where index 1 denotes the point qi (1 ≤ i ≤ n) with the smallest x-
coordinate and index 2 denotes points with the largest x-coordinate. Let r = bxn+1−
ayn+1 be the remainder of point qn+1 with respect to the slope b/a of the given 8-
DSS {q1, ..., qn} ⊂ Da,b,µ,−a. The algorithm for the computation of digital straight
segments in 3D applies two important theorems. The first theorem is published in
(Debled-Rennesson and Reveilles 1995).

8. THEOREM. If µ ≤ r < µ+max{|a|, |b|}, then qn+1 ∈ Da,b,µ,max{|a|,|b|}. If r = µ− 1,
then {q1, ...qn, qn+1} is a segment of a native line with a slope that is defined by vector
u1qn+1. If r = µ + max{|a|, |b|}, then {q1, ...qn, qn+1} is a segment of a native line with
a slope that is defined by vector l1qn+1. If r < µ − 1 or r > µ + max{|a|, |b|}, then
{q1, ...qn, qn+1} is not a segment of a native line.

In 1983, (Kim 1983) has proved that a 26-arc is a digital straight segment in 3D if
only two projections are digital straight segments in 2D.

9. THEOREM. A simple 26-arc is a 26-DSS if and only if two of its projections onto the
(x = 0)-, (y = 0)-, and (z = 0)-planes are 8-DSSs.

We apply above theoretical results to measure the length of arcs in volume im-
ages.

Procedure 7.1 gives the pseudo code of 26-DSS recognition. Let X , Y , and Z be
the chain codes for x-, y-, and z-coordinates of a 26-arc respectively, N be the size
of the chain codes, and L be a list of endpoints of 26-DSS. B stores a boolean value
to indicate if the 8-DSS recognition is successful for a projection in one plane. Let p

be a voxel of a 26-arc, and pi, i ∈ {x, y, z}, be a pixel that is the projection of p on
(i = 0)-plane. C is a counter.

Figure 7.4 illustrates an example of segmenting a 26-arc into a sequence of four
maximum-length 26-DSSs using Algorithm 7.1 for the following chain codes:

11111111111111110100, 00001000010011111111, 00000000000000000000

For the description of the density of arcs we calculate the total lengths of dig-
ital arcs in subvolumes (corresponding to equally sized subvolumes) and for the
whole image based on three different length measurements, the Euclidean distance



7.3. Length measurements in volume images 101

Require: X, Y, Z {stores chain codes in x-axis, y-axis, and z-axis, respectively.}
Require: N {is the size of the chain code.}

1: L ← ∅ {will store endpoints of 26-DSSs}
2: for i = 0 to N − 1 do
3: C ← 0 {counts the number of planes where 8-DSS recognition failed.}
4: Bz, Bx, By ← true {indicate if 8-DSS recognition is successful in (z = 0)-

plane, (x = 0)-plane, and (y = 0)-plane, respectively.}
5: if X[i] = 0 and Y [i] = 0 then {pz

i overlaps pz
i−1}

6: Bz ← false {(z = 0)-plane is not considered.}
7: C ← C + 1
8: if Y [i] = 0 and Z[i] = 0 then {px

i overlaps px
i−1}

9: Bx ← false {(x = 0)-plane is not considered.}
10: C ← C + 1
11: if X[i] = 0 and Z[i] = 0 then {py

i overlaps py
i−1}

12: By ← false {(y = 0)-plane is not considered.}
13: C ← C + 1
14: while true do
15: if i = N then
16: break
17: if Bz and pz

i does not belong to the current 8-DSS in (z = 0)-plan then
18: Bz ← false

19: C ← C + 1
20: if Bx and px

i does not belong to the current 8-DSS in (x = 0)-plane then
21: Bx ← false

22: C ← C + 1
23: if By and py

i does not belong to the current 8-DSS in (y = 0)-plane then
24: By ← false

25: C ← C + 1
26: if C < 2 then
27: i ← i + 1 {Move to next voxel}
28: else
29: break
30: i ← i− 1
31: insert pi into L {take the previous voxel as the endpoint of the current 26-DSS}

Algorithm 7.1: Pseudo code of 26-DSS.

between nodes, a local estimator and a global estimator. Each different length mea-
surement represents a new cost matrix per volume. The cost is generally (in graph
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Figure 7.4: Segmentation into four DSSs.

theory) a value which represents the cost of the relationships represented by an arc.
In our context those costs are represented by different lengths estimations. The total
length of all arcs in one subvolume relative to the total length in the whole image
is a measure for the density of arcs in sub-volumes. We can derive features such as
maximum, minimum, average, derivations similarly as in the previous section.

Figure 7.5 is an example for three different lengths measurements of one arc. The
arc is segmented into four 26-DSSs. The sum of the Euclidean lengths of those four
segments is the total DSS-length. The chain codes in x, y, z-direction are

1111111111, 0000001001, 1010000011

respectively. The number of voxels is eleven, the Euclidean distance is 10.2 and the
26-DSS length is 10.99.

We apply the above three lengths measurements for the calculation of the total
length of arcs per subgraph Gi in subvolumes Ci (1 ≤ i ≤ 36).
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Figure 7.5: DSSs along a 3D arc.

In Figure 7.6, the x-axis corresponds to Ci, 1 ≤ i ≤ 36. The y-axis corresponds
to the total length of all arcs per subcube. The digital curves in those subvolumes
must be relatively straight because there is not much discrepancy between the three
lengths measurements.

Figure 7.7 shows the result of computing the total arc length in each subvolume
by 26-DSS. If the total length is greater than 195, then subcubes are shaded. The
total length of all arcs in those 15 shaded cubes is 65.09% of the total arc length in
the whole volume. In eleven subcubes (light gray; close to the main blood vessel)

Figure 7.6: Different length measurements per sub-volume. (Size stands for the number of
voxels)
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Figure 7.7: Colored cubes with DSS-length larger than 195. Red cubes coincide with the
location of the main blood vessel.

the total arc length is 75.38% of the length in the whole volume.

7.4 Features derived from graph theory

We gave informal descriptions of calculating weights for a given adjacency matrix
in the previous section.

Basic definitions such as path or connectedness in graph theory are analogous
to definitions in digital picture processing if we map singular elements onto nodes
and arcs consisting of regular elements onto edges in an undirected graph.

A path Pu,v on a graph G = (V, E) is a set of n nodes {pi, 1 ≤ i ≤ n} such that
p1 = u, pn = v and (pi, pi+1), 1 ≤ i ≤ n − 1 are edges. The path is called simple if
pi 6= pj for any two nodes (i.e., with i 6= j) in Pu,v .

The length l(pu,v) of a path Pu,v = p1, ..., pn is defined by the sum of all lengths
l(pu,v) =

∑n−1
i=1 l(pi, pi+1).

A connected component G′ of a graph G = (V,E) is a maximal connected sub-
graph of G.

The bijective map between connected components in G and connected compo-
nents in the approximated skeleton pictures suggests that we subdivide the skeleton
picture into connected components instead of equally sized cubes to obtain a third
group of properties. We can easily derive properties that are well known in graph
theory as, for example, the following:

• the number of connected components in S equals the number of components in
graph G,

• the radius for each component is the minimum eccentricity; the eccentricity e(v)
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of a node v in a finite connected graph G is the greatest distance from a node
v to any node of G,

• the diameter of a finite connected graph is the maximum distance between any
two nodes,

• a closed path is called a cycle; the minimum length of all cycles in a graph is
called girth of the graph g(G), the maximum length of all cycles is its circum-
ference,

• a spanning tree is a subgraph of an undirected graph which connects all nodes
of the graph and it has no cycles (a tree); an undirected graph has a forest
of spanning trees; the minimum spanning tree has a total weight (sum of all
weights) smaller or equal to all the total weights of different spanning trees of
the same graph; the total weight of the minimum spanning tree is a feature for
each connected component.

Efficient algorithms for computations of those features are developed and pub-
lished [see, e.g., (Lee et al. 2001)].

For example, we have identified the location of junctions, the branching index
of those junctions and three types of positive real weights for an uniquely defined
undirected graph. One version of the shortest path problem is finding the shortest path
between two distinguished junctions with the same branching index. Algorithms to
solve this problem are Dijkstra’s algorithm or Bellman-Ford’s algorithm [see, e.g.,
(Brassard and Bratley 1996)]. Both algorithms are applicable for directed graphs.
We have to modify the given undirected graph accordingly.

7.5 Summary

Chapter 7 proposes three groups of features for characterizing skeleton pictures rep-
resented by abstract curve graphs. The first group describes the density, complexity
and uniformity of junctions in equally sized sub cubes. The second group proposes
different length measurements of digital arcs to describe the density and uniformity
of digital arcs in subvolumes. The third group consists of suitable features which
have been used for the description of weighted graphs and which can be adapted.






