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Chapter 5

Topologic skeletons

This chapter introduces topologic thinning as a general concept for the extraction of skeletons
in a digital space. These algorithms iteratively delete simple elements until only non-simple
elements or end-elements remain. The notion of simple elements (pixels or voxels) is of basic
importance for topologic thinning algorithms. Detecting simple elements is crucial in all
approaches where representations of the objects in the picture are topologically equivalent
to the original picture. Characterizations of simple elements in two or three dimensions
have been an active research area, and a diversity of papers has been published. (Recent
publications also discuss methods for detecting simple elements in higher dimensions.)

Common methods are, for example, calculations of characteristic numbers, connected
component analysis, template matching, or the computation of Euler characteristics. The
construction of look-up tables is based on such characterizations. For higher dimensions,
look-up tables are costly; for example, a four-dimensional cube has 280 possible neighborhood
configurations. We review algorithms and some characterizations of simple elements and
propose a new methodology for identifying non-simple elements.

Parts of this chapter are published in (Klette 2003a) and (Klette and Pan 2004).

5.1 Topologic thinning

Thinning has been developed over the past forty years as an important preprocess-
ing technique for picture analysis. The goal of thinning is to change connected com-
ponents in a given picture P into ”topologically equivalent components”. We call
those components topologic skeletons.

In general, thinning aims at finding topologic properties of digital objects which
are not related to size or quantity. The results should be independent from the po-
sition of a set in the plane or space, grid resolution (for digitizing this set), or the
geometric shape complexity of the given set.

In the literature, the term thinning is not used in a unique interpretation besides
that it denotes a connectivity preserving reduction operation applied to digital pic-
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tures. We understand topologic thinning as an iterative process that changes speci-
fied border elements into non-object elements. A subset M ⊆ P of object elements
is reduced by a defined set D in one iteration, and the result M ′ = M \D becomes
M for the next iteration.

Topologic thinning preserves the topology of the original picture. Changing the
value of simple elements preserves adjacency or surroundedness relations between
the connected components of 1’s and 0’s. For this type of deformations, a bijective
mapping exists between the components of the original picture and the components
of the deformed picture, and the adjacency relations are the same. Thinning is a one-
way simple deformation that reduces the number of object elements.

The result of a thinning algorithm might be defined to be ideally thin if no element
which is not an end element can be deleted without violating connectivity proper-
ties. It can happen that a thinning procedure results in digital arcs which intersect
each other, generating “branching elements” or “junctions”. An ideally thin subset of
〈P 〉 may contain a set of branching elements as in the following example in 2D:

1 1 1
1 1 1

1 1 1
1 1 1 1 1 1 1

1 1 1
1 1 1

1 1 1

Note that this set is not yet a digital arc or curve as defined above. In Chapter 6 we
discuss how we can split sets, obtained as results of topologic thinning, into sets of
disjoint digital arcs.

5.2 Simple elements

The topology of a picture is defined by its region adjacency tree (Rosenfeld 1974).
Two pictures are topologically equivalent if their region adjacency trees are isomor-
phic (see Chapter 2). The basic notion of a simple element is used in topology pre-
serving digital deformations in order to characterize a single element p of a digital
picture P which can change the value P (p) without changing the topology of the
picture.

16. DEFINITION. A simple element is a single element p of an nD digital picture that can
change its value P (p) without altering the topology of the picture.
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This definition is general for any dimension, and not useful for the identification
of simple elements in thinning algorithms. Ways to characterize simple elements are
discussed in topology and in picture processing papers. Especially in the 3D space it
is important to find efficient ways of identifying simple voxels as part of algorithms
that determine “topologic skeletons” (Kong 1995, Lohou and Bertrand 2002).

Some applications require even 4D spaces by assigning time to the fourth dimen-
sion (e.g., 3D picture sequences as in studies of the moving heart). The complexity
of algorithms increases with each dimension. Simple elements are defined in any
finite dimension; examples in this work are restricted to three dimensions focused
on applications in 3D confocal microscope picture processing.

Simple elements have in common that changes from 1 to 0 (or vice versa) pre-
serve the adjacency or surroundedness relations between connected components of
1’s and 0’s of the picture. There are different ways to define this important property.
Some of the characterizations in the literature are abstract such as Kong’s definition
(Kong 1995, Fourey and Malgouyres 2003) using homotopy equivalence in order to
include pixels of 3D or higher dimensional pictures. However for the design of al-
gorithms it is necessary to find simple and time efficient ways to determine whether
a given pixel of an picture P is simple in P . Different theoretic approaches and no-
tions are used to describe simple elements in a large volume of publications and we
prove that some of them are actually equivalent. We review a few characterizations
which are easy to compute, or easy to visualize for 2D and 3D digital pictures.

5.2.1 Equivalent characterizations of simple elements in 2D

We use the grid point model and we define a simple 1 following (Rosenfeld et al.
1998) using a good pair α, α′: if α = 4 then α′ = 8, and if α = 8 then α′ = 4.

17. DEFINITION. A 1 of a picture P is called α-simple (α ∈ {4, 8}) if it is α-adjacent to
exactly one α-component of 1’s in A8(p) and it is α′-adjacent to exactly one α′-component
of 0’s in A8(p).

If p is a border pixel then this definition simplifies: (p, P (p)) is α-simple in P iff
p is α-adjacent to exactly one α-component of P (p) in A8(p). Note that a 4-simple
pixel p can be 4-adjacent to exactly one 4-component of 1’s in A8(p) and 8-adjacent
to different 4-components of 1’s in A8(p). The example below shows an element p

which is either a 4-simple 1, or an 8-simple 0:

1 1 1
0 p 0
1 0 1
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We consider both “atomic operations”, changing a 1 into 0, or vice versa. Chang-
ing an α-simple element p of an α-component U results into a non-empty α-component
U \ {p} and a non-empty α′-component V ∪ {p}, and the adjacency relations to all
other components remain the same. The rooted region adjacency trees of the origi-
nal picture and of the resulting picture are isomorphic.

We extend the above definition: A pixel (p, P (p)) is called α-simple if it is α-
adjacent to exactly one α-component in A8(p) and it is α′-adjacent to exactly one
α′-component in A8(p). Changing the value of a single α-simple pixel p results into
an α′-simple pixel.

A value change of a simple pixel delivers a topologically equivalent picture
(Rosenfeld et al. 1998). Two pictures differ by simple deformation if one can be ob-
tained from the other one by repeatedly changing simple pixels from 1 to 0, or vice
versa. Changing simple pixels from 1 to 0, or vice versa is a two-way simple defor-
mation. Thinning or shrinking procedures are one-way simple deformations. They
are typically only formulated for changes of object elements to non-object elements.

Characterizations of simple pixel apply different assumptions (i.e., 8-connectivity
is used for the 1’s, and 4-connectivity for the 0’s). Simple pixels are often restricted
to simple 1’s. We review a few earlier characterizations of simple 1’s, but we con-
sider general properties of simple pixels in order to use them for two-way simple
deformations.

1. CHARACTERIZATION. A 1 of a picture P is 4-simple in P iff XR(p) = 2.

Changing 1 to 0 of a picture P preserves 4-connectivity of P if there is exactly one
change from 0 to 1 and exactly one change from 1 to 0 in A8(p). In A8(p) is exactly
one 4-component of 1’s and exactly one 4-component of 0’s. This is a restriction
compared to 4-simple pixels based on the above definition.

(Hilditch 1969) defined an 8-simple 1 as follows:

2. CHARACTERIZATION. A 1 of a picture P is 8-simple in P iff XH(p) = 1.

This characterization is equivalent to the characterization in (Hall 1996) where a
1 is 8-simple iff there is exactly one distinct 8-component of 1’s in A8(p) and p is a
border 1.

The following well-known characterization of simple pixels (Rosenfeld 1970) is
equivalent to Characterization 2.

3. CHARACTERIZATION. A 1 of a picture P is 8-simple in P iff both of the following
conditions hold: The union of all pixels in P \ {p} that is 8-adjacent to p is nonempty and
connected. p is 4-adjacent to a 0.
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(Kong 1995) used the concept of an P -attachment set of a pixel (p, P (p)), which
is formulated for the grid cell model.

4. CHARACTERIZATION. A 1 at p of a picture P is 0-simple in P iff the P -attachment set
of p, and the complement of that set in the frontier of p are non-empty and connected.

We can simplify this for 2D pictures as follows:

5. CHARACTERIZATION. A 1 at p of a picture P is 0-simple in P iff the P -attachment set
of p is non-empty, connected, but not the entire frontier of the 2-cell p.

(Kong 1995) shows that the last two characterizations are equivalent for 2D pictures.
In order to determine whether a pixel is simple for two-way simple processes we
show (Klette 2002):

2. THEOREM. A 1 (or 0) of a picture P is 4-simple iff XY (p) = 1 (or XY (p) = 1). A 1 (or
0) of a picture P is 8-simple iff XY (p) = 1 (or XY (p) = 1).

Proof. Let p be a 4-simple 1. First we assume that XY (p) = 0 (i.e. ai = 0, for all
1 ≤ i ≤ 4). Per definition we have ai = P (q2i−1) − P (q2i−1) ∗ P (q2i) ∗ P (q2i+1). It
follows that ai = 0 iff P (q2∗i−1) = 0 or P (q2∗i−1) = P (q2∗i) = P (q2∗i+1) = 1. In the
case that P (q2∗i−1) = 0, for all 1 ≤ i ≤ 4, there is a contradiction to the property
of having exactly one 4-adjacent 4-component of 1’s. In case P (q2∗i−1) = P (q2∗i) =
P (q2∗i+1) = 1, for all 1 ≤ i ≤ 4, this is a contradiction to the property of having
exactly one 8-component of 0’s in A8(p).

Now assume XY (p) > 1. Then there exist at least two ai’s, with ai = aj = 1, for
i 6= j, 1 ≤ i, j ≤ 4. It follows that there are at least two 4-adjacent 4-components of 1’s
and two 8-adjacent 8-components of 0’s, which is a contradiction to the assumption
that p is a 4-simple 1. It follows that XY (p) = 1.

Let XY (p) = 1 (i.e., one ai = 1, say a1 = 1 and aj = 0, for all 2 ≤ j ≤ 4). a1 = 1
iff P (q1) = 1 and P (q2) = 0 or P (q3) = 0. It follows that at least one 4-adjacent 4-
component of 1’s and at least one 8-adjacent 8-component of 0’s exist. For all other
terms is aj = 0, for all 2 ≤ j ≤ 4, that means P (q2∗j−1) = 0 or P (q2∗j−1) = P (q2∗j) =
P (q2∗j+1) = 1.

P (q2∗j−1) = 0, for all 2 ≤ j ≤ 4. It follows that there is exactly one 4-adjacent 4-
component of 1’s, and that there is exactly one 8-adjacent 8-component of 0’s. In case
P (q2∗j−1) = P (q2∗j) = P (q2∗j+1) = 1, for all 2 ≤ j ≤ 4, it follows that P (q2) = 0
is the only 8-adjacent 8-component of 0’s. Now we consider P (q2∗j−1) = 0 and
P (q2∗j+1) = 1, for all j = 2, 3 then P (q2∗j+1) is always 4-connected to P (q1) = 1.
The value of P (q2∗j) can be 0 or 1, it doesn’t change the number of 4-adjacent 4-
components of 1’s and the number of 8-adjacent 8-component of 0’s. In each case
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there is exactly one 4-adjacent 4-component of 1’s and exactly one 8-adjacent 8-
component of 0’s. All other cases follow by symmetry.

Let p be an 8-simple 1. There is exactly one 4-adjacent 4-component of 0’s and
exactly one 8-adjacent 8-component of 1’s. Based on the definition of XY (p) the
proof is analogous. The proof for 4-(8)-simple 0’s is analogous to the given proof for
simple 1’s. ut

It follows that a pixel (p, 1) is 4-simple in P iff (p, 0) is 8-simple in P and a pixel
(p, 1) is 8-simple in P iff (p, 0) is 4-simple in P . It follows as well that (p, 0) is 8-simple
in P iff (p, 1) is 8-simple in P where P is the negative picture of P (all 1’s in P are 0’s
in P and vice versa). The good pair concept for binary pictures (use of 8-connectivity
for object components and 4-connectivity for non-object components or vice versa)
provides this property of duality for simple pixels. For simple deformations the use
of binary pictures is verified by applying the characteristic function after segmenta-
tion of grey value input pictures. The application of a sequential thinning algorithm
(algorithm A in Chapter 5.4) on P , for example, delivers a topologically equivalent
picture to the original picture. The skeleton (see Figure 5.1) located in the non-object
region is a representation of the original object. The skeleton picture is topologically
equivalent to the original picture. It is not a magnification of the object by a cer-
tain scale factor because the non-object region is limited (the size of a digital picture
is always finite) and the algorithm changes values based on conditions which are
restricted to topology preservation and end-element stability.

Figure 5.1: Result of algorithm A applied on P .

Note that for a 1 at p of a picture P the crossing number XH(p) is always equal to
XY (p). The characterization of an 8-simple 1 in the above theorem is equivalent to
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Characterization 2. It follows that, if XH(p) = 1, then p is an 8-simple 1 or a 4-simple
0 depending on the value P (p) = 1(0).

The following theorem shows that characterizations for 8-simple 1’s based on
P -attachment sets are equivalent to Characterization 2 [see (Klette 2003a)].

3. THEOREM. Let p be a 1 of a picture P . Then the P -attachment set of p is non-empty and
connected and not the entire frontier of p iff XH(p) = 1.

Proof. Let p be 8-simple. Then we only have four ways in which the P -attachment
set is non-empty and connected and not the entire frontier, in each case XH(p) = 1.
Let XH(p) = 1. At least one 8-neighbor is a 1 per definition. It follows the P -
attachment set is non-empty. At least one 4-neighbor is a 0 per definition, it fol-
lows the P -attachment set is not the entire frontier. It remains to show that the
P -attachment set is connected. Assume the P - attachment set is not connected then
XH(p) > 1 which is a contradiction. ut

The following theorem justifies the choice of masks for window matching algo-
rithms.

4. THEOREM. Let p be a 1 of a picture P . Per Characterization 5, p is 8-simple in P iff the
neighborhood of p matches one of the following masks (simple element masks 1 to 4, from left
to right, empty squares can be either 0 or 1)

or one of their 90◦ rotations.

Proof. These masks represent the only four ways in which the P -attachment set is
non-empty and connected and not the entire frontier. ut

Previously published thinning algorithms have used Characterization 1 in or-
der to preserve 4-connected subsets of the original picture. The following example
shows two 4-components of 1’s that are 8-adjacent:

0 0 1
0 1 0
0 0 0
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Based on Characterization 1, the central pixel p would be identified as a 4-simple
1 because XR(p) = 2. If we would only use this criterion then a 4-component of a
single 1, that is 8-adjacent to a component of 1’s, would completely disappear. An al-
gorithm based on this condition determines pixels as simple which have exactly one
4-component of 1’s and exactly one 4-component of 0’s in A8(p). The 4-component
of 1’s can be 4-adjacent or 8-adjacent to p. For (α, α′) = (8, 4) and (α, α′) = (4, 8) a
thinning algorithm using Characterization 1 for connectivity preservation results in
a 4-connected subset of the original 4-component. A 4-component disappears if it
consists of a single pixel and is 8-adjacent to a disjoint 4-component.

Now let us consider the good pair (α, α′) = (4, 8). In case that two disjoint
4-components of 1’s are 8-adjacent to each other, then there exists a 1 which is 4-
simple and XR(p) 6= 2. Evidently this 1 is not 4-simple based on Characteriza-
tion 1. To avoid this conflict (Latecki and Eckardt 1995) introduced the concept of
well-composedness. The following theorem includes an equivalent condition to well-
composedness that ensures that the described critical configurations cannot occur
[see (Klette 2003a)].

5. THEOREM. Let all disjoint 4-components of 1’s of a picture P be pairwise 8-separated by
0’s to each other. Then a 1 is 4-simple in P iff XR(p) = 2.

Proof. Let XY (p) = 1 (p with P (p) = 1 is 4-simple), and any 8-path from a 1 of
a 4-component to a disjoint 4-component of 1’s must intersect a 0 (all disjoint 4-
components of 1’s in P are 8-separated by 0’s). Then it follows that we have exactly
one 4-adjacent 4-component of 1’s, and exactly one 4-component of 0’s in A8(p) and
XR(p) = 2.

Now we consider XR(p) = 2 and XY (p) = 0. The only possible configuration
would be P (q2) = 1 and all other pixel values in A8(p) are 0 (and all symmetric
cases). This is a contradiction to our precondition.

Let us consider XR(p) = 2 and XY (p) > 1. A configuration for this condition
does not exist. It follows that XY (p) = 1. ut

5.2.2 Characterizations of simple elements in higher dimensions

The literature offers a long list of definitions of simple elements in 3D pictures. The
following questions arise: Can we find analogous characterizations for 3D pictures
based on concepts used for the 2D case? Which characterizations are efficient to
determine simple voxels in 3D? Are these existing characterizations equivalent to
one-another? – First we review some definitions. In 1994, two independent pub-
lications (Bertrand and Malandain 1994, Saha and Chaudhuri 1994) proposed the
following:
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6. CHARACTERIZATION. A voxel (p, P (p)) of a picture P is a 26-simple grid element iff
it is 26-adjacent to exactly one 26-component of voxels in A26(p) and it is 6-adjacent to
exactly one distinct 6-component of voxels in A18(p).

A voxel (p, P (p)) of a picture P is a 6-simple grid element iff it is 6-adjacent to ex-
actly one 6-component of voxels in A18(p) and it is 26-adjacent to exactly one distinct 26-
component of voxels in A26(p).

The calculation of the numbers of components in the 26-neighborhood of p is
time consuming for 3D pictures. It can be done by using algorithms derived from
graph theory. The number of computations depends on the size of the components.

The following characterization of 26-simple object elements is due to (Malandain
and Bertrand 1992, Saha et al. 1991):

7. CHARACTERIZATION. An object voxel p of a 3D picture P is 26-simple in P iff

(i) p is 26-adjacent to another object voxel q, and

(ii) p is 6-adjacent to a non-object voxel q′, and

(iii) the set of object voxels which are 26-adjacent to p is connected, and

(iv) every two non-object voxels that are 6-adjacent to p are 6-connected by non-object
voxels that share at least one edge with p.

In terms of topologic numbers we can express this characterization as follows
(Bertrand 1994):

8. CHARACTERIZATION. Let p ∈ M and (α, α′) ∈ {(6, 26), (26, 6)}. An object voxel p

is α-simple iff Tα(p,M) = 1 and Tα′(p, M) = 1.

The equivalence of the last two characterizations follows from the applied defi-
nitions.

In Figure 5.2, the P -attachment set of p in the frontier of p is connected and
the complement of the P -attachment set of p in the frontier of p is not connected.
Element p is not simple. In terms of the previous characterizations, Tα′(p, M) = 2 or
there exists a non-object voxel q that is 6-adjacent to p such that q is not 6-connected
to any non-object voxel which shares at least one edge with p.

In the following characterizations we use the cell model. Properties of the P -
attachment set of p for 3D pictures are easy to visualize [see, e.g., (Kong 1995)].

9. CHARACTERIZATION. An object voxel p of a picture P is 0-simple in P iff the P -
attachment set of p and the complement of that set in the frontier of p are both non-empty
and connected.
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Analogously to the arguments in 2D, we could simplify this statement if p is
a border voxel because the P -attachment set of p, and the complement of that set
in the frontier of p, are both non-empty in this case. The above characterization
is equivalent to the previous characterization for 26-simple voxels (Klette 2003b).
As reviewed in Chapter 2, the Euler characteristic χ(Kp) of a P -attachment set is a
useful tool to describe properties of this set.

10. CHARACTERIZATION. A voxel p is 0-simple iff the P -attachment set Kp of p, and the
complement of that set in the frontier of p are connected and χ(Kp) = 1.

Recent research (Gau and Kong 2003, Fourey and Malgouyres 2003, Nietham-
mer et al. 2005) is often focused on simple element detection in dimensions d ≥ 3.
General definitions and characterizations are based on the fact that an element p is
called simple if its change to a non-object element results in an topologically equiva-
lent picture, independent from its dimension. A characterization of simple elements
based on the α-fundamental group is given in (Fourey and Malgouyres 2003, Kong
1995).

11. CHARACTERIZATION. Let M ⊂ Zd and p ∈ M . An object element p is simple iff

(i) M and M\p have the same number of connected components.

(ii) M̄ and M̄ ∪ p have the same number of connected components.

(iii) For each voxel b (b is base element) in M\p, the group map i∗ : Eα(M\p, b) →
Eα(M, b) is an isomorphism.

Figure 5.2: The P -attachment set on the right is not empty, connected, and it is not the entire
frontier, but p (center voxel on the left) is not simple.
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The map i : M\p → M is called inclusion map. It induces the group isomorphism
i∗. In (Fourey and Malgouyres 2003) the authors prove that these three properties
are sufficient to characterize simple voxels. If a voxel satisfies these three conditions
then Tα(p, M) = 1 and Tα′(p, M) = 1, and, if Tα(p,M) = 1 and Tα′(p,M) = 1,
then these three conditions follow as well. In other words: this characterization
and the characterization based on topologic numbers are equivalent in 3D space.
In addition, from these three conditions it also follows that for each voxel b′ in M̄ ,
the group map i′∗ : Eα′(M̄, b′) → Eα′(M̄ ∪ p, b′), induced by the inclusion map
i′ : M̄ → M̄ ∪ p, is an isomorphism.

For the purpose of making the decision whether a given element is simple or not,
those theoretic results need a “translation” into a form which allows computations.

5.2.3 Non-simple voxels

This section considers characterizations of non-simple voxels. Note that a vertex v

(i.e., a 0-cell) of a voxel p shares its point with three 1-cells and three 2-cells in the
frontier of p. An edge e (i.e., a 1-cell) shares its points with two 0-cells, four other
1-cells and four 2-cells in the frontier of p. A face f (i.e., a 2-cell) shares its points
with four 0-cells, eight 1-cells and four other 2-cells.

Let x be a cell in the frontier of a voxel p. Let Cx(p) be the set of all n-cells
(n ∈ 0, 1, 2) in the frontier of p which have a non-empty intersection with x.

We say that a given n-cell x in the P -attachment set Kp of p is isolated if Cx(p)∩Kp

= x. We say that a given 2-cell y in the complement of the P -attachment set K̄p of p

is isolated if all points in the frontier of y belong to the P -attachment set Kp of p.
If p is 0-simple (see the 10. Characterization) then χ(Kp) = 1. But, if χ(Kp) = 1

then it does not follow that p is 0-simple, because there are two additional condi-
tions. We investigated cases where χ(Kp) = 1 and p is not simple (see Figure 5.3)
and we describe 0-non-simple voxels.

Let N2 be the number of non-object voxels which are 2-adjacent to p. Configu-
rations for N2 = 6, where χ(Kp) = 1 and p is not simple, are shown in Figure 5.3.
Note that the two cases on the right of the upper row are symmetric. We show:

3. PROPOSITION. Let N2 = 6. An object voxel p is 0-non-simple and χ(Kp) = 1 iff the
P-attachment set Kp consists of two or three disjoint components. For two disjoint com-
ponents, one component is a simple curve in the Euclidean space, and the other component
is a single point or an arc in the Euclidean space. For three disjoint components, one of
these components is a non-simple curve in the Euclidean space, and the other components
are isolated points in the Euclidean space.

Proof. Let p be an object voxel. Let Xi(p), 1 ≤ i ≤ 3 be a component of Kp such that⋃
i Xi(p) = Kp. If Xi(p) is a simple curve in the Euclidean space, then χ(Xi(p) = 0
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Figure 5.3: Voxels are not simple, for χ(Kp) = 1 and N2 = 6.

Figure 5.4: (a) Kp consists of two disjoint sets. X1 is a simple curve (χ(X1(p)) = 0, n0 = n1,
n2 = 0) and X2 is an arc (χ(X2(p)) = 1, n0 − n1 = 1, n2 = 0) (b) Kp is a non-simple curve
and (χ(Kp) = −1, n0 − n1 = −1, n2 = 0) (c) Kp is a non-simple curve and (χ(Kp) = −2,
n0 − n1 = −2, n2 = 0)

(n0 = n1, n2 = 0) (see Figure 5.4.a). If Xi(p) is an isolated point or an arc in the
Euclidean space, then χ(Xi(p)) = 1 (n0−n1 = 1, n2 = 0) (See Figure 5.4.a). If Xi is a
non-simple curve in the Euclidean space, then χ(Xi(p)) ≤ −1 (n0−n1 ≤ −1, n2 = 0)
(see Figures 5.4.b and 5.4.c). – We consider the following two cases:

1. We assume that p is not simple and χ(Kp) = 1 and n2 = 0. Based on Charac-
terization 10 we know that the P -attachment set Kp or the complement of Kp

(K̄p) are not connected. χ(Kp) = 1 if
∑3

i=1 χ(Xi(p)) = 1. If Kp consists only of
one component then Kp and K̄p are connected. This is a contradiction to our
assumption. One component out of two must have Euler characteristic 1 such
that χ(X1(p)) = 1 and χ(X2(p)) = 0. X1(p) can be a 0-cell or an arc. It follows
that X2(p) is a closed curve. For three components we have only the option
that n0 − n1 ≤ −1 for one component, and there must be two other compo-
nents with χ(Xi(p)) = 1. This is only possible if one component constitutes a
non-simple curve and the other two are both isolated points.

2. Now we assume that Kp consists of two disjoint components, an arc or a single
point X1(p) and a simple curve X2(p). Then it follows that χ(X1(p)) = 1,
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Figure 5.5: These voxels are non-simple and χ(Kp) = 1, for N2 = 5.

χ(X2(p)) = 0, χ(Kp) = 1 and p is not simple. If Kp consists of one non-
simple curve X1(p) in the Euclidean space, and one single point X2(p) and a
different single point X3(p), then it follows that χ(X1(p)) = −1, χ(X2(p)) = 1,
χ(X3(p)) = 1, χ(Kp) = 1, and p is not simple.

This concludes the proof of the proposition. ut
All configurations shown in Figure 5.3 are non-simple, with χ(Kp) = 1 and N2 =

6. For N2 = 5, non-simple voxels with χ(Kp) = 1 are shown in Figure 5.5. The right-
hand case in the upper row is a rotation of the case at the middle of the upper row.

For N2 ≤ 4, the Euler characteristic of the configuration in Figure 5.6 (and of all
of its rotations) is χ(Kp) = 1, and this voxel is 0-non-simple.

To summarize those findings, we give a new description of non-simple voxels as
follows:

3. COROLLARY. For voxel p, let N2, with 1 < N2 ≤ 6, be the number of 2-adjacent
non-object voxels, and the number of adjacent object voxels is larger than 1. Voxel p is 0-

Figure 5.6: This voxel is not simple and χ(Kp) = 1, for N2 = 1, 2, 3, 4.
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non-simple iff χ(Kp) 6= 1, or χ(Kp) = 1 and Kp includes an isolated 0-cell or an isolated
1-cell or K̄p includes an isolated 2-cell.

Proof. We assume that p is 0-non-simple. According to Characterization 10 it follows
that χ(Kp) 6= 1 or χ(Kp) = 1 and Kp or K̄p are not connected. We consider two cases:

1. First, assume that χ(Kp) = 1 and Kp is not connected. Then Kp has at least
two components. For N2 = 6 and two components in Kp, we have proved that
one component is an isolated 0-cell (a point in the Euclidean space) or a simple
arc. If it is a simple arc then the second component must be a simple curve that
isolates a 2-cell in K̄p. If it is a simple arc which coincides with one single 1-
cell, then this 1-cell is isolated in Kp. For N2 = 6 and three components in Kp,
we have shown two of them are isolated 0-cells.

For N2 = 5 and two components X1(p) and X2(p) in Kp, the Euler character-
istic of one of those components, say X1(p) is χ(X1(p)) = n0 − n1 + 1, and for
the second component we have χ(X2(p)) = n0 − n1 + 0. If χ(X1(p)) = 1 then
n0 = n1 which is an isolated 2-cell in Kp, and χ(X2(p)) = 0 which is a simple
curve in Kp and an isolated 2-cell in K̄p (see the right case in the bottom row
in Figure 5.5). If χ(X1(p)) = 0 then n0 = n1 − 1 and χ(X2(p)) = 1 which
is an isolated 0-cell or an arc (see for example the left case in the bottom row
in Figure 5.5). The arc coincides with only one 1-cell, otherwise it would be
connected with X1. If χ(X1(p)) > 1 then n0 > n1 and χ(X2(p)) < 0. This is
impossible, because X1(p) would be connected with X2(p).

For N2 = 4 and two components X1(p) and X2(p) in Kp, we have two 2-cells
in Kp. If they are opposite then χ(Kp) = 2, K̄p is connected. If X1(p) has two 2-
cells in Kp and χ(X1(p)) = 1 then χ(X2(p)) = 0. Then X2(p) must be a simple
curve, this is impossible because it would be connected with X1(p). If X1(p)
has two 2-cells in Kp and χ(X1(p)) = 0 then χ(X2(p)) = 1. Then X2(p) must
be a 0-cell or an arc. An arc is impossible because the components would be
connected. If X1(p) has two 2-cells in Kp and χ(X1(p)) > 1 then χ(X2(p)) < 0.
Then X2(p) must be a non-simple curve, but this is impossible.

For N2 = 3 and two components X1(p) and X2(p) in Kp, all three 2-cells must
be connected. It follows that χ(X1(p)) = n0−n1 +3. The only possible second
disjoint component is a 0-cell. It follows that χ(X2(p)) = 1 and then the first
component must be χ(X1(p)) = 0. But for this configuration χ(X1(p)) = 1
which is a contradiction.

For N2 = 2, only one component in Kp is possible, which is a contradiction to
our assumption.

A voxel is always simple for N2 = 1.
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2. Second, assume that χ(Kp) = 1 and K̄p is not connected. We can apply analo-
gous conclusions as in the first case.

Now we assume that χ(Kp) 6= 1, or χ(Kp) = 1 and Kp includes an isolated 0-cell
or an isolated 1-cell or K̄p includes an isolated 2-cell. If χ(Kp) 6= 1 then p is not
0-simple. If χ(Kp) = 1 and Kp includes an isolated 0-cell or 1-cell then there exists a
second component and Kp is not connected and p is not 0-simple. If χ(Kp) = 1 and
K̄p includes an isolated 2-cell then K̄p is not connected and p is not simple. ut

Note that these descriptions are independent from rotations. All 0-non-simple
voxels with χ(Kp) = 1 have four or five or six 0-adjacent non-object voxels. Simple
element detection is always a crucial part in iterative thinning algorithms. A 26-
neighborhood of an object voxel p has a total number of

226 = 67, 108, 864

possible configurations in a binary 3D picture. A voxel is simple in

25, 985, 144

cases [see, e.g., (Lohou 2001)]. It follows that a voxel is non-simple in

41, 123, 720

cases. We prove the following new proposition:

4. PROPOSITION. The total number of non-simple voxels with χ(Kp) = 1 equals 434, 304.

Proof. We consider the left sketch in the upper row of Figure 5.3. Eight different
0-cells can be the isolated 0-cell in the P -attachment set Kp of p. For each case, the
simple curve in Kp can be located in three different locations. The picture value of
the four 0-cells on this closed curve can be 1 or 0. The number of configurations
with one isolated 0-cell and one simple curve, as shown in Figure 5.3, is equal to
8 ∗ 3 ∗ 24 = 384. The numbers of configurations for all other cases are calculated in
an analogous way. ut

It follows that in 40, 689, 416 cases, voxels are 0-non-simple and χ(Kp) 6= 1.

5.2.4 Characterizations of simple sets

Changing the value of one simple element changes the actual configuration for all
adjacent elements and may create new simple elements. Simple deformation algo-
rithms have in common that a set of elements satisfies a number of tests, and these
elements change the values P (p) simultaneously.
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For example, a cube of 2 × 2 × 2 object elements would disappear because each
single element is simple. However, the whole set of elements is not simple. This
is the reason that tests whether a single element is simple or not, are insufficient to
preserve the topology of a picture. Similar to tests of single elements to be simple
or not we are interested in characterizing sets of elements to be simple in order to
show that specified algorithms for simple deformations preserve the topology of
the picture. Analogously to (Ronse 1986), we define simple sets. Let D be the set
of elements in the original picture P that values have changed during deformation;
let P ∗ be the picture after deformation, D = {p : p ∈ P ∧ P (p) 6= P ∗(p)}, D ⊆ P .
Let S be the set of object elements in P , let B be the set of non-object elements in
P , let S∗ be the set of object elements in P ∗ and B∗ the set of non-object elements
in P ∗. Then S∗ = S \ D or S∗ = S ∪ D and B∗ = B ∪ D or B∗ = B \ D. Cα(P )
is the number of α-connected components of object elements in P and Cα′(P ) is the
number of α′-connected components of non-object elements in P .

18. DEFINITION. D is α-simple iff Cα(P ) = Cα(P ∗) and Cα′(P ) = Cα′(P ∗). D is
strongly α-simple iff (i) for each α-connected component of object elements exists exactly
one α-connected component of object elements after deformation and vice versa, and (ii)
for each α′- connected component of non-object elements exists exactly one α′-connected
component of non-object elements after deformation and vice versa.

Analogously, we say that a picture P is α-deformable by set D iff Cα(P ) =
Cα(P ∗), Cα′(P ) = Cα′(P ∗). A picture P is strongly α-deformable by set D iff (i)
for each α-connected component exists exactly one α-connected component in the
resulting picture and vice versa, and (ii) for each α′- connected component exists
exactly one α′-connected component after deformation and vice versa.

In other words, a subset D of a digital picture P is strongly α-simple iff two
bijective maps exist: one between α-connected components of object elements of P

and α-connected components of object elements after deformation of P by D, and
the other one between the α′-connected components of non-object elements of P

and the α′-connected components after deformation of P by D.

We consider the following definition of a simple sequence (Ma 1994, Kong 1995):

19. DEFINITION. Let P = P0 be the original picture and Pi the result of deformation
i. A sequence q1, q2, ...qn of distinct elements of an α-connected component in a digital
picture P is called an α-simple sequence of P if q1 is α-simple in P , and qi is α-simple in
Pi−1, 2 ≤ i ≤ n. A set D of elements in a digital picture is called simple in P if D is empty
or if D is finite and the elements of D can be ordered as an α-simple sequence of P .

We present the following theorem to show that above definitions are equivalent.
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6. THEOREM. A picture P is strongly α-deformable by D iff D is simple in P .

Proof. First, we assume that P is strongly α-deformable. Per definition, no α-
connected component and no α′-connected component can completely disappear.
For each α-connected component of elements S′ exists a proper subset D′ with
D′ ⊂ S′, (S′)∗ = S′ \D′ or (S′)∗ = S′∪D′, and D is the union of all these subsets D′.
P is a digital picture, it follows that D is finite or empty. If D is empty then no pixel
value has been changed, and the α-connected components in the original picture are
unchanged. In case that D is finite then all subsets D′ are finite or empty. For each
α-connected component in the original picture exists exactly one α-connected com-
ponent after deformation. For each α-connected component exists a set D′ which
changed the value during deformation. This set is empty or finite. Each non-empty
D′ has at least one element that must be simple otherwise the change of the value
would split the α-connected component in P or the α′-connected component in P .
In case that D′ has more than one element, all these elements can be ordered in an
α-simple sequence. All these sequences can be ordered in one sequence D one after
another and this new sequence is α-simple. That means that D is simple in P .

Now we assume that D is simple. Per definition D must be empty or finite. In
case that D is empty, then the α-connected components of P stay exactly the same
and all properties of strongly α-deformable are valid. If D is finite, then the elements
of D can be ordered as a simple sequence of P . Now we consider all elements of D′

of the same α-connected component with D′ ⊆ D. That means no α-connected
component can be split or vanish and no α′-connected component can be split or
vanish. It follows that two bijective maps exist between α-connected components
before and after simple deformation, and between α′-connected components before
and after simple deformation. It follows that D is strongly α-deformable. ut

As a consequence, a thinning algorithm needs to test whether a marked set D

is simple in P or not. We are interested in using local operations to show that the
implemented algorithms preserve the topology of the picture.

5.3 Criteria for topology preservation

An algorithm preserves the topology of a 2D picture if it satisfies the following prop-
erties:

1. It must not split an α-connected component of P into two or more α-connected
components of P .

2. It must not completely delete an α-connected component of P .
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3. It must not split an α′-connected component of P .

4. It must not completely delete an α′-connected component of P .

An algorithm preserves the topology if it (for any input picture) changes only
the values of a simple set D. For practical reasons, it is more interesting to find test
criteria based on local neighborhoods. Two more definitions are required to report
about conditions for topology preservation tests.

20. DEFINITION. A set of elements is small if every 2 elements of the set are α-adjacent
to each other. An α-deformable set is such a set which can be deformed while preserving
α-connectivity.

Obviously, every small set of elements is connected. A pair of α-simple elements
p, q is α-deformable iff q is α-simple after p is deformed. For example, if p and q are
4-neighbors, then the pair p, q is 8-deformable iff the number of 8-connected compo-
nents in the adjacency set of p, q is one. The following examples show configurations
where p and q are 4-adjacent and the number of 8-connected components is larger
than one:

0 1 0 0 1 1 0 0 0 1 1 0
0 p q 0 1 p q 0 0 p q 0
0 0 1 0 0 0 1 1 0 1 1 0

Let A be a thinning algorithm for 2D pictures. The following conditions are
sufficient to show that A preserves topology (topology preservation test):

1. If an object element has been changed by A then it must be simple.

2. If two 4-neighbors in P have been changed by A then they must constitute a
simple set.

3. No small set of object elements has vanished by A.

Analogously (Ma 1994, Kong 1995), we can verify that a 3D thinning algorithm
A preserves topology. Let Pj , with 0 ≤ j ≤ m, be the resultant picture after j

iterations; let Aj , with 0 < j ≤ m, be the application of algorithm A after (j − 1)
iterations. A parallel 3D thinning algorithm A preserves topology if the following
conditions hold, for every iteration j and every picture Pj :

1. Aj changes only simple voxels in Pj−1.

2. Let T be a set of two or more voxels contained in a block of 1x2x2 or 2x1x2
or 2x2x1 voxels. If each voxel of T is simple in Pj−1, then each voxel is still
simple after changing the other voxels in T .
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3. If a small component in Pj−1 exists then Aj does not change at least one voxel
of this component.

We observe that an α-path π with fixed end elements crossing T is homotopic
to an α-path π′ with the same fixed end elements crossing T after one thinning
iteration.

5.4 Examples of iterative thinning algorithms

Researchers developed different strategies to ensure that only elements of a simple
set D change their values P (p) in one iteration. There are three main strategies:

1. The investigation of large (more than 26 0-adjacent n-cells) adjacency sets.

2. Iterations are divided into sequential directional subiterations.

3. Division into disjoint subsets where only specified subsets are considered for
tests in one subiteration.

The first strategy operates in parallel. The approach applies the idea of the grass-
fire transform which assumes that the fire starts at every border element at the same
time. Tests of simplicity for a set D in one iteration step are done by examining
neighborhoods of the 0-adjacent elements of p ∈ D. For example, in (Ma 1995) an al-
gorithm for 3D pictures is published where the test of simplicity for a single element
depends on 30 elements, and an additional test is required to guarantee topology
preservation. In 2D, sequential thinning algorithms incorporate additional condi-
tions to ensure that only simple sets are deleted in one iteration or they operate in
sequential directional subiterations. Such strategies have been extensively devel-
oped for 3D pictures. Different adjacency relations (0-, 1-, 2) define different types
of directions and the number of subiterations (6, 8 or 12). Tests of simplicity are re-
stricted to all 0-adjacent elements, as for example in (Palagyi and Kuba 1998, Palagyi
and Kuba 1999). The location of the resulting set of skeletal curves depends on the
defined sequence of subiterations. Results vary under rotation. The third strategy is
applied in (Bertrand and Aktouf 1994, Saha et al. 1997).

Non-end elements of ideally thin curves do not satisfy pixel deletion criteria in
the sense that they are non-simple (for p with exactly one 0-adjacent object voxel is
χ(Kp) = 1 and Kp and Kp are connected). An efficient thinning algorithm stops
if all remaining elements are non-simple. This must be different for end elements
to ensure Condition 3 of the criteria for topology preservation. Several thinning
algorithms stop these iterative procedure if all remaining elements are ”multiple”
[see for example (Pavlidis 1980, Borgefors et al. 1999)]. Multiple elements are not
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uniquely defined. The identification of all multiple elements is not enough to gen-
erate digital curves or arcs. Normally, one postprocessing step is required to deter-
mine non-simple elements in the set of multiple elements.

An example of a sequential algorithm in 2D is given in (Hilditch 1969) (Algo-
rithm A). The following criteria are tested, for all elements p ∈ P , and pixels are
marked in standard scan order. Let Lα the number of α-adjacent object voxels.

A1: p is an object pixel.

A2: p is a border pixel, that means at least one 4-neighbor is a non-object pixel.

A3: p is not isolated or an end pixel, that means L8(p) > 1.

A4: At least one object pixel in A8(p) is unmarked.

A5: XH(p) = 1.

A6: If q3 is marked, setting P (q3) = 0 does not change XH(p) = 1.

A7: If q5 is marked, setting P (q5) = 0 does not change XH(p) = 1.

At the beginning, let M be the set of all object pixels (1’s) and B the set of all
non-object pixels (0’s). After one iteration, all marked pixels (set D) are changed
into non-object pixels. The result M ′ = M \D becomes M , and B′ = B∪D becomes
B for the next iteration and so on, until no simple pixel is left.

Based on criteria (as stated in the previous subsection), we can verify that this
algorithm preserves topology. Condition 5 implies that p is a simple pixel, at least
one 4-neighbor is a 0 and p is not isolated. Conditions 1, 2 and the end element
condition are checked at the beginning to be computationally efficient. Conditions 6
and 7 ensure that, if two 4-neighbors in P are changed, then they constitute a simple
set. If q3 or q5 are simple and marked then Criterions A6 and A7 guarantee that p

can only be marked if p is simple in P \ {q3} and p is simple in P \ {q5}. No small
sets of object elements can change because of Conditions 3 and 4. See Figure 5.7 for
results.

These examples show that the algorithm is sensitive regarding small holes or
sharp peaks. After pre-processing, applying the morphological operations closing
and opening [see. e.g., (Gonzalez and Woods 2002) for those], the results (see Fig-
ure 5.8) show improvements regarding robustness against noise.
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Figure 5.7: Results of algorithm A without morphologic pre-processing.

Figure 5.8: Results of algorithm A with morphologic pre-processing (closing followed by
opening).

The result of preprocessing and thinning delivers a set of connected digital arcs
that is topologically equivalent to the smoothed picture. It approximates the medial
axis. End elements are preserved.

One standard example of using directional subiterations is the four-subiteration
algorithm by Rosenfeld (Rosenfeld 1975) (Algorithm B). A pixel p is deleted if

B1: p is an object pixel.

B2: p is not isolated or an end pixel, that means L8(p) > 1.

B3: XH(p) = 1.

B4: P (q2i+1) = 0, where i = 1, ..., 4, 1, ..., at successive iterations.

The first of these four subiterations changes in parallel only border pixels where
P (q3) = 0, the second subiteration changes only border pixels where P (q5) = 0
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and so on. The algorithm terminates when no changes occur during four succes-
sive iterations. The location of the resulting skeleton depends on the termination
point. For example, if the algorithm does not identify a changeable element after
two subiterations then elements of the skeleton are not located on a center line.

Algorithms A and B deliver the basic ideas for directional subiteration algo-
rithms in 3D.

Computationally more efficient are parallel algorithms with two or only one sub-
cycle. A typical example for a 2-subcycle algorithm (Zhang and Suen 1984) (Algo-
rithm C) is the following: The first subcycle only deletes a pixel p if:

C1: p is an object pixel.

C2: 1 < L8(p) < 6.

C3: XR(p) = 2.

C4: P (q1) · P (q3) · P (q7) = 0.

C5: P (q1) · P (q7) · P (q5) = 0.

Equations C4 and C5 are both equal to 0 if P (q1) = 0 or P (q7) = 0 or P (q3) = 0
and P (q5) = 0. In the second subcycle, the last two conditions are replaced by
equations P (q3) · P (q5) · P (q7) = 0 and P (q1) · P (q3) · P (q5) = 0. The algorithm
terminates when no changes occur after a full cycle. The algorithm delivers a union
of 4-connected arcs. In contrast to algorithms A and B, the location of the skeletons
(see figures below) is different.

Figure 5.9: Results of algorithm C without morphologic pre-processing.
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Figure 5.10: Results of algorithm C with morphologic pre-processing (closing followed by
opening).

Algorithm D (Pavlidis 1980) applies the idea of the grassfire transform. Border
pixels are traced and labeled per iteration. Only multiple pixels are retained. Itera-
tions continue until all object elements are multiple. Pixel p is multiple if at least one
of the following conditions is true:

D1: XH(p) > 1

D2: p has no 4-adjacent pixel which is an inner pixel (all 4-adjacent pixels are
in the object).

D3: p has at least one 4-adjacent border pixel but it is not traced immediately
before or after p.

Figure 5.11: Result of algorithm D with and without pre-processing.

Note that the set of non-simple pixels is a subset of multiple pixels.



76 5. Topologic skeletons

All four algorithms preserve the topology of the smoothed picture (original after
morphological preprocessing). Comparing the examples, algorithms A and D de-
liver the same number of arcs and the same number of branch elements (more than
two 8-adjacent object elements, see the next chapter for exact definitions).

Algorithm C generates, after the same preprocessing steps for an equal input
picture, a 4-connected skeleton (based on C3) with 7 arcs and 3 branch elements. It
shows how important conditions for simplicity of single elements are for skeleton
approximations and particularly for features such as number of branch elements.

We can also verify that algorithm D preserves topology. D1 guarantees that p

is simple for deletion, p is not an isolated object element (all 8-neighbors are non-
object elements) and p is not an inner object element (all 8-neighbors are object ele-
ments). A small set of object elements cannot vanish because of condition D2. Two
4-neighbors can only change their values if they constitute a simple set because of
D3. Results of algorithm D are not unions of connected simple arcs, in some loca-
tions they are 2 pixels width. For example, we consider a rectangle with 2 pixels
height and 10 pixels width. Such an object has no inner pixel, all pixels are retained.
A postprocess would be required to generate a union of simple arcs. The basic con-
cept of algorithm D is extended to the 3D case in (Borgefors et al. 1996, Borgefors
et al. 1999). In addition, border voxels are labeled with the actual iteration num-
ber in such a way that those labels represent the distance to the nearest non-object
element based on the d6-metric.

Our main focus of those expectations on skeletons, as described in Chapter 3,
is the generation of topologically equivalent curve-like structures for classification.
As a conclusion from above studies in 2D we selected an algorithm for 3D which
applies the ideas of algorithms A and B. Figure 5.12 shows the results of algorithm
A, C and D for the same picture, and it shows the result of a distance skeleton where
skeletal elements are calculated as local maxima of a d4 distance map.

Algorithm A generates topologically equivalent skeletons which are unions of 8-
connected digital arcs or curves, located close to the center of elongated parts, post-
processing steps for the deletion of unnecessary elements or to connect elements are
not required. Algorithm C generates 4-connected skeletons, algorithm D generates
”thick” skeletons and distance skeletons are not connected.

The algorithm in (Palagyi et al. 2001, Palagyi and Kuba 1998) uses 6 subiterations
(U, D, N, S, W, E) (see Figure 5.13). The algorithm follows the concept of directional
thinning as algorithm B in 2D and the authors in (Palagyi and Kuba 1998) have
proved that it preserves topology. It is a curve thinning algorithm for 3D pictures as
required for astrocytes pictures. End element conditions are different for curve thin-



5.4. Examples of iterative thinning algorithms 77

Figure 5.12: Upper left: result of algorithm A, upper right: result of algorithm C, lower left:
result of algorithm D, lower right: distance skeleton.

Figure 5.13: Directions U, D, N, S, E and W for a 6-subiteration algorithm.

ning and surface thinning. The algorithm has been successfully applied in medical
image processing.

We apply the same concept and we introduce some adjustments (Klette and
Pan 2004). As in 2D for directional thinning procedures; only border voxels in one
direction are considered for further tests in each subiteration. Then simple voxels
that are not end elements are marked. All marked voxels have a second test to se-
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cure that they are still simple and not end elements after some adjacent voxels have
been processed. The number of changeable voxels in the 2-adjacency set is limited
to a threshold t, 1 ≤ t ≤ 6. The pseudo code [see Algorithm 5.1] shows the main
processing steps.

1: initialize P {load input data into P}
2: initialize T {load lookup table into the array T}
3: initialize L {add all border voxels into the list L}
4: repeat {one iteration step}
5: n ← 0 {counter for changeable voxels per iteration}
6: for all directions i ∈ {U,D,N, S, E,W} do {one subiteration step}
7: V ← ∅ {V stores changeable voxels for one subiteration}
8: for all p ∈ L do {test voxels}
9: if p is i-border voxel and p is changeable then

10: add p to V

11: for all p in V do {recheck changeable voxels}
12: if p is simple then
13: if p is not end element or m2(p) ≥ t then
14: P (p) ← 0 {m2(p) is the number of 2-adjacent voxels in V }
15: n ← n + 1
16: for all q ∈ A2(p) do
17: if P (q) = 1 then
18: add q to L {change of p generates new border voxels}
19: until n = 0

Algorithm 5.1: Algorithm G: 3D sequential 6-subiteration thinning algorithm.

In (Palagyi and Kuba 1998), simple element configurations are described by a
set of masks. A Boolean lookup table indexed by the values of p’s 26 0-adjacent
elements is used. Characterization 7 (or equivalent characterizations using masks)
of simple elements in the grid point model are applied to label each configuration.
The actual tests during thinning are done by comparing the configurations of a voxel
p in the picture with rows in the lookup table.

For computational efficiency, the construction of Boolean lookup tables is a com-
mon way. A Boolean lookup table stores the 226 configurations of all 26 0-adjacent
elements in a defined order. Each table entry (row) is a binary word, 27 bits long.
Each bit represents the binary value of 26 adjacent elements of p and one bit (the
first or the last) a label l ∈ {0, 1}. If a voxel in A0(p) is an object voxel, then its
corresponding bit is set to 1. Otherwise, the bit is set to 0. In this way, each binary
word of 26 bits represents a unique configuration of A0(p). For each binary word,
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Figure 5.14: Left: Synthetic 3D object “A”. Middle: 3D skeleton of “A” generated by original
version. Right: 3D skeleton of “A” generated by algorithm G.

if p is simple, the first bit is marked by 1. The new characterization of non-simple
voxels developed in this thesis [see also (Klette and Pan 2004)] is useful for setting
the labels. An efficient algorithm executes successive the following steps for each
configuration:

1. Calculate N2 (number of 2-adjacent non-object voxels) and χ(Kp)

2. If χ(Kp) 6= 1 then l = 0 (40,689,416 cases)

3. If N2 ≤ 3 and χ(Kp) = 1 then l = 1.

4. If N2 > 3 and χ(Kp) = 1 then if an isolated 0-cell is in Kp then l = 0 (297,600
cases); otherwise, if an isolated 2-cell is in K̄p then l = 0 (133,632 cases); other-
wise, if an isolates 1-cell is in Kp then l = 0 (3,072 cases); otherwise l = 1.

Experimental results have shown that this construction process is very fast (four
times faster than tests for simple voxels based on other equivalent characteriza-
tions). The size of the lookup table can dramatically be reduced by removal of all
rows starting with 0 such that the table stores only configurations for simple ele-
ments. The stored lookup tables are used during the thinning process to compare
actual configurations in the picture with rows in the table for the simplicity test.

A direct application of the above algorithm during thinning without lookup ta-
bles is a different option. The number of computations is reduced because of pre-
processing steps using morphological operations.

The algorithm in (Palagyi and Kuba 1998) can generate artificial arcs in 3D ob-
jects because the change of 2-adjacent object voxels can produce new end elements
[see Figure 5.14]. The original algorithm creates arcs and branching elements [see
Figure 5.14(b)] which do not describe the shape of the object. This type of prob-
lems are discussed in (Lee et al. 1994, Palagyi et al. 2003). The modified version of
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the original algorithm (algorithm G) counts the number of 2-adjacent voxels which
have been changed in previous subiterations. If this number is larger than a certain
threshold value t, 1 ≤ t ≤ 6, then P (p) = 0 independent from the end-element con-
dition. Experimental results have shown that t = 1 generates a union of arcs which
are an adequate representation of shape [see Figure 5.14(c)].

Figure 5.15: Left: sub-volume, object is not connected at p, overlapping. Right: sub-volume
as voxel view (OpenGL).

Figure 5.16: Left: skeleton produced by original version. Right: skeleton produced by algo-
rithm G.
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A sub-volume (see Figure 5.15) of the 3D picture in Figure 1.4 has been processed
by morphological operations (closing(S1)+opening(S2)), where structuring elements
Sα coincide with neighborhoods Nα) followed by the original algorithm [see Fig-
ure 5.16 (a)] and exactly the same preprocessing steps have been done followed by
algorithm G [see Figure 5.16 (b)].

For example, parts of the skeleton labeled with p2, p3, p6 and p7 in Figure 5.16
(left) disappear in Figure 5.16 (right). Obviously, the number of branch elements is
different. Parts labeled with p1, p4 and p5 in Figure 5.16 (left) have a reduced number
of voxels [see Figure 5.16 (right)], the arc lengths are different. In those cases, the
number of branch elements does not change.

5.5 Summary

This chapter reviews characterizations of simple elements which are a fundamental
concept for simple deformations of binary pictures. Different models are used to
describe simple elements and simple sets. The chapter shows that characterizations
are equivalent. The definition of non-simple elements is new, and it is used in a
topologic thinning algorithm. We report about existing thinning algorithms in 2D
and as a conclusion of those studies we modify one existing algorithm for 3D which
delivers curve-like structures. The skeletons follow the requirements 1, 4 and 5 as
stated in Chapter 3. The chapter describes that small variations of conditions in the
thinning algorithm deliver different results. Branching elements can be produced
by unstable thinning and they have no relationship to the shape of objects.






