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Chapter 3

Skeletons

The interest in picture simplification methods started in the early days of digital picture pro-
cessing. Technical limitations (hardware and software) motivated researchers to find ways
for picture compression in order to reduce the amount of data for further processing steps.
It is important in this context that connected components (regions) in a binary picture can
be recovered from a relatively small subset of the original data. The motivation has slightly
changed over the years towards the goal of associating objects in a picture with descriptors
(features) for classification or registration. The methods described in this thesis aim to map
objects onto their skeletons (short for approximations of skeletal curves), and we are inter-
ested in “reliable” invariants of those skeletons to describe pictures. In this chapter we review
skeleton models which have been proposed in the literature.

3.1 Skeletons and Skeletonizations

Information in a binary (digital) picture is completely represented by size, shape and
location of its object regions. Basic descriptors for connected components such as
area, volume, perimeter, centroid, and others are useful for special applications. De-
rived descriptors such as the shape factor (i.e., in 2D the ratio between area and square
of diameter) are suitable for the representation of “elongated” versus “round” re-
gions. The choice of descriptors depends not only on the type of the given pictures.
It also depends on the final goal of the entire process. Compression uses the repre-
sentation of a picture for storing original data in reduced space. The ideal result
of picture compression would be minimum-size data which is sufficient to recover
the original picture. Classification or registration require representations of pictures
for identifying significant properties which define classes. Those representations or
properties should be sufficient to associate a given picture with a desired class of
regions. In biomedical applications, the research is often focused on finding such
properties that allow a distinction between biomedical material of a patient versus
that of a normal human. At a more advanced stage the interest is moving to a dis-
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tinction between different stages of diseases, that means that the number of classes
increases.

The literature offers a diversity of methods for picture representation (e.g., bor-
ders of components, moments). Skeletons have been studied extensively because
they are efficient in terms of representing properties of elongated components which
occur in many classes of pictures (e.g. road maps, character recognition, finger
prints, blood vessels). The components in astrocyte pictures constitute a large num-
ber of elongated parts. Thin curve-like structures at central locations are intuitive
representations of such pictorial structures.

The word ”skeleton” is not uniquely defined in the picture analysis literature.
We use it as general term for approximations of skeletal curves (which are defined
by topologic or geometric concepts in the continuous space), and give an informal
description (for n = 2 and n = 3) which highlights the expectations on skeletons
with respect of using them for classification, registration or compression. Let M be
the set of object pixels or voxels in the original picture, and S be the set of pixels or
voxels which belong to the derived skeletons of a picture. (Marchand-Maillet and
Sharaiha 2000) postulate for this case the following:

1. S consists of a set of digital arcs or curves, which may have branch nodes.

2. S is at a central position inside the object regions.

3. S is sufficient to reproduce the original object regions.

4. S has the same number of connected components of 1s as the original picture.

5. The complement of S, S, has the same number of connected components of 0s

as the original picture.

Obviously, postulates 4 and 5 do not guarantee topologic equivalence (which is,
in 2D, isomorphism of the rooted region adjacency graphs, where the root is the
uniquely defined background component; see Section 2.4). For theoretical reasons, 4
and 5 should be replaced by the request to guarantee topologic equivalence between
both pictures (i.e., based on isotopy). However, postulates 1-5 are acceptable as a
compromise for algorithmic reasons: so far, no algorithmic study is known about
isotopy tests between pictures.

A method for generating skeletons is called a skeletonization. We can use above
postulates as requirements for “good” algorithms.

There are further formulations of conditions in the literature for skeletonization
algorithms:

1. The topology of the picture (i.e., in 2D its region adjacency graph) must be
preserved.



3.2. Topologic Skeletons 25

2. The resulting subset S (for a given region) must be a connected set of digital
curves or arcs.

3. The resulting subset S must approximate the medial axis. There has to be an
algorithm allowing to reproduce the original data from this subset.

4. The algorithm should be computationally efficient.

5. The algorithm should be robust against noise.

6. End elements (all elements with exactly one α-adjacent object element) must
be preserved.

A precise formulation of Condition 1 could be based on isotopy (as in Section
2.4). We could also ask for identity (up to isomorphisms) of the fundamental groups
of the object regions, and of the non-object regions. We can also request that S and
M must be homotopic. (In Chapter 5 we discuss the definition of homotopic sets.)

Condition 2 is obviously a consequence of Condition 1. Condition 3 contains
the vague term “approximate”, but the request for an existence of a reconstruction
algorithm is a precise statement. Condition 4 should be precisely formulated in
asymptotic complexity terms; in 2D we have M×N pixels in one picture, and linear
run time would be O(MN). Condition 6 is only interesting for iterative thinning
algorithms. The algorithm should stop removing elements if all remaining object
elements after a number of iterations are “non-simple” elements or end elements.

More precise formulations of such requirements are desirable, and the more pre-
cise, the better they can be used for comparisons or evaluations of shape simplifica-
tion methods.

The individual conditions are also of varying importance depending on the pur-
pose for computing skeletons. For example, it is essential for picture compression
that original regions are reconstructible, and for this application it is not important
that the skeleton picture is topologically equivalent to the original picture. In case of
registration or classification, it is not necessary to be able to reconstruct the original
picture, but representations need to be accurate for the interpretation of the content
of pictures.

3.2 Topologic Skeletons

Skeletons have been known in continuous space for about 150 years. Listing (Listing
1861) introduced the linear skeleton (under the name cyclomatic diagram), which is a
result of a continuous contraction of a connected subset of an Euclidean space (i.e.,
without changing the topology of the original set with respect to homotopy), until
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only a connected curve remains, being a union of arcs and simple curves, possibly
(in case of a simply-connected input set) also just a single point.

The linear skeleton is defined in topology, and we call its approximation in pic-
ture analysis a topologic skeleton; they will be considered in detail in Chapter 5. Calcu-
lations of topologic skeletons attempt to digitize the concept of topology-preserving
continuous contraction by iterative thinning.

Such algorithms delete a set of border pixels or border voxels with special prop-
erties in one iteration (typically those picture elements are called simple pixel or sim-
ple voxel), and the result is the input for the next iteration, until a set of pixels or
voxels with special properties (e.g., all are non-simple or end elements) remains.
The remaining set of pixels or voxels constitutes the topologic skeleton of the pic-
ture. The original picture is not reconstructible (i.e., postulates defined by interests
in picture encoding will be violated).

One example as an alternative to iterative thinning as a topology-preserving
operation is discussed in (Glantz and Kropatsch 2001, Haxhimusa and Kropatsch
2003). Authors propose a dual graph contraction to compute a ”skeleton graph”. A
discussion of this approach is not part of this thesis.

3.3 Geometric Skeletons

About one hundred years after Listing’s definition of topologic skeletal curves, a
second mathematical approach (i.e., the medial axis) for describing skeletons has
been proposed for the continuous space in (Blum 1967).

The medial axis is an example of a geometrically defined skeletal curve. This sec-
tion reviews geometric skeletons , which are either approximations of skeletal curves
geometrically defined in continuous space, or directly defined in digital space by
geometric means.

Medial or Symmetric Axis

Let Br(p) be the Euclidean ball with radius r > 0 (with respect to the Euclidean
metric de) centered at point p in Rn. (For n = 2, we speak about a Euclidean disk.) An
Euclidean ball Br(p) is maximal in M ⊆ Rn iff Br(p) ⊆ M and there is no Euclidean
ball Bs(q) ⊆ M with Br(p) ⊂ Bs(q). The radius of a maximal ball in M ⊆ Rn equals
the minimum distance from its center to the frontier of M .

We call a point p ∈ M symmetric iff at least two different points q1 and q2 exist on
the frontier of M with de(p, q1) = de(p, q2). See Figure 3.1. Note that points on the
frontier of M cannot be symmetric.
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Figure 3.1: A subset of symmetric points in the Euclidean plane

13. DEFINITION. In 2D, the set of symmetric points of a compact set M ⊂ R2, each labeled
with the radius r of the associated disk, constitute the symmetric axis of M . Analogously, in
nD we use the radius of associated balls for defining the symmetric axis. The medial axis
of M is the set of centers of maximal (disks) balls totally included in M .

Note that this definition excludes points on the frontier of M from being mem-
bers of the symmetric axis. If desired, we can also consider the closure of the sym-
metric axis (i.e., branches then also contain their endpoints), and a point on the
frontier is then labeled by r = 0 if in the symmetric axis.

The medial axis is a subset of the symmetric axis. If the frontier of a disk (or ball)
would cross the frontier of M then points exist which are closer to the center and the
disk (or ball) is not maximal. For a convex set M the symmetric axis coincide with
the medial axis.

There are many approaches in picture analysis for calculating a medial axis of a
region M in a picture, using either Euclidean balls, or balls defined by other met-
rics (see Section 2.5 for alternative metrics, which define medial axis with respect to
the chosen metric). The mapping from a given region M into a set S of centers of
maximal discs (or balls), labeled by their corresponding radii r, is called medial axis
transform. The resulting set S of labeled picture elements is also typically referred
to as medial axis. See Figure 1.3 for an example of a d4-medial axis. There are only
two pixels in this medial axis. The non-connectedness of medial axes in the dis-
crete space is a drawback for shape representation applications, but not for picture
compression or encoding.

Medial axis transforms proceed often in two steps. At first, all the picture ele-
ments in a region M are labeled by the (shortest) distance to a picture element in M .
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This step is also called a distance transform. Then, the centers of maximal discs (or
balls) are identified followed by a postprocessing step which connects the elements
of the medial axis.

We just mention at this point that distance transforms for adjacency-related met-
rics (i.e., not, for example, for the Euclidean metric) can also be obtained by applying
morphologic operations (without further use of this approach later on in this thesis).
Let M be a subset of a picture, and B a structuring element (i.e., a “small” subset of
the grid). (MªkB) means k ≥ 0 successive erosions of M by B, with 0B = ∅. M ◦B

means the opening of M by B [(Serra 1982)].
A distance transform (defined by the structuring element) can then be defined in

terms of erosions and openings. Following (Serra 1982), the morphological skeleton S

of a region M can be calculated using the following:

S(M) =
K⋃

k=0

Sk(M)

with
Sk(M) = (M ª kB)− ((M ª kB) ◦B)

K is the number of the last iterative step before M erodes to an empty set. During
this process we label pixels in Sk(M) with k, which are still in the object at iteration
step k.

For example, for determining in 2D the labels of the d8- or d4-distance transform,
the structural elements are

1 1 1 0 1 0
1 1 1 1 1 1
1 1 1 0 1 0

respectively.

Grassfire Transform

(Calabi and Hartnett 1968, Montanari 1969) proposed an alternative approach for
calculating a digital version of a medial axis. The concept is called prairie fire or
grassfire transform.

Assume a fire front that starts at the same time at every point on the frontier of
a compact set M ⊂ Rn which moves with constant speed into M , locally perpen-
dicular to the frontier, until a fire front collides (at a point p ∈ M at time t) with
another fire front. These quench points p, labeled by t, define then a skeletal curve
which coincides with the Euclidean medial axis if the time scale is chosen such that
t is identical to the distance r to the frontier.
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The benefit of this approach is that it allows to calculate connected skeletal curves
when digitizing the concept of medial axes, by removing border points, layer by
layer, like peeling an onion, and stopping when two removal processes meet at one
pixel.

Voronoi Transform

Some authors [see, for example, (Breu et al. 1995)] describe skeletons based on
Voronoi diagrams in the continuous space. By above definition, symmetric axes
are sets of symmetric points which are equidistant from at least two points on the
frontier. They can be represented as subsets of the frontier of Voronoi cells, defined
within a compact set M by points on the frontier of M . (For further details, see the
reference.)

Middle-Line Transform

There are also many proposals for geometric skeletons based on heuristics. We only
give one example.

(Shapiro et al. 1981) uses frontier segments for the generation of skeletons. The
approach assumes that the frontier of an object M is very smooth. Oppositely lo-
cated segments A and B of the frontier are used to locate midpoints of a minimum-
base segment which is the shortest straight line between A and B. A simplified ver-
sion of this model assumes even that the frontier lines have vertical or horizontal
directions using the argument that it is possible to calculate the main direction of
patterns in some pictures. The approach is defined for the discrete 2D space, and it
works only for very special cases. It is also extremely noise- and rotation sensitive.
Its generalization to 3D seems to be not of interest for the determination of skeletons
in complex 3D structures such as segmented astrocytes.

3.4 Calculation of Geometric Skeletons

There are different ways to apply the mathematic models discussed above in digital
picture processing. One category of algorithms identifies sets of skeletal pixels or
voxels using distance transforms (see Chapter 4 for details on distance transforms).

For simplicity, the extraction of distance skeletons is often done by propaga-
ting distance transform values from already labeled adjacent points. Local maxima
(maximum of distance transform values in a given neighborhood) do not always
coincide with centers of maximal disks (or balls).
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Let t(p) be the result (i.e., distance value to M ) of a distance transform at pixel
p ∈ M . Assume that t(p) is a local maximum [“local” means within Nα(p)] in a
distance transform picture of M , where the distance transform was calculated with
respect to a metric d. Then p is the center of a maximal disk or ball if

t(q) < t(p) + d(p, q), ∀q ∈ Aα(p) (3.1)

The value t(p) represents [in some way, often in the form r = t(p) − 1] the radius
r of the maximal disk centered at p. The set of resulting centers of maximal disks
or balls, defining the skeleton in this case, depends on the chosen metric d and the
type of adjacency. (We discuss distance transform algorithms for different metrics
and neighborhoods in the next chapter.)

In discrete spaces, the identified skeleton is in general not connected, which vio-
lates common postulates as stated in Section 3.1. A sketch of a procedure to map a
disconnected skeleton into a connected one may be as follows:

(i) For initialization, calculated skeletal pixels are candidates for a final set of
skeletal picture elements.

(ii) Postprocessing steps are required to ensure topologic equivalence and to pro-
duce (connected) skeletons consisting of digital curves or arcs. The next chapter
includes a method as a proposal to solve this problem.

The set of skeletal picture elements, each labeled with the radius of the maximal
ball, forms the input data for a reverse distance transform which allows the reconstruc-
tion of the original objects. Algorithms to compute the reverse distance transform
are also discussed in Chapter 4.

3.5 Summary

This chapter describes informally expectations on skeletons for different purposes.
It informs about mathematical models for topologic or geometric skeletons, typi-
cally formulated in the continuous space. It also informs briefly about concepts for
calculating topologic or geometric skeletons in the discrete space.




