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Chapter 2

Basic Notions and Definitions

This chapter recalls briefly that part of digital geometry which is relevant for this thesis.
We review notations, concepts and definitions which are required for the following chapters.
Some of them we discuss more detailed.

2.1 Carrier of Pictures

We follow the introduction of basic definitions in (Rosenfeld and Klette 2002). We
assume an nD picture P which is composed of equally sized nD cubes, where edges
have length 1 and centers have integer coordinates.

2. DEFINITION. A digital picture P is a function defined on a discrete set C, which is a
subset of the nD regular orthogonal grid, with n ≥ 2. C is called the carrier of picture P .

Note that the carrier is specifying the general term of the domain of a function for
discrete pictures. The elements of C are either nD grid points in Zn, or mD grid cells
(called m-cells), for m ≤ n, whose vertices are half-integers. The first option defines
the grid point model, and the second the grid cell model. Note that we have 0-, 1-, ...,
and n-cells in the nD case, defining an underlying digital topology [equivalently
modeled by either the digital topology in (Khalimsky 1986), abstract cell complexes
in (Kovalevsky 1989), or incident pseudographs in (Klette and Rosenfeld 2004)].
Each of those two models will offer specific ways for discussing skeletal curves, and
we will use both in this thesis.

The range of a (scalar) picture is {0, ...Gmax}, with Gmax ≥ 1. The range of a
binary picture is {0, 1}, where 0 is identified with “white” and 1 with “black”. We
call the black elements p of a binary picture object elements, and the white elements p

non-object elements. For brevity, we call them sometimes also just 1’s and 0’s.
We are interested in shape simplification of (black) objects in binary pictures. 〈P 〉

is the set of all object elements p ∈ C (i.e., with P (p) = 1), and 〈P 〉 is the set of all
(white) non-object elements (i.e., P (p) = 0). Note that the complement of 〈P 〉 is
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taken with respect to the infinite digital space Zn, that means, all elements outside
of the carrier C are assumed to be non-object.

We use the term frontier for identifying the difference set between the topologic
closure of an open set and the set itself. For example, the frontier of a 2-cell is the
union of its four edges, also containing its four vertices, and the frontier of a 3-cell
is the union of its six faces, also containing its twelve edges and eight vertices.

Elements of a 2D (3D) picture are pixels (voxels), and, accordingly, we have object
pixels, object voxels, and so forth. Using the grid cell model, a pixel p is a square (2-
cell) in the Euclidean plane, possibly1 also containing some of the 0- or 1- cells of
its frontier; a voxel is a cube (3-cell) in the Euclidean space, possibly also containing
some of the 0-, 1-, or 2- cells of its frontier, where edges are of length 1 and parallel
to the coordinate axes, and centers have integer coordinates. Using the grid point
model, a 2D or 3D pixel or voxel location is a point in Z2 or Z3, respectively.

Let m ≤ n. Two picture elements (n-cells) p and q in the grid cell model are called
m-adjacent iff (read: if and only if) p 6= q and their frontiers (closures) share at least
one m-cell. Figure 2.1 shows three types of neighborhoods in 3D.

Figure 2.1: Neighborhoods (left) N2(p), (middle) N1(p) (right), and N0(p).

Adjacencies in the grid point model are named by cardinalities. 0-adjacency in
the grid cell model is dual to 8-adjacency in 2D, or 26-adjacency in 3D, if the grid
point model is used. 1-adjacency in the grid cell model is dual to 4-adjacency in 2D,
or 18-adjacency in 3D, if the grid point model is used. Finally, two voxel p and q

in the grid cell model are 2-adjacent iff both are 6-adjacent in the grid point model.
Altogether, we have adjacency relations Aα, α ∈ {0, 1, 2, 4, 6, 8, 18, 26}, for n = 2 or
n = 3, which are irreflexive and symmetric on a picture carrier C.

The α-neighborhood Nα(p) of a picture element p includes p and its α-adjacent
picture elements. The adjacency set of p is the set of all α-adjacent picture elements.
Let pi be the i-th coordinate of p. Assume an nD picture P and the grid point model.
We have the following

1Exactly defined by the underlying digital topology; see the assumed good-pair adjacency further
below.
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1. COROLLARY. The (3n − 1)-neighborhood of a picture element p equals

N3n−1(p) = {q ∈ Zn : max
1≤i≤n

|pi − qi| ≤ 1} (2.1)

and its 2n-neighborhood equals

N2n(p) = {q ∈ Zn :
n∑

i=1

|pi − qi| ≤ 1} (2.2)

Cardinalities of all other neighborhoods are between 3n and 2n + 1.
The transitive and reflexive closure of an adjacency relation defines connected-

ness. Two elements p, q ∈ C are α-connected with respect to M ⊆ C iff there is a
sequence of elements p = p0, p1, p2, ..., pn = q such that pi is α-adjacent to pi−1, for
1 ≤ i ≤ n, and all elements of this sequence are either in M , or all in the comple-
ment M of M . A subset M ⊆ C of a picture carrier is called α-connected iff M is not
empty and all points in M are pairwise α-connected with respect to set M itself. An
α-component of a subset S of C is a maximal α-connected subset of S. The study of
connectivity in digital pictures has been introduced in (Rosenfeld and Pfaltz 1966).

The infinite component of 0’s is called the background. A region is a finite compo-
nent. There are object regions of 1’s, non-object regions of 0’s (holes for n = 2 and
cavities for n = 3), and the background. This partitions the digital space Zn.

As common, to ensure a digital topologic space2 we use good pairs (3n − 1, 2n),
that means, (3n − 1)-adjacency for black elements p ∈ 〈P 〉, and 2n-adjacency for
white elements p ∈ 〈P 〉. We state an obvious conclusion:

2. COROLLARY. Object components are closed sets in the underlying digital topology.

For n = 2, the resulting region adjacency graph is a tree (Rosenfeld 1974). The
border of a set M of 1’s is the set of elements of M that are 2n-adjacent to M ; in case
of 0’s, the border is defined by (3n − 1)-adjacency. See Figure 2.2 for an illustration
for border versus frontier, and also for the following definition.

3. DEFINITION. The cubic adjacency set Ac(p) of an object picture element p is the union
of all closed object n-cells which are 0-adjacent to p. The cubic adjacency set of a non-object
picture element p is the union of all closed non-object n-cells which are (n − 1)-adjacent to
p.

Note that the closure of an n-cell is defined in the underlying digital topology.
(A set is closed iff, for every cell p in the set, the set also contains all the lower-
dimensional cells incident with p.)

23n − 1-adjacency defines closed sets, and 2n-adjacency defines open sets.
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Figure 2.2: Left: the border of this object region are all shaded pixels; its frontier is shown as
a bold line. Right: shaded cubic adjacency sets of a non-object pixel (top) and an object pixel
(bottom).

Let U , V , W be pairwise disjoint sets of picture elements. We say that V α-
separates U from W iff any α-path from an element in U to an element in W must
intersect V (i.e., must contain at least one element of V ).

Consider an operation on a picture which calculates a property for elements p in
P . This is a local operation iff its results, at any element p, only depend on values in
P within a neighborhood of p of fixed size (i.e., this size does not depend on the size
of the picture, on decisions within the calculation, and so forth).

2.2 Attachment Sets and Euler Characteristic

Attachment sets defined in the cell model are useful for characterizations of simple
elements. (Kong 1995) introduced the P -attachment set of a cell p for the grid cell
model, and we present it slightly modified for our purposes as follows:

4. DEFINITION. The P -attachment set Kp of an n-cell p in picture P is the union of all
m-cells (with 0 ≤ m < n) in the frontier of p that also lie on the frontier of an n-cell q 6= p

with P (p) = P (q).

Note that the cardinality of the P -attachment set equals 1 if it only contains a
single 0-cell; otherwise the cardinality of a non-empty P -attachment set is that of the
real numbers. Figure 2.3 shows an example for a 3D P -attachment set. To represent
a P -attachment set of a voxel we use Schlegel diagrams as proposed in (Kong 1995).
Such a diagram maps the frontier of a voxel into the plane, where one of the 2-cells
becomes the unbounded exterior face of the shown diagram.

The Euler characteristic χ(K) is defined in combinatorial topology (Aleksandrov
1956) as the alternating sum of αms which are the cardinalities of m-dimensional
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elements in a given complex K. In case of a P -attachment set we have [see (Gau
and Kong 2002) for n = 3]:

5. DEFINITION. The Euler characteristic χ(Kp) of the P -attachment set Kp of a picture
element p is equal to the number of 0-cells (in Kp) minus the number of 1-cells (in Kp) plus
the number of 2-cells (in Kp) . . . (plus or minus) the number of n− 1-cells (in Kp).

The P -attachment set in Figure 2.3 has six 0-cells, five 1-cells and one 2-cell; ac-
cordingly its Euler characteristic χ equals α0−α1 +α2 = 6−5+1 = 2. A basic result
in combinatorial topology is that the Euler characteristic equals the alternating sum
of the Betti numbers. Here we have χ = β0 − β1 = 2 − 0, because there are two
components, but no hole.

The Euler characteristic of a P -attachment set is easy to compute and can sim-
plify the identification of simple elements in thinning algorithms. Figure 2.4 pro-
vides another example. Here we have χ(K(p)) = α0 − α1 + α2 = 6 − 5 + 0 =
β0 − β1 = 2− 1 = 1.

2.3 Characteristic Numbers in the Grid Point Model

This section defines characteristic numbers which have been used in thinning al-
gorithms. The main purpose for their introduction was to find criteria for deleting
elements based on (local) neighborhood conditions. For 2D pictures the following
numbers are easy to compute.

A8(p) is the 8-adjacency set of p. Elements qi of this adjacency set are indexed
counter-clockwise as follows:

q4 q3 q2

q5 p q1

q6 q7 q8

6. DEFINITION. (Rutovitz 1966) The number of transitions from a 0 to a 1, or vice versa,
when the pixels of A8(p) are traversed in counterclockwise order in a picture P , is called

Figure 2.3: Left: we consider the voxel p located at the middle of this drawing; all the shown
voxels have identical P -values. Right: the P -attachment set of p in form of a Schlegel dia-
gram.
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Figure 2.4: An attachment set which has two components and one hole.

R-crossing number XR(p) and defined as follows:

XR(p) =
8∑

i=1

|P (qi+1)− P (qi)| where q9 = q1

Let XA(p) be the number of distinct 4-components of 1’s in A8(p). Then XA(p) =
XR(p)/2 if at least one element in A8(p) is a 0.

7. DEFINITION. (Hilditch 1969) The number of transitions from a 0 to a 1 when the pixels
in A8(p) are traversed in order in a picture P , cutting the corner between 8-adjacent 1’s, is
called H-crossing number XH(p):

XH(p) =
4∑

i=1

bi

where

bi =
{

1 if P (q2i−1) = 0 and (P (q2i) = 1 or P (q2i+1) = 1)
0 otherwise .

The H-crossing number is equivalent to the number of distinct 8-components of
1’s in A8(p) in case there is at least one 0 in A4(p), and the H-crossing number is
always equal to the number of distinct 4-adjacent 4-components of 0’s in A8(p).

8. DEFINITION. (Yokoi et al. 1975) The number of distinct 4-adjacent 4-components of 1’s
(0’s) is called connectivity number XY (p) (XY (p)) with:

XY (p) =
4∑

i=1

ai and XY (p) =
4∑

i=1

bi

where, in A8(p) and in picture P ,

ai = P (q2i−1)− P (q2i−1) · P (q2i) · P (q2i+1) with q9 = q1

and
bi = P (q2i−1)− P (q2i−1) · P (q2i) · P (q2i+1) with P (q) = 1− P (q)
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Note that the definition of bi for XH(p) and for XY (p) coincide. For the case of
3D pictures in the grid point model, we will also make use of the following:

9. DEFINITION. (Bertrand and Malandain 1994) Let p ∈ M ⊂ Z3. The geodesic
neighborhood G6(p,M) or G26(p,M) of voxel p is defined as follows:

1. G6(p,M) = (A6(p) ∩ M) ∪ {q ∈ (A18(p) ∩ M) | q is 6-adjacent to a voxel in
(A6(p) ∩M)}

2. G26(p,M) = A26(p) ∩M

The topologic number associated to p and M , denoted by Tα(p, M) for (α, α′) ∈ {(6, 26), (26, 6)}3,
is defined as the number of α-connected components of Gα(p,M).

The calculation of the topologic number for 3D pictures is not straightforward.
However, we use it for the characterization of 3D simple elements, and we will
explain a 3D thinning method based on this definition.

2.4 Digital Fundamental Group

Two regions are topologically equivalent iff the unions of their cells are homeomorphic
in the Euclidean topology. It follows, for example, that an object region can only be
topologically equivalent to another object region (because the unions of their cells
are closed sets in the Euclidean topology).

Following (Klette and Rosenfeld 2004), two nD pictures are topologically equiv-
alent iff they are isotopic in the underlying digital topology. It follows that two
pictures are topologically equivalent iff their rooted region adjacency trees are iso-
morphic, where the background defines the root for both pictures.

The fundamental group is defined in algebraic topology. There are different ways
to introduce the fundamental group into digital picture processing [see, for example,
(Kong 1989)]; in our context it is used as a tool to deal with topologically equivalent
pictures, or with simple elements. A 3D thinning algorithm must preserve the digi-
tal fundamental groups of a given binary picture, for all components of 〈P 〉 or 〈P 〉.
This ensures isotopy. We introduce the basic concept of a digital fundamental group
for the digital space. For the introduction of the α-homotopy relation we start with
a common definition: An α-path π of length l, from p to q in M ⊂ Zn, is a sequence
of elements (pi)i=0,...,l such that for 0 ≤ i < l the element pi is α-adjacent to pi+1,
with p0 = p and pl = q.

3Note that (α, α′) stands for a good pair adjacency: M is α-connected and the complement M is
α′-connected.
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The path π is a closed path if p = q, and it is called a simple path if pi 6= pj when
i 6= j (except for p0 and pl if the path is closed). Elements p0 and pl are called
end elements of π. Given a path π = (pk)k=0,...,l, we denote by π−1 the sequence
(p′k)k=0,...,l such that p′k = pl−k for k ∈ 0, ..., l.

Following (Fourey and Malgouyres 2003), let π = (pi)i=0,...,l and π′ = (p′k)k=0,...,l′

be two α-paths and pl = p′0. We denote by π
⊕

π′ the path p0, ..., pi−1, p
′
0, ..., p

′
l′

which is the concatenation of the given two paths.
For n = 3, two closed α-paths π and π′ in M ⊂ Z3 with the same end elements

are “almost identical” in M if they have identical parts such that π = π1

⊕
γ

⊕
π2

and π′ = π1

⊕
γ′

⊕
π2. The α-paths γ and γ′ have the same end elements, and they

are included in a 2× 2× 2 cube (a 2× 2 square for n = 2).

10. DEFINITION. (Fourey and Malgouyres 2003) Two α-paths π = (pi)i=0,...,l and π′ =
(p′k)k=0,...,l′ are α-homotopic with fixed end elements in M ⊂ Z3 if there exists a finite
sequence of α-paths π = π0, ..., πn = π′ such that, for i = 0, ...n − 1, the α-path πi and
πi+1 are almost identical with fixed end elements (abbreviated by π 'α π′) in M .

In Figure 2.5 the two 8-paths π1 and π2 are 8-homotopic with fixed end elements
p and q in M , the white areas inside the grey squares are non-object regions (holes
in M ). The path π3 is not 8-homotopic to π1 and it is not 8-homotopic to π2.

Figure 2.5: π1 and π2 are 8-homotopic

Let b be a fixed element of M that we call the base element, and let Aα
b (M) be the

set of all closed α-paths π = (pi)i=0,...,l which are included in M and b = p0 = pl.
The α-homotopy relation is an equivalence relation on Aα

b (M). We use the nota-
tion Eα(M, b) for the set of equivalence classes of this relation. If π ∈ Aα

b (M) then
[π]Eα(M,b) is the equivalence class of π.
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The concatenation of closed α-paths defines an operation on the set of equiv-
alence classes Eα(M, b) which associates to the class of π1 and the class of π2 the
class of π1

⊕
π2. With this associative operation we define a group for the set of all

equivalence classes.

11. DEFINITION. The α-fundamental group of M with base element b is the group of all
equivalence classes of closed α-paths in M with base element b under the concatenation.

Let us consider p and q as base elements in Figure 2.5. p and q are connected
by π1. It follows that the α-fundamental group of M with base element p and the
α-fundamental group of M with base element q are isomorphic.

Let N ⊂ M and M ⊂ Z3 and let b ∈ N be a base element. A closed α-path
in N is also a closed α-path in M . If two closed α-paths in N are homotopic then
they are also homotopic in M . The inclusion map i : N → M generates an group
isomorphism i∗ : Eα(N, b) → Eα(M, b). It associates the class of a closed α-path
π1 ∈ Aα

b (N) in Eα(N, b) to the class of the same α-path in Eα(M, b). We will use this
map in Chapter 5.

2.5 Metrics for Digital Pictures

In general, measurements require a metric space. We recall the well known Minkowski
metrics for the nD Euclidean space Rn:

Lm(p, q) = m
√
| x1 − y1 |m +...+ | xn − yn |m for m ≥ 1 (2.3)

and

L∞(p, q) = max{| x1 − y1 |, ... | xn − yn |} (2.4)

for two points p = (x1, x2, ..., xn) and q = (y1, y2, ...yn).
Picture processing uses a digital subspace of Rn. Based on the introduced ad-

jacency models (grid point model or cell model), algorithms have been developed
using discrete Minkowski metrics on those subspaces. Let p, q ∈ Z2 be grid points.
The city-block metric or Manhattan metric for the 2D grid is defined as follows:

d4(p, q) =| x1 − y1 | + | x2 − y2 | (2.5)

Obviously, the d4-metric coincides with the 2D Minkowski metric L1. Analogously,
the d6(p, q) for the 3D space coincides with the 3D Minkowski metric L1.

The d8-metric is known as chessboard metric. It is defined for the 2D grid as fol-
lows:

d8(p, q) = max{| x1 − y1 |, | x2 − y2 |} (2.6)
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The d8-metric coincides with the 2D Minkowski metric L∞. Analogously, the d26(p, q)
for the 3D space coincides with the 3D Minkowski metric L∞.

The Euclidean metric de defines the Euclidean space En = [Rn, de]. de(p, q) equals
the length of a straight line segment between points p = (x1, x2, ..., xn) and q =
(y1, y2, ...yn) and is defined as follows:

de(p, q) =
√

(x1 − y1)2 + ... + (xn − yn)2 (2.7)

This metric coincides with the Minkowski metric L2(p, q), and the result is a real
number. The digital geometry literature offers a diversity of metrics, often with the
intention to approximate the Euclidean distance while retaining the simplicity of
algorithms. The following theorem [see, e.g., (Klette and Rosenfeld 2004)] provides
a theoretical background for some of those approximations .

1. THEOREM.

d8(p, q) ≤ de(p, q) ≤ d4(p, q) ≤ 2 · d8(p, q) (2.8)

for all p, q ∈ R2,

d26(p, q) ≤ de(p, q) ≤ d6(p, q) ≤ 3 · d26(p, q) (2.9)

for all p, q ∈ R3, and

d26(p, q) ≤ d18(p, q) ≤ de(p, q) (2.10)

for all p, q ∈ Z3 such that de(p, q) 6= √
3.

It is common to use different metrics for the calculation of distance skeletons,
which are realizations of digital medial axes (based, for example, on heuristics to
ensure connectedness of the distance skeleton for a given connected set).

Depending on the choice of the metric (and of the applied heuristics), the calcu-
lation of distances in digital pictures deliver different distance skeletons.

For example, in Figures 2.6 and 2.7, skeletons are local maxima of distance maps
(see Chapter 4), calculated with different metrics.

For approximations of the Euclidean distance, some authors suggested the use
of different weights for steps within a grid point neighborhood (Sanniti di Baja
1994). (Montanari 1968) introduced quasi-Euclidean distances, such as (d4(p, q) +
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Figure 2.6: Local maxima of distance maps, calculated with d4-metric (left), d8-metric (mid-
dle) and de-metric (right).

Figure 2.7: Left: d4-metric, middle: d8-metric, right: de-metric.

d8(p, q))/2 or (d4(p, q) + 2 · d8(p, q))/3, for reasonable approximations of Euclidean
distances.

Chamfering4 is a general method of defining metrics in a grid using weights for
individual steps in the grid.

12. DEFINITION. Given are a neighborhood and weights for steps in this neighborhood.
The chamfer distance between two elements p and q is the minimum total weight of an arc
between p and q.

The method is closely related to the choice of a particular neighborhood in the nD
grid.

For example, consider the possible steps in the 8-neighborhood in the 2D grid.
Assume real weights a or b for isothetic or diagonal steps, respectively. Weights have
to satisfy criteria such that the resulting distance function is a metric. The chamfer

4The name originates from the technological processes when chamfering an edge (of metal, timber,
and so forth).



22 2. Basic Notions and Definitions

distance defined by a and b is a metric iff 0 < a ≤ b ≤ 2 · a (the Montanari condi-
tion). For example, values a = 3 and b = 4 (c = 5 for 3D) satisfy this condition and
are often used in applications. Optimizing those weights and using larger neigh-
borhoods are methods to reduce approximation errors by retaining the simplicity of
algorithms (Borgefors 2005) which are based on local operations.

2.6 Summary

This chapter provided an overview of used notions such as adjacency, neighbor-
hoods, connectedness, the grid point model, or the cell model. It also introduced
briefly more specific concepts such as attachment sets, the digital fundamental group,
or different types of metrics, which are used in this thesis.




