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Chapter 5
Initial conditions

The non-linearity of the MOND equation increases considerably the difficulties that have
to be faced when calculating the gravitational potential. Consequently, before to solve
the MOND equation for a given system, it is customary to study first the raw properties
of the solution to check if it is in the Newtonian regime. If that is case, there is no
need to include MONDian effects and the computations can be greatly simplified. In the
context of cosmology, it is usual to assume that this is the case for the early universe.
This gives the posibility to determine the initial conditions for calculations of non-linear
cosmological evolution by means of well known and tested algorithms based on standard
gravity. However, the approach has a possible drawback: the calculation that supports
the premise that the accelerations are high enough on the early universe is made over
sherically symmetric overdense regions and hence, it excludes effects that could be present
in the general case. One example of such effects is the cancelation of forces that should
exist in the zone that lies between overdense regions, which should give pure MONDian
forces even in cases in which the overdense regions are fully Newtonian. Underdense
spherical regions are also excluded in the usual analysis. Therefore, before assume the
hypothesis as valid, the importance of this neglected effects must be quantified. A self
consistent calculation of the accelerations in realistic situations is mandatory to give a
definitive answer on this matter.

The first section of this chapter will present a detailed calculation of the acceleration
field at high redshift. Instead of treating only overdense regions, the accelerations will be
computed solving the Poisson’s and MOND equations on a grid for density fields obtained
as random realizations of different power spectra. The spectra will be motivated in
different cosmological models and given at different redshifts. The outcome of the study
is that, in effect, at high redshift, there are regions of space in which the accelerations
are in the MONDian regime, expecially on the low density cosmological models asociated
with MOND.

In order to relax the above mentioned approximation, a different method to generate
the initial conditions for particles needs to be developed. An effort in this direction will
be presented in the second part of the chapter. The section will start describing the
standard method, which is based on the analytic solutions of the growth equation and
the Zeldovich approximation. Afterwards, a different method will be proposed, which
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ID Ωb Ωc ΩΛ Ων H0 Ωtot Motivation
A 0.053 0.206 0.741 0 72.4 0.259 ΛCDM
B 0.053 0 0.947 0 72.4 0.053 ΛCDM no dark matter
C 0.047 0 0.724 0.229 71.5 0.276 Angus with massive ν

Table 5.1: Cosmological models for which the accelerations were calculated. See text
for explanation.

consist on starting the N-body simulation at a redshift close to recombination, which is
much higher than usual. The difference with respect to the standard N-body algorithm
is that, during the early evolution, the density needed as source of the field equation will
be calculated, not from the position of the particles, but as numerical solutions of the
generalized MONDian growth equation. Tests will be presented as well as results from
cosmological simulations that were run with this initial conditions.

The section will present also an algorithm to solve a particular class of generalized
growth equations. The method will be tested using the standard growth equation in
combination with MOND. Results from simulations made with this new solutions will be
also presented. Finally, the conclusions of the chapter will be sumarized in section 5.3.

5.1 The accelerations at high redshift
The purpose of this section is to measure in a precise, self-consistent manner and without
symmetry assumptions the value of the accelerations that are present at high redshift,
close to recombination. After giving an explanation of the plan for the analysis, technical
details will be provided about the realizations of the over-density fields as well as the
test that were made to them. Later on, a comparison between Newtonian and MONDian
forces will be presented for different cosmological models and at different redshifts.

5.1.1 Calculation of the accelerations
The calculation of the accelerations was made by solving the field equation for the gravi-
tational potential on a uniform Cartesian grid. The source of the equation was computed,
for different cosmological models, as random realizations of their corresponding power
spectrum of overdensity perturbations. Two gravitational models were studied: the stan-
dard one, which is defined in the Newtonian gauge by eq.2.8 and the quasi-linear version
of MOND (Milgrom 2010b), whose field equations are derived in appendix D. Prelimi-
nary tests made with the BM equation (eq.2.14) show that the results are not sensitive
to the particular formulation used for MOND. On the contrary, the form of the argument
of the µ function plays a fundamental role. The following argument was chosen:

x = ∇φ
aa0

, (5.1)

which is the result that naturally comes from the comoving change of variables (eq.2.5)
which was discussed in section 2.1.1. The acceleration constant a0 will be assumed
independent of redshift.
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The gradient of the potential, which is necessary to obtain the forces, was calculated
with a second order discretization formula given for the component x1 by:(

∂φ

∂x1

)
i,j,k

= φi+1,j,k − φi−1,j,k

2h
(5.2)

were h is the spacing of the grid and φi,j,k is the value of the potential in the node (i, j, k).
The forces were normalized during the analysis with the product aa0, which gives

the argument x of the µ function and hence the quantity that defines if the accelerations
are in the Newtonian or MONDian regime. For values of x � 1, the MOND equation
will approach the standard Poisson’s equation and the physics will become Newtonian.
The opposite happens for values of x ≤ 1. Only results for the simple version of the µ
function (eq.1.62) will be shown. Tests were made also with the standard µ function and
the overall conclusions remained unchanged.

The power spectra needed to define the source of the field equation were calculated
with standard gravity usign the code CMBFAST (Seljak & Zaldarriaga 1996). Table 5.1
shows the parameters of the cosmological models that were studied. The models were
taken from Angus (2009) and include a standard ΛCDM model, a model using only a
baryonic component and a model with a massive neutrino component which was added to
improve the fitting of the angular power spectrum of the CMB (see section 1.5 for details).
All the models are flat, requirement that was fulfilled by adding the necessary amount
of dark energy. The calculation was made at three different redshifts (z=1000, 250 and
50), which go from the redshift of recombination to the minimum usually employed when
generating initial conditions for cosmological simulations.

5.1.2 Generating a realization of the power spectrum
The perturbations were assumed to be Gaussian, which means that the Fourier transform
of the overdensity field has the form:

δ̂ = P (k)(a+ ib), (5.3)

where a and b are Gaussian distributed numbers, with zero mean and dispersion 1/
√

2.
The method that was employed to generate the realizations of the power spectra P (k)
consist of making first a realization of δ̂ in Fourier space and then inverting it to get
the density perturbations on the configuration space. As the outcoming density must be
real, the numbers a and b must be hermitic conjugates, which was taken in account for
the realizations presented here.

The derivation of the power spectra from the transfer functions provided by CMB-
FAST was made according to the following expresion:

P (k) = 2π2T 2(k)kh
(
kh

kp

)ns−1
A′h3, (5.4)

where the transfer function T is the output of the code cmbfast and the constant A′
is the primordial amplitude at the pivot scale kp. In case that the units are chosen as
[P]=Mpc3/h3 and [k]=h/k, the value of A′ is 2.4−9, with kp = 0.05 1/Mpc. Finally, ns
is the spectral index which was assumed to be 1.
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Figure 5.1: Example of a real-
ization of the model B. The con-
tinuous line is the input power
spectrum obtained with cmbfast
and the dashed line the power
spectrum obtained from the re-
alization on the grid.

The code CMBFAST gives separate transfer functions for each component of the
requested model. Only two components were taken into account: baryons and dark
matter (in its standard form and as massive neutrinos). The realizations where made for
each component separately and the total over-density that constitutes the source of the
Poisson’s equation was calculated as:

δ = δbρ0,b + δdmρ0,dm

ρ0,b + ρ0,dm
, (5.5)

where δb and δdm are the over-densities in baryonic and dark matter components ob-
tained from the transfer functions given by CMBFAST in combination with eq.5.4. The
quantities ρ0,b and ρ0,dm are the unperturbed values of the density, which are given by
the definition of the model. The source for the field equation was finally constructed
using this total over-density (eq.5.5) in the form presented in eq.2.19.

A test

In order to measure the accuracy of the over-density realizations, their power spectrum
was calculated from the grid and compared with the one that was used as input. Fig.5.1
shows this comparison for the model B in table 5.1, which does not include dark matter
and hence it is the one in which the baryonic oscillations are not diluted and are dominant
features in the form of the power spectrum. The box size used for this example is 128
Mpc/h and the grid in which the realization was constructed has 512 cells per dimension,
which corresponds to a spatial resolution of .25 Mpc/h. The continuous line represents
the input power spectrum computed with CMBFAST, while the dashed line is the power
spectrum recovered from the grid using the normalization given in appendix C. The plot
shows that the program is able to recover the baryon oscillations at high frequencies.
At low frequencies, the low number of points that is present in that range makes the
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Figure 5.2: Up: distributions of New-
tonian (left) and MONDian (right) accel-
erations for the model A using a box of
128 Mpc/h and a grid with 512 nodes
per dimension. Five different realizations
are shown, for three different redshifts.
Down: comparison between Newtonian
and MONDian accelerations for one of the
realizations presented in the upper plots.

oscillations to be more difficult to reproduce, but the overall form of the power spectrum
is well described.

5.1.3 The accelerations for a standard power spectrum
In spite that the main interest is to calculate the accelerations for low density models
(i.e. those that do not include dark matter in the scales of galaxies), the behavior
of the solutions for a standard cosmological model will be presented to be taken as a
reference point. Convergence tests related to changes in resolution and box size will also
be described.

The value of Newtonian and MONDian accelerations

The left panel of Fig.5.2 shows the distribution of normalized accelerations obtained for
the model A in table 5.1 using a box size of 128 Mpc/h and a grid of 512 nodes per
dimension (0.25 Mpc/h of spatial resolution). In order to determine the importance of
cosmic variance effects, five realizations were made for each of the three redshifts studied
(z=1000, 250 and 50) using different initial seeds for the random numbers generator. The
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Figure 5.3: Up-left: over-density distribution for a layer of the realization made in a
box of 128 Mpc/h of side length with a resolution of 512 cell per dimension at redshift
z = 1000. Down: Newtonian and MONDian (left and right) accelerations corresponding
to the same density distribution normalized with the quantity aa0. Up-right: ratio
between the Newtonian and the MONDian accelerations.

basic behavior of the distributions is the expected one: the high end of the domain is
above one, which means that the forces that correspond to the density peaks are indeed
Newtonian. The redshift behavior of the distribution agrees also with the expectations,
since the higher accelerations corresponds to higher redshifts. At redshift z=50, almost
the complete domain of the distribution is below one, which means that at that moment
the universe is almost fully MONDian. The cosmic variance effects are not dominant in
the distribution.

The right panel of Fig.5.2 shows the results obtained for the same realizations, but
solving the MOND equation. Even the curves corresponding to the CMB show the
presence of MONDian effects: the lower tail of the distribution is shifted towards high
values. In order to make a better comparison between the two gravitational models, the
bottom panel of the same figure shows the Newtonian (thin lines) and MONDian (thick
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Figure 5.4: Same as Fig.5.3 for redshift z=50.

lines) distributions for one of the realizations shown before.

To give a better idea of the spatial distribution of the accelerations, Figs.5.3 and
5.4 show the quantities under study for a slide of the box for one particular realization
and two different redshifts (z=1000 and z=50). The upper-left panel shows the over-
density distribution and the two lower panels the Newtonian (left) and MONDian (right)
normalized forces. Note that the color palette used for this two panels is the same
for each redshift, so they can be directly compared. The upper-right panel shows the
ratio between the two forces, which makes evident the complexity of the MONDian
solutions. The largest discrepancies between the two gravitational models are present
(as the histograms in Fig.5.2 already show) in the places were the Newtonian forces are
small. In those places, Newtonian and MONDian accelerations can differ up to a factor
of 2 at decoupling.
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Figure 5.5: Effect of changing the resolution on one of the realizations presented in
Fig.5.2. Four resolutions are shown, which going from thickest to thinnest lines cor-
responds to grids of 512, 128, 64 and 32 nodes per dimension. The distribution of
Newtonian (left) and MONDian accelerations (right) are shown separately.

Resolution effects

The sensitivity of the results under changes in resolution was determined repeating the
calculations on coarser grids. In order to keep the same patterns in the density distribu-
tion, the realizations were made in first place on the high resolution grid with 512 nodes
per dimension. The values on the coarser grids were obtained by means of a straight
injection restriction, which consist in defining the values on each node on the coarse grid
as coming from the corresponding node on the fine grid (e.g. Trottenberg et al. 2000).
This kind of restriction requires the nodes of both grid to be cospatialy related.

The left panel of Fig.5.5 shows the distributions of Newtonian accelerations for one
of the realizations shown before (Fig.5.2), but with the potential and forces calculated
on the coarser grids. The width of the lines identify the resolution employed during the
calculation. From thickest to thinnest, the curves correspond to grids 512 (the one that
was already shown), 128, 64 and 32, which have spatial resolutions of 0.25, 1, 2 and 4
Mpc/h respectively. The figure shows that the result is converged for grids between 512
and 128, which is proven by the fact that the curves corresponding to these resolutions
lie all of them in top of each other. For lower resolutions, there is a tendency of obtaining
higher accelerations when using coarser grids. It is interesting to note that the form of the
distribution does not change with resolution. The curves are shifted without changing
its form.

In the case of MOND, the behavior at redshift z=1000 is the same as for Newton: the
distribution conserves its form and moves towards high accelerations when the resolution
is restricted below 128 nodes per dimenssion. For lower redshifts, the grid 128 can not
conserve the properties of the high resolution grid. Now the distribution is modified on
both sides. Its form changes, moving its high and low wings to higher and lower values
respectively.

More important are the modifications induced by changes on the size of the box,
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Figure 5.6: Effects of changing the size of the box over the accelerations. The plots
are the same presented in the upper plots in Fig.5.2 but for two different box sizes (64
Mcp/h in the upper row and 32 Mpc/h in the lower one).

which is the subject of next paragraph.

The importance of large scales

Changes in resolution have the net effect of subtracting the information given by the
power spectrum on the high frequency side. Now, the effects of subtracting information
on the low frequency part will be investigated. This can be accomplished by reducing
the size of the box.

There are two reasons for which a reduction of the size of the box can affect the force
field. In first place, for isolated systems and large enough distances, the MONDian forces
are proportional to 1/r instead of 1/r2 as in Newtonian gravity. This makes MOND forces
longer range than the Newtonian ones. Consequently, to work in a MONDian context
requires to take into account the environment at farther distances. The question is: how
far it is necessary to go from a given system until the environment can be neglected? In
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Figure 5.7: Distributions of Newtonian (left) and MONDian (right) accelerations for
the model B (top) and C (bottom) using a box of 128 Mpc/h and a grid with 512 nodes
per dimension. Five different realizations are shown, for three different redshifts. Note
that the limits of the axis are different for each model.

the context of numerical cosmology, the question reads: how big has to be the size of the
box in order to give stable results?

The other effect that should be associated with the box size is the external field effect,
which is a consequence of the non-linearity of the MOND equation and is related to the
fact that the forces generated by a system are different in the case that the system is in
isolation or immersed in an external field. The effect was studied for instance by Wu et al.
(2008) in the context of galactic potentials, but there is no study in which the external
field is calculated in a self consistent way. In the present study, changes in the box size
could imply changes in the mean gravitational field, that will lead to modifications in
the forces that are generated by individual overdense regions.

In order to investigate the importance of this effects, one could be tempted to work
in the same way as when the resolution was reduced, i.e. to set up one density real-
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Figure 5.8: Comparison between Newtonian (thin lines) and MONDian (thick lines)
accelerations for one of the realizations presented in Fig.5.7 for the model B (left) and C
(right).

ization and to calculate the accelerations while cutting the box to smaller and smaller
boxes. This procedure has the disadvantage that once the box is cut, the density is not
periodic anymore and it is not possible to obtain periodic solutions of the field equation.
Independent realizations with different box sizes must be done, but it was already shown
that the cosmic variance could be non negligible, neither in Newton, neither in MOND.
Therefore, it is necessary to make many realizations for each box size under study.

Fig.5.6 shows the result for five different realizations at the same three redshifts
studied before for Newtonian (left) and MONDian (right) gravity. The box sizes employed
are 64 (upper row) and 32 Mpc/h (lower row) and the resolutions are 256 and 128 nodes
per dimension respectively. The grids were chosen in a way that the spatial resolution
is the same for all the boxes (.25 Mpc/h), including the 128 Mpc/h box presented in
the previous paragraph (Fig.5.2). Thus, the distributions shown here can be directly
compared with those in previous analysis. The outcome of this computations is that
the accelerations given by the original box (128 Mpc/h) could be not converged and
that reducing the box size has the net effect of reducing the accelerations and hence
increasing the impact of MOND. A large box size should be investigated to confirm this
result. The effects of cosmic variance are of the same order as before, at least with the
few realizations that were tested here.

To reduce the size of the box from 128 to 64 Mpc/h gives differences that are com-
parable to those related with the cosmic variance. Reducing again the box size to 32
Mpc/h gives accelerations that differ a factor of two from the original ones, which can
not be hidden by changing the initial seed and that should not be neglected. This is a
very important result since it gives an indication that spherical colapse models usually
employed to study linear evolution and which neglect the precense of the environment
could be strongly biased. This issue will be discussed in detail in section 5.2.4, where
self-consistent solution of the standard growth equation coupled to MOND will be pre-
sented.
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Figure 5.9: Same as in Fig.5.3 but for the model C. The realization was made with
the same initial seed that the one used in Fig.5.3 and hence the figures can be directly
compared.

5.1.4 The accelerations for cosmological models with
MONDian motivation

The analysis shown in section 5.1.3 serves as a reference point for the behavior of the
solutions of the field equations, but it is still inconsistent due to the fact that a ΛCDM
model does not match MONDian gravity. Therefore, the calculations were repeated
using the models B and C in table 5.1, which are expected to be more appropriated for
MOND. The model B is the same as the model A studied before, but with the dark
matter component removed. As it is know that this model does not fit the angular power
spectrum of the CMB, the model proposed in Angus (2009) with a massive neutrino
component was also studied.

The accelerations were calculated for this models in the same way as presented in
previous sections. Fig.5.7 shows the results for a box of 128 Mpc/h and a grid of 512
nodes per dimension. The plots are directly comparable with those shown in Fig.5.2 and
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Figure 5.10: Effect of changing the resolution on one of the realizations showed in
Fig.5.7 for the model C. Four resolutions are shown, which, going from thickest to thinnest
lines, correspond to grids of 512, 128, 64 and 32 nodes per dimension. The distribution
of Newtonian (left) and MONDian accelerations (right) are shown separately.

show the distribution of accelerations for the two models (B and C) and both gravities
(Newtonian and MONDian). Both models show larger effects related to cosmic variance
with respect to the model A (the dispersion between the curves for a given redshift
and different initial seeds is much larger). In the model B, the absence of dark matter
perturbations on small scales, makes the accelerations to be much smaller than for the
model A. The addition of neutrinos boosts the accelerations, but is still not enough to
bring them to the levels found for the model A. In other words, the presence of MOND
is increased at any redshift for both models. This can be seen in Fig.5.8, which shows a
comparison between the two gravities for both models and a given initial seed.

Fig.5.9 shows the spatial distribution of the overdensity and accelerations fields corre-
sponding to the model C for redshift z=1000. The initial seed used for this figures is the
same used for the corresponding figures of the model A (Figs.5.3 and 5.4), so the fields
are comparable. A detailed inspection of the force fields shows that the ones presented
here are very similar in its large scale distribution to those corresponding to the model
A, but the ratio between Newtonian and MONDian forces has larger differences, with
a much smoother behavior in the model C than in the A. The areas in which the ratio
adopts higher values with respect to the mean, are much larger here that for the model
A.

Resolution effects

Resolution analysis were made for the model C degrading the resolution of the over-
density realizations in the same way that was explained in section 5.1.3. The result is that,
owing to the fact that the power spectrum has an exponential cut-off, the accelerations
are insensitive to changes in resolution (at least for the resolutions tested here). Fig.5.10,
shows the histograms for the grids 512, 128, 64 and 32 for Newtonian (left) and MONDian
(right) gravity. All of them lie in top of each other.
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Figure 5.11: Effects of changing the box size over the accelerations for the model C.
The plots are the same presented in the lower plots of Fig.5.7 but for two different box
sizes (64 Mcp/h in the upper row and 32 Mpc/h in the lower one). Note that the limits
of the axis are different for each box size.

The importance of large scales

The sensitivity of the results against changes in the box size was studied for the model C
and catastrophic results were found. The tendency of obtaining smaller accelerations for
smaller boxes that was found in the ΛCDM results is conserved and increased. Changes
of around two orders of magnitude between the results of the 128 Mpc/h box and the
one with 32 Mpc/h are present.

Owing to the fact that large scales are dominant for the kind of power spectrum used
in the model C, cosmic variance effects are also increase. This can be explained by the
fact that the smallest box tested has a size comparable with the large blobs present in
the density field. To change the initial seed, implies to change for instance from a density
distribution dominated with voids to a density distribution dominated by density peaks,
giving completely different distributions of the accelerations. The form of the distribution



5.2: Generating initial conditions for MOND 113

also changes with the initial seed.
The conclusion that can be obtained from this study is that small boxes (smaller

of equal to 128 Mpc/h) are not adequate to study accelerations, with the consequence
that they give also a non-accurate evolution in cosmological simulations. In order to
determine the minimum box size that should be used in simulations, the calculations
presented here should be repeated using larger boxes.

5.2 Generating initial conditions for particles
under MOND

The previous section has proved that, for the cosmological models that are expected to be
used in combination with MOND, the accelerations at high redshift are not enough strong
to avoid MOND effects. The direct implication of this result is that initial conditions for
cosmological simulations must be calculated taking into account MOND. The aim of this
section is to make a contribution in this direction by proposing a method to generate
initial conditions which is based on generalized versions of the linear theory.

The section is structured as follows: section 5.2.1 will briefly review the standard
methodology employed to generate initial conditions with standard gravity. The outcome
of the analysis will be that the main assumption implicit in the method is the fact that the
solutions of the growth equation are scale free. As this is not anymore the case for MOND,
a different method will be proposed in section 5.2.2. An example its implementation based
on numerical solutions of Sanders’s equation (Sanders 2001) will be described in section
5.2.3. In the search for an understanding of the effects of using spherical models to solve
MONDian growth equations, section 5.2.4 will present a self consistent solution of the
standard growth equation coupled to the MOND field equation. Finally, this solutions
will be employed in section 5.2.5 to show its consequences on non-linear evolution.

5.2.1 The standard method

Strictly speaking, N-body cosmological simulations could be started at the redshift of
recombination, which is the one from where the initial power spectrum is obtained from
CMB observations. Yet, there is a problem with this approach: over-density perturba-
tions at redshift z = 1000 are of the order of 10−5 (e.g. Angus 2009). To represent this
over-densities on a grid of, for instance, 256 nodes per dimension on a box of 100 Mpc/h
using the nearest grid point (NGP) smoothing technique (Hockney & Eastwood 1988),
more than 100003 particles will be needed, which is far from the possibilities of present
computers. The solution to this problem is to set up, in first place, the initial conditions
at redshift z = 1000 using a uniform sample given for instance by a Cartesian grid or a
glass configuration (e.g. White 1994). Next, a big first time step is made using, instead
of the density represented by the particles, the density that comes out from the linear
growth theory studied in section 1.2.2. The equations involved on the calculation of this
displacements are the linearized geodesic equation coupled to the field equation for the
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gravitational potential and the linear growth equation of density perturbations:

ẍi + 2Hẋi + 1
a2

∂φ

∂xi
= 0 (5.6)

δ̈ + 2Hδ̇ − 1
a2∇

2φ = 0 (5.7)

∇2φ = 3
2
H2

0Ω0

a
δ, (5.8)

Note that the source of the Poisson’s equation was written in the form given by equation
2.19 as a function of the over-density δ. The solutions of the growth equation were already
described in section 1.2.2, where it was proven that the linearly evolved over-density can
be written as:

δ(t) = D(t)
DI

δI . (5.9)

where δI and DI and the values of δ and D at the initial time and the normalization of
D is defined for instance as 1 at redshift 0.

The Solution of the equation of motion can be calculated under the assumption that
the trajectories at high redshift are straight lines. This being the case, the solution is
separable and can be written in the following way:

xi(t) = Af(t)gi(x) +B + xiI (5.10)

where f and gi are the temporal and spatial components of the solution, A and B are
integration constants and xI is the position of the particle at some initial time tI , which
will be given, for instance, as the time corresponding to the CMB (z ∼ 1000). By
plugging this solution into the geodesics equation (eq.5.6), one obtains:

A
[
f̈gi + 2Hḟgi

]
+ 1
a2

∂φ

∂xi
= 0, (5.11)

which can be rewritten as:

A
giDI

δI

[
f̈

DI
δI + 2H ḟ

DI
δI −

∇2φ

a2

]
+
[
A
giDI

δI

∇2φ

a2 + 1
a2

∂φ

∂xi

]
= 0, (5.12)

where the initial overdensity δI and the value of the growing solution of the growth
equation at the initial time DI were used. In case that one recognizes in the first bracket
of this expression the left hand side of the growth equation (eq.5.7), one can choose
f = D, were D is the growing solution of the growth equation normalized for instance
to 1 at redshift z = 0. This solution makes the first bracket in eq.5.12 to vanish and
one just need to prove that the function gi is independent of time. This can be verified
by taking into account that the solution of the Poisson’s equation in the linear regime is
given by

φ(t) = aID(t)
aDI

φI , (5.13)

where φI is the value of the gravitational potential φ at the initial time tI and the
quantities aI and a are the expansion factor at times tI and t. Substitution of this
solution into eq.5.12 gives:

gi = −2
3

aI
H2

0Ω0

1
ADI

(
∂φ

∂xi

)
I

, (5.14)
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which is indeed independent of time.
Putting together the solutions f and gi in eq.5.10, one finds that the position of the

particles evolved linearly from the initial time tI to t is given by:

x(t) = 2
3

aI
H2

0Ω0

D

DI

(
∂φ

∂xi

)
I

+B + xI . (5.15)

The constant A is already fixed by the normalization of the solution of the growth
equation. The value of B can be computed evaluating the displacements in tI , which
gives:

B = 2
3

aI
H2

0Ω0

(
∂φ

∂xi

)
I

. (5.16)

Finally, the solution for the linear displacements is

x(t) = xI −
2
3

aI
H2

0Ω0

(
D

DI
− 1
)(

∂φ

∂xi

)
I

, (5.17)

which is the so called Zeldovich approximation (Zel’Dovich 1970) and is valid even in the
mildly non-linear regime, until shell crossing occurs.

The velocities that the particles will have after the displacements were made can be
calculated from the relation given by eq.1.34. Proposing again a separable solution:

vi(t) = Ae(t)hi(x) +B (5.18)

and following a procedure similar to the one described before for the displacements, one
obtains that the velocities at time t are given by:

v(t) = −2
3

aI
H2

0Ω0

Ḋ

DI

(
∂φ

∂xi

)
I

, (5.19)

where Ḋ is the time derivative of the growing solution of the growth equation at time t.
The Zeldovich approximation is used to make the first time step mentioned above

from tI until a moment in which the perturbations in the density are large enough to
accept a description made by particles through eq.1.49. Once this first time step is done,
the N-body simulation starts in the usual self-consistent way, in which the source of the
field equation is estimated from the particles using a smoothing kernel as in eq. 1.49. The
redshift in which the self-consistent evolution usually starts corresponds to a moment in
which the overdensity is order 1, but not larger than that. In the standard case, the
typical values are between z=100 to 50, depending on the box size and resolution.

The calculation of the Zeldovich displacements is based on the facts that the growth
equation has a scale independent solution and that the Poisson’s equation is linear. Since
none of these assumptions is valid in MOND, a different approach should be developed.
That is the purpose of the next section.

5.2.2 A method for non-linear gravities
The last section described the standard method used to initialize cosmological simula-
tions. As the method relies on the linearity of the growth and Poisson’s equations, it
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must be generalized before to be applied to the non-linear case. The method that is
proposed here is based on the same idea that the standard method: a set of particles
initially in a uniform grid or a glass configuration at redshift z = 1000 is evolved with
linear support until the initial redshift of the simulation. In the MONDian case, the
equations 5.6 to 5.8 that were previously used to calculate the initial displacements will
be substituted by the following generalized equations:

ẍi + 2Hẋi + 1
a2

∂φ

∂xi
= 0 (5.20)

L(δ, φ, ∂nφ, a,x) = 0 (5.21)

∇ ·
[
µ

(
|∇Φ|
aa0

)
∇Φ
]

= 3
2
H0Ω0

a
δ (5.22)

where the MOND equation derived in section 2.1.1 takes the place of the Poisson’s
equation and L is the differential operator associated to the generalized growth equation,
which is expected to be a function of the over-density, the potential and its derivatives
and the expansion factor. This equation is still not fixed from the theoretical side and
hence it will be kept written in a general way for the moment. As discussed in section
2.1.1, the geodesics equation remains unaltered.

The growth equation has a least an implicit non-linearity through the equation for
the gravitational potential and a possible explicit non-linearity in its own differential
operator. Consequently, it is not possible anymore to obtain analytic solutions of this
equation. Furthermore, there is no warranty that the solutions of eq.5.21 will be scale
independent, so the Zeldovich approximation can not be employed to calculate the initial
displacements of the particles. The alternative approach proposed here is the following
one: instead of making a big initial time step, the simulation will start at redshift z = 1000
using the usual leap-frog scheme, but with the difference that the source of the MOND
equation will not be given by the density described by the particles through eq.1.49, but
as a numerical solution of the growth equation (eq.5.21). In other words, the leap-frog
scheme will be rewritten in the following, more general, form:

vn+1/2 = vn−1/2 −
(∇φ)n
ȧn

∆a

δn+1 = δn + F (a,∆a, φ, ∂nφ, δ)

xn+1 = xn +
vn+1/2

ȧn+1/2a
2
n+1/2

∆a, (5.23)

where the over-density needed to calculate the gravitational potential is written as a
function of the over-density in the previous step plus a function of the over-density itself,
the potential and its derivatives. The function F will depend on the growth equation
proposed and the method employed to solve it.

In case that the algorithm converges, one expects that after a given number of time
steps, the particles will fall into the potential walls generated by the linear density and
will start to describe the same density. At that moment, the linear part of the code will
be switched off and the self consistent non-linear evolution will start, using as source of
the MOND field equation the over-density given by the particles according to eq.1.49.
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Implementation

The method was implemented and tested using two different forms of the growth equa-
tion: the equation proposed in Sanders (2001) motivated on a classical bi-scalar la-
grangian and the standard growth equation (eq.5.7) coupled to the MOND field equa-
tion. The code, written in C language, was developed from scratch during this thesis and
baptized, for historical reasons during its development, as Solve. It is a particle mesh
N-body cosmological code that uses a uniform Cartesian grid to calculate the potential
without refinements. It was not designed as a code for state of art simulations, but as a
test bench, were new formulations for gravity can be evaluated in a quick and safe man-
ner. The simplicity was the priority when building the code. This gives the possibility
to make modifications in a very easy way, minimizing the risk of introducing bugs, which
is always present when one deals with big codes such as Ramses of Gadget. Once a new
formulation was understood using this code, one can make the necessary modifications
on larger codes having the results obtained with this code as reference.

The code includes a Newtonian potential solver based on a standard FFT method and
a solver for the Bekenstein-Milgrom (BM) MOND equation (eq.2.20). The initial guess
for the iterative MONDian solver is obtained as proposed in Appendix A. In addition
to the Newtonian and BM-MONDian simulations that can be run with this solvers, the
solutions are combined in a way that is it also possible to run simulations under the
simple formulation for MOND (eq.1.60) and the twin matter formulation described in
chapter 6. It contains also the quMOND solver that was employed in section 5.1 to
calculate quMONDian accelerations as described in appendix D. The solver for the BM
equation is based on a multigrid method as described in section 2.1.3. The restriction
operator employed in this particular implementation to communicate different grids is
straight insertion (each node on a coarse grid adopts the value for its corresponding node
in the fine grid). For the prolongation operator, a bi-linear (for 2D simulations) or tri-
linear (3D simulations) interpolation (Trottenberg et al. 2000) was chosen. The nodes in
two contiguous grids are related in a co-spatial way, which means that each node on a
coarse grid corresponds with 9 nodes on the next finer grid.

Following the principle of simplicity and safety, the time steeping of the code was
chosen as uniform in a space. The paralelization was made also under this precepts and
hence it is based on OpenMP standards, which is more than enough for the kind of
simulations that were run.

In the self-consistent mode, the density on the grid is estimated from the position
of the particles through eq.1.49. Many kernels were coded. During the simulations
presented in this chapter, the cloud-in-cell scheme (CIC) (e.g. Hockney & Eastwood
1988) was employed.

The potential solvers were tested separately comparing results against analytic solu-
tions and the time evolution was compared against AMIGA repeating the cosmological
simulations described in chapter 2. Compatible results were obtained for the evolution
of the power spectrum under BM-MONDian gravity.

The solutions of the growth equation needed to generate the initial conditions are
provided to the code as a set of power spectra given at different redshifts. During the
first part of the simulation (the one that is made with linear support), the code makes
a density realization on every time step, using as input a power spectrum obtained by
means of an interpolation on the grid of power spectra. In case that the initial random
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Figure 5.12: Comparison between linear power spectrum and the one obtained from the
particles at high redshift during the generation of the initial conditions for the Newtonian
test.

seed used for the realizations is the same for all the time steps and that they are enough
small, one expects that the overdensity on the grid will have a continuous behavior as a
function of time. During the preliminary experiments, it was found that in order to get
a proper solution in the Newtonian case, the number of power spectra given as input to
the code is more important that the order used for the interpolation.

The initial velocities for the particles are calculated using the Zeldovich velocities
given by eq.5.19, which assumes that Newtonian gravity is valid at the initial redshift
(when the simulation with linear support starts). Preliminary test made starting with
null velocities gave negative results: the final power spectrum is underestimated even in
the Newtonian case.

Newtonian test

The code was tested in the Newtonian limit. In this case, a grid of standard power
spectra evolved according to standard linear theory was given as input to the code. The
cosmology used is a standard ΛCDM model defined by Ωm = 0.3 and ΩΛ = 0.7. The
initial power spectrum was calculated with the code CMBFAST and normalized according
to CMB observations. The box size used for the test is 128 Mpc/h and 1283 particles
were employed. The time step is uniform in a space and was calculated assuming 5000
time steps between the initial redshift (z=1000) and z=0.

The test was made using the quMOND solver in the Newtonian limit, with a value
of a0 = 1.2 × 10−19. Thus, the test is not only a test to the method to generate initial
conditions, but also to the MONDian solver.

The left panel of Fig.5.12 shows the power spectrum obtained from the realizations on
the grid and from the particles for different redshifts. The right panel shows the relative
error for the same redshifts. The error was found to decrease in a monotonic way on time
and to be around 3% at redshift z = 48, where the linear overdensity reaches a value of
.87. Consequently, the code is able to generate a distribution of particles that reproduce
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Figure 5.13: Comparison between linear power spectrum and the one obtained from
the particles at high redshift during the generation of the initial conditions for a low
density universe and Sanders’s linear theory.

a given power spectrum before the overdensities reach 1 and non-linear effects start to
appear.

5.2.3 Generating initial conditions using Sanders’s growing
solutions

In order determine the performance of the method when it is used in combination with
MOND, runs were made using the solution of the growth equation proposed in Sanders
(2001). The initial power spectrum and the code for solving the growth equation were
kindly provided by Prof. Sanders. The solution of the growth equation is calculated
by this code following the evolution of spherical regions. Assuming spherical symmetry,
Sanders’s equation (eq.1.73) can be written as a second order ordinary differential equa-
tion which can be solved for each mode independently using a Runge-Kutta algorithm.
The initial power spectrum was generated using the code cmbfast (Seljak & Zaldarriaga
1996) and normalized according to CMB observations. The cosmological model used is a
flat-low density one, which is defined by Ωm = 0.04 and ΩΛ = .96. No neutrinos or dark
matter were included. The value used for the Hubble parameter is H0 = 75 km/sec/Mpc.
A box size of 128 Mpc/h was used and 1283 particles were evolved starting with a power
spectrum given at redshift z = 498, which is close to the redshift of matter-radiation
equality for this particular cosmological model. As Newtonian gravity was assumed to
obtain the initial power spectrum, it is important to ensure that the accelerations are high
enough at redshift z = 498. This can be done including the same time dependence on the
acceleration constant that was already adopted in chapter 2 (i.e. a0(a) = aa0(a = 1)).
In other words, eq.2.20 will be used to define the MONDian potential. The solution of
Sanders’s equation was obtained including the same time dependence on a0. The size
of the time step, was defined in a space, assuming 5000 uniform time steps between the
initial redshift and redshift 0.

Unfortunately, the results of the runs are not as satisfactory as in the Newtonian case.
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The left panel of Fig.5.13 shows the power spectra corresponding to Sanders’s solutions
and those that were recovered from the particle distribution for three different redshifts.
At early times, the particle’s power spectrum is many orders of magnitude above the
linear one. This is a consequence of the fact that the particles are not able to reproduce
the small over-densities present at that epoch and the reason for the implementation
of the method described here. At later times, the power spectrum from the particles
approaches the input power spectrum, but there is always an underestimation of the
power at high frequencies, which is of the order of 80 percent at the moment in which
the maximum overdensity is 0.78 and that corresponds to z = 12. Runs made with
different resolutions and box sizes show that the effect increases with box size. The
right panel of the same figure shows the relative error between the two power spectra at
redshift z = 12.

A priory, there are two possible reasons for the disagreement found between the
description of the overdensity made with the particles and the solution of the growth
equation. In first place, one have to bear in mind that the solution of Sanders’s equation
was obtained using a spherical collapse model, which neglects the coupling between
different modes that should be present in the solutions of a non-linear theory. On the
other side, in the implementation of the method to evolve the particles, the MOND
equation is solved on a grid and hence, the interaction between the modes is taken in
account. Furthermore, when testing the dependence of the acceleration field with the size
of the box, section 5.1.3 showed that smaller boxes give smaller accelerations and hence,
an increase of the MOND effect. Therefore, to ignore the environment, as is the case of
spherical collapse models, will, in principle, give an overestimation of the evolution and
could be the responsible for the discrepancy found here.

The second cause for the method to fail on large frequencies, which is related with
the previous one, has to do with the fact that the treatment of external field and curl
field effects were also omitted in Sanders’s solutions. However, chapter 2 showed that
they do have an impact, at least in the non-linear evolution at low redshift. Since in the
implementation of the method to evolve the particles, the conservative MOND equation
is solved on a grid, this two effects are taken into account when moving the particles. In
short, there are differences between the description of gravity used to solve the growth
equation and to move the particles. Thus, the discrepancy found in Fig.5.13 could be
just an artifact produced by mixing solutions obtained with different methods.

Another possible cause for the problems found could be that the growth equation
proposed by Sanders is in fact not consistent with the prescription for MOND used here
(which is summarized in section 2.1.1). A self consistent solution of Sanders’s equation
will give a definite answer on this topic and is left for future development. The following
section will propose a method to solve a particular class of generalized growth equations
that can be easily modified to take into account Sanders’s linear theory.

Besides the fact that the exact form of the power spectrum obtained from the par-
ticles is not the expected one, both power spectra (the one recovered from the particle
distribution and the one which is solution of the growth equation) evolve almost parallel
at late times. This gives an indication that the velocities of the particles are somehow
following the linear evolution and is enough motivation to study the final result after
the particles are released and the self consistent N-body simulation starts. The redshift
in which the particles were released was chosen to be z = 12, which corresponds to a
moment in which the maximum overdensity reaches a value of 0.78. This overdensities
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Figure 5.14: Power spectra
from the simulation made with
initial conditions generated us-
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2 and 0). For comparison, the
Newtonian run is also shown for
the same redshifts. The dotted-
dashed line is the linear Newto-
nian power spectrum at redshift
z=0, shown also as reference. See
text for explanation.

are enough high to accept a description made by particles and the same time to keep the
linear solutions as valid.

Fig.5.14 shows the non-linear power spectrum for the MONDian (dashed lines) for
four different redshifts: z = 8, 5, 2 and 0. As comparison, the Newtonian test run
described in previous section is also shown (continuous lines) for the same redshifts.
At redshift z = 8, the Newtonian power spectrum is much higher than the MONDian
one, but its time evolution is much slower. The slope of the MONDian power spectrum
rapidly evolves from -1 (the value dictated by Sanders’s solution) to smaller values. At
redshift z = 2 it is almost parallel to the linear Newtonian power spectrum. The final
state given at redshift z = 0 is consistent with Nusser (2002) results: the power spectrum
is overestimated at large scales by around one order of magnitude. At small scales, it
remains under the Newtonian non-linear solution. The characteristic break present in
the Newtonian power spectrum at k ∼ 1 related to the transfer of power from large to
small scales in the non-linear regime appears now in the MONDian power spectrum at
smaller value of k. So it is possible that the break was not found in the simulations
described in chapter 2 just because the box size was too small and the modes that are
necessary to see the effect not represented.

A test run was made releasing the particles at redshift z = 4, which corresponds to
a moment in which the overdensity in the fine grid is already well above 1. The result is
similar to the previous one: the power spectrum rapidly move away from the linear power
spectrum adopting lower values at high frequencies. This shows that in the worse case,
in which the linear evolution is used even outside the linear regime, the phenomenon is
still present. Nevertheless, the power at small scales at redshift z = 0 of this run is higher
that in the previous run, showing that decreasing the redshift for the initial conditions
should lead to high number of small objects.

The fact that the slope given by the non-linear evolution is different in such a big
degree with the slope predicted by Sanders’s solution could be another indication, in
addition to the fact that during the evolution with linear support the particles have dif-
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Figure 5.15: Particle distribution for MONDian (left) and Newtonian runs (right) at
redshift 0 for simulations run with initial conditions generated using Sanders’s linear
theory for MOND. The tics marks are every 20 Mpc/h.

ficulties to represent the same power spectrum, that this linear solution is not consistent
with a description made by particles.

Fig.5.15 shows a projection of the particles colored according to the density for the
final state of the MONDian simulation (left) and the ΛCDM simulation (right). It is
evident the fact that the MOND simulation is much more evolved that the Newtonian
one and that, at the same time, there is a lack of small structure.

5.2.4 Coupling the standard growth equation to the MOND field
equation: a self consistent solution

Last section attempted to apply a new method for generating initial conditions for MOND
using as reference Sanders’s linear solutions for the evolution of overdensity perturbations.
It was found that, while the method works well for Newton, in the MONDian case there
are difficulties to reproduce with the outcoming distribution of particles the reference
power spectrum given by Sanders’s theory. A possible reason for this discrepancy is the
fact that Sanders’s equation is being solved assuming that the spherical collapse technique
is valid in MOND. The aim of this section is to test the validity of this assumption. To
this end, the solution of the growth equation will be obtained in a self-consistent way
using a grid method, without symmetry assumptions and taking into account external
field and curl field effects.

For simplicity, instead of Sanders’s equation, the standard growth equation (eq.5.7)
will be treated. In section 1.2.2, this equation was shown to be a direct consequence of the
conservation of energy (eq.1.24). In the case of generalization of MOND into a relativistic
formalism, it is likely that the energy momentum tensor will contain more fields besides
the density and the metric, so there is no warranty that the equation will still be valid.
Nevertheless, as what is being checked here is not the equation itself, but the method
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used to solve it, one can follow the minimalistic approach discussed in the introduction
and neglect the possible effect of extra fields present in relativistic extensions for MOND.
In this regard, it should be emphasized that the results presented in this section have to
be taken as a starting point rather that as definitive results.

The solutions of the standard growth equation coupled to MOND were already studied
using a spherical symmetric approach by Nusser (2002). A similar behavior to Sanders’s
solutions was found: the power spectrum acquires a slope of -1 independently on the
initial configuration. The questions about how this solution is reached as well as its
validity in case that the symmetry assumed is broken are still open.

The method proposed here to solve the equation is to follow the evolution not of a
sphere of a given radius, but of an over-density distribution given on uniform Cartesian
grid that covers a cubic region of the universe. The initial density will be given at a
redshift close to the matter-radiation equality as a realization of a given power spectrum
representative of the cosmological model under study. The boundary conditions will be
the same as those used in cosmological simulations (i.e. periodic).

The growth equation describes the movement of dust, so it is not surprising that it is
formally similar to the linearized geodesic equation (eq.5.6). This is enough motivation
to look for solutions using a scheme similar to an N-body algorithm, with the difference
that, instead of positions and velocities of particles, the evolution of the over-density and
its time derivative will be studied for every point belonging the grid.

Through the change of variables:

q = a2δ̇, (5.24)

the growth equation (eq.5.7) can be written as a system of first order differential equa-
tions:

δ̇ = q

a2

q̇ = ∇2φ, (5.25)

which resembles the Hamilton’s equations for a set of particles. The numerical scheme
proposed here to solve eqs.5.25 is a standard leap-frog scheme (e.g. Hockney & Eastwood
1988) which is given for the step number n by:

qn+1/2 = qn−1/2 + (∇2φ)n
ȧn

∆a

δn+1 = δn +
qn+1/2

ȧn+1/2a
2
n+1/2

∆a. (5.26)

The equation in a second order differential equation, so initial conditions for the overden-
sity and its time derivative must be provided. The initial value for the overdensity will be
given by a random realization on the grid of the initial power spectrum (see section 5.1.2
for a description of how this realization can be set up). The power spectrum should be
consistent with CMB observations and will be modeled assuming that Newtonian gravity
is a good approximation at the CMB and hence, using standard codes as for instance
CMBFAST (Seljak & Zaldarriaga 1996). Regarding the initial conditions for the variable
q, it was found that a discretization of the time derivative that appears in eq.5.24 given



124 chapter 5: Initial conditions

 10

 100

 1000

 10000

 0.1  1

P
(k

) 
(M

pc
3 /h

3 )

k (h/Mpc)

500 steps
1000 steps
5000 steps

Analytic

-0.2

-0.15

-0.1

-0.05

 0

 0.05

 0.1  1

(P
nu

m
er

ic
(k

)-
P

an
al

yt
ic

(k
))

/P
an

al
yt

ic
(k

)

k (h/Mpc)

500 steps
1000 steps
5000 steps

Figure 5.16: Left: numerical linear power spectrum at redshift z = 0 obtained for the
Newtonian case from three runs made with different time steps. The size of the box of
128 Mpc/h and a uniform Cartesian grid with 128 cells per dimension was employed.
The analytic solution is shown for comparison. Right: relative error between the three
numerical solutions shown in the left panel with respect to the analytical solution. Using
5000 time steps gives an error much less than 1 per cent.

by evaluations at a = 0 and aI gives accurate results at redshift z = 0 for the Newtonian
case. By defining the over-densities at a = 0 as equal to zero, one gets:

qI = aȧδI , (5.27)

where qI and δI are quantities at the initial time tI corresponding to aI . It is interesting
to note that this value for q, matches the exact value for the Einstein-de Sitter universe,
and shows to be a good approximation for other cosmological models.

As initially, the quantities δ and q are given at the same time, the leap-frog scheme
should be initialized in some way by calculating δ or q half time step in some direction.
It was found that a proper choice for this initialization is to move backwards half time
step the variable q.

The implementation of the method was made in C language and parallelized using
OpenMp standards. The code is based on the N-body code presented in section 5.2.2, to
which the leap-frog associated to the overdensity was added. The same potential solver
is used.

Newtonian tests

In order to gauge the quality of the numerical solution and calibrate the number of
time steps, runs were made using Newtonian gravity and a standard cosmological model.
This solutions were compared afterwards with the analytic solutions, which are possible
to obtain in the Newtonian case (see section 1.2.2).

The runs were made using the MONDian potential solver in the Newtonian limit from
z = 1000 to z = 0. The initial conditions were generated in the same way as explained in
section 5.1.2 using the model A in table 5.1. For simplicity, the baryons were neglected in
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Figure 5.17: Comparison be-
tween the power spectrum cor-
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Sanders’s equation and the stan-
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the realization of the initial overdensity field. The left panel of Fig.5.16 shows the power
spectrum of the analytic solution at redshift z = 0 as well as the numerical solutions
obtained from runs that were made with 500, 1000 and 5000 uniform time steps in a
space. For clarity, the relative error is shown in the right panel of the same figure. The
error is scale independent in all the cases and is much less than 1 per cent for the run
made with 5000 time steps, which will be the time step used for the MONDian runs.

MONDian runs

In order to study the solutions in the MONDian case, runs were made using a box size of
128 Mpc/h and the same cosmological model employed for the runs presented in section
5.2.3, which is defined by Ωm = 0.04, ΩΛ = .96 and H0 = 75 km/sec/Mpc. The initial
power spectrum was calculated at redshift z = 500 using the code CMBFAST (Seljak &
Zaldarriaga 1996). To ensure that Newtonian physics is valid at that redshift, the same
time dependence for a0 used before was employed: a0(a) = aa0(a = 1). Fig.5.17 shows
the resulting power spectrum for four different redshifts (z=500, 142, 20 and 4) and two
different resolutions, with 128 and 512 nodes per dimension. For comparison, Sanders’s
solution studied in section 5.2.3 is also shown for the same redshifts.

The absence of baryon oscillations in the curves corresponding to the standard growth
equation is related to the fact that these solutions are obtained on a grid of finite size.
To increase the resolution on the grid will improve the fitting, but at the same time will
increase the required computational resources.

The behavior of the solution is different than expected from Nusser (2002) and Sanders
(2001) analysis. At large scales, the power spectrum closely follows the values of Sanders’s
solution. At small scales, the tendency is to have a higher slope than the value -1 found
by Sanders. The fact that the solution of the standard equation approaches a constant
value at high frequencies and low redshift is very likely to be a resolution effect. For
instance, it is possible to see at redshift z = 20 that the effect is present in the low
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z α δmax
500 -4.29 8.15× 10−4

142 -4.47 3.72× 10−3

20 -4.04 3.35× 10−1

4 -2.95 4.53× 101

Table 5.2: Slope of the power spectrum extracted from the high resolution run for the
range of frequencies .6 < k < 2 and maximum overdensity on the grid 128 for different
redshifts.

resolution run at k ∼ 2, while the 512 run follows a strict power law on these frequencies.
In order to get a more quantitative idea about the slope of this new solution, power

law fits were made for the high resolution run in the region where the power spectrum is
converged, from k=.6 to k=2. Table 5.2 shows the slopes and the maximum overdensity
reached on the low resolution grid. For δ > 1, the linear approximation breaks down
and higher order analysis must be done. The values show that, while the slope decreases
with time, the value -1 is never reach in the range of validity of the linear analysis.

Experimets were made using a box size of 128 Mpc/h and a resolution of 128 nodes
per dimenssion with different dependences of a0 with a. A power law form was studied:

a0(a) = ana0(a = 1), (5.28)

with n = −.5, 0.5, 1.5, 1.75, 2. While the overall rate of growth is very different in all the
cases, the slope of the power spectrum in the range studied before shows to be insensitive
to changes in n. For the case n = 1.75, the standard µ function was also tested and it was
found that there are diferences in the way the slope −4 is reached at very high redshift,
but the evolution is also insensitive to this change.

5.2.5 Generating initial conditions using solutions of the
standard growth equation coupled to the MOND equation

The previous section presented a self-consistent solution of the standard growth equation
coupled to the MOND field equation. The solution have a similar behavior to Sanders’s
solution at large scales, but on small scales prefer a slope greater than -1. The next
natural step is to verify the impact of this new solutions on the generation of initial
conditions for particles.

The experiments presented in section 5.2.3 were repeated with a set of power spectra
obtained from the high resolution run shown in section 5.2.4. The number of particles
used is 1283 and the grid employed for the calculation of the potential has 128 nodes per
dimension. To use a power spectrum calculated with much higher resolution permits to
avoid the problem found at large frequencies in the linear evolution. The cosmological
parameters are the same as in section 5.2.3.

Fig.5.18 shows the result of the run for four different redshifts. The evolution of
the position of the particles with linear support was stopped in this case at redshift
z = 8, which corresponds to a moment in which the maximum overdensity on the grid
is δmax = .6. The figure can be directly compared with Fig.5.13, which corresponds to
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Figure 5.18: Comparison between linear power spectrum and the one obtained from
the particles at high redshift during the generation of the initial conditions for a low
density universe and Sanders’s linear theory.

the same simulation but when using Sanders’s linear solution. At very high redshift, the
power spectrum of the overdensity described by the particles has a same feature as in
the previous run: there is an excess of power on small scales which is the consequence
of using a finite number of particles. At lower redshift, the particle power spectra follow
closely the linear one. Right panel of the same figure shows the relative error between
the two power spectra at low redshift, were it is possible to see that, while the error is
smaller than when using Sanders’s solutions, it can be still of the order of 50%.

Further testing made a posteriory showed that cosmic variance is important in MOND
and that the discrepancy found in Fig.5.18 depends on the initial seed used to generate
the set of input power spectra and to make the displacements of the particles. This
should be taken into account for further development of the method.

As in previous section, the particles were also evolved until redshift z = 0. The result
is show in Fig.5.19, which again, can be directly compared with the corresponding figure
in section 5.2.3 (Fig.5.14). The nomenclature is the same as in that figure, and the same
linear and non-linear Newtonian solutions are shown for comparison. The moment in
which the particles were released in this case is the corresponding to z = 8.

While the power spectrum at the moment when the particles are released shows to
be very different with respect to the previous runs, both runs give almost same result at
redshift z = 0, with a slight decrease in the power at high frequencies in the run made
with the standard equation. This shows that, while the slope found by previous authors
in the linear power spectrum is not reproduced in the solutions presented here, the fact
that the final power spectrum is independent of the initial configuration seems to be
conserved in the non-linear case.
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5.3 Conclusions
The present chapter was focused on the initial conditions for cosmological simulations.
Assumptions made by previous authors were tested and methods for studying high red-
shift evolution with MOND were presented.

The first section of the chapter dealt with the strength of the accelerations ar high
redshift. The basic assumption usually made when studying cosmology in combination
with MOND is that the accelerations at high redshift are high enough for Newtonian
physics to be valid. This provides a great simplification, because the initial conditions for
cosmological simulations can be generated with standard codes based on standard gravity.
The validity of this hypothesis was carefully tested in this chapter by measuring the
accelerations on density realization made on Cartesian grids and for different cosmological
models. The main outcome of the study is that the accelerations are not sufficiently high
at high redshift and thus, the treatment of MONDian effects can not be avoided when
studying the evolution in the linear regime. The situation becomes even worse when
cosmological models with a low density components are used, since to the problem of
the absolute value of the accelerations one must add the fact that cosmic variance effects
become important.

Another important result of this section is that the intensity of the acceleration field
has a dependence with the size of box. It was found that to reduce the size of the box
gives higher accelerations. This has very important implications on the study of linear
evolution since it implies that environment in MOND plays an important role and can
not be neglected.

Based on the outcome of the first section, the second part of the chapter proposed
methods to study cosmological evolution with MOND that were designed to relax the
hypothesis related to the accelerations. A method to generate initial conditions for non-
linear cosmological simulations was proposed, which is based on the idea of starting the
simulations at a redshift close to recombination, but with the difference that instead
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of using the density given by the particles as source of the gravitational field equation,
a density obtained as numerical solution of a generalized growth equation is employed.
The method was tested with satisfactory results with Newtonian gravity. When ap-
pling it to MOND in the context of Sanders (2001) linear theory, the performance of
the method decreases. The cause for this to happen could be related to the fact that
Sanders’s linear solutions were obtained by assuming spherical symmetry and neglecting
the environment. Thus, a method was proposed to improve this solutions by taking into
account environmental effects related to the external field effect, as well as curl field
effects and coupling between the modes. The method was proposed for the standard
growth equation coupled to the MOND field equation (which were already studied by
Nusser (2002) under spherical symmetry assumption), but it can be easily generalized.
The numerical solution proposed here consist in writing the growth equation as a set of
Hamilton’s equations and using a leap-frog scheme to solve them on a Cartesian grid.
The method was tested under Newtonian gravity with excellent results. When applied
to MOND, a different solution was found, with a power spectrum that prefers a slope of
-4 instead of -1 as in Sanders’s and Nusser’s solutions. These results show that spherical
collapse models are not valid to study linear evolution with MOND. The environment
plays a very important role in MONDian cosmology even in the linear regime and hence,
it must be taken into account when studying linear evolution.

This new solutions of the growth equations were applied to the generation of initial
conditions for cosmological simulations. The performance of the method improves, giving
a distribution of particles that represents in a better way the input power spectrum.
Nevertheless, an error of 50% is still present on the solution, showing that the method
to generate initial conditions can still be improved. Cosmic variance was found to be a
possible reason for the problems that the method is facing. Further investigations must
be made in order to confirm this.

Non-linear simulations were run with the new initial conditions proposed here, using
both linear solutions: Sanders’s ones with a slope of -1 and the new self consistent
solutions proposed here. In both cases, the overal results at redshift z = 0 are the same.
At large scales, the non-linear power spectrum is around one order of magnitude higher
with respect to the standard one. At small scales, the result is the opposite. In both
cases, the power spectrum lies below the standard one. In other words, MOND generates
to few small structure and too large clusters. The results are consistent with previous,
more simplistic analysis by Nusser (2002). Possible solutions to this problems will be
discussed in detail in the two following chapters.
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