
 

 

 University of Groningen

On the linear and non-linear evolution of dust density perturbations with MOND
Llinares, Claudio

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2011

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
Llinares, C. (2011). On the linear and non-linear evolution of dust density perturbations with MOND. [Thesis
fully internal (DIV), University of Groningen]. [s.n.].

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 25-05-2023

https://research.rug.nl/en/publications/9e657d99-6d11-48cd-8cdb-278f326c437f


Chapter 2
On the effects of the curl field in the
non-linear regime on galactic scales

1

There are only two works in the literature intended to investigate the properties of the
non-linear evolution of dust under MOND (Nusser 2002; Knebe & Gibson 2004). Both
studies are toy models in which many approximations were made. It was assumed that
MOND does not affect the evolution of the background (the expansion of the universe)
and that the effects of the curl field defined by eq.1.65 are negligible. The initial conditions
were generated in both cases assuming that the accelerations at high redshift are large
enough for Newtonian physics to be valid; pressure and cooling effects were also neglected.
The aim of this chapter is to investigate the consequences of reglecting the curl field. To
this end, the simple MOND formula previously used (eq.1.60) will be replaced by an
equivalent to the Bekentein-Milgrom (BM) equation (eq.1.64) in an expanding context.
The validity of the third assumption regarding the initial conditions will be discussed in
detail in chapter 5.

The work presented in Knebe & Gibson (2004) (from now KG04) will be the reference
point for the calculations of this chapter. The methodology employed there is the same
that was presented in section 1.2.3: the density field is described using a set of particles,
whose positions are evolved in time according to the linearized geodesics equation coupled
to the linearized Einstein’s equation. These equations are solved in the following way:
after estimating the density that is described by the particles on a grid, the potential is
calculated by solving the field equation on the grid. From this potential, the forces are
calculated using a discretization formula for the spatial derivatives. In order to update
the position of the particles, an interpolation of the forces is made from the grid to the
particles and a standard leap-frog scheme is employed. For a detailed discussion about
particle mesh methods see for instance Hockney & Eastwood (1988). The code used in
the case of KG04 was the N-body cosmological code AMIGA (Green 2000; Knebe et al.
2001), which uses a grid that changes its resolution according to a criteria that could be

1Most of the results in this chapter were originally published in Llinares et al. (2008) and Wu et al.
(2009). An early stage of the calculations was presented also in HPC-Europa reports 2007 and 2008.
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defined for instance according to the number of particles per node. The implementation of
MOND was based on an algorithm that involves changes of coordinates and the use of the
simple, non-conservative, MOND formula (eq.1.60). To make this approximation gives
the chance to compute the MONDian forces from the Newtonian ones. In conclusion,
it is only needed to solve the Poisson’s equation, which can be done using a standard
FFT method in the case of a Cartesian uniform grid or an iterative method in the case
of non-uniform refinements.

In order to investigate the consequences of neglecting the curl field, KG04’s calcu-
lations will be repeated here using a different MOND equation. As the intention is to
restrict the study only to a particular term in the equations, the analysis will be kept
as close as possible to the conditions in which KG04 worked. Thus, KG04’s initial con-
ditions and code will be employed. Furthermore, as well as in KG04, gas dynamics will
not be taken into account. The only modification that will be made to the code is in the
potential solver, which will be changed by an implementation of a multigrid method to
solve the BM equation.

The dominant matter component (dark matter) in the ΛCDM model is collisionless.
Thus, N-body simulations made in this context should give a very good representation
of the large scale structure and the internal structure of dark matter halos. The effect
of baryons appears only as a correction that, while can be important in the center of
the halos, for instance through adiabatic contraction (Blumenthal et al. 1986) or im-
proved models (e.g. Gnedin et al. 2004), it should not affect the global properties of the
dark matter distribution. On the other side, in MONDian cosmology, the only matter
component on the scale of galaxies are the baryons. Therefore, collisionless simulations
are only able to give correct predictions on the large scale distribution of objects, but
the absence of gas dynamics will give a biased description on the scales of kiloparsecs.
The structure of the objects that are obtained with this kind of simulations should be
different that when pressure and cooling effects are included. In conclusion, the results
that will be presented in this section related to the form of the objects, as for instance
the comparison between triaxialities, should be taken only as indicatives and must be
revisited with an improved implementation of the modeling of the baryons.

The first thing to do before to find the manner in which the curl field affects the evo-
lution, is to develop the equations that describe MOND with an expanding background.
A possible set of equations will be presented in section 2.1. The section will include also
an explanation of the method that will be used to solve the non-linear equation proposed.
Section 2.2 will describe a set of simulations that were run using this techniques. The
analysis of the simulation data, including the effects of the curl field on the evolution
will be showed in section 2.3. Section 2.4 will present differences that were found in the
voids that came out from the MONDian and Newtonian simulations. The conclusions of
the chapter will be presented in section 2.5.

2.1 Studying non-linear cosmological evolution of dust
under MOND

A derivation of a possible version of the BM equation in an expanding context will be
proposed. KG04 did not present a field equation, but obtained their non-conservative
MONDian forces using an algorithm that involves changes of coordinates and the use of
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the simple MOND formula (eq.1.60). As the purpose of the chapter is to compare results
with the ones presented in that paper, the field equation that is behind KG04’s algorithm
will be also derived. Finally, the method used to solve the BM equation will described,
including also some details of its implementation into the N-body code AMIGA and the
tests that were performed.

2.1.1 A cosmological version of the Bekenstein-Milgrom
equation

The introduction of the chapter described the particle mesh algorithm that is commonly
employed to study non-linear cosmological evolution of dust. Here, the method will be
extended to MOND, using a conservative version of it. We recall that the method consist,
in the standard case, in following the trajectories of particles described by eqs. 1.182 and
1.47 (i.e. the linearized Einstein’s and geodesics equation). This equations have to be
extended to take into account MOND.

All the modifications of gravity proposed at the moment conserve the geodesics equa-
tion. We will assume that any relativistic version of MOND will do the same, so the
analysis made in section.1.2.3 is valid (it is independent of the field equation employed
to obtain the metric) and eqs.1.47 can be safely used to describe the time evolution of
the positions of the particles.

More care must be taken when generalizing the field equation. The ideal case, will
be to repeat the analysis made in section 1.2.1, making a perturbation over a FRW
metric and obtaining the MOND equation as the first order of the generalized Einstein’s
equation. The fact that there is no unique relativistic extension for MOND, will prevent
us to do that in a unique way and will make any analysis to be theory dependent. A
different approach will be taken here, which is based on a set of non-relativistic arguments
that are often used in standard cosmology.

The Newtonian way to obtain the linearized field equations is the following: instead
of making a perturbation over a FRW background as in section 1.2.1, one can propose a
Minkowsky background given by:

ds2 = −dt2 + dx′2 + dy′2 + dz′2 (2.1)

and make a scalar perturbation of it:

ds2 = −(1 + 2Φ)dt2 + (1− 2Φ)(dx′2 + dy′2 + dz′2). (2.2)

By substituting this metric in the Einstein’s equation (eq.1.57), one gets the standard
Poisson’s equation:

∇2
x′Φ = 4πGρ (2.3)

which is used to study for example galaxies. The density in the source of this equation is
the perturbed density, which in terms of the unperturbed density ρ0 can be written as:

ρ = ρ0 + δρ. (2.4)

2The Newtonian gauge will be used, so m should be taken as 2 in that equation.
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The expansion is introduced now by hand using the following change of variables3:

x = x′

a
(2.5)

φ = Φ− 4πGρ0x
2, (2.6)

were the new positions are known as comoving positions, φ is known as the comoving
potential, ρ0 is the unperturbed density responsible for the Minkowsky metric (eq.2.1)
and a is the expansion factor which is taken as a solution of the Friedmann equation
(eq.1.16); the unperturbed density is also assumed to evolve according to the Friedmann
solutions. Taking into account that the gradient behaves as:

∇x = 1
a
∇x′ , (2.7)

one gets, after making the change in eq.2.3, the following expression:

∇2
xφ = 4πGa2δρ (2.8)

which is the linearized Einstein’s equation with an expanding background that was ob-
tained from basic principles in section 1.2.1.

In the case of MOND, the first step of this derivation will give, by definition of the
theory, the non-linear equation proposed by Milgrom:

∇ ·
[
µ

(
|∇Φ|
a0

)
∇Φ
]

= 4πGρ (2.9)

After making the change of variables given by eqs.2.5 and 2.6, one gets:

∇ ·
[
µ

(
|∇(φ+ 4πGρ0x

2)|
aa0

)
∇φ
]

= 4πGa2δρ, (2.10)

which owing to the non-linearity of the µ function has an undesired dependence with
the position x. To get around this problem, one needs to have a better understanding of
the physics that is behind the change of variables proposed, especially the change of the
potential. To think in an unperturbed universe with density ρ0 different than 0 could
help on this. As in such a universe there are no forces, the potential is a constant, which
is in contradiction with the Poisson’s equation (eq.2.3):

0 = 4πGρ0. (2.11)

The same contradiction is present in MOND, which shows that a constant must be added
to the field equations for them to be valid in homogeneous situations. The change of
the potential shown before does this for Newton, but as was already shown, a different
approach should be taken for MOND. The validity of the cosmological principle implies
that for a large enough region of the universe, the forces in its surface should be isotrop-
ically distributed, which implies that the flux of the gravitational forces over the surface
of the region should approach 0 as the volume V increases:∫

∂V

∇Φ · d2S ∼ 0. (2.12)

3Note that the change in the potential can be written as a time derivative in a classical Lagrangian,
so it will not change the equations of motion for the particles.
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To apply the divergence theorem gives:∫
V

∇2Φd3x ∼ 0. (2.13)

Finally, to take into account the Poisson’s equation shows that its source should have
zero mean, which can be achieved subtracting the mean density to the density. In other
words, the definition of the potential φ in eq.2.6 is no more that a mathematical way of
writing the Jeans swindle.

By applying this reasoning to MOND, one finds the following equation:

∇ ·
[
µ

(
|∇Φ|
aa0

)
∇Φ
]

= 4πGa2(ρ− ρ0), (2.14)

which will be taken as equivalent to eq.2.8 in a MONDian context.
It is customary to write the source term as a function of the overdensity:

δ = ρ− ρ0

ρ0
. (2.15)

This can be done taking into account the definition of the critical density:

ρc = 3H2
0

8πG
, (2.16)

the definition of the density parameter:

Ω = ρ0(z = 0)
ρc

(2.17)

and the expression for the evolution of the background density (eq.1.20) given by the
Friedmann’s equation:

ρ0(z) = ρ0(z = 0)
a3 . (2.18)

Putting all this things together, one can rewrite, for a matter dominated universe, the
source term in the following way:

4πGa2(ρ− ρ0) = 3
2
H2

0Ω
a

δ. (2.19)

The derivation of the equations will be closed by making a last modification that
has to do with an important issue related to the initial conditions. As was mentioned
at the beginning of the chapter, the initial conditions used in KG04 where generated
using Newtonian physics. In Chapter 5 it will be shown that eq.2.14 predicts that the
accelerations are already MONDian at the initial redshift (z=50), so KG04 is in fact using
Newtonian physics at an epoch in which the universe is out of the Newtonian regime. The
easy way to go around this problem is to force eq.2.14 to give Newtonian accelerations at
the initial redshift. This can be done by giving a redshift dependence to the acceleration
constant a0 given for instance by a0(a) = aa0(a = 1), where a0(a = 1) = 1.2×10−10m/sec
is the observed value for the local universe. From the theoretical point of view, the
freedom that is taken here is supported by the fact that different Lagrangians proposed
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for relativistic extensions of MOND result in different dependence a0(a). For instance,
Zhao (2008b) predicts a0(a) = a1/2a0(a = 1) and Sanders (2001) proposed, from a
classical bi-scalar lagrangian, a dependence a0(a) = a3/4a0(a = 1). Chapter 5 will
present a detailed study of the initial conditions’s issue.

To summarize, the set of equations that will be employed during this chapter to
describe the non-linear evolution of dust in the matter dominated era will be:

∇ ·
[
µ

(
|∇Φ|
a2a0

)
∇Φ
]

= 3
2
H0Ω
a

δ (2.20)

ẋi = pi

a2 (2.21)

ṗi = − ∂Φ
∂xi

. (2.22)

A last warning should be given about eq.2.20. The MONDian field equation presented
here is one particular model that was obtained using the most simple set of Newtonian
arguments one can think of. It is assumed here that the expansion follow the standard
equations and that any extra field included in relativistic theories does not affects the
MOND equation when the expansion is taken into account. The only way to under-
stand which is the valid equation, is to test them with observations, for which one needs
predictions. The aim of this work is to obtain this predictions for this particular model.

2.1.2 The field equations in KG04
As we want to compare the results that will be obtained here with those presented in
KG04, we need to understand the relation between the field equation that was proposed
in section 2.1.1 (eq.2.14) and the one used in KG04. As KG04 does not provide a field
equation, but an algorithm based in the solutions of the standard Poisson’s equation, the
field equation is derived here. In KG04’s approach, the Newtonian potential is defined
by the following Poisson’s equation:

∇2ΦN = 4πGa3δρ (2.23)

and the trajectories of the particles are given by:

ẋi = pi

a2 (2.24)

ṗi = 1
a

∂ΦN
∂xi

.

A comparison with the expressions that were presented in section 1.2.1 (eq.1.18) and
section 1.2.3 (eq.1.47) in the Newtonian gauge says that KG04 uses a redefinition of the
potential given by:

φN = ΦN
a
, (2.25)

where φN is the potential as was proposed in section 1.2.1 using m = 2 (Newtonian
gauge) and ΦN is the potential in KG04’s convention. Regarding the calculation of the
MONDian non-conservative forces, the recipe given by KG04 is the following one:



2.1: Non-linear evolution under MOND 39

• Calculate Newtonian forces FN,pec = ∇ΦN using Eq.2.23.

• Calculate the so called peculiar accelerations in proper coordinates gN,pec using
gN,pec = FN,pec/a2.

• Calculate the MONDian peculiar accelerations in proper coordinates gM,pec using

gM,pec = gN,pec

1
2

+ 1
2

√
1 +

(
2a0

gN,pec

)2
1/2

, (2.26)

which is a consequence of using the standard µ function in the simple non-conservative
MOND formula (eq.1.60) given by:

µ

(gM,pec

a0

)
gM,pec = gN,pec. (2.27)

For convenience, expression 2.26 can be rewritten in a general way as:

gM,pec = f(gN,pec) (2.28)

and thus, eq.2.27 reads:
gN,pec = f−1(gM,pec). (2.29)

• Transfer gM,pec back to FM,pec = a2gM,pec.

• Use FM,pec instead of ∇ΦN in eqs.2.24 to evolve the position of the particles.

The field equation associated with this recipe can be obtained by putting everything
together and writing the relation between the forces FM,pec and the Newtonian potential
as:

FM,pec = a2f

(
∇ΦN
a2

)
. (2.30)

Using the inverse of function f , one gets:

∇ΦN = a2f−1
(
FM,pec

a2

)
. (2.31)

By taking in account eq.2.27 and assuming that FM,pec is curl free (in the sense that
exists a potential where to derive it), one arrives at:

∇ΦN = µ

(
∇Φ
a2a0

)
∇Φ. (2.32)

Finally, using the relation between KG04’s potentials and the potential given in the
Newtonian gauge (eq.2.25) gives:

∇φN = µ

(
∇φ
aa0

)
∇φ, (2.33)

which is the field equation used by KG04 according to the definition for the potential
used in this thesis and which is in agreement with the equation derived in section 2.1.1
(eq.2.14) when the curl term is neglected.
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Z

Figure 2.1: Stencil (27 points)
used in the discretization of the
MOND equation (cf. Eq.2.35).
The argument of the µ function
is approximated in points indi-
cated by the open circle, i.e. in-
between the nodes of the stencil.
The bright points show the cells
used to calculate the gradient in
that point (cf. Eq.2.36).

2.1.3 Obtaining solutions of the BM equation
This section will present the method that will be employed to solve the MOND equation
(2.20). Few details of its implementation into the N-body cosmological code AMIGA
(Green 2000; Knebe et al. 2001) will be also discussed.

The computation of numerical solutions of Poisson’s equation is a very well know
problem and there are already many available techniques. Some of them, as the FFT
based method or direct summation, exploit the fact that Poisson’s equation is linear and
hence, they can not be used for MOND. There is another more general method known as
multigrid relaxation (e,g. Brandt 1977; Wesseling 1992; Trottenberg et al. 2000), which
is widely used to solve non-linear elliptic equations and that will be the method of our
choice.

The multigrid method consists on discretizing the equation on a given grid and solving
the non-linear system of algebraic equations with Gauss-Seidel type iterations. The
discretization that will be employed for the MOND equation, which was proposed by
Brada & Milgrom (1999) and used also by Tiret & Combes (2007), is given by:

[µi+1/2(φi+1 − φ) + µi−1/2(φ− φi−1) + µj+1/2(φj+1 − φ)+
µj−1/2(φ− φj−1) + µk+1/2(φk+1 − φ) + µk−1/2(φ− φk−1)]/h2 =
4πGa2δρi,j,k, (2.34)

where δρi,j,k is the perturbation on the density in the cell (i, j, k) that belongs to a grid
with spacing h, φ is the potential in cell (i, j, k) and φi±1 the potential in the neighboring
cells (i± 1, j, k). The same terminology applies to the other two spatial dimensions. The
coefficient µi+1/2 is the evaluation of the µ function at the point (i + 1/2, j, k), etc.
Reordering terms Eq. 2.34 gives:
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µi+1/2φi+1 + µi−1/2φi−1 + µj+1/2φj+1+ (2.35)
µj−1/2φj−1 + µk+1/2φk+1 + µk−1/2φk−1−
(µi+1/2 + µi−1/2 + µj+1/2 + µj−1/2 + µk+1/2 + µk−1/2)φ = 4πGa2δρi,j,k,

which shows that this discretization is similar to the standard one used for the Poisson’s
equation (Brandt 1977), but with the potential weighted by the µ function. By assuming
µ=1, one recovers the discretized Poisson’s equation.

The gradient of the potential in the argument of µ also needs to be discretized. The
form used is:

((∇φ)x)i+1/2 = φi+1 − φ
h

(2.36)

((∇φ)y)i+1/2 = (φi+1,j+1 + φi+1)− (φi+1,j−1 + φj−1)
4h

,

((∇φ)z)i+1/2 = (φi+1,k+1 + φk+1)− (φi+1,k−1 + φk−1)
4h

.

The nodes employed in this discretization are highlighted in Fig.2.1.
There are two possible ways to make the relaxation procedure. One can either use

an explicit method, which consist in reordering terms in eq.2.35 (while freezing the coef-
ficients µi±1/2, µj±1/2, µk±1/2) in a way that one gets:

φ = f(φi±1, φj±1, φk±1, µi±1/2, µj±1/2, µk±1/2, δρi,j,k), (2.37)

or one can apply one step of a Newton-Raphson root finding algorithm to

0 = φ− f(φi±1, φj±1, φk±1, µi±1/2, µj±1/2, µk±1/2, δρi,j,k). (2.38)

Both alternatives where tested and the outcome is that they show similar rate of conver-
gence that goes in favor of one or the other according to the density distribution. The
final decision was to use the explicit method which involves fewer calculations.

The implementation is expected to be parallelized using OpenMp standards. There-
fore, iterations should be made in a way that during one iteration sweep, the nodes used
to actualize a potential in a particular cell are not being changed at the same time by
another process. As the MOND equation was discretized using a 27 points stencil (e.g.
Trottenberg et al. 2000) in 3D (9 points in 2D), it is not possible to use the standard
two colors scheme employed for the Poisson’s equation (Press et al. 1993). A possible
alternative which uses eight colors in 3D (four colors in 2D) is sketched in Fig.2.2. One
iteration step is complete after sweeping eight times through the grid updating those
nodes per sweep that have identical numbers as indicated in the figure. Additional it-
eration schemes were coded (lexicographic and zebra in three directions (e.g. Wesseling
1992)) and the code switches automatically between them in extreme cases for which the
convergence with the 8 colors gets stacked.

The convergence criteria employed is based on a comparison between the residual
and an estimation of the truncation error. A numerical solution Φkn has converged after
n iterations on a grid k if the norm || · || (mean or maximum value in the grid) of the
residual

ek = Lk(Φkn)− 4πGa2δρ (2.39)
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Figure 2.2: A possible color-
ing scheme for obtaining an itera-
tive solution of the field equation.
The numbers indicate the order-
ing by which the nodes that are
updated. Each panel corresponds
to a different layer in the z direc-
tion.

is small compared with the norm of the truncation error, which is estimated with:

τk = Lk−1(RΦkn)−RLk(Φkn) (2.40)

(i.e. ||ek|| < 0.1||τk||). The value 0.1 has been determined heuristically. Here, Lk denotes
the discretized differential operator on a grid k given by the left hand side of Eq.2.34,
Lk−1 the same discretization in the next coarser grid and R is the restriction operator
that interpolate values from the grid k to the grid k − 1.

The convergence is accelerated by making iterations in coarser grids using the full
approximation scheme (FAS) proposed by Brandt (1977), which was specially designed
for non-linear problems.

2.1.4 Tests to the code
In order to verify and gauge the credibility of the numerical solver, two complementary
tests were performed. The first one assesses the recovery of the potential for a given
solution of the MONDian Poisson’s equation. The second test checks whether or not the
code recovers the same temporal evolution of a cosmological simulation when setting the
MONDian acceleration a0 to such a low value that it will not affect structure formation
(Newtonian limit).

Appendix 2.A describes a stronger test that was made to the code and the theory
itself, which consist in the verification of the stability of triaxial systems.

Static test

The potential solver was tested using an analytical density potential pair. An easy way
to get a pair is not to propose a density and to solve the equation for the potential, but to
propose a potential and to introduce it into the field equation to get the corresponding
density (the method was already explored for instance in Ciotti et al. (2006)). The
potential proposed to make the test is the corresponding to a Hernquist profile (Hernquist
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Figure 2.3: Left: Relative error in the potential (upper panel) and the forces (lower
panel) recovered with the solver on a 643 grid for a Hernquist profile as a function of
radius. The continuous line corresponds to the nodes that belong to the diagonal box
while the dots represent a random sample of all grid points. Right: Density distribution
at redshift z = 0 for the 643 particles test simulation in the Newtonian limit (a0 = 10−12

cm/s2, upper panel) and the corresponding Newtonian run (lower panel).

1990) which is given by:

ΦH = − GM

r + rc
+
√
GMa0 ln

(
r + rc
r0

)
, (2.41)

where M , rc and r0 are constants. The logarithmic term was added to the standard
expression in order to mach the properties of the solution of the MOND equation (far
from any source, the MONDian forces are proportional to 1/r). By substituting this
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Figure 2.4: Power spectrum of the 643 particle test simulation at redshift z = 0.

potential into the non-linear MOND equation, one gets:

ρ = 1
r2

[
2r
a0

A2

C
− 2r2

a0

AB

C
+ r2

a2
0

A2B

C2

]
A = GM

(r + rc)2
+
√
GMa0

(r + rc)

B = 2GM
(r + rc)3

+
√
GMa0

(r + rc)2

C = 1 + A

a0
. (2.42)

The test was performed with non-periodic boundary conditions on a regular 643 grid
fixing the solution on the border to the analytical values. Fig.2.3 shows the relative error
in the potential (left-upper panel) and in the force (left-lower panel). The constants that
were used for this particular test are: M = 1010M�, rc = 2.5× 10−3 Mpc and r0 = 0.01
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Figure 2.5: Mass function of the 643 particle test simulation at redshift z = 0.

Mpc; the box has a side length of 0.01 Mpc. This choice of parameters gives a force
field that gradually changes from a purely Newtonian regime in the central parts to deep
MONDian in the outer regions. The solid line shows the error along the diagonal of the
box while the dots represent a random sample of all grid points. The error is never larger
than 1 per cent.

Dynamic test

The temporal evolution of the code was tested running a cosmological simulation in the
Newtonian limit (i.e. lowering a0 to recover Newtonian physics). The value used was
a0 = 10−12cm/s2 and two simulations where run using the standard Newtonian solver
and the MONDian one. The comparison between the runs was made at redshift z = 0.
The number of particles used was 643 and the size of the box is 15 Mpc/h. The cosmology
used is a standard ΛCDM cosmology given by Ωm=0.3, ΩΛ=0.7, σ8=0.9, and h = 0.7.

A first visual impression of the density field can be obtained in the right panel of
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Fig.2.3 where the gray-scaled density is shown at the position of each particle at redshift
z = 0. The differences are at best marginal indicating that the MONDified solver per-
forms correctly in the Newtonian limit. A more quantitative comparison can be found
in fig.2.4 where the matter power spectrum is shown at redshift z = 0. The curves are
indistinguishable which is proved by the ratio of the two curves plotted as a dotted line
(lowered for clarity by the factor 0.001). The mass function of objects was also compared.
The identification of the objects was made using the halo finder AHF (Gill 2005; Knoll-
mann & Knebe 2009) and the result is shown in Fig.2.5. Again, there is good agreement
between the results obtained with the two different solvers.

2.2 The runs and analysis
The study of the effects of the curl field on the non-linear evolution will be based on a
set of three cosmological simulations. The cosmological models that characterize them,
as well as the number of particles (1283) and the size of the box (32 Mpc/h) were taken
from KG04. The definition and terminology of the models is summarized in table 2.1.
There is one standard ΛCDM run for reference and two MONDian runs, one of them
using the simple version for MOND studied by KG04 and the other made with the new
implementation of the BM equation. The MONDian equations used in these runs include
the modification proposed to solve the inconsistency on the initial conditions that was
discussed in section 2.1.1. In other words, that acceleration constant a0 was assumed to
be time dependent. The MONDian universes were chosen as open universes including
only a baryonic and a low density dark matter component (no neutrinos, neither dark
energy is present). The small quantity of dark matter that was added is enough to balance
the Silk damping and to give a power law form to the power spectrum. The absence of
neutrinos is justified by the fact that the neutrinos proposed in the literature to match
MOND predictions on large scales with the observations (2,2 eV or 11 eV) (Sanders 2003;
Angus 2009), have a cut off in the power spectrum, which is not modeled using a box
size of 32 Mpc/h. Regarding dark energy, a run was also made using a Newtonian open
universe and it was found that, with the box size and resolution employed here, there
are no major differences in the evolution with respect to the standard flat model. The
quantity that was compared for this test was the collisional velocity of halos (see chapter
3 for a detailed analysis on this topic). The background cosmology used when running the
MONDian simulations includes only a baryonic component (no dark matter was added
to it).

The initial conditions for the particles were also taken from KG04. The power spectra
employed to define the models were calculated at redshift z=0 using the code CMBFAST
(Seljak & Zaldarriaga 1996). The initial configuration of particles is a uniform Cartesian
grid and the evolution at high redshift was made using standard Newtonian Zeldovich
approximation until redshift z=50 with the code presented in Klypin & Holtzman (1997).
The initial power spectrum was normalized in the standard way. This means that the
value of σ8 was fixed at redshift z=0 and extrapolated back to the initial redshift using
standard linear theory. A lower normalization value was required for the MONDian
simulations to match the observed values at redshift z = 0. Over-interpretations of the
consequences of using such a low value of σ8 to normalize the initial power spectrum
could be dangerous at this stage. More simulations with more appropriated treatment
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label Ωb Ωdm ΩΛ σnorm
8 Gravitational model

ΛCDM 0.04 0.3 0.7 0.88 Newtonian
OCBMond 0.04 0.04 0.0 0.40 simple MOND
OCBMond2 0.04 0.04 0.0 0.40 non-linear MOND

Table 2.1: Model parameters used for the generation of the initial fluctuation spectrum.
In all cases a value for the Hubble parameter of h = 0.7 was employed.

of the initial conditions are needed to give a definitive answer about this topic. Chapter
5 is an effort on that direction.

The fact that the initial conditions of this simulations were not generated in a self-
consistent way could be viewed as a drawback for the simulations. Nevertheless, one
should not forget that the aim of this chapter is not to improve our knowledge on galaxy
formation under MOND, but to study the effects of adding one particular term to the
MOND equation. Keeping this in mind, any Gaussian random field at high redshift will
be a reasonable choice.

The mass resolution of the runs is mp = 1.30 × 109M� for the ΛCDM model and
mp = 0.17 × 109M� for the two low-Ω0 models, respectively. The force resolution at
redshift z=0 reached in the deepest refinement level is 6 kpc/h. Thanks to the resolution
used, it is possible to study not only the large scale properties of the density field, but
also the properties of the resultant objects. The identification of the objects was made
with the halo finder AHF (Gill 2005; Knollmann & Knebe 2009). The algorithm used
in this code is the following one: in first place, the position of the density maxima is
estimated using the adaptive mesh hierarchy of the code AMIGA. Once the peaks are
identified, the size of the objects is defined as the radius for which the mean density of
the corresponding sphere drops below a given value ∆ρ0, where ρ0 is the value for the
unperturbed density and ∆ is the over-density parameter (e.g. Łokas & Mamon 2001).
In other words, the radius is defined such that

M(< R)
4π
3 R

3 = ∆ρ0. (2.43)

The over-density parameters were taken from KG04: ∆ = 340 for the ΛCDM model and
∆ = 2200 for the MONDian ones.

The µ function in the MONDian runs is also the one used in KG04, which is the
standard version of it.

2.3 Results

The main outcome of the analysis of the simulations is that the curl field has the net
effect of driving the formation of structures on large scales. This section gives a detailed
analysis that supports this assertion, as well as an examination of the reasons for this to
happen.
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Figure 2.6: Over-density distribution at redshift z = 0 (bottom row), z = 2 (middle
row), and z = 5 (upper row) for the 1283 particle ΛCDM (left column), OCBMond
(middle column), and OCBMond2 (right column) simulations. Each panel is a projection
of the complete box of 32 Mpc/h.

A first visual impression

Fig.2.6 shows the overdensity field of the three runs for three different redshifts (z = 5,
2 and 0). There are not strong differences between the different models at redshift
z = 0. The two MONDian models show the same paterns that characterize the ΛCDM
distributions: a large number of spheroidal objects distributed along filaments which
delimit large empty regions of space called voids. Furthermore, the position of filaments
and voids is similar in all the models. Regarding the two MONDian runs, a closer
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inspection shows that some objects that are still approaching to each other in OCBMond
have already merged in OCBMond2, which indicative of an advanced evolutionary stage.

Evolution of the power spectrum

A more quantitative measurement of the overdensity distribution is given in Fig.2.7,
which shows the power spectrum at the same redshifts as in Fig.2.6. The calculation was
made using an FFT method and includes the correction for discreteness effects proposed
in Jing (2005). Appendix C provides more details on the way this calculation was made.

The same features found by KG04 are recovered: there is a lack of a distinctive break
due to the transfer of power from large to small scales in the MONDian runs and there
is a marginal larger amplitude on scales k ≤ 1h/Mpc close to the fundamental mode. It
is also possible to see that OCBMond2 evolved marginally faster on large scales and at
later times than OCBMond, which shows that the faster evolution noted before does not
apply to small scales.

Two-point correlation function

As the original definition of the correlation function only involves spatial distribution of
galaxies, it is independent of the assumptions made about the underlying gravitational
theory. By this reason, it can be used to test MOND in a direct way, without the need
to rely on further assumptions. The calculation of the two-point correlation function
from the simulation data could be made taken into account its relation with the power
spectrum (both functions are a Fourier pair). Instead of that, the computation was made
in a direct way, making statistics of the separation between the centers of the objects.
Fig.2.8 shows the result for the three simulations at redshift z=0. The findings of KG04
are confirmed: the OCBMond simulation has a marginally larger amplitude that ΛCDM,



50 chapter 2: On the effects of the curl field in the non-linear regime

 0.1

 1

 10

 100

 1000

 0.1  1  10

ξ g
al

(r
)

r (Mpc/h)

OCBMond2
OCBMond

ΛCDM

Figure 2.8: Two-point correla-
tion function at redshift z=0 for
the 1000 most massive objects.

especially on small scales. When comparing OCBMond2 and OCBMond, the curl field
was found to induce larger amplitudes in all scales.

The usual way to parametrize the two point correlation function is through a power
law with the following form:

ξ(r) = (r/r0)−α, (2.44)

were r0 and α are free parameters that characterize the normalization and the slope
on logarithmic space. The standard values present in the literature are r0=5 Mpc/h
and α=1.7-1.8 (e.g. Longair 2008). Table 2.2 show the parameters that were obtained
from power law fits that were made to the simulation data. As the box size is only 32
Mpc/h, the transfer of power from larger modes that should exist in the non-linear regime
is not modeled and it is not possible to get the right normalization in the Newtonian
case. However, a relative comparison between different gravitational models is possible.
The slope of the two-point correlation function shows to be almost independent of the
gravitational model. On the other side, the normalization increases for the MONDian
models.

model r0 α

ΛCDM 3.5560 1.6376
OCBMond 4.2556 1.6020
OCBMond2 5.9120 1.7088

Table 2.2: Fitting parameters for the two correlation functions for the three models at
redshift 0.

To understand this result, the sample was splited in three mass bins with ranges 109

to 1010, 1010 to 1011 and 1011 to 1012 M�/h. The resulting correlations functions are
shown in fig.2.9. One can observe that the differences are due to bias in the position
of high mass objects, which is consistent with a stronger evolution on large scales. The
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Figure 2.9: The two-point correlation function for halos of different mass in OCBMond
and OCBMond2. The considered mass range in the calculation of ξgal is given in the
upper right corner of each panel. The error bars are the Poissonian errors.

number of objects for the two low mass bins is almost the same between the two models.
Only in the high mass bin were found about 24 per cent more objects in OCBMond2
that OCBMond.

Abundance of high mass objects

With the resolution reached in the simulations, it is still not possible to face the interesting
problem related to the number of satellites (Klypin et al. 1999; Moore et al. 1999). An
already know effect that appears in low resolution runs is that, instead of too many
satellites, there are too few of them (e.g. Moore et al. 1996). What can be done, rather
than to deal with substructure, is to count the number of host galaxies which is present
in the box. This is an interesting topic in MOND, since KG04 already found extreme
differences between the abundance recovered from simulations and the observed one. A
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Figure 2.10: Redshift evolution of the abundance of objects with baryonic mass Mb >
1011Msun/h. Note that the baryonic mass for the ΛCDM model has been estimated by
multiplying the dark matter mass by the baryon fraction fb.

proper comparison between the simulations will show that this differences are not real
but a product of the way the analysis was made in KG04.

Special care must be taken when comparing Newtonian and MONDian simulations
in the case that both are collisionless. The MONDian runs are models for a universe
made only with baryons, while in the ΛCDM run, the mass content includes baryons and
dark matter. A comparison between both simulations should include a correction for
that. A first order correction consist in estimating the baryon content of the objects in
the ΛCDM model by multiplying the total mass (the one obtained from the simulation)
by the baryon fraction fb = Ωb/ΩDM . The assumption underlying this approach is that
fb is uniform in space. From standard cosmological simulations (e.g. Gottlöber & Yepes
2007; Okamoto et al. 2008) it is known that the baryon content in halos is in fact smaller
that the mean baryon fraction fb. Thus, the baryonic masses derived with this method
should be considered as upper limits.
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After applying the correction to the halo catalogs extracted from the simulations, it
is possible to calculate the abundance of objects with baryonic masses greater that, for
instance, the Milky Way mass as a function of time. Fig.2.10 shows the result. All models
give similar number of objects at redshift z=0, in the sense that the dramatic difference
advocated in KG04 is not present any more. However, each model reach its value at
redshift z=0 in a different way. The MONDian runs have a much lower increase in the
number of objects at high redshift, which could be an indication that the merging rate is
not as effective in MOND as in the standard model; result that is in agreement with the
conclusions presented in Nipoti et al. (2007b). When looking for observables that could
help in the discrimination between both theories, this is the hint of an interesting point
to take in account for future studies.

Hierarchical structure formation

Sanders (2008) has discussed the possibility that the formation of galaxies in MOND
is not hierarchical as the ΛCDM model predicts, but monolithic. This result can be
compared with the simulations presented here studying the dependence with mass of the
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Figure 2.12: Left: Ratio of masses for cross-identified objects at redshift z = 0. The
histograms represent the mean ratio in the respective bin. Note that the ΛCDM masses
have been lowered by the baryonic fraction to be comparable to the MONDian values.
Right: Ratio of triaxialities for cross-identified objects at redshift z = 0. The histograms
represent the mean ratio in the respective bin.

formation redshift of the objects. In the case that the formation of objects is hierarchical,
large objects should appear only at late time, after the small objects that were form first
had time to merge (e.g. Davis et al. 1985).

There are many criteria to define the formation time of an object. In the half-mass
criterion (e.g. Tormen 1997), an object is assumed to be formed at the moment in which
its mass is half of the mass that will have at redshift 0. In order to apply this criterion to
the simulation data, the mass accretion history was calculated for each identified object.
The formation time was obtained afterward using exponential law fits to this data (e.g.
Wechsler et al. 2002).

Fig.2.11 shows the relation between formation time and final mass for each object
found at redshift 0 for the three models. Contrary to Sanders expectations, the formation
of objects is hierarchical in the three models. More simulations should be run to see the
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dependence of this result with the slope of the initial power spectrum.
To quantify the differences between the models, a power law fit was made:

Mb,0 ∝ zaf . (2.45)

The best parameters are shown in the upper-right corner in each panel in Fig.2.11.

Internal properties of the objects: mass and triaxiality

As the initial seed used for the three simulations is the same and the differences found
during the analysis are not catastrophically big, one can try to associate objects between
different simulations and to compare its properties. The identification of objects was
made running a merger tree over the halo catalogs. The criteria used to identify objects
between different simulations is based on the number of shared particles.

The left panels of Fig.2.12 show a comparison between the mass of identified objects
for the three models. The upper panel shows the standard model vs. the simple version
of MOND while the lower one compares the two MONDian runs. The baryon fraction
correction described before was taken in account for the standard model. The fact that
ΛCDM masses are bigger, could be interpreted as a consequence of a wrong estimation
of the baryonic masses. The values reported by Gottlöber & Yepes (2007) for the baryon
fraction in clusters is just around 10% lower that the cosmic baryon fraction, so this
possible bias is not enough to explain the factor of 2 that was found here. Another
possible reason for this differences in the mass could be the way in which the border
of the objects was defined. It was already mentioned that the over-density parameter
used to define objects is ∆ = 340 for ΛCDM and ∆ = 2200 for MOND, which translates
into smaller radius for MONDian objects. In order to test the sensitivity of the mass
with respect to changes in the over-density parameter, the masses of the objects in
the MONDian simulations was calculated using ∆ = 340. It was found an increase of
approximately 30 per cent. Taking into account also this uncertainty, the MONDian
masses get closer to the Newtonian masses but are still approaching from the smaller
side.

Regarding OCBMond and OCBMond2, the figure shows that the ratio between the
mass is close to one for big objects. For small objects, the ratio decreases to values
smaller than one, showing that the objects that were obtained taking into account the
curl field are more massive. This difference goes to values close to one when considering
objects at higher redshift. This is consistent, again, with a stronger evolution in the
model OCBMond2 with respect to OCBMond.

The right panels of Fig.2.12 show a comparison of the triaxiality parameter (Franx
et al. 1991)

T = a2 − b2

a2 − c2
(2.46)

of the objects. The constants a > b > c are the eigenvectors of the inertial tensor. In
spite of the large spread, the figure shows that the mean value of the triaxiality ratios
is 1. Thus, the form of the objects is almost independent of the gravitational model
assumed.
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The curl field

The central purpose of the chapter is to study the effects of the curl field on cosmological
evolution. One of the main outcomes at the moment is that to take into account the curl
field gives a stronger evolution on large scales. With the aim to find an explanation for
this result, the focus of this paragraph will be on the properties of the curl field itself. Its
typical value will be computed, as well as the regions of space in which it has an impact.

Having the solutions of eq.2.8 and eq.2.20 the curl field can be calculated by estimat-
ing the gradients by means of, for instance, a second order discretization formula and
inverting the definition:

µ

(
|∇φ|
a2a0

)
∇φ = ∇φN +C. (2.47)

A patron to measure the importance of C must have the same units and hence it must
be a force. By interpreting the last equation as an equation for the MONDian forces (in
fact, it is a first integral of the MOND equation), one can see that the curl field acts as
a perturbation over the source of the equation. Having this in mind, one finds that the
interesting quantity to use as normalization for the curl field is the Newtonian force. The
lower panel of Fig.2.13 shows the spatial distribution of the ratio |C|/|∇φN | for a slice
of thickness 125 kpc/h in the OCBMond2 simulation as calculated on a 2563 grid. The
upper panel shows the over-density distribution for the same region. The slice was chosen
to have a strong density pack. The result is the expected one: the curl field reaches high
values in places where spatial symmetry is broken. The reader is invited to focus her/his
attention for instance on the small objects that are located close to the center of the
box. In isolated conditions, these halos will be close to sphericity and the curl field will
be close to zero. On the other side, when the objects are embedded in a cosmological
evironment (as in the case of the simulation) they are located in filaments that break
the necessary condition for the curl to be equal to zero and generate the shadows that
appear in the figure.

The large scale features, like the diagonal regions with high curl values or the vertical
line to the left, are artifacts related to the periodic boundary conditions. The vertical
line corresponds to the vertical filament to the right (it is exactly in between the real
filament and the filament that exist in the periodic box to the left). Same situation is
for the diagonal feature with respect to the filament that crosses the most massive halo
up and right.

Higher resolution in the calculation ofC can be reached using the refinement structure
of the code amiga. In order to use information from the deepest possible refinement the
data was interpolated from the refinements to the position of each particle in the same
way the code do with the forces before to update the velocities of the particles (i.e.
using a TSC smoothing (Hockney & Eastwood 1988)). The left panel of Fig.2.14 shows
the probability distribution for the cosine of the angle between the curl field and the
Newtonian force for six different redshifts. The density distribution used to calculate
the potentials were taken from the simulation OCBMond2. In order to emphasize the
skewness of the distribution, its modulus is presented. The upper curves correspond to
cos(C,gN ) < 0, so in the regions where the curl field is important there is a stronger
preference for it to point in opposite direction that the Newtonian force. The right panel
in the same figure shows the relative difference between |C| and |gN |. The actual change
in the absolute value of the source term in eq.2.47 is of order 10%. Both distributions



2.3: Results 57

Figure 2.13: Up: density distribution on a slice given by x = 1.4 of the OCBMond2
simulation at redshift z = 0 as obtained in a regular grid with 2563 nodes per dimension.
The slice was chosen to contain a strong density peak. The same grid was used to
calculate the modulus of the curl field normalized by the modulus of the Newtonian force
(i.e. |C|/|∇φN |), which is presented in the lower panel.
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Figure 2.14: Left: probability distribution of the angle between the curl-field C and the
Newtonian force gN at various redshifts. Right: probability of the fractional difference
between these two values.

are independent of redshift. Taking into account that the forces are defined by gN = −∇φ
(i.e. including a change in the sign of the gradient of the potential) one can conclude
from this analysis that the net effect of the curl field is to increase the source of eq.2.47.
This is translated into an increase of the non-linear MONDian forces with respect to the
simple ones and leads to the stronger evolution discussed in previous paragraphs.

As the relation between the curl field and the forces is non linear, it is difficult to
make detailed predictions about the actual change that it induces on the forces. Next
paragraphs center the study on this changes.

The angle between the two MONDian forces

A first comparison between the BM and simple MONDian forces is made from the point
of view of the angle between them. The simple forces are, by definition, parallel to the
Newtonian ones. The presence of the curl field, breaks the restriction. To quantify the
importance of the effect, probability distributions of the angle between the two MONDian
forces were calculated. Both force fields were obtained using the refinement structure
of the code amiga and the result was interpolated to the positions of the particles as
described in previous paragraph. The density distribution employed as source of the
MOND equations was taken from the simulation OCBMond2. Fig.2.15 shows the out-
coming distribution for six different redshifts. As the angle distribution is no symmetric
it is expanded over the whole range, from -1 to 1. The distribution clearly shows that
the forces are well aligned (note the logarithmic scale in the y axis), but there is also a
non-null tail towards high angles.

As an illustrative example of the regions on which the misalignment is present, Fig.
2.16 shows a projection of a sub-box of side length 1.5 Mpc/h at redshift z = 0. The left
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panel shows color coded the cosine of the angle between the two MONDian forces. The
right panel presents the density of the same region. Both figures are centered in the same
place. It is possible to see a strong misalignment in a region that lies between the two
main objects. This can be explained using a hand wave argument sketched in figure 2.17,
which shows the values of the different force fields generated by two massive spheres in
the point A. By the superposition principle, the total Newtonian force FN is the addition
of the forces generated by each object separately, with intensities F1N = GM1/r

2
1 and

F2N = GM2/r
2
2 for the objects 1 and 2 respectively. The superposition principle could

be applied also in a MONDian context in case that the correct prescription for each
distance is used. For instance, in the case that the point A is in such a place that the
force generated by the object 1 is Newtonian and the one corresponding to the object 2
is MONDian (it is farther away), they will have intensities F1M = GM1/r

2
1 (Newtonian

regime) and F2M =
√
GM2a0/r2 > GM2/r

2
2 (deep MOND regime). This means that

even if A is farther from the object 2 that from the object 1 (as in the example in the
simulation), the MONDian force generated by 2 could be bigger that the one generated
by 1. The addition of this two components gives the total force FM , which is pointing
in different direction than the Newtonian one. According to this, there should be a
ring situated perpendicular to the line that crosses the two objects at a given distance
between them, where Newtonian (or simple MONDian) and BM MONDian forces point
in different directions. Of course, in a situation like the one in the simulation, the objects
are not in isolation but affected by the surrounding material. This reduces the ring to a
small region, but does not make it to completely disappear.

Coming back to the figure taken from the simulation (fig.2.16) and having this analysis
in mind, it is possible to see that regions with misalignment are present in between any
pairs of objects.
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Figure 2.16: Projection of a sub-box of the simulation. The left panel shows color coded
the cosine of the angles between the two MONDian forces. The right panel shows the
density field of the same field. Both quantities are evaluated at the particle’s positions.

The intensity of the forces

The present paragraph contains a comparison between the absolute value and the com-
ponents of the two MONDian forces. During the analysis, the explanation of the reason
for faster evolution in the case that the curl field is taken into account, which was already
given in previous paragraph, will be refined.

The large scale structure of the force distribution can be studied by solving both
MOND equations (simple MOND and BM) on a uniform grid. Results are presented for
a calculation that was made using a 3D grid with 256 nodes per dimension and a density
field taken from the simulation OCBMond2 at redshift z = 0. The left panel of Fig.2.18
shows color coded the simple MONDian forces for a particular layer extracted from the
box. Superimposed are contours levels of the ratio between the modulus of the BM and
the simple MONDian forces, gnl/gsimple for the same layer. As a reference of the matter
distribution, the right panel shows contours of density perturbations also for the same
layer. There is a tendency for the ratio to be less than one (which means that the simple
forces dominate) in regions with very low acceleration. It is not clear that the opposite
is valid (i.e. that the BM forces dominate regions with high accelerations). In fact, there
are places like the yellow spot in the upper right quadrant, which has high accelerations
and for which the ratio of the forces is larger than one except in a small region in its
upper side. We will come back to this spot in a few lines.

To make a more quantitative description of the tendency to have dominant simple
forces in regions with low accelerations, the left panel of Fig.2.19 shows the ratio between
the two forces as a function of the simple forces for the same layer show in Fig.2.18. The
tendency is now clear, but it is also clear that the form of the dependence changes
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Figure 2.17: Diagram that shows the reason for the misalignment between the two
MONDian forces.

according to the environment. Restricting the analysis to different layers, also change
the dependence and it was found that it is completely missed when the same plot is made
for the complete box. In other words, there is no universal slope for the correlation of
the ratio between the two MONDian forces and the acceleration. Environment plays an
important role in this subject. Same data is shown in right panel of the same figure,
where the correlation between the two forces is presented.

In order to obtain a better understanding of the relation between the two MONDian
forces, the calculation was repeated using the refinement structure of the code and in-
terpolating the values to the positions of the particles. The outcome of the calculation is
that the two forces compare in a much more irregular way and that the weak correlation
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Figure 2.18: Left: color coded is shown the simple MONDian forces on a layer of the
box of the simulation OCMBond2 at redshift z=0 on a grid with 128 nodes per dimension.
The contours correspond to the ratio between the non-linear BM and the simple forces.
Right: Contour levels of the baryon density perturbations taken from the same slide. See
text for explanation.

shown in the left panel of Fig.2.19 is not the last word. The mean gravitational field
on the surroundings of each object sets up a preference direction which is fundamen-
tal to take into account to comprehend which is the actual correlation between the two
MONDian forces. The following analysis that supports this assertion will be focused on
a particular object, but the effect was found to be very common and present all over the
box.

Fig.2.20 shows the particle distribution for a sub-box of 10 Mpc/h, which includes
the object on which the analysis will be focused (object A). The object is close to the
border of the box. For this reason the figure shows a periodic image to the left and hence
the horizontal axis contains negative coordinates. It is important to remain the reader
that the simulation was run using periodic boundary conditions. Thus, to add periodic
images during the analysis does not change the conditions under which the object was
created. The most massive object in the box, labeled as B, is located in the upper part
of the figure. To simplify the analysis, A was chosen to be in the same x-y plane than
B and is such that the mean acceleration field in its surroundings is almost parallel to
the y axis. The baryonic mass of A is 7.07232e+11 M� and its virial radius, defined as
explained in section 2.2, is 190.28 kpc. The arrows show the mean value of the three
forces involved (i.e. Newtonian, non-linear BM and simple MONDian forces, labeled as
gN, gnl and gsimple) as well as the mean value of curl field C. The means were calculated
in all the cases over all the particles contained on a sphere with a radius r of 400 kpc/h
centered on the object A. The three vectors lie on the plane x− y and its units are the
same, except for the Newtonian force which, for clarity, was enlarged by one order of
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Figure 2.19: Left: relation between the ratio between the two MONDian forces and
the simple ones for the same layer presented in Fig.2.18. Right: relation between non-
linear BM and simple MONDian forces. The continuous line corresponds to the identity
function.

magnitude. Table 2.3 shows the norm of this vectors as obtained using spheres of r=0.4
Mpc/h and r=5 Mpc/h.

vector r=0.4 Mpc/h r=5 Mpc/h
|gNewton| 1.344 1.841
|gsimple| 6.291 26.78

|gnon-linear| 35.32 37.89
|C| 7.891 2.253.

Table 2.3: Modulus of the mean forces and curl field, for means taken in spheres of
radius 0.4 and 5 Mpc/h centered in the object A. Units are 10−3a0.

In agreement with the global analysis presented in Fig.2.14, the mean value of the curl
field on A points in the opposite direction than the Newtonian force. As a result, the mean
value of the BM forces is larger than the simple one, leading to a faster acceleration of A
towards B and to a stronger evolution on large scales. When taking a larger sphere with
a radius of 5 Mpc, the absolute value of the curl field decreases and the two MONDian
forces approach to each other. Note that there is an apparent contradiction between the
results presented in Fig.2.14 and the fact that the mean Newtonian force is almost a
factor of 6 smaller than the mean curl field. One should not forget the cancellation of
forces that occurs when the mean value is taken.

A remarkable feature on this figure is that the mean value of the non-linear and
Newtonian forces are parallel. The effect of the curl field on the galaxy as a whole is to
produce a local misalignment between this two forces in a way that their mean values
are aligned.

Fig.2.21 shows a closer description of the curl field in the surroundings of A. The value
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Figure 2.20: Projection on the
plane x-y of the box of the OCB-
Mond2 simulation at redshift 0.
The dots represent the particles
colored by density, while the ar-
rows are the mean simple and
non-linear forces and the mean
curl field, where the means are
taken over a sphere of .6 Mpc cen-
tered in a particular object. The
object was chosen to be in the
same plane of the main object sit-
uated in the upper part of the fig-
ure. The three vectors lie in the
plane x-y.

of the three components of the curl field is presented on the position of the particles as a
function of the coordinate y. The particles shown in the plot were taken from a column
parallel to the y axis with a width of 400 kpc that passes through the center of A. As
a reference of the position of the galaxy, the lower panel of the same figure shows the
logarithm of density as function of the position as calculated on a uniform grid with 256
nodes per dimension. The horizontal axis has the same units employed in Fig.2.20 (but
corresponds to the vertical axis there).

The x and z components of the curl field, which are orthogonal to the direction to the
main object B, responsible for the mean gravitational field, take positive and negative
values, which is consistent with the fact that its mean value is zero and gives a mean value
of this field parallel to the direction A-B. The component y, takes always negative values
and its intensity is twice as big as for the other components. In half of the galaxy A (the
one opposite to B), the curl field points in the opposite direction of the Newtonian forces,
which gives stronger non-linear BM forces with respect to the simple ones (see eq.2.47).
In the other half of the galaxy, the Newtonian forces will have negative y components
(inside A, Newtonian forces point to its center), so the curl and the forces are aligned,
leading to a decrease of the non-linear forces with respect to the simple ones.

The previous reasoning is confirmed in Fig.2.22, where the y component of the two
MONDian forces is compared. The upper panels shows in red the simple forces and
in black the non-linear ones. Two clarify the comparison, both force fields are shown
together in the lower left panel. It is clear that in the region of the galaxy opposite to B,
the non-linear forces adopt high values that the simple ones. This relation is the inverse
in the other half of the galaxy, where the non-lineal forces are smaller in absolute value
to the simple ones.

The lower right panel of the same figure shows the ratio between the two forces. The
part of the galaxy that correspond to high values of y includes not only smaller non-linear
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Figure 2.21: The three upper
panels show the components of
the curl field on the position of
the particles that are situated in
a column parallel to the y axis
with a width of 400 kpc that
passes through the center of the
object A in Fig.2.20. The hori-
zontal axis here corresponds to
the y component in that fig-
ure, which is in the direction to
the main object. The compo-
nent parallel to the mean field
(component y) is always nega-
tive, while the others take pos-
itive and negatives values. As
a reference, the lower panel has
the logarithm of density in the
position of the particles for the
same region. The calculation of
the density was made on a uni-
form grid, while for the compo-
nents of the curl field, the re-
finements of AMIGA were used.

forces but also pointing in opposite direction (i.e. with a negative ratio). While it is not
shown because of the scale of the plot, the ratio between the forces can reach values
higher than 10.

To summarize, the reason for faster evolution when using non-linear forces is the
following one: for objects immersed in and external field, the curl field has a preference
to point in the direction opposite to the field. In addition to this, the component of the
curl field in the direction to the mean gravitional field has a uniform sign. This set up a
preference direction in the galaxy giving stronger non-linear forces in its back side and
stronger simple forces in the front part. As forces in the front side are subtracting, the
net effect is that the total force on the galaxy is stronger in the non-linear case.

This reasoning shows that the yellow spot with strange behavior in Fig.2.18 is in fact
the cause for faster evolution when non-linear forces are employed. A more global study
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Figure 2.22: The two upper panels show the two MONDian forces (simple in red and
non-linear in black) for the particles belonging to the same column described in the
caption of figure 2.21. To make a better comparison, the lower left panel shows the same
data in one plot. The lower right panel shows the ratio between the two forces also one
the same particles.

made on other objects showed that this is a common feature throughout the box.
When it comes to observations, the analysis presented here shows that kinematic

studies of, for instance, satellites galaxies could be biased in case that the potential of
the host is not taken into account in a self consistent way and that the simple MOND
formula is used. The same applies for instance to globular clusters. The importance of
this bias in the calculation of rotation curves of galaxies should be also studied, especially
for those galaxies that present problems in the fitting.

Finally, Fig.2.23 shows the same quantities presented in Fig.2.22, but extending the
horizontal axis to cover the complete box. The external field has its peak in y ∼ 24
Mpc/h, which is 6 Mpc/h away from A. The main object responsible for this peak does
not belong to the plane showed here. As a reference, Newtonian forces are also shown in
green. The mean field is much smaller in the standard case.
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Figure 2.23: Same as fig 2.22
but covering the whole y range
of the box to show the ex-
tent of the forces produced by
the main object situated around
y=25 Mpc/h. Note that the
forces of the smaller object in y ∼
17 Mpc/h are bigger because the
main object does not belong to
the layer shown here, neverthe-
less, the large scale structure of
its forces is present. It green was
added the Newtonian forces cal-
culated for the same density dis-
tribution, where it is possible to
see that the large scale forces are
much smaller.

2.4 Voids
Voids are defined as large regions of space almost devoid of galaxies. Their forms are
close to spherical and the typical sizes are of the order of tens of Mpcs. Since the galaxies
residing in its interior are not affected by mergers and by the complex activity present in
non isolated halos or filaments, voids provide an interesting environment to study galaxy
formation.

There is a debate in the literature regarding the amount of low mass objects contained
in voids. Peebles (2001) pointed out the so called void phenomenon, which consist in
the fact that the number of observed low mass objects (dwarf or low surface brightness
galaxies) in voids is over estimated by the current cosmological models (see for instance
Gottlöber et al. 2003; van de Weygaert & Platen 2009, and references there in). The
solutions proposed to solve the discrepancy are based in the same idea proposed to solve
the missing satellites problem (e.g. Klypin et al. 1999): some astrophysical mechanism
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Figure 2.24: Density distribution (1-point correlation functions) calculated over uni-
form grids for the simulations ΛCDM and OCBMond2 in table 2.1. The normalization
used for the density is the mean density corresponding to each cosmological model in
each simulation. Each column corresponds to a different redshift (z=5, 1 and 0) and
each row to a different grid used to estimate the density from the particles (8 and 16
nodes per dimension). See text for explanation.

is used to shut down stellar formation in small halos, conserving the dark matter halos
predicted by simulations and, at the same time, preventing the formation of the galaxies.
For instance, the influence of the UV background was proposed by Hoeft et al. (2006) as
a way to prevent gas to cool and hence to collapse forming galaxies. In the context of
semi-analytic models for galaxy formation, Tinker & Conroy (2009) proposed supernovae
feedback as the responsible for the lack of start formation, but Tassis et al. (2008) showed
that it is possible to explain scaling relations on dwarf galaxies without making refer-
ence to this effect. Tikhonov & Klypin (2009) stirred up the discussion extending the
observations to galaxies with lower masses. They found the presence of very low surface
brightness galaxies, which according to the solutions proposed to the void phenomenon,
should not exist.

An alternative possible solution presented in Peebles (2001) is, besides to reconsider
the validity of the cosmological model, to use gravity to clean the voids of objects. The
MOND paradigm gives a natural framework for this to happen. The fact that there is
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Figure 2.25: Same as Fig.2.24 for grids 32 (up) and 64 (bottom)

no scape velocity in MOND and that forces are larger range than in the standard case
make the voids to be more sensitive to its environment (i.e. halos and filaments). The
simulations presented in the this chapter can be used to test this conjecture. A visual
inspection of the density fields in Fig.2.6 shows that voids are in fact more empty in
the MONDian models than in the standard one. In order to give a more quantitative
argument, two indicators were calculated: the one point correlation function and the
void distribution (e.g. White 1979). The data employed was taken from the simulations
ΛCDM and OCBMond2 whose parameters are summarized in table 2.1.

The density probability distributions (one point correlation function) were calculated
estimating the density in uniform grids by means of a TSC kernel (eq.1.49). The his-
tograms were made in logarithm space. The normalization chosen for the density is the
mean density corresponding to each cosmological model (Ωm=0.3 and 0.04 for the New-
tonian and MONDian models). With this normalization, there is no need to correct for
the absence of dark matter in the MONDian simulation as proposed in section 2.3. The
calculation was made using different resolutions, corresponding to grids with 8, 16, 32
and 64 cells per dimension, which is equivalent to smooth the density field using kernels
with different smoothing lengths. Figs.2.24 and 2.25 show the result obtained for three
different redshifts (z=5, 1 and 0). Rows and columns correspond to different grids and
redshifts respectively. Thanks to the normalization used, the high density part of the
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Figure 2.26: Void probability distributions for the models ΛCDM and OCBMond2 in
table 2.1. Both models give similar distribution at high redshift. At redshift z=0, the
MONDian model gives emptier voids.

distributions is independent of the model (no fit was made to match the curves). In other
words, MOND reproduce ΛCDM distributions in the high density regions (i.e. filaments
and objects in its intersections).

On the low density side of the distributions, there are two effects that makes things
different. In first place, the finite number of particles used is not appropriated to de-
scribe very low densities. Even if the there is a smoothing procedure involved in the
calculation of the density, it can not give a good estimation on empty cells. This gives an
overestimation of the probability distribution for moderately fine grids, which gets worse
when using finer and finer grids. The other effect is a real physical one that reflects the
fact that voids are emptier in MOND. While it is true that Newtonian and MONDian
simulations show resolution effects, the MONDian simulation is always ahead in feeling
this effects. For the two resolutions that give similar results (i.e. those corresponding
to grids 8 and 16), the distribution could be accepted as converged and the differences
between the two models should be considered as physical. It is evident that, at redshift
z=0, the MONDian model gives higher values for the low density part of the distribution,
which is consistent with emptier voids.

The other form to quantify the emptiness of voids is through the void distribution
function. The calculation was made considering spheres with random positions and
fixed radius. The spheres that does not contain particles are labeled as voids. For a
sufficiently large number of spheres, the algorithm converges and provides a distribution
that is independent of the number of spheres used. Fig.2.26 shows the number of spheres
labeled as void relative to the total number of spheres. The overall behavior of the
distributions is the expected one: for very small radii, the distribution tends to one,
which means that for R=0, the probability to catch a particle when throwing a sphere
is 0. For large radii, the distribution tends to zero since increasing the radius gives a
higher probability of finding a particle. In addition to this, the tendency to have bigger
voids in the MONDian model is confirmed at redshift z = 0.

The reason for the emptyness of voids in the MONDian case will be studied in detail
in chapter 4, where distributions of dynamical mass will be computed. The main result
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is that the dynamical mass in void regions is negative. Consequently, the repulsive forces
in MOND are larger and lower densities are obtained. See the discussion on chapter 4
for a precise definition of negative mass in a cosmological context.

2.5 Conclusions
Previous studies on non-linear cosmological evolution of dust with MOND were made
under the assumption that the curl field defined by eq.1.65, which is responsible for
conservative properties of MOND, is negligible. While it is true that the curl field behaves
as 1/r3 for isolated objects and it is exactly 0 for special symmetric situations, its exact
values and importance in the evolution of density perturbations still was not measured
in real situations, out of isolation and with no trivial spatial symmetries. This chapter
makes a contribution in this direction. A possible approach for studying non-linear
evolution was developed, including a prescription for MOND in an expanding context.
The implementation of the multigrid method (e.g. Brandt 1977; Wesseling 1992) that
was used to solve the BM field equation was also described. Test were made to the
code, showing that the accuracy of the potential solver is at 1 per cent level and that it
reproduces correct results in the Newtonian limit for cosmological simulations.

A set of simulations were run following closely those presented in KG04, but using
the new prescription for MOND. Some of KG04’s findings were revisited (mainly the
discrepancy between the abundance of galaxies between ΛCDM and MOND) and it was
noted that the curl field has in fact an impact on structure formation. The major results
of this chapter is that the curl field drives structure formation on large scales. The facts
that bring us to this conclusion are the following:

• The curl field leads to more objects at z = 0.

• Cross identified objects are more massive when taking in account the curl field.

• The correlation function is stronger in the model that includes the curl field because
of stronger correlation of high mass objects.

• The power spectrum is higher at large scales for the model that includes curl field
effects.

When looking for observables that could help to discriminate between MONDian and
Newtonian gravity, the time evolution of the abundance of high mass objects was found
to have different behavior according to the theory. Another observable difference, was
found in voids, which show to be more empty in MONDian universes that in the standard
one.

Regarding the curl field in itself, when studying its value over the complete box, it
was found to have a preference to point in the opposite direction that the Newtonian
forces. This translate according to eq.2.47 into stronger forces when the curl field is taken
into account. A misalignment between Newtonian and non-linear MONDian forces was
also found in the simulations.

The curl field and force distributions were also studied on individual objects. In this
case, it was found that the mean curl field still points in opposite direction than the
mean Newtonian forces. Regarding its effect on the forces, it was found that to take into
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account the curl field increase the intensity of the mean non-linear force and make it to
be parallel to the mean Newtonian force.

Further analysis of the simulations was made also in the context of the void phe-
nomenon. Visual inspection of the density fields shows that the voids are more empty in
the MONDian models and thus, it gives a correction in the right direction. A quantitative
confirmation of this result was made by studying differences in the one point correlation
function between the models ΛCDM and OCBMond2. Owing to the low mass resolution,
the distribution has difficulties to converge for resolutions higher or equal than 1 Mpc/h.
For lower resolutions (2 and 4 Mpc/h) the MONDian distributions at redshift z = 0 have
higher values at low densities than the Newtonian one, which is consistent with emptier
voids in the MONDian case. The void probability distribution was also calculated and
shows the same tendency at redshift z = 0. Higher resolution simulations will give the
possibility to extend this study to smaller voids that are not well described with the
resolutions that were considered here.

Appendix 2.A Stability of triaxial systems
The study of galaxy formation and evolution requires detailed knowledge about the
existence of self-consistent models in order to use them as a basis for the study of various
dynamical effects. In standard Newtonian dynamics there is already big progress in this
sense (e.g. Binney & Tremaine 2008). First studies where made by Schwarzschild (1979,
1982), who presented a triaxial Hubble profile and set up a method that takes its name
and is still widely used in the community. Statler (1987) showed that the perfect triaxial
Kuzmin (Omarov 1973) profile and de Zeeuw & Lynden-Bell (1985) profile are also self-
consistent. Those models have constant density cores, however, observations showed
that elliptical galaxies have non-constant cores (Moller et al. 1995; Crane et al. 1993;
Ferrarese et al. 1994; Lauer et al. 1995) (i.e. the surface brightness increases quickly to
the central region of the galaxies). Almost all elliptical galaxies have power-law cusps
ρ ∼ r−γ with γ ranging from 1 to 2 for High Surface Brightness to Low Surface Brightness
elliptical galaxies in the central region. Spherical models with a fixed value of γ have been
proposed, for instance a γ = 2 model by Jaffe (1983) and a γ = 1 model by Hernquist
(1990). Later on. such models were discussed as a family of density distributions with γ
being a free parameter (Dehnen 1993; Tremaine et al. 1994). In that context, Merritt &
Fridman (1996) tested the modified Dehnen model which has a profile given by:

ρ(r) = (3− γ)M
4πabc

1
rγ(1 + r)4−γ

, 0 ≤ γ < 3, (2.48)

where

r =
√(x

a

)2
+
(y
b

)2
+
(z
c

)2
, (c ≤ b ≤ a) (2.49)

and the constants a, b and c are the long, intermediate, and short axis of the ellipsoids.
They found that triaxial galaxies with central density cusps (γ = 1) were in equilibrium
and self-consistent. The subsequent work by Capuzzo-Dolcetta et al. (2007) proved that
a two-component triaxial Hernquist system, including a baryonic component plus a dark
matter halo are also self-consistent.
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The situation is completely different in the MONDian case. There are only few studies
available on this topic (Brada & Milgrom 1999; Wang et al. 2008) and to know whether
MOND can support models and produce stable systems such as galaxies is still an open
question and poses a very strong test for the theory. Here, the work by Wang et al.
(2008) will be extended by testing whether his self-consistent models are stable by using
the MONDian version of AMIGA described above. At the same time, the study will
serve as a test of the code.

2.A.1 The models, Schwazschild technique and generation of the
ICs for the N-body runs

The model to study will be the one described in Wang et al. (2008), with total mass
ranging from 1010 to 108 M�, representing medium mass elliptical galaxies down to
dwarf ellipsoidals, which are in quasi Newtonian to deep MOND regime. The axis ratios
used are a : b : c = 1 : 0.86 : 0.7, with a = 1 kpc. The initial conditions where generated
by Xufen Wu using the method outlined in Zhao (1996). The potential used in that case
was calculated via numerical integration of the non-linear MOND equation using the
N-body code NMODY (Ciotti et al. 2006; Nipoti et al. 2007a) on a spherical grid. More
details about the initial conditions and the application of the Schwarzschild technique
on this particular projects are given in Wu et al. (2009).

2.A.2 Testing the models with AMIGA
The first runs made with AMIGA using the initial conditions described above, showed
discouraging results: the system presented extreme radial oscilations. After investigating
the cause, it was found that the instability was not physical, but a consequence of using
periodic boundary conditions. As the external field produced by the periodic images
generated by this particular boundary conditios changes in a organized way with the size
of system, radial oscillations are induced. In order to be able to continue with the project,
the boundary conditions were changed. The background metric was also changed, from
Robertson-Walker to Minkowsky and the code became a standard N-body code, with no
expansion and a uniform time.

In order to get rid of the expansion, the equations have to be changed from the ones
that were proposed in sec.2.1.1 (eqs.2.20 to 2.22) to the following set of equations, which
are the standard equations proposed by Milgrom:

∇ ·
[
µ

(
|∇φ|
a0

)
∇φ
]

= 4πGρ, (2.50)

ẋi = pi (2.51)

ṗi = ∂φ

∂xi
. (2.52)

As in the particular code used here, the equations are hard coded, to make a change
from a cosmological to an isolated context implies almost to rewrite the code. Changes
had to be made in all routines associated with the potential solver (routines for Gauss-
Seidel type relaxation and routines for calculation of truncation error and residuals). The
routines for kicking and drifting particles also had to be changed. The input and output
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Figure 2.A1: Evolution of the
virial ratio for one of the tested
systems.

of the code also suffered modifications owing to the fact that in a cosmological code, the
communication with the user involves redshifts instead of time, a meaningless concept
when working in isolation. The units where also changed, which implies to modify any
routine that has to do with physics.

As the boundary conditions are now fixed, a value has to be chosen for the potential
in the boundary of the box. In standard gravity, the common choice is to fix the potential
to 0. In the MONDian case, as the potentials are not bounded and the box is a cube
instead of a sphere, a better approximation must be used. Thus, during the MONDian
simulations, the potential was fixed to the solution for a point mass located in the center
of the box. As a point mass is a spherical system, the solution can be easily obtained by
substituting the Newtonian potential GM/r in eq.1.60 and inverting the expression. For
the simple µ function used in this particular section, the solution reads:

Φ(r) = −GM
2

(
1
r
− 1
r0

)
+ (f(r)− f(r0)) , (2.53)

with

f(r) = −
√
GMa0

[
−1
2r
√
q2 + 4r2 + ln

(
2r +

√
q2 + 4r2

)]
(2.54)

q2 = GM

a0
,

where, M is the total mass in the box and r0 is a length scale (a constant of integration).
For a0 → 0 the Newtonian solution is recovered and for a0 finite and r →∞ the solution
becomes φ ∝ ln r, which is the typical behavior for any MONDian isolated solution. To
fix r0=B, were B is the size of the cubical box, gives Φ = 0 in a sphere of radius B, which
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is equivalent to the conditions used for NMODY when calculating the potential for the
initial conditions.

The domain grid used during the simulations had 128 cells per dimension and the
refinement criteria used implies to have less than 6 particles per node. The box size is
B = 165.5152 kpc and the scale for the boundary conditions is r0 = 82.7576 Kpc (half
of the box).

Virial theorem

The scalar virial theorem, W + 2K = 0, is valid for system in equilibrium (Binney &
Tremaine 2008), where W is:

W =
∫
ρx · ∇φd3x, (2.55)

and K is the kinetic energy of the system:

K =
∫
ρẋ2d3x. (2.56)

Figure 2.A1 shows the time evolution of −2K/W for one of the systems under study.
It is close to unity for all the systems that were tested, as expected for equilibrium
systems. We though note that the systems are initially off of equilibrium but close to it
(−2K/W ∼ 1.2) and that there is a fast evolution in the right direction. The equilibrium
state is reached in a few dynamical times and the subsequent evolution has oscillations
of order .1 in −2K/W (not shown in the figure), which demonstrates that the system
can be considered as fully relaxed.
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Shape

Figure 2.A2 shows the ratio between the principal inertial moments calculated for the
initial distribution and after 40 dynamical times for one of the systems under study.
The figure shows that the shape of the system does not change dramatically during
the relaxation process. Nevertheless, it was found when studying the density profiles
that mass is loss from the central regions during this process. The outer regions remain
unchanged.




